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Notation

F non-archimedean local field : finite extension of Q, or
Fp (1)

Or = {x € F,v(x) > 0}, ring of integers of F

pr = {x € F,v(x) > 0}, unique maximal ideal of Op

kr = Or/vr = F,, residual field of F (finite field)

®r € O uniformizer of F

F separable algebraic closure of F



e K /F finite extension

«O>r «F»r <«
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* &0k = ®;Ok,e > 1 ramification index of K/F
e ky /kr finite extension, f = [kk : kr] residual degree of
K/F

K /F finite Galois extension, kx /kr is also Galois extension
Yo € Gal(K/F), 0(Ok) = Ok, o(pk) = Pk

1 IK/F Gal(K/F) e Gal(k]( /kp) —1
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An extension K /F is unramified if the ramification index
e(K/F) = 1 and kg /kr is separable.
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An extension K /F is unramified if the ramification index
e(K/F) = 1 and kg /kr is separable.

Theorem _
VYn>1,3! F C F, C F unramified extension of degree n

F,/F is Galois, k, ~ F, and Gal(F,,/F) — Gal(kr, /kr)
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Definition
An extension K /F is unramified if the ramification index
e(K/F) = 1 and kg /kr is separable.

Theorem _
VYn>1,3! F C F, C F unramified extension of degree n

F,/F is Galois, k, ~ F, and Gal(F,,/F) — Gal(kr, /kr)

@n € Gal(F, /F) & (x = x%) € Gal(kr, /kr)
O, = ¢;'. ®, > 1, Gal(F,/F) ~Z/nZ
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An extension K /F is unramified if the ramification index
e(K/F) = 1 and kg /kr is separable.

Theorem _
VYn>1,3! F C F, C F unramified extension of degree n

F,/F is Galois, k, ~ F, and Gal(F,,/F) — Gal(kr, /kr)
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An extension K /F is unramified if the ramification index
e(K/F) = 1 and kg /kr is separable.

Theorem _
VYn>1,3! F C F, C F unramified extension of degree n

F,/F is Galois, k, ~ F, and Gal(F,,/F) — Gal(kr, /kr)
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Definition
An extension K /F is unramified if the ramification index
e(K/F) = 1 and kg /kr is separable.

Theorem _
VYn>1,A' F C F, C F unramified extensiog of degree n
F,/F is Galois, kf, ~ F, and Gal(F,/F) — Gal(kp, /kr)

@n € Gal(F,/F) & (x = x9) € Gal(kp, /kr)

o, =9, ®,~ 1, Gal(F,/F)~Z/nZ

F,, = composite of all F,

F,./F is the unique maximal/gnramified extension of I/
Gal(F,,/F) ~ linm Z/nZ =17

Or € Gal(F,,/F), q)F‘Fn =0,
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Iy =~ {lnGal(E/F)

where E ranges over finite Galois extension such that
FcCcECF
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Definition B
The absolute Galois group of F'is I'r = Gal(F /F)

I'r ~lim Gal(E /F)
—
where E ranges over finite Galois extension such that

FCcECF

Topology on I'r : Open neighborhood basis at the identity are
Gal(F /K) with K /F finite extension
I'r is a compact Haussdorf profinite group



Gal(F /F) — Gal(F,,/F) — 1

«O>» «F»r «=>»

«E)»
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| — Ip — Gal(F /F) — Gal(F,,/F) — 1

«O>» «F»r «=>»

«E)»
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| — Iy — Gal(F /F) — Gal(F,,/F) — 1

|

<O >

«O>» «F»r «=>»

«E)»
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| —— I —— Gal(F/F) — Gal(F,,/F) —= 1

«O>» «F»r «=>»

«E)»

