EIGENVALUE PROBLEMS AND FREE BOUNDARY MINIMAL
SURFACES IN SPHERICAL CAPS

VANDERSON LIMA

1. INTRODUCTION

In these notes we are going to discuss the work of the author joint with Ana Menezes [46],
where a link is stablished between free boundary minimal surfaces in geodesic balls of round
spheres and Steklov-type eingenvalue problems, and this is applied to uniqueness questions
in minimal surface theory.

2. FREE-BOUNDARY MINIMAL IMMERSIONS

Consider a compact manifold ¥ and a Riemannian manifold with boundary (M, (-,-)).
Let ®; : ¥ — (M, (-,-)) be a smooth one parameter family of immersions for ¢t € (—e,¢)
and denote X = %—‘f. We assume ®,(0X) C OM, thus X|px is tangent to IM.

FIGURE 1. A smooth variation of a submanifold.

The first variation formula gives:

d .
- tzovol((l)t(z)) = —/E<H,X>dA+/aZ<u, X)dL, (2.1)

where H is the mean curvature of the immersion @y and v is the outward pointing unit
conormal of ®(9%). Therefore ® is a critical point of the volume functional if and only
if H=0and v L ON.

Exercise 1. Prove (2.1) and the caracterization of critical points of vol.

Definition 1. Let ® : ¥ — zM be an immersion such that ®(9%) C M. We say @ is a
free boundary minimal immersion if the following conditions hold:

—

(i) H=0;
(ii) ®(X) meets M orthogonally along ®(9Y), i.e., v L OM.

It is also commom to identify 3 with its image ®(X) and say ¥ is a free-boundary minimal
submanifold of (M, (-,)).

Before we continue, we need to fix some notation. A point € R*™! will be described in

terms of the canonical cartesian coordinates as x = (xg,x1,...,2,). The canonical basis
1
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of R"*! will be denoted by {9, d1,...,0,}. Let ¢ € {—1,0,1} and consider the following
metric on R™ 1,

ge = edxf + Y (d;)*. (2.2)

i=1
Define

n
E? = {x c R o2 +€Z(mi)2 =1 and xg > 0} .
i=1
Then E? endowed with the Riemannian metric induced by g. correponds to the Euclidean
space R" when € = 0, to the round hemisphere S"! when € = 1 and to the hyperbolic space
H"™ when € = —1.

From now on, along all the text, when £ = 1 we will always assume r < 7/2. Define

cosr, ife=1, sinr, ife=1,
ce(r) =141, ife=0, sc(r)=4r, ife =0,
coshr, ife=-—1, sinhr, ife=—1,
and also,
tan. r = s.(r)/ce(r) and coter = c.(1)/se(r).
Observe

ce(r)? +esc(r)> =1 (2.3)
We will denote by BZ(r) the closed geodesic ball of radius r and center (1,0,...,0) in
EZ. We have

BZ(r) = {CL‘ e R zn:(xz)2 < sg(r)} . (2.4)

i=1
Equivalently, for € € {—1,1} it holds
B2 (r) = {z € R"™' : exg > ec.(r)} . (2.5)
On the case of Euclidean balls, using an homothety we can send B} (r) to B? and vice-versa,

so we can assume r = 1. Because of this we use the simplified notation B" = B (1).

2.1. Free-boundary minimal disks in B”(r). Let IT a vector subspace of R"*1 of
dimension 3, containing dy. Then IINBZ(r) is a totally geodesic disk inside B (r) which
satisfies the free-boundary condition. When € = 0 we call these surfaces equatorial disks.

FIGURE 2. An equatorial disk in B3.

In the following, I denotes the disk in R?, of radius 1 and center at origin. A fundamen-
tal result due to Nitsche [52] stablishes that a free-boundary minimal immersion of D in
B3 is totally geodesic. This was later generalized by Souam [57] to the case of immersions
in B2(r), e € {—1,1}. This was strenghtened in the following result.
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Theorem 1 (Fraser-Schoen [24]). Let ® : D — BZ(r) be a branched free boundary minimal
immersion which is proper, i.e. ®(D) NOBL(r) = ®(0D). Then ®(D) is totally geodesic.
Proof. We will use the following notation: V is the pull back connection in the pullback
bundle ®*(TER); V= is the connection in the pullback ®*(NY) of the normal bundle to
Y = ®(D) in BZ(r); I is the second fundamental form of ¥ in E?. Consider any complex
coordinate z = x1 + ix9 on X, and

1(0;,0.) = — [(I11 — Nag) — 2illyo] (2.6)

where I;; = [(0y,,0s;). Denote I;j;p = (ngkll)(&gi,@xj). Since @ is conformal and
minimal we have Il;; + lloo = 0. This together with the Codazzi equations implies

=~ =

1 .
Véﬂ(az, 0,) = 3 M1, — Moo + 2I59.0 + i(I11,2 — Hag,2 — 2142, )] = 0.

It follows from metric compatibility of the connection that the following function is holo-
morphic on D,
= <]I(8Z,8z), ]I(@Z,az)>.
Consider polar coordinates (r,6) on the disk, so z = re?. Set w = logz = logr + 6.
Then

ow 1 1
0. = 50y =0y and 1(0,0:) = (0w, Ouw).
On 0D we have 0, = 0y + 19y, and
221(D,,0,) = (D, Op) = (D, d,) — (g, By) — 24 (D, D). (2.7)

By the free boundary condition, the outward unit normal v along 0¥ is normal to the
sphere OB (r). Thus, since d®(0,) = Av, where A = |d®(0,)|, we have
(0, 0p) = V5,d®(9;) = [~ A cote rd® ()",
Therefore,
I(0,,09) = 0 on ID, (2.8)
and so 221(0., d.) is real on OD.
Thus, z%¢(z) is a holomorphic function on D that is real on dD. This implies that

2*$(2) is constant, and since it vanishes at the origin, one has z*¢(z) = 0. In particular,
by (2.7) and (2.8) we see that on 0D,

0=z'¢(z) = [(D,,d,) — (8, Ip)]* .

Therefore, 221(0,,0.) = 0 on OD. We claim 221(d,,d.) = 0 on D. To see this, choose a
global frame s1,...,s,_o for the normal bundle @*(NZ). Then,

(92,8 ijsy

for some complex-valued functions f; on D, j =1,...,n — 2, and
1 (.2 af]
0= V3 (2%1(9.,0,)) = Va. Zf]sJ :Z +Zakjfk s,
where aji, j, k= 1,...n—2, are given by Vazsj = Zk;l a;rsy- Hence, for j =1,...,n—2
we have

ij + Zk 1 ak]fk =0, onD
f] on OD.
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This implies that f; =0on D for j =1,...,n — 2, and so 221(9,,9,) = 0 on D.
Hence, I(0,,0,) = 0 on D. By (2.6), this implies that I;; = Iy and Ij5 = 0 on D.
Therefore ¥ is totally geodesic. O

There is an strinking analogy between minimal submanifolds of spheres and free bound-
ary minimal submanifolds of the unit Euclidean ball. In particular, we can see Nitsche’s
Theorem as analogous to a result of Almgren [1] which says that a minimal S? in S? is
totally geodesic. Calabi [3] proved that there are many minimal immersions of S? in S” for
n > 4, which are not totally geodesic. So, from the point of view of the mentioned analogy,
the previous result is surprising. However, one has the following version of uniqueness of
minimal 2-spheres of higher dimensional spheres.

Corollary 1. Let ¥ be an immersed minimal S? in S™ that is invariant under reflection
through a totally geodesic S*'. Then X is totally geodesic.

