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4 Stochastic Expansions

Stochastic Taylor Expansions

Deterministic Taylor Formula

e ordinary differential equation

d
aXt = CL(Xt)

e integral form

t
X = Xi, +/ a(X.) ds
to
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deterministic chain rule

d o
af(Xt) = a(Xt)%f(Xt)
e operator
)
L=a5,
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—>
Integral equation

FOX) = F(Xi) + [ "L F(X.)ds

e sSpecial case

f(x) ==
Lf=a,LLf = (L)?f=La,...

e applytof =a
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t s
X: = X, —I—/ (a(Xto)—I—/ La(X2) dz) ds
to to

t t s
= Xty + a(Xty) / ds + / / La(X.)dzds
to tg Yto

p—

nontrivial Taylor expansion
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o applyf =La

p—

t t s
X: = Xty + a(Xt,) / ds + L a(X4,) / / dzds + R;
to to Jto

remainder term

t s z
R, = / / / (L)?a(X.) dudz ds
tg Yto Y19
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e continuing

p—

classical deterministic Taylor formula

f0)” (L)° £ (X10)

FX) = F(Xe) + Y U

t S2
_|_/ / (L) T f(Xs,)ds1 .. .dsria
to to

fort € [to, T] andr € N
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Wagner-Platen Expansion

Wagner & Platen (1978), Platen (1982b),
Platen & Wagner (1982) and Kloeden & Platen (1992)

e SDE
t t
X, = X, +/ a(Xs)ds—I—/ b(X.) W,
to to
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e |tO formula

F(Xt)

@© Copyright E. Platen

.f(Xto)
82

n /t: (a(Xs)%f(Xs) + %b2(Xs)3m2 f(Xs)> ds

4 / b(Xa) o f(X.) dW.

F(Xeo) + / LOf(X.)ds + / L' f(X.) dW,
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operators
o O 2 07
L =a ox T b ox?

and

f(x)=x =— L°f=aandL’f=0»b
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e apply Itdo formulatof =aandf =0>

X = Xy

t s s

-|—/ (a(XtO) -I-/ Loa(Xz)dz-l—/ L'a(X>) sz>dS
to to to
t s s

+ / (b(Xto)+ / L°b(X.)dz + / le(Xz)sz)dWs
to to to

t t
= Xto -|— CL(XtO) / ds -|— b(XtO) / dWS -|- Rz
to to
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remainder term

t s t S
Ry = / / Loa(Xz)dzds—I—/ / L'a(X.)dW, ds
to Jto to Y 1o

t s t s
+ / / LOb(X.) d= dW, + / / L'b(X.) dW. dW,
to Yto to Y 1o
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e apply IO formulatof = L'b

p—

t t
Xt = Xto —|— CL(XtO)/ ds —|— b(Xto)/ dWs
to to

t s
+ L'b(X4,) / / dW, dWs + R3
tg Yto
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remainder term

t s t s
R3 = / / Loa(Xz)dzds—|—/ / L'a(X.)dW, ds
to Jto to Jto
t s
+/ / L°b(X.) dz dW,
to Y10
t s z
+/ / / L°L'b(X.,) du dW, dW,
tg Ytog Y19

t s z
-|-/ / / L'L'b(X,) dW,, dW, dW,
to Yto Y to

example for Wagner-Platen expansion
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e multiple ItO integrals

t
/ ds = t— to,
to

t
/ dWs = Wt - Wt07

to
t s
/ / dW. dW, =
to Yto

e remainder ternRs

((We = Weo)* = (t — to))

N | =

consisting of next following multiple & integrals

with nonconstant integrands
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Generalized Wagner-Platen Expansion
e expanding with respect to proceXs = { X, t € [0,T]}
e [t0 formula
o
f(t,Xt) — f(tO,Xto) + / 6_ f(vas) ds
to t

t a 1 t 82
—|—/1:0 %f(S,XS) dXs + E/to o2 .f(Sa Xs)d[X]s

guadratic variation

X, = [Xeo + / b (X,) ds
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e expand further

f(ta Xt) — f(th Xto)

-I-/{ f(to,Xto)-l-/ 52 () Xz) dz

1 9% 0
+ [ geg fe X aXe + [ T D (e Xe) dIX]. | de
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9 o)+ [P e x) s
ox ' V0o s, Ot 9T »E

/3
%/ {8 2f(t0,Xto)+/ 0z X.)d

s 93 s 54
—I_ / ox3 f(Z, XZ) dXZ +L % Oox4 f(Z,Xz) d[X]z} d[X]s

X.)dX. + / ! 683f(z,Xz)d[X]z}dXs

o 0,
= f(to, Xto) + Bt f(to, Xto) (t — to) + 9 f(to, Xio) (Xt — Xio)

+ 22 ta, Xug) (IX]s — [Xio) + Ry (tas )

123
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f(t Xt) — f(thXto)+ f(tO,Xto)(t_tO)

@© Copyright E. Platen

. if<to,xto> (X — Xio)
1 9?2
+ 2 92 f(thXto) ([X]t o [X]tO)

t s
Xto)/ / dXz ds
tg Y to
1 9°

3 r o Fto Xe) [ [Cax). as

8t8 f(to,XtO)/ / dz dX,

_I_
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62 t s
+ o2 .f(th Xto) / / dX.dXs
to Yto

;3833 f(t07Xto)/ / d[X]. dX

_|_% 8; 3f(to,Xto)/ / dz d[X]s
% f(to,xto)/ / dX. d[X]s
+i (to,XtO)/ / d[X]. d[X]s + Ry (to,t)
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Expansions with Jumps

e counting proces®N = {N¢, t € [0,T]}
e for right-continuous procesg

jump size
A Zt = Zt — Zt_

N; = Z A N,
s€(0,t]
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e measurable function
f:R—->R

—
F(Nt) = f(No) + Z A f(Ns)

s€(0,t]

consistent with b formula

p—

FNO = F(No) + | (f(Ne— +1) = f(INs-)) dN,
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e Mmeasurable function

A F(N) = F(N +1) — F(N)

—
f(N:) = f(No) + . ]Af(Ns—)st
= f(No) + ( ]Af(No)st
0,t
+ A (A f(Ns,—)) dNs, dNs,
/(Oat] Aoa32) ( ( ))
—

multiple stochastic integrals with respectid
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Engel (1982)
Platen (1984)
Studer (2001)

/ dNs; = N
(0]

1
/ / stl d.Z\TS2 — ?Nt (Nt — 1),
(0,t] /(0,s1) *

1
/ / / dNa; dNay dNay = 27 Ne (N — 1) (N — 2),
0,] J(0,81) J(0,52)

p

(V) for Ny > n
/ / / dNs, ... dN,_ _, dN,, = <
(0,t] v (0,s1) (0,5n) 0 otherwise
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fort € [0, T], where

n| 1-2-...-n - n!(i—n)!

<i>_z’(z’—l)(z’—Z)...(z’—n—l—l)_ i

fort > n
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e stochastic Taylor expansion

F(Nt) = f(No)+ A f(No) dN,

(0,t]

+ /0 t] /0 s2) A (A f(NO)) A AN+ a0

with

Rs(t) = / / / A F(Ns, _ ))) dN,, dN,, dN,,
0 'IJ] (0] 82) ,83)

p—

F(N)) = F(No)+ A f(INo) <Z‘1’> + & (A £(o)) (1\2’) + Ra(t)
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A f(No) = A f(0)= f(1)— £(0)

A(Af(No)) = £(2)—2f(1)+ f(0)

—
f(N:) = f(0)+ (f(1) — £(0)) N:

+(f(2) = 2£Q) + £(0)) 5 Ne (Ne — 1) + R (t)

for N <3 Rs3(t) equals zero
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Measuring Market Risk for Linear Portfolios

Primary Securities

-
Sy = (S,S‘”,...,S,@)
. . d .
ds\ = @ {rt dt + »  bl" (95 dt + th’“) }
k=1

j€{0,1,...,d}
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invertible volatility matrix

by = [bz,k].’cjl,kZI

market price for risk

0: = (9%7937703)1— :bt_l (at—rtl)

savings account

t
S,SO) = exp {/ T ds}
0
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Strategies and Portfolios

e Strategy
6 ={0: = (60,0¢,...,00) ", t€[0,T]}

e portfolio

d
S? = 887 =4S,

j=0
e self-financing

d
ds; =Y 6]dS{” =4 dS.

J=0
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e jth fraction
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e portfolio SDE

d
ds? = s¢ <rt dt + ) B5(t) (67 dt + de))

k=1

e portfolio volatility

d
Bs(t) = ) _ mj(t) bp"
7=0

din (S7) = (re + gs(t)) dt + Y B5 () AW}

k=1
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e portfolio net growth rate
- 1
ao(t) = > p5(t) (6F = 5 51 )
k=1
e growth optimal portfolio

d
ast = st ( a3 0% (0 dt + th’“)>

k=1
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General and Specific Market Risk
e each institution obliged to put aside sufficient capital asiffer for large losses
— regulatory capital

iInvestment bank, managed fund, insurance company or simikness

e market risk - risk of losing money from adverse movements of financial-mar
kets

— specificandgeneral market risk
Basle(1996a, 1996b)
Platen & Stahl (2003)
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e general market risk

risk exposure of the portfolio against the equity market ashale

e specific market risk

risk of holding an individual security within a portfolio weh is not covered by
general market risk
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e broadly based index
required by regulations for measuring general market risk

take world stock index —> general market risk

e particular portfolio - S?

correspondingpenchmarked portfolio

R S9
St = =%
S

— specific risk
efficient and natural separation of market risk

iInto general and specific market risk
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Coherent Risk Measures

Artzner, Delbaen, Eber & Heath (1997)

Follmer & Schiedt (2002)

A mappingpe is acoherent risk measuiié
(i) If X > 0,theng(X) < 0;
(i) o(X1 4+ X2) < o(X1) + o(X2);
(i) o(AX) =Ap(X) forA > 0;
(iv) o(a+ X) = o(X) — a foreach constani € R.
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() - natural negative sign for positive movements
(i) - subadditivity
(ii)) - positive homogeneity

(iv) - translation invariance

e there exist also convex risk measures
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Value at Risk

Basle (1996a, 1996D)
e strictly increasing distribution functiof’x

e (uantile function

Fx'(a) =inf{x € R: Fx(x) > a}

e «-(uantile
da = F)Zl(a)
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Value at Risk of a random return

Stya — St
X = 5
S

for a portfolio S¢ and a given levek € (0, 1) is

VaRq(X) = —F3'(a) 8¢

VaRq (X) = —ga S}

Use Wagner-Platen expansion to approximte
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e (Gaussian return
meanu = 0
variancev

go. denotes thex-quantile of a standard Gaussian random variable

—
VaRa (X) = —Ga Vv S

60,05 - —1645, 60,01 p— —2326
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e N

Figure 4.1: Gaussian distribution function.
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e VaR is not a coherent risk measure
under general circumstances

Artzner, Delbaen, Eber & Heath (1997)

e random return linear combination
of underlying risk factorsX, ..., Xg4
elliptical joint distribution
density is constant on ellipsoids
—

VaR (X)) is acoherent risk measure

Embrechts, McNeal & Straumann (1999)
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e in generalsubadditivity can be violated

risk capital assigned to a diversified position may be
bigger than the sum of the risk capitals allocated

e for optionVaR (S°(T)) can be misleading

e in practice if portfolio is diversified
and market model is realistic

subadditivity is likely

— VaR, coherent risk measure
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VaR for Conditionally Gaussian Random Variables
e conditionally Gaussian random variable
stochastic but independent variance

—  mixture of normals

o f % is x2-distributed withv degrees of freedom

—> X is Studentt with v degrees of freedom

e If v is gamma distributed

—> X isvariance gamma
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e If X is alinear combination of returns

d
X =Y niR,
=1
with
R;, = Z; \/E

Z; - standard Gaussian
v - independent random variance
—> Ri,...,Rgiselliptical

—— coherent risk measure
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e correlated conditionally Gaussianreturns

covariance matrix

D= {dff’e}d
J,£=1
D=bb'
Cholesky decomposition
. d
b — bﬂae
|: i|j,£=1

invertible matrix
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e return vector
R=(Ri,...,Rq) =+vbZ

correlated according t&y

R1,...,Rg4is elliptical
— representation

X =73 R=|ms b|&

weight vector
-
T = (71'2;[,...,71'?) € R

& normal mixture distributed scalar random variable
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with variancec? A

For Student distributed multivariate log-returns
& is Studentt distributed

@© Copyright E. Platen NS of SDEs Chap. 4 154



e VaR, (X)) is in this case @oherent risk measure
— internal risk measure for capital allocation

significantly simplifies the VaR calculation

VaRa(X) & —\/n] D s c VA oS!