DA



| —= Iy —> Gal(F/F) —>=7 —=0

(O A A= =

Q>
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1 Ir Wr Z 0

Definition

The Weil group of F'is the topological group, with underlying

abstract group the inverse image in I'r of < ® >, such that :
e [ is an open subgroup of Wg

e the topology on Ir, as subspace of Wr, coincides with its
natural topology as subspace of I'r
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Let W = [Wp, Wr] and W% = Wp /Wi,

Artin Reciprocity Map
There is a canonical continuous group morphism

aF:WF—>FX

with the following properties.
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Artin Reciprocity Map
There is a canonical continuous group morphism

aF:WF—>FX

with the following properties.
e ar induces a topological isomorphism W& ~ F*
e x € W is a geometric Frobenius, if and only if ar(x) is an
uniformizer of F
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Let W = [Wp, Wr] and W% = Wp /Wi,

Artin Reciprocity Map
There is a canonical continuous group morphism

aF:WF—>FX

with the following properties.
e ar induces a topological isomorphism W& ~ F*
e x € W is a geometric Frobenius, if and only if ar(x) is an
uniformizer of F

e ar(Ir) = OF
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The Artin Reciprocity Map induces a bijection between

{

irreducible representations of F™

GL(F) — GL(C)

1

admissible morphisms
Wr — GL(C)

}
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The Artin Reciprocity Map induces a bijection between

irreducible representations of F* admissible morphisms
GL{(F) — GL{(C) Wr — GL(C)

If T is a split torus over F, then

irreducible representations of T admissible morphisms
T — GL(C) Wy —T

(+ equality of L-functions)
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The Artin Reciprocity Map induces a bijection between
irreducible representations of F* admissible morphisms
GLi(F) — GLi(C) Wi — GL(C)
If T is a split torus over F, then

irreducible representations of T admissible morphisms
T — GL(C) Wy —T

(+ equality of L-functions)
This is the local Langlands correspondence for GL(1) and for
split tori.
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For w : W — GL,(C) we can define a L-function by

L(s, ) = det(1 — y(®) |y g
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L(s, y) = det(1 = p(®)|y1-q )"

Godement and Jacquet defined L-functions for the
representations of GL,(F). Forn = 2,

o for supercuspidal representations are 1

o for Steinberg representation (and their twist by character)
involve one factor with ¢g—*

e for other involve two factors with ¢g™*
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Definition
The Weil-Deligne group is WDr = C < Wg where Wr acts on C
by wxw™! = |wlx for w € Wg,x € C.
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Definition
The Weil-Deligne group is WDr = C < Wg where Wr acts on C
by wxw™! = |wlx for w € Wg,x € C.

A Langlands parameter for GL(n) is a continous morphism

v : WDrp — GL,(C) such that the restriction to C is algebraic,
the image of C consists of unipotent elements and the image of
Wr consists of semisimple elements.
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Definition
The Weil-Deligne group is WDr = C < Wg where Wr acts on C
by wxw™! = |wlx for w € Wg,x € C.

A Langlands parameter for GL(n) is a continous morphism

v : WDrp — GL,(C) such that the restriction to C is algebraic,
the image of C consists of unipotent elements and the image of
Wr consists of semisimple elements.

We can identify one Langlands parameter y to a pair (o, N)
where p : Wg — GL,(C) is a continous morphism such that
his image consists of semisimple elements and N € gl,(C) is
such that p(Ww)Npo(w)™! = |w|N for all w € Wk.
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Definition
The Weil-Deligne group is WDr = C < Wg where Wr acts on C
by wxw™! = |wlx for w € Wg,x € C.

A Langlands parameter for GL(n) is a continous morphism

v : WDrp — GL,(C) such that the restriction to C is algebraic,
the image of C consists of unipotent elements and the image of
Wr consists of semisimple elements.

We can identify one Langlands parameter y to a pair (o, N)
where p : Wg — GL,(C) is a continous morphism such that
his image consists of semisimple elements and N € gl,(C) is
such that p(Ww)Npo(w)™! = |w|N for all w € Wk.

w(z, w) = exp(zN)p(w), (z,w) € WDF



1/2
Forw € W, let h,, = (|w|

|w|—1/2) € SLy(C).

