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1. Regularly varying stationary sequences

•A real-valued stationary sequence (Xt) is regularly varying

with index α > 0 if its finite-dimensional distributions are

regularly varying with index α.

• Equivalently, for every k ≥ 1,

P (x−1(X1, . . . , Xk) ∈ ·)
P (|X0| > x)

v→ µk(·) .

The measures µk determine the extremal dependence structure

of the finite-dimensional distributions.

•Notice: Normalization P (|X0| > x) does not depend on k.
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Examples of regularly varying stationary sequences

Linear processes.

• Examples of linear processes are ARMA processes with iid

noise (Zt), e.g. the AR(p) and MA(q) processes

Xt = Zt + ϕ1Xt−1 + · · · + ϕpXt−p ,

Xt = Zt + θ1Zt−1 + · · · + θqZt−q .

•A linear process

Xt =
∑

j

ψjZt−j, t ∈ Z,

is regularly varying with index α > 0 if the iid sequence (Zt) is

regularly varying with index α.
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Solutions to stochastic recurrence equation.

• For an iid sequence ((At, Bt))t∈Z, A > 0, the stochastic

recurrence equation

Xt = AtXt−1 +Bt , t ∈ Z ,

has a unique stationary solution

Xt = Bt +
t−1∑

i=−∞
At · · ·Ai+1Bi , t ∈ Z,

provided E logA < 0, E| log |B|| < ∞.

• The sequence (Xt) is regularly varying with index α which is

the unique solution to EAκ = 1, κ > 0, (given this solution

exists) Kesten (1973), Goldie (1991) and

P (X0 > x) ∼ c+ x
−α , P (X0 ≤ −x) ∼ c− x

−α , x → ∞ .
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• The GARCH(1, 1) process2 satisfies a stochastic recurrence

equation: for an iid standard normal sequence (Zt), positive

parameters α0, α1, β1,

σ2
t = α0 + (α1Z

2
t−1 + β1)σ

2
t−1 .

The process Xt = σtZt is regularly varying with index α

satisfying E(α1Z
2 + β1)

α/2 = 1.

Other examples of regularly varying sequences.

• α-stable stationary processes are regularly varying with index

α provided α ∈ (0, 2). Samorodnitsky and Taqqu (1994)

•Max-stable stationary processes with Fréchet marginals are

regularly varying.

2Bollerslev (1986)



6

2. Some facts from classical time series analysis Brockwell, Davis

(1991,1996)

• Classical time series analysis deals with the covariance

structure of second order stationary processes (Xt). We assume

Xt ∈ R.

• In the time domain, the autocovariance (ACVF) and

autocorrelation functions (ACF) are of major interest:

γX(h) = cov(X0, Xh) , h ∈ Z ,

ρX(h) = corr(X0, Xh) =
cov(X0, Xh)

var(X0)
, h ∈ Z .

• For a mean-zero Gaussian stationary sequence, they completely

describe the dependence structure of (Xt).
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• BUT: The extremal behavior of a Gaussian stationary sequence

is similar to the extremal behavior of an iid sequence:

No extremal clustering: Extremal index θX = 1 if

γX(h) = o(1/ log h) as h → ∞.

Zero extremogram: limx→∞ P (Xh > x | X0 > x) = 0 , h 6= 0 .

• The ACVF/ACF of non-linear/non-Gaussian time series often

tells little about the general dependence structure: For

example, models for log-returns Xt = logPt − logPt−1, t ∈ Z,

are of the form Xt = σtZt, σt > 0 and Zt with EZt = 0 are

independent for every t, and often ρX(h) = 0, h 6= 0.

(GARCH, SV models).
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Figure 1. Sample ACFs for the log-returns (top) and absolute log-returns (bottom) of the S&P500.
Here and in what follows, the horizontal lines in graphs displaying sample ACFs are set as the 95%
confidence bands (±1.96/

√
n) corresponding to the ACF of iid Gaussian noise.
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• In the frequency domain, the spectral density is of major

interest

fX(λ) =
1

2π

∑

h∈Z

γX(h) e
−iλh , λ ∈ [0, π] .

• Then we have the representation

Xt =

∫

(−π,π]
eitλZX(dλ) , t ∈ Z ,(2.1)

with respect to a process with orthogonal increments ZX and

such that

E|ZX(dλ)|2 = fX(λ) dλ .

