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1. Fractional-order pseudodifferential operators

A prominent example of a fractional-order pseudodifferential operator
(ps.d.0.) is the fractional Laplacian (—A)? on R", 0 < a < 1; it is
currently of great interest in probability, finance, mathematical physics
and differential geometry.

Recall how the Fourier transform Fu = d(§) =[5, e~ *%u(x) dx is used
to describe differential operators:

Pu= Z\a|gma“(X)Da“ = F(p(x,€)a(€)) = Op(p)u,
where p(x, &) = Z

an(x)€*, the symbol.

lal<m

Extending this to more general functions p(x, &) as symbols, we get
ps.d.o’s. For example,

(=8)%u = Op(|¢**)u = FH (€ a(¢)),

a ps.d.o. of order 2a.
When A is a strongly elliptic second-order variable-coefficient differential
operator on R", one can define the powers A? as ps.d.o.s of order 2a.
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In the classical ps.d.o. theory, symbols are taken polyhomogeneous:
P(Xu 5) ~ ZjEngj(X7 5)7 where Pj(X, té-) = tm_Jpj(X7£)

(modified suitably near £ = 0). The order is m (in R or in C).
The powers A? have such symbol expansions, with m = 2a.

The elliptic case is when the principal symbol pg is invertible; then
Q= Op(po_l) is a good approximation to an inverse of P.

The theory extends to manifolds by use of local coordinates.

The fractional Laplacian (—A)? can also be described as a convolution

operator:
u(x) — u(y)

o |x =y

(“A)u(x) = cuaPV / ,
the kernel function c, |y| ="~ equals F~1|¢|?2.

This is generalized in the current literature to other convolution operators
where ¢, »|y|~"72? is replaced by a homogeneous, even positive function
K(y), possibly with less smoothness.

Also more general K(y) occur; the operators no longer being classical
ps.d.o.s, but still translation-invariant (i.e., x-independent).
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One of the difficulties with these operators is that they are nonlocal.

To circumvent the nonlocalness of (—A)?, recent studies have often been
based on an observation by Caffarelli and Silvestre (CPDE '07), who
showed that (—A)? is the Dirichlet-to-Neumann operator for the
degenerate elliptic equation in dimension n+ 1:

Viy - (V' 72Veyv(x,y)) = 0, when (x,y) € R” x Ry,

with Dirichlet data v(x,0) and (adapted) Neumann data
y17229, v(x, y)|y=o. This allows an analysis of some questions via local
(differential) operators.

But for restrictions to a bounded domain 2 this point of view introduces
the difficulty of how to deal with the cylinder 0Q x R.
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2. Action on a bounded domain

Let Q C R", smooth bounded. Because of the nonlocal character of
(—A)?, it is not obvious how to study it on Q. Boutet de Monvel '71
initiated a ps.d. boundary operator theory, but it requires integer order
and a certain transmission property at 92, which excludes (—A)?2.

We shall need some function spaces:
1) The Sobolev spaces defined for 1 < p < oo (omit p when p = 2):

HyR") = {u e S'(R") | (1 - A)*?u e L,(R")}
={ue S'R") | F((£)a) € L,(R")},
H3(Q) = rtH3(R™),
HS( ) ={u e H}(R") | suppu C Q}.

Here (&) = (|¢* + 1).5, rt restricts to , et extends by zero on CQ.
(The notation with H stems from Hérmander's books '63 and '85.)

2) The Holder spaces C*7(Q) where k € Ny, 0 < o < 1, also denoted
C5(Q) with s = k + o when o < 1. For s € Ny, C5(Q) is the usual space
of continuously differentiable functions. Hélder-Zygmund-spaces C3()
generalize C5(Q2) (s € Ry \ N) to all s € R with good interpolation
properties. (The spaces C? are also known as the Besovspaces B __.)
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Let P = (—A)?. An operator representing a homogeneous Dirichlet
problem for P can be defined as the Friedrichs extension Pp;, of
r*Plceo(a) (which is > 0); it has domain

D(Poir) = {u € H*(Q) | r"Pu € L»(Q)}.
It represents the following problem for P:
rtPu=f on Q,
supp u C Q. (1)

There is existence and uniqueness of solution when f € L,(2), and one
can then ask for regularity properties of u in terms of f.

