MIKAEL RORDAM’S TALK AT MASTERCLASS ON
CLASSIFICATION OF C*-ALGEBRAS

1. SIMPLE C*-ALGEBRAS

Theorem 1. For a simple C*-algebra A #+ C TFAE

(1) VB C A heriditary subalgebra, B # {0}, B contains an infinite projection.
(2) Va,b € A\{0}3z,y € A:b=zay

(3) RR(A) =0 and all projections in A are properly infinite (p & p < p)

(4) W(A) = Cu(A4) =10, 0]

Definition 2. If one (and hence all) of the statements in the above theorem is true,
we say that A is a purely infinite simple C*-algebra.

Example 3. Forn € N set

(1.1) On =C"(s1,52,...,8a|V] : 578 zl,Zsjs; =1)
j=1
and set
(1.2) O =C*(s —1,89,...[Vj: 5785 = 1,i # j = s;5] L 5557).

Then O,, is purely infinite and simple and K1(O,,) = 0 for all n € NU {co} while
Ko(Op) = Zp—1 for n € N and Ko(Ox) = Z.

Theorem 4. For a simple C*-algebra A we have that A is purely infinite iff T(A) =
0.

Theorem 5. It is possible to exhaust (Ko, K1) by purely infinite simple C*-algebras
of the following two types:

o A=lim_ ®}_; M, (O,;) @ C(Il) where simple implies purely infinite.

o A X7 for some simple stable I1-algebra A.

Theorem 6. If A is a simple, separable, exact, stable C*-algebra where T(A) #
and AQ Z = A, and o € Aut(A) then AXZ purely infinite iff A has no a-invariant
traces.

Definition 7. We say that a C*-algebra A is a Kirchberg algebra if it is purely
infinite, simple, separable and nuclear.

Definition 8. We say that a C*-algebra has the SP if VB C A hereditary subalge-
bra, B # {0}, B contains a nontrivial projection.

Theorem 9. There ezists a stabely infinite simple C*-algebra A with RR(A) # 0
and not beeing purely infinite having the SP.

Question 10. If A is a simple C*-algebra, do RR(A) = 0 and A stabely infinite
imply A purely infinite?
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Question 11. If A is simple and all projections in A are infinite, does P(A) # 0
imply A purely infinite?

Question 12. If A is stabely infinite does that imply that A has the SP?

Theorem 13 (Kirchberg). If A, B simple not type I C*-algebras then if both are
stabely infinite or one is stabely finite and the other stabely infinite A Qpin B is
purely infinite. If both are stabely finite and exact A ®in B is stabely finite, if they
not both are exact the result is not known.

Theorem 14 (Kirchberg). If A is a simple, separable, nuclear C*-algebra A is
purely infinite iff A2 A® Ok.

Remark 15. K,(O) = K,(C)

Theorem 16 (Kirchberg). A C*-algebra A is simple, separable, unitary and nuclear
iff AR O = Os.

Remark 17. K, (03) =0
Theorem 18 (Kirchberg). A C*-algebra A is separable and exact iff A — Os.

Theorem 19 (Kirchberg, Phillips). If A, B are Kirchberg algebras:

o If A, B have the UCT then A®K =2 BRK < (Ky(4), K1(A)) = (Ko(B), K1(B)).
2. NON-SIMPLE C*-ALGEBRAS

Theorem 20. If A is a C*-algebra with no nonzero abelian quotient TFAE
(1) Va,be Ay :a€ AbA= aSh
(2) Va € Ay a is properly infitite (a®a < a)

Definition 21. If A fullfils one (and hence all) of the statements in the theorem
we say that A is purely infinite.

Definition 22. If x € W(A) the we say that = is properly infinite if 2z < x.

Definition 23. We say that © € W(A) is infinite if Iy 0 e W(A)x+y < x =
rt+y==x

Remark 24. A is purely infinite iff W(A) is properly infinite, where W (A) is
properly infinite iff Vo € W(A) x is properly infinite.

Remark 25. The function W(A) — Ideal(A) defined by < a >— AaA is wellde-
fined and surjective. And this map is injective (equivalent: this map is an order
isomorphism) iff A is purely infinite.