Proof. Since the surface ¥ intersects the equatorial S®~! orthogonally, it is transversal to
it. Thus the intersection consists of smooth circles. If we consider an inner-most circle
(one which bounds a disk disjoint from the other circles), then we get a free boundary
minimal disk in a hemisphere, and by Theorem 2.2 this disk is totally geodesic. It follows
that ¥ is the corresponding totally geodesic minimal S? since it is assumed to be reflection
symmetric. ]

2.2. Free-boundary minimal annuli in B?(r). In B? there exist a family of free-
boundary minimal annuli called critical catenoids, which are characterized as the only
non-flat free boundary minimal surfaces in B3 that are invariant under rotations around
a given axis. They can be defined as follows. Fix an orthonormal basis {e1, ez, e3} of R3
and let to be the unique positive solution to the equation ¢sinh(¢) = cosh(t). The critical
catenoids are the images of the maps ® : [—to, tg] x S! — R3,

D(t,0) = ag cosh(t) cos(0)er + ag cosh(t) sin(f)es + aptes,

where ag = (tgcosh(tg))™'. The constants ¢y and ag are chosen in such way that the
map ® is conformal and its image is a piece of a catenoid contained in B3, meeting B3
orthogonally, and whose axis of symmetry is the line generated by the vector es.

FIGURE 3. A critical catenoid in B>. Picture by Mario Schulz.

Inspired by a result due to Chern-do Carmo-Kobayashi [12] and Lawson [38] concerning
closed minimal surfaces, Lucas Ambrozio and Ivaldo Nunes proved a uniqueness result for
free-boundary minimal disks and annuli.
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Theorem 2 (Ambrozio-Nunes [4]). Let ¥ be a compact free boundary minimal surface in
the Euclidean ball B3. Assume that for all points x € X, we have

[ () (2, N (2))* < 2, (2.9)
where N(z) denotes a unit normal vector at the point x € ¥ and A denotes the second
fundamental form of 3. Then

(1) either |I|*(z, N)2 =0 and X is a flat equatorial disk;
(2) or [M)?(p){p, N(p))? = 2 at some point p € &> and ¥ is a critical catenoid.

We say ¥ is a rotation hypersurface of E!' if the following holds: there exist subspaces
12, I13 of R™*! of dimensions 2 and 3 respectivelly, and a regular curve I' € R""! such
that I12 C TI3, T’ C TI> N E? and ¥ is the orbit of I' under the action of the subgroup of
isometries of E* which preserves I12. In [13] do Carmo and Dajczer described the family
of rotational minimal hypersurfaces in the round sphere S™ and in the hyperbolic space
H™. For the case n = 3, the parametrization ®, is given by,

2u(s,0) = (1§ ~ cocs29)cplo). [ - caec29)seolo)
\ /% + ac:(2s) cos b, 4 /g + ac:(2s) sin0>, (s,0) € R xS,

where a is a constant such that
{—§ <a<0, ife=1,

1 .
a> 3, ife =—1,

(2.10)

and ¢(s) is given by

wls) = \e <i N “2> /0 1= 5@05(%)]1 St ac(2t) d.

Remark 1. For other parametrizations of these surfaces see [50,53].

As observed by Haizhong Li and Changwei Xiong [39], for fixed r there exists a = a(r,¢)
and a positive number sy = so(r, €) such that

Do i [—50,50] x St — BE(r) (2.11)

is a free boundary minimal immersion in B(r), where r € (0,%) if e = 1. We call these
surfaces critical rotational annuli.
In the following we will need another model for E3. In [0, Reo) X S? consider the warped
product metric
g =dr’ + \(p)*gs2, (2.12)
where \(p) and Ro are given by

Ps Roo = +00,

A(p) = < sinhp, Ry = +00,

sinp, R =m/2.
For any surface ¥ C E3, there are two important functions,: the potential function A\’ and
the support function (X, N). Here X = \(p)d, is the natural conformal vector field on E2

and N is a unit normal of the surface. Li and Xiong proved the following generalization
of Theorem 2.
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Theorem 3 (Li-Xiong [39]). Let ¥ be a compact free boundary minimal surface in B2(r).
Assume that for all points x in X, we have

(V) 2PN (2), X)* < 2, (2.13)

where N(z) denotes a unit normal vector at the point x € ¥ and A denotes the second
fundamental form of 3. Then

(1) either [I|*(N(x),X)? =0 and X is a totally geodesic disk;
(2) or (N)2I*(N, X)2(p) = 2 at some point p € ¥ and ¥ is a critical rotational
annulus.

Proof. Consider the real function f. defined by

f(s) = s, if e € {0, -1},
1= vizs, ife=1.

Then . : ¥ — R given by ¢.(z) = f-(A(p(z))?) satisfies

Vs te = 2f2(A(p)?)ANO,, on 9%, (2.14)
Hesss 02(Y, Z) = 2127 (A)2) (V) + FL(A()2) M| (Y, 9,)(2. )
2L (M) (N2 <Y + SIV)N, X), Z> . (2.15)

When ¢ € {0,1} the first term on the rigth side of equation (2.15) vanishes, while for
e = 1, that term is equal to 2sinh(r) cosh(r)(Y, 9,)(Z, d,). Thus, on all cases we conclude
that Hessy 1. > 0 holds when (\)72|I|?(N, X)?(x) < 2.

Now, define
¢ = {pe S e (p) :minws(m)}. (2.16)

€Y
Step 1: Suppose (X)72|I|*(N(z), X)? <2 on X. Then

(a) either € contains a single point p € ¥ \ 0%, in which case ¥ must be a totally
geodesic disk;
(b) or € is a simple closed geodesic in ¥\ 9% and ¥ is homeomorphic to an annulus.

We claim that € is a totally convex subset of ¥, i.e. any geodesic in Y joining two
points in €, lies entirely in €. Indeed, given p,q € €, let v : [0,1] — X be a geodesic such
that v(0) = p and (1) = ¢. By the discussion above, (¢ o v)"(t) > 0 for all ¢t € [0,1].
By the definition of €, as v o~ attains its minimum at ¢ = 0 and ¢ = 1 we conclude that
(1e 0 y)(t) = miny 1. Therefore ([0, 1]) C € and the claim follows.

Since ¥ meets OBZ(r) orthogonally, the geodesic curvature kg of 0¥ in X, computed
with respect to the unit outward pointing conormal, satisfies k4 = cot, r. In particular, X
is strictly convex in . This implies that for all p, ¢ € ¥ there exists a minimising geodesic
in X joining p to ¢q. Thus, the totally convex set € is connected. Also, € is contained in
the interior of X, because by equation (2.14), the gradient of ). is non-zero on 9% and
points outwards.

Now, let us suppose that € contains only one point p € ¥\ 93. Given [o] € 71(X,p),
let us assume that [«] is a nontrivial homotopy class. Since 9% is strictly convex, we
can find a geodesic loop 7 : [0,1] — X, 7(0) = v(1) = p, such that v € [a]. Since € is
totally convex, v([0,1]) C €. But € = {p} and [a] is non-trivial, which is a contradiction.
Therefore Y is homeomorphic to a disk. By Theorem 1, ¥ is a flat equatorial disk.
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Finally, suppose that € does not consist of a single point. By Theorem 1, 3 cannot
be homeomorphic to a disk. Let p € € and let [o] € 71 (X, p) be a non-trivial homotopy
class. As above, since 9% is strictly convex, we can find a geodesic loop v : [0,1] — X,
~v(0) = (1), such that v € [a]. One can use the fact € is totally convex to prove that
¥ (0) = 4/(1), ~([0,1]) is a simple curve and € = ~([0,1]). Since the above argument
also shows that any geodesic loop based at p must be contained in €, we conclude that
71(X, p) = Z. By the classification of compact surfaces, ¥ is homeomorphic to an annulus.

Step 2: If (X)72|I|2(V, X)? < 2 on 3, then ¥ is a totally geodesic disk.

