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Long time existence Estimates

Subconvergence

So far

Short time existence result
Let fy be smooth enough, regular and closed. Then 37 > 0 and a
smooth solution f : (0, T) x St — R” continuous up to t = 0 to
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Long time existence Estimates

Subconvergence

So far

Short time existence result
Let fy be smooth enough, regular and closed. Then 37 > 0 and a
smooth solution f : (0, T) x St — R” continuous up to t = 0 to

1
Of = —(V3.)?R — EH R+ AR ==V E\(F),

with £(0,x) = fo(x) and Ex(f) = 3 o [R[>ds + A [g L ds.

Let Tmax be the maximal esistence time of the solution.
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Long time existence Estimates

Subconvergence

So far

Short time existence result
Let fy be smooth enough, regular and closed. Then 37 > 0 and a
smooth solution f : (0, T) x St — R” continuous up to t = 0 to

1
Of = —(V3.)?R — EH R+ AR ==V E\(F),

with £(0,x) = fo(x) and Ex(f) = 3 o [R[>ds + A [g L ds.
Let Tmax be the maximal esistence time of the solution.

Goal The solution exists for all times, that is Tyax = 00.
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Long time existence Estimates

Subconvergence

So far

Short time existence result
Let fy be smooth enough, regular and closed. Then 37 > 0 and a
smooth solution f : (0, T) x St — R” continuous up to t = 0 to

1
Of = —(V3.)?R — EH R+ AR ==V E\(F),

with £(0,x) = fo(x) and Ex(f) = 3 o [R[>ds + A [g L ds.
Let Tmax be the maximal esistence time of the solution.

Goal The solution exists for all times, that is Tyax = 00.
Method Interpolation inequalities as in Polden and
Dziuk-Kuwert-Schatzle. There are no comparison principles
available.
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Long time existence Estimates

Subconvergence

Assume T . < 00




Long time existence Estimates

Subconvergence

Assume T . < 00

0 )

Idea of the proof Show that in finite"time any norm of the solution
is bounded. Hence it can be extended.
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Long time existence Estimates

Subconvergence

Assume T . < 00

Idea of the proof Show that in finite time any norm of the solution
is bounded. Hence it can be extended.

Step 1: ||(V§s)mR’HL2 < ¢c(m,d), t € [0, Tmax)-
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Long time existence Estimates

Subconvergence

Assume T < 00

Idea of the proof Show that in finite time any norm of the solution
is bounded. Hence it can be extended.

Step 1: ||(V§s)mR’HL2 < ¢c(m,d), t € [0, Tmax)-
m = 0: Estimate direct because [2-gradient flow.

m > 1: By induction.
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Long time existence Estimates

Subconvergence

Assume T < 00

Idea of the proof Show that in finite time any norm of the solution
is bounded. Hence it can be extended.

Step 1: [|(V4) ™12 < c(m, ), t € [6, Tmax). Vime N

m = 0: Estimate direct because [2-gradient flow. \/

X0 A2 <« & (3
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Long time existence Estimates

Subconvergence

H(Vai)m/ZHLz < ¢c(m,d), t € [0, Tmax), m > 1.
Evolution equation for the derivatives of the curvature
V(vgs)mp; + (vgs)"’(@% = C((V5)™ 2R, R)R + ...

Recall that Vai and V(%t do not commute and hence many extra
terms appear. One needs a good way to write these terms.

J, /_\/\‘l,!add’\d')}
R | too +4 %
Q{%:@®5)k _Elk\&
VAR
o @I -
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Long time existence Estimates

Subconvergence

1(V3) R 2 < c(m, ), t € [0, Tmax), m> 1.
Evolution equation for the derivatives of the curvature
Va(V3)"R + (V5)" R = C((Vg) ™ 2R, R)R + ...

