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(strong) Bourgain-Tzafriri Conjecture

There exists a universal constant A > 0 so that

for every 0 < B there is a natural number r = r(B)

so that for every natural number "n" and every operator T : /5 — (3 with
| Teill =1 and || T < B,

there exists a partition (A;)/_; of {1,2,..., n} so that for all j and all
scalars (a;)iea;
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Recall: The Bourgain-Tzafriri Conjecture

(strong) Bourgain-Tzafriri Conjecture

There exists a universal constant A > 0 so that

for every 0 < B there is a natural number r = r(B)

so that for every natural number "n" and every operator T : /5 — (3 with
| Teill =1 and || T < B,

there exists a partition (A;)/_; of {1,2,..., n} so that for all j and all
scalars (a;)iea;

2
Za;Te; ZAZ|2,‘|2

iEAj iGAj

(weak) Bourgain-Tzafriri Conjecture
A= f(B)

v
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Recall: The Feichtinger Conjecture

Definition

{®i}ics is a Riesz Basic Sequence in H if there exist Riesz basis bounds
A, B > 0 so that for all scalars (a;)ic/

2
AZIaiIQS Zai¢i < BZ|3i|2

icl i€l i€l
y
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Recall: The Feichtinger Conjecture

Definition

{¢i}ier is a Riesz Basic Sequence in H if there exist Riesz basis bounds
A, B > 0 so that for all scalars (a;)ic/
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Recall: The Feichtinger Conjecture

Definition

{¢i}ier is a Riesz Basic Sequence in H if there exist Riesz basis bounds
A, B > 0 so that for all scalars (a;)ic/

A lail* <

icl

2
<BY |3

i€l

> aigi

i€l

If a=1—¢ B =1+¢€ This is an e-Riesz Basic Sequence

Feichtinger Conjecture

Every unit norm frame a finite union of Riesz basic sequences.
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BT implies FC

Theorem
The Bourgain-Tzafriri Conjecture implies the Feichtinger Conjecture.
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Theorem

The Bourgain-Tzafriri Conjecture implies the Feichtinger Conjecture. J

Proof: Let (&) be the unit vector basis for /5.
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The Bourgain-Tzafriri Conjecture implies the Feichtinger Conjecture. J

Proof: Let (&) be the unit vector basis for /5.
Let (¢;) be a unit norm frame for ¢, with analysis operator T and
synthesis operator T* : fo — fy with T*e; = ¢; forall i =1,2,....
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Proof Continued

By BT, there exists a partition (A7)/_; so that for all j=1,2,...,r and
all scalars (a,-),-eAJ. we have
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Proof Continued

By BT, there exists a partition (A7)/_; so that for all j=1,2,...,r and
all scalars (a,-),-eAJ. we have

A lailP < IIY @il

H n N n
IEAJ- IEAJ-

There is a 1 < j < r so that for infinitely many n, 1 € Al

There is another k so that for infinitely many of the above n, 2 € A}.
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Proof Continued

By BT, there exists a partition (A7)/_; so that for all j=1,2,...,r and
all scalars (a,-),-eAJ. we have

A ailP <11 aisill”
€A €A
J J
There is a 1 < j < r so that for infinitely many n, 1 € Al

There is another k so that for infinitely many of the above n, 2 € A}.

CONTINUE.
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The Sundberg Problem

Sundberg Problem

Can every unit norm Bessel sequence be partitioned into a finite number of
non-spanning sets?
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FC implies the Sundberg Problem

Theorem
The Feichtinger Conjecture implies the Sundberg Problem.
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FC implies the Sundberg Problem

Theorem
The Feichtinger Conjecture implies the Sundberg Problem. J

Proof: Let (¢;)7°, be a unit norm Bessel sequence for (5.

If (e;)?°; is an orthonormal basis for ¢, then (e;) U (¢;) is a unit norm
frame for /5.
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FC implies the Sundberg Problem

Theorem
The Feichtinger Conjecture implies the Sundberg Problem. J

Proof: Let (¢;)7°, be a unit norm Bessel sequence for (5.

If (e;)?°; is an orthonormal basis for ¢, then (e;) U (¢;) is a unit norm
frame for /5.

By FC, we can partition this set (and hence we can partition (¢;)) into a
finite number of Riesz basic sequences say (¢;)ica; for j =1,2,...,r.
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FC implies the Sundberg Problem

Theorem
The Feichtinger Conjecture implies the Sundberg Problem. J

Proof: Let (¢;)?2, be a unit norm Bessel sequence for /5.

If (e;)?°; is an orthonormal basis for ¢, then (e;) U (¢;) is a unit norm
frame for /5.

By FC, we can partition this set (and hence we can partition (¢;)) into a
finite number of Riesz basic sequences say (¢;)ica; for j =1,2,...,r.

