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ELER GOUNTING

x =8 >O v

X = 2 (—1)k*dim ¢, = z (—1D*dim H/
k k

VIS, L GOUWIING, 15 4 WALGLTION..



X(AUB) = x(4) + x(B) — x(AN B)

COUNTING, 154



EULER INTEGRATION

MEASURABLE SETS = semi-algebraic sets (constructible)
MEASURABLE FUNCTIONS = constructible functions to Z
EULER INTEGRAL = homomorphism

fX_d)( : CF(X) - Z I, dy = x(A4)

X

SCHAPIRA : VIRO : BARYSHNMIKOY-GARIST
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CULER INTEGRATION

FUBINI THEOREM : multiplicative nature of x
INTEGRAL TRANSFORMS : convolution, Fourier(-Sato), Radon, ...

(see work of Schapira +)

INTEGRAL GEOMETRY : Gauss-Bonnet for semi-algebraic sets

(see work of Brocker-Kuppe)

SIGNAL PROCESSING : lots of applications!

(see work of Baryshnikov-G)
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ANSWER 1: PROGFS!

THEOREM : Let h € CF (X) be a finite sum of indicator functions

N
h = Z ]IUi : X(Ui) = ( constant
i=1

then N = % f h dy depends only on h. not on the sum
X

YOU CAN PROVE THIS RIGHT NOW...



ANSWER 2 : THE POINT

ALL OF THE RESULTS IN EULER CALGULUS WERE
INSPIRED BY AND FLOW DIRECTLY FROM

SilcAlr Vel

[ SCHAPIRA < KASHIWARA ; VIRO < MAGPHERSON ]
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SHEAVES ARE ALGEBRAIC DATA STRUCTURES TETHERED TO A BASE SPACE

y ‘/‘ ﬁ: % \ £
® N THE SIMPLEST APPLICATIONS, THE BASE SPACE IS A CELL COMPLEX

SIMPLE SETTINGS, THE “"ALGEERAIC DATA™ ARE VECTOR SPACES & LINEAR TRANSFORMATIONS




DEFINITION: tor X a GELL COMPLEX a (CELLULAR) SHEAF F with data in
G is a FUNGTOR trom the FAGE POSET (X, 2) to G

INTUITION: the STALKS F (o) are DATA ; the (restriction) MAPS 4 /
F (o 2 ) are LOUMPATIBILITY CONSTRAINTS (‘L

DEFINITION: a (CELLULAR) COSHEAF F is a CONTRAVARIANT SHEAF

-

>> X €< P> X << P> X << > > X << D> X << D> > <d




ARE IN FACT SHEAVES

& HAVE A RICH HISTORY
(BACLAWSKI, CURRY, KASHIWARA, LADKANI, MACPHERSON, SHEPERD, ZEEMAN)




CELLULAR SHEAVES

ARE IN FACT SHEAVES

IF YOU KNOW WHAT THE GLUING AXIOM
FOR A SHEAF OVER A TOPOLOGY REALLY MEANS...

F(U, c U)

0 — F(U) HT(Uk)_d’HT(Uij)

ALL CELLULAR SHEAF APPROXIMATIONS MATCH




S SHEAF VALUED IN VECTOR SPACES

STALKS ( 23> LLL
VERTEX DATA EDGE DATA VERTEX DATA

asespace (@ : 3

= U e /

DATA STRUCTURE OVER A GRAPH
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SHEAF COHOMOLOGY

DEFINITION: for a SHEAF F on X in VECT the COCHAIN COMPLEX of the sheaf, C* (). is the sequence of
vector spaces that record DATA of F together with the COBOUNDARY MAP, d, comparing INCIDENT DATA

d d d d
C°(F) > CH(F) - C4(F) > C(F) >
VERTEX EDGE 2-CELL 3-CELL
DATA DATA DATA DATA
0 0 1 0 2 0 3 0
H™(F) > HY(F) > H(F) > H(F) >

DEFINITION: for a SHEAF F on X the COHOMOLOGY of the sheat, H*(F) = ker d /im d. is the sequence of
quotient vector spaces that characterizes F on X. In particular, H° (F) = GLOBAL SECTIONS of the sheaf.

INTUITION: dimension of H° (F) is the number of independent consistent solutions to the constrained system

SHEAF COHOMOLOGY CLASSIFIES CONSISTENT SOLUTIONS & OBSTRUCTIONS THEREQF
[COSHEAVES POSSESS A DUAL HOMOLOGY THEORY...]



