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Abstract

(Masterclass “Topological quantum field theories, quantum groups and 3-manifold invariants”)
This is a follow-up notes for the introductory talks (45min x 2) on the hyperfinite II; factor and
the standard form prepared for Prof. Ryszard Nest’s talks Oct.9-10. There may be typos or
erTors.

1 Talk 1 (Oct. 6 2014, 10:30-11:15)

We define the notion of II; factors and see one example, namely the hyperfinite II; factor. We use
the symbol H for complex Hilbert space (all Hilbert spaces in this notes are separable, and infinite-

dimensional). The inner product ( -, - ): H x H — C is assumed to be linear in the first variable
and conjugate-linear in the second variable. We use Greek letters &, 1, - for vectors in H and Italic
letters x, 9, - - - for bounded linear operators on H.

A linear opeartor x: H — H is bounded, if it is continuous in Hilbert space norm. In this case,
there exists ¢ > 0 such that ||z€]] < c||¢|| (¢ € H). The infimum of such c is called the (operator)
norm of x, denoted as ||z||:

e = sup [lzg]].
geH, J¢l<1

Definition 1.1. We denote by B(H) the set of all bounded linear maps from H to itself.

B(H) equipped with the operator norm is a Banach space. For each z € B(H) there exists a
unique z* € B(H) satistying
(x€,m) = (&, 2" n) (& n € H).
x* is called the adjoint of . The map x — z* has the following properties (z,y € B(H), A, u € C):
1) (
2) ()" =
3) (zy)" =y~

(1) Az + py)* = Az* +ay*.
(

(
4) llz*z| = ||l=|>.

B(H) has the *-algebra structure with respect to the operator sum, multiplication, etc. A vector
subspace A of B(H) is called a *-subalgebra if A is closed under operator product and *. For simplicity
we only consider *-subalgebras of B(H) containing the unit 1 = 1.

Definition 1.2. A *-subalgebra A of B(H) with unit 1y is called a C*-algebra, if A is closed in
operator norm topology. A is called a von Neumann algbera on H, if A is closed with respect to the
strong operator topology (SOT).

Here, a net {x;};,c; C B(H) converges to © € B(H) with respect to SOT, if lim; ||z;§ — x£|| = 0 for
every £ € H.

Below we always assume that all C*-algebras on H contain the unit 1 = 1. Next lemma is only
relevant for Corollary 1.5, which is not important either for understanding the rest of the topics. So
they can safely be ignored.



Definition 1.3. Let S C B(H). The commutant 8" of S is the set &’ := {a € B(H);ax = za, Vx €
S}.

If a subset S C B(H) is self-adjoint (i.e. x € S = z* € §), then &’ is a von Neumann algebra.
The next theorem shows that von Neumann algbera is characterized by its double commutant:

Theorem 1.4 (von Neumann’s double commutant theorem). Let M be a *-subagebra of B(H) con-

taining unit 1g. Then ot = M" (= (M")).

—S0 —S0 . .
Proof. M B CM': LetzxeM . Then there exists a net (x:)icr C M converging to x strongly.
Then for every y' € M’ and £ € H, we have

zy'€ = Jim ry' = Jim y'xi& =y'xl.

Since £ is arbitrary, zy’ = y'z holds. Therefore z € (M')’.
—SOT

M D M": Let x € M"”. We show that z is in the strong closure of M. This, by definition of SOT,
amounts to proving the following: For every ¢ > 0,n € N and &,---,&, € H, there exists zop € M
such that

[2& — zo&ill <e,  1<i<n. (1)

Fixe>0and &, -, € H. Let H, =H®H&---® H (n copies) and define 7: B(H) — B(H,,) by
m(@)(m, -+ ) = (am, -+ s ann) (@ € B(H)),m, -+ € H.

That is, m(a) = diag(a,a,- - ,a) regarded as an n X n matrices with entries in B(H). It is straight-
forward to check that the commutant of w(M) is the set of all n x n matrices with entries in M:

7(M) = {[x;j]:c' e M',1<i,j<n} CB(H,) = M,(B(H)).

s ig

Let E :=n(M)(&1,- -+ ,&,) C Hyp, and let e be the projection of H,, onto E. Then E is (M )-invariant.
Therefore E is also 7(M)-invariant. This shows that e € m(M)’. Thus e = [e;;], where e;; € M'. Tt
is then clear that since z € M”, 7(z) = diag(z, z,- -+ , ) commutes with e:

m(z)e = [ze;;] = [ei;x] = em(z).
It then follows that (since 1 € M, (&1, ,&,) € E holds)

ﬂ—(x)(gh e 7§n) = W(x)e(fh e 76774) = 67T("E)(§1, e 7571) ckb.
Therefore there exists zg € M such that

(7 (2) = m(@o)(Er, -+ )P = D llaki — zol]* < €°.

i=1
This implies (1). Therefore x € ot O

Corollary 1.5. Let M C B(H) be a von Neumann algebra, and let x = x* € M be its self-adjoint
element. Let x = fsp(z) Ade(X) be the spectral decomposition of x. Then e(J) € M for every Borel
subset J C R.

