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1. REGULARLY VARYING STATIONARY SEQUENCES

e A real-valued stationary sequence (X;) is regularly varying
with index a > 0 if its finite-dimensional distributions are
regularly varying with index a.

e Equivalently, for every kK > 1,
Pz '(Xy,....,X%) €°)

P(|Xo| > )
The measures up determine the extremal dependence structure

> () -

of the finite-dimensional distributions.

e Notice: Normalization P(|Xy| > «) does not depend on k.



EXAMPLES OF REGULARLY VARYING STATIONARY SEQUENCES

Linear processes.
e EExamples of linear processes are ARMA processes with iid

noise (Z;), e.g. the AR(p) and MA(q) processes

X Zi + o1 Xe 1+ 0+ epXip,

X Zi+61Z 1+ ---+0,2,_,.

e A linear process
X = ijzt—ja t € Z,
J

is regularly varying with index a > 0 if the iid sequence (Z;) is

regularly varying with index a.
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Solutions to stochastic recurrence equation.

e For an iid sequence ((A;, B;))tcz, A > 0, the stochastic

recurrence equation
Xie=AXy 1+ By, tez,

has a unique stationary solution
t—1
X; = B; + Z Ag--- A B, tez,

1=—00

provided Elog A < 0, E|log |B|| < oo.
e The sequence (X,) is regularly varying with index a which is
the unique solution to FA®" = 1, kK > 0, (given this solution

exists) Kesten (1973), Goldie (1991) and

P(Xo>x)~crx™®, P(Xo<—x)~c_x™®, x— 0.



e The GARCH(1, 1) process” satisfies a stochastic recurrence
equation: for an iid standard normal sequence (Z;), positive

parameters og, a1, 31,
o) = a0+ (uZ; , + Bi)oy_; -
The process X; = 0;Z; is regularly varying with index «
satisfying E (o, Z% + 3,)%/* = 1.
Other examples of regularly varying sequences.
e a-stable stationary processes are regularly varying with index
o provided « € (0,2). Samorodnitsky and Tagqu (1994)

e Max-stable stationary processes with Fréchet marginals are

regularly varying.

2Bollerslev (1986)



2. SOME FACTS FROM CLASSICAL TIME SERIES ANALYSIS BROCKWELL, DAVIS

(1991,1996)

e Classical time series analysis deals with the covariance
structure of second order stationary processes (X;). We assume
X; € R.

e In the time domain, the autocovariance (ACVF) and

autocorrelation functions (ACF) are of major interest:

vx(h) = cov(Xo, Xp), h€EZ,
Xop, X
px(h) = corr(Xy, Xp) = cov(Xo, h), heZ.
VaI'(X())

e For a mean-zero Gaussian stationary sequence, they completely

describe the dependence structure of (X3).
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e BUT: The extremal behavior of a Gaussian stationary sequence
is similar to the extremal behavior of an iid sequence:
No extremal clustering: Extremal index Ox = 1 if
vx(h) = o(1/logh) as h — oc.
Zero extremogram: lim, ,.o P(Xp > x| Xo >x) =0, h#0.
e The ACVF/ACF of non-linear /non-Gaussian time series often
tells little about the general dependence structure: For
example, models for log-returns X; = log P, — log P,_1, t € Z,
are of the form X; = 0,4;, o0y > 0 and Z; with EZ;, = 0 are
independent for every t, and often px(h) = 0, h # 0.
(GARCH, SV models).
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Ficure 1. Sample ACFs for the log-returns (top) and absolute log-returns (bottom) of the SEP500.
Here and in what follows, the horizontal lines in graphs displaying sample ACF's are set as the 95%
confidence bands (£1.96/+/n) corresponding to the ACF of iid Gaussian noise.



e In the frequency domain, the spectral density is of major

interest

1 |
fx(X) = ghzz'vx(h) e~ X g [0,n].
€

e Then we have the representation
(2.1) X, = / e Zy(d\), tE,
(—m,m]

with respect to a process with orthogonal increments Zx and

such that
E|Zx(dM\)|? = fx(\) dA.