But if we remove one vector from each family (¢;);ca; then the resulting
sets do not span.

End Proof
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KS in Harmonic Analysis

Historical Note:

Jean Baptiste Joseph Fourier is credited with the discovery in 1824 that
gases in the atmosphere might increase the surface temperature of the
earth. Today, we call this the greenhouse effect.
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Laurent Operators

Laurent Operators

If ¢ € L>°[0,1], let
T,f =¢-f Vfel?0,1].
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Laurent Operators

Laurent Operators

If ¢ € L]0, 1], let
T,f =¢-f Vfel?0,1].

Much work was done in 1980’s to solve PC for Laurant Operators by:

Bourgain/Tzafriri

Halpern/Kaftal /Weiss
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An Example

Example

If f = €™ then for every measurable set £ C [0, 1]
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An Example

Example

If f = €™ then for every measurable set £ C [0, 1]
Ixefll® = |El = |E| - I]I?

and
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An Example

Example

If f = ™" then for every measurable set E C [0, 1]
Ixef||? = |E| = |E] - |If||?

and

Ixe<f|* = |E€| = |E°||If]I®
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Paving Exponentials

Definition
IfFACZ, let |
S(A) = span{e®™™} .4 C L2[0,1].
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Definition
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S(A) = span{e®™™} .4 C L2[0,1].

Known: Berman, Halpern, Kaftal and Weiss
For every € > 0 and for every E = [a, b] C [0, 1]
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Paving Exponentials
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For every € > 0 and for every E = [a, b] C [0, 1]
there exists a partition of Z into arithmetric progressions (AJ-)Jf:1 so that
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For every € > 0 and for every E = [a, b] C [0, 1]
there exists a partition of Z into arithmetric progressions (AJ-)Jf:1 so that

for all j and f € S(A;) we have
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Paving Exponentials

Definition
If AC Z, let |
S(A) = span{e®™™} .4 C L2[0,1].

Known: Berman, Halpern, Kaftal and Weiss

For every € > 0 and for every E = [a, b] C [0, 1]
there exists a partition of Z into arithmetric progressions (Aj)j:1 so that

for all j and f € S(A;) we have
(L= e)(b—a)lfI* < |Pefl” < (1 +€)(b— )| f|?

Pef =xe-f
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The Harmonic Analysis Conjecture

H.A. Conjecture

For every measurable E C [0, 1]
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The Harmonic Analysis Conjecture

H.A. Conjecture

For every measurable E C [0, 1]
and for every € > 0

(Pete Casazza) Frame Research Center October 15, 2013 13 /25
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H.A. Conjecture

For every measurable E C [0, 1]
and for every € > 0

there exists a partition (A;)/_; of Z such that
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The Harmonic Analysis Conjecture

H.A. Conjecture

For every measurable E C [0, 1]

and for every € > 0

there exists a partition (A;)/_; of Z such that
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The Harmonic Analysis Conjecture

H.A. Conjecture

For every measurable E C [0, 1]

and for every € > 0

there exists a partition (A;)/_; of Z such that
for every j and f € S(A))

(L= QIE[IFI? < IPefl* < (1 + )l EIIIF)?
Pef =1 xe

If we replace 1 & € by universal 0 < A <1 < B < o0, we call this weak
H.A..
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Equivalence of our Conjectures

Theorem (C/Fickus/Tremain/Weber)

The following are equivalent:
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Equivalence of our Conjectures

Theorem (C/Fickus/Tremain/Weber)
The following are equivalent:
© H.A. Conjecture
@ Every Ty is pavable
© There is a universal constant K such that for every measurable subset
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Equivalence of our Conjectures

Theorem (C/Fickus/Tremain/Weber)
The following are equivalent:

© H.A. Conjecture

@ Every Ty is pavable

© There is a universal constant K such that for every measurable subset
E C0,1]
there exists a partition (A;)i_; of Z so that
for all f € span(e®™™) e p,
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Equivalence of our Conjectures

Theorem (C/Fickus/Tremain/Weber)
The following are equivalent:

© H.A. Conjecture

@ Every Ty is pavable

© There is a universal constant K such that for every measurable subset
E C0,1]
there exists a partition (A;)i_; of Z so that
for all f € span(e®™™) e p,
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Equivalence of our Conjectures

Theorem (C/Fickus/Tremain/Weber)
The following are equivalent:

© H.A. Conjecture

@ Every Ty is pavable

© There is a universal constant K such that for every measurable subset
E C0,1]
there exists a partition (A;)i_; of Z so that
for all f € span(e®™™) e p,

IF - xell® < KIE]IIf]1

Moreover: We may assume |E| = 3.
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Equivalence of our Conjectures

Theorem (C/Fickus/Tremain/Weber)
The following are equivalent:

© H.A. Conjecture

@ Every Ty is pavable

© There is a universal constant K such that for every measurable subset
E C0,1]
there exists a partition (A;)i_; of Z so that
for all f € span(e®™™) e p,

IF - xell® < KIE]IIf]1

Moreover: We may assume |E| = 3.