Proof. Denote by Proj(H) the set of all orthogonal projections on H. Let B(R) be the o-algebra of
all Borel subsets of R. Fix u € U(M') (U(M') is the group of unitary elements in M’). Define a new
map é: B(R) — Proj(H) by

e(J) =ue(J)u*, Je B(R).
It is straightforward to see that é(-) is a projection valued measure, and é(-) is the spectral resolution
of  := uxu*. Since x € M,u € M’, we have

uzu® = / Adé(N) = x.
sp(z)

This shows, by the uniqueness of spetral decomposition, that ¢ = e. That is, ue(J)u* = e(J) for every
u € U(M'). Tt is also not difficult to show that M’ is spanned by U(M') (cf. proof sketched in Lemma
1.12), the unitary elements of M’. Therefore e(J) € (M')’ = M by double commutant theorem. [



Definition 1.6. For a self-adjoint subset S of B(H) we call S” the von Neumann algebra generated
by S.

We now introduce several operator topologies on B(H). Denote by ¢2(H) the set of all sequences
{€,}22, C H such that >_>7 | [|€,]]? < oo holds.

Definition 1.7. On B(H), we define the following topologies:

(1) The strong operator topology (SOT for short) is the locally convex topology determined by
the seminorm family {pe}¢cm 0, Where

pe(x) = [zt @ € B(H).

(2) The weak operator topology (WOT for short) is the locally convex topology determined by
the seminorm family {pe , }¢.nem {0}, Where

Pen() = (@€, )], = € B(H).

(3) The strong* operator topology (S*OT for short) is the locally convex topology determined by
the seminorm family {p¢}ec 0}, where

pe(x) = ||lzg]| + [l«7¢ll, @ € B(H).

(4) The o-strong topology (SOT for short) is the locally convex topology determined by the
seminorm family {pge.1}1e, yer2 )\ {0}, Where

Pie, () = {Z ||m£nll2} . zeB(H).

(5) The o-weak topolgy (cWOT for short) is the locally convex topology determined by the
seminorm family {p{fn}y{nn}}{£1L}7{77'7L}€£2(H)\{0}’ where

o0

n=1

PienyAnay (%) = , x € B(H).

(6) The o-strong* topology (cS*OT for short) is the locally convex topology determined by the
seminorm family {p(e 1} e, yer2 )\ {0}, Where

oo

Pie,y(2) i= {Z (llw€all® + IIx*€n|2)} , x €B(H).

n=1

The product (z,y) — xy is strongly continuous on the unit ball B(H); := {a € B(H);|la|| < 1},
and on the unit ball, o-strong topology coincides with strong topology.

Definition 1.8. Let M, N be von Neumann algebras. A linear map ¢ : M — N is called normal if
it is o-weakly continuous.

The notion of positivity is important for operator algebras. We recall the following fact from
spectral theory.

Definition 1.9. For x € B(H), we define the spectrum of x, denoted sp(z) by
sp(z) := {X € C; (z — Al) is not invertible in B(H)}.

The spectrum sp(z) is always a nonempty compact subset of C. And if x is normal (i.e., zz* = z*x),
then x is self-adjoint (i.e., z = z*) if and only if sp(z) C R (this equivalence fails for non-normal x:
consider nilpotent matrices!).



Proposition 1.10. For a = a* € B(H), the following conditions are equivalent:
(1) spla) < [0, 50).
(2) a =10 for some b e B(H).
(3) a=h? for a unique self-adjoint h € B(H) with sp(h) C [0,00).
(4) (a&, &) >0 for every & € H.
If ACB(H) is a C*-algebra and a € A then b (resp. h) in (2) (resp. in (3)) also belongs to A.

Definition 1.11. If one (hence all) of the conditions (1)-(4) in Proposition 1.10 are satisfied for
a = a* € B(H), we say that a is positive, and denote a > 0. The h in (3) is written as a2. Also, for
self-adjoint operators a,b € B(H) we write a <bif b —a > 0.

Lemma 1.12. Let A C B(H) be a C*-algebra with unit 1. Then A is spanned by the unitary
elements U(A) = {u € A;u*u =1 = uu*}.

Sketch of Proof. It suffices to show that every element a € A with norm |ja]] < 1 is spanned by
unitaries in A. Since a = ay + iag, where ay = %5 ay = 5% satisfy a; = af, |a;]| < 1(i = 1,2),
we may from the beginning assume that @ = a*. In this case, —1 < a < 1 (in operator order) and

therefore 1 — a2 > 0 (see Definition 1.11). In this case one can define the square root inside A:

v1—a2%¢c A. Then
a+i\/1—a2+a—i\/1—a2
a= ,

2 2
and it is not difficult to see that a = iv/1 — a? are unitaries in A. O

Proposition 1.13. Let a,b € B(H). The following operator inequalities hold.
(1) b*a*ab < ||a||®*b*b.
(2) (a+b)*(a+b) <2(a*a+ b*D).

Proof. (1) Let £ € H. Then

(b"a*abg, &) = (ab€, ab€) = [lab]|* < [lall*[|b]* = ([la]*b"bE, &)

Since £ € H is arbitrary, we get (1).
(2) 2(a*a+b*b) — (a+b)*(a+b) =a*a+b*b—a*b—b*a=(a—b)*(a—b) >0. O

Definition 1.14. Let 1 € A C B(H) be a C*-algebra. A linear functional p: A — C is called
(1) positive if it satisfies p(a*a) > 0 for every a € A.
(2) if moreover  satisfies (1) = 1, it is called a state.
(3) A positive linear functional ¢ is called faithful if p(a*a) = 0 implies a = 0.
(4) A positive linear functional ¢ is called a trace if @(ab) = ¢(ba) for a,b € A.