For example, if f is in Lo, () or a Holder space C*(2), where is u?

An important achievement was when Ros-Oton and Serra in arXiv '12 (J.
Math. Pures Appl. '14) showed that when Q is C11,

felo() = uedx)’CQ)n C?(Q), for some a > 0,
d(x) = dist(x, 0Q) near Q. (With a slight improvement on « if f is more
smooth.)

They stated that they did not know of other results on boundary
regularity for the problem (1) in the literature.
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| got interested in the problem in 2013, when | in connection with a
memorial talk on Lars Hormander found that he had some basic
ingredients of a pseudodifferential theory for such problems in an old IAS
Princeton lecture note from 1965.

This is now further developed (G arXiv '13, Adv. Math. '15), (G arXiv
'14, Anal. PDE '14), and implies best possible results when Q is C*°:

felo(Q) = uecetd®C?(Q), whena# 3, @)
feC(Q) = ueedC™(Q), fort >0, a+t2a+t¢N, (3)
feC®Q) = uced’C®(Q). ®)

In the exceptional cases, the conclusion holds with € subtracted from the
Holder exponent.

Note the important factor d?. Even when f is in C(Q), v is not so; it

has the singularity d?; it is d~?u that is in e C>°(Q).
The ps.d.o. theory behind this will now be described.

Gerd Grubb Copenhagen University Fractional order operators



3. Pseudodifferential boundary problems

Let P be a classical ps.d.o. The Boutet de Monvel theory imposes a
transmission condition (for the symbol at 9Q) that assures that r™ Pe™
preserves C>°(Q). It is not satisfied by (—A)? (or powers A? of elliptic
differential operators A).

Hormander presented in the lecture note '65 and in his book '85 (with a
different notation):

For Re u > —1, define
E.(Q) = et (d"C™(Q)),

where d(x) is a smooth positive extension into Q of dist(x, 9Q) near 9.
Generalized to Re u < —1 by taking distribution derivatives.
Definition 1. A classical ps.d.o. of order m € C is said to have the
p-transmission property at 92 (for short: to be of type p), when

85(‘3g‘pj(x, —v) = e”i("’_2"—j_|a‘)8f(‘)gpj(x, v),
for all indices; here x € OS2 and v denotes the interior normal at x.

It is a kind of twisted symmetry condition on the normal v to Q2. Boutet
de Monvel's transmission condition is the case u =0, m € Z.

(—A)? satisfies Def. 1 with m = 2a and p = a, since |£]?? is even in &.

Gerd Grubb Copenhagen University Fractional order operators



Then (Th. 18.2.18 in Hérmander’s book '85):

Theorem 2. r™P maps £,(Q) into C*°(Q) if and only if the symbol
has the p-transmission property at 02.

The unpublished '65 lecture notes moreover described a solvability theory
in L, Sobolev spaces for operators of type 1, when they in addition have
a certain factorization property of the principal symbol, introduced by
Vishik and Eskin '64:
Definition 3. P (of order m) has the factorization index po when, in
local coordinates where 0 is replaced by R = {x = (X', x,) | X' € R"L,
x, > 0},

PO(X/, Oa 5/» gn) = p(;(xl7 flv fn)PJ(X/a gla gn)v
with poi homogeneous in & of degrees g resp. m — ug, and pg[ extending
to {Im&, < 0} analytically in &,.
Here Op(pi(x’,£)) on R” preserve support in @i resp. R .
A factorization always exists with po(x’); here g is constant in x’.