Since [I|?(x, N)? < 2, it follows that the function . is strictly convex, hence the set
of its minima contains a single point. Thus, Step 1 implies that ¥ is a totally geodesic disk.

Step 3: If (V) 2[I|?(N(x), X)? < 20on ¥, and (\)2[I|*(N, X)? = 2 at some point p € 3,

then X is a critical rotational annulus.

Since (X)72|I|%(V, X)? = 2, ¥ can not be a disk, otherwise it would be totally geodesic,
a contradiction. Thus Y is homeomorphic to an annulus and C is a simple closed geodesic
v :[0,1]] — ¥ with arc parameter. Note that infy; . > 0.

Let po > 0 satisfy s2(pg) = infx, 1. and let Sy C E2 be the geodesic sphere of radius po
centered at the origin. Then ¥ C {z € E2: p(z) > po} and XN S,, = v([0,1]). Therefore
Ty5)2 = Ty 5)Sp, for all s € [0,1]. Note that v is a geodesic in 3. So it is also a geodesic
in S,,. That is, 7 is a great circle of Sj,.

Based on the analysis above, we can assume that 03 is orthogonal to the hyperplane
which contains the circle 7 and dp. Then {7'(s),d3} is an orthonormal basis of T.4)%
for all s € [0,{]. Define for any three vectors vy, vg,v3 in (R4, ge) their g.-cross product
v1 A va A v3 as the unique vector such that for any v € R* such that

ge(v1 A vy A vz, v) = det(vy, va,v3,v), Vv &R,

where det is the determinant with respect to the canonical basis.
Now define a function u : ¥ — R by

u(x) = g-(x A3 A Oy, N(z)).

It is straightforward to verify that

Asu+ (P +25)u=0 on %, 00 = ca(r) - on 5.
v

Moreover u = 0 on ¥ if and only if ¥ is a rotational surface in (R, g.) around the subspace
generated by 93 and 0g.

Now on the one hand, ¥([0,1]) is contained in u~!(0), which implies at any point ~(s)
we have (Vu,v') = % = 0. On the other hand, since {7/(s),d3} is an orthonormal
basis of T'5)% and +'(s) is a principal direction of 3, the vector 93 is the other principal

direction at vy(s), which implies Vg;N is parallel to 03. Thus along the circle =,
(Vs Bs) = ge (05 A O3 A By, N) + gz (g; A B3 A o, (B3, NV + vg;zv) —0.

Hence, the critical points of u in the nodal set u~1(0) are not isolated and [11, Theorem
2.5] shows v = 0 on X. As a consequence, ¥ is a rotational annulus as claimed. (|



8 VANDERSON LIMA

3. THE STEKLOV EIGENVALUE PROBLEM WITH FREQUENCY

3.1. A characterization of free-boundary minimal submanifolds in B! (r).

Proposition 1. Let (Zk,g) be a compact Riemannian manifold and let v be the outward
pointing unit g-normal vector of 0X. Let ® : (X,g) — BZX(r) be an isometric immersion
such that ®(0X) C OBZ(r). Then ® is minimal and free boundary if and only if, the
coordinate functions ¢; = x; o ® satisfy

Ayoi+ekg; =0, in3, i=01,...n, (3.1)

% + &%(tan. 7)po = 0, on %, (3.2)
i o _ |

9 (coter)p; =0, ond%, i=1,...,n. (3.3)

Proof. In the following we write g = (-,-) and denote by D the derivative on R™H,
Observe the position vector is a unit normal vector to E? with respect to g..

Fix v € R""! and consider the function ¢, € C*°(X) defined by ¢,(z) = (®(x),v). We
denote by II and H respectively the second fundamental form and the mean curvature
vector of ®.

Given p € X, let {E1, ..., Ex} be alocal g-orthonormal frame defined in a neighborhood
of X such that V% Ej;(p) = 0, for all i,j. Then on p we have

k k
qusv = ZEzEz((bv ZEZ Ezuv
; i=1
k

_ZDEEM > (V% Ei - e(E;, E;)®,v)

=1

= Z <ngiEi + I(E;, E;) — e(E;, E;) D, v>
=1
= (H,v) — ekoy.

Thus H = 0 if, and only if, A, ¢, + k¢, = 0, for all v € R"+1.

On the other hand,

Iy
;i = (v,v).

The outward pointing unit normal to 0BZ(r) is given by

1
NaBg(r) = Sai(r)(é“ce(?”)x - 80),

and the immersion ® is free boundary if, and only if, v = Nggn(,, i.e., if and only if

0y 1
g = m(é%(?“)(‘b,v) - <607v>)' (3.4)

Choosing v = 9;, i =0, 1,...,n, we obtain (3.2) and (3.3). O

Proposition 2. Let (X*,g) be a compact Riemannian manifold and ® : (3, g) — B2(r)
be an isometric minimal immersion with free boundary. Then, the Dirichlet problem
—Agw — kw = Aw, in X,
w =0, on 0%,
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has no nontrivial solution for any X\ < 0. In particular, for any function u € C*°(X) that
satisfies u = 0 on 0%, it holds that

/(|V9u|2 — ku?)dA > 0.
%

Proof. The case € < 0 is obvious, so let us suppose ¢ = 1. By Proposition 1, we know
oo = (P, 0p) satisfies Agg + koo = 0 with ¢p > 0 in 2.

Suppose, by contradiction, there exists a nontrivial solution w to the Dirichlet problem
above with A < 0. We can write w = h¢y, for some function h, where h = 0 on 9%. Hence,

_ wl? — w?
0_/E(|V| (k + Nw?)dA

= / (IVh[*¢3 + 2ho(Vh, Vo) + h*[Vo|* — (k + A\)h*¢F)dA.
>

Applying the divergence theorem and using that A¢g + k¢g = 0 in X and h = 0 on 9%,
we get

/ hoo(Vh, Vo)A = — / (heo(Vh, Vo) + h*|Voo|* + h*0Ady) dA + / W00 0L
. > o v

— 2/ héo(Vh, Vo)dA = —/ hQ\Vqﬁolsz—i—k/ h2p2dA.
P P %
Then,
0:/(\Vw]2—kw2)dA:/ ]Vh\gqb%dA—)\/ h2p2dA.
by b by

Since A < 0 and ¢g > 0, it implies that h is necessarily a constant function. Thus, since
h =0 on 0%, we conclude that h = 0 in ¥ and, therefore, w = 0 in X, a contradiction. [J

3.2. Steklov-type eigenvalue problems. The previous two results motivate the study
of an interesting eigenvalue problem.

Let (3, g) be a compact Riemannian manifold with boundary, and let v, be the outward
pointing unit conormal vector of 0¥. Fix o € R which is not in the spectrum of —A, with
Dirichlet boundary condition. Then, given u € C*°(9%), there is a unique u € C®(X)
such that @|gpy; = v and Agu + ot = 0 in 3. The Steklov eigenvalue problem at frequency

« consists of finding v # 0 and o € R such that
o
g _ ou on 0.

ov

The numbers o for which there is u satisfying the equation above form a sequence
oo(g,a) < o1(g,a) <...045(g,0) < ... = +00,

and correspond to the spectrum of an operator D,, which is called the Dirichlet-to-
Neumann operator at frequency « and it is defined as follows.

e Ifue HY(X,g) and f € L*(%,g), we say Ayu = f in the weak sense if

—/g(Vgu,ng) dAg:/fvdAg, Vv e Hy(Z,g).
% by

0
e Suppose u € H'(X,g) and Agju = f in the weak sense. We say that 8711 €
Vg

L*(0%, g) if there exists ¢ € L?(9%, g) such that

/g(Vgu,ng)dAg+/fvdAg:/ pvdL,, Yve HY(Z,g).
b by %



10 VANDERSON LIMA

Then, we define

Dou = g“, dom(Dy) = {u € L2(9%, g); 31 € H'(, g) such that Trdi = u,
Vg

~

o ) 0
Agu+ ou = 0 in the weak sense, and a—u € L2(82,g)},
Vg

where Tr : H'(X, g) — L?(0%, g) is the trace operator.

