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Rieffel Deformation

Deformation Data:
> (A, p, V) - deformation data
» A - C*-algebra
» p - [-action

» W - 2 cocycle on the dual group I

V(91 +92,93)V (91, 92) = V(51,92 + 13)V (52, 93)
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Deformation Procedure

Deformation Procedure:

» A X T - crossed product C*-algebra
» A: I — M(A xT) - unitary representation
> )\ - extends to the embedding of C*(I') into M(A xT)

» p - dual action FonAxT
> Py(A\) = Ay
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Deformation Procedure:

» AC M(AxT):

1. ps(b)=b
A=beMAxT) 2.T 29— AbX, € M(AXT)
- is ||+ || — continuous

3. xb,bx € Ax T for any x € C*(I')

Pawet Kasprzak Quantum Minkowski Space



Deformation procedure:

Deformed C*-algebra

Pawet Kasprzak Quantum Minkowski Space



Deformation procedure:

Deformed C*-algebra
> p~» p¥ - by means of V:

Pawet Kasprzak Quantum Minkowski Space



Deformation procedure:

Deformed C*-algebra
> p~» p¥ - by means of V:
> p5(b) = Usps(b) U3

Pawet Kasprzak Quantum Minkowski Space



Deformation procedure:

Deformed C*-algebra
> p~» p¥ - by means of V:
> p5(b) = Usps(b) U3
» AV C M(AxT):

Pawet Kasprzak Quantum Minkowski Space



Deformation procedure:

Deformed C*-algebra
> p~» p¥ - by means of V:
> p5(b) = Usps(b) U3
» AV C M(AxT):

1. p¥(b) = b
2.7 37 AbA € M(AxT)
is || - || — continuous
3. xb,bx € Ax T for any x € C*(I')

AV ={be MAxT)
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Rieffel Deformation of locally compact groups

C*-algebra:
» G - locally compact group
» [ C G - abelian closed subgroup
» W - 2-cocycle on the dual group r
» Co(G) - is acted by %
e (F) (&) = (71 'gm2)
> (Co(G),p, U @ W)~ Co(G)¥2Y
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Aopy 4, = (P'n,e ® :06’,’72) oA
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Quantum Group Structure

Comultiplication:
> A: G(G) — M(G(G) @ Go(G)) - comultiplication
» p - covariance properties of A:

Do Py, = (Prr,e @ pey) 0 A
» A~ A" - crossed product extension

> AT € Go(G) % T? = M(Gy(G) x M @ Go(G) x I?)
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Quantum Group Structure

Comultiplication:
> A: G(G) — M(G(G) @ Go(G)) - comultiplication
» p - covariance properties of A:
A0 Py = (Prre @ pesyy) 0 A
» A~ A" - crossed product extension
> AT € Go(G) xT? — M(Go(G) x T? ® Co(G) x T?)
» AT AV AY(b) = VAT (b)V*
> AV G(G)YEY — M(Go(G)Y®Y © Co(6)VeY)
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Quantum Group Structure

Comultiplication:
> A: G(G) — M(G(G) @ Go(G)) - comultiplication
» p - covariance properties of A:

Do Py, = (Prr,e @ pey) 0 A
A ~ AT - crossed product extension

AT € G(G) % T? — M(Go(G) x T?® Co(G) x T?)
Al ~ AY Aw(b) = VAr(b) %
AV - CO(G)\T!®\IJ N M(CO(G)‘T@W ® CO(G)\T@W)

(Go(G)Y®Y, AY) - locally compact quantum group.

vV vV v v Y
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Rieffel Deformation of group acting on spaces

Group Actions:
> XANG: XxG3(x,8)—xgeX
> Ax : G(X) = M(G(X) ® Go(G)) : Ax(f)(x,g) = f(xg)
» Ax - continuous coaction:

> coassociativity ~ (Ax @) o Ax = (t @ A) o Ax
» cancellation ~ [Ax(Go(X))(1 @ G(G))] = Go(X) @ Go(G)
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Rieffel Deformation of group acting on spaces

Deformation Procedure:
> Co(X) is acted by I':
p(F)(x) = f(x7)
> (CO(X)apa w) M CO(X)W
» AX > A%

> AV G(X)Y — M(G(X)Y © Go(G)VEY)
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Rieffel Deformation of group acting on spaces