—~

t~ - a-quantile of standardized normal mixture
distribution

S? - present face value of the portfolio

do - Standard Gaussiam-quantile

@© Copyright E. Platen NS of SDEs Chap. 4 155



e event factor

. i
Pa — =—
do
Platen & Stahl (2003)
—
VaRa(X) = —\/n] D5 c VA o B S

156

NS of SDEs Chap. 4
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e eventrisk
Basle(1996a, 1996b)

considerStudentt distributed log-returns
with v € {2, 3,4, 5,10}

— event factorp,

1 oo | 10 5 4 3 2
Goor | 1 |1.06[1.11|1.12|1.14|1.16

Table 1: Event factory,, in dependence on degrees of freedom
V.
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e extensivehistorical simulations
Gibson (2001)

—> average event factor ¢p.01 ~ 1.12
typical portfolios of US institutions
coincides exactly with the event factor that is obtainedfi@Studentt distri-

bution with four degrees of freedom

— supports alternative market model
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Internal Models

e internal modeldor calculatingregulatory capital
Basle(1996a, 1996b)

reduces the requireggulatory capital

e if the portfolio of an institution is not linear
but forms adiversified portfolio

—> approximately GOP

Fergusson & Platen (2006)

Studentt distributed
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Wagner-Platen Expansion for a BS Portfolio

Studer (2001)

Giannelli & Primbs (2001)

Black-Scholes dynamics &)

A S®

A A
/ . 5 ds{® + / . 5" ds{M
t t

t+A t+A
— / 5 8% ryds + / 5 v
t t

X ((rs + b1t 0Y) ds + bl dW;)
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~ (878 v+ 50 8P (e + 671 07) ) A

+ 61 sV plt AW

0

T 35®

~ ~ 1
50 500 50 s v L awiy - A

= AS®

Ath — Wt1+A — th
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Multiple Stochastic Integrals

e d-dimensional b equation

t m t )
X = Xq, +/ a(s, Xs)ds + Z/ b (s, Xs) dW?
to j=1 to

e equivalent Stratonovich equation
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Multi-indices

o = (j17j27°°°7j£)

where
Ji € {0717°'°9m}

fori € {1,2,...,£} andm € N is amulti-indexof length

L=4(a) eN
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e m - number of components of Wiener process

v - multi-index of length zero

l(v) =0

£((0,1)) = 2, £((0,1,0)) = 3

e n(a) - number of components of a multi-indexwhich equalo

n((1,0,1)) = 1,n((0,1,0)) = 2,n((0,0)) = 2
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e set of all multi-indices
M, = {(jl,jz,...,jg):jie{O,l,...,m},

ie{1,2,...,0}, for EEN}U{v}

e Givena € M,,, with £(ax) > 1,
—a Or aa— obtained by deleting
the first or the last component of, respectively.
—(1,0) = (0), (1,0)— = (1) and

—(0,1,1) = (1,1), (0,1,1)— = (0,1)
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o fora=(j1,J2, -+ Jr), @ = (31,32, .. .,32)

concatenation operations

o *x x = (j1,j2,---,jk7317327---732)

foraa = (0,1, 2) anda = (1, 3)

axa=(0,1,2,1,3) anda * o = (1, 3,0, 1, 2)
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Multiple It 6 Integrals

Let o andT be two stopping times

0<o<T<T

multi-indexa = (j1, j2, -+ -, Je) € Mm

J€Ha
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e multiple It O integral

p

fr for £=0

Ia(fJor = [) Ia—[f]o,s ds for £>1 and j, =0

ST Ia—[f]os dWE¢ for £>1 and je > 1

e inthecasefy =1

abbreviate I, - by I,
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Relationships between Multiple I© Integrals

e \Write

Wto — t
e relationship
forae = (J1yeevsJisJit1see-sJe)
. 4
Wg I(X,t — Z I(j19°°'9j'i7jaj'i-|—17"°’j£)’t
1=0
4

@© Copyright E. Platen

_I_ Z 1{.7'1,:.7¢0} I(Jl 7"-,ji—1 ’O’j'i,—|—1 ,"-’jl),t

=1

Ia,t = I []-]0,1;
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Hermite Polynomials and Multiple It © Integrals

Kloeden & Platen (1999)

e Hermite polynomials

Ho(z) = (—1)" ¢ & exp{—a?}
" B dx™ P

generating function

exp{2zx — z°} = Z H, (x) %
n=0 )
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e Mmonic Hermite polynomials

Ha(t, @) = (3)% H <—m )
Y 2 TA\V2t
e scaled monic Hermite polynomials
1 -
hn(t, ) = 1 n(t, )

forn € {0,1,...},z € R, t € (0, 00)
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— Hermite polynomials

3] i (9 )29
n(w)—n'z( 1)’ (2 x)

— !
= Jl(n—2j)!

forn € {0,1,...}andx € R

[y] - largest integer not greater thgn

—> scaled monic Hermite polynomials

[5]

(8 "’)_Z§ o m (3)
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with properties

0
% hn(t, .’IJ) = hn_l(t, .’B)
and
2
O hottyz) = -2 2 b (t,2)

ot 2 Ox2

forz € R, t € (0,00) andn € {1,2,...}
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e Fora = (j1,...59¢) = (0,...,0)
with j; = 0for< € {1,2,...,4}

t 89 )
Ia,t:/.../ dsl,,,dsezﬁ
0 0 .

e Fora = (jl,---,jﬁ) — (.777.7)
withj; =3 € {1,2,...,m}forz € {1,2,...,¢}

t S92 . . .
I+ = / .. / dngl .. .dVVgZ = he(t, W})
(0] 0
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Iy, = W/

1 i\ 2
I(.'jaj)at — 5 (Wt) - t

1 i\3 j

I(j’j7j)9t — a (Wt ) - 3 t Wt
1 J 4 J\2 2

I(j7j9j7j)’t — ﬂ (Wt ) — 61 (Wt ) -|_ 3t
1 : : .
L(5,5,5,3.9) .t B ((th) — 10t (W})® +15¢° th)

fort € [0,00),7 € {1,2,...,m}
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Multiple Stratonovich Integrals

stopping times
0<o<7T<T

[ g(T, X+) for £ =
Ja[g('aX')]g,‘r = < fQT J _[g(', X.)]Q,S ds for # Z 1, jg =0
| ST Jazlg(5, X )]ge 0 dWEE for £2>1, jo > 1
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Relationships between Multiple Stratonovich Integrals

Ja,t — Ja [1]0,1;

Wto — t

Let j1, ..., Je € {0,1,...,m} anda = (1, - .., Je) € M, Wheret € N.
Then

£
‘;‘fj — E ) ... )
t Jaat - J(Jl7---,Jia373i—|—1’-"’3£)’t

1=0

forallt € [0, T].
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Coefficient Functions

e oOperators

o a o 1 52
LO = — k b ,Jb 9.7
ot T k;a duk T 32 gzlgzl 9zk 9zt
d
o
17 = k,J
’;b oxk

je{1,2,...,m}
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e It O coefficient function

f for 1 =0

fa = .
L’r*f_o for 1>1

multi-indexa = (j1,- - -, je)
functionf : [0,T] X R — R
for f(t,x) ==

foy =a, fay = b, fa,1) =bb andfe,1) =ab + 3 b*b"’
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Stratonovich Coefficient Functions

e oOperators

forj € {1,2,...

@© Copyright E. Platen

ot €T
k=1
- d
7 =17 = bk’j
— kz::l oxk
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e Stratonovich coefficient function

f for =20

Lrf  for 1>1

fora = (g1,..-.,J¢)
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e Examples for Stratonovich coefficient functions

_ — pJ1 _ /
i(o) - @ i(jl) =b", i(o,o) =4aa,

f =ab’, f

— S /pJ1
=(0,J1) < (41,0) ab ?

— pJ1ipd2’
_(jlajZ) o b b ’

I(0’0’0) - Q (QQ// _l_ (g/)z), i(0,0,Jl) — g (g bgl// —I_ legl,) ’

i(o,jl’o) —a (g/lbjl —I—g,bjll), i(jl’o,o) — bjl (QQ" 4+ (Q,)2>,
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f

_(07j1 7j2)

—a (bjlbjz” + bjl,bj2,>, i — bjl (ijl’/ +Q,bj1’>,

(jl 309j2)

— bjl (Q,’bjz 4 Q/bjzl)’ f

_(.71 aj2 ’.'j3)

— bjl (bjzbjsﬂ 4 bjszj3’>,

_(.71 3.'j2 ’O)

Wherejl,jz,j3 c {1, 2,... ,m}
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Hierarchical Sets

We call a subseA C M,,, ahierarchical setf

A£0

sup £(a) < oo
acA

and
—a € A foreach a € A\ {v}.

Examples:

{v}, {v,(0), (1)}, {v,(0),(1),(1,1)} are hierarchical sets
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Remainder Sets

For a given hierarchical set

B(A) ={aeM,,\A: —a € A}.

Remainder setconsists of all of the next following multi-indices with @t to the
given hierarchical set.

Examples:

Whenm = 1 then
B({v}) = {(0), (1)}
and

B ({v, (0),(1)}) = {(0,0),(0,1),(1,0),(1,1)}
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General Stochastic Taylor Expansion

Wagner-Platen Expansion

Theorem 4.1 (Wagner-Platen)

Let o and T be two stopping times with

0 <o(w) <7(w) < T,

a.s., A C M,,, ahierarchical set

and f : [0, T] x R* — R a sufficiently smooth function, then we have

f(r,Xe) = ) Lalfa(e, X)), + D Talfal X)), .-

acA aeEB(A)
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Example

d=m=1

for function f(t, ) = =,

timespo=0,7 =t

hierarchicalset A = {a € M, : £(a) < 3}
drift  a(t,x) = a(x)

diffusion coefficient b(t,x) = b(x)

dXt = a (Xt) dt —|— b(Xt) th

p—

Wagner-Platen expansion in the form:
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X: = Xo+alp +bln + (a a’ + %bza") Io,0)
+ <a b+ % bzb”) To1) +ba'I;0) +bb' I 1
+ [a (a, a’’ + (a')2 +bba” + % b2a'"> + % b? (a a’”’ +3a'a”
+ (') +bb")a” +2bb'a”’) + % b4a(4>} 10,0,0)

—I— [a (albl —I— abll —I— bblbll —I— % bzbl/l) _I_ %b2 (a/lbl —I— 2albll

+ab” + (b)) +bb")b" +2bb'b" + % bzb(4))] I(0,0,1)

@© Copyright E. Platen NS of SDEs Chap. 4 188



+ |a (b'a’ +ba”) + % b? (b”"a’ +2b'a” + ba"')} I(0,1,0)

4+ |a ((b/)z + bb//) + % b2 (b//b/ + 2 bb// + bb///):| I(0,1,1)

+b(a’d’ 4+ a”b) I1,1,0) + b ((0)* +bb”) I1,1,1) + Re

1

+b(aa” + (a’)? +bba” + 2 szL"') I(1,0,0)

+b(ab’ +a't +bbb" + % bzb”’> I(1,0,1)
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Examples for Wagner Platen Expansions

e \asicek interest rate model

d’l”t :’Y(F—Tt)dt—FBth

fort € [0,T],70 > 0
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e hierarchical set

A={ae M;: l(x) < 3}

t2
Ty = ro+7(F—ro)t+BWt—’72(’?—"‘0)5
t 3 t3
—67/ Wsds + v ('F—'ro)g
0

t D)
+ﬁ72// W, ds1 ds2 + Rg
0 0
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e Black-Scholes dynamics

dSt = St (CL dt —|— O'th)

fort € [0,T],So >0

e \Wagner-Platen expansion

hierarchical set

A={ax€M: £La) <3}
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IS given by

t2
St = S() (1 —I— at—l— O'Wt —|— CL2 5 —|— CLO’(I(O,l) —I— I(l,O))

2 1 3 t°
TOo 5((Wt) t)+a 6

+ado (L(0,0,1) + L(0,1,0) + I(1,0,0))

+aoc? (Le0,1,1) + I(1,0,1) + L(1,1,0))

Q| =t

+0° = (W)® — StWt)>

+ Re
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e relationship

tWy = Iy Ia) = Lo, + Ia,0)
t2
Wi 5 = I1y I0,00 = I(0,0,1) + L(0,1,0) + L(1,0,0)
1 2
t5 (W) —t) = I Ian = Toan + Iaen + Ia0
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e \Wagner-Platen expansion

2

S, = So(l—l—at—l—aWt—I—a2%—|—aatWt

3 t2

((Wt) )—|—a ——|—a O'Wt—

N‘QN

@II—‘

(W)* —t) + o

Nlﬂ-

(W)? — StWt)) + Rg
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e squared Bessel process

dX: =vdt + 2v X dWy

fort € [0,T] with Xo > 0
hierarchical set

A={ae M;: l(a) <2}
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e \Wagner-Platen expansion

Xt — Xo—|-(l/—1)t—|—2\/XOWt
L= M aw + (W) + R
XO o s t
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Stratonovich-Taylor Expansion

(Kloeden-Platen) p andT stopping times
0<o<7<T, f:[0,T] Xx R* = Rand

A C M, hierarchical set, then

+ Z Ja [ia(vx)}

aEB(A)

fr,X) =3 Ja £, (e, X0)]

o,T
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e example Stratonovich-Taylor expansion

X: = Xo+ado +bJay+aa Jo,e +ab Jo,1)+ba' Ja,0
+bb'Ja,1) +a(aad” + (a)?) Je,00 + a(ab”’ +a'db’) Jo,o1)
+a (Q”b + Q’b’) Jo,1,00 + b (QQ” + (Q,)2) J(1,0,0)
+a (bb” + (b)) Jo,1,1) + b (ab” 4 a'd’) Ja,0,1)

+b (a”b+ a'b’) Ja,1,0) + b (0" + (b)%) J1,1,1) + Rr
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Moments of Multiple It 0 Integrals

First Moments

ac My \ {v}withf(a) #n(a)

E (Ia[f],. ‘Ag) —0
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Estimates of Higher Moments

oa €M,
1
2q q
(E (\Ia 9.1, A))
L) —n ()
< (22 -1)€") (T — @)V Ry,
where
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e truncated Wagner-Platen expansions

Xi(t) = Z I [fa(O, XO)]o,t

acA\g

hierarchical set

A ={a e M., : b(ax) + n(a) <k}

under appropriate assumptions

| jab}

S. 1. a.s.
Xt kli{go X (t) = Z I [fa(O,XO)]o,t

aEM .,
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Exercises of Chapter 4

4.1 Use the Wagner-Platen expansion with time increntent> 0 and
Wiener process incrememV;, ., — Wy, In the expansion part to ex-
pand the incremenX;, ., — X, of a geometric Brownian motion at
time tg, where

dXt — Cl,Xt dt —|— bXt th.
4.2 Expand the geometric Brownian motion from Exercise 4.h soat all

double integrals appear in the expansion part.

4.3 For multi-indicesx (0,0,0,0), (1,0,2), (0,2,0,1) determine
—a, a—, (o) andn (o).

4.4 Write out in full the multiple i stochastic integral$o,0),¢, L(1,0),t
I(]-’]-),t andI(laz)at'
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4.5 Express the multipledtintegrall o 1) interms ofl(y), I(gy andI g).

4.6 Verify thatl(y o), Is Gaussian distributed with

3
E(I1,0,a) =0, E((Ia1,0,a)%) = 3’
A2
E(I(lao)aA I(l)aA) — 7'

4.7 Forthe casd = m = 1 determine the & coefficient functionsf(4 o)
andf,1,1)-

4.8 Which of the following sets of multi-indices are not hietacal sets:
0,{(1)},{v,(1)},{v,(0),(0,1)}, {v,(0),(1),(0,1)} ?
4.9 Determine the remainder sets that correspond to thertincal sets

{v, (1)} and{v, (0), (1), (0,1)}.
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4.10 Determine the truncated Wagner-Platen expansion attin O for the
solution of the |6 SDE

dXt = (L(t, Xt) dt —I— b(t, Xt) th
using the hierarchical sed = {v, (0), (1), (1,1)}.

4.11 Inthe notation of Sect.4.2 where the componrehtdenotes in a multi-
index a a jump term, determine fax = (1,0, —1) its length4(«),
its number of zeros and its number of time integrations.

