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Outline of talk

G is a finite group and p is a prime number

@ S¢, the poset of nonidentity p-subgroups of G

@ 7A(H,K) = Ng(H, K) the transporter category of G

@ Li(H,K) = OPCg(H)\Ng(H, K) the linking category of G

@ Fi(H,K) = Cg(H)\Ng(H, K) the fusion category of G

@ O%(H,K) = Ng(H, K)/K the orbit category of G

e Fg(H,K) = Cg(H)\Ng(H, K)/K the exterior quotient of
the fusion category of G

What are the Euler characteristics of these finite categories?
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Outline of talk

0 Euler characteristics of matrices
@ Euler characteristic of an invertible matrix
@ Euler characteristic of the poset Sg;,
@ Euler characteristic of square matrix

e Euler characteristics of fusion categories

e Euler characteristics of p-subgroup categories
@ Categories of nonidentity subgroups
@ Categories of centric subgroups

Typical result

. —u(K)
x(Fg) = % Z5(K)]
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Euler characteristic of the poset Sé
Euler characteristic of square matrix

Definition (The Euler characteristic of an invertible matrix)

The Euler characteristic of ¢ = (¢(a, b)) is the sum

x(©) =" u(a.b)
a,b

of the entries in the inverse u = ¢~ = 3722 o (- 1)K(¢ — E)X.
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Euler characteristic of the poset Sé
Euler characteristic of square matrix

Definition (The incidence matrix of a poset S)

¢(S) = (C(a’ b))a,b’ ((a,b) = {1 asb

0 otherwise

Definition (The Euler characteristic of a finite poset S)

e
/N, - (1))
N/ 88831
b x(S) = x(¢(S)) =1
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Euler characteristic of the poset Sé

Euler characteristic of square matrix

Definition (Simplices in a poset)

A k-simplex, k > 0, (from ato b) is a totally ordered subset of
k + 1 points (with a as smallest and b as greatest element).
Example ((¢ — E)X counts k-simplices)
09000
0-simplices 00100 | =E \
00010 o
00001 / /
00101
1-simplices 00001 | = ((S)-E ’
00001
00001
00002
2-simpli = — E)?
simplices 00000 (¢(S)—-E)
00000
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Euler characteristic of the poset Sé

Euler characteristic of square matrix

Lemma (Counting simplices in poset S)

(¢ — E)*(a, b) = #{k-simplices from a to b} (k > 0)
> ab(¢ — E)¥(a,b) = #{k-simplices in S} (k > 0)

Topological Euler characteristic of the realization |S|

X(I8]) = > (1) #{k-simplices in S}

|

k=0
=Y (-1 > (-E)ab)
k=0 a,bes
:ZZ (C E)(a, b)
=+ (x = 1) = TR2p (=K (x — 1)k
=Z = _n(ab) =((S)
a,b a,b

v
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Euler characteristic of an invertible matrix

Euler characteristic of square matrix

G is a finite group and p is a prime number

Definition (The posets S, and S¢,)

@ S is the poset of all p-subgroups of G
@ S; is the poset of nonidentity p-subgroups of G

X(Sg) = ZKGOb(S mw(K) = Z[K];m 1(K)|G: Ng(K)|
1=x(Sg) = ZMHK du(K)+ D) u(H.K)

1<K 1SH<K<G

= u(1,1) + ZM(17K)+X(35)
15K
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Euler characteristic of an invertible matrix

Euler characteristic of square matrix

Lemma (The Mdbius function on S; [, Lemme 4.1])

Let H and K be p-subgroups of G. Then u(H, K) = 0 unless
H < K with elementary abelian factor group where

u(H,K) = (=1)"p),  |K: H|=p"

In particular, 1(K) = (1, K) = 0 unless K is elementary
abelian where

u(K) = (1)), p" =K

Example (Alternating groups at p = 2)

n |45 6 7 8 9 10 11
x(S3) |1 5 —15 —175 65 5121 15105 55935
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Euler characteristic of an invertible matrix

Euler characteristic of square matrix

Proposition (Euler characteristic of the poset Sz, Il)

x(Sg) = Z (1 - X(SNG /H))

H

Recursive calculations?

X(Sg) = ZMH K)=Y > wHK=> >  uHK)
H K H Ke[H,Ng(H)]
:Z Yoo o wK/H) =Y > wK)
H Ke[H.Ng(H)] H KeNg(H)/H
— Z (1 = X(SNg(Hy/H))
H
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Euler characteristic of an invertible matrix

Euler characteristic of square matrix

What is known about x(Sg)?

Theorem (Product formula)

n

1= X(S[p. 6 H1—X(SG

Proposition
If G has a nonidentity normal p-subgroup then x(Sg) = 1

Theorem (Brown 1975, Quillen 1978)
1 — x(Sg) is divisible by |G|p

X(SgL, ) =1+ (—1)"g(2) when g is a power of p

MW Jacobsen, JM Mal-ler




Euler characteristic of an invertible matrix

Euler characteristic of square matrix

What is unknown about x(S§)!

@ (Euler characteristics of Chevalley groups) Is
(Sa (q)) = (-1 )nq#{posmve roots} for G — A B,C,D,E?

1_
@ (Euler characteristics of alternating groups) Describe the
sequence n — x(Sy )

@ (Quillen conjecture 1978) Op(G) > 1 = S§ ~ *
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Euler characteristic of an invertible matrix
Euler characteristic of the poset Sé

The Euler characteristic of a matrix ¢ = ({(a. b))

How do we define x(¢) when ( is not invertible?