(O T = oa

v
U

Q>
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There is an isomorphism between C and the subgroup G, of

SL,(C) of the matrices ((1) i) zeC.
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jwi'/
Forw e Wg, let h,, = ( |w|_1/2) € SL,(C).

There is an isomorphism between C and the subgroup G, of

SL,(C) of the matrices ((1) i) zeC.

The conjugation by 4,, in G, induce the same action as W on
C, and extend to SL,(C).
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1/2
Forw e Wg, let h,, = (le

There is an isomorphism between C and the subgroup G, of

SL,(C) of the matrices ((1) i) zeC.
The conjugation by 4,, in G, induce the same action as W on
C, and extend to SL,(C). We can consider the semidirect

product SL,(C) = Wg with the product

-1
(1, w2, wa) = (X1hy X2k, wiwa)
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1/2
Forw e Wg, let h,, = (le

There is an isomorphism between C and the subgroup G, of

SL,(C) of the matrices ((1) i) zeC.

The conjugation by 4,, in G, induce the same action as W on
C, and extend to SL,(C). We can consider the semidirect
product SL,(C) = Wg with the product

-1
(1, w2, wa) = (X1hy X2k, wiwa)

This group is isomorphic to SL,(C) x Wg via the map
(x, w) > (xh,,, w).



We denote W;. = Wr x SL,(C).

«O>r «F»r <«

it
v
a
it
v
it

DA
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We denote W} = Wg x SL,(C). If a Langlands parameter is
identified to (o, N), then it correspond to a morphism

v : W, — GL,(C) with z,u(l,((l) })) = exp(N) and
ww, hy) = ow).
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Local Langlands correspondence (conjecture)

Let G a split connected reductive group over F and Gis
Langlands dual. Let I1(G) the set of isomorphism classes of
irreducible representations of G and ®(G) the set of
equivalence classes of admissible morphisms for G. There is
finite-to-one map rec : I1(G) — ®(G) with these properties
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Local Langlands correspondence (conjecture)
Let G a split connected reductive group over F and Gis
Langlands dual. Let I1(G) the set of isomorphism classes of
irreducible representations of G and ®(G) the set of
equivalence classes of admissible morphisms for G. There is
finite-to-one map rec : I1(G) — ®(G) with these properties
o 1 € [1(G) is essentially square-integrable, if and only if, the
image of W by ¢, : W, — G is not contained in any
proper Levi subgroup of G.
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Let G a split connected reductive group over F and Gis
Langlands dual. Let I1(G) the set of isomorphism classes of
irreducible representations of G and ®(G) the set of
equivalence classes of admissible morphisms for G. There is
finite-to-one map rec : I1(G) — ®(G) with these properties
o 1 € [1(G) is essentially square-integrable, if and only if, the
image of W by ¢, : W, — G is not contained in any
proper Levi subgroup of G.
e 1 € [1(G) is tempered, if and only if, the image of W by
@ : W), — G is bounded
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Local Langlands correspondence (conjecture)
Let G a split connected reductive group over F and Gis
Langlands dual. Let I1(G) the set of isomorphism classes of
irreducible representations of G and ®(G) the set of
equivalence classes of admissible morphisms for G. There is
finite-to-one map rec : I1(G) — ®(G) with these properties
€ lI(G) is essentially square-integrable, if and only if, the
image of W} by ¢, : W — G is not contained in any
proper Levi subgroup of G.
e ll(G) is tempered, if and only if, the image of W by
¢n : W, — G is bounded
e 1 € II(G), x a character of F*, then rec(n ® x) = rec(m)x.