Remark 1.15. If ¢ is a state on A, then its norm is attained at 1:

def
o]l = sup{|p(a)l;a € A, [lal| <1} = (1) = 1.
We use next useful lemma later.

Lemma 1.16 (Cauchy-Schwartz inequality). Let A be a C*-algebra with unit on a Hilbert space H.
Let ¢ be a state on A. Then for a,b € A, the following inequality hold:

lp(b"a)| < p(b*b)2p(a*a)?.

Moreover, we have |ja + b, < ||al|, + [|bll, for every a,b € A. Here, ||all, = p(a*a)?.



Proof. Step 1 ¢(a*) = ¢(a) (complex conjugate) for every a € A.

First we see that if @ = a* € A, then ¢(a) € R. This is because of the ineudlity —|ja]|]l < a < ||al/1,
we have ¢(|la]|]l —a) > 0 and ¢(a + ||a]|1) > 0. In particular, |ja|]| > ¢(a) and ¢(a) € R. Then for
general a € A, we have the decompositon a = x + iy where z = %, Yy = % € A are self-adjoint.
Since ¢(z), p(y) € R, we know that

p(a”) = p(x —iy) = p(z) —ip(y) = p(z) +ip(y) = p(a).

Step 2 We show the claim. It suffices to consider the case ¢(b*b) > 0. Since the transformatio
b e%b (0 € R) does not change ¢(b*b), we may assume that ¢(b*a) € R after this transformation.
Now consider

(a+tb)*(a+tb) = a*a +t(a*b+ b*a) + tb*b > 0

for ¢t € R. Applying ¢ to the above expansion we get that

p(a*a) + 2tp(b*a) + t2p(b*b) >0, teR (2)

Here we used the fact (Step 1) that p(a*b) = ¢((b*a)*) = @(b*a) = ¢(b*a) € R. Since (2) is quadratic
in ¢, (2) holds for every ¢ € R if and only if its discriminant is < 0, whence

p(b*a)® — p(a*a)p(b*b) < 0,

which shows (2).
We show the triangle inequality [|a + b, < [|lall, + [|b]]4-
Let a,b € A. Then

(lally + 116ll0)* = lla+0l% = (lallg + 2llallal1bll, + 1613) — (lallf + ¢(a*d +b%a) + (bl + 16]13)
= 2(p(a"a)>p(bb)* — Rep(a”h))
Z 07
by the Cauchy-Schwartz inequality (and ¢(2*) = ¢(x)) that we have just proved. O

Now we give an (unofficial, but equivalent to the official) definition of II; factors. The official
definition requires the analysis of projection lattice in von Neumann algebras (see e.g., [Su86]).

Definition 1.17. A von Neumann algebra M C B(H) is called a II; factor, if
(factor) The center Z(M) of M, Z(M) := M' N M is C1.
(co-dim) M is infinite-dimensional (as a vector space over C).
(tracial) M admits a faithful normal tracial state 7.
We will not prove, but the following holds.
Proposition 1.18. In a II; factor, there is only one normal faithful tracial state.

Next theorem satets that we can construct a *-homomorphism of a C*-algbera out of states such
that the resulting *-homomorphism is unique in a strong sense.

Theorem 1.19 (Gelfand-Naimark-Segal (GNS) construction). Let A be a C*-algebra with unit 1, and
let ¢ be a state on A. Then there exists a triple (H,, 7y, &) where Hy, is a Hilbert space, &, € H,, is
a unit vector and m,: A — B(H,) is a *-homomorphism such that

(1) pla) = (mp(a)és, &) (a € A).
(2) mp(A)e, = {my(a)l,;a € A} is a dense subspace of H,.



The triple is unique in the sense that if (H,&, ) is another triple satisfying (1) and (2), then there
exists a unitary V: H, — H such that

Vr,(a)V* =n(a), a€ A,
and V&, = €.

Proof. Regard A as a pre-inner product space equipped with the following (possibly degenerate)
inner-produt

(a,b)y = p(b%a), a,be A
It is clear that ( -, - ), is sesqui-linear and positive (by the positivity of ). Let N, = {a € A;|al|, =

(a, a> = 0}. Then N, is a vector subspace of A. It is clear that € N,, A € C implies Az € N,.
If 2,y € N, then by Lemma 1.16, ||z + y[|, < |z|l, + |lyll, = 0, whence x +y € N,,. Therefore
(-, ), induces a positive definite inner-product on the quotient vector space A/N,. Let H, be
the completion of A/N, and denote by a the canonical image of a € A in H,. By construction,

= {a@;a € A} is a dense subspace of H,,. Define &, = 1 € H,. Then \\§¢||2 (1,1), =¢(1) =1. So
@, is a unit vector. For each a € A, define 7,(a) as a linear map A— Aby

mo(a)b=ab, be A
Since b*a*ab < ||al|*b*b by Lemma 1, we see that 7, (a) is bounded on the dense subspace A of Hy:
lab]l* = @(b*a*ab) < [lal*@(b*b) = |al*[|b]*.

Therefore m,(a) is uniquely extended to a bounded linear map m,(a) € B(H,). It is straightforward
to see that A 3 a — 7m,(a) € B(H,) is a *-homomorphism. For example, if a,b,c € A. Then

(@) Ty (b)é = abe = m,(ab)e.