4.12 For the multi-indexx = (1,0, —1) derive in the notation of Sect.4.2

— .
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5 Introduction to Scenario Simulation

Discrete Time Approximation

O=m0 << << <1n=T

one-dimensional SDE

dXt pm— a,(t, Xt) dt —I— b(t, Xt) th
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e Euler scheme

Euler-Maruyama scheme

Maruyama (1955)

Yit1 = Yo + a(mn, Yn) (Tnt1 — ™) + b(Tn, Yn) (Wr, ., — W-,,)

Yo = Xo,

An — Tn4+1 — Tn
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maximum step size
A = max A,

ne{o,1,...,N—1}

e equidistant time discretization

Th = N A

P
3
|l
>
|
25
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e Euler approximatiomecursively computed

e random increments

AWn — Wq- — Wq-

n4+1 n
forn € {0,1,...,N—1}

Wiener process
W = {W;t € [0,T]}

Gaussian distributed

mean
E (AW,) =0

variance
E ((AW,)?) = A,
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Gaussian pseudo-random numbers generated

e abbreviation

| = f(TnaYn)

Euler scheme
Yn—l—l — Y'n _I_ aA'n _I_ bAWn,

discrete time approximations
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Interpolation
e discrete time approximation
stochastic process d0, T']

piecewise constant interpolation

Y;;:Ynt

fort € [0, T]

ny = max{n € {0,1,...,N}: 7, <t}

largest integef: for which r,, does not exceetl
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e linear interpolation

Y: = Ynt + (Y’nt+1 - Ynt)

Tni+1 — Tng
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Simulating Geometric Brownian Motion
e illustrate scenario simulation

standard market model as geometric Brownian motions

dXt — CLXt dt—|—bXt th
fort € [0,T], Xo >0

e drift coefficient

a(t,x) =ax

e diffusion coefficient
b(t,x) =bx
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e appreciation rate a

e Vvolatility b #0

explicit solution

Xt = Xoexp <<a— %b2> t-|-bWt>

e Wiener process
W = {Wta t € [OaT]}
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Scenario Simulation

e simulate trajectory of Euler approximation

1. initial valueYy = Xo

2. proceed recursively
Yn—|—1 — Yn _I_ aYn An _I_ an AV‘/"n

forn € {0,1,...,N—1}

AW, = W_ — W-

n

n—+1

@© Copyright E. Platen NS of SDEs Chap. 5 215



e comparison with explicit solution at time,

1 n
X+, = Xoexp <<a -3 b2> Tr + bz Aw._1>

=1
forn € {0,1,...,N—1}
Euler approximation
mathematically another new object
different
negative ?

alternative ways ?
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Figure 5.1. Euler approximations fak = 0.25 and A = 0.0625 and

exact solution for Black-Scholes SDE.
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Strong Approximation

e not specified &riterion for classification

e Scenario simulation
approximates paths

testing ofcalibration methods
statisticalestimators

filtering
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e Monte-Carlo simulation
approximateprobabilities
functionals
simulatesexpectations
moments
prices of contingent claims

or risk measuresas Value at Risk
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Order of Strong Convergence

e absolute error criterion
e(A) =FE (|XT — YTAD

A discrete time approximatiol © converges strongly with ordey > 0 at time
T if there exists a positive constaét, which does not depend afd, and ado
> 0 such that

e(A) = E (‘XT _ YTAD < CAY
for eachA € (0, do).
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Strong Taylor Schemes
e useWagner-Platen expansions

appropriate truncation

e operators
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and

foryg € {1,2,...

@© Copyright E. Platen

k=1
, m}, where
1 m
k__ k1 J pks3
a =a > Z_ b
J=1
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e multiple It O integrals

T = [ T awi .. awis
(J1s--0de) — sp **° Y

n n

e Mmultiple Stratonovich integrals

Tntt o2 j W
. . J— ‘47 1 L
J(Jl,...,gz) — [ ] [ ] [ ] / Od Sl [ ] [ ] [ ] Od Se
Tn

Tn

for j1,...,79¢ € {0,1,...,m}, € € {1,2,...}
andn € {0,1,...}

forallt € [0, T]
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e [t0 SDE
dX: = a(t,X.)dt + > b’ (t, X;) dW}
j=1

e equivalentStratonovich SDE

dX: = a(t, X:) dt + > b (t, X:) 0 AW}

j=1
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Euler Scheme

simplest strong Taylor approximation
order of strong convergeneg—= 0.5
ed=—m=1

Euler scheme
Yot1 =Y. +aA+bAW

A = Tn4+1 — Tn

AW = AW, = W

n+1 _WT

n

N (0, A) independent Gaussian distributed
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e multi-dimensional Euler scheme

m = landd € {1,2,...}

kth component

Yo =Yy +a"A+b" AW

fork € {1,2,...,d}

a=(a',...,a*)" andb= (b',...,b%) "
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e general multi-dimensional Euler scheme

dme{1,2,...}

Yoiyr =Y, +a" A+ ) b7 AW
j=1
AW?! =W} — Wi

N (0, A) independent Gaussian distributed
AWIt andAW?72  independent fofj; # jo
b=[b"]wT dXm-matrix

truncated Wagner-Platen expansion

@© Copyright E. Platen NS of SDEs Chap. 5 227



Theorem 5.1  Suppose that we have initial valudg andYy = Y~ such that
E (|Xo|*) < oo

and
1

A12) 2 N
E ‘XO—YO < K1 A2,

Furthermore, assume the Lipschitz condition

la(t, z) — a(t, y)| + [b(t, ) — b(t,y)| < K2 |z —yl,

the linear growth condition

la(t, z)| + |b(t, z)| < Kz (1 + [z])
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and
la(s, z) — a(t,z)| + |b(s, z) — b(t,z)| < Ka (1 + |z|)|s — t|2

forall s, t € [0, T] andx, y € R%, where the constant& 4, . . ., K4 do not depend

onA. Then the Euler approximatioXf ® converges with strong ordey = 0.5, that
IS we have the estimate

A 1
E(|XT—YT D < Ks A2,

where the constank’s does not depend oA.
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A Simulation Example

e Black-Scholes SDE

dXt p— [LXtdt+JXtth

e exact solution

0_2

X1t = Xo exp{(u—;) T—I—a'WT}
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absolute error
e(A) = E(| X — Y&')

default parameters:

Xo=1,u0=0.06,0 =0.2andT =1
5000 simulations

fitted line
In(e(A)) = —3.86933 4 0.467391In(A)
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Figure 5.2: Log-log plot of the absolute erre(A) for an Euler Scheme
againsin(A).
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Milstein Scheme

Milstein (1974)

e Milstein scheme

d=m=1

Yni1 =Y, —|—aA—|—bAW—|—%bb’{(AW)2 — A}

orderv = 1.0 of strong convergence
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e multi-dimensional Milstein scheme

m =1andd € {1,2,...}

k
Yo =Yy +a* A+ " AW—|—<Zb£8b ) {(AW)? — A}

oxt
=1
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e general multi-dimensional Milstein scheme
dme {1,2,...}

kth component

Yo =Y, +a® A4+ D> b Aaw? + Y LI, 4,

j=1 Ji,J2=1

ItO integralg(ﬂ'l ,J2)

e alternatively

Yori =Y, +a" A+ ) v™AwW? + > L7720, )

j=1 Ji,J2=1
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Stratonovich integrald;, .;,)

j1#J2 Jiu,j2 € {1,2,...,m}

R Ji J2
J(jl,jz) — I(jl,jz) — / / dWS2 dWsl

T n

cannot be simply expressed ByWJ* and AW?72

i = 5 {(AW)” — Al and Jg, 5 = (Ale)z

DN | =
DN | =

forj» € {1,2,...,m}
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Commutative Noise

e commutativity condition

. k,j . k,j
LJlb J2 :szb J1i

forall j1,72 € {1,2,...,m}, ke {1,2,...,d} and
(t,x) € [0, T] x R

e satisfied for Black-Scholes SDEs

additive noise

single Wiener process
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e Milstein scheme under commutative noise

qu—|—1 = Y,’f -|—gk A+ i b*I AW _|_% i le bFI2 AWIL AWI2
j=1 jl’j2=1

fork € {1,2,...,d}

no double Wiener integrals
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A Black-Scholes Example
e correlated Black-Scholes dynamics

d=m =2

e first risky security

dX{ = Xi [rdt+ 60 (6" dt + dW}) + 6%(6° dt + dW2)]

= X2 |(r 5 (097 + (69)7)) a

+0'odW! +6°%0 dWE]
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e second risky security

dX; = Xi[rdt+ (0" —o"') (0" dt + dW,)]

= X7 ('r + (0" —o™h) (% o' + %a'l’l)> dt

+(0' — ") o dW,}]
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Ilpl2 — 22: bl 38k b2 = o' X} 6
k=1 L
2 o
Z ko2 pll — 12 plit
k
b ox
and
2 o 2 9
Il p22 — pko1 p22 — 0 — k-2 p2l — [2p2t
kz::l oxk kz::l oxk

—> commutativity condition satisfied

— Milstein scheme :

241
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((61)% + (0*)*) A+ 6" AW 4 62 AW?

N | -

Yoj1 = Yo +Y, (r+

+2 (62 AWY)? + (01 (AW?)? + 6" 0> AW AW2>

Yot = Y, +Y,; ((r — % 0* — o) (6" + 0'1’1)> A

_l_(el . 0_1,1) AWl _|_ % (91 . 0_1,1)2 (AW1)2>

( may produce negative trajectories )
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A Sguare Root Process Example

e square root process of dimension

dX; = %n (% _ Xt> dt + v/ X; AW}

on%foru>2

e Milstein

Yn_|_1:Yn+%n(%—Yn>A—|—\/YnAW—|—i(AW2—A)
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Figure 5.3: Square root process simulated by the Milsteinmreehe
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Approximate Double Wiener Integrals

Forji # j2 with j1, 52 € {1,2,...,m} approximate

J(jl,jz) — I(jl,jz) by
JP N Yy . . . .
(31,42) — 5531532 + v/ 0p (NJLP Ejz — Mijo,p 531)

-4 % zp: % (le,r (\/§£j2 + "7.7'2,7‘) — Cjz,r (ﬁg:jl + "73‘1,7"))

r=1

where
P

1 1 1
gp_12_27rzzr_2

r=1
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£j’ l’l’jap’ 'r’j,'r andCJ,'p

independentV (0, 1)

1 .
= —— AW
= VA

forje {1,2,...,m},r€ {1,...p}andp € {1,2,...}if

K

PZP(A)ZZ
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Convergence Theorem

FE <|X0|2> < o0

oy b )
E )XO—YO‘ < K1 A2
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la(t,z) —a(t,y)| <

b (¢, 2) — b7 (t,y)| <

LI (@) — L ()| <
la(t, z)| + ‘Ljﬁ(taw) <
e m)) 4 (y'bjz t,z)| <
‘Lijlbjz t,z)| <
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K |z — y

K |z — y

K> |z — y

Kz (1 + |z|)
Kz (1 + |z|)

Kz (1 + [z|)
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and

Ka (14 |o])|s —t|2

IA

|Q(37 iB) — Q(t? w)

b1 (s, @) — b (tz)| < Ka (1+|2|)|s—t3

’lebjz(s,w) _ lebjz(t, iB) < K (1 i |£B| ) |S . t|%

foralls,t € [0,T], =,y € R% j € {0,...,m}andji, j2 € {1,2,...,m}.
Then the Milstein scheme converges with strong orgdet 1.0

E ()XT _ YTAD < K5 A.

Kloeden & Platen (1999).

@© Copyright E. Platen NS of SDEs Chap. 5 249



A Simulation Study

-5l
S _gl
(0 |
2 -7
© |
) j
I_8_
- |
S |
_I L
-9 |
-4 3 2 a1 o
Log -dt

Figure 5.4. Log-log plot of the absolute error against lagpssize for a
Milstein scheme.
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e linear regression

In(e(A)) = —4.91021 + 0.95 In(A)
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Order 1.5 Strong Taylor Scheme
e simulation tasks that require more accurate schemes

extreme log-returns

¢ including further multiple stochastic integrals

e order 1.5 strong Taylor scheme

d=m=1

@© Copyright E. Platen NS of SDEs Chap. 5

252



Ynt1 = Yn—|—aA—|—bAW—|—%bb'{(AW)2—A}
/ 1 / 1 2 N 2
+ a bAZ+§(aa —|—§b a )A
-|—<ab'-|—%b2b">{AWA—AZ}

+ % b(bd" + (b')?) {% (AW)? — A}AW
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e double integral

Tn+4+1 S2
AZ = I(l,O) = / / dWsl d82

Gaussian

E(AZ) =0

E((AZ)%) = ;A®

E(AZ AW) = %Az
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e two independeniV (0, 1)

U1 and Uz
—

AW =U; VA, AZ =

DN | =

3 1

e triple Wiener integral

1 (1
I1,1,1) = 2 {g (Avvl)2 - A} AW

scaled monic Hermite polynomial

@© Copyright E. Platen NS of SDEs Chap. 5 255



e multi-dimensional order 1.5 strong Taylor scheme

de {1,2,...}andm =1

Yo, = Yo +a"A4+b" AW
-|-%L1 b* {(AW)? — A}Y+ L' a* AZ
—|—L°b’“{AWA—AZ}—|—%LOa’“A2

—|—%L1 L' b* {% (AW)? — A} AW
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e general multi-dimensional order 1.5 strong Taylor scheme
d,me {1,2,...}
Yo, =Yy +a"A+ %LoakAz

+ > (AW 4+ LOb* Io,5) + L7 a” I(5,0))

i=1

. k,j . . k,j
_|_ Z L.71 b J2 I(jl,jz) _|_ Z L.71 L.72 b J3 I(jl,jz,jg)

Ji,J2=1 J1,J2,33=1

In case of additive noise simplifies considerably

strong ordery = 1.5
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Approximate Multiple Stochastic Integrals

Let €.7’ Cj917 e Cjap’ njyl, ey njap’ l’l’j’p and¢3’p
be independeni (0, 1)
for j, 1, 72,73 € {1,2,...,m}andsome € {1,2,...}

set

I = AW’ = VAY;, I, =5A (VAéa' + ag’,o)

1
2

with

ajo = ———— Z Ci,r — 2/ A Qp Kj,p
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where

1 1 <1
@0 = 19 7 2x2 7; r2
: 1 :
Log = AW A = I, Iy =g {(Awg)z - A}

1 (1 - .
IG5 = 3 {g (AW?)? — A} AW

1 1
IP = 5 A& &z — 5 VA (&1 az0 — & aj,,0) + A7 . A

(J1,32) = 9 J1,J2
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Order 2.0 Strong Taylor Scheme
e use Stratonovich-Taylor expansion

d=m=1

Y11 = Yn—l—gA—l—bAW—l—%bb’(AW)z—l—bg’AZ
aa’ A° +ab'{AW A — AZ}

N AW + =1 (bbY)) (AW)?
b(bb) (AW)® + b (b (bb)) (AW)

+a (bb") Jwo,1,1) +b(ab) Ja,e,1) +b(ba’) Ja1,0
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Approximate Multiple Stratonovich Integrals

AW =JF, = VA

AZ = Jf’l,o) — - A (\/Z ¢1+ al,o)

N | =

(101) ACI__Aalo_l_ A2Clb1_A Bi)l

1 3
J(po,1,1) = 31 A (3 —2—A2 ¢1b1+ A% BY _ZA2 aio 1+ A° Cin

J€1,1,0)=31AC1+ Aa10_2—A C1b1‘|' Azalocl_A Ciy
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with

@© Copyright E. Platen

ai,o — ——
r=—1
1 1 < 1
T 12 272 ; r2
P11
b1 = > S me+ VAo d1p
r=1
2 p
T 1 1
P = 180 2n2 ;74
1 1
2 2
Bf,l 472 Z ,r,_2 (g]—a"’ + ’r’]-’"")
r=1

NS of SDEs Chap. 5
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and
P

1 T 1 l
C?,=— Y s (T — =
1,1 27T2 T‘2 _ l2 (l 519 517‘6 ,r. T’la nl,ﬂ)

r,l=1
r#l

C1, €1,0 M1,ry p1,p ANd1,, ~ N(0,1) i.i.d.
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Multi-dimensional Order 2.0 Strong Taylor Scheme

m=1

Yo, =Yy +a"A+b"AW + %y b* (AW)? +L'd* AZ
+ %Logk A% + L°b" {AW A — AZ}

LlLllek (AW)4

_I_

1 1.1,k 3 1
70

+ L°L'b" Jo,1,1) + L'L°b" J(1,0,1) + L'L'a" J(1,1,0)
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e general multi-dimensional order 2.0 strong Taylor scheme

Y, = Yy +a” A+t L0 a® A?