It is known that dom(D,) is a dense subspace of L?(9%,g) and D, is a self-adjoint
operator which is bounded below and has compact resolvent. In particular, the spectrum
of D, is discrete and bounded below. For more details about the construction of Dg,
see [b,6] (observe that their Laplacian is the negative of ours).

The eigenvalues oy(g, «) and 01(g, ) have a variational characterization. Let @ be the
quadratic form on dom(D,,) defined by,

Q(u,u) :/E|Vgﬂ|§dAg—a/EiZ2dAg.
Then,
a0(g, @) = inf {Q(v,v)/||ull2(9%); u € dom(Da) \ {0}}, (3.5)

and this eigenvalue is simple. Denote by ¢q a first eigenfunction, which we can choose to
be positive. Then, applying the min-max principle to D,, it follows that

o1(g, ) = inf {Q(v, v)/||ul|p2(9%); w € dom(Dy) \ {0} and /82 upodLg = O} .

Now, we will present an alternative characterization of o¢(g, &) and o1(g, «) for a special
class of metrics. Denote by AP (g) the first eingenvalue of —A, with Dirichlet boundary
condition. Suppose a > 0. If AP(g) > a, then

o0(g, @) = inf { </ |V9u\3 dAy — a/ u? dAg> // u?dLy : u € WH(Z) and Tru # 0} ,
b b o5
(3.6)

and

o1(g,a) = inf{ (/ |Vgu|§ dA, — a/ u? dAg) // w?dLy: u € WH(Z), Tru # 0
% P ox

and/ ugodLg = 0}.
ox

Exercise 2. Prove that (3.6) and (3.7) hold.

(3.7)

Remark 2. For o > 0, the quotient [ (|V9u|§ — au?) dAy/ [4s u* dLy is bounded from
below in the domain {u € WH2(X), Tru # 0} if and only if, \P(g) > a. So, the previous
characterization only holds in the case AP (g) > a.

Observe the hypothesis A (g) > « is equivalent to the following condition: the Dirichlet
eigenvalue problem (3.8) does not admit non-positive eigenvalues A,
—Agu —ou = A, in X,

3.8
u =0, on 0%. (38)

Remark 3. It follows from Propositions 1 and 2 that the coordinates functions of a free
boundary minimal immersion ® : (3, g) — BZ(r) are Steklov eigenfunctions with frequency
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2e. Moreover, since the eigenfunction ¢g associated to the eigenvalue o = —tangr is
positive, we have o¢(g,2e) = —tan. .

Now suppose a = 0. In this case /\{) (9) > a = 0 always holds and the spectrum of Dy
satisfies
0=00(9,0) <01(9,0) <...04(9,0) < ... = +o0.
These numbers are simply called Steklov eigenvalues. Moreover the og(g,0)-eigenspace is
generated by the constant function 1.

3.3. Multiplicity bounds. For later applications we will need upper bounds for the
multiplicity of 0j(g, ), 7 > 1. In order to obtain such bounds we will use the following
result concerning nodal domains.

Theorem 4 (Hassannezhad-Sher, [28]). Let (X,g) be a compact Riemannian manifold
with boundary such that AP (g) > a. Then, for any o;(g,«)-eigenfunction, its number of
nodal domains N; in X satisfies

Ny <j+1.

We prove:

Theorem 5. Let (X,g) be a compact Riemannian surface of genus v with £ boundary
components such that AP (g) > a. Then, the multiplicity of oj(g, ) is at most 4y + 25+ 1.

Proof. The proof follows the same strategy as in [25, thm 2.3]. Consider a function ¢ €
C°(X) satysfying
Ayp+ap=0in 3,

¢ _ (3.9)
871/‘9—0'](;5—001182.

Claim 1: The set Sy = {p € ; ¢(p) = 0, VI¢(p) = 0} is finite.

The claim for (E \ 82) NS, is a classical result and it follows as in [11].

Let p € (82) N S, and consider a chart ¥ : U — U C Ri, where U is the half-
disk centered at the origin, such that ¥(p) = (0,0), the associated coordinates x,y are
isothermal, and V., is on the direction of d,. By abuse of notation, we will also denote
¢ o U~! by ¢. In these coordinates, we have g = ud, where § = dry + dy? and p is a
positive function. It follows from (3.9) that v = e?7"¥¢ satisfies

Asv+ (b,Vsv) +cv=0o0n U, and ?;(x,O) =0,

where b and ¢ are smooth and bounded up to the boundary. The remaining of the proof
follows exactly as in [25], extending v by reflection on the boundary and using unique
continuation results.

Claim 2: Consider p € ¥\ 9% such that ¢(p) = 0. Then, the order of vanishing of ¢ at p
is at most 2v + j.

Again the proof follows as in [25], the only difference being that in [25] the authors
make use of the Nodal Domain Theorem for the Steklov problem (the case a = 0), and in
our case we need to use Theorem 4.
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Claim 3: The multiplicity of o; is at most 4y + 25 + 1.

Let m; be the multiplicity of o; and consider a basis {¢1, ..., ¢m j} of the j-th eigenspace.
Suppose that m; > 4+ + 25 + 1. The strategy is to show this implies the existence of a
oj-eigenfunction ¢ = a1¢1 + ... + am;¢m; and a point p € 3 \ 0% such that the order of
vanishing of ¢ at p is greater than 2y 4 j, which contradicts Claim 2.

Let p € ¥\ 9% and consider isothermal coordinates x,y around p such that p is mapped
to (0,0) and g = pd. Since Ag¢; + ap; =0 and 0 <1 < g, we have

145 ¢,

Oz 011y
where L is a linear operator of order ¢g. Supposing that all the derivatives of ¢; of order
0 <1< g+ 1 vanish at (0,0) we obtain

9+2¢, 91+2¢,
2 901y 0 O Gty ez, (00 =0

Now we can argue as in [25] to finish the proof. O

(0,0) +

Remark 4. Theorem 5 and Proposition 2 imply that for any free boundary minimal im-
mersion ® : (X2, g) — B(r) the multiplicity of 0;(g,2) is at most 4y + 2j + 1.

4. A FUNCTIONAL DEFINED VIA STEKLOV EIGENVALUES

Let ¥ be a compact surface with boundary. Fraser and Schoen [22,23,25] considered
the functional (on the space of Riemannian metrics on X)

g— o1 (97 O)IGthtg(aZ),

and proved that is bounded from above ans its maximizers are realized by branched free-
boundary minimal immersions in Euclidean balls. This renewed the interesting on the
theory of free-boundary minimal surfaces and led to many developments [40]. The goal
of the remaining of these notes is to discuss an analogous functional connected to free-
boundary minimal immersions in spherical caps (geodesic balls of the round spheres).

4.1. Eigenvalue bounds and a Weinstock-type result. Denote by M(X) the space of
smooth Riemannian metrics g on ¥ such that )\{) (g) > 2. For simplicity, on the remainder
of the paper we will denote oi(g) = ox(g,2), k > 0.

Fix r € (0, 5). We define the functional

0,(%,9) = [o0(9) cos’ r + o1(g) sin? r]10%]g + 2|2y, (4.1)

where [0X|, and |X|, denote respectively the lenght of 0¥ and the area of ¥, both with
respect to g.

The goal of this section is to prove the existence of an upper bound for the functional
©, that is sharp in the case of a disk. This analogous to a result due to Weinstock [62].

