


Pondering	
  Persistence	
  	
  
and	
  	
  

Extolling	
  Euler	
  	
  

Robert	
  Adler	
  
Electrical	
  Engineering	
  

Technion	
  –	
  Israel	
  Ins9tute	
  of	
  Technology	
  

and	
  a	
  whole	
  bunch	
  of	
  other	
  people	
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  A	
  prehistoric	
  problem	
  

Qesem	
   	
  Nahal	
  Zihor	
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  Thresholding	
  via	
  the	
  curvature	
  func9on	
  

Curvature	
  func9on	
   Thresholding	
  

Qesem	
  

Nahal	
  
Zihor	
  



	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  How	
  should	
  we	
  analyze	
  data?	
  

TOPOLOGISTS	
  
DO	
  IT	
  WITH	
  	
  
PERSISTENCE	
  

Gunnar	
  Carlsson	
  

Robert	
  Ghrist	
  

John	
  Harer	
  

Herbert	
  Edelsbrunner	
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Persistence	
  for	
  dummies	
  

�0 = 3

�1 = 68

�2 = 8
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  Persistence	
  diagrams	
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  From	
  persistence	
  to	
  the	
  Euler	
  curve	
  

�u =
dimX

k=0

(�1)k�k(u)
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Keith	
  Worsley	
  	
  	
  	
  (1951-­‐2009)	
  

DO	
  IT	
  WITH	
  THE	
  	
  
	
  

EULER	
  CHARACTERISTIC	
  

Because	
  it	
  leads	
  to	
  the	
  idea	
  of	
  
	
  

TOPOLOGICAL	
  INFERENCE	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

Worsley,	
  Friston	
  et	
  al,	
  late	
  1990s	
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  Brain	
  ac9vity	
  via	
  the	
  EC	
  curve	
  

(1) B = Before

(2) A = After

(3) D = A�B
(4) �2

D

(5) D/�D
(1) (2) (3)

(4) (5)
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  CMB	
  and	
  Euler	
  characteris9c	
  curves	
  

WMAP

!

COBE

!

WMAP	
  

COBE	
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  CfA,	
  SDSS	
  and	
  Euler	
  curves	
  

Center for Astrophysics (CfA) survey

10,506 galaxies in the cone-shaped survey region, which extends
out to 135 megaparsecs in the northern hemisphere, with the earth
at the apex of the cone.

The observed EC of the set of high-density regions of the CfA
Galaxy survey. Also shown is the expected EC for randomly
distributed galaxies with no structure; the CfA data has smaller EC
than expected, indicating less “blobs” and more clumping of
galaxies into clusters, strings, and “walls”.

SDSS
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  Qesem	
  and	
  Nahal	
  Zihor	
  	
  

SVM	
  classifica9on	
  rates:	
  
	
  
Curvature	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  93.7%	
  
Shape	
  index:	
  	
  	
  	
  	
  	
  	
  	
  	
  96.8%	
  
Distance	
  from	
  
	
  	
  	
  	
  	
  	
  center	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  52.2%	
  
Normal	
  distance:	
  	
  70%	
  
	
  

Eitan	
  Richardson	
  
Mike	
  Werman	
  



Cats,	
  dogs,	
  horses,	
  and	
  Michael	
  



Persistence	
  Homology	
  Transform	
  

Theorem	
  	
  	
  (Turner,	
  Mukherjee,	
  Boyer)	
  	
  	
  	
  	
  

Set n = 2 or 3. Let M be the space of (finite) piecewise linear simplicial
complexes in Rn. Then the persistent homology transform

PHT : M ! C(Sn�1,D)

M 7! (PHT(M) : v 7! X(M, v))

is injective.