+ > (bk’j AW? + L°b"7 J 0,5y + L’ a” J(a‘,O))

+ Z (lebk’jzj(jl,jz)+L0lebk’j2J(o,j1,j2)

j17j2=1

—I_leLobk,jz J(Jl 70aj2) + LJlLJsz J(Jl 7j2 a0)>

Jryizpkas ¥ . . .
+ E: L™ L7207 J(51,52,5s)
J1,J2,33=1

—I_ Z LJIszLgs bk,j4 J(Jl »J2 aj37j4)

J1,32,33,Ja=1
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Convergence Theorem

e hierarchical set

.qu{ae./\/l: () +n(a) < 2+ or E(a)zn(a):'y—l—%}
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e order ~ strong Taylor approximation

acAy\{v} e

5t [fe (2]

ac Ay

Tng ot

for~ € {0.5,1.0,1.5,2.0,...}

stochastic interpolation
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Theorem
Y2 = {Y,®,t € [0, T]} order~ strong Taylor approximation

~ € {0.5,1.0,1.5,2.0,...}

|fa(t7 ZB) _ fa(tay)| S K |$ - yl

foralla € A, t € [0, T] andz, y € R,

f-a €CY® and fa € Ha

foralla € A, U B (A,) and
|fa(t,x)| < K2 (14 |z])
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foralla € A, UB(A,),t€[0,T] andz € R*. Then

»

< K3 (1 + |X0|2) A? + K, ‘Xo — Y&

FE sup |Xt — YtA
0<t<T

2
’

whereK;, K2, K3, and K4 do not depend oir\.
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Derivative Free Strong Schemes

e similar to Runge-Kutta schemes for ODEs

Explicit Order 1.0 Strong Schemes

Platen (1984)

d=m=1

Ynt1 =Y, +a,A+bAW+7 {b(Tn, Tn) — b} {(AW)? — A}

with supporting value
Y,.=Y,+aA+bVA
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e Mmulti-dimensional Platen scheme

m=1

Yo, = Yo +a"A 46" AW

1

4+ W (bk’(rn, Y.) — bk) ((AW)* — A)

with the vector supporting value

Y,=Y,+aA+bVA
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e general multi-dimensional case

Yoy, = Yo +a"A+ ) ™7 Aw?

i=1
1 ki _ L

+= 2 (b 2 (Tnvﬂf) —b ’32)10'1,3'2)

A J1,J2=1

with
Y =Y,+aA+b VA

forj e {1,2,...}
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e commutative noise

l\DIl—l

Yfr’:-l-l — Ynl,c + Qk A + f: ( o3 Tna T’n) + bk’j> AW

with
Y., =Y, +aA+ ijAWj

i=1

strong ordery = 1.0

@© Copyright E. Platen NS of SDEs Chap. 5 273



In(e(A)) = —4.71638 + 0.9461121n(A)

Log -Strong Error
2

-4 3 2 1o
Log -dt
Figure 5.5: Log-log plot of the absolute error for a Plateresaé.
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e two stage Runge-Kutta methody = 1.0
m=d=1

Burrage (1998)

ar = Yot (a(%) +3a(5) 2

(b(Yy) + 3b(Y,)) AW

| =

_|_

with
Y, =Y, + g (a(Ya) A + b(Y,) AW)
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Explicit Order 1.5 Strong Schemes

Platen (1984)
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1
2vV A
1

+5 (a(T+) +2a+a(¥-)) A

Yp41 = Yo +bAW + (a(T+) _ a(T_)) AZ

+ ﬁ (5(F+) —b(T1)) ((aW)? - A)
n i (b(T+) —2b+ b(T_)) (AWA _ AZ)
+ o (B(@4) = b(@_) = b(T1) +b(T 1))

X (%(AW)2 — A) AW
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e orderl.5 Platen scheme

Yoy, = Yo +a"A+ ) ™ AW
j=1
1 ™m ™m ) .

4 Z Z (bkﬂz (T.’_I|_1) . N k,j2 (Tﬂl) )I(jl,jz)

2v A J2=07j1=1

1 m ™m ) _
+ — Z Z (bkz,gz (T.zl_l) opkidz | pkd (T‘n))I(o,jz)

J2=071=1

1 — k,js [ &51.7 kyjs (&1
tox O (B (@) -t (80

Ji1,J2,33=1

— b (T“) + b7 (Tj—l)) I(j1,52.33)
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with

and

where we interpreb®° asa®
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A Simulation Study

—*¢— Eul er
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Figure 5.6: Log-log plot of the absolute error for variou®sty schemes.
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Method CPU Time

Euler 3.5 Seconds
Milstein 4.1 Seconds

1.0 Strong Platen 4.1 Seconds
1.5 Strong Taylor| 4.4 Seconds

Table 2: Computational times for various strong methods.

500000 time steps
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Numerical Stability

e ability of a scheme to control the propagation
of initial and roundoff errors

e numerical stability has higher priority than
a potentially high strong order
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Deterministic A-Stability

e One-step method

Yn—|—1 — Yn _I_ \I’(Tny Yn, Yn—|—1, A) A

ordinary differential equation

dt = a(t,x)

a(t, x) satisfies Lipschitz condition
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e numerically stable

If there exist positive constan’&, and M such that

Yy, — Yo| < M |Yo — Yo

nE{O,l,...,N},A<Ao

and any two solutiony”, Y
corresponding to the initial valudg Yo, respectively

e asymptotically numerically stable
If there existA and M such that

lim |Y, — Yn| < M |Yo — Yo|

77— 00

—~

forany twoY,Y
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e test equation

with A € R
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numerical scheme in recursive form

Yoi1=GAA)Y,

e A-stability region:

thosel A € R for which

IG(IANA)| <1
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e explicit Euler scheme

Yn—l—l — Y'n, ‘I‘ a(tn7 Yn) A
Yoi1i = (14+AA) Y,

A-stability region

open unit interval centered at1 and ending at O since

GAA) =1+ A4

@© Copyright E. Platen NS of SDEs Chap. 5 287



0.5/

1l

Figure 5.7: Region ofA-stability for the deterministic Euler scheme.
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e implicit Euler scheme

Yn+1 — Yn 'I‘ a(tn—|—17 Yn—l—l) A
Yn—l—l — Y’n + AA Yn—|—1

(1 —=AA)Yni1 = Yn

1
GAA) = 1—AA
1

exterior of an interval with center atbeginning at O

e scheme is calledi-stable If it covers at least the left half axis
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Stochastic A-Stability

e test equation

dX: = AX¢dt + dWy

AER
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e discrete time approximation

Yni1i = GA*ANA) Y, + Z,,

Z,, does not depend o¥p, Y1,..., Yn, Ynt1
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e A-stability region

real numbers\A for which

IGA(AA)| < 1

If A-stability region covers left half of the real axis

— then A-stable
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Drift Implicit Euler Scheme

e drift implicit Euler scheme
strong ordery = 0.5

d=m=1

Yn—l—l =Y, + a (Tn—|—17 Yn—|—1) A + b AW

@© Copyright E. Platen NS of SDEs Chap. 5 293



e family of drift implicit Euler schemes

Yot1 =Yn +{aa(th+1,Ynt1) + (1 —a)a} A +bAW

degree of implicitness « € [0, 1]
fora =0 explicit Euler scheme

fora =1 drift implicit Euler scheme
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e general multi-dimensional

family of drift implicit Euler schemes

Yo = Y.+ (akzak (Tn+1, Ynt+1) + (1 — ax) ak) A

+ i b AW

j=1

ar € [0,1], ke {1,2,...,d}
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e for test equation

Yyi1 = Y + (aAYn+1 +(1— a))\Yn)A + AW,

Y1 =G *AA) Y, + AW, (1 —aXA)™?!

transfer function

G'AA)=(1—aXA) 'QA+ 1 —-—a)AA)
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Y., corresponding discrete time approximation that startsiai value Yo

Yni1 — Yy = G*(\A) (Yn — Ya)

(G*(AA))™ (Yo — Yo)

as long as
IGA(AA)| < 1

the initial error(Yo — Yp) is decreased

2

fora > A-stable

1
- 2
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Drift Implicit Milstein Scheme

d=m=1

e [tO version

1
Yot1 = Yo+ a(Tns1, Yat1) A+bAW 4 2 bb’((AW)2 _ A)
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e Stratonovich version

Yn_|_1 = Yn —|— Q(Tn_|_1,Yn_|_1) A —|— bAW —|— %bb,(AW)z

adjusted Stratonovich drift a =a — b b’

both schemes are different
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e multi-dimensional case with = m € {1, 2, ...} andcommutative noise
Yo = Yo+ {Oﬂk: a® (Tnt1, Yng1) + (1 — o) ak} A

+ f: b7 AW?

j=1

1 : : : :
+ 5 Z 171 bka.72 {Awal AWI2 _ 1{j1=j2}A}

jl ’j2:1

Yot Y, + {ak: a” (Tnt1, Ynig1) + (1 — ak)gk} A

+ Z bk’j AWJ + % Z le bk’jzAW‘jl ijz
j=1 J1,J2=1

@© Copyright E. Platen NS of SDEs Chap. 5 300



e general drift implicit Milstein scheme

ItO version

Yo = Y.+ (akz a® (Trnt1; Yot1) + (1 — o) ak)A

+ Z bk,j AWj T Z lebk,h](jl,jz)

j=1 Ji,J2=1
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Stratonovich version

Vi = Y5+ (ana® (Tats, Yora) + (1— ax) a*) A

+ Z b™? AW? + Z lebk’h‘](jl,jz)

j=1 Ji,J2=1

ar € [0,1]fork € {1,...,d}

multiple stochastic integralk;, ,;,) andJ;, ,j2)
approximated
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Drift Implicit Order 1.0 Strong Runge-Kutta Scheme

d=m=1

Yn—|—1 = Y, +a (Tn-|—17 Yn-|—1) A+ bAW

1

b (b T) = 1) (AW - )

with supporting value

Y=Y.+aA+bVvVA
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e family of drift implicit order 1.0 strong Runge-Kutta schem es

Yn’?-|-1 = Y+ (ak a(Tnt+1s Yn+1) + (1 — ak) ak) A

+ > b AW?
j=1
+ —1A Z (bk},j2 (Tna Tgml) bk,j2) I(jl,jz)

with
Y =Y,+aA+b VA

forj e {1,2,...,m}
ar € [0,1]fork € {1,2,...,d}
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e for commutative noise

Yo = Yo+ (Oﬂk a”® (Tnt1, Ynt1) + (1 — o) Qk) A

+ fj (6" (s Tn) + ™9 ) AW

J=1

1
2

with
U, =Y,+aA+ ijAWj

i=1

ar € [0,1]fork € {1,2,...,d}
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Alternative Implicit Methods

e implicit methods are important

e overcome a range of numerical instabilities

e the above strong schemes do not provide implicit diffusermts

— important limitation
e drift implicit methods are well adapted for small noise addiive noise

for relatively large multiplicative noise

implicit diffusion terms seem unavoidable
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e illustration with multiplicative noise

dXt == O'Xt th

e explicit strong methods have large errors for not too snmakktstep sizes

e very small time step size may require unrealistic compoitali time

e cannot apply drift implicit schemes
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e balanced implicit methods
Milstein, Platen & Schurz (1998)

m=d=1

Yn-|—1 — Y'n _l_aA_l_bAW_I_ (Yn _Yn-l—l)Cn

where
C, =c(Yn)A+c' (V) | AW

c®, ¢! positive, real valued uniformly bounded functions

strong ordery = 0.5
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e low order strong convergence

price to pay for numerical stability

e family of specific methods providing a balance between apprating diffusion
terms
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Simulation Study for the Balanced Method

e Euler scheme
Yot1 =Y+ 0 Y AW

e No simple stochastic counterpart of deterministic imphkailer method since

Yn—|—1 — Yn 'I‘ o Yn—l—l AW

Y,
1—c AW

Yn—l—l —

fails because
E|(1—c AW) ! = +c0
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e partially implicit scheme

2

2
Ypi1 = Yo + (a AW + "7 (AW)z) Y, — % Yoi1 A

e balanced implicit method

Yoi1 =Y, + 0 Yy AW + 0 (Y — Yoy1) |AW]

— Implicitness also in diffusion term
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e explicit solution

o2
X = exp{a'WT - —T}Xo

e absolute error

er(A) = E(| Xt — Yn|)
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Eps (1)

Figure 5.8: Estimated absolute eregr(A) of the Euler method at tim#
for time step sized = 2=% and2—°.
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Figure 5.9: Absolute error for the partially implicit method
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Eps(® -

1= 1
5-- - - : .
o . Delta=2-5 Delta = 2-4
LD i -+ $ — —: . 4 »
0.2 C.4 o.6 0.8 1t

Figure 5.10: Absolute error for the balanced implicit method
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The General Balanced Method and its Convergence

e d-dimensional SDE

dX: = a(t,X:)dt + > b (t, X;) AW}

j=1

e family of balanced implicit methods

Yoi1 = Yata(mn, Yn) A+ D> b (70, Yn) AWS +Crn (Yo — Yoi1)

j=1
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where

C. = CO(Tn, Yn) A+ Z Cj(Tna Yn) |AWTJL|

j=1

d X d-matrix-valued uniformly bounded functions
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e assume that for any sequence of réal) with ap € [0, &], a1 > O, ...,
am > 0, wherea > A

matrix

M(t,z) = I+ caoc’(t, @) + Y a;c’(t,x)

j=1
has an inverse
(M(t,z) ™" < K < oo
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Theorem (Milstein-Platen-Schurz)

The balanced implicit method converges with strong orgder 0.5, that is for all
ke {0,1,...,N}andstepsizA = £, N € {1,2,...} one has

N

E(|Xr, — Yi|[A0) < (B (IXr, — Yil" [ Ao))
< K(1+|Xol?)? A%,

where K does not depend aA.