Definition (Weightings and coweightings)
A weighting for ¢ is a column vector (k®) such that

1
(¢(a b)) (k°) = | :
1
A coweighting for ¢ is a row vector (k,) such that

(ka)(¢(a,b)) = (1 -+ 1)

MW Jacobsen, JM Mal-ler



Euler characteristic of an invertible matrix
Euler characteristic of the poset Sé

@ A matrix may have none or many (co)weightings
e If (u(a, b)) is an inverse to (¢(a, b)) then

’
(k%) = (w(a,b)) | 1 | = (D _u(a b)) (column sums)
1 beS

(ko) =(1 - 1) (u(a b)) = (D _u(a b)) (rowsums)

aesS

are the unique weighting and coweighting for ¢
@ x(¢)=1for¢=(11) (and ¢ is not invertible)
@ ¢ = (12) has no Euler characteristic
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Euler characteristic of an invertible matrix
Euler characteristic of the poset Sé

If ¢ admits both a weighting k® and a coweighting k, then the
sum of the values of the weighting

Zkbzz Zkagab ))KP = Zka Zgab)kb Zka
b b a

Definition (The Euler characteristic of a matrix (Leinster 2008))

X(C):Zkbzzka
b a

If  is invertible then
=> k¥=> pu(ab)
a a,b

as before.
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Euler characteristic of an invertible matrix
Euler characteristic of the poset Sé

Definition (The incidence matrix of a finite category C)

(€)= (<(ab)),, d(ab)=Ic(ab)

Definition (Euler characteristic of a category (Leinster 2008))

Proposition (Invarians under equivalence (Leinster 2008))

@ If there is an adjunction C_—=D then x(C) = x(D)
@ IfC has an initial or terminal element then x(C) = 1
@ I/fC and D are equivalent then x(C) = x(D)
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Example (Skeletal subcategory of .7-“;;6, p=2)

’N
()
e
6/ %2 1
Vs / /i\ \ 0
€ § ¢ d_% ¢)=|o0
\3 3/1/ 0
N 0
A
W)
1-1/2 -1/2 ~1/2 1/2
01/6 0 0 -—1/4
wC=|o o 16 0o -1/4
00 0 1/2 -1/4
o0 0 0 1/4

OO OO W

OO OO W

oONO O =

A DNDOOO O

X(€) =) uli.j)=1/3

MW Jacobsen, JM Mal-ler




Theorem (A weighting, a coweighting, and the Euler
characteristic of 7)

|G: CG(K)|
1
Z == > (1=x(S&, moH)
|G: CG(K el xe CatH) N (H)
s —1(K) —1(K)
XFE= Y. marpar= Y. =
keon(ry) |G CalKl g Lty 176K
In all cases

ki #0 <= K is elementary abelian
If the Sylow p-subgroup P is normal in G then

ki £0 «— H=Cp(g) forsome g e G



What is known about x(F5)?

Theorem (Product formula)
n

1= x(Fp o) =111~ x(Fg)
i=1

@ If G has a nonidentity central p-subgroup then x(Fg) = 1
° |Glpy-x(Fg)€Z
[{v € F&(P) | Cp(p) > 1}
o x(Fg) = * when P, the Sylow
ve Z5(P)
p-subgroup, is abelian.

o X(Fg) = x(F&) and x(Fg) = x(Fg)
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Example (Alternating groups A, at p = 2)

n | x(Sa,) | x(Fa,) n x(S4,) x(F4,)
41 1 1/3 10| 55105 18/35
5| 5 1/3 11| 55935 18/35
6| —15 | 1/3 12 | —288255 | 389/567
7| —175 1/3 13 1626625 | 389/567
8| 68 | 41/63 14 | 23664641 | 233/405
9| 5121 41/63 15 | 150554625 | 233/405

Example (The smallest group with x(Fg5) > 1)

There is a group G = C5 x H, where H = (C3 x C3) x Cy, of
order |G| = 288 with Euler characteristic x(F5) = 10/9 at
p=2.
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What is unknown about x(F¢)

@ Are F; and F& homotopy equivalent?

e Are 7 and F5 homotopy equivalent?

@ Is x(F() always positive when p divides the order of G?

@ Can x(Fg) get arbitrarily large?

@ Whatis x(F, )? Does it converge for n — oo?

® Whatis x(73_ r,)?

@ Is there a |G|y -fold covering map E — BF where E is
(homotopy) finite and x(E) = |G|y x(Fg)?
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Categories of centric subgroups

Theorem (Euler characteristics of nonidentity p-subgroup
categories)
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Categories of centric subgroups

Combinatorial identities

Corollary

For any finite group G and any prime p,

Z (1 = X(Sng(my/m) + 1(H)) =0

> Z XSty woo/H) +1(H)) =0

H xeCg(H)
> (1H] = X(Shiggry )| HI + u(H Z|C|
H

where H runs over the set of nonidentity p-subgroups of G and
C over the set of nonidentity cyclic p-subgroups of G.
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Categories of nonidentity subgroups

Definition

The p-subgroup H < G is p-centric if p1 |Cg(H): Cn(H)|

Example (Euler characteristics of centric subgroup categories

for alternating groups at p = 2)

n 45| 6 7 8 9 10 11

[Anx(£5) [ 15| —15 | —105 | 65 | 585 | 11745 | 129195
x(85) |1]5] 15| 175 |65 | 585 | 11745 | 107745

X(£5) | 1/12| —1/24 | 13/4032 29/4480
x(Fg) [ 1/38 1/3 13/63 19/105
X(F5) | 1/3 1/3 13/63 19/105

X(F&) = x(F8)
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Categories of nonidentity subgroups
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