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BEYOND (VECTOR) SPACE



CO/SHEAVES TAKING VALUES

THERE ARE SEVERAL APPLICATIONS FOR SHEAVES WITH MORE GENERAL DATA CATEGORIES

SETS

REEB GRAPHS, SMOOTHING, APPROXIMATION DE SILVA, MUNCH, § PATEL

CONTEXTUALITY, PARADDX ABRAMSKY + AL
SEMIGROUPS

POSITIVE CO/HOMOLOBY FOR SHEAVES DVER TIME AXIS B + KRISHNAN
Z-MODULES

BENERALIZED PERSISTENCE ; BI-SHEAVES ; VERY GENERAL PATEL, MACPHERSON-PATEL



SO 1IN MOk GENEAL.

BASED ON WORK WITH HANS RIESS



SHEAVES OF LATTICES



LATTICES



LATTIGES

LATTICES are PARTIALLY ORDERED SETS with a PAIR of OPERATIONS

V:A V ¢ JOIN
LEAST UPPER BOLND
COMMUTATIVE LNION : OR ; MAX ...
ASSOCIATATIVE
/A ¢ MEET
IDEMPOTENT

GREATEST LOWER BOLND
INTERSECTION ; AND ; MIN ...




EXAMPLES OF LATTIGES

2X = POWER SET of X P(X) = PARTITIONS of X



GALOIS / CONGEPT LATTICES

biven a binary relation on two sets: XoX XoX XeoXe
OC0000060

Acts as a KERNEL tor a transtorm...
nverse blocks are called CONGEPTS
Loncepts are pairs INTENT-EXTENT

Loncepts generate an ordering/|attice

Q000000
@00000O0
0000000

OBJECTS / AGENTS

CONCEPT LATTICE E AAAAAAA
EI-\.L[||S LATTICE —
[ Wille, 1981 + more...] ATTRIBUTES / FEATURES




GALOIS / CONGEPT LATTIGES

EXAMPLE : Attributes of various social media platforms

TEXT IMAGE VIDEO |DIRECTED FOLLOWS UF'/LIKE DOWN USA PRIVATE | DISINFO

TXT IMAG VID DIR FOLL UP |DOWN | USA PRIV DIS

TWITTER
FACEBOOK
INSTAGRAM
TIKTOK
DISCORD
YOUTUBE
REDDIT




GALOIS / CONGEPT LATTIGES

The GALOIS LATTICE arranges

the object-attribute pairs

It is illustrative to examine

upseTs - @@

DOWNSETS : (UsAY

TTTTTTTTT
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HWOEA = MOWEINEARNTY Wil LATIIGES

IF YOU WANT NONLINEAR SHEAVES, NON-LINEAR ORDERED SETS IS A GOOD START...



PERSONAL

Objective distribution

Pretty good

It's okay

SULALES

Individuals maintain personal structures
for opinions, preferences, o perceptions

Americans
This is awesome!

Pretty

It's a good start

Eastern Europeans

What is this garbage? I don’t like it

Even so...

British People

Probably Not

Highly Unlikely

Perceptions of Probability
__-I_‘

i

—_ = e
|

40 50 60 8(
Assigned Probability (%)

How People Interpret
Probabilistic Words

“Always” doesn’t always mean always.

Distribution of responses according
to respondents’ estimate of likelihood

Word or phrase
Always

Certainly

Slam dunk

Almost certainly
Almost always

With high probability
Usually

Likely

Frequently
Probably

Often

Serious possibility
More often than not
Real possibility

With moderate probability

Maybe

Possibly

Might happen

Not often

Unlikely

With low probability
Rarely

Never

0% 50 100

ew Mauboussin and Michael J. Mauboussin




IRUTH & PERGEPTIONS & LATTICES

ABSOLUTELY TRUE

LIKELY
THINK SO
PROBABLE
DOUBTFUL POSSIBLE
ABSOLUTELY FALSE




THE PROBLEN GF COMMUNIEA TION

ABSOLUTELY TRUE ROCK SOLID ABSOLUTELY TRUE
LIKELY
THINK SO SURE SURE
YOU BETCHA
EXPRESSION
PROBABLE ——> < |
< ) | >
pousTruL |  LPOSIBLE KINDA! EHHHH..
ABSOLUTELY FALSE NO DEAL ABSOLUTELY FALSE

SELF OTHER



EXAMPLE: COALITION-GUILONG

Lonsider a cover of a social network by neighborhoods IV,
Lonsider a sheat F whose stalks correspond to the NERVE POWERSETS

Fw) =2  F(e) =2Nu"o  ge = {u, v}

Vertex stalks F (v) are private estimates of who supports the coalition

Maps to edge stalks F (e) are pairwise expressions of membership estimates

[hink about how one could grow a coalition



EXAMPLE: COALITION-GUILONG

F(v) = 2M F(e) = 2Mus

[hink about how one could grow a coalition



EXAMPLE: COALITION-GUILONG

Expression/Inference can be more subtle than “4re you for or against?”

[hink about how one could grow a coalition



GOMIBUIIGATION 10 LATTIGES

IS A BIT SUBTLE...



