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Statement of the problem
Find curves fi : r0,T q ˆ r0, 1s Ñ Rn and tangential components
ϕi : r0,T q ˆ r0, 1s Ñ R solution to

Bt fi “ ´∇2
s~κi ´

1

2
|~κi |

2~κi ` λi~κi`ϕiBs fi on p0,T q ˆ I ,

for i “ 1, 2, 3 with boundary conditions

$

’

’

&

’

’

%

fi pt, 1q “ Pi , for t P p0,T q, i “ 1, 2, 3,
~κi pt, 1q “ 0 “ ~κi pt, 0q for t P p0,T q, i “ 1, 2, 3,
f1pt, 0q “ f2pt, 0q “ f3pt, 0q for t P p0,T q,

and
ř3

i“1p∇s~κi pt, 0q ´ λiBs fi pt, 0qq “ 0 for t P p0,T q,

and initial value

f1pt “ 0, ¨q “ fi ,0 for i “ 1, 2, 3, in r0, 1s.
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Situation

Short time existence under Non-collinearity condition

SpantBs f0,i : i “ 1, 2, 3u ě 2.
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Setting
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Long time existence
Idea: Show that all the norms of the solution remain bounded and
then extend the solution. Non-collinearity condition needed at
Tmax.

How? (Morally) look at the equation that the derivatives of the
curvature satisfy.
Problems

1. Every integration by parts give boundary terms that need to
be taken care of.

Lemma If Bt f “ ~V ` ϕBs f , ~φ normal vector field with
∇t
~φ`∇4

s
~φ “ Y , then

d

dt

1

2

ˆ
I
|~φ|2ds `

ˆ
I
|∇2

s
~φ|2ds “ ´rx~φ,∇3

s
~φys10 ` rx∇s

~φ,∇2
s
~φys10

`

ˆ
I
xY `

1

2
~φϕs , ~φyds ´

1

2

ˆ
I
|~φ|2x~κ, ~V yds,
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The junction point
Condition

fi pt, 0q “ fjpt, 0q for all t.

Differentiating with respect to t

Bt fi pt, 0q “ Bt fjpt, 0q.

Since

Bt fi “ ´∇2
s~κi ´

1

2
|~κi |

2~κi ` λi~κi ` ϕiBs fi ,

and ~κi “ 0 at x “ 0, we get

´∇2
s~κi ` ϕiBs fi “ ´∇2

s~κj ` ϕjBs fj ,

that implies

ϕi pt, 0q “ ´x∇2
s~κj , Bs fiypt, 0q ` ϕjpt, 0qxBs fj , Bs fiypt, 0q .
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Condition on the tangential component

ϕi pt, 0q “ ´x∇2
s~κj , Bs fiypt, 0q ` ϕjpt, 0qxBs fj , Bs fiypt, 0q .

This can be written as

2ϕi ´ ϕi`1xBs fi`1, Bs fiy ´ ϕi`2xBs fi`2, Bs fiy

“ ´x∇2
s~κi`1 `∇2

s~κi`2, Bs fiy

If the non-collinearity condition is satisfied at t, then the system is
uniquely solvable and hence the tangential component is
determined at x “ 0.
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The tangential component

So ϕi pt, 0q is given at x “ 0.

Since fi pt, 1q “ Pi fixed, then Bt fi pt, 1q “ 0 and from

Bt fi “ ´∇2
s~κi ´

1

2
|~κi |

2~κi ` λi~κi ` ϕiBs fi ,

we see that ϕi pt, 1q “ 0

What about the interval p0, 1q?

Since the problem is geometric: we are ‘free’ to choose the ϕi (for
instance by a linear interpolation) on p0, 1q using diffeomorphisms
of r0, 1s.
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The tangential component

So ϕi pt, 0q is given at x “ 0.

Since fi pt, 1q “ Pi fixed, then Bt fi pt, 1q “ 0 and from

Bt fi “ ´∇2
s~κi ´

1

2
|~κi |

2~κi ` λi~κi ` ϕiBs fi ,

we see that ϕi pt, 1q “ 0

What about the interval p0, 1q?