Exercise 3. Prove that for any 0 < r < %, B}(r) satisfies 00 = — tanr and o1 = cotr.

Theorem A. Let X be a compact orientable surface of genus v and £ boundary compo-
nents. Then, for any g € M(X), we have

0,(%,9) <4m(l —cosr)(y+4). (4.2)

Moreover, if ¥ is a disk, then the equality in (4.2) holds if and only if, (X, g) is isometric
to B2(r).



EIGENVALUE PROBLEMS AND FREE BOUNDARY MINIMAL SURFACES IN SPHERICAL CAPS 13

Proof. Let ¥ be a compact orientable surface of genus v and ¢ boundary components. By
a result of Gabard [27], there exists a proper conformal branched cover w : ¥ — D? of
degree at most v + ¢, where D? C R? is the closed unit disk with center at the origin.

Fix r € (0,%). Recall that the area of B}(r) with respect to the round metric is
2m(1 —cosr). Since D? is conformally equivalent to B3(r), there is also a proper conformal
branched cover u : (2, g) — B3(r) of the same degree as w.

Denote by z; and 8;, i = 0,1, 2, the canonical coordinates of R? and the corresponding

coordinate vector fields. Define u; = x; o u. In particular, along 0% it holds
ug = cosr, ui+uj=sin’r. (4.3)

Moreover, by using conformal diffeomorphisms of B?(r), we can also assume (see [41])

/ Ujgf)odL:O, j:1,2,
ox

where ¢q is a positive eigenfunction associated to og.
Since u : ¥ — B2(r) is conformal, there is a positive function f € C°°(X) such that, for
all X, Y € X(X), we have

g2 (WX, wY) = f2g(X,Y),
which implies

2
D IVIu,2 =22, (4.4)

§=0
Thus,

2
Z/E |V9uj|§ dAy = 2/2 f2dA, = 4deg(u)m(1 — cosr) < 4m(1 —cosr)(y+£). (4.5)
j=0

By the variational characterization of the eigenvalues, we have

ao(g)/ ugdng/ |Vgu03dAg—2/ugdAg, (4.6)
0% b b

and for j = 1,2,

Gl(g)/ uidLy < / [V9u;)2 dAg — 2/ ul dA,. (4.7)
5> pX by
Summing these inequalities and using (4.3) and (4.5), we obtain

(ao(g) cos®r + o1(g) sin® r) |0X|4 + 2|X|g < 4m(1 —cosr)(y+£).

Now we will show that in the case the surface is a disk the equality holds if and only
if, the surface is isometric to the spherical cap. First let us suppose ¥ = B2(r). Then, by
Exercise 3, we have

oo(g) = —tanr, o1(g) = cotr.

Hence, (09(g) cos®r + o1(g) sin® r) |05y + 2|Z|y = 47 (1 — cosr).

Now suppose the equality occurs in (4.2) and v = 0 and ¢ = 1. Then, in particular, we
have equality in (4.6) and (4.7), which implies that ug is an eigenfunction with eigenvalue
00, while u1 and ugy are eigenfunctions with eigenvalue oy. So, using u + uf +u3 =1, we
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conclude

2 2 2 2
0= Ag(Z“?) = QZUiAg u; + 22 \Vgui@ =—4+ 22 ]Vgui\g,
=0 i=0

=0 =0
PR
0= —( uf) = 200(g) cos® r + 201 (g) sin” .
s
Thus,
2
Z ]Vgui|§ =2 and o0g(g)cos’r +ay(g)sin®r = 0. (4.8)
i=0

Combining equations (4.4) and (4.8), it follows that f = 1. Hence, using the fact that
7 =0and {=1in (4.5), we conclude that deg(u) = 1. Therefore, (du)*gpz2(,y = 9. O

4.2. A maximization problem. Let > be a compact orientable surface with boundary
and fix r € (0, 5). Define
(X)= sup 0O,.(%,9),
gEM(Z)

where 0,.(3, g) was defined in (4.1). For simplicity, given u € C*°(9%) and g € M(X), we
will also denote by u its extension to X satisfying Aju + 2u = 0.

We want to characterize the metrics realizing 07 (3). The following result shows that a
smooth maximizer should not be attained at the boundary of M(X) (for the proof see [46]).

Proposition 3. Let {gi}ren be a sequence in M(X) converging smoothly to g, such that
MP(g) = 2. Then, up to a subsequence, ao(g;) — —oc.

Now we will study the regularity of ©,(%, g) with respect to g. First we need the
following result (for the proof see [46]).

Lemma 1. Let ¢ € M(X) and consider a smooth path of metrics t — g¢(t) such that
9(0) = g and g(t) € M(X) for all t € [-n,n]. Then t — oo(g(t)) is smooth in [—n,n],
while t — o1(g(t)) is Lipschitz in [—n,n)].

Fix g € M(X) and consider a smooth path of metrics g(t) as in the conclusion of the
previous lemma. Choose a smooth path of functions w;(t), i = 0,1, such that ug(t) is an
eigenfunction associated to oo(t), u1(0) = uy is an eigenfunction associated to ¢1(0), and

d
uy(t) is orthogonal to u(t) for all t. Denote h = d—‘z g Vi u;(0), ¢ = 0,1, and define

/ ]Vg uz dAg(t) - 2/ (t) dAg(t) - Ol(t)/ u?(t) dLg(t) (49)

ox
We choose u;(0) such that HUiHB(aE,g) =1
Observe that by the definition of the eigenvalues, we have f;(t) > 0 for any ¢, and f;(0) =
0. Moreover oy(t) is differentiable. So, if we assume that ©,(%, g(t)) is differentiable at
t = 0, then, in particular, o1(¢) is also differentiable at t = 0. It follows that f; has a
critical point at t = 0.

Exercise 4. Prove that

(O’i)’(()) = /E <;(‘V9ui‘z — 2u?)g — du; ® dug, h> dA, — %Ji(g) /82 uth(T,T) dLy,.
(4.10)
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Hint: Use the facts f/(0) = 0, u;(0) is a eigenfunction and the following formulas

d 1 d 1

i dAg(t) = §<97h> dAg, I 5

where T is a g-unit tangent vector field to 0%.

dLg()
t=0

W(T,T)dLy, (4.11)

t=0

Therefore, if ©,(t) := ©,(, g(t)) is differentiable at ¢ = 0, using (4.11) and (4.10) we
obtain

0/.(0) = Qu(w1) = /

<7‘(cosru0) —l—r(sinrul) + g,h> dAy
b

+ / F(cosruo, sinrul)h(T, T)dLy,
)3

where
[3)y
(0) = 2l (9902 — 22)g — o5, o @ do,
F(vo,v1) = 002(9) (cosgr - |82|gv§) + 012(9) (sin2r - |02\gv%).

Let Vi (g) be the eigenspace associated to oy (g), k = 0,1. Consider the Hilbert space
Hg = L2 (52(2)7 g) X L2(827 g)7

where S2(X) is the space of symmetric (0, 2)-tensor fields on . The next lemma and its
proof follow the ideas of [25], Lemma 5.3.