• If we interpret (2.1) as superposition of trigonometric functions

with random amplitude, Xt is strongly influenced by the

contribution of eitλZX(dλ) for “large” values fX(λ).
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• If fX(λ) is “large relative to fX at other frequencies” we expect

to see periodic cycles of length 2π/λ in the data.
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Figure 2. Monthly Canadian Lynx data (left) and estimated log-spectral density (right, the x-axis
corresponds to frequencies λ ∈ (0, π)). The highest peak of the density corresponds to a 10-year
cycle.
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• The ACVF/ACF is estimated by the sample ACVF/ACF:

γn,X(h) =
1

n

n−|h|∑

t=1

(Xt −Xn)(Xt+|h| −Xn) , h ∈ Z ,

ρn,X(h) =
γn,X(h)

γn,X(0)
, h ∈ Z .

•Under mild assumptions (ergodicity, mixing conditions or

concrete dependence structure) these sample versions are

consistent and asymptotically normal estimators of their

deterministic counterparts.
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• The spectral density is estimated by the periodogram

In,X(λ) =
1

2πn

∣∣∣
n∑

t=1

e−itλXt

∣∣∣
2

, λ ∈ (0, π) .

• It is not a consistent estimator of f(λ). For example, for a

linear process, at distinct frequencies λi ∈ (0, π).

(
In,X(λi)

)
i=1,...,m

d→
(
fX(λi)Ei

)
i=1,...,m

for an iid exponential sequence (Ei).

• The periodogram needs to be smoothed for consistent

estimation of fX.
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3. Time series analysis for regularly varying linear processes

and beyond

• In the early 1980s, Hannan; Davis, Resnick (1985), and others,

discovered that the sample ACF of the linear process

Xt =
∑

j

ψjZt−j, t ∈ Z,

with iid regularly varying noise (Zt) and index α ∈ (0, 2)

consistently estimates the function

ρX(h) =

∑
j ψjψj+h∑

j ψ
2
j

, h ∈ Z ,

roughly at the rate n1/α.
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Figure 3. Sample ACF of AR(1) process Xt = 0.9Xt−1 + Zt. Left: IID normal noise. Right: Cauchy noise.
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• In this case, correlations and covariances of (Xt) are not defined

and ρX is not the ACF of the data, BUT it is the ACF of a

finite variance linear process with the same coefficients (ψj).

•Moreover, various estimation procedures for finite variance

linear processes work for infinite variance ones with rates faster

than
√
n, see Embrechts et al. (1997), Chapter 7, for an overview e.g.

– Yule-Walker estimation for AR-processes,

–Whittle estimation for general FARIMA processes Mikosch,

Gadrich, Klüppelberg, Adler (1995), Kokoszka, Taqqu (1995),

– goodness-of-fit tests based on the integrated periodogram.

Klüppelberg, Mikosch (1996)
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Figure 4. Scatterplot of AR(1) process Xt = 0.9Xt−1 + Zt with iid standard normal (left) and
Cauchy (right) noise.
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Figure 5. Boxplots for the Yule-Walker estimator of the AR(1) parameter. Normal noise (left) and
Cauchy noise (right)
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• There are certain situations when the results for finite variance

linear processes do not transfer to the infinite variance case.

•Write the squared GARCH(1, 1) X2
t = σ2

tZ
2
t with

σ2
t = α0 + (α1Z

2
t−1 + β1)σ

2
t−1 as an ARMA(1,1) process

X2
t − EX2

0 = ϕ1(X
2
t−1 − EX2

0) + νt − β1νt−1 , t ∈ Z ,

where νt = σ2
t (Z

2
t − 1), ϕ1 = α1 + β1 < 1, β1 < 1, (Zt) is iid

standard normal.

• If σ2
ν = var(ν0) < ∞, (νt) is a white noise sequence and the

ARMA(1,1) process (X2
t − EX2

0) has spectral density, with

θ = (ϕ1, β1) = (α1 + β1, β1),

f(λ, θ) =
σ2
ν

2π
g(λ, θ) =

σ2
ν

2π

|1 − β1e
−iλ|2

|1 − ϕ1e−iλ|2
.