e If we interpret (2.1) as superposition of trigonometric functions
with random amplitude, X; is strongly influenced by the

contribution of e®*Zx (d)\) for “large” values fx(\).
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o If fx(\) is “large relative to fx at other frequencies” we expect

to see periodic cycles of length 27w/ in the data.
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Ficure 2. Monthly Canadian Lynx data (left) and estimated log-spectral density (right, the x-axis

corresponds to frequencies A € (0, 7)). The highest peak of the density corresponds to a 10-year
cycle.
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e The ACVF/ACEF is estimated by the sample ACVF /ACF:

n—|h|
1 _ -
Tx(h) = = 3 (X = Xn) (X — Xn), h €L,
t=1
Yn,X h
Pn,X(h): ()a h € Z
Yn,x (0)

e Under mild assumptions (ergodicity, mixing conditions or
concrete dependence structure) these sample versions are
consistent and asymptotically normal estimators of their

deterministic counterparts.



e The spectral density is estimated by the periodogram

nX<A)_—|Z —Wxt| A€ (0,m).

27N

e It is not a consistent estimator of f(\A). For example, for a

linear process, at distinct frequencies \; € (0, 7).

(nx M)y, = (FXO) B

for an iid exponential sequence (E;).

e The periodogram needs to be smoothed for consistent

estimation of fx.

13
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3. TIME SERIES ANALYSIS FOR REGULARLY VARYING LINEAR PROCESSES

AND BEYOND

e In the early 1980s, Hanvan: Davis, Resnick (1985), and others,

discovered that the sample ACF of the linear process
X = Z¢th—ja t € Z,
J

with iid regularly varying noise (Z;) and index o € (0, 2)

consistently estimates the function
px(h) = 25 Yivith
- 9
> s

hez,

roughly at the rate n'/<.
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Ficure 3. Sample ACF of AR(1) process X¢ = 0.9X;_1 + Z;. Left: IID normal noise. Right: Cauchy noise.

Series arima.sim(n = 1000, list(ar = ¢(0.9, 0), ma = ¢(0, 0)))
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Series arima.sim(n = 1000, list(ar = ¢(0.9, 0), ma = ¢(0, 0)), innov = rcauchy(1000))
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e In this case, correlations and covariances of (X;) are not defined
and px is not the ACF of the data, BUT it is the ACF of a

finite variance linear process with the same coefficients (1;).

e Moreover, various estimation procedures for finite variance
linear processes work for infinite variance ones with rates faster
than \/ﬁ, see Embrechts et al. (1997), Chapter 7, for an overview €.g.

— Yule-Walker estimation for AR-processes,

— Whittle estimation for general FARIMA processes Mikosch,
Gadrich, Kliippelberg, Adler (1995), Kokoszka, Taqqu (1995),

— goodness-of-fit tests based on the integrated periodogram.

Kliippelberg, Mikosch (1996)
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Ficure 4. Scatterplot of AR(1) process X; = 0.9X;_1 + Z; with iid standard normal (left) and

Cauchy (right) noise.
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Ficure 5. Boxplots for the Yule-Walker estimator of the AR(1) parameter. Normal noise (left) and
Cauchy noise (right)
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® There are certain situations when the results for finite variance
linear processes do not transfer to the infinite variance case.
e Write the squared GARCH(1,1) X? = 07Z? with

o =apg+ (1 Z? | + B1)o7_, as an ARMA(1,1) process

t

X! —EX;=¢i1(X} ,—EX})+vi— P, teEZL,

where v, = 07(Z} — 1), pr =1 + 61 < 1, B1 < 1, (Z) is iid
standard normal.

o If 02 = var(vy) < oo, (1) is a white noise sequence and the

ARMA(1,1) process (X7 — EXJ) has spectral density, with
0 = (9017/31) — (041 + /31’/31)7

0.2 0.2 |1 L Ble—i)\|2
A, 0) = —"g(\,0) =—= —.
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e The Whittle estimator 8 of 6 (which is the Yule-Walker

estimator if 3; = 0) is the minimizer of the objective function

1 I 279
Ly Luxe@mi/n) g g < g < 1,8 < o1 < 1)
n

J

g(A;,0) ’

Then for the tail index a € (0, 8) Mikosch, Straumann (2002)
n1_4/a(§ — 90) i) Ea/4

where 6 is the true parameter (of the data), £,/4 is an
o /4-stable random vector.
e Notice: For o < 4, 0 is not a consistent estimator of 6y. For

o € (4, 8), rates of convergence are slower than /n.