@© Copyright E. Platen NS of SDEs Chap. 5 319



Predictor-Corrector Euler Scheme

e corrector
Yoi1 = Yo+ (0@(Yas1) + (1 — 0) @n(Ya) ) A
+ (nb(Fnta) + (1 = n) b(Yn) ) AW,

an, =a—nbb’

e predictor

Yn—|—1 — Yn _I_ a(Yn) An _I' b(Yn) AV‘/'n

0,n € [0,1] degree of implicitness
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Strong Approximation of SDEs with Jumps

Some Jump Diffusions in Finance

e Merton model Merton (1976)

dSt = St_ (CL dt —I— O'th —|— d}ft)

e compound Poisson process

with
dl/t — £Nt dNt
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e Poisson process
N = {N¢, t € [0, T]} with intensityA > 0
jump sizes

I.1.d. random variable§:, &2, . .

e explicit solution

Nt
S = So exp{(a—%az>t—l—aWt} H(ﬁk,—l—l)

k=1
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e compound Poisson process

jump size
AYTk, — Y‘Tk - Y‘I'k,— — €k3

e asset price jump size

ASr =85 —Sr—- =Sn-§k

S+, = Sr— (§x + 1)

— extension of the Black-Scholes model
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o forg = —1

default of the stock

o for&, =90—1,ke {1,2,...} withd € [0, 1]

0 recovery rate of a stock
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e scalar jump diffusion

dXt = a(t, Xt) dt —|— b(t, Xt) th —I— C(t—, Xt_) dNt

at a jump timer

X=X +c(r—, X+2)

e multi-dimensional jump diffusion

interacting factorsX}, ..., X2

independent standard Wiener procesdés, ..., W™
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n Poisson processes with intensities(t, X;), ..., A" (t, Xt)

SDE

dX; = a*(t,X¢)dt+ Y b""(t, X;) AWy

k=1
+> e (t—, Xe) ANy
=1

i€ {1,2,...,d}

credit risk, operational risk and insurance modeling
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Random Jump Size

e Poisson jump measurep’, (-, -)
e mark set€ = R\ {0}

pe(€) < oo

¢c{1,2,...,d}
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jumps arrive attimer; < 72 < ...with marksvy, va,...

N¥ .
S ct(vy)  as / / ¢ (v) pt, (dv, dt)
k=1 0 £

/Ot /5 c"t(v) (pie (dv,dt) — pe(dv) dt)

(A, P)-martingale
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e jump diffusion SDE

dX; = a*(t,X¢)dt+ Y b""(t, X;) AWy

k=1

+ Z/ ci’e('v,t—,Xt_)pfoE(dv,dt)
e=1"€

X=X+ (v, T—, X).

(A, P)-martingale measure

o, (dv,dt) = p.,,(dv,dt) — pe(dv) dt

e,
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e Lévy process models

Barndorff-Nielsen (1998)
Madan & Seneta (1990)

e Affine jump-diffusions

Duffie, Pan & Singleton (2000)
e interest rate term structure

Bjork, Kabanov & Runggaldier (1997)
Glasserman & Merener (2003)

@© Copyright E. Platen NS of SDEs Chap. 5 330



Discrete Time Approximation with Jump Times

e discrete time approximation of jump diffusions

Platen (1982a, 1984)

Platen & Rebolledo (1985)
Maghsoodi & Harris (1987)
Mikulevicius & Platen (1988)
Maghsoodi (1996, 1998)
Kubilius & Platen (2002)
Glasserman & Merener (2003)
Bruti-Liberati & Platen (2007)
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e jump adapted time discretization

{tr,;}With to <ti1 <...

superposition of the random jump times, 7=, ... of the Poisson processes
p’,(€,[0,-]) and a deterministic grid

can be precomputed

e maximum step size i&A > 0

tiv1 — t; < Aas
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Jump-Adapted Time Discretization

&
| —
N

to t1 t2
® ®
T1 T2
| —e——o i i
to ti t2 t3 t4 ts =T
@© Copyright E. Platen NS of SDEs Chap. 5
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Jump-Adapted Strong Approximations

jump-adapted time discretization
\

jump times included in time discretization

e jump-adapted Euler scheme

Y: = Y:, + a(Yi,)A¢, + b(Y:,) AWy,

n+1—

and
}'ftn+1 — lftn+1— + C(lftn+1—) Apn

o v=20.5
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Euler Scheme

d=m=-n=1

Y;‘«i+1— =Y:y, +ta(tiys —ti)+0b (Wti-l—l - Wtq:)

jump part

Ye, . =Y, - + /5 c(vytiv1—, Y, ,—) Po(dv, {tit1})

e multi-dimensional

Euler scheme

Vi, =Yi4a (ta—t)+ > b0 (Wh, — W)

k=1
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with

Vi, =Y, -+ /e (v, tig1—, Yo, 1 —) P, (dv, {i41})
=1
fore € {1,2,...,d}

Platen (1982a)

~ = 0.5
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Order 1.0 Taylor Scheme

Y- = Y, ta (tipa—t:) + ) " (Wt’lrl - WZ‘Z)

k=1

+ Z L7 b*I2 I(jlst)ti,ti+1

j17j2:1

with

i i il 2
}/ti-i-l — Y;fi—l—l— + Z /8 ¢ (U,ti_i_l—’ Y;i+1_)p‘P£ (dv’ {tH‘l})
£=1
fore € {1,2,...,d}
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e if noise is commutative — scheme simplifies

Platen (1982a)

~=1.0
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Merton SDE ;. = 0.05,0 = 0.2, = —0.2,A =10, X0 =1,T =1

1 [ T

6 | | | O.‘2 | | | O.‘4 | T | O.‘6 | | | 0.‘8 | | | i
Figure 5.11: Plot of a jump-diffusion path.
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Figure 5.12: Plot of the strong error for Euler(red) an® Taylor(blue)

scheme.
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Merton SDE .y = —0.05,0 = 0.1, A =1,Xo =1,T = 0.5

-10 - _
-15 |
S
o
S
S
(NN
N
g) L
| -20 - —~
i P —— Eul er
o ke Eul er JA
'./"/ = 1Tayl or
-25 _./"/ — A 1Tayl or JA
PR . 15Tayl or JA
“ j 1 1 1 1 1 1
-10 -8 -6 -4 -2 0]
Log,dt

Figure 5.13: Log-log plot of strong error versus time step siz
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Exercises of Chapter 5, 6 and 7

5.1 Write down for the linear SDE
dXt — (,LLXt —I— ?7) dt —|—’)’Xt th
with Xo = 1 the Euler scheme and the Milstein scheme.

5.2 Determine for the Vasicek short rate model
d’l"t == ’Y(’F — ’I“t) dt —I— ,Bth

the Euler and Milstein schemes. What are the differencegdsat the resulting
two schemes?

5.3 Write down for the SDE in Exercise 5.1 the order 1.5 stréangor scheme.
5.4 Derive for the Black-Scholes SDE

dXt p— /,LXtdt+GXtth

with X¢ = 1 the explicit order 1.0 strong scheme.
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11 Monte Carlo Simulation of SDESs

Introduction to Monte Carlo Simulation

e classical Monte Carlo methods

Hammersley & Handscomb (1964)

Fishman (1996)

e Monte Carlo methods for SDEs

Kloeden & Platen (1999)
Kloeden, Platen & Schurz (2003)

Milstein (1995), Glasserman (2004)
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Weak Convergence Criterion

e Cp(R%,R) setofall polynomialgy : R — R

e SDE
dX: = a(t, X¢)dt + Y b (t, X;) dW]

j=1

e a discrete time approximatio¥i © converges with weak orde3 > 0 to X at
time T asA — 0 if for eachg € Cp(R%, R) there exists a constaiy,
which does not depend o andA, € [0, 1] such that

n(A) = |E(g(XT)) — E(9(Yr))| < Cg A”

for eachA € (0, Aop)

e absolute weak error criterion
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Systematic and Statistical Error

e functional
u = E(g(XT))

e weak approximation¥ 4

e raw Monte Carlo estimate
1 N
UN,A = N ;Q(YTA(W«))

NN independent simulated realizations
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YTA(wl),YTA(wz),...,YTA(wN)

wr € Qfork € {1,2,...,N}

e discrete time weak approximatidis
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e Wweak error
pan,a = una — E(g(XT))

e systematic error pisys

e statistical error pustat

AN,A = Isys + Lstat
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e Systematic error

Lsys E(ﬂN,A)

E (zir > g(YTA(wk:))> — E(g(XT))

k=1

= E(g(Y{)) — E(g(XT))

p(A) = |psy
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e statistical error
Central Limit Theorem
asymptotically Gaussian with mean zero and variance

1

~ Var(g(Y7))

Var(pusta) = Var(fin,a) =

deviation

Dev(pstat) = \/ Var (pstat) = \/LN \/ Var(g (YvTA ))

decreases at slow ra%\% asN — oo

may need an extremely large numli¥rof sample paths
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Confidence Intervals

e statistical error is halved by a fourfold increasel¥h

e Monte Carlo approach is very general

e high-dimensional functionals

e do usually not know the variance
of raw Monte Carlo estimates
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e form batches
average of each batch
approximately Gaussian

Studentt confidence intervals
e length of a confidence interval
proportional to the square root of the variance

reformulate the random variable

same mean but a much smaller variance

e variance reduction techniques
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Example of Raw Monte Carlo Simulation

u = E(g(X))

X ~ N(0,1)
g(X) = (exp {rA + ax/ZX})2

r=0.050=02 A=1

u = E(exp{2 (rA+0'\/ZX>}) :exp{(r+02)2A} ~ 1.197
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e Raw Monte Carlo estimators
1 N
anN = ~ ;exp {2 (rA - O'VAX(wi))}

N € {1,2,...,2000}

asymptotically normal
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0.4 | | | | | | | | |
0 200 400 600 800 1000 1200 1400 1600 1800 2000

Figure 11.1: Raw Monte Carlo estimates in dependence on théemofh
simulations.
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Normalized Monte Carlo Error

5 (A — u)
ZnN = vVN ~ N (0,1
V/ Var(g(X)) (1)

CLT

Var(g(X)) = exp{4 A (r +20°%)} (1 — exp{—4 A c°}) =~ 0.25.
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Figure 11.2: Normalized raw Monte Carlo error.
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Figure 11.3: Independent realizations of normalized MontdoCarors.
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Weak Taylor Schemes

Euler and Simplified Weak Euler Scheme

e Euler scheme

Yipr =Y, +a" A+ b7 AW]

j=1

AW, =W2 Wl

Tn41

truncated Wagner-Platen expansion
weak convergenc8 = 1.0

— weak order3d = 1.0 Taylor scheme
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e simplified weak Euler scheme
M . .
Yoy =Y, +a® A4 D b5 AW
j=1

AW} independentd., . | -measurable random variables with
A ~ -\3 ~ =\ 2
‘E (AW,{)‘ + 'E ((AW,Z,) )‘ + ‘E ((AW,{) ) _ A‘ < K A2

—> (B =1.0
e two-point distributed random variable

P(AW,,{ — :I:\/Z) — %

@© Copyright E. Platen NS of SDEs Chap. 11 481



e Simulation Example

SDE
dXt = CLXt dt —|— bXt th

a=1.5b=0.0landT =1
test functiong(X) = x
N = 16,000, 000

p—

confidence intervals of negligible length

e absolute weak errors

n(A) = |E(XT) — E(YN)|
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Veak Error

0.5¢ ]
0 ]

——«—— Euler

,,,,,, * - Sln'p Eul er

Log2-Weak Errors

P I T
Log2-dt

Figure 11.4: Log-log plot of the weak error for an SDE with nplicative
noise for the Euler and simplified Euler schemes.
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Weak Order 2.0 Taylor Scheme

further multiple stochastic integrals

e weak order 2.0 Taylor scheme
one-dimensional cas¢ = m =1

Y41 = Ynd+aA+bAW, —|—%bb’((AWn)2 _ A)

+a' bAZ, + % (aa' -+ %a"b2> A?

+ (a b+ % b”b2> (AWn A — AZn)

Tn+1 S
AZn = I(l,O) = / / sz ds

T

generate pair of correlated Gaussian random variadl&s,, andA Z,,

n
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e simplified weak order 2.0 Taylor scheme

~ ~ 2
Yoi1 = Yn-l—a,A-l-bAW+%bb’<<AW) —A)

+ <a’b+ab’+ %b”bz) AW A

DN | =

+ <a a’ + 1 a”bz) A?

2

DN | =

@© Copyright E. Platen NS of SDEs Chap. 11 485



B (aw)|+ 'E ((Aw)?’) + \E ((Awf)
+ ‘E ((AW)2) — A‘ + ‘E ((AW>4) — 3A2

< KA°®

e three-point distributed random variable

P(Av‘vzix/ﬁ):%, P(AW:o)zg
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e weak order 2.0 Taylor scheme with scalar noise

de{1,2,...}withm =1

Yo, = Yi4+ad"A+b" AW+ %le’“ ((AW)2 — A)

+ % L°a"* A% + L°b" (AW A — AZ) + L'a* AZ
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e weak order 2.0 Taylor scheme

dme {1,2,...}

Yo Y4+ aF A+ % L°a* A?

