ng—\- Tivme T»\cker—Drob(\]—\-V;) ‘/l'
. A‘CCGI) = <{N 44 ‘ G/C‘GCN) 'S amenable }>

1(6)=<{N<\61‘\1>46m”\] §>

awenable

. Pauwis Levmwxq

Det (123 Keoel-Wehrfrita )

A group G) s Sad o ~S'a‘h\S'F7 m. C. C. C“”f”?VW‘\I condition on
Centyali 2evs )

if ¢ Cq (B) l B<qa 3 Satistres D.C.C. Calescemd?ng chain  condition )
e, dorany BC@, TBoCB fure wih (o B)= C(B)

Prop 13
(L‘Meah qrovyps 80""1\51(‘/ ""\-‘—-(—‘>

P> IS HC G then Cu(B) = Co(B) NH

o wic.C. passes o subQroupg,
(o  suaffriec —+o show m.c.c. Lon GLw (F)
IS5 B < GLa(F) ’
C ey (B) = T xe HM(F)) b= bx Vxeg}
IS exactly -the set ot Solutious o -he systewm of  [inear equations
‘<xb—bx = 0, beB)
By ‘iV\tc\\r\'OVQ%/ Hilbert —has's  +Hiesrem
st. Cruair) B) = Ty (Bo)

, = 80 < B ;Crnﬁ'ﬁ

Thas Coie (B)= Coney (Bo)
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Remark.

BS(min) net e, when Iml nl>1 @ (m] $n)|
(So +hey are wot l?hecw\)

4"PP°S€ G ¢ mecc, “Then

() AC(a) = T(@)

n) G/ICC—.‘(AC(G))'\S amenable |
Civ) Every conju9etion mydrant meart ou (5 [fives oun AC(@)

PEY wWe/ Il show

)/ Eve\r\/ Co“é"' MY mean WA owm G
=)
N QG G/CG (N) Qwevable, st m (N) = 1

(me‘g '\wp‘rcs i) )
cowj

Cawsider Conjugation action G (Y G)
tGslacal={c)] BEG §
satishies  D.C.C,
So by Domi’s Lewma, G/G. 15 owenable,
where G, = {9e¢Q | VW(CC,,.(;))=5L}

finite

L@T N = CC‘I(@O) By mic.c, 5F - 670

with - N =G (F) = ﬁQF Cea (3)

by finite  additinity m (Y) = [,

/dr(So Cc, (N )‘: 60 So G/C@(N) 'S Omenable,



i) L i) Ry Y{s-relrolm/
I me M(I@E) whieh s T@)xG ~i,

W/
By i) IN QG  Gn)  amenable @ m(A)=1

“Thew N € ACCE) <€ T(6)

m: lefr- Twvaraut under Tea) | m(N)="1

= N = AC)=Tw@) []

Thm (et & be wmicoc, Thew TFAFE
(1) @ s inver - amenable
(2) AcCa)= TA(G) 15 iwbinite,

(3) 3 short eroct Segutule

1. — N — 3G Y K— 1

K 18 awmenable , and  etshen Z W) s mfturre  or

N=LM, whr L .M G commuting L a M
s Swaite, TV infinte  amenable,

PE) B)= ) = W) v
(V)= () T£ M 3 cd'bmlc,s_g/ conj— v om 6

“Tuew WA ( AC 66«) ) = ﬂ_
= ACLG) s in finire.
(1= ) L N= Ca(Ac6))AC(E)
“Thew K= G /N (S omenable,

Case 1 Ca(Acla))n ACCa) is infinite,

= Z(N)
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(ose 2 Cq (ACCE)) AACCE) s fuite

L M
htivite, amenable. D

Cost  of  actrons Cchht)

[ ot G Y CX/}’“) be o probability wedsure  preserving Cpmp)
action A measurable  graph g on )( S a 5rv«ph‘mg of

r
undirecred the action G 7V ( X, /,L)
no self - foop

i h
(g < X x X T measurable subset ) it the tounected. Cowponenuts

of g are p*ﬁchcl7 -the  orkifs
of he  actiom,

| The cost of g 'S
Cos—(:ACg) ={f§x&egg C:L)Jy.x(x)
Cost (G 1 Gy p)) = wh {Cod‘(@)’ G s a graphng of 6“’0@;\&)}

G S5 sad o have Lyed prive ff
: COS't (Gm (X,/lk))-::. Cost (C,.)N (\F\V))

Q"* awny “‘wo -Fv—e,e, PWP aeritong o-f~ 6"

Fixed price  conjecturt

Every (countable ) grovp has  Lixed price.

“This ¢ kuown o hold for wnamy Qrovps,

Tufinite / W
¢ Amenable 9roups C 4 p. = /.L) (Lﬁ;'“‘f ) Ornstein—Weiss |
43

v Fintte  Grovps C‘G-PF:L—\—%‘)

4
Free 9roups ic Qc\p‘ = n ) Cﬁaboh‘av\ OO)
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-+ 2(a) intmte  CSp =)

) @a'aok?au
H % K Kt infimite amenable Sroup C Spo =1 ) }

Taw (D)

( Tnner—oamenable 9grovps L\G‘VQ 'Pl‘XCJ pv&eﬁ)

