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prologue : calculus

cellular sheaves

simple examples

harmonic convergence

nonabelian goals 

reasoning with sheaves





THERE ARE SEVERAL APPLICATIONS FOR SHEAVES WITH MORE GENERAL DATA CATEGORIES

SETS

ℤ-MODULES

DE SILVA, MUNCH, & PATELREEB GRAPHS, SMOOTHING, APPROXIMATION

PATEL, MACPHERSON-PATELGENERALIZED PERSISTENCE ; BI-SHEAVES ; VERY GENERAL!

SEMIGROUPS
G + KRISHNANPOSITIVE CO/HOMOLOGY FOR SHEAVES OVER TIME AXIS 

ABRAMSKY + AL.CONTEXTUALITY, PARADOX



BASED ON WORK WITH HANS RIESS







∨ ∶ JOIN
LEAST UPPER BOUND
UNION ; OR ; MAX …

∧ ∶ MEET
GREATEST LOWER BOUND

INTERSECTION ; AND ; MIN …

LATTICES are PARTIALLY ORDERED SETS with a PAIR of OPERATIONS

∨ ∶ ∧
COMMUTATIVE

ASSOCIATATIVE

IDEMPOTENT



𝟐𝟐𝑿𝑿 = POWER SET of 𝑿𝑿 𝑷𝑷(𝑿𝑿) = PARTITIONS of 𝑿𝑿

𝑿𝑿



Given a binary relation on two sets: 

ob
je

ct
s /

 a
ge

nt
s

attributes / features

Acts as a KERNEL for a transform…

Inverse blocks are called CONCEPTS

Concepts are pairs INTENT-EXTENT

CONCEPT LATTICE
GALOIS LATTICE
[ Wille, 1981 + more…]

Concepts generate an ordering/lattice

intent

ex
te

nt



EXAMPLE : Attributes of various social media platforms



       p

TXT

IMAG

DOWN

VID DIRFOLL

USA

DIS

PRIV

UP
The GALOIS LATTICE arranges 

the object-attribute pairs

It is illustrative to examine
UPSETS  :  

DOWNSETS  :  USA



IF YOU WANT NONLINEAR SHEAVES, NON-LINEAR ORDERED SETS IS A GOOD START…



Individuals maintain personal structures 
for opinions, preferences, & perceptions



likely
think so

absolutely true

absolutely false

possible

probable

doubtful



likely
think so

absolutely true

absolutely false

possible

probable

doubtful

SELF

ROCK SOLID

NO DEAL

YOU BETCHA

EHHHH…

SURE SURE

KINDA

absolutely true

absolutely false

OTHER

EXPRESSION

PERCEPTION

DISCOURSE



Consider a cover of a social network by neighborhoods 𝑁𝑁𝑣𝑣
Consider a sheaf ℱ whose stalks correspond to the NERVE POWERSETS

ℱ 𝑣𝑣 = 2𝑁𝑁𝑣𝑣 ℱ 𝑒𝑒 = 2𝑁𝑁𝑢𝑢∩𝑁𝑁𝑣𝑣 𝜕𝜕𝜕𝜕 = {𝑢𝑢, 𝑣𝑣}

Vertex stalks ℱ(𝑣𝑣) are private estimates of who supports the coalition
Maps to edge stalks ℱ(𝑒𝑒) are pairwise expressions of membership estimates

Think about how one could grow a coalition



𝑢𝑢 𝑣𝑣
𝑒𝑒

ℱ 𝑣𝑣 = 2𝑁𝑁𝑣𝑣 ℱ 𝑒𝑒 = 2𝑁𝑁𝑢𝑢∩𝑁𝑁𝑣𝑣

Think about how one could grow a coalition



𝑢𝑢 𝑣𝑣
𝑒𝑒

Think about how one could grow a coalition

Expression/Inference can be more subtle than “Are you for or against?”



IS A BIT SUBTLE…



GALOIS  CONNECTIONS

LATTICE CONNECTIONS come in ADJOINT PAIRS

𝑋𝑋 𝑌𝑌
𝑓𝑓•
𝑓𝑓•

𝑓𝑓• 𝑥𝑥 ≤ 𝑦𝑦 ⇔ 𝑥𝑥 ≤ 𝑓𝑓•(𝑦𝑦)

𝑓𝑓• 𝑦𝑦 = �𝑓𝑓•−1 𝑦𝑦↓

𝑓𝑓• 𝑥𝑥 = �𝑓𝑓•−1(𝑥𝑥↑)



BUT WE CAN’T JUST “RUN THE HEAT EQUATION” ON THESE SHEAVES
LIKE WE COULD DO FOR VECTOR-VALUED SYSTEMS



DEFINITION : Let ℱ be a NETWORK SHEAF of LATTICES
Let x = (𝑥𝑥𝑣𝑣) ∈ 𝐶𝐶0 be a 0-COCHAIN

TARSKI LAPLACIAN

𝐿𝐿 ∶ 𝐶𝐶0ℱ → 𝐶𝐶0ℱ



IT CERTAINLY DOESN’T LOOK LIKE IT…



EXPANSION MIXING

LEMMA : the TARSKI LAPLACIAN decomposes as





EXPANSION MIXING

LEMMA : the TARSKI LAPLACIAN decomposes as





THEOREM : For a COMPLETE LATTICE, 𝑋𝑋, 
and an order-preserving endomorphism 𝑓𝑓:𝑋𝑋 → 𝑋𝑋

the fixed point set 𝐹𝐹𝐹𝐹𝐹𝐹(𝑓𝑓) is a
NONEMPTY
COMPLETE

QUASI-SUBLATTICE
of𝑋𝑋



MAIN THEOREM : For a network sheaf ℱ of COMPLETE LATTICES,
the GLOBAL SECTIONS are computed via the TARSKI LAPLACIAN