+ Z (b’“’jAWj + L 10,5y + L’ a” I(:i,o))

J=1

ke
T Z L1 b™72 I, ,52)

jl aj2:1
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e simplified weak order 2.0 Taylor scheme
Yo, = Yr+ad"A+ % L°a" A?
"‘Z(’J"‘ A( ,a_l_Lak))AWj
j=1

Z .71 bk’j2 (Ale Asz 4+ ‘/jl,j2>

I.\DII—l

J1,J
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e two-point distributed random variables

1
P(‘/jlajZ — :EA) — 5

fijQ & {1,...,j1 — 1},

Viiga = —A
and

‘Gl,jz — _‘/32,j1

forjo € {j1 +1,...,m}andj; € {1,2,...,m}

38 =2.0
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Weak Order 3.0 Taylor Scheme

e weak order 3.0 Taylor scheme

dme {1,2,...}

Yo = Yo+ad" A+ Y vAWT + 3 La I
Jj=1 7=0

m  m ™m

+ > L IG, i+ Y LPL2a" I, 5,0

J1=0j2=1 J1,32=0

. . k,j
—I_ Z Z LJngzb 78 I(j17j27j3)

J1,32=033=1
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e simplified weak order 3.0 Taylor scheme

~ - 2
Y41 = Yn—|—aA—|—bAW—|—%L1b<(AW) —A)

+L'aAZ + %Loa A2 + L% (AW A — AZ)

+ % (L°L°b + L°L*a + L' L°a) AW A?

+ % (L*L'a + L*L°b + L°L'b) ((AW)2 - A) A

~

- 2
+ % L°L%a A3 + %Llle ((AW) _ 3A> AW
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AW ~ N(0,A), AZ ~N (o, = A3>

E (AW AZ) — %Az
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For3 = 3.0 we can set approximately

I(l) = AWl, I(l,O) ~ AZ, I(O,l) ~ AAW — AZ

((AW) _ A)

I1,1) =

DN | =

I(l,l,O) ~ I(l,O,l) ~ I(O,l,l) ~ 6

ek

P
—

P

%)

| N

P
~—

1 - -\ 2
Iaan = 5 AW ((AW) - 3A>

whereAW andAZ

are correlated Gaussian random variables

494
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Hofmann (1994)

— additive noise = 3.0, m € {1,2,...}

A2 A3
Ioy=4, Iy =&vA, Ioo=—> oo =&

1 1 5 - A3
IGo) = 5 & + i JiA Az, Igo,0) = Lo,j0) = 6 £;
AZ

. . ~
I(Jl 9.7270) ~

V'1,'2
? (gjl £j2 + JAJ )

independent four point distributed random variables

§1y..458&m
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P<§j:i\/3+x/§>— !

12446

P(gj :i\/s—\/é) = 12—14\/6

iIndependent three point distributed random variables

Plyeees Pm
independent two-point distributed random variables

‘/}1,.7.2
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e Mmulti-dimensional case
dme {1,2,...}
additive noise

weak ordei3.0 Taylor scheme
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m T |
Yoip = Yo +a® A+ ) b% AW + o

j=1

L%aF A% 1+ % L°L°a” A3

+ 3 (Lja,k’ AZI 4 LOp* (AV’V-"'A _ AZ-’")

i=1

O)| =

+ (LOLO ki 4 I°Lia® + L7 L% "’) AW A )

Z L7 L72a" (AleAsz — Igji=42) A) A

@II—l

J1,J
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AW andA Z?
independent pairs of

correlated Gaussian random variables
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Weak Order 4.0 Taylor Scheme

Wagner-Platen expansion—-

e weak orded.0 Taylor scheme

dme{1,2,...}

Via=YEES S i

£=1 j1,...,7¢=0

3 = 4.0

Platen (1984)
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e simplified weak order 4.0 Taylor scheme for additive noise

Ynii = Yn+aA+bAW + %LOaA2 +L'aAZ
+ L% (AWA _ AZ>

+ % (LOLOb + LOLla) AW A2

~ - - 2
+IL'L'a (2 AW AZ — % (AW) A — %M)
1 0+0 3 1 0O+-0+,0 4
+ —L L aA —I—ILLLG,A

3!
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=

4 = (L1L0L0a+LOL1LOa+LOLOL1a —I—LOLOLOb> ATV A3
N2
n % (I'L'L°a+ L°L'L'a + L'L°L"a) ((AW) - A) A?

~ - 2
+ % LA La AW ((AW) _ 3A> A

AW ~ N(0,A), AZ ~ N(0, %A?’)

E(AW AZ) = = A?

N | =
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A Simulation Study

e SDE with additive noise

dXt = CLXt dt—l—det

Xo=1l,a=1.5,b=0.01landT =1

g(X) ==
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Weak Error
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Figure 11.5: Log-log plot of the weak error for an SDE with dnéi noise
using weak Taylor schemes.
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e SDE with multiplicative noise

dXt — CLXt dt—|—bXt th

g(X) ==
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Weak Error

-10¢+

Log2-Weak Errors

-15 ¢

—+— FEuler
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-— = - 3Tayl or
——4—— 4Tayl or

L
Log2-dt

2 1 o0

Figure 11.6: Log-log plot of the weak error for an SDE with rmlicative

noise using weak Taylor schemes.
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Convergence Theorem

e \Wagner-Platen expansion

e |t 0 coefficient functions

f(t,x) =«

fa(t, :C) — le . Lje—l bje (:13)

a = (Jis.--5J0) EMpm, me {1,2,...}
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e multiple It © integral
Tn+1 Se s2 . Go_1 .
Loy rp s :/ / / dwjil...dW;,~ dWJt
Tn Tn Tn

dW? = ds
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e hierarchical set
I'g ={a € Mn: l(a) < B}

e time discretization

O=10 < m<...Th <...

e weak Taylor scheme of order3

Yn+1 — Y’n —I_ Z fa (Tn, Yn) IOL,‘I'n,‘I'n_|_1
aclg\{v}
— Z fa (Tns Yn) Ia,"'nﬂ'n+1
OLEFB
Yo = Xo
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Theorem

For some3 € {1, 2,...} and autonomousX let Y 2 be a weak Taylor scheme of
order 3. Suppose that andb are Lipschitz continuous with components, b*>7

c cZPTD (RE, R) forall k € {1,2,...,d}andj € {0,1,...,m}, and that
the f, satisfy a linear growth bound

|fa(t,z)| < K (1 + |x]),
forall @« € T'p, x € R* andt € [0, T], where K < oco. Then for eachy &€

C2PTV (R R) there exists a constary,, which does not depend oA, such
that

w(A) = |E(g (X)) - E (g (¥))| < G, A%,

thatisY 2 converges with weak orded to X at timeT asA — 0.
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Derivative Free Weak Approximations

Explicit Weak Order 2.0 Scheme
e explicit weak order 2.0 scheme

m = landd € {1,2,...}

1 _
Y,+1 = Yn—|—§ (a(T)—I—a)A
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with supporting values
Y=Y.+aA+bAW

and
YE=VY,+aA+bVA

AW  Gaussian or three-point distributed

P(AW::I:\/S_A)zé and P(AW:O):—

Wi N
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e Mmulti-dimensional explicit weak order 2.0 scheme

dme{1,2,...}

Yot1 = Y. + (a (T) + a) A

[ (o7 (R) + o7 (RL) + 27 ) AW

f: ( 7L 4+ b (O7) — 2bj>AWj A—%]

| =

'Mg N | =

l
Y

_|_

J

33
Wl
QLR
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with supporting values

Y=Y.+aA+ > YYAW!, R, =Y.+aAxb VA

ji=1
and
U, =Y,V VA

AW? andV,. ; as before
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e additive noise

—
1 mo
Yoy1 = Yo+ a<Yn+aA+ZbJAWJ>+a A
Jj=1
+ ) b AW?
Jj=1
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Explicit Weak Order 3.0 Schemes

e explicit weak order 3.0 scheme

de {1,2,...}withm =1

(g (0 -0) - 4 (@t -a0) ) caz

—I-%{a(Yn—l-(a-l-a,z')A—l—(C—l—g)b\/Z)—aé’—aj—l—a}

X

(C+0) AWVA+A+Cp ((AW)z—Aﬂ
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with

and

AW ~ N(0,A)

@© Copyright E. Platen

aff:a(Yn—I—aA:I:b\/Aqb)
~:|:_ ( \/_
a, =a Y, +2a A +0b 2A¢)
and AZ ~ N(0, % A3)
E(AWAZ):%AZ

1

P(¢=+1) = P(e = +1) =

NS of SDEs Chap. 11
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e explicit weak order 3.0 scheme for scalar noise

Yoi1 = Yn+aA+bAW+%HaA+%HbAZ

2 A 1 N\ 2
—I—\/;GGCAZ-FEGI,C((AW) —A)
+ S <A+(C+Q)\/ZAW+CQ<(AW)2 —A))

1 . . o ~
—|—ﬂ(Fb++—|—Fb+—|—Fb+ + F} )AW
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1 ++ _ ot +— _
VA <F” Fo TR — R ) (

T (Fb++ Y FT—F T — Fb+—) ((AW)2 — 3) AW ¢o

/N

AW)2 _ A) ¢

too (F,;L+ NI S Fb__) ((AW)2 - A) 0
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with

F;’i g(Yn—|—<a—|—a+)A—|—bC\/Z:|:b+Q\/Z)—g+

—g(Yn-l—aA:I:bg\/Z)-I—g

Fg_i = g(Yn—I—(a+a_)A—bC\/Z:|:b_g\/Z)—g_

—g(Yn—I—aA:I:bQ\/Z) +g
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where
gi :g(Yn—I—aA:I:bC\/Z)

and
gi :g(Yn+2aA:|:\/§bC\/Z)

with g being equal to eithad or b.
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Extrapolation Methods

Weak Order 2.0 Extrapolation

e equidistant time discretizations
e simulate functional

B (g (v#))

using Euler scheme

with step sizeA

e repeat with the double step si2&\

B (g (¥7%))
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e combine these two functionals

pr—

e Wweak order 2.0 extrapolation
Vi) =26 (o (v#)) - 5 (o (42°))

Talay & Tubaro (1990)

Richardson extrapolation
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e example

geometric Brownian motion

dXt — Cl,Xt dt—|—bX1; th

Xo =0.1,a = 1.5 andb = 0.01
Richardson extrapolatiob, ™ (T")
g(z) ==

— absolute weak error

n(A) = |V (T) — E (g (X1))

3 =20
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-10 + .

-12 | | | | |
-6 -5.5 -5 -4.5 -4 -3.5 -3
tine

Figure 11.7: Log-log plot for absolute weak error of Richamgxtrapola-
tion against step size.
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Higher Weak Order Extrapolation

e Wweak order 4.0 extrapolation

VD) = g [s2 8 ( (42)) 128 (o (v22)) + 8 (o (v2))
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11 + .

-13 | | |
-4 -3.5 -3 -2.5 -2

tine

Figure 11.8: Log-log plot for absolute weak error of weak odl® extra-
polation.
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Implicit and Predictor Corrector Methods

e numerical stability has highest priority

Drift Implicit Euler Scheme
dme{1,2,...}
Yn+1 =Yn+ta (Tn+17 Yn-l-l) A + Z bj (Tna Yn) AWJ

j=1

P(AWj — :I:\/Z) — %
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e family of drift implicit simplified Euler schemes

Yont1 = Y.+ ((1 —a)a(Thn,Yn) + aa (Tnt1s Ynt1) )A

+ > bV (Tn, Yn) AW?

j=1

o degree of drift implicitness
A-stable fora € [0.5, 1]
region of A-stability

circle of radiusr = (1 — 2a) ~* centered at-r
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Fully Implicit Euler Scheme

simplified schemes allow

implicit diffusion coefficient term

e fully implicit weak Euler scheme

Yoni1 =Yn+3a(Yni1) A+b(Yniil) AW

a—=a—>bbd
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e family of implicit weak Euler schemes

Yot1 = Yo+ (a8n (Tatss Yasr) + (1 — @) @y (T, Ya) ) A
+ 3 (18 (Tng1s Yoga) + (1 =) b (7, Ya) ) AW

=1

Q

m d ' 81)‘72
C_Ln:a—’r] y: xbk’glw

j17j2=1 k=1

fora,m € [0, 1]
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Implicit Weak Order 2.0 Taylor Scheme

Yoii = Ynt+a(Ynii) A+bAW
1 / 1. 5 " 2
-1 (a (Yos1) @’ (Yapr) + 2 6 (Yaia) @ (Yn+1)>A
1, N2
+ 5 bb ((AW) —A)
]- / / 1 777 2 T
. 1 ) 2
P(AW_:I:\/SA) = = and P(AW_o) =2

Milstein (1995)

@© Copyright E. Platen NS of SDEs Chap. 11 533



e family of implicit weak order 2.0 Taylor schemes

Yn+1 = Y.+ (O’.CL (Tn—l—la Yn—l—l) + (1 — a) a)A

Z Jlb.72 ( leAWj2 4+ ‘/?7'1,.7'2)

.717

_|_

DN | =

m

Z (bf' % Lo + (1 — 2a)L~"'a) A) AW

(1 — 20)(BL% + (1 — B) L% (Tn41, Y1) ) A?
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1
Yn—|—1 — Yn _I_ 5 (Cl, (Tn—|-1, Yn—|—1) _I_ a)A

+ f:bjAWj+ % f:LObjAWjA

i=1 j=1

N | =

+ Z le bjz (Ale Asz + ‘/jl,j2>
J1,32=1
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Implicit Weak Order 2.0 Scheme
m =1

Platen (1995)

e implicit weak order 2.0 scheme

Yoti = Ya+t, (a+a(Yan))A
+ (b (T+) +b (T—) + 2b) AW

1
4
1
4

+ X (b(x) —b (1)) ((w)z _ A) A
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with supporting values

Ti:Yn—l—aA:I:b\/K

AW can be chosen as before
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e implicit weak order 2.0 scheme

dme{1,2,...}
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supporting values
R, =Y,4+aA+b VA
and
U, =Y, +b VA

A-stable

B8 =2.0
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Weak Order 1.0 Predictor-Corrector Methods
e modified trapezoidal method of weak order3 = 1.0

corrector

Yoi1 =Y, + % (¢ (Ynt1) +a)A+bAW

predictor

Y1 =Y, +aA+bAW

P(AWz:I:\/Z)zé
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e family of weak order 1.0 predictor-corrector methods

corrector

Yn+1 = Y, + (a any (Tn—I—la an—l—l) + (]- — a) Qn (Tna Yn))A
+ 3 (0 (a1, Yaga) + (L= m) ¥ (7, Ya) ) AW

