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Selçuk Barlak
University of Southern Denmark

October 2017

1 / 15

Question (UCT problem)
Does every separable, nuclear C∗ -algebra satisfy the UCT?

2 / 15

Question (UCT problem)
Does every separable, nuclear C∗ -algebra satisfy the UCT?
A classical result by Kirchberg reduces the UCT problem to Kirchberg
algebras.

2 / 15

Question (UCT problem)
Does every separable, nuclear C∗ -algebra satisfy the UCT?
A classical result by Kirchberg reduces the UCT problem to Kirchberg
algebras.

Theorem (Kirchberg 1995)
Every separable, nuclear C∗ -algebra is KK-equivalent to a unital
Kirchberg algebra.

2 / 15

Question (UCT problem)
Does every separable, nuclear C∗ -algebra satisfy the UCT?
A classical result by Kirchberg reduces the UCT problem to Kirchberg
algebras.

Theorem (Kirchberg 1995)
Every separable, nuclear C∗ -algebra is KK-equivalent to a unital
Kirchberg algebra.
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Theorem (Kirchberg 1995)
Every separable, nuclear C∗ -algebra is KK-equivalent to a unital
Kirchberg algebra.
As Gábor showed us, this can be used to give a reduction to crossed
products of the Cuntz algebra O2 by finite group actions.

Theorem (B.-Szabó 2017)
The following are equivalent:
1) every separable, nuclear C∗ -algebra satisfies the UCT;
2) for p = 2, 3 and for every outer strongly approximately inner action
α : Zp y O2 , the crossed product O2 oα Zp satisfies the UCT.
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O2 by actions of Z2 or Z3 (Izumi (2004) or B.-Szabó (2017)).
Here α : Zp y O2 is said to be strongly approximately inner if
α = lim Ad(un ) for some unitaries un ∈ O2α (Izumi 2004).
n→∞
This is equivalent to the dual action α̂ : Zp y O2 oα Zp having the
Rokhlin property.
By employing the rigid nature of the Rokhlin property, strongly
approximately inner actions on O2 are particularly nice to work with.
In fact, Izumi successfully classified such actions on O2 in terms of their
crossed products (and some additional information on their dual actions).
It is an open question whether all outer actions of Zp on O2 are strongly
approximately inner.
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Let α : Zp y O2 be an outer strongly approximately action. What can we
say about α if we assume that O2 oα Zp satisfies the UCT?
We will present a structure result for such actions, which involves
Renault’s notion of a Cartan subalgebra.

Definition (Renault 2008)
A C∗ -subalgebra B of a C*-algebra A is called a Cartan subalgebra if
(i) B contains an approximate unit for A;
(ii) B is a maximal abelian ∗-subalgebra;
(iii) C∗ ({a ∈ A : aBa∗ ⊆ B and a∗ Ba ⊆ B}) = A;
(iv) there exists a faithful conditional expectation A → B.
(A, B) is called a Cartan pair.
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2) (C0 (X) oα,r G, C0 (X)) with X a locally compact Hausdorff space
and α a topologically free discrete group action;
3) (Dn , On ), where Dn is the abelian C∗ -subalgebra generated by all
range projections Sα Sα∗ , where α is a finite word in {1, . . . , n}.
Many simple, nuclear C∗ -algebras that are classifiable (in the sense of the
Elliott program) have Cartan subalgebras.
Renault (2008) has shown that for any Cartan pair (A, B) with A
separable, there exists a twisted étale, locally compact, Hausdorff groupoid
(G, Σ) such that (A, B) ∼
= (C∗red (G, Σ), C0 (G(0) )).

5 / 15

Theorem (B.-Li 2017)
Let A be a separable, nuclear C∗ -algebra. If A has a Cartan subalgebra,
then A satisfies the UCT.

6 / 15

Theorem (B.-Li 2017)
Let A be a separable, nuclear C∗ -algebra. If A has a Cartan subalgebra,
then A satisfies the UCT.
For C∗ -algebras associated with étale, locally compact, Hausdorff
groupoids this is due to a remarkable result of Tu (1999). We basically
adapted his results and techniques to the setting of twisted groupoid
C∗ -algebras.

6 / 15

Theorem (B.-Li 2017)
Let A be a separable, nuclear C∗ -algebra. If A has a Cartan subalgebra,
then A satisfies the UCT.
For C∗ -algebras associated with étale, locally compact, Hausdorff
groupoids this is due to a remarkable result of Tu (1999). We basically
adapted his results and techniques to the setting of twisted groupoid
C∗ -algebras.

Remark
By work of Spielberg (2007) or Katsura (2008) and Yeend (2006 + 2007),
every UCT Kirchberg algebra has a Cartan subalgebra.

6 / 15

Theorem (B.-Li 2017)
Let A be a separable, nuclear C∗ -algebra. If A has a Cartan subalgebra,
then A satisfies the UCT.
For C∗ -algebras associated with étale, locally compact, Hausdorff
groupoids this is due to a remarkable result of Tu (1999). We basically
adapted his results and techniques to the setting of twisted groupoid
C∗ -algebras.

Remark
By work of Spielberg (2007) or Katsura (2008) and Yeend (2006 + 2007),
every UCT Kirchberg algebra has a Cartan subalgebra.
Combining this with our result and Kirchberg’s reduction of the UCT
problem to Kirchberg algebras, the UCT problem turns out to have an
affirmative answer exactly if every Kirchberg algebra has a Cartan
subalgebra.
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the commutative C∗ -subalgebra of A generated by E(S).

