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Elastic flow of networks .
stence of a solution

Statement of the problem
Find curves f; : [0, T) x [0,1] — R" and tangential components
vi [0, T) x [0,1] — R solution to
1
Ocfy = —V5R; = SIRi[*Ri + Nifii+pi0sfi on (0, T) x I,

for i = 1,2, 3 with boundary conditions

fi(t,1) = P, for te (0,T),i=1,2,3,
Ri(t,1) =0 = R;(t,0) 5/ forte (0, T), i=1,23,
f(t,0) = f(t,0) = f3(t,0) forte (0, 7),

and 33 | (Vsii(t,0) — \idsfi(t,0)) =0 for te (0, T) 2

H [ 9 9 %&
and initial value //S—Qs

A(t=0,-)=figfori=1,23 in[0,1]. & >
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Elastic flow of networks

Existence of a solution

Situation €4
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Elastic flow of networks

Existence of a solution

Situation
£

Fn

3,

Short time existence under Non-collinearity condition

(=)
Span{dsfo;i:i=1,2,3} > 2.
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What is a network
Setting

Elastic flow of networks . .
Existence of a solution

Long time existence

Idea: Show that all the norms of the solution remain bounded and
then extend the solution. Non-collinearity condition needed at
Tmax-

Anna Dall'Acqua On the elastic flow



Elastic flow of networks

Existence of a solution

Long time existence
Idea: Show that all the norms of the solution remain bounded and
then extend the solution. Non-collinearity condition needed at
Tmax-
How? (Morally) look at the equation that the derivatives of the
curvature satisfy.

m 7
e
VA
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Elastic flow of networks

Existence of a solution

Long time existence
Idea: Show that all the norms of the solution remain bounded and
then extend the solution. Non-collinearity condition needed at
Tmax-
How? (Morally) look at the equation that the derivatives of the
curvature satisfy.
Problems

1. Every integration by parts give boundary terms that need to
be taken care of.

i 3
Vi’VSme(*‘YS = - 'z&
(SR

S v r G e
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Elastic flow of networks

Long time existence
Idea: Show that all the norms of the solution remain bounded and
then extend the solution. Non-collinearity condition needed at
Tmax-
How? (Morally) look at the equation that the derivatives of the
curvature satisfy.
Problems
1. Every integration by parts give boundary terms that need to
be taken care of.
Lemma If 0;f = V+ p0sf, qg normal vector field with
Vb + Vih = Y, then
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Elastic flow of networks

Exnstence of a solution

Long time existence
Idea: Show that all the norms of the solution remain bounded and
then extend the solution. Non-collinearity condition needed at
Tmax-
How? (Morally) look at the equation that the derivatives of the
curvature satisfy.
Problems
1. Every integration by parts give boundary terms that need to
be taken care of.
Lemma If 0;f = V+ p0Osf, qg normal vector field with
Vb + Vih = Y, then

dt2/\¢|d+/v2 2ds =
\__W

%mud&
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Elastic flow of networks

Long time existence

Idea: Show that all the norms of the solution remain bounded and
then extend the solution. Non-collinearity condition needed at
Tmax-
How? (Morally) look at the equation that the derivatives of the
curvature satisfy.
Problems
1. Every integration by parts give boundary terms that need to
be taken care of.
Lemma If 8tf =V+ p0Osf, qg normal vector field with
tqb + V4<;5 Y, then b/

i3 [10ds+ /@s <¢,v3¢>]o+[<vs¢ Vil

v [+ 5pndds = [ 107G Ve,
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Elastic flow of networks

Long time existence

Idea: Show that all the norms of the solution remain bounded and
then extend the solution. Non-collinearity condition needed at
Tmax-
How? (Morally) look at the equation that the derivatives of the
curvature satisfy.
Problems

1. Every integration by parts give boundary terms that need to

be taken care of.

2. The tangential components ¢; are not known.
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Elastic flow of networks

Existence of a solution

Long time existence

Idea: Show that all the norms of the solution remain bounded and
then extend the solution. Non-collinearity condition needed at
Tmax-
How? (Morally) look at the equation that the derivatives of the
curvature satisfy.
Problems

1. Every integration by parts give boundary terms that need to

be taken care of.