Euler	
  characteris9c	
  

ECT 
ECT


Euler	
  Characteris9c	
  	
  -­‐-­‐-­‐-­‐	
  





The	
  wonderful	
  world	
  of	
  geotopology	
  

ALGEBRAIC	
  TOPOLOGY	
  
Homology,	
  homotopy,	
  
dimensions	
  of	
  groups,	
  
Bei	
  numbers,	
  persistence	
  

DIFFERENTIAL	
  TOPOLOGY	
  
Curvature,	
  forms,	
  Bei	
  numbers,	
  
Morse	
  theory,	
  integra9on,	
  
Lipschitz-­‐Killing	
  curvatures	
  

INTEGRAL	
  GEOMETRY	
  
Convexity,	
  convex	
  ring	
  	
  
kinema9c	
  formulae	
  	
  
Minkowski	
  func9onals	
  

SIMPLICIAL	
  TOPOLOGY	
  
Simplices,	
  complexes,	
  
cycles,	
  numbers	
  of	
  simplices,	
  
Bei	
  numbers	
  

�
X

k

(�1)

k
#{k-dimensional simplices}

X

k

(�1)k�k

X

k

(�1)

k
#{critical points of index k}

Z

M
Tr(Rm/2

)Volg

Mk(M) = cdk

Z

Gra↵(d,d�k)
�(M \ V ) dµd

d�k(V )



Some	
  geometry	
  -­‐	
  The	
  tube	
  around	
  a	
  triangle	
  

Tube(M, ⇢)



Lipschitz-­‐Killing	
  curvatures/Minkowski	
  F’nls	
  

Theorem	
  (Weyl’s	
  Tube	
  Formula)	
  

Where:	
  

-­‐	
  volume	
  of	
  n-­‐dimensional	
  unit	
  ball	
  

The	
  coefficients	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  are	
  called	
  the	
  Lipschitz-­‐Killing	
  curvatures	
  of	
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A	
  1-­‐slide	
  course	
  on	
  Gaussian	
  random	
  fields	
  

On	
  a	
  topological	
  space	
  M	
  	
  
	
  
(maybe	
  a	
  Riemannian	
  manifold)	
  	
  	
  

	
  Then	
  take	
  independent	
  Gaussian	
  random	
  variables,	
  	
  

	
  and	
  define	
  a	
  Gaussian	
  random	
  field:	
  

choose	
  a	
  set	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  of	
  dense	
  func9ons	
  on	
  M	
  	
  
	
  
(e.g.	
  Eigenfunc9ons	
  of	
  the	
  Laplacian)	
  	
  



Gaussian	
  and	
  Gaussian-­‐related	
  excursions	
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  The	
  Gaussian	
  Kinema9c	
  Formula	
  

Theorem	
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  Mean	
  Euler	
  characteris9cs	
  –	
  Gaussian	
  case	
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  The	
  Euler	
  characteris9c	
  heuris9c	
  

⇠ udimM�1e�u2/2

P
n

sup
M

f � u
o

⇠ E
�
�(Au(f,M))
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  Persistence	
  diagrams	
  and	
  EC	
  curves	
  

�u =
dimX

k=0

(�1)k�k(u)



Bei	
  numbers	
  and	
  EC	
  curves	
  for	
  func9ons	
  



From	
  point	
  clouds	
  to	
  simplicial	
  complexes	
  	
  

A	
  Vietoris–Rips	
  complex	
  of	
  a	
  set	
  of	
  23	
  points	
  in	
  the	
  plane.	
  
This	
  complex	
  has	
  sets	
  of	
  up	
  to	
  four	
  points:	
  
	
  1:	
  the	
  points	
  themselves	
  (shown	
  as	
  red	
  circles),	
  
	
  2:	
  pairs	
  of	
  points	
  (black	
  edges),	
  
	
  3:	
  triples	
  of	
  points	
  (pale	
  blue	
  triangles),	
  
	
  4:	
  quadruples	
  of	
  points	
  (dark	
  blue	
  tetrahedrons).	
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Phase	
  transi9ons/persistence	
  for	
  complexes	
  

Dust,	
  or	
  	
  
subcriCcal	
  phase	
  

Thermodynamic,	
  	
  
or	
  criCcal,	
  or	
  	
  
percolaCon	
  phase	
  

ConnecCvity,	
  or	
  
supercriCcal	
  	
  phase	
  



Cech	
  complex	
  on	
  1000	
  points	
  in	
  [0,1]3	
  

Map	
  K	
  and	
  Omer	
  B	
  



E(EC)	
  for	
  Cech,	
  	
  n	
  random	
  points	
  in	
  [0,1]d	
  

n=100,d=3	
  

n=100,d=8	
  

n=100,d=6	
  

n=10,d=10	
  

E{�} =
nX

k=0

(�1)k+1

✓
n

k

◆
kd(2r)d(k�1)