Local

Langlands cor-

respondence
and examples
of ABPS
conjecture

Ahmed
Moussaoui

Local Langlands correspondence (conjecture)
Let G a split connected reductive group over F and Gis
Langlands dual. Let I1(G) the set of isomorphism classes of
irreducible representations of G and ®(G) the set of
equivalence classes of admissible morphisms for G. There is
finite-to-one map rec : I1(G) — ®(G) with these properties
o 1 € [1(G) is essentially square-integrable, if and only if, the
image of W by ¢, : W, — G is not contained in any
proper Levi subgroup of G.
e 1 € [1(G) is tempered, if and only if, the image of W by
@ : W), — G is bounded

e 1 € II(G), x a character of F*, then rec(n ® x) = rec(m)x.
e Equality of L-functions and e-factors.
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LetJ =

1

and J' =

For M € GL4(F), 'M = J'MJ.

Let

G = Spa(F) = {g € SLa(F)I'gJ' g = J'}
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1 1

LetJ = and J’ = 1 :

! -1
For M € GL4(F), *"M = J'MJ.
Let

G = Spa(F) = {g € SLy(F)I'gJ)'g = J'}

% k k %k

and B = : minimal parabolic subgroup of Sp4(F).
s
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1 1

LetJ = and J’ = 1 :

1 -1
For M € GL4(F), *"M = J'MJ.
Let

G = Spa(F) = {g € SL4(F)'gJ g = J'}

% k k %k

and B = : minimal parabolic subgroup of Sp4(F).
s

There are three parabolic subgroups of Sp4(F) : B, P, Q with
respective Lévi T, M, L.
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t
o T = 2 J € FXY, T~ (FX)?

.
2

o« M= {(g Ig_l), g€ GLZ(F)}, M =~ GLy(F)
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J € FXY, T~ (FX)?

.
2

o« M= {(g Ig_l), g€ GLZ(F)}, M =~ GLy(F)

.L:

t

t—l

t€FX,geSLy(F)Y, L~ GL(F)XxSLy(F)
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The Weyl group of G is W = Ng(T) /T =~ &, = (Z/2Z)?,
generated by

1 1
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Action of W on T and on their irreducible representations

w - (t1, 1)
(t1.1)
(t2,11)
(t1.1;")
')
(t2. 17")
;" 1)

6 h

5"

w- (1 B x2)
X1 ® Xx2
X2 ® X1
X1 Elxz_l
X2 IZ)C[]
Xz_l ® X1
Xl_l X X2
X2—1 gxl—l
Xl—l gxz—l
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Let x a character of F* such that x?|o, # 1 and x(&F) = 1,
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Let x a character of F* such that x?|o, # 1 and x(&F) = 1,
¢ a character of F* such that ZZ\OF =1, {lp, # 1 and
(@) = 1.
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Let x a character of F* such that Xz\op # 1 and y(&F) =1,
¢ a character of F* such that 7%|,, = 1. |o, # 1 and
{®F) =1

We consider two inertial classes s = [T, x ® 1] and
t=[T,xx{].
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Let x a character of F* such that xz\op # 1 and y(&F) =1,

¢ a character of F* such that 7%|,, = 1. |o, # 1 and

J®r) = 1.

We consider two inertial classes s = [T, x ® 1] and

t=[T,x =l

The isotropy subgroup of s is the subgroup of elements w in W
such that there exists an unramified character ¢ € w(7),

w-(xBD=xrD®oe.
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Let x a character of F* such that xz\op # 1 and y(&F) =1,

¢ a character of F* such that 7%|,, = 1. |o, # 1 and

{®F) =1

We consider two inertial classes s = [T, x ® 1] and

t=[T,xx .

The isotropy subgroup of s is the subgroup of elements w in W
such that there exists an unramified character ¢ € w(7),
w-(xBD=xrD®oe.