Lemma 2. Suppose g € M(X) satisfies O,(X,g) = O5(X). Then, for any (h,) € H,,
there exists uy € Vi(g) such that ||uil|r2(95,4) = 1 and

<(h,zp), (T(COST’UO) + T(sinrul) + g,F(cosrug, sinrul)) >H =0.
g
Proof. Consider (h,1) € Hgy. Since C®(S?(X)) x C>(9%) is dense in H,, for each k € N
there exists a smooth pair (hg, ) such that (hg, ) — (h,%) in L2. Moreover, for each
k, we may redefine hy, in a neighborhood of the boundary to a smooth tensor field hj, with
hi(T,T)|os = 1, and such that the change in the L? norm is arbitrarily small. Thus, we
obtain a smooth sequence hy, such that (hg, he(T,T)) — (h, 1) in L*.

d
Let g(t) = g + thy. Then gy = g and %9

7 = hj. Since g maximizes O,, given any
t=0

€ > 0, we have
0
@;(t) dt = 97"(0) - @T(_6) >0,
—
Therefore, there is t € (—&,0) such that ©](t) exists and is nonnegative. Let ¢; be
such a sequence of points with ¢; < 0 and ¢; — 0 such that ©/(¢;) > 0. Choose u; €
Vi(g(t;)) with [Juj|/;255) = 1. We can use standard elliptic boundary value estimates
to obtain bounds on u; and its derivatives up to the boundary. Thus, after passing to a
subsequence, u; converges in C?(X) to an eigenfunction u; € Vi(g) with g |z2(a5,9) = 1
and, consequently, it follows that Qp, (u; ) > 0. By a similar argument, taking a limit
from the right, there exists u; € Vi(g) with HUZF||L2(8E,9) = 1 such that Qp, (u}) < 0.
As above, after passing to subsequences, u;: — ug and u,, — u_ in C?(%), and
<(h,¢), <T(cosru0) —|—T(sinrui) + g,F(cosruo,sinrui))>Hg = Z]ggthk(ulf) <0

Therefore, the lemma follows. O
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Theorem 6 (Lima-Menezes [46]). Let ¥ be a compact surface with boundary.

(i) Suppose g € M(X) satisfies 0,(3,9) = O%(X). Then, there exist independent
eigenfunctions vg € Vo(g) and vy,...,v, € Vi(g) which induce a free boundary
minimal isometric immersion v = (vg,v1,...,vy) : (X,g9) — B"(r).

(ii) Suppose g € M(X)NC satisfies ©,(3, g) = O,(X, €). Then, there exist independent
eigenfunctions vg € Vo(g) and vy,...,v, € Vi(g) which induce a free boundary
harmonic map v = (v, v1,...,v,) : (£,9) = B"(r).

Proof. We will give the proof of (i). Define IC as the convex hull in H, of the subset

{(T(COS’/‘UO) +T(sinru1) + g,F(cosruo,sinrul)); uy € Vi(g), ||u1||L2(aZ’g) = 1}.

We claim that (0,0) € K. Suppose this is not true. Since K is a closed convex subset
of H4, by the geometric form of the Hahn-Banach Theorem, there exists (h,v) € H4 such
that for any u; € Vi(g) with [[u1]|r2(95,g) = 1, we have

<(h,w) , (T(cosruo) —i—T(sinrul) + g,F(cosruo,sinru1)>> < 0.

Hg
However, this last inequality contradicts the previous lemma.
Thus, there exist u1,...,un, € Vi(g) with [|[uil|r295,9) = 1, and t1,...,t, € Ry with
n
th = 1 such that
j=1
O—Zt [ COS T U —l—T(smruJ)—Fg] n X, (4.12)
0= thF(cosruo,sinruj), on 9. (4.13)

j=1

Denote vy = ]82|%(cosr)u0 and v; = (tﬂ@E\)é (sinr)uj, j = 1,...,n. Hence, by the
definition of 7, we get
n
3 dvj®dvj—§(}v ol* =203)g - g| =0. (4.14)
=0

Since try g = 2 and try(dv; ® dvj) = |ngj ‘2 taking the trace in the above equality yields

Zv = 1. (4.15)
In particular, using this fact back into (4.14), we conclude that
Zdvj@)dvj = 2<Z‘ngj} )g. (4.16)
j=0 j=0

Using that Ay v; + 2v; = 0 together with (4.15), we obtain

n n n n
o:Ag(EU;) — Y e W = YW =2
§=0 j=0 §=0

J=0



EIGENVALUE PROBLEMS AND FREE BOUNDARY MINIMAL SURFACES IN SPHERICAL CAPS 17

Therefore, by (4.16), we conclude that

n
Z dv; ® dvj = g, (4.17)
§=0
and v = (vg,v1,...,vy,) is an isometric minimal immersion of 3 into S".

Now, we will prove that v(X) C BZ(r). Observe that by (4.13) along 0¥ we have

n n
0= bF (1912 vo, (¢5102]) 72 ;) = Dlcos?r = ) + 5 (sin2 - ZU;)

J=1

1 1 1<~ v, 1 1 10 (<

= 500 cos?r + 501 sin?r — 3 [Zv];’j] = 500 cos’r + 501 sin?r — 481/< ' UJQ)
7=0 7=0
1 1

= 500 cos?r + 501 sin? 7.

Hence,
o1 = —(cot? r)oy. (4.18)
By (3.5), we have oy < 0. On the other hand,

10 (& -
0= 5o (L) ot +or (Y2 ) = owid + oa(1 - f),
j=1

j=0
from where it follows that
o1 = (0'1 - 0'0)1)(2) on 82 (4.19)
Thus, combining (4.18) and (4.19), and using the fact that vy is positive, we conclude

vy = cosT on OX.

Since vy is positive and Agvg + 2vg = 0, its minimum is attained on the boundary; in
particular,
Vg > COST in X.
Therefore, v(X) C B™(r).
It remains to check the free boundary condition. Applying the tensor fields in (4.17) to
(v,v), we obtain that on J¥ it holds

n 2 n
v,
1= E (a;j) = odvd + O'%( E v]2> = g8 cos’r + o cot? r(1 — cos® 1),

j=0 Jj=1
from where it follows that g = —tanr (since o9 < 0) and, consequently, o1 = cotr.
Therefore, by Proposition 1, the immersion is free boundary. ([

Exercise 5. Prove item (ii) of Theorem 6.

Remark 5. Inspired by our work on [46], Medvedev defined the functionals

0, 1(X, 9) = (00(g,2) cos® r + ox(g,2) sin®r) [0y + 2[X, k > 1,

Qr,k(z’g) = (70-0(.9’ 72) cosh®r + O-k(ga 72) sinh? T) |az|g + 2|E’g’ k=1,
and explored the connection between critical points of O, (3, g) and Q. (X, g) with free-
boundary minimal immersions in geodesic balls of ST and H™ respectively, see [48, Theo-
rem 1.2]. He alsos proves ©,., is bounded from above, but not bounded from below, while

Q.1 is non-negative, but not bounded from above. Observe ©,1(3,g) coincides with our
functional.
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5. STEKLOV EIGENFUNCTIONS AND UNIQUENESS OF FREE BOUNDARY MINIMAL ANNULI

Exercise 6. Let ¢;, i = 0, 1,2,3, denote the coordinates of the immersion (2.10). Prove
that ¢¢ is a o¢(g)-eigenfunction, while ¢1, ¢2 and ¢3 are o1(g)-eigenfunctions.

Fraser and Schoen proved the following uniqueness result for free-boundary minimal
annuli on Euclidean balls.

Theorem 7 (Fraser-Schoen [25]). Let ¥ be an annulus and consider ® = (¢1,...,¢n) :
X — B" C R" a free boundary minimal immersion. Suppose ¢; is a first Steklov eigen-
function, for j =1,...,n. Then n =3 and ®(X) is a critical catenoid.

The goal of this section is to prove the following analogue on the case the ambient
manifold is a spherical cap.

Theorem 8 (Lima-Menezes [46]). Let ¥ be an annulus and consider ® = (o, ..., ¢n) :
(X,9) = B} (r) C S™ a free boundary isometric minimal immersion. Suppose ¢; is a 01(g)-
eigenfunction, for j =1,...,n. Then n =3 and ®(X) is a critical rotational annulus.