Since the problem is geometric: we are ‘free’ to choose the ϕi (for
instance by a linear interpolation) on p0, 1q using diffeomorphisms
of r0, 1s.
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Result

The problem

Bt fi ´ xBt fi , Bs fiyBs fi “ ´∇2
s~κi ´

1

2
|~κi |

2~κi ` λi~κi for i “ 1, 2, 3,

with boundary conditions

"

fi pt, 1q “ Pi , , f1pt, 0q “ f2pt, 0q “ f3pt, 0q

~κi pt, 1q “ 0 “ ~κi pt, 0q
ř3

i“1p∇s~κi pt, 0q ´ λiBs fi pt, 0qq “ 0

and (well chosen) initial value

tf1p0, ¨q, f2p0, ¨q, f3p0, ¨qu in r0, 1s

admits a smooth global solution in time, provided
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Result..

The problem admits a smooth global solution in time, provided

1. lengths Lpfi q of the three curves are uniformly bounded from
below;

2. and that the dimension of the space spanned by the unit
tangents Bs fi , i “ 1, 2, 3, at the triple junctions is bigger or
equal to two.
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The Willmore flow of tori of
revolution
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Elastic Flow in H2
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The Willmore energy

Let Σ be a 2-dim. manifold, compact, without boundary and
f : Σ Ñ R3 be a smooth immersion.

The Willmore energy of f is

W pf q :“
1

4

ˆ
Σ
| ~H|2 dµ

with ~H “ H ~N the mean curvature vector, H “ λ1 ` λ2 and µ the
induced area measure.
Very interesting energy: it is invariant with respect to smooth
Möbius transformations.
Critical points are called Willmore surfaces: Sphere is the global
Minimum.
References: Thomsen, .., Willmore, Simon, Kuwert-Schätzle,
Riviere, Marquez-Neves,....
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Elastic flow of networks
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Elastic energy in H2 and Willmore energy
Elastic Flow in H2

Willmore Flow of tori of revolution

Hyperbolic half-plane

Pinkall, Bryant-Griffiths, Langer-Singer: Relation between elastica
in H2 and Willmore surfaces of revolution.

Hyperbolic half-plane H2 “ tpx , zq P R2 | z ą 0u with metric

gpx ,zq “
1

z2

ˆ

1 0
0 1

˙

.

pH2, gq has constant sectional curvature equal to ´1.
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Hyperbolic half-plane

x

y

Dilatations are isometry in H2.
A typical geodesic in H2 is a half-circle centered at pp, 0qt . There
are no closed geodesics.
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Willmore Flow of tori of revolution

Surfaces of revolution
Let γ : S1 Ñ R2

` :“ tpx , zqt : z ą 0u be a closed curve
parametrised by arc-length. By rotating the curve around the
x-axis we obtain a surface of revolution in R3

hγ : px , ϕq ÞÑ pγ1pxq, γ2pxq cospϕq, γ2pxq sinpϕqqt .

The induced area element is γ2pxq dxdϕ, the principal curvatures
are

λ1 “ γ21pxqγ
1
2pxq ´ γ

2
2pxqγ

1
1pxq and λ2 “

γ11pxq

γ2pxq
,

so that

W phγq “
1

4
2π

ˆ
S1

pλ1 ` λ2q
2 γ2pxq dx .

Anna Dall’Acqua On the elastic flow

Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua




Elastic flow of curves
Long time existence

Elastic flow of networks
The Willmore flow of tori of revolution

Elastic energy in H2 and Willmore energy
Elastic Flow in H2

Willmore Flow of tori of revolution

Surfaces of revolution
Let γ : S1 Ñ R2

` :“ tpx , zqt : z ą 0u be a closed curve
parametrised by arc-length. By rotating the curve around the
x-axis we obtain a surface of revolution in R3

hγ : px , ϕq ÞÑ pγ1pxq, γ2pxq cospϕq, γ2pxq sinpϕqqt .

The induced area element is γ2pxq dxdϕ, the principal curvatures
are

λ1 “ γ21pxqγ
1
2pxq ´ γ

2
2pxqγ

1
1pxq and λ2 “

γ11pxq

γ2pxq
,

so that

W phγq “
1

4
2π

ˆ
S1

pλ1 ` λ2q
2 γ2pxq dx .