For s and t we have W, = W; = {1, b} and

Ts = Ty = y(T) = (C*)*.
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The extended quotient is

T /Ws = To/Ws UT? /Zy, (b)
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The extended quotient is
To /Wy = Ts/Wo U TE /Zy.(b)

Let (z1. 1) € Ts. We have
b-(1.0n) =(1.h) = (1.6,") = (1.h) & 1, = 1.
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The extended quotient is
To /Wy = Ts/Wo U TE /Zy.(b)

Let (t1,1) € Ts. We have
b-(1.0n) =(1.h) = (1.6,") = (1.) &= 1, = 1.
T2 /Ws = {(b.(z, 1)),z € C}U{(b, (z. -1)).z € C}
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The extended quotient is
To /Wy = Ts/Wo U TE /Zy.(b)

Let (t1,1) € Ts. We have
b-(1.0n) =(1.h) = (1.6,") = (1.) &= 1, = 1.
T2 /Ws = {(b.(z, 1)),z € C}U{(b, (z. -1)).z € C}

Remark : It is the same extended quotient for s and t
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Let w1, w, two characters of F*. Then y, X > = 1 is reducible,
if and only if
o yil = vy

o yi=v*

e y; is order two
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Theorem (Sally, Tadic)

Let y,, w, two characters of F*. Then y; X y, = 1 is reducible,
if and only if

o yil = vy
o wi=v*
e y; is order two

wX{x1 =1y TlZ + > 7¢, Tf tempered representation of
SL,(F) (¢ character of F* of order two).
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Theorem (Sally, Tadic)

Let y,, w, two characters of F*. Then y; X y, = 1 is reducible,
if and only if

+1

o yil = vy
o ;=0
e y; is order two
YxIxl=yx TlZ + =TS, Tf tempered representation of

SL,(F) (¢ character of F* of order two).
w X v> 1 has two subquotients : y > 1s;, and y > Stgz,



Local
Langlands cor-

respondence
TS s=I[T.xml]
conjecture
Ahmed point of T /W | cocharacter | constituant | representation
s (e, (21.22) pixX =<1 | pixxya=1
(e.(z.q") wx > lg, wx Xvxl
(b,(z, 1)) wx = Stsp,
(e,(z,-1)) wx =T wxxexl
(b, (z,-1)) wx =T,
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s=[T,x®1]
point of T /W | cocharacter | constituant | representation
(e.(z1.22)) (1.1 wix Xy <1 | pixxXyyxl
(e.(z.q7")) (1, 1) wx > Ly, wxx vl
(b,(z, 1)) wx = Stsp,
(e, (z,-1)) (1, 1) wx < Ty wxxexl
(b.(z.—1)) wx =T5
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s=[T,x®1]
point of T /W | cocharacter | constituant | representation
(e.(z1.22)) (1.1 wix Xy <1 | pixxXyyxl
(e.(z.q7")) (1, 1) wx > Ly, wxx vl
(b, (z, 1) (1) wx > Stsi,
(e, (z,-1)) (1, 1) wx < Ty wxxexl
(b, (z,-1)) wx =T
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s=[T,x®1]

point of T /W | cocharacter | constituant | representation
(e, (z1,22)) (1,1 pixXyaxl| pixXyrxl
(e.(z.q7") (1, 1) wx > s, wx X vl
(b,(z, 1)) (1,779 WX > Stsi,
(e, (z,—1)) (1, 1) wx =T wx xexl
(b, (z,-1)) (L, 1) wx =T,
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s=[T,x®1]

point of T /W | cocharacter | constituant | representation
(e, (z1,22)) (1,1 pixXyaxl| pixXyrxl
(e.(z.q7") (1, 1) wx > s, wx X vl
(b,(z, 1)) (1,779 WX > Stsi,
(e, (z,—1)) (1, 1) wx =T wx xexl
(b, (z,-1)) (L, 1) wx =T,

T, //Ws = (Ts//Ws)uo U (Ts//WS)ue
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s=[T,x®1]

point of T /W | cocharacter | constituant | representation
(e, (z1,22)) (1,1 pixXyaxl| pixXyrxl
(e.(z.q7") (1, 1) wx > s, wx X vl
(b,(z, 1)) (1,779 WX > Stsi,
(e, (z,—1)) (1, 1) wx =T wx xexl
(b, (z,-1)) (L, 1) wx =T,