® Main reason for the failure of the Whittle estimator for the

squared GARCH(1, 1) process: Slow convergence rates of the
sample ACF/ACVF.

21
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Ficure 6. Boxplot comparison of sample ACFs of GARCH(1, 1) and stochastic volatility models with

tail parameter a = 3.
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Ficure 7. Boxplot comparison of sample ACFs of squared GARCH(1,1) and stochastic volatility

models with tail parameter a = 1.5.
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4. FREQUENCY DOMAIN ANALYSIS OF EXTREME EVENTS MIKOSCH AND ZHAO

(2012)

e We assume (X;) is a strictly stationary R%valued sequence,
regularly varying with index a > 0.

® The extremogram for a given set A bounded away from zero

lim P(z7'X, € A|x !X, € A)

n—oo

= COI'I'(I{x—lxoeA}a I{w—thEA}) , h2>0,

pa(h)

is the (non-negative) ACF of a stationary process.

e Therefore one can define the spectral density

fa(A) =1+2 Zcosuh) pa) = 3 oM pa(h).

h=—oc0
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e We also introduce the self-normalized periodogram for

A€ (0,m):
, 2
Ina(A) 2 i—1 e_ztAI{x,;lXtEA}

I,4(0) 21 Leoix,ea)
for a threshold sequence x,, — oc.

e One has an(A) 5 fa(A) for A € (0, 7).

ﬁzA()‘) —

9

e As in classical time series analysis, fn 4(A) is not a consistent
estimator of f4(\): for distinct frequencies \;, and iid standard

exponential FE;,

(FraAi))j=trh = (FAN)Ej)j=1,.h -



26

o
< ---- ARMA
—— Spectral density
S |
S |
° !
| \
0 — ey |
o
:n : ’
Py
P by !
£ © : Wi :l, ’
. — " i
g ° § RN
S . ] [
g 5 ©q puming
g S P b
5 B I :
g = Pl gty '
g = Sl dayo H
h o} Pomovn !
o« o ooy :
- Lim A
° < | Emanan
Sttty ey "
'.’,l'l"'h:'u nyt M
!
.
!
!
B
S "y
° ] R
baa
i oty '
.1 Wi " ‘:: :::I:: :'.:n:h,. !‘ .
il \ 1y frthg H » \ - '
.:If.: H:: A Dl :::\:‘-,‘I’\':"‘\"-'-'.,n:' gy R o W
‘ R R A R Rt st o o PN
- Wt i BRI [T TR I
[ LR A (AR N WA (L L N T 7 T
o NN o - iR
o
I I I I I I I I I I I I I

0 10 20 30 40 50 0.0 0.5

Lag

Ficure 8. Sample extremogram and periodogram for ARMA(1,1) process
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with student(4) noise. A = (1, 00)



e Smoothed versions of the periodogram converge to f(\):
If wn(j) 20, |7]| < sp — 00, 8p/n— 0, 3 ;1< wn(j) =1 and
D lil<s, Wa(d) — 0 (e.g. wy(j) = 1/(2s, + 1)) then for any

distinct Fourier frequencies A; such that A; — A,

ST wa(d) Faa(Ny) = Fa(N), A€ (0,m).

® These results do not follow from classical time series analysis:
the sequences (I (271%,e A})tén constitute a triangular array of

rowwise stationary sequences.
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Ficure 9. Raw and smoothed periodogram for ARMA(1,1) process with student(4) noise. A = (1, 00)
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