Therefore 7,(a)m,(b) and Wg,(ab) agree on the dense subspace A of H, »» Whence by boundedness,
Ty(a)my(b) = my(ab) as operator in B(H,). Next, if a € A, then

(mp(a)éy, &) = (@, 1), = (a).
It is clear that m,(A)E, = A, which is dense in H,.

Finally, suppose (H,7,§) is another triple satisfying (1) (2). Then let V: m,(A)&, = A m(A)¢

by
Vre(a)éy, == m(a)k.

This is well-defined, because |7,(a)é, > = p(a*a) = (r(a*a)¢,&) = |n(a)¢]|?, and V is in fact
isometric on A. Therefore V is extended to an isometry from H,, into H. If we also define W: H — H,,
as the unique isometric extension of the map m(A){ — m,(A)&, given by Wr(a)é = m,(a)é,, then
it is straightforward to see that VW = 1y, WV = 1y (again use densities of A,7w(A)¢ in Hy,, H
respectively). Therefore V' is onto, and it is clear that V{, = £ by construction. Now let a,b,c € A.
Then

(Vrp(a)mp(b)Ep, m(€)€) = (Vmp(ab)éy, m(c)§) = (m(ab)E, w(c)E),
(m(a)Vy ()€, m(c)§) = (m(a)m(b)E, w(c)§) = (m(ab)§, m(c)E).
Therefore since both Vr,(a), 7(a)V are bounded operators, the density of m,(A)&, (resp. m(A)§) in
H, (resp. in H) shows that Vr,(a) = m(a)V. This finishes the proof. O
Now we give an example of a hyperfinite II; factor.
Definition 1.20. A von Neumann algebra M is called hyperfinite if there exists an increasing sequence

My C My C --- of finite-dimensional *-subalgebra of M with unit 1, such that its union is SOT-dense

in M: M = UneN U0t



Example 1.21 (Hyperfinite II; factor). Consider an increasing sequence of matrix algebras
Mj(C) = My(C)®? < My(C)*® — - .-,

where the inclusion My(C)®" < My(C)®(™+1 is given by = +— z ® 1 for each n € N. Let My~ be
the norm-completion of the above inductive limit |J,, oy M2(C)®". Consider for each n € N a tracial
state 7, = (3Tr)®" on M5(C)®"™ = Myn(C). Namely 7, is uniquely determined (by the universality
of tensor product)

1 1
(X1 ® - Q) = §Tr(3:1) e iTr(xn), X1,X9, - &y € Ma(C).

Since 7,(y) = Thr1(y @ 1) (y € M2(C)®™), and since states are norm-continuous, {7,}5°; defines a

positive linear functional (of norm 1) on |J,,cy M2(C)®™ which is extended to a unique state 7 on the

(abstract) C*-algebra Ma= = (Jy M2((C)®"”.H. Let (Hr, &7, ) be the GNS representation associated
with 7. We then define
R =7, (Myx)"

T is extended to a normal tracial state by
7(z) = (&7, &), z € mr(Mas)" = R.

It is clear from the construction that R is hyperfinite. Below we give a proof that R is indeed a II;
factor.

We show that R is a hyperfinite II; factor. It is clear that R is hyperfinite, infinite-dimensional
and has a normal tracial state 7. We show that

(a) 7 is faithful on R.
(b) R is a factor.

For (a), note that we do know that 7 is faithful on a strongly dense *-subalgebra | Jy M2(C)®".
However, this does not automatically mean that 7 is faithful on R (and in fact could fail if we consider
non-tracial states). We deduce (b) from

(b’) R has unique normal tracial state.

Lemma 1.22. Let M be a von Neumann algebra on a Hilbert space H. Assume that there exists a
cyclic vector £ € H for M such that T(x) = (x€,£) defines a tracial state on M. Then T is faithful.

Proof. Let © € M be such that 7(z*z) = 0, and let a € M. Then since 7 is tracial, we have (use
Propositin 1.13)

|zag||? = T(a*z*xa) = T(raa*x*)
< |la*|*r(z2*)? = JJal*r(2"2)
=0.
Therefore xa& = 0. Since ¢ is cyclic for M, {a;a € M} is dense in H, whence x = 0 holds. O

Proof of (a). Applying Lemma 1.22 to M = R, we get that 7 = (- &, &;) is a faithful normal tracial
state on R. O

We go to the proof of (b’). This follows from the next easy lemma:

Lemma 1.23. Let n € N. Then L Ti(-) is the only tracial state on M, (C).



Proof. Let T be a tracial state on M, (C). Let {e;;;1 < i,j < n} be the standard system of matrix
units in M, (C). That is, the (k,!)-component of e;; is 1 precisely when (k,!) = (4, j) and 0 otherwise
(1 <k,l<mn). It is easy to see that they satisfy

n

eijer = 0jk€il, Zeii =1, 1<i4,j5,kl<n
i—1

Then we show that for each 1 <i,j < n, we have
1
T(eij) = 55”
Indeed, for each 1 <, < n, it holds that (use the trace property of 7)
T(eii) = T(eije5i) = T(ejieij) = 7(ejj).
Therefore since e;q + -+ 4+ epn = 1,

1= ZT(ekk) =n7(ey), 1<i<n.

n
k=1

On the other hand, if 7 # j, then
7(eij) = T(eijej;) = T(ejjei) = T(djie55) = 0.