Recall that Vai and V(%t do not commute and hence many extra
terms appear. One needs a good way to write these terms.
Multiplying by (Vé‘s)’”/_{ and integrating

1 m = m = m+4 = mz
5 [ (VA(TR)"E (V) mds + [(V5)" 45, (V) "R)ds

= c/<(v§s)m+2,zs, RY(R, (V4)R)ds + ...

—_ -

~ — _ —_
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Long time existence Estimates

Subconvergence

1(V3) R 2 < c(m, ), t € [0, Tmax), m> 1.
Evolution equation for the derivatives of the curvature
Va (V)R + (V5)" R = C((Vg) ™ 2R, R)R + ...

Recall that Vai and V(%t do not commute and hence many extra
terms appear. One needs a good way to write these terms.
Multiplying by (Vé‘s)’”/_{ and integrating

/\_/\/—/_\
2 JTATAS (TR (T j>@> .

=C / ((V3)™2R, &) (7, (V5 )’"*>ds+
\A/_/\’_'
(-
Look at the terms appearing. o_\jc 12 g\ Vg %\ @
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Long time existence Estimates

Subconvergence

Estimates...

Integrating by parts I~
dt2/| V)R |2ds+/|(v§s‘;m+2p:|2ds

- / (VE)™2R, 7) (7, (V&) Ryds + ...
w
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Long time existence Estimates

Subconvergence

Estimates...
Integrating by parts

dt2/| V)R ds+/|(vl )™ 2R2ds
- / (VE)™2R, 7) (7, (V&) Ryds + ...
and m\
dt2/y (Va,)"&>ds + = /y V3. )m*\zds+/y(vL)m+2ﬁ\2ds
L/—\r_\/

= ¢ [(vg)m R R (VE)"R)ds

+2/!(V35)’"E| ds+ ...
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Long time existence Estimates

Subconvergence

Estimates...
Integrating by parts

dt2/| V)R ds+/|(vl )™ 2R2ds
— / (V)™2R, R) (7, (VA)"R)ds + ...
and
dt2/y (V) &> ds + = /y V3. )m*\zds+/y (Va,) "R ds
— c/ (V5)™27, R) (R, (V4)"R) ds

+2/!(V35)’"E| ds+ ...

Idea use interpolation inequalities to control the r.h.s. with the
l.Lh.s. and use Gromwall’s Lemma
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Long time existence Estimates

Subconvergence

Interpolation inequalities

One finds constants ¢ = ¢(/, k, p, %) such that

I(VE SR @< el (V8 RIE N7 + cll|flgle

for p € [2,00], i,k € N, i < k, L the length of the curve and

~it+1/2-1/p
_f.

1
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Long time existence Estimates

Subconvergence

Interpolation inequalities

One finds constants ¢ = ¢(/, k, p, %) such that
(V5 Rlle < cl(VE) RIENRIL® + clllRlgl
for p € [2,00], i,k € N, i < k, L the length of the curve and

i+1/2-1/p
_f.

Need a bound from below on the length.

1
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Long time existence Estimates

Subconvergence

Interpolation inequalities

One finds constants ¢ = ¢(/, k, p, %) such that
(V5 Rlle < cl(VE) RIENRIL® + clllRlgl
for p € [2,00], i,k € N, i < k, L the length of the curve and

i+1/2-1/p
_f.

Need a bound from below on the length. Theorem of Fenchel:

e < ([ 11 e6) < SO < SO,

11005-1988, from 1933 worked (mostly) at the University-of Copenhagen.
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Long time existence Estimates

Subconvergence

From ,—W

dt2/| Vo,)"Rds + 5 /| V)R] ds+/| =22 s
= C [{(Va)ER,R) (R, (V) R)ds
—
+;/!(V$s)’"ﬁ|2ds+.... 49—2)(W ) &
1—€E,,(g,

one gets with interpolation inequalities and the induction
assumption to

dt2/\vasm*y2ds+ /\vl R]2ds < C.