LATTICE MORPHISINS

GALOIS CONNECTIONS

LATTICE CONNECTIONS come in ADJOINT PAIRS

/o
X - > Y fx) sy & x<f(y)

=
AGENAVARICD

For=\/£10"




e AT GLOBAL SEGCTIONS

BUT WE CAN'T JUST “RUN THE HEAT ERUATION" ON THESE SHEAVES
LIKE WE COULD DO FOR VECTOR-VALUED SYSTEMS



JEFINITION: TARSAT LAPLAGIAN

DEFINITION : Let F be a NETWORK SHEAF of LATTICES
letx = (x,,) € CY be a O-COCHAIN

TARSKI LAPLALIAN
L:C°F-C'F




Wiy &> Tl A “LAFLAGIAK "7

IT CERTAINLY DOESN'T LOOK LIKE IT...



JEFINITION: TARSAT LAPLAGIAN

LEMMA : the TARSKI LAPLACIAN decomposes as

(Lx), = /\ (]:vﬁe). ( /\ (Fwﬁe)° (xw))

ecSv wEDe
/ \ \
= | A\ Foce)” (Foge)e @) | AL A\ (Foge)” (Fuge)s ()
\“€0v ) \wesin )
EXPANSION MIXING



= Y =
K\X the { aplacian 7//1(

T
L D—A = BB
3 6 -
5 @ ' -1 -1 0 3 1
0 0 0 -1 -1 2

)Q’ Very Us 3{ ul Jndeed! \Q&




JEFINITION: TARSAT LAPLAGIAN

LEMMA : the TARSKI LAPLACIAN decomposes as
(Lx)y = /\ (Foge) ( /\ (Fuwge) (a?w)) BBT

ecov wEe

EXPANSION D—A MIXING
s



DIFFUSION



TARSKI FXED POINT THEGREL

THEOREM : For a COMPLETE LATTICE, X,
and an order-preserving endomorphism f: X — X
the fixed point set Fix(f) is a
NONEMPTY
GOMPLETE
HUASI-SUBLATTICE
of X




HODGE-TARSKI HIXED POINT THECREM

MAIN THEOREM : For a network sheat F of COMPLETE LATTICES,
the GLOBAL SECTIONS are computed via the TARSKI LAPLACIAN

HOF = Fix(Id A L)
COMPARE: x,,., = (I — L)x,,
COMPARE : dx/dt = —Lx

COROLLARY : HOF is a NONEMPTY COMPLETE QUASI-SUBLATTICE of COF
e



HIGHER DIMENSIONS



HODGE-TARSKI HIXED POINT THECREM

THEOREM : For a network sheat F of COMPLETE LATTICES,
the GLOBAL SECTIONS are computed via the TARSKI LAPLACIAN

HOF = Fix(Id A L)

i

THINK : the global sections are really the 0-dimensional sheaf cohomology

DOES HIGHER DIMENSIONAL SHEAF COHOMOLOGY MAKE SENSE?
e



RECALL: TARSKI LAPLAGIAN

TARSKI LAPLALIAN
L:C°F-C'F

(LX)’U — /\ (F’vﬂe). ( /\ (Fwﬁe)- (mw))

ecov wEDe

EASY! Replace vertices with k-cells and edges with cofaces.
Ly : C¥F - CkF



HODGE-TARSKI COHOMOLOGY

DEFINITION : For a cellular sheat F of complete lattices on a cell complex,
the TARSKI COROMOLOGY is defined via the TARSKI LAPLACIAN

TH*F := Fix(Id A L)

THEOREM : TH®F IS A NONEMPTY COMPLETE QUASI-SUBLATTICE OF CkF



WAl 1S TS 7

THAT'S A GOOD QUESTION...



CCLETS. 60 TO THE FUTURE S
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TOWARDS REASONING



AUDITIONAL / HIGHER LATTICE STRUCTURES

NN

> &

SEMANTIC RESIDUATED CATEGORICAL



RAIPKE SEMANTICS & DISTRIBUTED REASONING

GIVEN : Kripke trame = (S, K; € § X S) 25
DERIVE : Galois connections on powerset of states S A
K7 2
25 —— 25
KY

l

SEMANTIC SHEAF : A graph of agents contemplating propositions S,
communicating over the network to neighbors about knowledge/beliefs..



RAIPKE SEMANTICS & DISTRIBUTED REASONING

SEMANTIC SHEAF : A graph of agents contemplating propositions S,
communicating over the network to neighbors about knowledge/beliefs..

DUAL TARSKI LAPLACIANS : For knowledge/possibility consensus

(Lo); = /\%i"fffﬁ (9)) HODGE-TARSKI THEOREM -
jou lteration yields knowledge
b N I,V (resp. possibility) consensus
(L0); = \/:K] K ()) over the network...

j=i



Wk 1 PROGIESS

W/ PAIGE RANDALL NORTH : HANS RIESS : MIGUEL LOPEZ



THE PLANL.

LATTICE : of propositions and implications via up-sets

FUZZY LATTICE THEORY : strength of implication
ct. work of R. Belohlavek (1993)

NEW INGREDIENT = ENRICHED CATEGORY THEDRY
BOOLEAN LATTICE = category enriched in {0,173} with all finite meets/joins

FUZZY LATTICE = category enriched in a8 commutative ordered monoid with all finite
meets/joins (e.g.. [0,1] for the classic residuated theary)

WEIGHTED LIMITS/COLIMITY -->> Laplacian & Hodge-Tarski fixed point theorem
e




QUESTIONS/ DIRECTIONS

BEYOND NETWORKS : higher-dimensional complexes & cohomologies

BEYOND DIFFUSION : waves, reaction-diffusion, patterns, drift, ...
B |

BEYOND LATTICES : coefficients are the programming language of a sheat

B |
BEYOND SHEAVES : stacks! § more..

BEYI]NI] MATHEMATIE sn much furustu dn in AI/ ML/ BSP +

—
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