2. The tangential components ¢; are not known. Really?
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Elastic flow of networks

Existence of a solution

The junction point
Condition
fi(t,0) = £;(t,0) for all t.
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Elastic flow of networks

Existence of a solution

The junction point
Condition
fi(t,0) = £;(t,0) for all t.

Differentiating with respect to t
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Elastic flow of networks

Existence of a solution

The junction point
Condition
fi(t,0) = £;(t,0) for all t.

Differentiating with respect to t

Since P Y1€> () ——
0if: = —VEF;’,- — f‘/?i,'|2l?5,' + AR + i0sf;,

and §; = 0 at x = 0, we get

—Vgﬁi + go,-asf,- = —Vgl_{j + (pjasfj ,
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Elastic flow of networks

Existence of a solution

The junction point
Condition
fi(t,0) = £;(t,0) for all t.

Differentiating with respect to t
0¢fi(t,0) = 0¢£;(¢,0).
Since
0 = ~V2R; — SR Rs + N + it
and ; = 0 at x = 0, we get
— V2R + idsfi = —V35; + ;0sf;,
that implies
i(t,0) = —(VER;, 0si)(t,0) + j(, 0)(0sf, Osfi)(t, 0) .
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Elastic flow of networks

e of a solution

Condition on the tangential component

(p,'(t, 0) = —<VE/ZJ, asﬁ'>(ta 0) + SDJ(R 0)<asf)a asf;>(t70) .

Anna Dall'Acqua On the elastic flow



Elastic flow of networks

e of a solution

Condition on the tangential component

(p,'(t, 0) = —<VE/ZJ, asﬁ'>(ta 0) + SDJ(R 0)<asf)a asf;>(t70) .

This can be written as
(b — i 1(0efian. 88 — praalicfiva, 0sF)

= —<V§I_{,’+1 + ngiﬂz, asfl>

e
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Elastic flow of networks

Exnstence of a solution

Condition on the tangential component

0i(t,0) = —(V2R;, s (t,0) + ¢j(t,0)(dsf;, dsfi)(t,0) .

This can be written as

2p0i — (Pi+1<(9sf;'+17 asfr> - 80i+2‘<asfi+2a asfl>
= —(V2Rip1 + ViRir2, 0sF)

If the non-collinearity condition is satisfied at t, then the system is
uniquely solvable and hence the tangential component is
determined at x = 0.
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t is a network

Elastic flow of networks

Existence of a solution

The tangential component

So ¢j(t,0) is given at x = 0.
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Setting
Existence of a solution

Elastic flow of networks

The tangential component

So ¢j(t,0) is given at x = 0.
Since fi(t,1) = P; fixed, then 0:f;(t,1) = 0 and from

1
Oefy = —V2Ri — §|/3;|2/%’i + ARk + 9idsfi, O
0 LD i— 5 —
we see that™p;(t,1) = 0 <O

Saden

@)

A o @A (A= = (Ta3cno1d
Y)* (‘L;X) E._ r ( r[g Gy °© 3
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Elastic flow of networks

Existence of a solution

The tangential component

So ¢j(t,0) is given at x = 0.
Since fi(t,1) = P; fixed, then 0:f;(t,1) = 0 and from

I -
O:f; = —V?/{; — §|/i,'|2/£,' + \Rj + Sﬂiasfia

we see that ¢;(t,1) =0
What about the interval (0,1)?
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Elastic flow of networks

Existence of a solution

The tangential component

So ¢;i(t,0) is given at x = 0.
Since fi(t,1) = P; fixed, then 0;f;(t,1) = 0 and from

I -
O:f; = —V?/{; — §|/i,'|2/£,' + \Rj + Sﬂiasfia

we see that ¢;(t,1) =0
What about the interval (0,1)?

Since the problem is geometric: we are ‘free’ to choose the ¢; (for
instance by a linear interpolation) on (0,1) using diffeomorphisms
of [0,1].