A Gromwall-type argument vyields the L2-bound of the derivatives.
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Long time existence Estimates

Subconvergence

From geometric to analytic estimates
So far H(Vgs)mﬁﬂg < ¢c(m,0), t € [, Tmax), m € N.

2Similar principle for higher order derivatives
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Long time existence Estimates

Subconvergence

From geometric to analytic estimates

So far H(Vé‘s)m/zng < ¢c(m,0), t € [, Tmax), m € N.
First issue: get rid of the projection: use that

Osi = V3. i — |R[0sf .

and similarly 977 = (V)< + l.o.t.

2Similar principle for higher order derivatives
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Long time existence Estimates

Subconvergence

From geometric to analytic estimates

So far H(Vé‘s)m/zng < ¢c(m,0), t € [, Tmax), m € N.
First issue: get rid of the projection: use that

Osi = V3. i — |R[0sf .
and similarly 97'% = (V3. )™< + l.o.t. Then,

|0 K| 2 < c¢(m,d), te€][d, Tmax), meN.

Second issue: get rid of Os

2Similar principle for higher order derivatives
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Long time existence Estimates

Subconvergence

From geometric to analytic estimates [g
So far H(Vi)mﬁﬂg < ¢c(m,0), t € [, Tmax), m € N
First issue: get rid of the projection: use that

Osi = V3. i — |R[0sf .
and similarly 97'% = (V3. )™< + l.o.t. Then,

|0 K| 2 < c¢(m,d), te€][d, Tmax), meN.

Second issue: get rid of ds Follows from

Ot|Oxf| = —<R‘,@|8Xf|,

and the regularity of the initial datum?.

2Similar principle for higher order derivatives
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Long time existence Estimates

Subconvergence

Control from above of the length: in finite time
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Long time existence Estimates

Subconvergence

Control from above of the length: in finite time

For A > 0: an estimate follows from the gradient flow property

AL(f(t)) < Exgr(ey) < EX(F(0)).
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Long time existence Esti

Subc

Control from above of the length: (n finite time

For A > 0: an estimate follows from the gradient flow property

AL(f(t)) < Exgr(ey) < EX(F(0)).

(G
For A = 0: ng,
d .
Ll :/Sl<“’%1< C./ D{

L (- P80 +J LN dls
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Long time existence Estimates

Subconvergence

Control from above of the length: in finite time

For A > 0: an estimate follows from the gradient flow property

AL(f(t)) < Exgr(ey) < EX(F(0)).
M2 m-y X
W/ e 6

For A =0:
orA=0 & € (a))

d
SLlfl= | (®opty < C.
~LIf] /Slm, drt) < C

Together with control of |||/ by

F(£,x) = £(0, %) (M

we get uniform bounds in W®m% cm—1a,
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Long time existence Estimates

Subconvergence

Subconvergence

Lemma
For A > 0, as t; — oo there exist p; € R" such the curves
f(-, ti) — pj, converge, when reparametrized by constant speed, to

a critical point of ).
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Long time existence Estimates

Subconvergence

Subconvergence

Lemma

For A > 0, as t; — oo there exist p; € R" such the curves

f(-, ti) — pj, converge, when reparametrized by constant speed, to
a critical point of ).

Let (f(-,t;)); be parametrised by constant speed on [0, 1]. Since
A > 0, the length of (f(-,t;)); are uniformly bounded by L < co.
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Long time existence Estimates

Subconvergence

Subconvergence

Lemma

For A > 0, as t; — oo there exist p; € R" such the curves

f(-, ti) — pj, converge, when reparametrized by constant speed, to
a critical point of ).