Jj=1

for a, m € [0, 1], where

m d . 8bj2
(_J,n:a—’f] y: y:bk"]lﬁ

jl 3j2:1 k=1

@© Copyright E. Platen NS of SDEs Chap. 11 542



and predictor

Yoi1 =Y, +aA+ ) b AW?

j=1
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Weak Order 2.0 Predictor-Corrector Methods

e weak order 2.0 predictor-corrector method

corrector
1
Yn+1:Yn+§( (n—l—l)‘i_a)A—i_\Il
with
< 1., <\ 2
¥, = bAW 4 bb ((AW) —A)
1 / 1 2 777 I
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and as predictor

Vi1 = YV +aA+ T,

-I—%a'bAWA-I— % (aa'-l— %a"b2> A2

P(AW::I:\/3_A):% and P(AW:O):—

Wi
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e general multi-dimensional case
corrector
1 _
Yn-|—1 =Y, + 5 (a (Tn—l—la Yn-|—1> + CL)A + v,

where

S

m

(bj + %LobjA> AW

Q
Y

—I—% f: 191 pi2 (A‘;le AW 1 le,b)

Ji1,32=1
and predictor
Vi1 =Y, +aA+ T, + %LOaAz + % > L’a AW’ A

i=1
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e derivative free weak order 2.0 predictor-corrector method

corrector

Yit1 =Yn+%( (Yns1) +a)A+qbn

where
n = %(b(ff)+b(?‘)+2b)Aﬁ7

with supporting values
Y*=Y,+aA+bVA

547
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and with predictor

Voir = Yo+, (a(T) +a)A + én

with the supporting value

Y=Y,+aA+bAW
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e multi-dimensional generalization

corrector

Yit1 =Yn+%( (Yni1) +a)A+¢n
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where

N

On =

> [o (RL) +(R2) +2

(v (OF) +b(07) —25) A—%]Av‘vﬂ'

e
F 25w (B) o (R2)) ((aW)" - a)

1

Q.
I

+ (bf" (TUF) —b (172)) (AWj AW" + Vr,j)] A~z

Nk

550
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supporting values

R.=Y.+aA+V VA and UL =Y, b VA
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predictor
_ 1 _
Yn—|—1 =Y, + 5(01 (T) + a)A + ¢n

supporting value
Y=Y.+aA+ > AW’

j=1

local error

Zn—l-l — Yn-|—1 - Yn—l—l
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Weak Approximation with Jumps

Platen (1982a)
Mikulevicius & Platen (1988)
Kubilius & Platen (2002)

Bruti-Liberati & Platen (2006)

Jump Diffusion

e SDE

t t
X = a:—|—/ a,(Xs)ds—I—/ b(Xs) dW,
0 0

_|_/Ot/8c(v,Xs)CI<p(d”7dS)
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mark set £ = R\{0}

e jump martingale measure

qe(dv,ds) = p,(dv,ds) — p(dv) ds

intensity measure (dv)ds

p(€) < oo
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e Simulation of functionals

u(s,y) = B (9(X5¥) | As)
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e Kolmogorov backward equation

% u(s,y) + ) a'(y) a?ﬁ u(s,y)

1=1

d m

1 i " 8°
+5 2 2 Wb () i oy V(5 )

t,r=1j=1

+ <u(8, Y+ c(v,y)) —u(s,y)

E

— Z ci(va Y)

1=1

82" u(s, y)) p(dv) =0
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forall (s,y) € (0,T) x R* with

u(T,y) = g(y)

fory € R
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Jump Adapted Time Discretization

e absolute weak error criterion

n(A) = |E(g(X7Y)) — E(g(YT))| < K A7

e Poisson process

Pe = {ps(£,1[0,t]), t € [0,T]}

finite intensity (&) < oo

generates a sequence of jump times
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e jump adapted time discretization with maximum
step sizeA > 0

O=10<n1<...<Tn =T

including all jump times op.,

ny = max{n € {0,1,...}: t, <t}

max (Th —Th-1) < A
ne{l,...,nt}
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Jump Adapted Weak Euler Scheme
YTn—l—l_ — Y""n —I_ a’(Y'Tn) (Tn+1 _ Tn) _I_ b(Y’Tn) (W'Tn-|—1 - W'Tn)

— L c(v,Yr,) p(du) (Th+1 — ™),

Yo, = Yo, + / c(v, Yr, 1 ~) Po(dv, {Tni1})
forn € {0,1,...,nr —1}andYy = =«
B=1

simplified weak Euler scheme can be used

to approximate diffusion part
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Second Order Weak Schemes

— Y., 4+ a(Yr)) (Trat — ™) + b(Yr ) AW
+b(Y2,) U (Yr,) 5 (AW)? = (Tags — 7))
L b(Y,,)a (Ve )AZ
+ (&(Ym) b (Y., ) + %b(Ym)z b”(YTn)>

X (AW (Th41 — ™) — AZ)

— )2

2

~ ~1/ 1 ~1/ n
+ (0 @ (V) + (Y )@ () ) (782
Y"'n-|-1 — YTn-|-1— +/5C(va"‘n+1—)p<P(dva{Tn+1})
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forn € {0,1,...,nT7 — 1}

WithYo = x,a = a — [, cdy

Tn+4+1
AW = / dWs NN(O,’Tn-|-1 _Tn)

Tn41 S2 _ 3
A7 — / / dWSl dso ~ N (O, (Tn—|—13 'T'n,) )

n

— Tn)2
2

E(AW AZ) = nt
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Jump Adapted Weak Taylor Approximations

e \Wagner-Platen expansion

hierarchical set

Ag ={a € M, : I(a) < B}
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e jump adapted weak Taylor approximation of order 3

Y‘Tn_|_1— — Z Ia(fa(YTn))Tn9Tn—|—1
aEAﬁ

Yo=Y+ L c(v, Y"'n-|-1—) Pe(dv, {Tn4+1})
n € {0,1,...,nr — 1}, withYy =«

flz) =z
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Theorem (Mikulevicius-Platen)

Let be given a functiog € C2° T (R?, R), atime discretizatiof 7 }nego.1,...3
with maximum step sizA > 0 and a corresponding jump adapted weak Taylor ap-
proximationY of order 3.

() a,bandcare2(8+1)-times continuously differentiable, where the derivative
are uniformly bounded.

(i) Forall a« € M, withl(a) < Bandy € R*itholds|fa(y)| < K (1 +
yl]).-

Then the jump adapted weak Taylor approximati®nof order 3 converges with
weak order3, which means that

|E(9(X1)) — E(9(YT))| < C A7,

whereC' is a constant not depending aN.
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Exercises of Chapter 11

11.1 Verify that the two point distributed random variadd¥ with
1

P(AW = +VA) = 5

satisfies the moment conditions
~\3 N2
E ((AW) >| + IE ((AW) ) _ A| < K A2,

11.2 Prove that the three point distributed random varig#d with

B (aw)] +

P(Av’V:i\/ﬁ) =% and P(AW:O) :g
satisfies the moment conditions
B (aw)|+ B ((aW)")| + B ((aW)") |+
1 |E ((AVV)2> _ A‘ 4 |E ((AVV)4> _3A2% < KA®.
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11.3 For the Black-Scholes model with SDE
dXt — /,I,Xt dt—l— O'Xt th

fort € [0,T] with Xo = 0 and W a standard Wiener process write down
a simplified Euler scheme. Which weak order of convergenes tlus scheme
achieve ?

11.4 For the BS model in Exercise 11.3 describe a simplifieakvoeder 2.0 method.
11.5 For the BS model in Exercise 11.3 construct a drift impkuler scheme.

11.6 For the BS model in Exercise 11.3 describe a fully inmipicler scheme.
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14 Numerical Stability

e roundoff and truncation errors
e propagation of errors

e numerical stability priority over higher order
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e specially designed test equations

Hernandez & Spigler (1992, 1993)
Milstein (1995)

Kloeden&: PI. (1999)

Saito & Mitsui(1993a, 1993b, 1996)
Hofmann& PI. (1994, 1996)

Higham (2000)
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e linear test dynamics

X, = Xo exp {(1 —a)At+ Va A Wt}

a, A € R

P(lithzo)zl “— (1-—a)A<o0

t—oc0
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e linear It © SDE

dX, = (1 — ga> A X, dt + Vo |\ X dW,

e corresponding Stratonovich SDE

dX: = (1 —a) A X dt+ /a |\ Xt o dWy

e o =0 norandomness
e =2 |[to SDEnodrift = martingale

e o =1 Stratonovich SDE no drift
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Definition 14.1 Y = {Y:,t > 0} is calledasymptotically stableif

P(lim |Y;|=0) ~ 1.
t—oco

impact of perturbations declines asymptotically over time
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e stability region T°

those pairfAA, o) € (—o0,0) X [0, 1) for which approximatiort”
asymptotically stable
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e transfer function

Y asymptotically stable <—

E(In(Gnt1(AA,))) <0

Higham (2000)
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e Euler scheme

Yii1 = Yo + a(Y) A + b(Y.) AW,
Grir(AA, ) = '1 + (1 _ ga> AA + V]a N AW,

AW,, ~ N(0,A)
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Figure 14.1: A-stability region for the Euler scheme.
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e semi-drift-implicit predictor-corrector Euler method

1 —
Yn—l—l — Yn _|_ 5 (a(Yn—l—l) ‘I‘ a(Yn)) A + b(Yn) AWn

Vi1 = Yo 4+ a(Ya) A + b(Y,) AW,

Gunvae) = 1434 (1-2a) (142 (a8 (1~ Fa)

—|—\/—a)\AWn>} + VvV —aXAW,
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Figure 14.2: A-stability region for semi-drift-implicit pdictor-corrector Eu-

ler method.
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e drift-implicit predictor-corrector Euler method

Yn+1 — Yn + a(}_/n—l—l) A _|_ b(Yn) AWn

Vi1 = Yo + a(Yn) A + b(Yn) AW,

Gnt1(AA, ) = ‘1—|—)\A (1— ga> {1—|—)\A (1— ga>

—I—\/—a)\AWn} + vV —aXAW,,
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Figure 14.3: A-stability region for drift-implicit prediot-corrector Euler

method.
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e semi-implicit diffusion predictor-corrector Euler metho d

1 _
Yotr = Yo + a3 (Ya) A+ 5 (6(¥Ynt1) + b(Ya)) AW,

Vi1 = Yo + a(Ya) A + b(Y,) AW,

Gn+1(AA,a) = ‘1—|—)\A(1 —a) + vV —aXAW,

X {1—|—%<)\A<1—ga> +\/ﬁAWn>H
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Figure 14.4: A-stability region for the predictor-correckuler method with

6 = 0 andn = 3.
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e symmetric predictor-corrector Euler method

1 — 1 _
Yn—|—1 — Yn‘l’i (a%(Yn—l—l) ‘I‘ af%(Yn)) A"‘E (b(Yn—l—l) + b(Yn)> AWn

Vg1 = Y + a(Yn) A + b(Y,) AW,
1

Gnii(AA,a) = ‘1—|—>\A(1 —a) {1+ 5 (AA (1 — ga)—l— MAWO}

+vV—a AW, {1+ % (AA (1 —g >+ \/TAAW,,,)H
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Figure 14.5: A-stability region for the symmetric predictmrrector Euler

method.
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1 3
Grni1(AA, a) ‘1—|—)\A<1—§a> {1+)\A(1—5a)—|—\/—a)\AWn}
3
—I—\/—a)\AWn{l—l—)\A <1 — 504) + \/—a)\AWn}'
3
= ‘1—|— {1—|—)\A (1 — Ea) + \/—a)\AWn}

X {AA (1 — %a) + \/TAAW,,,H
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Figure 14.6: A-stability region for fully implicit predictecorrector Euler

method.
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40 I I I I I I I I R I
! ~exact sol ution
A predictor corrector -------

35
30

25

I
10 A
\

0 0. 05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0. 45 0.5

Figure 14.7: Exact solution and approximate solution geadray the sym-
metric predictor-corrector Euler scheme.

@© Copyright E. Platen NS of SDEs Chap. 14 587



p-Stability

PI. & Shi (2008)

Definition 14.2 Forp > 0 aprocessY = {Y:;,t > 0} is calledp-stableif

. by __
lim E(|Y:|") = 0.

Fora € [0, 17575) andX < 0 test SDE igp-stable.
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e Stability region those tripletY AA, a, p) for which Y is p-stable.
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For A\A < 0,a € [0,1)andp > 0 Y p-stable <=

E((Gny1(AA,0))") <1

e forp >0

E(In(Gri1(A A, a))) < %E((Gnmx A,a))P —1) <0

—> asymptotically stable
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1
Figure 14.8: Stability region for the Euler scheme.
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Figure 14.9: Paths of exact solution, Euler scheme wWith= 0.2 and Euler
scheme withA = 5.
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implicit patestor-corrector Eu-

drift-

Figure 14.10: Stability region for semi

ler method.
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implicit prediataorrector Euler

Figure 14.11: Stability region for drift

method.
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Figure 14.12: Stability region for the predictor-corrediarier method with
6 = 0andn = %
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Figure 14.13: Stability region for the symmetric predictorrector Euler
method.
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1
Figure 14.14: Stability region for fully implicit predictarorrector Euler

method.
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Stability of Some Implicit Methods

e semi-drift implicit Euler scheme

1
Yn—|—1 — Yn + i(a(Yn—i—l) _I_ a(Yn))A _I_ b(Yn)AWn

o full-drift implicit Euler scheme

Yn—|—1 — Yn + a/(}f'n,—i—l)A _I_ b(Yn)AWn

solve algebraic equation
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drift implicit Eulenethod.