Anna Dall'Acqua On the elastic flow



V
S
E

Elastic flow of networks .
stence of a solution

Result

The problem

1
Ouf; = 0uf;, 0si)0sf; = —V3R; — S|Ril*Fi + A for i =1,2,3,
with boundary conditions

f}(ta 1) = Pi7 77[1(ta 0) = f2(t>0) = f:’»(t¢ 0)
Ri(t,1) = 0 = &(t,0) 33 (VsRi(t,0) — X\idsfi(t,0)) = 0

and (well chosen) initial value 7
{fl(oa ‘)7 fZ(Ov ')’ fé<07 )} in [0’ 1]

admits a smooth global solution in time, provided

—_

/
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Elastic flow of networks

Existence of a solution

Result..

The problem admits a smooth global solution in time, provided
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What is a network
Setting

Elastic flow of networks . .
Existence of a solution

Result..

The problem admits a smooth global solution in time, provided

1. lengths L(f;) of the three curves are uniformly bounded from
below;
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Elastic flow of networks

Result..

The problem admits a smooth global solution in time, provided
1. lengths L(f;) of the three curves are uniformly bounded from
below;

2. and that the dimension of the space spanned by the unit
tangents dsf;, i = 1,2,3, at the triple junctions is bigger or £
equal to two.
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Elastic energy in Hz and Willmore energy
Elastic Flow in
Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

The Willmore flow of tori of
revolution
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Elastic energy in H2 and Willmore energy
Elastic Fl

Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

The Willmore energy

Let  be a 2-dim. manifold, compact, without boundary and
f : ¥ — R3 be a smooth immersion.
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n H2 and Willmore energy

Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

The Willmore energy

Let  be a 2-dim. manifold, compact, without boundary and
f : ¥ — R3 be a smooth immersion. The Willmore energy of f is

1 7 n Z 2
W(f) ;:4/Z|H|2du W= %-‘

with H = HN the mean curvature vector, H = A1 + X and u the
induced area measure.

Very interesting energy: it is invariant with respect to smooth
Mobius transformations.

Anna Dall'Acqua On the elastic flow


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua



n H2 and Willmore energy

Willmore Flow of tori of revolution

The Willmore flow of tori of revolution
The Willmore energy

Let  be a 2-dim. manifold, compact, without boundary and
f : ¥ — R3 be a smooth immersion. The Willmore energy of f is

1 R
W(f) := 4/Z|H|2 du

with H = HN the mean curvature vector, H = A1 + X2 and u the
induced area measure.

Very interesting energy: it is invariant with respect to smooth
Mobius transformations.

Critical points are called Willmore surfaces: Sphere is the global
Minimum.
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n H2 and Willmore energy

" . . Willmore Flow of tori of revolution
The Willmore flow of tori of revolution c £V

The Willmore energy

Let  be a 2-dim. manifold, compact, without boundary and
f : ¥ — R3 be a smooth immersion. The Willmore energy of f is

1 R
W(f) := 4/Z|H|2 du

with H = HN the mean curvature vector, H = A1 + X2 and u the
induced area measure.

Very interesting energy: it is invariant with respect to smooth
Mobius transformations.

Critical points are called Willmore surfaces: Sphere is the global
Minimum.

References: Thomsen, .., Willmore, Simon, Kuwert-Schatzle,
Riviere, Marquez-Neves,....
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Elastic energy in Hz and Willmore energy
Elastic Flow in H*
Willmore Fl f tori of revolution

The Willmore flow of tori of revolution

Hyperbolic half-plane

Pinkall, Bryant-Griffiths, Langer-Singer: Relation between elastica
in H2 and Willmore surfaces of revolution.
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n H2 and Willmore energy

Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

Hyperbolic half-plane

Pinkall, Bryant-Griffiths, Langer-Singer: Relation between elastica
in H2 and Willmore surfaces of revolution.