We have developed the theory further, in H; and Holder spaces (G'14,
G'15). Consider a simple example:
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Example. The symbol (£)2? of (1 — A)? on R is factorized, relative to
Q=R as
(€)% = ((€) — i&)2((€) + i)™,
Then, when we define =% = Op(((¢) £ i&,)") (generalized ps.d.o.s),
(1-ny ===,
Here =% preserves support in Ei since the symbol is analytic for
Im&, < 0. Hence the =% have mapping properties

=4 HRY) S HTH(RY), rtElet: Hy(RD) S HSTH(RY),
with inverses =1 resp. rt=""e".
Now the Dirichlet problem
rt*(1—A)Yu=f, suppucCR],
can be solved by inverting =3 and rt=2 e™:
u==7%e"rt=%"f.
For data in H;(R" ), s > 0, the solution space will be
_—a( +Hs+a(Rn )) = H;(s+2a) (Ri)

These functions are H3*2? inside R, but behave like x2H5™ at OR].
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For the study in spaces over €2, we need a replacement of the =3.. Here
we are greatly helped by developments of the Boutet de Monvel theory
produced in more recent years, such as the following construction of
order-reducing operators as in G '90 (CPDE):

Theorem 4. There exist classical ps.d.o.s /\gﬁ) of order t € C defining
homeomorphisms

AN H(Q) S Ay Rer(@),
rAY et HI(Q) 5 HReH(Q),
with inverses N resp. r*A"Det; here (rt AP et)r = AD) for t € R.
With these operators, we can define the spaces
HEO@Q) = ATM et HSRer(Q), s> Rep—1/p/

(they have a cumbersome definition for p = 2 in the old lecture note).
The spaces satisfy

— {_ H5(Q) for s —Rep €] —1/p',1/p],

HH()(Q) o]
P C drHS"Ren(Q) + H5(Q) for s — Rep > 1/p.

There is then the result:
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Theorem 5. Let P be elliptic of order m, with factorization index g,
and of type pip (mod 1). Let s > Repg — 1/p’. The homogeneous
Dirichlet problem

r*Pu=f, suppucCQ, (5)
considered for u € FI,JRe Ho=1/p lﬁ(ﬁ), satifies:
feHRe™MQ) = ue HCO)(Q). (6)
Moreover, the mapping
rtP: HRE(Q) — HsRem(Q)  (7)
is Fredholm.
Proof ingredients: The following ps.d.o. is of order 0 and type 0 with
factorization index 0:
Q = Ao m ppLro),
Here (5) can be transformed to the equation

rtQv =g, where v = /\(f(’)u, g = riAe ety

A closer analysis shows that @, = rt Qe is elliptic in the Boutet de
Monvel calculus without extra trace or Poisson operators, so using a
parametrix of it, we can construct a parametrix for (5). O
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The regularity result (6) implies Holder estimates by Sobolev embedding
theorems. Optimal Holder estimates are obtained by showing a version of

(6)—(7) directly in Holder-Zygmund spaces CZ(£2).
Returning to P = (—A)? or A?: It is of order 2a, type a, and has

factorization index a. Then we get the sharp regularity results mentioned
in the beginning, e.g.,

feC(Q) = uveetd®C*™™(Q), fort >0, a+t,2a+t¢N,

with a loss of ¢ in the excepted cases.
The most important observation is the presence of the factor d?. It is not
u, but d7?u, that is smooth up to the boundary.

One can also ask for equations with prescribed nonzero boundary values.
There is a meaningful problem for P = (—A)? or A? defined in terms of
the boundary value

1—
Ya—1,0u = (d""?u)|aq-
For this, one can show that the nonhomogeneous problem

rfPu=finQ, suppucCQ, 7a_10u=0,

is well-posed when u is sought in H,(,afl)(s)(ﬁ), a larger space than
Hs(s)(ﬁ). There are also other well-posed boundary value problems.
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4. Integration-by-parts formulas

The regularity result of Ros-Oton and Serra was actually a step in the
proof of a certain “integration by parts” formula (R&S arXiv '12, Arch.
Rat. Mech. '14). Namely for u with (—A)?u € C%!, suppu C Q,

Z/Q(X-Vu)(—A)audX: (2a — n)/ﬂu(—A)audx
+ (1 +a)? /aQ(x~u)70(u/d")2 do, (8)

/Q((—A)auﬁju/—i—(?ju(—A)au') d

=T+ af [ volu/d)olel /a7 do, (9

here v is the interior normal to 99, and ~o(u/d?) denotes the boundary
value of u/d? from Q. The two formulas are essentially equivalent.