Figure 14.15: Stability region for semi-
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Figure 14.16: Stability region for full-drift implicit Eulemethod.
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e balanced implicit Euler method

Milstein, Pl. & Schurz (1998)

Yoi1 = Yn—|—<1 _ ga> AY; A/ NV AW, 4-c| AW | (Yoo— Yint1)
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L

Figure 14.17: Stability region for a balanced implicit Euteethod.
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0.8

Figure 14.18: Stability region for the simplified symmetrigl& method.
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Figure 14.19: Stability region for the simplified symmetnoplicit Euler
Scheme.
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Figure 14.20: Stability region for the simplified fully impit Euler Scheme.
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16 Variance Reduction Technigues

Various Variance Reduction Methods

e classical

Hammersley & Handscomb (1964)

Ermakov (1975), Boyle (1977)

Maltz & Hitzl (1979), Rubinstein (1981)

Ermakov & Mikhailov (1982), Ripley (1983)

Kalos & Whitlock (1986), Bratley, Fox & Schrage (1987)
Chang (1987),Wagner (1987)

Law & Kelton (1991), Ross (1990)
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e stochastic differential equations

Boyle (1977)

Boyle, Broadie & Glasserman (1997)

Broadie & Glasserman (1997b), Fu (1995)

Grant, Vora & Weeks (1997), Joy, Boyle & Tan (1996)
Glasserman (2004)

Longstaff & Schwartz (2001)

Milstein (1988), Kloeden & Platen (1999)

Hofmann, Platen & Schweizer (1992), Heath (1995)
Goldman, Heath, Kentwell & Platen (1995)

Fournie, Lasry & Touzi (1997)

Newton (1994)
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Antithetic Variates

e probability space
(2, Ar, A, P) whereQ = C([to, T], R?)

w(t) = (wi(t),w=2(t)) " € R2for t € [to, T]

e coordinate mappings

Wi (w) = wi(t) andWi(w) = wa(t)

dxtor — q (t, X,fo’@) dt + b (t, X;fo’ﬁ) AW,
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Forw € Q, define@ € Q by @(t) = (—wi(t), —w2(t)) 7, t € [to, T

A (xi%) ) = 1 (x8) @

e unbiased estimator

() = § (0 (x) 47 )

p—

var (h (xi07)) = i (Var (b (x72%)) + Var (h (x52%))

+ 2 Cov (h (erpo’g) h (X;0£>))
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Stratified Sampling
e Set of events

A; C Ar,1€{1,2,...,N}

fori,j € {1,2,...,N}, P(A;) = &

A=c{A; i€ {1,2,...,N}}
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e random variable

Z: Q=R

e restriction ofZ to A;

Za,(w) =Z(w)forw e A;
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e unbiased estimator for E(Z)

1 N

Z =Y Za,
N &

whereZ 4, independent
1 N N
E(Z) =+ Y E(Za,) = Z/ Z dP =/ ZdP = E(2)
i=1 i=1" A4 $2

independence

p—
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al Var(Za,)

Var(Z) = INE

1=1

1
N E(Var(Z | A))

1

S N Var(Z)
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Example: simplified weak Euler approximation Y2
AW, two-point distributed
two-point variates withV time steps

underlying sample space

S
QN — {_1, 1}{0,1,...,N—1}

‘path’ for W
given by AW (w) = wi VA
probabiliiesPn (w) = 55

only a tiny fraction of these paths can be sampled
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A stratified Monte Carlo estimation could consist of exhangsall pathsw € QN
up to timet 5+ and then sampling randomly;

reduces duplicate traversals of the early nodes of thedatt
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Measure Transformation Method

see Kloeden & Platen (1999)

e d-dimensional diffusion

dX;" = a(t, X;"")dt + Y b’ (t, X;"") dW]

i=1

on(2, Ar, A, P)
e approximate the functional

u(s,z) = E (9(X37) | As)
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e Kolmogorov backward equation

L°u(s,z) =0

for (s, x) € (0,T) x R* with

u(T,y) = g(y)

L° = 3+Zd:a"’ 9 ;1 zd: ibk’jbz’j o
0s — oxk 2 Nyt Oxk Oxt
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e Girsanov transformation

. . t . ~
W] = w} —/ d’ (z,Xg’w) dz
0

d? denotes given, rather flexible real-valued function

e Radon-Nikodym derivative

@© Copyright E. Platen

NS of SDEs Chap. 16

644



e SDE

dX%" = a (t, X,?’“’) dt + 3 b (t, X,?“") AW

i=1

a (t, X?"”) -3 v (t, X’f’“’) & (t, X’f’“’) dt
j=1

+3 v (t, )Z’f"’”) AW
=1

e Radon-Nikodym derivative process

mo g
O =00+ [ O.d (2,X07)aw?

j=1°9

(A, P)-martingale
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e diffusion processX °-* with respect taP

same drift and diffusion coefficients °°*

I
5
Q
N\

e
ks
8

N—
-8
g

|

&5
N\

Q
~—~
o
R

8
~—
@‘@
© N
N—
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( )

no particular choice ofl? made so far
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e ideally choose?’ in the form

d

: 1 ki Ou(t, x)
J —_ E »J
d'(t @) = u(t,z) — bt @) oxk

then it can be shown that

u (t, X’?’w) ©: = u(0,x) O

forall t € [0,T]
—
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IS not random
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e guess a functiom

& (tyz) = —— 2 S bR (1, z) 2L D)

u(t,z) £ oxk

e used unbiased estimator
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Control Variates and Integral Representations

Clewlow & Carverhill (1992, 1994)

Basic Control Variate Method

e Vvaluation martingale

M, = u (t, X:°’£> —E (h (X;’;O@) ( At)

construct an accurate and fast estimate of

E(h(X7®)) = u(to, z)
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e control variate

find Y with known meanE(Y")

e unbiased estimator

Z = h(X1=) — a(Y — B(Y))

a e R

E(Z) = E(h(X7®))
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e known valuation function
o (1 X%) = b (n (%) | 4)
X to:Z gpproximatesX .°°®
e unbiased estimator

Zr = h(XP%) —a(h(X2®) - B(h(X27)))

= Uu (T, X;_‘O,Q) — ('ﬁ, (T, X;O’£> — ﬁ(to,g))

variance can be reduced
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Var(Zr) = Var (h (X;‘O’Q)> + o Var (h (X;P@))

—2aCov(h (X)), h (X))

minimize the variance

Cov(h (X=) ,h (X))
Var (h (X;? ’Q))

Amin —
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Example: Stochastic Volatility

e SDE

dSt — O¢ St thl

doi = (k— o¢)dt+ £oydW

(Qa AT, Aa P)
e European call payoff

h(St) = (St — K)T
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e adjusted price process

A

dS; = :¢S¢dWy
d&t = (Ii', — &t) dt
e adjusted valuation function

a(t, $1,61) = E (87 — K)+ ‘ Ay)

e unbiased variate

A

Zr

(S — K)T —a((5r — K)T — E(St — K)™)

= (8t — K)" —a((Sr — K)" —a(to, 5,0))

unbiased variance reduced estimator
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Variance Reduction via Integral Representations

Heath & Platen (2002)

The HP Variance Reduced Estimator

e SDE
dX;" = a(t, X;"")dt + Y b’ (t,X;") dW]

i=1

e first exit time

T=inf{t > s: (¢, X") € [s,T) X I'}
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e operators

af(t? w)
ox*

L0 f(ta) = 2D +Za (t, z)

d m 2
1 irj k,j o7 f(t,x)

k=1 7=1

and

L f(tw) = > b4 (b, ) 2T 2)

: ox*
=1

for (t, ) € (0,T) x T
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e Vvaluation function

u(t,x) = E (h(T, Xbe )

for (t,z) € [0,T] X T

assume

M; = E (h (7, X2%) | A)

square integrabléA, P)-martingale
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martingale representation theorem

p—

My = u(t,Xf,’\f_

m AT
= wOo)+) [ eaw
j=170

fort € [0, T]
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e given an approximation

u: [0,T]XT >R towu

@ € CcY?*([0,T] x I)

with

) tAT ) )
M = / L’ a(s, XJ*) dW?
0

square integrabléA, P)-martingale
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a(r, X2%) = u(r, X2*) = h(r, X2")

a(r, X2*%) = a(o,m)+/ L° a(t, X.)°") dt
0

+3 [ L a X0 awy
j=1°9
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u (0, x)

E (h’(Ta Xg,w)>

= E (a(r, X))

= u(0,z2)+ E (/OT L° a(t, X") dt)

T
= ﬁ(O,a:)—l—/ E (1< L° a(t, X°%)) dt
0)

e unbiased estimator for u (0, x)

Z, = u(0, ) +/ L° a(t, X"") dt
0

HP estimator
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Variance of the HP Estimator

Z, = ﬁ(T,Xg’m)—Z/ L a(t, X2*) dW}
j=170

— u(T,XS"”)—Z/ L’ a(t, X2*) dW?
j=170

= u(0,z) + f: /T (gg’ — L7 a(t, X,?’“’)) dW;
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:f:/

j=1

Var(Z.) = (i/ — L7 a(t, XOw)) dW;
=

2
<y (6 — L7 a(t, X0°)) ) dt
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e integrands

& = L7 u(t, X"")

Var(Z,) = S /OT E (1{t<,_} ((Lj u— L7 a) (t, X?’w))z) dt

If a good approximatior: to « can be found,
so thatL? w is close toL? @

variance will be small
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e unbiased estimator

\V]

T,

Copyright E. Platen

a(r, X2") — a Z/ L’ a(t, X2*) dW?
j=1"9
Z: 4+ (1 — ) Z/ L’ a(t, X)") dW
j=1"9
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An Example for the Heston Model

e SDEsS

s:cl sccl s,x2 s:cl 1
ds? wSHT dt + 1\ v 85T AW
s,x2 s,x2
dv,’ = K,(H—'vt’ )dt

+& /0" (0aw} + 1= o2 dW?)
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e equivalent risk neutral martingale measure

s,xt s,zt s,x2 s,xt 371
ds;’ = rS;7 dt+\v," ST dWi

s, x> N s,x2
dv,’ = 14,(9—'075’ )dt

+ £ 'vts’w2 (g AW} + /1 — o2 thz)

fort € [s,T] ands € [0, T], where§ = 9 — £2{£=7) gng

awr = E=" a4 awt
£ NG + £
dW7? = dW?
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e Option price

c(0,z) = e " u(0,x)

where
u(0,z) = E ((S3° — K)T)

e approximation
=s,xl =s,xl _s,x2 Fs,xt "";‘71

s,z N s, x>
do>® = K,(H—'Et’ )dt

explicitly computed

?—):,aﬂ _ é 4+ (mz . é’) e—m(t—s)
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Black-Scholes price

a(t, z) E (8" - K)T)

= (T BS(z',K,r,5:, T — t)

where

—_ 1 /T —t,iDz d
o = UV z

- ~ e kw(T—-t) _1
—_ _ 2
- \/ 0= @ —0) — "7 5
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- f(t,x) 1, 0%f(t,x)
0 0 . 2 ’ - ’
—0y — _ 0°BS(z',K,r,5:, T —t) 05
0O 7FO — 2 r(T-—t) ’ s Iy Uty t
@ - ate) = €2t il 0o

N 15{8235@1,1{,7«, 5, T — t) (aat>2
2

do? Ox?

n OBS(z',K,r,5:,T —t) 8°5:
80'1; 8(.’]32)2

OBS 0°BS 0°BS 0o
0.’ Oz, 052 Ox2 O(x2)2

can be computed
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Monte Carlo Simulation

T
O=1m<n<...<™v=T, AZN
e predictor-corrector method of weak order 1.0
Yori = Yo+t (@@(tats, Yot1) + (1= @) a(ma, Ya) ) A

+ 3 (18 (s Yook) + (L= ) ¥ (7, Vo)) A WS

J:

Y

forn € {0,1,..., N —1} with predictor

Yoi1 =Y+ a(tn,Yo) A+ D> b AW]

j=1
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and modified drift coefficient values

d m ;
G(Tn, Yn) = a(Tn, Yn) — 7 Z E b*’ (Tn, Yn) (35137: )

1=13=1

o,n € [0,1] andAW}

Gaussian random two-point distributed random variables

Simulation Results

e raw Monte Carlo

. . . 1
intrinsic value(S;"* — K)™T
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10 L

Figure 16.1: Simulated outcomes for the intrinsic va(lch""’1 —K)t, te

[0, T.
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Figure 16.2: Simulated outcomes for the estim&#fgr t € [0, T7.
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Figure 16.3: Diffusion operator valu¢d. — L°) # as a function of asset

price. S and squared volatility.
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Figure 16.4: Price differences between the Heston and gunelsng Black-
Scholes model as a function of striké and timet.

@© Copyright E. Platen NS of SDEs Chap. 16 678



0.05 |

_0.05 |

_0.1 |

_0.15 L

80 90 100 110 120 130
Figure 16.5: Prices and corresponding error bounds as aidunaf strike
K.
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Figure 16.6: Implied volatility term structure for the Hastmodel.
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Exercises of Chapter 16

16.1 Construct an antithetic variance reduction methodsre/lgou have to simulate
the expectatio® (1 + Z + 3 (Z)?) for a standard Gaussian random variable
Z ~ N (0,1). For this purpose combine the raw Monte Carlo estimate

N

Vi = x 2 (14 2 + 5 (Z@)?)

k=1

that uses outcomes & with the antithetic one

Vi = x i:j (1= 2 + 5 (—2@)?)

that uses in parallel the same outcomes with a negative §lgmonstrate the
variance reduction that can be achieved for the estimator

N 1 _
VN:§(VJ¢‘|‘VN)

iInstead of using onI;VJQ,L. Is Var an unbiased estimator?
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16.2 For calculating the expectati@((1 + Z + % (Z)?)) use the control variate

N
V3 = Nkz::l(urzm,)).

Analyze the variance reduction that can be achieved by timeae
Vv =V§ +a(y — VX))

for a« € R. For which choice ofy € R one obtains an unbiased estimate? For
whicha € R one achieves the minimum variance ?

16.3 Check for the measure transformation variance restuatiethod ang(z) =
z? thatg(X ;™) = is non-random and equals

u(t,z) = E (g (X2°) | A)
fort = 0, assuming the linear SDEs

dX2* = a X" dt + B8 X" dW;
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and
dX2® = a X2* dt + B8 X2* dW;

fort € [0, T] with X2 = X2* = =0, where
dW; = dW; — d(t, X°") dt

and

do; = 0; d(t, X;"") dW;
with ) ~
BXY*  du(t, X))

0,z
d(ta Xt ) - —’U,(t, Xt(),w) 8:13
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16.4 Formulate a drift implicit simplified weak Euler schefoethe two-factor Hes-
ton model

dXt (’I"d — ’I"f) Xt —I— k v Ut Xt thl
dvi = kK (ve—0)dt+ p+/vs (g AWl + /1 — p? de) ,

for t € [0, T] with t € [0, T*] Xo > 0 andve > 0, whereW ' andW?
are independent standard Wiener processes.

16.5 Consider the Heston model of Exercise 16.4ofet 0. Make also the diffusion
term in the X component of the simplified weak Euler scheme implicit and
correct appropriately the drift term in the resulting scleem
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