Hyperbolic half-plane H? = {(x,z) € R? | z > 0} with metric

wn-3G0. S

22\0 1

(H2, g) has constant sectional curvature equal to —1.
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Elastic energy in H2 and Willmore energy
Elastic Fl

Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

Hyperbolic half-plane ‘

AN

Dilatations are isometry in H?.
A typical geodesic in H? is a half-circle centered at (p,0)t. There
are no closed geodesics.
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Elastic energy in H2 and Willmore energy
Elastic FI :

Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

Surfaces of revolution
Let v: St - R2 := {(x,2)" : z > 0} be a closed curve
parametrised by arc-length. By rotating the curve around the
x-axis we obtain a surface of revolution in R3

t

hy o (x,0) = (71(x),72(x) cos(), 72(x) sin(p))" .
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n Hz and Willmore energy
H?

of tori of revolution

The Willmore flow of tori of revolution

Surfaces of revolution
Let v: St > R2 :={(x,2)" : z > 0} be a closed curve
parametrised by arc-length. By rotating the curve around the
x-axis we obtain a surface of revolution in R3

t

hy = (x, <@P) = (11(x), 72(x) cos(), 72(x) sin())" -
ce2n |

The induced area element is v, (x) dxdy, the principal curvatures

are
/
A =[~" / R/ / and \ :71(X)’
1 =71 (x)72(x) = 72 ()71 (x 2 2 (x)

so that 1
Wi(h,) = .
( ﬂ/) Z@/Sl()\l + X2 Oyz(x) dx
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Elastic energy in H2 and Willmore energy
Elastic Flow in H?
Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

Elastic energy in H?

The same curve can be considered as a curve in HZ2.
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Elastic energy in H2 and Willmore energy
Elastic Fl

Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

Elastic energy in H?

The same curve can be considered as a curve in HZ2.
Then, by a direct computation

-2 2 2 5>2<’Y2
Klg = (72)" [ (A1 + A2)”" + 4? ;

Anna Dall'Acqua On the elastic flow



The Willmore flow of tori of revolution

Elastic energy in H?

The same curve can be considered as a curve in HZ2.
Then, by a direct computation

B %
|72 = (12)? [()\1 + )%+ 472] ,

o 72
5
so that S Js% )

I
=
2
_l’_
>~
N
o
NS
X
o,
X
_|_
T
N
Q>
N
N
o,
X

Nice: We have a 1-d flow that decreases the Willmore energy and
keeps the rotationally symmetry.
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Elastic H< and Willmore e
Elastic Flow in
Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

Elastic Flow in HZ?

j.w.w. A. Spener.
For fy : St — H? a smooth, regular and closed curve and A > 0, a
smooth global solution f : S! x [0,0) — H? to

{ ocf = —(V4 )2 — LR @@ inS'x (0,T),

for xe St.

N[

R —

exist.
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Elastic < and Willmore e
Elastic Flow in
Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

Elastic Flow in HZ?

j.w.w. A. Spener.

For fy : St — H? a smooth, regular and closed curve and A > 0, a
smooth global solution f : S! x [0,0) — H? to

Orf = —(V3)?R — 3|RI?R + AR+R, in St x (0, T),
f(x,0) = fo(x) for x e St.

exist.

If the length remains bounded then we have subconvergence
(under rescaling and translation in e;-direction: isometries of H?).
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" . . Willmore tori of revolution
The Willmore flow of tori of revolution

Elastic Flow in HZ?

j.w.w. A. Spener.

For fy : St — H? a smooth, regular and closed curve and A > 0, a
smooth global solution f : S! x [0,0) — H? to

0ef = —(V4)2R — L|R|2R + AR+R, in S!x (0, T),
f(x,0) = fo(x) for x e St.

exist.

If the length remains bounded then we have subconvergence
(under rescaling and translation in e;-direction: isometries of H?).

If A > 0: control on the length. Really needed?
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gy in H2 and Willmore en gy
Elastic Flow in H

" . . Willmore Flow of tori of revolution
The Willmore flow of tori of revolution c SVOIHEE

What about circular solution?

Ansatz:
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Elastic Flow in

Willmore Flc tori of revolution

The Willmore flow of tori of revolution

What about circular solution?