Let (f(-, t;)); be parametrised by constant speed on [0, 1]. Since
A > 0, the length of (f(-,t;)); are uniformly bounded by L < co.
Let (pi)i € R s.t. A

F( ti) = (. ti) — pi

go through the point 0 € R".
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Long time existence Estimates

Subconvergence

~

By construction (f(t;)); are uniformly bounded in C™ and stay in a
compact subset of R”. Hence there exists a subsequence (t;); and

ij
f smooth such that f(t;) — f.
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Long time existence Estimates

Subconvergence

~

By construction (f(t;)); are uniformly bounded in C™ and stay in a
compact subset of R”. Hence there exists a subsequence (t;); and

i
f smooth such that f(t;) — f.

It remains to show that f is a critical point.
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Long time existence Estimates

Subconvergence

~

By construction (f(t;)); are uniformly bounded in C™ and stay in a
compact subset of R”. Hence there exists a subsequence (t; ); and
f smooth such that f(t,-j) — f.

It remains to show that f is a critical point. Since

d
_ 2 ge —
) = [ |ousPds =~ D).

we have that u € L1(0, c0).
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Long time existence Estimates

Subconvergence

~

By construction (f(t;)); are uniformly bounded in C™ and stay in a
compact subset of R”. Hence there exists a subsequence (t; ); and

f smooth such that f(t,-j) — f.

It remains to show that f is a critical point. Since
5 d

u(t) = [ |0:f|°ds = ——Ex(F),
/ dt

we have that u € L1(0,00). Moreover, |/(t)| is uniformly
bounded. It follows that

lim wu(t) =0.

t—o0

Thus f is a critical point for &).
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What is a network

Elastic flow of networks xis of a solution
nce

Networks

Goal: Understand the elastic flow of networks.

%{xal
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What is a network
Setti

Elastic flow of networks X e of a solution
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Elastic flow of networks

The easiest situation: star-shaped network
Consider three smooth regular curves f; : | — R", | =0, 1],

i =1,2,3, such that
1. The end-points are fixed:
fi(1) = P1, (1) = P2, (1) = Ps,
with given distinct points P;, i =1,2,3, in R". £t

2. The curves start at the same point

f(0) = £(0) = £(0),
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What is a network

Elastic flow of networks

The easiest situation: star-shaped network

Consider three smooth regular curves f; : | — R", | =0, 1],
i =1,2,3, such that
1. The end-points are fixed:

f(1l) = P1, H(1) = P, (1) = P,

with given distinct points P;, i =1,2,3, in R".
2. The curves start at the same point

f(0) = ~2(0) = £3(0).

For A > 0, the elastic energy of the network i |sl S]ka OF +7x(;3)

e
Zé’,\(f
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What is a network
Setting

Elastic flow of networks < of a solution

First idea

How to model the flow of a network?
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Elastic flow of networks

First idea

How to model the flow of a network?
Let fy; be smooth enough, regular such that {fo 1, f2,f3} is a

star-shaped wz ) vu-s“(%.‘)
Oef; = —(V3.)?Ri — 3|Ril?Ri + A&j, “on (0, T) x [0,1],
fi(t,0) = £(t,0) on (0,7),i,j=1,2,3,
fi(t,1) = P; on (0,7),i=1,2,3.

and (0, x) = fo(x).
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What is a network
Setting

Elastic flow of networks Ex a solution
C

First idea

How to model the flow of a network?
Let fy; be smooth enough, regular such that {fo 1, f2,f3} is a
star-shaped network, and consider

Oefi = —(V3,)?Ri — LRk + ARi,  on (0, T) x [0,1],
f,(t,0) = £(t,0) on (0,T),i,j=1,2,3,
fi(t,1) = P; on (0,T),i=1,2,3

and (0, x) = fo(x).
Some problems
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What is a network
Setting

Elastic flow of networks Ex a solution
C

First idea

How to model the flow of a network?
Let fy; be smooth enough, regular such that {fo 1, f2,f3} is a
star-shaped network, and consider