Anna Dall’Acqua On the elastic flow

Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua




Elastic flow of curves
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Elastic Flow in H2

Willmore Flow of tori of revolution

Elastic energy in H2

The same curve can be considered as a curve in H2.

Then, by a direct computation

|~κ|2g “ pγ2q
2

„

pλ1 ` λ2q
2 ` 4

B2
xγ2

γ2



,

so that

E0pγq “

ˆ
S1

|~κ|2g pxq
1

γ2pxq
dx

“

ˆ
S1

pλ1 ` λ2q
2γ2pxqdx `

ˆ
S1

4B2
xγ2 dx

“
2

π
W phγq .

Nice: We have a 1-d flow that decreases the Willmore energy and
keeps the rotationally symmetry.
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Elastic Flow in H2

j.w.w. A. Spener.
For f0 : S1 Ñ H2 a smooth, regular and closed curve and λ ě 0, a
smooth global solution f : S1 ˆ r0,8q Ñ H2 to

"

Bt f “ ´p∇KBs q
2~κ´ 1

2 |~κ|
2~κ` λ~κ`~κ, in S1 ˆ p0,T q,

f px , 0q “ f0pxq for x P S1 .

exist.

If the length remains bounded then we have subconvergence
(under rescaling and translation in e1-direction: isometries of H2).

If λ ą 0: control on the length. Really needed?
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What about circular solution?

Ansatz:

f px , tq “

ˆ

0
aptq

˙

` rptq

ˆ

cos x
sin x

˙

.

Lemma For any λ P R there exists a family of circles that satisfies
the elastic flow in H2. Moreover, for λ ą ´1

2 , this family converges
to the circle which is given by

a

r
“

a

2pλ` 1q.
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The case λ “ 0

For λ “ 0, the family of circles converges to the circle

a

r
“
?

2.

The associated surface of revolution is the Clifford Torus.
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Elastic Flow in H2

Willmore Flow of tori of revolution

A new inequality

Theorem (M. Müller, A. Spener, JGF 2020)
For each ε ą 0 there exists cpεq ą 0 s.t.

E0pγq

LH2pγq
ě cpεq

for all immersed closed curves γ P C8pS1,H2q such that
E0pγq ď 16´ ε.

Notice that since

E0pγq “
2

π
W phγq ,

the bound 16 for E0 correspond to 8π for W phγq.
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The bound 8π for the Willmore energy

1. Li-Yau: Immersion with Willmore energy below 8π are
embeddings.

2. Kuwert-Schätzle If W pf0q ď 8π, f0 : S2 Ñ R3, then the
Willmore flow of spherical immersion exists for all times and
converges to a round sphere.

Crucial: study of concentration. For r ą 0

sup
xPR3

ˆ
f ´1pBr pxqq

|Apf q|2 dµf ,

with A the second fundamental form.

3. Blatt There exists f0 : S2 Ñ R3 with W pf0q ą 8π, such that
the solution of the Willmore flow develops a singularity.

Question Can we use our understanding of the elastic energy in H2

to study the Willmore Flow of Tori of revolution?

Anna Dall’Acqua On the elastic flow



Elastic flow of curves
Long time existence

Elastic flow of networks
The Willmore flow of tori of revolution

Elastic energy in H2 and Willmore energy
Elastic Flow in H2

Willmore Flow of tori of revolution

The bound 8π for the Willmore energy
1. Li-Yau: Immersion with Willmore energy below 8π are

embeddings.

2. Kuwert-Schätzle If W pf0q ď 8π, f0 : S2 Ñ R3, then the
Willmore flow of spherical immersion exists for all times and
converges to a round sphere.

Crucial: study of concentration. For r ą 0

sup
xPR3

ˆ
f ´1pBr pxqq

|Apf q|2 dµf ,

with A the second fundamental form.

3. Blatt There exists f0 : S2 Ñ R3 with W pf0q ą 8π, such that
the solution of the Willmore flow develops a singularity.

Question Can we use our understanding of the elastic energy in H2

to study the Willmore Flow of Tori of revolution?