This shows that since each # € M, (C) is uniquely written as 2 = >1",_, zije;; (25 € C),

n n
1 1
)= 3 ayrleg) = £ 3w = 1THw)
=1

ij=1
This shows that 7 = %Tr O

Proof of (b’): R has unique normal faithful tracial state. Let 7/ be a normal tracial state on R. We
show that 7 = 7/. Since 7,7’ are normal, it suffices to show that 7 and 7' agree on the strongly
dense *-subalgebra Ry = [,y M2(C)®™. But by Lemma 1.23, there is only one tracial state on
M;(C)®™ 2 Myn (C). Therefore 7|y, cyon = 7'|a,(cyen for every n € N, which finishes the proof. [

Proof of (b): R is a factor. By spectral theory (cf. Corollary 1.5)!, it can be shown that the center
Z(R) is generated by positive elements. So we have only to show that Z(R); = R;1. Let h € Z(R)
be a nonzero positive element. By rescaling we may assume that 7(h) = 1, since 7 is faithful by (a).
Then since h is in the center, the new normal state 7" = 7(h-) = ( - &, h&;) is tracial (and normal):

trace

m(zy) = 7(hay) = 7(zhy) "= 7(hyz) = 7'(yz) (x,y € R).
Therefore 7/ = 7 by (b’). This means that for every = € R, one has

r(he) = 7(x) < (2, h) = (&,1

~

Since {#;2 € R} is dense in the GNS Hilbert space L2(R, 1), h = 1, which shows that h = 1. Therefore
Z(R)+ = R4 1, and we are done. O

Thus we finally see that R is a hyperfinite 11 factor.

Theorem 1.24 (Murray-von Neumann). Fwvery hyperfinite II; factor on a separable and infinite-
dimensional Hilbert space is *-isomorphic to R.

L Z(R) is spanned by its self-adjoint elements. Decompose a self-adjoint element = z* € Z(R) as a difference of two
positive elements * = x4 — z_, z4x_ = 0 using spectral decomposition. Then with a more argument using Corollary
1.5 shows that z+ € Z(R)+.



Hence R is the hyperfinite I1; factor.

Remark 1.25. (1) It is a nontrivial fact, that on a IT; factor M, every tracial state is automatically
normal (and faithful). This does not hold if we drop either a factoriality of M or tracial condition.

(2) It is a much more important and nontrivial fact, that a von Neumann subalgebra of the hyper-
finite von Neumann algebra R is hyperfinite (see [Co76]). Therefore II; subfactors of R are all
isomorphic to R itself. This does not follow from Murray-von Neumann’s uniqueness theorem.

2 Talk 2 (Oct. 8 2014, 10:30-11:15)

We cover the following two topics.
(A) Standard representation

(B) Conditional expectation

(A) Standard representation

Let M be a von Neumann algebra with a faithful normal tracial state 7. Let (L*(M,7) =
L?(M),&,,7,) be the GNS representation of 7. Namely, (since 7 is faithful, N, = {# € M;7(2*x) =
0} = {0}), L*(M) is the completion of M with respect to

(a, by, =7(b*a), a,be M.

The canonical image of a € M in L*(M) is denoted as & € L2(M), and by definition M = {a;a € M}
is a dense subspace of L2(M). For each a € M, n(a) is the uniquely bounded operator in L?(M)
determined by the relation R

7r(a)b=ab, be M.

M > a > 7(a) € B(L?*(M)) is an injective *-homomorphism. To see the injectivity, let 7,(a) = 0.
Then 0 = ||, (a)é-||*> = 7(a*a), whence a = 0 by the faithfulness of 7.
Tt takes little more work to show that (proof omitted)

Proposition 2.1. 7, is an injective normal *-homomorphism, and 7. (M) is a von Neumann algebra
on L*(M) (i.e., 7. (M) is SOT-closed).

Therefore we identify M with 7, (M) and regard M C B(L?(M)). Because of this identification, it
is very important to understand whether we regard a € M as an operator a € B(L?(M) or as a vector
a € L?(M). From now on, in order to avoid confusion, we use || - || to denote the operator norm (as
a bounded operator on L?(M)) and || - ||2 to denote the Hilbert space norm on L?(M). Therefore for
ac M: 1

lalle = sup [lagll2, [allz = T(a”a)z.
l€l2<1
In general, it is a nontrivial task to compute the commutant M’ of a given von Neumann algebra.
However, when M is represented in the special Hilbert space L?(M), the commutant is explicitly
described. To describe the commutant, let J be an operator M — M defined as

Ja:=a*, a€ M.

Note that ||a*||2 = 7(aa*) = T(a*a) = ||a|2, whence J is isometric on the dense subspace M of L2(M).
Therefore J is extended to a conjugate-linear isometry J: L?(M) — L?(M) by continuity satisfying
J o J =idpz(p (in particular, J is invertible). First we see that

Lemma 2.2. JMJ C M.



Proof. Let a,b,c € M. Then
JaJbé = Jac*b* = Jac*b* = bea*,
bJaJé = bJac* = bea* = bea.
This shows that JaJb and bJa.J agree on the dense subspace M of L?(M). Since they are both

bounded, this shows that JaJb = bJaJ. Since b € M is arbitrary, we have JaJ € M’. Therefore
JMJ C M. O

Actually, the opposite inclusion holds:
Theorem 2.3. JMJ = M'.