0= () 0 (7).

Lemma For any A € R there exists a family of circles that satisfies
the elastic flow in H2.

Ansatz:
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H? and Willmor

" . . Willmore tori of revolution
The Willmore flow of tori of revolution

What about circular solution?

0= () 0 (7).

Lemma For any A € R there exists a family of circles that satisfies
the elastic flow in H?. Moreover, for A > —%, this family converges
to the circle which is given by

% Neves

Ansatz:
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in H? and Willmore e
Elastic Flow in H?

Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

The case A =0

For A = 0, the family of circles converges to the circle

| ' Towuws
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in H? and Willmore e
Elastic Flow in H?

Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

The case A =0

For A = 0, the family of circles converges to the circle

The associated surface of revolution is the Clifford Torus.
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The Willmore flow of tori of revolution

A new inequality

Theorem (M. Miiller, A. Spener, JGF 2020)
For each € > 0 there exists c(¢) > 0 s.t.

Eo(7)
Lgp2(7)

for all immersed closed curves v € C*(S*, H?) such that
Eo(y) <16 —e.

= c(e)

E,,(‘SF%\W{M

i
Ag 8T
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The Willmore flow of tori of revolution

A new inequality

Theorem (M. Miiller, A. Spener, JGF 2020)
For each € > 0 there exists c(¢) > 0 s.t.

Eo(7)
Lgp2(7)

for all immersed closed curves v € C*(S*, H?) such that
Eo(y) <16 —e.

= c(e)

Notice that since

50(')’) = gW(”v)y

™

the bound 16 for & correspond to 8w for W (h.,).

Anna Dall'Acqua On the elastic flow



Elastic energy ir and Willmol
Elastic Flow in
Willmore Fl tori of revolution

The Willmore flow of tori of revolution

The bound 87 for the Willmore energy
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in H? and Willmore e
Elastic Flow in H?

Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

The bound 87 for the Willmore energy

1. Li-Yau: Immersion with Willmore energy below 87 are
embeddings.
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Elastic H< and Willmore energy
Elastic Flow in
Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

The bound 87 for the Willmore energy
1. Li-Yau: Immersion with Willmore energy below 87 are
embeddings.
2. Kuwert-Schatzle If W(fy) < 8m, fy : S — R3, then the
Willmore flow of spherical immersion exists for all times and
converges to a round sphere.
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Elastic Flow in

Willmore Flc tori of revolution

The Willmore flow of tori of revolution

The bound 87 for the Willmore energy

1. Li-Yau: Immersion with Willmore energy below 87 are
embeddings.

2. Kuwert-Schatzle If W(fo)@fo : S — R3, then the
Willmore flow of spherical ¥mrersion exists for all times and

converges to a round sphere.
Crucial: study of concentration. For r > 0

sup / AP dpse
xeR3 J f—1(B,(x))

with A the second fundamental form.
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The Willmore flow of tori of revolution

The bound 87 for the Willmore energy

1. Li-Yau: Immersion with Willmore energy below 87 are
embeddings.

2. Kuwert-Schatzle If W(fy) < 8m, fy : S — R3, then the
Willmore flow of spherical immersion exists for all times and
converges to a round sphere.

Crucial: study of concentration. For r > 0

sup / AP dpse
xeR3 J f—1(B,(x))

with A the second fundamental form.

3. Blatt There exists fy : S> — R3 with W/(fy) > 8, such that
the solution of the Willmore flow develops a singularity.
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The Willmore flow of tori of revolution

The bound 87 for the Willmore energy

1. Li-Yau: Immersion with Willmore energy below 87 are
embeddings.

2. Kuwert-Schatzle If W(fy) < 8m, fy : S — R3, then the
Willmore flow of spherical immersion exists for all times and
converges to a round sphere.

Crucial: study of concentration. For r > 0

sup / AP dpse
xeR3 J f—1(B,(x))

with A the second fundamental form.
3. Blatt There exists fy : S> — R3 with W/(fy) > 8, such that
the solution of the Willmore flow develops a singularity.