Anna Dall’Acqua On the elastic flow



Elastic flow of curves
Long time existence

Elastic flow of networks
The Willmore flow of tori of revolution

Elastic energy in H2 and Willmore energy
Elastic Flow in H2

Willmore Flow of tori of revolution

The bound 8π for the Willmore energy
1. Li-Yau: Immersion with Willmore energy below 8π are

embeddings.

2. Kuwert-Schätzle If W pf0q ď 8π, f0 : S2 Ñ R3, then the
Willmore flow of spherical immersion exists for all times and
converges to a round sphere.

Crucial: study of concentration. For r ą 0

sup
xPR3

ˆ
f ´1pBr pxqq

|Apf q|2 dµf ,

with A the second fundamental form.

3. Blatt There exists f0 : S2 Ñ R3 with W pf0q ą 8π, such that
the solution of the Willmore flow develops a singularity.

Question Can we use our understanding of the elastic energy in H2

to study the Willmore Flow of Tori of revolution?

Anna Dall’Acqua On the elastic flow



Elastic flow of curves
Long time existence

Elastic flow of networks
The Willmore flow of tori of revolution

Elastic energy in H2 and Willmore energy
Elastic Flow in H2

Willmore Flow of tori of revolution

The bound 8π for the Willmore energy
1. Li-Yau: Immersion with Willmore energy below 8π are

embeddings.

2. Kuwert-Schätzle If W pf0q ď 8π, f0 : S2 Ñ R3, then the
Willmore flow of spherical immersion exists for all times and
converges to a round sphere.
Crucial: study of concentration. For r ą 0

sup
xPR3

ˆ
f ´1pBr pxqq

|Apf q|2 dµf ,

with A the second fundamental form.

3. Blatt There exists f0 : S2 Ñ R3 with W pf0q ą 8π, such that
the solution of the Willmore flow develops a singularity.

Question Can we use our understanding of the elastic energy in H2

to study the Willmore Flow of Tori of revolution?

Anna Dall’Acqua On the elastic flow

Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua




Elastic flow of curves
Long time existence

Elastic flow of networks
The Willmore flow of tori of revolution

Elastic energy in H2 and Willmore energy
Elastic Flow in H2

Willmore Flow of tori of revolution

The bound 8π for the Willmore energy
1. Li-Yau: Immersion with Willmore energy below 8π are

embeddings.

2. Kuwert-Schätzle If W pf0q ď 8π, f0 : S2 Ñ R3, then the
Willmore flow of spherical immersion exists for all times and
converges to a round sphere.
Crucial: study of concentration. For r ą 0

sup
xPR3

ˆ
f ´1pBr pxqq

|Apf q|2 dµf ,

with A the second fundamental form.

3. Blatt There exists f0 : S2 Ñ R3 with W pf0q ą 8π, such that
the solution of the Willmore flow develops a singularity.

Question Can we use our understanding of the elastic energy in H2

to study the Willmore Flow of Tori of revolution?

Anna Dall’Acqua On the elastic flow



Elastic flow of curves
Long time existence

Elastic flow of networks
The Willmore flow of tori of revolution

Elastic energy in H2 and Willmore energy
Elastic Flow in H2

Willmore Flow of tori of revolution

The bound 8π for the Willmore energy
1. Li-Yau: Immersion with Willmore energy below 8π are

embeddings.

2. Kuwert-Schätzle If W pf0q ď 8π, f0 : S2 Ñ R3, then the
Willmore flow of spherical immersion exists for all times and
converges to a round sphere.
Crucial: study of concentration. For r ą 0

sup
xPR3

ˆ
f ´1pBr pxqq

|Apf q|2 dµf ,

with A the second fundamental form.

3. Blatt There exists f0 : S2 Ñ R3 with W pf0q ą 8π, such that
the solution of the Willmore flow develops a singularity.

Question Can we use our understanding of the elastic energy in H2

to study the Willmore Flow of Tori of revolution?
Anna Dall’Acqua On the elastic flow



Elastic flow of curves
Long time existence

Elastic flow of networks
The Willmore flow of tori of revolution

Elastic energy in H2 and Willmore energy
Elastic Flow in H2

Willmore Flow of tori of revolution

Willmore Flow for tori of revolution

Consider f0 : S1 ˆ S1 Ñ R3 a torus of revolution, look for a
solution f : p0,T q ˆ S1 ˆ S1 Ñ R3 of

Bt f “ ´∇L2W pf q “ ´p∆g
~H ` QpA˝q ~Hq .