𝐻𝐻0ℱ = 𝐹𝐹𝐹𝐹𝐹𝐹(𝐼𝐼𝐼𝐼 ∧ 𝐿𝐿)

COROLLARY : 𝐻𝐻0ℱ is a NONEMPTY COMPLETE QUASI-SUBLATTICE of 𝐶𝐶0ℱ

COMPARE :  𝑥𝑥𝑛𝑛+1 = 𝐼𝐼 − 𝐿𝐿 𝑥𝑥𝑛𝑛
COMPARE :  𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑 = −𝐿𝐿𝐿𝐿





COMPARE   𝐼𝐼 𝐿𝐿COMPARE   𝑑𝑑 /𝑑𝑑 𝐿𝐿

THEOREM : For a network sheaf ℱ of COMPLETE LATTICES,
the GLOBAL SECTIONS are computed via the TARSKI LAPLACIAN

THINK : the global sections are really the 0-dimensional sheaf cohomology

DOES HIGHER DIMENSIONAL SHEAF COHOMOLOGY MAKE SENSE?

𝐻𝐻0ℱ = 𝐹𝐹𝐹𝐹𝐹𝐹(𝐼𝐼𝐼𝐼 ∧ 𝐿𝐿)



TARSKI LAPLACIAN

𝐿𝐿 ∶ 𝐶𝐶0ℱ → 𝐶𝐶0ℱ

EASY! Replace vertices with 𝑘𝑘-cells and edges with cofaces.
𝐿𝐿𝑘𝑘 ∶ 𝐶𝐶𝑘𝑘ℱ → 𝐶𝐶𝑘𝑘ℱ



DEFINITION : For a cellular sheaf ℱ of complete lattices on a cell complex,
the TARSKI COHOMOLOGY is defined via the TARSKI LAPLACIAN

𝑇𝑇𝐻𝐻𝑘𝑘ℱ ∶= 𝐹𝐹𝐹𝐹𝐹𝐹(𝐼𝐼𝐼𝐼 ∧ 𝐿𝐿𝑘𝑘)

THEOREM : 𝑇𝑇𝐻𝐻𝑘𝑘ℱ IS A NONEMPTY COMPLETE QUASI-SUBLATTICE OF 𝐶𝐶𝑘𝑘ℱ



THAT’S  A  GOOD  QUESTION…











GIVEN : Kripke frame = (𝑆𝑆,𝒦𝒦𝑖𝑖 ⊂ 𝑆𝑆 × 𝑆𝑆)
DERIVE : Galois connections on powerset of states 𝑆𝑆

2𝑆𝑆 2𝑆𝑆
𝐾𝐾𝑖𝑖∃

𝐾𝐾𝑖𝑖∀

SEMANTIC SHEAF : A graph of agents contemplating propositions 𝑆𝑆, 
communicating over the network to neighbors about knowledge/beliefs…

2𝑆𝑆

2𝑆𝑆



GIVEN : Kripke frame = (𝑆𝑆,𝒦𝒦𝑖𝑖 ⊂ 𝑆𝑆 × 𝑆𝑆)DERIVE : Galois connections on powerset of states 𝑆𝑆2𝑆𝑆 2𝑆𝑆
𝐾𝐾𝑖𝑖

𝐾𝐾𝑖𝑖∀

SEMANTIC SHEAF : A graph of agents contemplating propositions 𝑆𝑆, 
communicating over the network to neighbors about knowledge/beliefs…

DUAL TARSKI LAPLACIANS : For knowledge/possibility consensus

𝐿𝐿𝐿𝐿 𝑖𝑖 = �
𝑗𝑗→𝑖𝑖

𝒦𝒦𝑖𝑖
∀𝒦𝒦𝑗𝑗∃(𝜎𝜎𝑗𝑗)

𝐿𝐿∗𝜎𝜎 𝑖𝑖 = �
𝑗𝑗→𝑖𝑖

𝒦𝒦𝑗𝑗∃𝒦𝒦𝑖𝑖
∀(𝜎𝜎𝑗𝑗)

HODGE-TARSKI THEOREM : 
Iteration yields knowledge 
(resp. possibility) consensus 
over the network…



W/  PAIGE RANDALL NORTH  :  HANS RIESS  :  MIGUEL LOPEZ



LATTICE : of propositions and implications via up-sets
FUZZY LATTICE THEORY : strength of implication

cf. work of R. Bêlohlávek (1999)

NEW INGREDIENT = ENRICHED CATEGORY THEORY
BOOLEAN LATTICE = category enriched in {0,1} with all finite meets/joins

FUZZY LATTICE = category enriched in a commutative ordered monoid with all finite 
meets/joins (e.g., [0,1] for the classic residuated theory)

WEIGHTED LIMITS/COLIMITS -->> Laplacian & Hodge-Tarski fixed point theorem



BEYOND MATHEMATICS : so much for us to do in AI/ML/GSP +

BEYOND LATTICES : coefficients are the programming language of a sheaf

BEYOND DIFFUSION : waves, reaction-diffusion, patterns, drift, …

BEYOND SHEAVES : stacks! & more…

BEYOND NETWORKS : higher-dimensional complexes & cohomologies



APPLIED  TOPOLOGY  GROUP
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