T, //Ws = (Ts//Ws)uo U (Ts//WS)ue

(Ts//Ws)uo = TS/WS U Tg_/Ws’
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s=[T,x®1]

point of T /W | cocharacter | constituant | representation
(e, (z1,22)) (1,1 pixXyaxl| pixXyrxl
(e.(z.q7") (1, 1) wx > s, wx X vl
(b,(z, 1)) (1,779 WX > Stsi,
(e, (z,—1)) (1, 1) wx =T wx xexl
(b, (z,-1)) (L, 1) wx =T,

T, //Ws = (Ts//Ws)uo U (Ts//WS)ue

(Ts /Ws)u, = Ts/Ws U TP~ /W, cocharacter iy, (z) = (1, 1)
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s=[T,x®1]

point of T /W | cocharacter | constituant | representation
(e, (z1,22)) (1,1 pixXyaxl| pixXyrxl
(e.(z.q7") (1, 1) wx > s, wx X vl
(b,(z, 1)) (1,779 WX > Stsi,
(e, (z,—1)) (1, 1) wx =T wx xexl
(b, (z,-1)) (L, 1) wx =T,

T, //Ws = (Ts//Ws)uo U (Ts//WS)ue

(Ts /Ws)u, = Ts/Ws U TP~ /W, cocharacter iy, (z) = (1, 1)
(Ts//Ws)ue = Téﬂ—/Ws,
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s=[T,x®1]

point of T /W | cocharacter | constituant | representation
(e, (z1,22)) (1,1 pixXyaxl| pixXyrxl
(e.(z.q7") (1, 1) wx > s, wx X vl
(b,(z, 1)) (1,779 WX > Stsi,
(e, (z,—1)) (1, 1) wx =T wx xexl
(b, (z,-1)) (L, 1) wx =T,

T, //Ws = (Ts//Ws)uo U (Ts//WS)ue

(Ts /Ws)u, = Ts/Ws U TP~ /W, cocharacter iy, (z) = (1, 1)
(Ts /W), = TP /W, cocharacter h,, (z) = (1,772)
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s=[T,x®1]

point of T /W | cocharacter | constituant | representation
(e, (z1,22)) (1,1 pixXyaxl| pixXyrxl
(e.(z.q7") (1, 1) wx > s, wx X vl
(b,(z, 1)) (1,779 WX > Stsi,
(e, (z,—1)) (1, 1) wx =T wx xexl
(b, (z,-1)) (L, 1) wx =T,

T, //Ws = (Ts //Ws)uo U (Ts//WS)ue

(Ts /Ws)u, = Ts/Ws U TP~ /W, cocharacter iy, (z) = (1, 1)
(Ts /W), = TP /W, cocharacter h,, (z) = (1,772)