Proof. The proof goes in 3 steps.
Step 1. Let 2’ € M'. Then Ja'¢, = (a')*¢,.
Given a € M, we have (use z'a = ax’)

<J$/§T’&> = <Jd’x/€‘r> = <C{*7x/§7'>
=((@")"a"ér, &) = (a" ()&, &)
= ((¢')"&r, aér) = ((2')7¢;, a).

Since M is dense in L2(M), we have Ja'&, = (/)%

Step 2. M'¢, = {2'&;2" € M'} is dense in L2(M).

Let E = M'¢,. Then E is a closed subspace of L?2(M). Let p = Pg be the orthogonal projection
of L?(M) onto E. Tt suffices to show that p = 1 in order to prove the density. We first see that
E is invariant under M’, whence E* is also M’-invariant. This shows that p commutes with every
a’ € M’'. Therefore by double commutant theorem, we have p € (M')’ = M. Since 1 € M’, we know
that & € E, and &, = p&,. Therefore by p € M, it holds that

0=I(1 =p)&ll5 = 7((1 = p)*(1 = p)).

This shows that 1 — p = 0 by the faithfulness of 7, as desired.

Step 3. M’ C JMJ.
Let 2/,4’,2' € M’. Then by Step 1, we have

Jo' Jy' (2'6;) = J2' ()" ()& = v/ 2/ (2)7¢,
=y J2' ()& =o' T T(Z'E).

By Step 2, M'€, is dense. Therefore by boundedness of involved operators, Jxz'Jy' = y'Jx’'J holds.
Since y’ € M’ is arbitrary, we see (again by double commutant theorem) that

Jr'Je (M"Y =M <z’ € JMJ.
Therefore M’ C JMJ. Together with Lemma 2.2, we have shown that JMJ = M’. O

As a consequence: we know by construction that M acts on L?(M) from the left by operator
multiplication. On the other hand, we can also define the right M-action on L?(M) by

E-x = Jx*JE, r €M, € L*(M)
By Theorem 2.3, these actions commute:
a-(&-b)=(a-€)-b, abeM, £cL*(M),

and they are the commutant of each other. It is (probably) important for Prof. Nest’s talks tomorrow
to regard L?(M) as an M-M bimodule. Finally, let us see that any normal state on M C B(L?(M))
is a vector state:
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Theorem 2.4. Let ¢ be a normal state on M C B(L*(M)). Then there is a vector &, € L*(M); =
M7+”'”2 such that o = (- £,,&,).

Unfortunately we need the following difficult result:

Theorem 2.5 (Powers-Stormer inequality). Let &,n € L?(M)y. Then if we let we = (- (,¢) (€ €
L*(M).), one has

g = nll3 < lwe —wyll < 1€ = nll2lI€ +nll2-

Proof of Theorem 2.4 assuming Theorem 2.5. Since ¢ is o-weakly continuous, there exists a sequence
(6)32 € C(L2(M)) with 32, [|6]1? = (1) = 1 such that

o0
= (e€n,6n), zeM.
n=1

Step 1. For every ¢ > 0, there exists b € M, such that |¢ —w;|| <e.

Fix € > 0. Let pi(z) = Zﬁ:1<x§n,§n> (x € M,k € N). Then since positive linear functional attains

its norm at 1,
o0

k—oc0
lo =@l = D l&all* "= 0.

n=k+1

Then fix ko € N such that ||¢ — g, || < €/2. Since McC L?(M), there exists a,, € M (1 < n < ko)
such that |G, — & ll2llan + &nll2 < €/(2ko). Then by Theorem 2.5, we have

ko ko
Ok — Y waz | <D llwe, — wazl
n=1 n=1

ko
<N i@n - &allzll@n + €allz
n=1

<e/2.

Also, for x € M,

ko ko
lea Z aran) =T (Zana x)
=T bxb) = wj (),

1
where b := (Zkﬂ ana;) ‘e M. Therefore ||p — w;|| <e.

n=1
Step 2. By Step 1, there exists (b,)52; C My such that |[¢ —w~[ = 0 (n — o). By Theorem 2.5,

we have
n,m—oo

an_bmHg < ||w5:_wl;;;H = 0.
Therefore (bA )22, is a Cauchy sequence in L?(M),, whence has a limit
€, = lim b, € L2(M);
Again by Theorem 2.5,
lwe, =l = lim flwe, — wp-|
< nlggo ||fgo - bn||2H§sa + an2
= 07

whence ¢ = w,. O
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(B) Conditional Expectations

Let N C M be an inclusion of von Neumann algberas, and let 7 be a normal faithful tracial state on
M. Asin (A), we let M act on the standard Hilbert space L?(M) by left multiplication (hence N also
acts on L2(M)). Let H = N&,. Then N acts on H and &, € H is cyclic for the N-action. Moreover,
TIn(z) = (x&;,&;) for x € N. Therefore by the uniqueness of the GNS construction, Theorem 1.19,
we may identify H = L?(N, 7|x) = L*(N) and therefore we have an inclusion L?(N) C L*(M).

Definition 2.6. We define ey to be the orthogonal projection of L?(M) onto L?(N).

Theorem 2.7 (Trace-preserving conditional expectation). There exists a positive linear map
En: M — N satisfying

(1) en(2) = EN( ), x€M.