Deformation Procedure:
> Co(X) is acted by I':
py(F)(x) = f(x7)
> (Go(X), p, W) ~ Go(X)Y
> Ax ~ AY
> AV G(X)Y — M(G(X)Y @ Co(G)VeY)
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Rieffel Deformation of group acting on spaces

Deformation Procedure:
> Co(X) is acted by I':
py(F)(x) = f(x7)
> (CO(X)apa w) ~ CO(X)W
> AX ~ A%
> AY: G(X)Y — M(Co(X)Y ® Go(G)"EY)
» AY - continuous coaction:
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Rieffel Deformation of group acting on spaces

Deformation Procedure:
> Co(X) is acted by I':
py(F)(x) = f(x7)
> (CO(X)apa w) M CO(X)W
» AX > A%
> AV G(X)Y — M(G(X)Y © Go(G)VEY)
» AY - continuous coaction:

> coassociativity (Ay ® 1)A% = (1 ® AV)AY ]
> [AX(G(X) 1 ® G(G)YY)] = G(X) @ Go(G)¥*Y
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Quantum Minkowski Space

Classical Minkowski Space:

: G:SL(2,<C):{<(;‘ §>;a5—m=1}

>X:H:{<)_< W):X,yGR,WEC}
w Yy

» Hx G>(h,g)— g*hg e H
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Quantum Minkowski Space

Classical Minkowski Space:

emse0-{(2 1) ene
- X = H = {( )xyeRwe(C}

» Hx G>(hg) +—>g*hg€H
e

(50 sec)
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Quantum Minkowski Space

Classical Minkowski Space:

: G:SL(2,<C):{<(;‘ §>;a5—m=1}

>X:H:{<)_< W):X,yGR,WEC}
w Yy

» Hx G>(h,g)— g*hg e H

sr={(G 2 )zec]

> \U(Zl,Zg) = eis%(zlig)
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Quantum Minkowski space

(Co(G)"®Y, AY) - quantum Lorentz group:
> CO(G)‘T’®"’ — (C*-algebra generated by &, 3,9,
» Commutation relations

ad* = a*a

af =tha  fBpr=pp

r=tiya B9 ar=is
Q0" = 0" & Bo* =t710*3 40* = to*4 00* = %0,

Q>
||

g
>

and &b — ﬁ'y—l aB = Ba,

’t:e 8s
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Quantum Minkowski space

Comultiplication _ B _
AY € Mor(Go(G)V®Y, Go(G)V®Y ® Go(G)VeY):
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Quantum Minkowski space

Comultiplication _ B _
AY € Mor(Go(G)V®Y, Go(G)V®Y ® Go(G)VeY):

AV(@)=a0a+ B4,
AY(B)=a® [+ 3®0,
AY(H) =R &+ @4,
AV =40 B+6®6.
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Quantum Minkowski space (Co(X)Y, AY):
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Quantum Minkowski space (Co(X)Y, AY):
> Co(X)Y - C* - algebra generated by X, 7, W
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Quantum Minkowski space

Quantum Minkowski space (Co(X)Y, AY):
> Co(X)Y - C* - algebra generated by X, 7, W
» Commutation relations:
~1

Ry = R, WR = tWk, Wy =tgw

> A;U( € Mor(Co(X)Y, Go(X)Y ® CO(G)\D@\U)
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Quantum Minkowski space

Quantum Minkowski space (Co(X)Y, AY):
> Co(X)Y - C* - algebra generated by X, 7, W
» Commutation relations:
Ry = yx, WX =twk, wy=t"lyw
> AY € Mor(Go(X)Y, Go(X)¥ ® Co(G)¥®V)

» AY - continuous coaction of (CO(G)‘T@‘U, AY) on Go(X)V
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Quantum Minkowski space

Quantum Minkowski space (Co(X)Y, AY):
> Co(X)Y - C* - algebra generated by X, 7, W
» Commutation relations:
Ry = yx, WX =twk, wy=t"lyw
> AY € Mor(Go(X)Y, Go(X)¥ ® Co(G)¥®V)

» AY - continuous coaction of (CO(G)‘T@‘U, AY) on Go(X)V

AY(X) =X ®@&"a+W® a5 + W @46 + 7 © 453,
AY(W) =% @& B+Wwoa"s+ W @4 B +9 4%,
AY(P)=x@ BB+ w35+ W @83+ y 6%,
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