If ¥ is an annulus, there is T > 0 such that (¥, g) is conformal to [T, T] x S! endowed
with the cylindrical metric ge,1 = ds® + gs1, ie., g = Agey1 for some positive function A.
Let 0y be the (globally defined) vector field associated to any angular coordinate. Observe
that dy spans T,,0%, Vp € 0%, and the outward pointing unit g-normal of 9% is +A"1/29,.
The proof of Theorem 8 is divided into two cases:

0P

Case 1 : —dA = 0;
ox, 00
0P

Case 2 : —dA #0.
ox 00

Remark 6. Theorem 8 is also analogous to results of Montiel-Ros [49] and El Soufi-
Ilias [15] which characterize the Clifford torus and the flat equilateral torus as the only
minimal tori on round spheres immersed by first Laplacian eigenfunctions.

5.1. Case 1. Let ©* be a compact manifold and let @ : (%, g) — B7(r) be a free boundary
isometric minimal immersion. We have ®*T'S" = ¢,(TX) & NX, where N is the normal
bundle of ®. So, given V € T'(®*TS"), Vp € ¥ there exist unique VZDT € ¢,(T,%) and
V},L € (INX), such that

V=vVT4+Vv"

The pullback connection V is defined as follows: consider V' € I'(®*TS"), X € I'(TX)
and p € ¥; there exist a neighborhood U of ®(p) in S" and a section V € T'(TU), such
that V| = V o ®|y; then

VxV(p) = Vi xV(2(p)).
For V,W € T'(®*TS") such that V), W), € Tg(,)0BL(r), Vp € 9%, we consider the
bilinear form
QV,W) = / (VV, VW) = 2(V,W) + (VT W T))dA — cot(r) / (V,W)dL.
by %
Observe that
QV,V) = %E(V),

where §2£ denotes the second variation of the energy of the harmonic map ®.



EIGENVALUE PROBLEMS AND FREE BOUNDARY MINIMAL SURFACES IN SPHERICAL CAPS 19

Lemma 3. Let ® = (¢g,...,¢n) : (X,9) = B"(r) be a free boundary minimal immersion
of an annulus. Then, for any V € T'(®*TS") such that V,, € T,0BZ(r), Vp € 02, we have
Q(V,®p) =0.

Proof. Since A, = /\_lAcyl, using Proposition 1 we have

Acyl $i + 20 =0 = Op(Acy1 &5 + 2Xd;) =0

= Acyla¢l+2—¢l+2/\a¢i:0 = <V,A o | A16A®+28¢> 0.

06 06 900 06 00
Since (V, ®) = 0 we conclude

/z<V’Agg§>dA+ /<V g§>df“0 (5.1)

Write V = ZV@ Applying the Divergence thm to the vector fields V;V9 8% we
7=0
obtain

/Z<V,AQ(Z$>(1A:—jé/z<vg‘/j,vga¢j>dA+Z/ <z/g,vg >dL (5.2)

Since vy = )\_1/2ch1 and ¢; satisfies (3.3), for j =1,...,n, we get on 0¥

00 -~ 00, 0p; O 1/2
<1/g, V 50 > D N V% < 80> cot(r)—= 20 + 50 —— A" /= cot(r)¢;.

Also, notice that = 0, since ¢ is constant along 9X. So,

7‘82

1/2 1/2
< g,Vga;;O> a29/\_1/2 tan(r)gpo = —a)\ae)\_l/2 sin(r), on 0X.
Hence,
Z/ v Vg dL = Z/ i [cot(r —1—8)\ 2/\*1/200t(r)¢- dL
9 o5 89 J
0P

= cot(r V, dL, 5.3
o[ ( 8(,> 5.3

where in the first equality we used the fact that V5 = 0 on 9%, and in the last equality we
used that (V,®) =0
One can check that
> VIV, VIWG) = (VV, VW) + (VT W), (5.4)
J
Using (5.2), (5.3) and (5.4) in (5.1), we get
b))

Qi = [[[(vw )V () )20 g Jaaconn [ (v G a0

Exercise 7. Prove that equation (5.4) holds.

Proof of Case 1 of Theorem 8.
Recall that ¢; = (®, 0;) satisfies the equations (3.1), (3.2), (3.3), and we are assuming
that o9 = —tan(r) and o1 = cot(r). The multiplicity bound on o7 (see Theorem 5 and



20 VANDERSON LIMA

)
Remark 4) implies that n = 3 necessarily. Also ?30 € T(®*TS?) and, since the annulus is

¢
free boundary, we know 2—0 € TOB3(r) on OX.

The calculations in the proof of Lemma 3 imply that

0P _10X od .
Ag% + 2 89@ + 2% 0 inX (5.5)
and (taking V = g(;))
a¢ dp; [ 09; o9 |?
91 J dA — -7 L) dL -2 / dA = :
v Z / < |8 0, (5.6)
where 12
8@‘ . a¢z oA 1/2 ) .
1/9(80>— 89+ 70 ——\ /%01¢;, on 90X fori=1,2,3.
Since % =0 and <<I>, ?;;)> = 0, we can rewrite (5.6) as
3 2 2 2
0¢; i 09¢;
g _ _
Z[é(v 5 2‘89 )dA 0—1/82 59| 9|+
=1
96 " ) ) (5.7)
gZP0 | _ o990 _ bl —
/EQV 20 2 50 >dA 00 20 dL = 0.
First observe that since % = 0, Proposition 2 implies that the second to last term

00

in the above expression is nonnegatlve.

Moreover, since b0 is constant and we are assuming ¢q is a first eigenfunction, the

los

O
condition / —dA = 0 implies that, if — gzﬁz ‘ o, 7 0, then % is a test function for the
variational characterlzatlon of 01, in partlcular we have
9¢; |° 9¢; |° 9; |°
VI -2 dA — dL > 0.
/2 <’ a0 a0 o /32 26 |

b
For the case where %‘ oy, = 0, we get the same conclusion above using Proposition 2.
Therefore, (5.7) implies that all inequalities above are equalities. Hence, 1f ;é 0,
O
then % is a (nontrivial) oj-eigenfunction. In any case, it holds
0p; 0p;
A, a(ZZ +2 (;ZZ =0in X fori=1,2,3.
Hence, by (5.5) we get
A
)\_18— ,=01in X for i =1,2,3.

00"
3
: 2 . ox _ . . -
Since ng)i #01in X\ {(1,0,0,0)} we conclude that 90 = 0 in X, that is, the metric is
=1
intrisically rotational.
Now we are going to show that this implies the surface X is rotational.
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In the proof of Cases 1 and 2 above, we concluded that for ¢ = 1, 2, 3, either % is iden-

tically zero or is a op-eigenfunction. Since the multiplicity of o; is three and {¢1, ¢2, 3}

3
Ob
form a basis for its eigenspace, there are constants a;; such that aqu = Zaijqﬁj. Also,
j=1
0 o\ 0 0
observe that % P 0 and, since 20 = 0,a g% + 2% = 0 in 3. Then, since 2 is
not a Dirichlet eigenvalue, we conclude that ﬂ =0on X.

Let us denote by A the 4 x 4 matrix with constant entries defined by
0P

%(3,9) = Ad(s,0). (5.8)

Our goal is to show that A is antisymmetric. This is equivalent to show that the symmetric
constant matrix B defined below is equal to 0;
(Bv,w) = (Av,w) + (v, Aw) for any v, w € R%.
Observe that (A®, &) = (Py, ) = 0. Hence, differentiating the left-hand side of this
equality, we conclude that
(AD(5,0),v) + (®(s, ), Av) =0,

for any v € Tp(56)P(X). So, (B®,®) =0 and (B®,Y) = 0 for any Y € T4 P(X). Thus,
there is a function a = a(s,#) such that B® = aN, where N = N(s,6) is the unit normal
to X at ®(s,0).