Remark : (e, (z, —1)) and (b, (z, —1)) are in the same L-packet
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t=[T.xm ]
point of Ty /W, | cocharacter | constituant | representation
(e, (z1,22)) wvixXya< 1| yixXypx1
(e.(z. 1)) px=T; | yxx =l
(b, (z, 1)) yx < Ty
(e.z.=1)) yx =Ty | yxxegxl
(b.(z.~1)) yx = T
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t=[T,xx ]
point of Ty /W, | cocharacter | constituant | representation
(e, (z1,22)) (1, 1) wvixXya< 1| yixXypx1
(e.(z. 1) (1. 1) px =T | oy x {1
(b.(z. 1) yx < Ty
(e, (z.—1)) (1. 1) px=Ti¢ | wxxegxl
(b.(z.—1)) wx < T,
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t=[T,x&{l
point of Ty /W, | cocharacter | constituant | representation
(e, (z1,22)) (1, 1) wvixXya< 1| yixXypx1
(e.(z. 1)) (1.1 px =T | oy x {1
(b.(z. 1) (1, 1) yx < Ty
(e.z.=1) (1.1) yx =Ty | yxxegxl
(b.(z.—1) wx < T,
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t=[T,x=r{]
point of Ty /W, | cocharacter | constituant | representation
(e, (z1,22)) (1, 1) wvixXya< 1| yixXypx1
(e.(z. 1)) (1.1 px =T | oy x {1
(b.(z. 1) (1, 1) yx < Ty
(e.z.=1) (1.1) yx =Ty | yxxegxl
(b.(z.—1) (1. 1) x> Ty
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t=[T,x=r{]
point of Ty /W, | cocharacter | constituant | representation
(e, (z1,22)) (1, 1) wvixXya< 1| yixXypx1
(e.(z. 1)) (1.1 px =T | oy x {1
(b.(z. 1) (1, 1) yx < Ty
(e.z.=1) (1.1) yx =Ty | yxxegxl
(b.(z.—1) (1. 1) x> Ty

T /Wy = (Tt /Wiy U (Tt [/ W),
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t=[T,x=r{]
point of Ty /W, | cocharacter | constituant | representation
(e, (z1,22)) (1, 1) wvixXya< 1| yixXypx1
(e.(z. 1)) (1.1 px =T | oy x {1
(b.(z. 1) (1, 1) yx < Ty
(e.z.=1) (1.1) yx =Ty | yxxegxl
(b.(z.—1) (1. 1) x> Ty

T /Wy = (Tt /Wiy U (Tt [/ W),

(Tt//Wf)u() = Ts/Ws u Tf/Ws,
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t=[T,x=r{]
point of Ty /W, | cocharacter | constituant | representation
(e, (z1,22)) (1, 1) wvixXya< 1| yixXypx1
(e.(z. 1)) (1.1 px =T | oy x {1
(b.(z. 1) (1, 1) yx < Ty
(e.z.=1) (1.1) yx =Ty | yxxegxl
(b.(z.—1) (1. 1) x> Ty

T /Wy = (Tt /Wiy U (Tt [/ W),

(Te /W)y = Ts/Ws U TE /W, cocharacter (1) = (1,1)
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t=[T,x=r{]
point of Ty /W, | cocharacter | constituant | representation
(e, (z1,22)) (1, 1) wvixXya< 1| yixXypx1
(e.(z. 1)) (1.1 px =T | oy x {1
(b.(z. 1) (1, 1) yx < Ty
(e.z.=1) (1.1) yx =Ty | yxxegxl
(b.(z.—1) (1. 1) x> Ty

T /Wy = (Tt /Wiy U (Tt [/ W),

(Te /W)y = Ts/Ws U TE /W, cocharacter (1) = (1,1)
(T /W)y, =0
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t=[T,x=r{]
point of Ty /W, | cocharacter | constituant | representation
(e, (z1,22)) (1, 1) wvixXya< 1| yixXypx1
(e.(z. 1)) (1.1 px =T | oy x {1
(b.(z. 1) (1, 1) yx < Ty
(e.z.=1) (1.1) yx =Ty | yxxegxl
(b.(z.—1) (1. 1) x> Ty

T /Wy = (Tt /Wiy U (Tt [/ W),

(Te /W)y = Ts/Ws U TE /W, cocharacter (1) = (1,1)
(T /W)y, =0

Remark : (e, (z, —1)) and (b, (z, —1)) are in the same L-packet,
for (e, (z, 1)) and (b, (z, 1)) is the same
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The Langlands dual group of Sp4(F) is SOs(C), with
SO5(C) = {g € SL5(C),'gJg = J} and the maximal torus

4|
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The Lie algebra of SO5(C) is

Y1 X122 X13  X14 0

X1 Y2 X3 0 —xi4
505(C) ={|x31 x32 0 —x3 —x13|.x5.5€C
x41 0 —x3 —y2 —xi2

0 —x41 —x31 —x21 -2
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The Langlands parameters for x1 ® x» is

o(x1, x2) :

Wr

— T

xi(w)

xXe(w)

xow)™!

xi(w)™!
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The Langlands parameters for x| R x> is
olxt,x2): Wp — T
x1(w)
x2(w)
w — 1
xow)™!
xi(w)™!