Decreusefond,	
  Ferraz,	
  
Randriam,	
  Vergne,	
  	
  
by	
  coun9ng	
  simplices	
  



Rips	
  complex	
  on	
  100	
  points	
  in	
  [0,1]6	
  

Map	
  K	
  



Boolean	
  models	
  	
  	
  	
  
Components	
  of	
  a	
  Boolean	
  model:	
  
	
  
	
  	
  	
  	
  	
  	
  	
  1:	
  Poisson	
  point	
  process	
  on	
  	
  Rd,	
  	
  {xi,	
  i=1,2,..}	
  	
  

	
  	
  	
  	
  	
  	
  	
  2:	
  Collec9on	
  of	
  (independent)	
  random	
  sets	
  	
  {Bi,	
  i=1,2,..}	
  	
  in	
  	
  Rd	
  	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  3:	
  Or,	
  non-­‐random	
  balls	
  of	
  fixed	
  radius	
  ,	
  r.	
  
	
  	
  	
  

B =

[

i

{xi �Bi}

Bn = B \ Ball of radius n

x	
  

x	
  
x	
  

x	
  

x	
  

THEOREM:	
  (Schneider	
  and	
  Weil)	
  
	
  
	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  .	
  
lim

n!1

E{Lk(Bn)}
nd

= Fk (�,E{Lj(B1), j = 0, . . . , d)
Remember	
  the	
  nerve	
  theorem	
  

}



Theory:	
  MK,	
  EM,	
  OB,	
  YD,	
  inter	
  alia	
  

fd	
  
Dust,	
  subcri9cal	
  

Cri9cal,	
  percola9ve,	
  
thermodynamic	
  

Dense,	
  supercric9cal	
  

Complexity	
  of	
  random	
  smooth	
  funcCons	
  	
  
of	
  many	
  variables	
  
Antonio	
  Auffinger,	
  Gerard	
  Ben	
  Arous	
  



Erdos-­‐Renyi	
  	
  flag	
  complex	
  on	
  	
  100	
  ver9ces	
  

Map	
  K,	
  Elizabeth	
  M,	
  Afra	
  Z,	
  Gugan	
  T.	
  	
  



The	
  Euler	
  Characteris9c	
  of	
  a	
  Barcode	
  

Defini9on	
  (EC	
  of	
  a	
  barcode)	
  

Where:	
  

-­‐	
  	
  the	
  degree	
  of	
  

-­‐	
  	
  	
  the	
  length	
  of	
  

H0	
  

H1	
  

H2	
  



Euler	
  Integral	
  and	
  Persistent	
  Homology	
  

Proposi9on	
  

Where:	
  

is	
  the	
  persistent	
  homology	
  of	
   in	
  the	
  range	
  



Expected	
  EC	
  of	
  the	
  Persistent	
  Homology	
  

Theorem	
  	
  (Bobrowski	
  +	
  Borman)	
  

For	
  a	
  real-­‐valued	
  Gaussian	
  field	
  -­‐	
  

	
  Problem:	
  

Workaround:	
  	
  	
  Compute	
  





Quan9ty	
  of	
  informa9on	
  in	
  the	
  EC	
  curve	
  

Applica9ons	
  of	
  topological	
  methods	
  must	
  either	
  explain	
  why	
  the	
  data	
  should	
  be	
  suitable	
  for	
  those	
  	
  
methods	
  -­‐	
  e.g.	
  why	
  the	
  complica9ons	
  that	
  could	
  arise,	
  do	
  not	
  -­‐-­‐	
  or	
  they	
  should	
  be	
  focused	
  on	
  invariants	
  	
  
that	
  can	
  be	
  measured.	
  
	
  
Wise	
  man	
  has	
  begun	
  a	
  study	
  of	
  such	
  invariants,	
  modeled	
  on	
  testability	
  proper9es	
  of	
  graph	
  proper9es.	
  	