1. A solution exists in a short interval of time.

2. f ptq is a torus of revolution for all t: consequence of
uniqueness for the Willmore flow.

Idea A rotation is solution
of the same initial problem.
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Elastic Flow in H2

Willmore Flow of tori of revolution

Theorem
j.w.w. M. Müller, R. Schätzle, A. Spener.

Let f : r0,T q ˆ S1 ˆ S1 Ñ R3 be a maximal evolution by Willmore
flow such that f p0q is a torus of revolution. Let pγptqqtPr0,T q be a
collection of profile curves of f ptq. If

lim inf
tÑT

LHpγptqq ă 8,

then T “ 8 and the Willmore flow converges to a Willmore torus
of revolution f8.

1. If W pf0q ď 8π, then T “ 8 and f converges to a Clifford
torus.

2. There exists a torus of revolution with W pf0q ą 8π such that
the solution of the Willmore flow either concentrates or the
diameter becomes unbounded.
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Long time existence

Elastic flow of networks
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Elastic Flow in H2

Willmore Flow of tori of revolution

What was known

A convergence criterium of the Willmore flow
Let Σ be a compact two-dimensional manifold without boundary
and let f : r0,T q ˆ Σ Ñ R3 be a maximal evolution by the
Willmore flow. Then there exist ε ą 0 und c0 ą 0 s.t. taking
ptjqjPN Ă p0,T q with tj Ñ T , the concentration radii

rj :“ sup

#

r ą 0 : @x P R3 one has

ˆ
f ptj q´1pBr pxqq

|Aptjq|
2 dµgf ptj q ď ε0

+

,

satisfy tj ` c0r
4
j ă T for all j P N. Further, the concentration

rescalings

f̃j ,c0 : Σ Ñ R3, f̃j ,c0 :“
f ptj ` c0r

4
j q

rj
,

satifies that if pdiampf̃j ,c0qqjPN is uniformly bounded, then T “ 8
and the Willmore flow converges to a Willmore immersion.

Anna Dall’Acqua On the elastic flow



Elastic flow of curves
Long time existence

Elastic flow of networks
The Willmore flow of tori of revolution

Elastic energy in H2 and Willmore energy
Elastic Flow in H2

Willmore Flow of tori of revolution

What was known
A convergence criterium of the Willmore flow
Let Σ be a compact two-dimensional manifold without boundary
and let f : r0,T q ˆ Σ Ñ R3 be a maximal evolution by the
Willmore flow.

Then there exist ε ą 0 und c0 ą 0 s.t. taking
ptjqjPN Ă p0,T q with tj Ñ T , the concentration radii

rj :“ sup

#

r ą 0 : @x P R3 one has

ˆ
f ptj q´1pBr pxqq

|Aptjq|
2 dµgf ptj q ď ε0

+

,

satisfy tj ` c0r
4
j ă T for all j P N. Further, the concentration

rescalings

f̃j ,c0 : Σ Ñ R3, f̃j ,c0 :“
f ptj ` c0r

4
j q

rj
,

satifies that if pdiampf̃j ,c0qqjPN is uniformly bounded, then T “ 8
and the Willmore flow converges to a Willmore immersion.

Anna Dall’Acqua On the elastic flow

Anna Dall'Acqua




Elastic flow of curves
Long time existence

Elastic flow of networks
The Willmore flow of tori of revolution

Elastic energy in H2 and Willmore energy
Elastic Flow in H2

Willmore Flow of tori of revolution

What was known
A convergence criterium of the Willmore flow
Let Σ be a compact two-dimensional manifold without boundary
and let f : r0,T q ˆ Σ Ñ R3 be a maximal evolution by the
Willmore flow. Then there exist ε ą 0 und c0 ą 0 s.t. taking
ptjqjPN Ă p0,T q with tj Ñ T , the concentration radii

rj :“ sup

#

r ą 0 : @x P R3 one has

ˆ
f ptj q´1pBr pxqq

|Aptjq|
2 dµgf ptj q ď ε0

+

,

satisfy tj ` c0r
4
j ă T for all j P N.