20

• The Whittle estimator θ̂ of θ (which is the Yule-Walker

estimator if β1 = 0) is the minimizer of the objective function

1

n

∑

j

In,X2(2πj/n)

g(λj, θ)
, {θ : 0 ≤ β1 < 1, β1 ≤ ϕ1 ≤ 1} .

Then for the tail index α ∈ (0, 8) Mikosch, Straumann (2002)

n1−4/α(θ̂ − θ0)
d→ ξα/4

where θ0 is the true parameter (of the data), ξα/4 is an

α/4-stable random vector.

•Notice: For α ≤ 4, θ̂ is not a consistent estimator of θ0. For

α ∈ (4, 8), rates of convergence are slower than
√
n.
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•Main reason for the failure of the Whittle estimator for the

squared GARCH(1, 1) process: Slow convergence rates of the

sample ACF/ACVF.
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(a) GARCH(1,1) Model, n=10000
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(b) SV Model, n=10000
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(c) GARCH(1,1) Model, n=100000
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(d) SV Model, n=100000

Figure 6. Boxplot comparison of sample ACFs of GARCH(1, 1) and stochastic volatility models with
tail parameter α = 3.
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(a) GARCH(1,1) Model, n=10000
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(b) SV Model, n=10000
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(c) GARCH(1,1) Model, n=100000
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(d) SV Model, n=100000

Figure 7. Boxplot comparison of sample ACFs of squared GARCH(1, 1) and stochastic volatility
models with tail parameter α = 1.5.
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4. Frequency domain analysis of extreme events Mikosch and Zhao

(2012)

•We assume (Xt) is a strictly stationary R
d-valued sequence,

regularly varying with index α > 0.

• The extremogram for a given set A bounded away from zero

ρA(h) = lim
n→∞

P (x−1Xh ∈ A | x−1X0 ∈ A)

= corr
(
I{x−1X0∈A}, I{x−1Xh∈A}

)
, h ≥ 0 ,

is the (non-negative) ACF of a stationary process.

• Therefore one can define the spectral density

fA(λ) = 1 + 2
∞∑

h=1

cos(λh) ρA(h) =
∞∑

h=−∞
e−i λ h ρA(h) .
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•We also introduce the self-normalized periodogram for

λ ∈ (0, π):

f̂nA(λ) =
InA(λ)

InA(0)
=

∣∣∣
∑n
t=1 e

−itλI{x−1
n Xt∈A}

∣∣∣
2

∑n
t=1 I{x−1

n Xt∈A}
,

for a threshold sequence xn → ∞.

•One has f̂nA(λ)
P→ fA(λ) for λ ∈ (0, π).

•As in classical time series analysis, f̂nA(λ) is not a consistent

estimator of fA(λ): for distinct frequencies λj, and iid standard

exponential Ej,

(f̂nA(λj))j=1,...,h
d→ (fA(λj)Ej)j=1,...,h .



26

0 10 20 30 40 50

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

Lag

E
x
tr

e
m

o
g

ra
m

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0
2

4
6

8
1

0

Frequency

P
e

ri
o

d
o

g
ra

m

ARMA
Spectral density

Figure 8. Sample extremogram and periodogram for ARMA(1,1) process with student(4) noise. A = (1,∞)
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• Smoothed versions of the periodogram converge to f(λ):

If wn(j) ≥ 0, |j| ≤ sn → ∞, sn/n → 0,
∑

|j|≤snwn(j) = 1 and
∑

|j|≤snw
2
n(j) → 0 (e.g. wn(j) = 1/(2sn + 1)) then for any

distinct Fourier frequencies λj such that λj → λ,
∑

|j|≤sn

wn(j)f̂nA(λj)
P→ fA(λ) , λ ∈ (0, π) .

• These results do not follow from classical time series analysis:

the sequences (I{x−1
n Xt∈A})t≤n constitute a triangular array of

rowwise stationary sequences.
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Figure 9. Raw and smoothed periodogram for ARMA(1,1) process with student(4) noise. A = (1,∞)
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Figure 10. Sample extremogram and smoothed periodogram for BAC 5 minute returns. The end-of-
the day effects cannot be seen in the corresponding sample autocorrelation function.
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