Copenhagen Workshop Lectures
April 2013
Nancy Hingston

1) Morse theory, critical levels, level homology. Poincaré duality.

2) The free loop space AM

3) The finite dimensional approximation of Morse

4) Examples and computations. Level homology on AS®

5) Products part 1. Pontrjagin product.
Chas Sullivan product.

6) The search for closed geodesics

7) Products part 2. Cohomology products.

8) Support and critical levels.

9) Index growth and level nilpotence. The nonnilpotent case.

10) Products when all geodesics are closed.

11) Computations for spheres
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Finite Dimensional approximations Short version

The finite dimensional approximation of Morse

If points z,5¢eM lie at a distance less than the injectivity radius of M, we will
write |# — y| for this distance. Given NeZ™ and p less than half the injectivity
radius of M, let a =+ Np and

N
My = Mﬁ"’ = {(r0, ..., TN) : TieM(VE); Zo=2N ; Z[x,:—m,:_l[2 sﬂ} c M.

i=1 =

This is the finite dimensional approximation of Morse. There is a natural
inclusion map

1 MGy —=A (%)

taking x = (z0,...,Zx) to the loop 2(x) =z : S? = R/Z — M with z(i/N) = =,
and geodesic on each interval [z/n, (z + 1)/N]. Since the energy of = is

B(x)=: B@)=NY_ |z —zi_1/%,
the image of the map (%) lies in

A% =: B0, q].

Proposition (Morse): The inclusion
i (MG, M) — (A%, A%)

is a homotopy equivalence. The critical points of the restriction E to M%
are precisely the closed geodesics of length < @ on M. The index and nullity
(maximal dimension of a subspace of the tangent space at a critical point on
which the second derivative is negative definite (resp. = 0} ) of a closed geodesic
as a critical point in M5, are the same as its index and nullity as a critical point
in A

Proof of lemma: A® retracts onto AM$; leaving M%, fixed: Let v = y(t)
be a loop in A®. The restriction of ~ to [¢/N, (i + 1)/N] has energy at most
a? = Np? and thus length at most p. For se|0, 1], we replace the restriction of 7
to each [i/N, (i + s)/N] by a geodesic with the same endpoints to get the curve
7(s,%). Note that y(s,t) = (i) for all ¢ if yeAM%;, and that

1"("}’) = 'Y(l: *)
(v(0), Y(1/N), ey ¥(1))eMy

for all veA®. The second derivative of the energy is positive definite on the
space of vector fields vanishing at zg, ..., 2N -
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