The first formula leads to a (so-called Pohozaev) formula for solutions of
nonlinear equations

rt(—=A)?u = f(u), suppuC Q,

that can be used to show results on (non-)solvability.

Gerd Grubb Copenhagen University Fractional order operators



The formulas are remarkable, treating constant-coefficient ps.d.o.s on a
curved domain, giving a local boundary contribution.

R&S have recently with Valdinoci extended the result to other translation
invariant singular integral operators.

Under some regularity hypotheses, these operators coincide with
constant-coefficient ps.d.o.s P of order 2a with even, positive,
homogeneous symbol. E.g. (8) extends to:

2/(x~Vu)Pudx:(23—n)/ uPu dx
Q Q

1L+ [ (e n)s(n(u/dP do. (10)

where sp(x) is the value of the symbol of P on v(x) at x € 9Q.

Their method: A delicate localization where the formula is shown first on
rays transversal to the boundary, using a factorization P = PzPz. The
method is entirely real, with Pz selfadjoint but acting in a complicated
way on the solutions of Pu = f € C%1.

Here P2 is of a type much different from that of P, and it seems natural
to try to use the factorization py = p(;p(')|r instead. Moreover, ps.d.o.
methods could allow variable coefficients and lower-order terms, and
nonselfadjointness.
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Aiming for this, | have recently worked out a full asymptotic factorization
P ~ P~PT in x-dependent cases. This has allowed me to show, for
bounded smooth sets Q C R™

Theorem 6. Let P be a classical elliptic ps.d.o. on R" of order 2a with
even symbol. Then for u,u’ with r*Pu,rtP*u" in HY(Q2) (some

p > n/a), supp u,supp u’ C Q, there holds for j =1,... n:

/Q(Pua,-n’+aqu) dx

=T(a+1)? /an visovo(u/d?) vo(T'/d?) do—&—/Q[P,aj]u i dx,
/Q(PU(X~VU/)+(X-VU)W)dx: —n/QPuU’dX

Ma+1)? /69(X-V)So’yo(u/da)’}/o(lj//da) da—l—/Q[P,X-V]uU' dx.

Distribution extensions with H3(S2) replaced by H2%72+5(Q).

The first formula shows that the price of having P depend on Xx; is an
extra integral over Q involving the commutator with 0;.

For translation invariant operators with lower-order terms we have in

particular:

Gerd Grubb Copenhagen University Fractional order operators



Corollary 7. When P is selfadjoint and x-independent, one has for real u:
2/(X-Vu)Pudx = —n/ u Pu dx
Q Q

T+ 12 [ (xv)svrolu/a?) do+ [ u Op(e - a(e)ud

If p(€) is homogeneous of degree 2a, £ - Vp(&) = 2ap(&) by Euler's
formula, and we find the formula (10) of R&S&YV '15. But the corollary
also applies to nonhomogeneous cases:

Example. Let p(¢) = (|¢> + m?)? with 0 < a < 1. Then £ - Vp(&) =
2a)€)%(J€)? + m?)a=1 > 0 for £ # 0. Now if u is a real function solving

r*Pu=\uinQ, suppucC Q,
for some A € R, we can use the above formula to conclude that

70(u/d?) =0 = / uOp(I€(IEP + m?)*udx =0 = u=0,
Q

a kind of unique continuation principle.
Nonlinear applications will also be pursued.
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Extra info:
The Pohozaev-type formula resulting from Corollary 7 is:

—2n/F(u)dx+n/uf(u)dX
Q Q
z/uPludX+r(1+a)2/ (x - v) sov0(d~?u)? do,
Q ol

where Py = Op(& - Vep(€)); here F(t) = [] f(s) ds.
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