(2) Eny(axb) = aEn(x)b, a,be N,xe M.
(3) 7(En(x)) =7(x), xz€M.

(4)

E is faithful and normal.

envey = En(z)ey, xz€ M.

Remark 2.8. A positive linear map E: M — N satisfying (2)(3) is unique = E.

Definition 2.9. Ey in Theorem 2.7 is called the trace-preserving conditional expectation of M onto
N with respect to 7.

Ey will (probably) play an important role in Prof. Nest’s talks. In order to construct Ey, we use
the following useful lemma. Recall that M acts on L?(M) from the right by & - x = Ja*J¢. We can
also think of this as an “left action of £ on #” (though & is a vector, not an operator).

Lemma 2.10. Let M be a von Neumann algebra with a faithful normal tracial state. Then for
€€ L?(M), the following two conditions are equivalent.

(1) & is left-bounded. That is, there exists a constant ¢ > 0 such that

1€ 2ll2 < cll@fls, =€ M,

(2) €€ M. That is, there exists a € M such that §& = a.
Proof. (2)=(1) Let { =a € M (a € M). Then for z € M, we have
€ - zlla = |Ta* Ta&r |2 = |laTz* & |2 = [|ad |

< lalloo - [I12[]2;

whence (1) holds with ¢ = ||a|| (operator norm of a).
(1)=(2) Assume that (1) holds. Then the linear map L¢: M — L?*(M) given by

Le(): =62, zeM

extends to a bounded linear map L¢ € B(L?*(M)) (with operator norm || L¢||oo < ¢). We show that
a:=L¢ € M. To see this, let z,y € M. Then

LeJaJj = Leyx* = Juy*JE = JaJ (Jy*J€) = JaJ Lej.

Since L¢, JxzJ are both bounded, density of M in L?*(M) implies that L¢ and JzJ commute. By
Theorem 2.3 and double commutant theorem, we see that

a=Lee (JMJ) = (M = M.

Therefore

o~

E=L¢(l)=ae M.
This finishes the proof. O
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Proof of Theorem 2.7. (1): In view of Lemma 2.10, we show that ey (%) is a left-bounded vector in
L?(N). Let y,z € N. Then

—

<JZ/*J€N(53)75>L2(N) = <€N(i)aJyJ5>L2(N) = (t,en(  2y* )
eNCL2(N)

= <55,Z/IU\*>L2(M) = (2, JyJZ) 12 ()

= (JY"JI,2) 2(m) = (TY, 2) 12 (M)
Therefore

[(Jy*Jen (), 2) L2(ny| < lzgllzllZllz < llzlloo F]l2]1£]]2-
This shows that
[Jy* Jen (2)[l2 < [|zlooll]]2-

Hence ey (£) is left-bounded. By Lemma 2.10, there exists En(z) € N such that ey (%) = En(z). It
is clear that Ey: M — N is linear. We prove the positivity of En later.
(2) We first note that J preserves L?(N), and Jey = enJ. Therefore for each x € M, we have

—_—

Jen (i) =enJi < En(z)* = En(x*).
Therefore
En(z)* = En(x). (3)
We next show see that Ey(ax) = aEn(x) for a € N and « € M. To see this, let b € N. Then

(En(az),b)r2(n) = (en(a@),b) 12 (v = (ad, en (b)) r2(an
——"
=b

< a b>L2(M) = <§;‘ eN(a*b)>Lz(M)
= (en(2), *b>L2 () = (aend, b2y
= <CLEN( ) b>L2(N)-
Therefore by the density of N in L2(N), Ex(az) = aEx(z) hold. Replacing a by b* (b € N) and
by x* and use (3) to obtain En(xb) = En(x)b. This shows (2).
(3): This is straightforward, since for every x € M,

T(Ex (@) = (Bx(2), 1) = (e (2), 1)

Zz, eN(i» <j7 j—>
(x)

(4): Let x,y € M. Then by (2), we have (use b = Ex(y) € N)

/\

\]

enzeny = enzEnN(y) = enzEn(y) = En(zEN(y))
= En(z)En(y) = En(z)en(9).
Therefore by the density of M in L?(M), exyzen = Ex(z)en holds.
Finally, we show that Ex preserves positivity. Let © € M. Then for each y € N,
L * 3)
(En(2)5,9) = (v En(2)yér. &) = (En (Y 2y)ér, &) = T(En(y"zy)) = 7(y"zy) 2 0.

Since y € N is arbitrary, the density of N in L2 (N) shows that (Ey(z)&,£) > 0 holds for £ € L?(N),
whence En(z) € Ny. Let x € M be such that Ex(z*z) = 0. Then by (3),

T(z*x) = T(En(z*z)) = 0.
This shows that = 0, by the faithfulness of 7. Normality of Ey requires more effort, but it follows

from the fact that Ey preserves the normal faithful trace 7o Ex = 7 (we do not discuss it here). O
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Definition 2.11. The von Neuman algebra on L?(M) generated by M and {ey} is denoted as
(M, en), called the Jones’ basic construction, and ey is called Jones projection.

It can be checked directly, that N = M N {enx}’ and (M,en) = JN'J (but we have no time to
discuss it here!).