7 (6) @ Gt (o=t (st (6vx) )] -1 (Gaborimn )
T

Open = s +as an equality o
¢! T-D
~) .
(3! (, 1ML — amien ) = O | C,fnT-Fm«,— Sinclajr 'UO[YGp\
Growa ?
De{l CPopa) |
A SU\LS‘“W? H < 6 'S talled @ - movmal - +he Seb
{ S € 6 I 3’H 34 N H, s hfinte } HQ% 6 H /X;,LH
Qﬁlncka-{-ﬁs 6—, . (o :I/de Supe,rﬁj'}cl
m ol

‘s

@.—- woy—mali'r~/ LQW\W\G (quoh‘au - ]:urmom )

( 4 R s %- novmall i G “+hen
Cost (G Y (X.}x)) < Cost CHAY (K(/&))

+Finite
[ewma TF Mg va\ov-W‘WQ Subsreup oF (G ,  then

sop o Ny < SvP Cosr (9 TV X)
GN(X/)A) { CST(G X)} 67/:%(\" (x./w)i o ™)

U"\\(C"SJV (G)— ]_) < Cos—!—(é/ﬂ) -1
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Pop [t @ be el — amenable (et H be a hon—-amenable
gubﬁ\r‘oup oF C The 3 |’< < T
( ? ) SG wh Hd, ka4

<pEy Twiportamt Lemanmg

6 Y X CAWAC Wy L,‘-e__ GDL owencble v:x GSX
= G : awmenable

IMPYDVJ’W\&A‘\_ 6 S o~ C\w\emq'ole,/ 6 ry X awmena ble

with  Juv artant meauw M € ™ (x).

= M{(Exé’x\ Gm’\:amzvxaugi)zi
Xo
Assume MXe)< | 4uen Y. = X\ %o

G VY Guwenable Gy awmenalle Vbe\r

~) 6 amenable / conrraclictioy .

<P—F> (o—g— Ph’P) FT)( VY)(~‘ G-—Low:) \‘Mv/ o;{—bw..'_[ess

(_cvj
“Twew H YV G] XS amena ble W/ inv—mean WA,

By \‘mpnu.aw\emfc[g ]CH(%) NS Mom—aw\emaue} has

measure 1

et W= <H, {3 qu] CH (3) s now— awmmmalle } >

Tuew  H g K Swe JHI qH 2 (4@) s inbine
for &l 9 ea  <x. Cy(3)# amenalle .
mk)=1 = »m (IKg") =1
= wmw( Kngkal)=1q

M- ofow —less

So K a §K%" i infuite
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o
GOQQ Now) 'S o :@rvwl CH(A);,‘:| oj: nov— GWI'EMGUQ SM\'?S?‘OUF_Y

) n— 20
TG e Sl i) =g epious Pre?
pr
X

Crwce +hewn \n\/ % — l/\ovwm“’\\/ \__%w wagy we. Szt

Sop Cost () s 1
Lt G be oo nen— amenable,  fuver - amdualle  srovp,
TThaw  eithen

\ . with
|V\+1M|f€,
4) = gmenalle  Subsroop K <q Cq (K) wnou— cmenable.

or Q’) I Seguewnte of Sinte Subsroups Mu ( n>1)

widh  [My | — oo

awnd Ce, CNV\-) 'S oo amenable  for all ",

Proek
otvm l€ess ™.

FTX (ov\(‘\— Mvav?av\’\‘ meanr oy é?

By Twprovewment, (since CGﬂ] vS Wom—amemut)

G 'Q\) G awmencable
m ¢ atowmless

= Y
j%lé CA {i} it C@-(%L) 'S nonamenable

T4 <3;L') ¢ infinite  Thew (1) holds and  welre done ,

S Oxherwise , M ( <) =0
] '

finite set
S nom *c\mevxo\lo'\h'r;r o (g (5 ) =H, anek the T provement,

a cawn 10‘\-;0{ 3\1 S H\\ <%‘7 with CH\ (%‘L) h()w—amemala’e-

Ly~

h, I
CG\ ((3@3;7)
VW

H'L

Some n op Mo & My & My & IMu|—eo

Keep Jom9g watil we  set (I“'\,,‘{-:Oo dov

C6 (M;) wnon~ amenable
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nevers

4
I5E Mu s Svie,  thiS Procedure  Stops , aud  we  Set

(e}
C""V\)M—_\ as w (=)

atvel
Py IMu)l= 20 ab Some wn, Mt amewnalble.  subgroud,

“Theuw (L), Ce (M0
Some T

I:Ma\lly it Mu S von— amewable thew Hu @ M.,

ave Co W\W\'\'{'h’\g nown— O\W\Ql/\qlafg, <ub’ )"deS‘

oy (al
H\ = Hn H )'.

7

= M
By Lwprved Lewmo,
I & Cyen () 1§ vou— amenalle 3
Cu™ (3) s "

has measwre

Fix Some Fu =+ 4 1w s seb) and let My=d9,5

etthen Some—&\/\t*wg 3000\ \/\qppems, o Vn J pairwise cbqu'ﬂn%\

) (n
'v.y.om,—amel'\-ﬂ,b‘& §U‘053’00P5 H‘ > }_\"\ )

Pefive M by Aelimg g e H- {13
Jem € HEVZ < S1,--, G

\\/\V\: <g’.1)"‘) %V\:[)

“Then {Mnl? 2-,\_[

()

QVd Ha Q- Cﬁ (My\) Se Cel CHV\) v\ou-—ctmmv«lole\
#

amenable



—1 infintte ?

knoww = G »x H

has =ome actton with cost 1
- And G x H has £ived priee = 4

whewnever 6 or H has au infinite oamenable subsrovp,

Open Problem
Do@s AxH have Lixed price =1 7