(B) Weak HA is equivalent to FC for Laurant operators.
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KS in Number Theory

Van der Waerden's Theorem:

Given a partition of the integers (Aj)f:r there is an 1 </ < r so that A;
has arbitrarily long arithmetic progressions.
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KS in Number Theory

Van der Waerden's Theorem:

Given a partition of the integers (Aj)f:r there is an 1 </ < r so that A;
has arbitrarily long arithmetic progressions.

Question:

Does there exist a quantitative version of Van der Waerden's theorem?
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Gowers' Theorem

We use the notation a | b to denote a®.
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Gowers' Theorem

We use the notation a | b to denote a®.
Theorem: [Gowers]
Let 0 < v < 1/2, let k be a positive integer, let

P>2121~y 172727 (k+9),

and let A be a subset of {1,2,..., P} of size vP.
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Gowers' Theorem

We use the notation a | b to denote a®.
Theorem: [Gowers]
Let 0 < v < 1/2, let k be a positive integer, let

P>2127y112127 (k+9),

and let A be a subset of {1,2,..., P} of size vP.

Then A contains an arithmetic progression of length k.
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Quantative Arithmetic Progressions

Definition

Let g : N — [0,00). We say that A C Z satisfies the g(/) arithmetic
progression condition if for every § > 0 there exists M € Z and n,/ € N
such that

(i) £ < dg(N)

and

(i) MM+, M+2¢,...,M+ NC} C A.
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Bownik and Speegle

Theorem (Bownik/Speegle)

There exists a set U C [0, 1] such that if A C Z satisfies the
g(N) = N/2log=3N arithmetic condition,
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Bownik and Speegle

Theorem (Bownik/Speegle)

There exists a set U C [0, 1] such that if A C Z satisfies the
g(N) = N/2log=3N arithmetic condition,

then {f(x + k) : k € A} is NOT a Riesz basic sequence where f = xy.
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Bownik and Speegle

Theorem (Bownik/Speegle)

There exists a set U C [0, 1] such that if A C Z satisfies the
g(N) = N/2log=3N arithmetic condition,

then {f(x + k) : k € A} is NOT a Riesz basic sequence where f = xy.

Remark:

This means that there is no quantative van der Waerden theorem with sets
of size NV/2jog—3N.

v
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The Paving Conjecture - Reuvisited

Anderson’s Paving Conjecture
For every € > 0 there exists an r € N so that
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The Paving Conjecture - Revisited

Anderson’s Paving Conjecture
For every € > 0 there exists an r € N so that

for all nand all T : ¢§ — ¢5 whose matrix has zero diagonal
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The Paving Conjecture - Revisited

Anderson’s Paving Conjecture
For every € > 0 there exists an r € N so that

for all nand all T : ¢§ — ¢5 whose matrix has zero diagonal

there exists a partition (A;)/_; (called a paving) of {1,2,..., n} so that
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The Paving Conjecture - Revisited

Anderson’s Paving Conjecture

For every € > 0 there exists an r € N so that
for all nand all T : ¢§ — ¢5 whose matrix has zero diagonal
there exists a partition (A;)/_; (called a paving) of {1,2,..., n} so that

1Qa, TQall < el|TIl, forall j=1,2,....r.

Qa; the orthogonal projection onto span (e;)ica;
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The Paving Conjecture - Revisited

Anderson’s Paving Conjecture

For every € > 0 there exists an r € N so that
for all nand all T : ¢ — ¢5 whose matrix has zero diagonal
there exists a partition (A;)/_; (called a paving) of {1,2,..., n} so that

|Qa; TRl < €| T, forallj=1,2,...,r.

Qa; the orthogonal projection onto span (e;)ica;

Important: r depends only on € and not on nor T.
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Two Paving Fails

[Discrete Fourier Transform - DFT,]

h

Choose a primitive n""-root of unity w and define

DFT, = (w¥); ;-
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Two Paving Fails

[Discrete Fourier Transform - DFT,]

h

Choose a primitive n""-root of unity w and define

DFT, = (w¥); ;-

Then i
—DFT,, is a unitary matrix.
n

Vvn
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The Construction

Step 1: Take DFT5, and multiply the first (n-1)-columns by /2.
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The Construction

Step 1: Take DFT5, and multiply the first (n-1)-columns by /2.

1

Now multiply the remaining columns by (1)

to get a new matrix Bj.
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The Construction

Step 1: Take DFT5, and multiply the first (n-1)-columns by /2.

Now multiply the remaining columns by 1/ﬁ to get a new matrix Bj.