Appendix: dimy; H (Oct. 9 2014)

Let us add one more tool, the von Neumann dimension dim »; H, that will be needed but could not
be covered in the last two talks. Since we need the notion of semifinite trace (which we have not
defined), this appendix is not entirely self-contained. Let M be von Neumann algebra with a normal
faithful tracial state 7. We consider the representation theory of M. We denote the opposite algebra
of M as M°P. That is, M°P = {z°P;2 € M} is a copy of M as a set, equipped with the same linear
space and *-operation, but the product is reversed:

TPYP = (yo)7, 3,y € M.

Definition 2.12. A left M -moduleis a Hilbert space H with the left M-action. That is, H is equipped
with a normal *-homomorphism 7: M — B(H) and the left M-action is given by

x-&:=m(x), xeMEeH.

Similarly, a right M-module is a Hilbert space K with the right M-action, i.e, a normal *-
homomorphism p: M°? — B(K) and we write

§-x=paP), zeMickK.

We always assume that the underlying *-homomorphisms for left/right actions are faithful. Given
another von Neumann algebra N, an M-N bimodule is a Hilbert space H which is both a left M-
module and a right N-module structure in such a way that two actions commute:

x(fy):(xf)ya I‘GM,yEN,gGH.
Example 2.13. L?(M) is a standard example of an M-M bimodule.

Given left M-modules Hy, Hy, we say a bouded linear map T' € B(Hy, Hs) is called M -linear, if T
commutes with M-actions:

T(a-€)=a-(T€), a€M, ¢eH,.

Denote by pB(Hy, Hz) the space of all bounded M-linear maps from Hy to Hy. We say that H; and
H, are isomorphic as a left M-module, if there is a unitary u € /B(Hy, Hy). We also use the notation
N[]B(Hl) = M]B(Hl,Hl).

Lemma 2.14. Two left M -modules Hy and Hy are isomorphic, if and only if there is an invertible
element T € B(Hy, Ha).

Proof. Let T = u|T| be the polar decomposition of T. That is, |T| = (T*T)2 € ,B(H;) is a positive
self-adjoint operator and v € pB(Hy, Hy) is a partial isometry which maps Ker(T)L C H; onto
Ran(T) C Hy. Therefore u is a unitary if and only if T is invertible. The conclusion follows from
this. O

Definition 2.15. Let H be a left M-module. A M -submodule is a closed subspace K that is stable
under the left M-action.

Theorem 2.16. Let M be a Il factor with the faithful normal tracial state T, and let H be a separable
left M-module. Then H is isomorphic to a M-submodule of L?(M) ® (?(N). Here, the left M -action
on L2(M)®>=(= L*(M) ® (*(N)) is given by

a-(€n)nly = (a€n)ily, @ €M, (§)52; € L2(M)®.
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Proof. First assume that there is a cyclic vector £ € H for the left M-action (i.e., M is dense in H).
Then ¢ = we = (- £,€) is a normal state on M. Then by Theorem 2.4, there exists &, € L?(M)4
such that ¢ = we_. Then the map V: M& — ME, given by V(z) := £, exntends to an isometry
V:H — L*(M). It is clear that V commutes with left M-actions on H and 2(M). Therefore
V € uB(H,L?*(M)). Therefore by Lemma 2.14, H is isomorphic to the M-submodule V(H) of
L?(M).

Now let H be a general left M-module. Since we assume that H is separable, there exists (use
Zorn’s lemma) a coutable family (&, )ner of nonzero vectors in H such that H; = M¢; (i € I) satisfies

H; LH; (i#j), H=EPH.
iel
Clearly, each H; is a left M-submodule of M with a cyclic vector §;. Thus there exists by the first
step a left M-linear isometry V;: H; — L?(M). We then see that V: H = @, _, H; — L*(M)®! C
L*(M)®,

icl

V(ni)ier = (Vini)ier,  (ni)ier € H
defines an isomorphism of H onto V(H) C L*(M)®> as a left M-module. O
Let H be a left M-module. Then by Theorem 2.16, there is an M-linear isometry V: H —
L?(M)®*. We have VV* € B(L*(M)®>®). If we identify L2(M)®>* = L?(M) @ ¢*(N), then
B(L?(M)®>) = (M'@B(£?)). So the projection p’ = VV* is considered as an infinite matrix p’ = [p};]
with entries in p}; € M' = JMJ. If we set p;; = Jp;;J € M (i,j € N), we see that as a left M-module,
H = p'(L*(M) ® £*(N)) = L*(M) ® £*(N)p.

Definition 2.17. Define the von Neumann dimension dim j;H of H as

dim y H = 7(pnn) = 7' @ Te(VV?).

n=1

Here, 7/ is the unique tracial state on the II; factor JMJ = M’ given by 7/(2') := 7(J2'J) (' € M’)
and 7' @ Tr([z};]) = Y02, 7'(2nn) give us a (what is called, whose definition we omit) semifinite,
normal and faithful tracial weight on the Il factor (definition omitted, or think of the next as the
definition) M'®@B(¢*(N)).

Note that dimy; H does not depend on the choice of an M-linear isometry V. If W: H —
L?(M) ® ¢?(N) is another such M-linear isometry, then since 7’ is a trace,

P @ T (VYY) = 7 @ TH(VW* WV*) = 7/ @ Te(WV* - VIV?)
=7 @ Te(WW™).

Definition 2.18. Given an inclusion of 11y factors N C M, the Jones index, denoted [M : N], is the
number [M : N| = dimy(L?(M)).

Please consult [JS97] for details.
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