Example 26. If A € M, ({0,1}) then is the Cuntz-Kneyr-algebra
(2.1) OA = C*(Sl, S92y vy Sn| Z sjs; = 1, S;(Sj = ZAZ‘,]‘SZ'SI)
j=1 i=1

properly infinite.
Example 27. If A is a C*-algebra then A @ Oy is purely infinite.
Example 28. Cy(R) ® O is purely infinite.
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Theorem 29. (1) If we have 0 - I — A — B — 0 then I,B are purely
infinite iff A is purely infinite.
(2) If A=1lim_, A; and all A; are purely infinite then A is purely infinite.
(3) If A, B are purely inifnite and A is exact then A Qpin B is purely infinite.

Question 30. Does A or B purely infinite imply that A Q,;n B is purely infinite?
Question 31. Does A purely infinite imply that A ®,,., C([0,1]) is purely infinite?

Definition 32. We say that A is strongly purely infinite if

v (i Ab> € My(A) Ve > 03dy,dy € A :

di 0\ [a X\ (d 0 a 0\
(22) ”(0 d2> <)\ b><0 d2>_<0 b> I<e
Definition 33. We say that A is weakly purely infinite if Ik € NVz € W(A) : kx
properly infinite.

Remark 34. W(A) has no dimension function iff Vo € W(A)Ik € N : kx is
properly infinite.

Theorem 35. Let A be a separable, exact C*-algebra and look at these properties:

1) A~ A® < mathcal Oy

) A strongly purely infinite

) A purely infinite

) A weakly purely infinite

) loo(A)/Co(A) traceless

(6) A traceless

We have that

o In general (1) = (2) = (3) = (4) & (5) = (6).

o If A is seperable and nuclear (2) = (1), but not true in general.

o If A is simple, RR(A) =0 or A2 AR Z (4) = (3) = (2), unknown if true
in general.

o [fAZ A® Z (6) = (5), but not in general.

(
(2
(3
(4
(5
6

Definition 36. Let A be a C*-algebra the we define Prim(A) = {ker(r)|mirreducibel representation of A},
and enquip it with the Jacobsen topology giving us a Ty-space.

Example 37. If X is a locally compact Hausdorff space then Prim(C(X)) = X.

Theorem 38 (Kirchberg). If A, B are seperable nuclear C*-algebras and X :=
Prim(A) = Prim(B) we have that A ® Ox @ K 2 B® O @ K iff A ~xx B. If
A, B are strongly purely infinite we can skip O .

Corollary 39. If A, B are separabel nuclear C*-algebras TFAE

(1) A 02,0 K=2B® 0, @K
(2) Prim(A) = Prim(B)
(3) Ideal(A) = Ideal(B)

Question 40. Which Ty-spaces can arise as Prim(A) for A a separable C*-algebra?
Which if A is nuclear?
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Example 41. Let (t,)nen C€]0,1[ and look at the sequence

(2.3) Co(]0,1]) —¢, M2(Co(]0,1])) —¢, Ma(Co(]0,1])) =4, - -
where
(2.4) n(f)(t) = (fg) f(tg\tn)> '

Let A be the inductive limit of this sequence, then A is a AHy-algebra and Ideal(A) ~
[0,1] totally ordered.

We have A2 AR Moo = A2 ARZ and A2 AR Oy & A traceless, which is
the case, so we have that A is purely infinite.

(2.5)

A ~hideal 0 Sgep 3 1 A — A ¢y < ht €[0,1], 1 = id, po = 0,VJ < A, ¢4(j) C J
A strongly purely infinite, separable, nuclear then A ~p, ;gea 0 = A= A ® Os.

Fact 42. If A has no projections then VI < A : A/T has no projections.

Theorem 43. If A is nuclear, separable, stable, strongly purely infinite C*-algebra
then A ~p iqear 0 implies that A= A® Oy and A is an AHy-algebra.

Fact 44. If A is an AHy-algebra then A can be embedded in an AF-agebra D and
A is quasidiagonal. If A= AR O and B separabel and exact then CB — COy —
A— D.