The Langlands parameters for the irreducible subquotients of
wix X g2 = 1 are (o(y1x, ¥2).0), (o(w1x, v),0) and
(o(w1x, v), N) with
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The Langlands parameters are also the morphisms from Wy, to
SO5(C). For (o(y1x, v), N) the corresponding morphism is

p: W, — T
(p10(w)
(w,s) +— S3(s)
(1) (w)™!

where S3 is the irreducible representation of dimension 3 of
SL,(C).
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The Langlands parameters are also the morphisms from Wy, to
SO5(C). For (o(y1x, v), N) the corresponding morphism is

p: W, — T
(p10(w)
S3(s)

(1) (w)™!

w,s) +—

where S3 is the irreducible representation of dimension 3 of
SL,(C).
1

-1 T
We have cp(l, (I )) = 1
t 2
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For the irreducible subquotient of y; x X w,{ > 1 there are
(o(yp1x, ¥20), 0).
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For the irreducible subquotient of y; x X w,{ > 1 there are

(o(wix. ¥20).0).
We find in this way the cocharacters and the decomposition.
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s=[T.x® 1]

point of 75 /Ws | cocharacter Langands parameter constituant representation
(e.(z1.22)) Wi w27 yixXyr<l | prxxyaxl
(e.(z.g™D) (x. V7 wyx > Lst, wx x vl
(w10w)
(b, (z, 1) $3(s) wx = Stsr,
Womw™!
(e.(z.-1) (yx. o7 wx Ty wxxexl
Wx. o7 wx =Ty

(. .-1)
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s=[T.x® 1]

point of 75 /Ws | cocharacter Langands parameter constituant representation
(e,(z1,22)) a.1n (Wix y2)7 pixXyp <1 | yrxXypxl
(e.z.q71) (1.1) (x. V7 wx < lst, XX vl
(w10w)
(b, (z, 1) $3(s) wx = Stsr,
Womw™!
(e.(z.-1)) (1, 1) (WXME)T wxleg wxXexl
(b.(z.-1) (yx. o yx=T;
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s=[T.x® 1]

point of 75 /Ws | cocharacter Langands parameter constituant representation
(e,(z1,22)) a.1n (Wix y2)7 pixXyp <1 | yrxXypxl
(e.z.q71) (1.1) (x. V7 v~ st XX vl
(w10w)
(b. @ 1) (1.72) S3(5) wx > Stsi,
Womw™!
(e.(z.-1)) (1, 1) (WXME)T wxleg wxXexl
(b.(z.-1) (yx. o yx=T;
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s=[T.x® 1]

point of 75 /Ws | cocharacter Langands parameter constituant representation
(e,(z1,22)) a.1n (Wix y2)7 pixXyp <1 | yrxXypxl
(e.z.q71) (1.1) (x. V7 v~ st XX vl
(w10w)
(b. @ 1) (1.72) S3(5) wx > Stsi,
Womw™!
(e.(z.-1)) (1, 1) (WXME)T wxleg wxXexl
(b.(z.-1) (LD (yx. o yx=T;
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t=[T.x={l
point of Ty /W; | cocharacter | Langands parameter | constituant | representation
(e, (z1,22)) a1 (y1x. )7 vixXya<1 | yixXynxl
(e.(z. 1) (1.1 (x. 07 wxxTi pxx {1
(b, (z, 1) 1,1 (yx. O7 yx =715
(e.(z.=1) [T (v €07 px =T | yxxegl
(b.(z.~1) a1 (wx. 07 wx = T3
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Thank you for your attention.
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