SHEAVES EXAMPLE

JUST A SIMPLE LINEAR TRANSFORMATION

HY = ker A
v H' = coker A




SHEAVES EXAMPLE

DISCRETE-TIME LINEAR SYSTEMS : all stalks are R™

Consider the typical system: x,.; = A x;

j:'
id A4 id . As id A¢iq
Xt—1 Xt Xt+1

Global sections: HYF classifies global-time solutions



SHEAVES EXAMPLE

DISCRETE-TIME LINEAR SYSTEMS WITH CONTROLS J. Hansen

Consider the typical system: x.,; = A;x¢ + Bouy ; ye= Cexy + Diuy

Ui—1 Ut Uts1
F id id id
| l l
I Ui—1 I Ut I Uts1
1 [Ae—1 Be1l 1 [A; Bt] X;iq 1 [A¢t+1 Besa]
(o= Dt—l]" Xe-10Ue—y [Ct Dt]" X DU, [Cri1 Dt+1]" Xe+10Uess
1 kG at B iat il e
Yt—l Yt Yt+1

Global sections: HYF classifies global-time solutions



SHEAVES EXAMPLE




COSHEAVES EXAMPLE

SPLINES BEZIER SPLINES




COSHEAVES MMPZ/E

GRAPHIG STATICS [. GOOPERBAND
FORCE COSHEAF [ct. GRAPO/WRITELY]
R =» R"
ﬂ CoF = STATIC LOADS on VERTIGES

F = MIAL STRESSES on EDGES
F = SELF-STRESSES (NET ZERD FORCE)
F = FLEXIBILITY/FREEDOM of TRUSS

THEOREM [MAXWELL 1860s] : tor a truss in R™ : dim HyF = dim H{F — #E + n#V
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OPINION DY vAMICS

CLASSIC : Let's say you have a social network of individuals
Model the network as an undirected graph (cf. FaceBook)

Assume that everybody has an opinion on some topic...

= O +
O O ([
NDI MEH YES!

PROBLEM: What happens to peoples’ opinions over time,
assuming mutual influence?



CURRENT WORK

MOST CURRENT WORK HAS FOCUSED ON MORE COMPLEX SETTINGS / OUTCOMES

MULTIPLE DPINIDNS: n-dimensional data over graph.. H. AHN ET AL (2020)

M. ALEXANIAN AND D. MCNAMARA [2018]
C. ALTAFINI [Z012, 2013]

. . V. AMELKIN ET AL [2017
BOUNDED GONFIDENCE: influence only when opinions are close T NTALET AL [QEDE, %nna]

_ _ . H. BRODKS AND M. PORTER (2020]
HEGSELMAN-KRALSE-type maodel, e.q. : many others . CASTELLAND ET AL 12008, 701 7007

A. JADBABAIE ET AL [2021]

& SO MUCH MDORE.... H. NOORAZAR ET AL [2020]
A. PROSKURNIKDV ET AL [2020]

PREFERENGE FALSIFICATION and ANTAGONISTIC INTERACTION S, SCHWEIGHOFER ET AL (2070]
and SUSCEPTIBILITY and.. M. YE ET AL (2018, 2013)

Techniques in this subject include PROBABILITY, GRAPH THEDORY, ODEs/PDEs, & more...
e




DISCOURSE SHEAVES

CONSIDER THE FOLLOWING MODEL ON A SOCIAL NETWORK

J. Hansen + 5

MY
e © 2> O (LLL O

I
DISCOURSE
S T

VERTEX STALKS : OPINION SPACES : private “basis” opinions from which policies are formulated
Dk STALKS : DISCOURSE SPACES : public “basis” topics on which opinions are expressed
VERTEX-EDGE MAPS: EXPRESSIONS : how individuals choose to formulate opinions from bases

YOUR
OPINIONS




DISCOURSE SHEAVES EAAMPLE

Let's go walking
INDIAN BUFFET HUNGRY
for some food!
@)
@) @
LIKE TO
L O WALK
23> 0 <LLKL
MY YOUR
[PINIONS ‘ [PINIONS
DISCOURSE
F |
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TS 1 A VERY FleAislt MODEL

AND IT ILLUSTRATES NETWORK SHEAVES VERY WELL...



COHOMOLOGY & OPINION DISTRIGUTIONS

CO(F) 0-COCHAINS  opinion distributions (private)
Cl(F) |-COCHAINS ~  pairwise discussians (public)
d:C° - C? COBOUNDARY  aggregate public disagreement
HO(F) GLOBAL SECTIONS  harmanic opinion distributions

WHAT MORE GOULD WE DO WITH TRIS?
e



Vil 15 ST Ve BleGINInG

WITH A LOT OF VERY SIMPLE EXAMPLES T0O GET USED TO THE MAIN IDEAS...



CELLOLAR SHEAVES

THERE HAVE BEEN A LOT OF RECENT APPLICATIDNS...

NETWORK CODING HIRADKA-G
TARGET ENUMERATION / TRACKING BARYSHNIKOV-G ; KRISHNAN-G
REEB GRAPHS / SPACES DESILVA-MUNCH-PATEL
PERSISTENT HOMOLOGY CURRY : KASHIWARA-SCHAPIRA : MACPHERSON-PATEL
PERSISTENT HOMOLDGY TRANSFORM CURRY-TURNER-MUKHERJEE
DISTRIBUTED OPTIMIZATION HANSEN-G
LEARNING OPTIMAL STRATIFICATIONS NANDA
GRAPH SIGNAL PROCESSING / ML BODNAR-DIGIOVANNI+.+BRONSTEIN
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