Question Can we use our understanding of the elastic energy in H?
to study the Willmore Flow of Tori of revolution?
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Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

Willmore Flow for tori of revolution

Consider fy : S x St — R3 a torus of revolution, look for a
solution f : (0, T) x St x St — R3 of

Orf = =V W(F) = —(AgH + Q(A°)H).

SII
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Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

Willmore Flow for tori of revolution

Consider fy : S x St — R3 a torus of revolution, look for a
solution f : (0, T) x St x St — R3 of

Orf = =V W(F) = —(AgH + Q(A°)H).

1. A solution exists in a short interval of time. K. S.
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Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

Willmore Flow for tori of revolution

Consider fy : S x St — R3 a torus of revolution, look for a
solution f : (0, T) x St x St — R3 of

Orf = =V W(F) = —(AgH + Q(A°)H).

1. A solution exists in a short interval of time.

2. f(t) is a torus of revolution for all t: consequence of
uniqueness for the Willmore flow.
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The Willmore flow of tori of revolution

Willmore Flow for tori of revolution

Consider fy : S x St — R3 a torus of revolution, look for a
solution f : (0, T) x St x St — R3 of

Orf = =V W(F) = —(AgH + Q(A°)H).

1. A solution exists in a short interval of time.

2. f(t) is a torus of revolution for all t: consequence of

uniqueness for the Willmore flow. Idea A rotation is solution
of the same initial problem.
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The Willmore flow of tori of revolution

Theorem %( )b
j.w.w. M. Miiller, R. Schatzle, A. Spener. Sg

Let f: [0, T) x S* x S! — R3 be a maximaf evolution by Willmore
flow such that £(0) is a torus of revolution.! Let (7(t))se[o, ) be a
collection of profile curves of f(t).

then T = oo and the Willmore flow converges to a Willmore torus
of revolution fy.
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The Willmore flow of tori of revolution

Theorem
j-w.w. M. Miiller, R. Schatzle, A. Spener.

Let f: [0, T) x S* x S! — R3 be a maximal evolution by Willmore

flow such that f(0) is a torus of revolution. Let (7(t))se[o, ) be a
collection of profile curves of f(t). If

Iitnligf Lu(y(t)) < o,

then T = oo and the Willmore flow converges to a Willmore torus
of revolution f.

1. If W(fy) <8m, then T = o0 and f converges to a Clifford
torus.
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Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

Theorem
j-w.w. M. Miiller, R. Schatzle, A. Spener.

Let f: [0, T) x S* x S! — R3 be a maximal evolution by Willmore
flow such that f(0) is a torus of revolution. Let (7(t))se[o, ) be a
collection of profile curves of f(t). If

lim iyfﬁH(v(t)) < 0,
t—
then T = oo and the Willmore flow converges to a Willmore torus
of revolution f.
1. If W(fy) <8m, then T = o0 and f converges to a Clifford
torus.
2. There exists a torus of revolution with W(fy) > 87 such that
the solution of the Willmore flow either concentrates or the
diameter becomes unbounded.
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Elastic and Willmore
Elastic Flow in I
Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

What was known




Elastic in ?T: and Willmore energy
Elastic Fl H?
Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

What was known
A convergence criterium of the Willmore flow
Let e a compact two-dimensional manifold without boundary
and let f : [0, T) x ¥ — R3 be a maximal evolution by the
Willmore flow.
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Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

What was known

A convergence criterium of the Willmore flow

Let > be a compact two-dimensional manifold without boundary
and let £ : [0, T) x ¥ — R3 be a maximal evolution by the
Willmore flow. Then there exist >0 und 0 s.t. taking
(tj)jen < (0, T) with tj — T, the concentration radii

sup {r > 0 : Vx € R3 one has / |A(t))? dpgr ) < 60} ,
f(t;) =1 (Br(x)) !

——
—_—

satisfy t; + cor@< T for all j e N.