Further, the concentration
rescalings

f̃j ,c0 : Σ Ñ R3, f̃j ,c0 :“
f ptj ` c0r

4
j q

rj
,

satifies that if pdiampf̃j ,c0qqjPN is uniformly bounded, then T “ 8
and the Willmore flow converges to a Willmore immersion.

Anna Dall’Acqua On the elastic flow

Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua




Elastic flow of curves
Long time existence

Elastic flow of networks
The Willmore flow of tori of revolution

Elastic energy in H2 and Willmore energy
Elastic Flow in H2

Willmore Flow of tori of revolution

What was known
A convergence criterium of the Willmore flow
Let Σ be a compact two-dimensional manifold without boundary
and let f : r0,T q ˆ Σ Ñ R3 be a maximal evolution by the
Willmore flow. Then there exist ε ą 0 und c0 ą 0 s.t. taking
ptjqjPN Ă p0,T q with tj Ñ T , the concentration radii

rj :“ sup

#

r ą 0 : @x P R3 one has

ˆ
f ptj q´1pBr pxqq

|Aptjq|
2 dµgf ptj q ď ε0

+

,

satisfy tj ` c0r
4
j ă T for all j P N. Further, the concentration

rescalings

f̃j ,c0 : Σ Ñ R3, f̃j ,c0 :“
f ptj ` c0r

4
j q

rj
,

satifies that if pdiampf̃j ,c0qqjPN is uniformly bounded, then T “ 8
and the Willmore flow converges to a Willmore immersion.

Anna Dall’Acqua On the elastic flow

Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua


Anna Dall'Acqua




Elastic flow of curves
Long time existence

Elastic flow of networks
The Willmore flow of tori of revolution

Elastic energy in H2 and Willmore energy
Elastic Flow in H2

Willmore Flow of tori of revolution

Comparing the conditions

On one hand

lim
jÑ8

LHpγptjqq “ lim
jÑ8

LHpγ̃ptjqq ă 8,

on the other
pdiampf̃j ,c0qqjPN ď M @j .

What can go wrong?
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Willmore Flow of tori of revolution

Control on the radius of the revolution

Take xj such that

ˆ
f ptj q´1pBrj

pxj qq
|Arf ptjqs|

2 dµgf ptj q ě ε0.

By rescaling

ˆ
ˆ

f ptj q

rj

˙´1

pB1p
xj
rj
qq

ˇ

ˇ

ˇ

ˇ

A

„

f ptjq

rj


ˇ

ˇ

ˇ

ˇ

2

dµg f ptj q

rj

ě ε0.
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Situation

Idea If the radius of revolution is too big there is ‘space’ for too
many balls of radius 1.
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Elastic flow of curves
Long time existence

Elastic flow of networks
The Willmore flow of tori of revolution

Elastic energy in H2 and Willmore energy
Elastic Flow in H2

Willmore Flow of tori of revolution

What happens above 8π?

With arguments from Müller-Spener

1. Classification of elastica in H2: there is no closed (free)
elastica in H2 with vanishing total curvature

T rγs :“
1

2π

ˆ
S1

κeuc ds “ 0 .

2. For each ε ą 0 there are curves γε such that
16 ă E0pγεq ď 16` ε and T rγεs “ 0

3. The total curvature is an invariant along the Willmore flow.

4. Start the Willmore flow from hγε . If the hyperbolic length
remains bounded, there is convergence to a Willmore
immersion.

The limit must be rotationally symmetric and the
profile curve a closed elastica with T rγ8s “ 0. �
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What happens above 8π?

With arguments from Müller-Spener

1. Classification of elastica in H2: there is no closed (free)
elastica in H2 with vanishing total curvature

T rγs :“
1

2π

ˆ
S1

κeuc ds “ 0 .

2. For each ε ą 0 there are curves γε such that
16 ă E0pγεq ď 16` ε and T rγεs “ 0

3. The total curvature is an invariant along the Willmore flow.

4. Start the Willmore flow from hγε . If the hyperbolic length
remains bounded, there is convergence to a Willmore
immersion.

The limit must be rotationally symmetric and the
profile curve a closed elastica with T rγ8s “ 0. �
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Thank you!
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