Step 2: Take a second DFT,, and multiply the first (n-1)-columns by 0,
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The Construction

Step 1: Take DFT5, and multiply the first (n-1)-columns by /2.

Now multiply the remaining columns by ,/ﬁ to get a new matrix Bj.
Step 2: Take a second DFT,, and multiply the first (n-1)-columns by 0,

and the remaining columns by ,/m to get a new matrix Bs.

(Pete Casazza) Frame Research Center October 15, 2013 21 /25



The Construction

Step 1: Take DFT;, and multiply the first (n-1)-columns by 22—n
Now multiply the remaining columns by ,/ﬁ to get a new matrix Bj.

Step 2: Take a second DFT,, and multiply the first (n-1)-columns by 0,

and the remaining columns by ,/m to get a new matrix Bs.

Now form
By
B, =
B>
October 15, 2013 21 / 25



Properties of the Matrix B,

The Matrix B, satisfies:
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Properties of the Matrix B,

The Matrix B, satisfies:

@ The columns are orthogonal.
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Properties of the Matrix B,

The Matrix B, satisfies:
@ The columns are orthogonal.

@ The square sum of the coefficients of every column equals 2.

(Pete Casazza) Frame Research Center October 15, 2013 22 /25



Properties of the Matrix B,

The Matrix B, satisfies:
@ The columns are orthogonal.
@ The square sum of the coefficients of every column equals 2.

© The square sum of the coefficients of every row equals 1.
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Properties of the Matrix B,

The Matrix B, satisfies:
@ The columns are orthogonal.
@ The square sum of the coefficients of every column equals 2.
© The square sum of the coefficients of every row equals 1.

@ Hence, the rows of this matrix form a unit norm two-tight frame,
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Properties of the Matrix B,

The Matrix B, satisfies:
@ The columns are orthogonal.
@ The square sum of the coefficients of every column equals 2.
© The square sum of the coefficients of every row equals 1.
@ Hence, the rows of this matrix form a unit norm two-tight frame, and

so the rows of %B form an equal norm Parseval frame
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Properties of the Matrix B,

The Matrix B, satisfies:
@ The columns are orthogonal.
@ The square sum of the coefficients of every column equals 2.
© The square sum of the coefficients of every row equals 1.

@ Hence, the rows of this matrix form a unit norm two-tight frame, and
so the rows of %B form an equal norm Parseval frame

l.e. This is the matrix of a rank 2n projection on C*" with constant
diagonal 1/2.

(Pete Casazza) Frame Research Center October 15, 2013 22 /25



The Rows of B,

Theorem

The matrices By, are not uniformly 2-Riesable and hence | — B, are not
uniformly 2-pavable.
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The Rows of B,

Theorem

The matrices By, are not uniformly 2-Riesable and hence | — B, are not
uniformly 2-pavable.

Proof: Let (¢;)?"; be the row vectors of the matrix B,,.
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The Rows of B,

Theorem

The matrices By, are not uniformly 2-Riesable and hence | — B, are not
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The Rows of B,

Theorem

The matrices By, are not uniformly 2-Riesable and hence | — B, are not

uniformly 2-pavable.

Proof: Let (¢;)?"; be the row vectors of the matrix B,,.

If we partition the rows of B, into two sets A, A, without loss of
generality we may assume:

A contains n of the first 2n rows of B,,.

Let P,_1 be the projection onto the first n — 1 coordinates.
Choose (a;)ica with ;4 |ai|> = 1 and so that

P,_1 (Z a,-f,-) =0.

i€EA
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Proof Continued
Letting (g; ,221 be the original rows of the DFT, we have:
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1> aigil> = I/ = Pa-1) (Z 3i¢i> I

icA icA

2
= l_ n— i8i
Sl 1 (Zag>

i€EA
2 1 aiill?
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Letting (g;)?", be the original rows of the DFT, we have:
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Proof Continued
Letting (g;)?", be the original rows of the DFT, we have:

1> aigil> = I/ = Pa-1) (Z 3i¢>i> I

icA icA

2
= +1HI_ n—1 <§ 31g1>
i€A
: I3l
n+1 < i8i

- n—i—lZI '|2

i€A

IN

2
n+1

Letting n — oo we have that this class of matrices is not (4, 2)-Riesable
for any § > 0.
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Our Tour of the Kadison-Singer Problem

Marcus/Spielman/Srivastava = Casazza/Tremain Conjecture
and Weaver Conjecture KS,

Weaver Conjecture

Paving Conjecture

R.-Conjecture

Bourgain-Tzafriri Conjecture

Feichtinger Conjecture

A

Sundberg Problem
Finally:

Bourgain-Tzafriri Conjecture = Weaver Conjecture
< Paving Conjecture
< The Kadison-Singer Problem
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