—_———
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Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

What was known

A convergence criterium of the Willmore flow

Let > be a compact two-dimensional manifold without boundary
and let f : [0, T) x ¥ — R3 be a maximal evolution by the
Willmore flow. Then there exist € > 0 und ¢g > 0 s.t. taking
(tj)jen < (0, T) with tj — T, the concentration radii

rj := sup {r > 0 : Vx € R3 one has / |A(t))? dprge ) < 60} ,
£ i

§)~1(Br(x))

satisfy t; + corf < T for all j € N. Further, the concentration
rescalings
. . f(tj + cor?)
. 3 . J J
fico: X =R fiq = ri ’
f

satifies that if] uniformly bounded, then T = o
and the Willmoreftow con s to a Willmore immersion.
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Elastic in ?T: and Willmore e
Elastic Fi n H?
Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

Comparing the conditions
On one hand

lim Le(y(tj)) = lim Lu(5(4)) < oo,

J—© J—=©0
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The Willmore flow of tori of revolution

Comparing the conditions

On one hand
i, () = fin £a(3(5)) < e, )( o

What can go wrong?

on the other
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The Willmore flow of tori of revolution

Control on the radius of the revolution

Take x; such that

Lo JAFEIP dug > 2o
()~ (B; ()
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Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

Control on the radius of the revolution

Take x; such that

5

Lo JAFEIP dug > 2o
()~ (B; ()

By rescaling
~—
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Elastic
Elastic Flow in I
Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

Situation X

4
\¥



Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua



y in H2 and Willmore energy
Elastic Flow in
Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

Situation

Idea If the radius of revolution is too big there is ‘space’ for too
many balls of radius 1.
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and Willmore

Elastic Flow in H?

. . . Willmore Flow of tori of revolution
The Willmore flow of tori of revolution

What happens above 877

Anna Dall'Acqua the elastic flow



Elastic in ?T: and Willmore energy
Elastic Fl H?
Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

What happens above 877

With arguments from Miiller-Spener

1. Classification of elastica in H2: there is no closed (free)
elastica in H? with vanishing total curvature

1
T[v] : / Kewe ds = 0.
Sl

"~ or
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The Willmore flow of tori of revolution

What happens above 877

With arguments from Miiller-Spener

1. Classification of elastica in H2: there is no closed (free)
elastica in H? with vanishing total curvature

1
T[v] : / Kewe ds = 0.
Sl

"~ or

2. For each € > 0 there are curves 7. such that
16 < &(y:) <16+cand T[y] =0
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The Willmore flow of tori of revolution

What happens above 877

With arguments from Miiller-Spener

1. Classification of elastica in H2: there is no closed (free)
elastica in H? with vanishing total curvature

1
T[v] : / Kewe ds = 0.
Sl

"~ or

2. For each € > 0 there are curves 7. such that
16 < &(y:) <16+cand T[y] =0

3. The total curvature is an invariant along the Willmore flow.
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The Willmore flow of tori of revolution

What happens above 877

With arguments from Miiller-Spener

1. Classification of elastica in H2: there is no closed (free)
elastica in H? with vanishing total curvature

1
T[v] : / Kewe ds = 0.
Sl

T o
2. For each € > 0 there are curves 7. such that
16 < &(y:) <16+cand T[y] =0
3. The total curvature is an invariant along the Willmore flow.

4. Start the Willmore flow from h,_. If the hyperbolic length
remains bounded, there is convergence to a Willmore
immersion.
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Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

What happens above 877

With arguments from Miiller-Spener

1. Classification of elastica in H2: there is no closed (free)
elastica in H? with vanishing total curvature

1
T[v] : / Kewe ds = 0.
Sl

"~ or

2. For each € > 0 there are curves 7. such that
16 < &(y:) <16+cand T[y] =0

3. The total curvature is an invariant along the Willmore flow.

4. Start the Willmore flow from h,_. If the hyperbolic length
remains bounded, there is convergence to a Willmore
immersion. The limit must be rotationally symmetric and the
profile curve a closed elastica with T[y,] = 0. %
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Elastic
Elastic Flow in I
Willmore Flow of tori of revolution

The Willmore flow of tori of revolution

Thank you!
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