  
The	
  simplest	
  of	
  these	
  is	
  the	
  Euler	
  characteris9c	
  divided	
  by	
  the	
  volume	
  –	
  	
  which	
  is	
  essen9ally	
  	
  
(for	
  Riemannian	
  manifolds)	
  the	
  average	
  (Pfaffian	
  of	
  the)	
  curvature.	
  
	
  	
  
As	
  an	
  average,	
  it	
  is	
  subject	
  to	
  sampling.	
  Thus,	
  a	
  large	
  submanifold	
  in	
  Euclidean	
  space	
  	
  whose	
  average	
  	
  
curvature	
  is	
  large	
  will	
  surely	
  have	
  complicated	
  topology,	
  and	
  discovering	
  its	
  topological	
  proper9es	
  will	
  	
  
require	
  enormous	
  sampling	
  and	
  computa9onal	
  resources.	
  

�(M) =

(�1)

m/2

(2⇡)m/2m!

Z

M
Tr(Rm/2

)Volg



In	
  conclusion:	
  	
  	
  	
  	
  	
  	
  (sort	
  of)	
  

•  Euler	
  characteris9cs	
  are	
  easily	
  computable	
  via	
  local	
  	
  
	
  	
  	
  	
  computa9ons	
  on	
  simplices.	
  

•  There	
  exist	
  many	
  explicit	
  formulae	
  related	
  to	
  Euler	
  	
  
	
  	
  	
  	
  characteris9cs	
  of	
  random	
  systems,	
  while	
  for	
  	
  
	
  	
  	
  	
  (eg)	
  Bei	
  numbers	
  we	
  only	
  have	
  asympto9cs.	
  

•  	
  Nature	
  loves	
  homological	
  simplicity.	
  

•  When	
  can	
  	
  persistence	
  diagrams	
  be	
  replaced	
  by	
  	
  
	
  	
  	
  	
  Euler	
  characteris9c	
  curves	
  without	
  a	
  serious	
  loss	
  	
  
	
  	
  	
  	
  of	
  useful	
  informa9on?	
  
	
  
	
  	
  	
  	
  For	
  learning	
  manifolds	
  –	
  probably	
  never	
  
	
  
	
  	
  	
  	
  For	
  comparing	
  data	
  sets	
  –	
  probably	
  oten	
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Doctoral and postdoctoral fellowships 
at the  

 Technion 

The	
  preceding	
  slides	
  were	
  	
  brought	
  to	
  you	
  by	
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How	
  Topologists	
  Improve	
  Cita9on	
  Counts	
  
•  Princeton	
  PhD	
  with	
  Solomon	
  Lefshetz	
  

•  Convergence	
  and	
  Uniformity	
  in	
  Topology	
  
	
  	
  	
  	
  	
  	
  Princeton	
  University	
  Press	
  1940	
  
	
  	
  	
  	
  	
  	
  372	
  Google	
  cita9ons	
  	
  
	
  
•  An	
  algorithm	
  for	
  the	
  machine	
  calculaCon	
  of	
  complex	
  	
  
	
  	
  	
  	
  	
  Fourier	
  series,	
  with	
  JW	
  Cooley,	
  1965	
  
	
  	
  	
  	
  	
  10,161	
  Google	
  cita9ons	
  
	
  
•  Exploratory	
  Data	
  Analysis,	
  1977	
  	
  
	
  	
  	
  	
  	
  	
  12,115	
  Google	
  cita9ons.	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  40K	
  on	
  p1	
  
	
  John	
  W.	
  Tukey	
  1915	
  -­‐	
  2000	
  

Far	
  beper	
  an	
  approximate	
  
answer	
  to	
  the	
  right	
  ques9on,	
  
which	
  is	
  oten	
  vague,	
  than	
  an	
  
exact	
  answer	
  to	
  the	
  wrong	
  
ques9on,	
  which	
  can	
  always	
  

be	
  made	
  precise.	
  

If	
  we	
  need	
  a	
  short	
  sugges9on	
  
of	
  what	
  exploratory	
  data	
  
analysis	
  is,	
  I	
  would	
  suggest	
  that	
  
1:	
  It	
  is	
  an	
  aitude	
  AND	
  
2:	
  A	
  flexibility	
  AND	
  
3:	
  Some	
  graph	
  paper	
  (or	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
transparencies,	
  or	
  both).	
  