Oef; = —(V3.)?Ri — 3|Ril?Ri + A&j,  on (0, T) x [0,1],
f(t,0) = £;(t,0) & on (0,T),i,j=1,23,
fi(t,1) = P; on (0,T),i=1,2,3

and (0, x) = fo(x).
Some problems

1. Number of boundary conditions
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What is a network
Setting

Elastic flow of networks Ex a solution
C

First idea

How to model the flow of a network?
Let fy; be smooth enough, regular such that {fo 1, f2,f3} is a
star-shaped network, and consider

Oefi = —(V3)?Ri — 3|Ril*Ri + ARi, on (0,T) x [0,1],
f,(t,0) = £(t,0) on (0,T),i,j=1,2,3,
fi(t,1) = P; on (0,T),i=1,2,3.

and (0, x) = fo(x).
Some problems

1. Number of boundary conditions

2. Does the solution (if it exists) describe a network? That is,
what about the Topology?
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What is a network

Elastic flow of networks xis of a solution

Situation

" o) g,::"vmcc:q(-) S,"-
g fo4] — K £ / \z:\ 3)‘@9
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Elastic flow of networks

Boundary conditions: a toy computation

Consider )
1
E(u,v) = / (uxx)2 + (VXX)de
2 Jo
defined for u, v € W?22(0,1) such that

u(0) = v(0) and u(1) =0,v(1) = 1.
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Elastic flow of networks

Boundary conditions: a toy computation

Consider )
1
E(u,v) = / (uxx)2 + (VXX)de
2 Jo
defined for u,v € W?2(0,1) such that
u(0) = v(0) and u(1) =0,v(1) = 1.
First variation:

1
t=0 2

)

d
aE(u—kg,v—Fgﬁ_‘_

d 1
I /0 (uxx + t@xx)2 + (Vxx + t¢xx)2dx .‘t:g

—
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Elastic flow of networks

Boundary conditions: a toy computation...
For u,v € W?22(0,1) with u(0) = v(0), u(1) =0, v(1) =1,

1
E(u,v) = ;/0 ()2 + (vier)

First variation:
1d [t
o 2dt )

1
= Uxx + V¥ dx
|, vasor v

(Uxx + tﬁpxx)z + (VXX + thx)zdx

t=

d
EE(U + to, v + ty)

t
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t is a network

Elastic flow of networks

Boundary conditions: a toy computation...
For u,v € W?22(0,1) with u(0) = v(0), u(1) =0, v(1) =1,
1
E(u,v) = 1/ (1) + (Va2
2 Jo
First variation:

d
7E(u +to, v+ m/})

1
dt o = /0 Usx Pxx + Vax U xx dX

= UXXCPX|(1) - Uxxx90|(1) + Vxxwx|(1) - Vxxxw|(1)

—
+ / Usoxx P + Voo ¥ dx
0
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Elastic flow of networks

Boundary conditions: a toy computation...

For u,v € W?22(0,1) with u(l) =0,v(1) =1,
1t 2 2
E(u,v)= 5 (Us)” + (vax)“dx
0

First variation:

= (4]<0

1 = ¢(1):=0
iE(u + tp, v + t) = / Usx Pxx T VaxWxx dX g{r(
0

dt

t=0
= UXXSOX|(1) - UXXXSO|(1) + Vxxwx|(1) - Vxxx7p|(1)

! 1
+ / Ussox P + Voo dx= 0
0
for (y, 1) admissible variation.
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Elastic flow of networks

Boundary conditions: a toy computation......
For u,v € W?22(0,1) with u(0) = v(0), u(1) =0, v(1) =1,

1
E(u,v) = ;/0 ()2 + (vier)

= Uxx(Px’é - Uxxx@’é + Vxxwx‘é - Vxxxw‘é

d
—E t t
p (u+tp, v+ ti)) s

1
I
+ / Usxxx P+ Vxxxxwdx =0
0

for (y, 1) admissible variation.

Anna Dall'Acqua On the elastic flow



Elastic flow of networks

Boundary conditions: a toy-camputation......