Theorem (B.-Li)
Let n = pk for some prime number p and some k ≥ 1. Let α : Zn y O2
be an outer strongly approximately inner action. Then the following are
equivalent:
(i) O2 oα Zn satisfies the UCT;
(ii) there exists an inverse semigroup S ⊂ O2 of α-homogeneous partial
isometries such that O2 = C∗ (S) and C ∗ (E(S)) is a Cartan
subalgebra in both O2α and O2 (with spectrum homeomorphic to the
Cantor set);
(iii) there exists a Cartan subalgebra C ⊂ A such that α(C) = C.
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that O2 oα Zn satisfies the UCT. Using Renault’s characterisation of
Cartan pairs, we may identify (A, C) ∼
= (C∗r (G, Σ), C(G(0) )) for a suitable
twisted groupoid (G, Σ). Going through the construction of (G, Σ) and
using that α(C) = C, one can see that under this identification α is
induced from a twisted groupoid automorphism. This gives rise to a
twisted semi-direct product groupoid (Zn n G, Zn n Σ). One can show
that A oα Zn ∼
= C∗r (G n Zn , Σ n Zn ), from which the UCT for A oα Zn
can be deduced.
(i) ⇒ (ii): Let α : Zn y O2 be outer strongly approximately inner such
that A := O2 oα Zn satisfies the UCT. Using the Pimsner-Voiculescu
sequence for Zn -actions, that n is a prime power and Kirchberg-Phillips
classification, one checks that A ∼
= A ⊗ Mn∞ .
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C∗ (S̃) = A and C∗ (E(S̃)) ⊂ A is a Cartan subalgebra;
β(C∗ (E(S̃))) = C∗ (E(S̃)).
Using a model action result of B.-Szabó and Izumi’s rigidity result for
actions with the Rokhlin property, we get that
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(A, γ) ∼
= lim ((C(Zn ) ⊗ Mn⊗k−1 ⊗ A, ϕk ), Zn -shift ⊗ idMn⊗k−1 ⊗A ),
k→∞

where ϕk (f )(m) =

n−1
P
`=0

e`,` ⊗ (idMn⊗k−1 ⊗β ` )(f (m + `)).

Here we use the fact that A absorbs Mn∞ tensorially.
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one can show that B ⊂ A is indeed a Cartan subalgebra. Similarly, by
passing to crossed products, one shows that B ⊂ A oγ Zn is a Cartan
subalgebra as well. (A oγ Zn = O2 oα Zn oα̂ Zn ∼
= O2 by Takai duality).
ˆ
Note that B is fixed by γ̂ = α̂ point-wise.
Let S ⊂ A oγ Zn denote the inverse semigroup generated by all partial
isometries s ∈ A with sBs∗ + s∗ Bs ⊂ B and the canonical unitary
u ∈ A oγ Zn implementing γ. Then S is homogeneous for γ̂,
ˆ
C∗ (S) = A oγ Zn and C∗ (E(S)) = B. This yields the assertion for α̂.
Employing Takai duality, one can deduce from this with some extra work
the assertion for α as well. This shows (ii).
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can deduce the following further characterisation of the UCT problem.

Theorem (B.-Li)
The following statements are equivalent:
(i) every separable, nuclear C∗ -algebra satisfies the UCT;
(ii) for every prime number p ≥ 2 and every outer strongly approximately
inner action α : Zp y O2 there exists an inverse semigroup S ⊂ O2
of α-homogeneous partial isometries such that O2 = C∗ (S) and
C∗ (E(S)) is a Cartan subalgebra in both O2α and O2 (with spectrum
homeomorphic to the Cantor set);
(iii) every outer strongly approximately inner Zp -action on O2 with p = 2
or p = 3 fixes some Cartan subalgebra C ⊂ O2 globally.
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Let us first recall Nakamura’s classification of aperiodic automorphisms on
Kirchberg algebras.

Theorem (Nakamura 2000)
Let A be a unital Kirchberg algebra and let α, β ∈ Aut(A) be two
aperiodic automorphisms. Then the following assertions are equivalent:
1) KK(α) = KK(β);
2) α and β are cocycle conjugate via an automorphism with trivial
KK-class, that is, there exists µ ∈ Aut(A) with KK(µ) = 1A and
u ∈ U(O2 ) such that Ad(u)α = µβµ−1 .
In particular, all aperiodic automorphisms of O2 are cocycle conjugate to
each other.
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automorphism α ∈ Aut(O2 ) there exists a Cartan subalgebra B ⊂ O2
such that α(B) = B.
Observe that for each aperiodic automorphism α ∈ Aut(O2 ) it holds that
O2 oα Z ∼
= O2 .

Question
Is the converse of the above statement true as well? In other words, are
the following two statements equivalent:
1) every separable, nuclear C∗ -algebra satisfies the UCT;
2) for every aperiodic automorphism α ∈ Aut(O2 ) there exists a Cartan
subalgebra B ⊂ O2 such that α(B) = B?
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that there exist natural numbers nk with nk ≡ 1(mod m), k ≥ 1, such
that limk→∞ γ nk = idO∞ in point-norm. Then α ⊗ γ ∈ Aut(O2 ⊗ O∞ ) is
aperiodic and ((α ⊗ γ)nk )k converges to α ⊗ idO∞ in point-norm. By
assumption, we find some Cartan subalgebra C ⊂ O2 ⊗ O∞ such that
(α ⊗ γ)(C) = C. However, then (α ⊗ γ)nk (C) = C for all k and therefore
also (α ⊗ idO∞ )(C) = C.
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Thank you for your attention!
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