For u,v € W?22(0,1) wit

E(u, ): Vxx2

\P(O (uxxx(oﬂ“ ’\’X‘{o)

‘ Uxxx@’o . Vxxxw’x

Usxoxx P 1 Vi w dX 0
0

for (¢, 1) admissible variation, That is

A1) = 0= 0(1) und £(0) = U(0). |

Natural boundary conditions:
Goe(0) = (1) = 0 = Ve (O vice(1) un

Anna Dall'Acqua On the elastic flow
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is a network

Elastic flow of networks

Statement of the problem
Find curves f; : [0, T) x [0,1] — R" solution to

1
Ocfy = —V3Fi; — S|Ril*Ri + Nifi(+i0sf; of (0, T) x I,

for i = 1,2,3 with boundary conditions

fi(t, 1) =Py forte(0,7),i=1,2,3,
7:(t,1) = 0 = &(¢,0) fort €(0,T), i=1,2,3,
A(t,0) = K(t,0) =1f(t,0) fort € (0, T),
and 3 (VRi(t,0) % X\idsfi(t,0)) =0 for t € (0, T),

and initial value

A(t=0,-)=figfori=1,23, in[0,1].
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Elastic flow of networks

Better statement of the problem

Find curves f; : [0, T) x [0,1] — R"” and tangential components
vi [0, T) x [0,1] — R solution to
1
Ofi = —V2R; — 5\;5,-|2r5,- + NiRi+pi0sfi on (0, T) x 1,

S

for i = 1,2, 3 with boundary condition as before and initial value as
before.
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Elastic flow of networks

Better statement of the problem

Find curves f; : [0, T) x [0,1] — R"” and tangential components
vi [0, T) x [0,1] — R solution to
1
Ofi = —V2R; — 5\;5,-|2r5,- + NiRi+pi0sfi on (0, T) x 1,

S

for i = 1,2, 3 with boundary condition as before and initial value as
before.

Now the tangential component is part of the problem!
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What is
Setting

Elastic flow of networks Ex
C

Better statement of the problem

Find curves f; : [0, T) x [0,1] — R"” and tangential components
vi [0, T) x [0,1] — R solution to

1
Ofi = —V2R; — 5\;5,-|2r5,- + NiRi+pi0sfi on (0, T) x 1,

for i = 1,2, 3 with boundary condition as before and initial value as
before.

Now the tangential component is part of the problem!
Joint work with C.-C. Lin and P. Pozzi.
Also: H. Garcke, J. Mendez and A. Pluda.
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What is a network
Setting

Elastic flow of networks Existence of a solution

Short time existence
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What is a network
Setting

Elastic flow of networks Existence of a solution
C071\’EV'gE‘ﬂCE‘

Short time existence

1. Choose a tangential component to get parabolicity.
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What is a network
Setting

Elastic flow of networks Existence of a solution
C071\’EV'gE‘ﬂCE‘

Short time existence

1. Choose a tangential component to get parabolicity.

2. Linearize the problem: also the boundary conditions.
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is a network

Elastic flow of networks e of a solution

Short time existence

1. Choose a tangential component to get parabolicity.
2. Linearize the problem: also the boundary conditions.

3. Well-posedness of the linear problem: Non-collinearity
condition x~o)
Span{0sfy;i:i=1,2,3} > 2.

red
=
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is a network

Elastic flow of networks e of a solution

Short time existence

1. Choose a tangential component to get parabolicity.
2. Linearize the problem: also the boundary conditions.

3. Well-posedness of the linear problem: Non-collinearity

condition
Span{0sfy;: i =1,2,3} > 2.

4. With Banach Fixed Point Theorem: a solution of the
quasilinear problem exists in a short interval of time.
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What is a network
Setting

Elastic flow of networks Existence of a solution
C071\’EV'gE‘ﬂCE‘

Long time existence

Idea: Show that all the norms of the solution remain bounded and
then extend the solution. Non-collinearity condition needed at
Tmax-
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