One can show that

(VS N,®,) = (Bd,, )
a(V5, N, @) = (BDq, Bg)

0,
=0, (5.9)
=0.

a <v§fSN, q>9> — (B®,, ®)

If a(s,0) # 0 for some (s, #), then there would be an open neighborhood of (s, #) such that
a(p) # 0 for all p € U. Hence, by (5.9) we would have

(VS N, ®p) = (V5 N, &) = (V3 N,®) =0 in U,

which would imply that X is totally geodesic, a contradiction, since 3 is an annulus.
Therefore, a = 0 and we conclude that Bx = 0 for all z € X.

Suppose B is not the zero matrix. Then ¥ is contained in the hyperplane Ker(B) which
implies that X is totally geodesic, a contradiction. Therefore, B is the zero matrix and A
is antisymmetric.

Observe that by the definition of A, we know that Aey = 0; hence, 0 is an eigenvalue of
A and, since it is a 4 X 4 antisymmetric matrix, it has multiplicity at least 2. Then, there
exists a unit vector v orthogonal to eg such that Av = 0. Now consider the space W =
(span{eg,v})*. Since A is antisymmetric, this space is invariant by A, i.e., A(W) C W.

Hence, if we take {wi,ws} an orthonormal basis of W, then {eg,v, w1, wa} is an or-
thonormal basis for R? and the matrix A is written with respect to this basis as:

0 0 0

A= for some p # 0.

o O O

0
0
0

= oo o
\
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Now, for any ¢, consider

1 0 0 0

0 1 0 0
iy = 0 O cost —sint

0 O sint cost

Observe that %(Rt) = u~YA(Ry), i.e., the one-parameter subgroup generated by A is
given by rotations. Also, equation (5.8) implies Az € T,X for any z € ¥ and Ay € T,,0%
for any y € 03. Uniqueness of solutions to ODE’s, allows us to conclude R;(9%) C 9%
and R;(X) C ¥. By the result of do Carmo and Dajczer [13] (see also [39]), ¥ is one of
the rotational examples given by (2.10). O

5.2. Case 2. Wesay that V' € I'(®*T'S™) is conformal if there exists a function u € C*° (%)
such that for any X,Y € I'(T'Y) we have

(VxV,0,Y) + (VyV,®,X) = 2u(X,Y).

Lemma 4. Let ® : (X%2,g) — BY(r) be a free boundary isometric minimal immer-
sion, where ¥ is a compact orientable surface. If V € T(®*TS") is conformal and
Vp € T,0BY}(r), Vp € 0%, then,

QV,V)=S(V+vh). (5.10)
Proof. The author proved (see the formula at the end of the proof of Theorem 5 in [43])
that
@e)(V) = @AW +8 | [¢Paa
%

where 624 is the second variation of area and, with respect to a local isothermal complex
coordinate z = = + iy, we have

¢ =.(V9.(£02)) + (Vo V)T,

where VT = f0, + f0:, and we extended the connections to ®*(TS?) ®g C complex
bilinearly. However, the condition ¢ = 0 is equivalent to the equation (see section 2
of [14])

(Vo,V,®,.0,) =0,

which can be rewritten as

0P 0P 0P 0P
—_— — — d JR— [ — PR
<Vaw% 9$>—<Vay% 9y> an <Vaw% 9y>_ <Vay%9 >,

and this is equivalent to V being conformal. Hence, we have (§2€)(V) = (624)(V1), and
we obtain (5.10). O

Now let us specialize to the case of codimension one and suppose ¥ is orientable. We
know the bundle N is trivial, and there is a globally defined unit normal vector N in X.
The index form associated to the second variation of area is given by

S, ¢) = /E (795, V96) — (n — 1+ [I2)6]dA — cot(r) /8 _vod,

= _/E (Agw+(n—1)¢+|ﬂ|2¢)¢df4+/ (?ﬁ—coﬂr)vﬁ)ML

ox
where I is the second fundamental of ¥ in BZ(r). Observe that if ®(X) is not contained
in a hyperplane containing the origin, then the space of functions C = {(®,v);v € R**1}
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has dimension n + 1. The Morse index of ® is defined is the maximum dimension of a
subspace of C°°(X) where S is negative definite.

Lemma 5. Let ® : ¥"~! — B"(r) be as above. Then, for any ¢ € C, we have
S(.w) = [ [UPURaA — (0,00 cor(r)lo|,
b

where v is the vector that defines 1, i.e., ¥ = (®,v). Hence, if 2"~ is not contained in a
hyperplane containing the origin, then its Morse index is at least n + 1.

Exercise 8. Prove Lemma 5

Lemma 6. Suppose that ® : (X, g) — B3(r) is a free boundary isometric minimal immer-
sion of an annulus. Then, there is a subspace C1 of C of dimension at least three such that
for all+p € Cy there is YT € T(®,TX) such that Y is tangential to OB>(r) along 0% and
Y(¢) = YT + 9N is conformal. Moreover, for any two such vector fields Y,' and Yy,
there exist a constant ¢ € R such that

Proof. We need to find Y € I'(®,T%) such that Y (1)) = YT + N is conformal, that is,

0P 0P 0P 0P

These two equations are equivalent respectively to
<V~§’,9YT7 Ds) + (vgsyT,39> — 2¢11(0p, 0s) = 0,
(V.Y T,05) — (V4 YT, 0p) — 291 (0, 05) = 0.

Recall {d,,9} form a (globally defined) basis for TS and |9,]2 = [9s2 = X. Hence, we
can write YT = u®, + v®y for some functions u,v. Using the expressions for V%SYT and
Vge YT obtained from the Koszul formula and putting them into the previous system, we
get

Opu+ 0sv = 22" YI(0y, Os),
Osu — Opgv = 227 YI(0s, Os).
Thus, if we set f = u + iv and z = s + 6, these equations become
9:(f) = h, (5.11)

where h = A™1I(0s, s) 4+ iA"1I(Dp, Os). Moreover, the boundary condition that YT is
tangential to OB3(r) along O means that we need YT parallel to dy along 9%, that is,
u =0 on 0X. So, we are imposing

PRef =0 on 0.

Hence, we need to solve the following boundary linear problem

ai(f) = h7 in X (512)
Ref = 0, on 0.
By the Fredholm alternative, it has a solution if and only if, & is L?(X, gey1)-orthogonal
to the kernel of the adjoint of the operator d; (defined on the space of complex differ-

entiable functions which are real on the boundary). This kernel consists of the complex
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differentiable functions satisfying the following:
—0,¢0 = 0, in X%
Jm¢ = 0, on 0.

The solutions of this boundary value problem are ¢ = ¢, ¢ € R.
Defining

C1 = {w € C; Re (/ [(A1I(0p, Os) + M‘Hb]l(&s,as)}d/l) = o},
>

it follows from previous analysis that dimC; > dimC — 1 = 3.
To prove the uniqueness statement, observe that, if there are two solutions fi, fo to
(5.12), then,

0z
%e(fl —fz) = 0, on 0.

So, the maximum principle implies that fi — fo = ic in ¥ for some real constant ¢, and

{ ofif2) _ (g inX

the statement follows. U
Exercise 9. Fill in the details of the calculations on the previous proof.

Proof of Case 2 of Theorem 8. By Lemma 6, for any @ € Ci, there is a conformal
vector field whose normal component is ¥ /N, and which is unique up to addition of a real
multiple of ®y. We denote by Y (¢0) = YT + 4N the unique conformal vector field such

that </82 Y ()L, /8E <I>9dL> ~0.

Also, by Lemma 6, we have that YT is tangential to OB3(r). Hence, in particular, since
the unit normal vector to dB?(r) at a point z is given by (sinr)~'((dy,z)z — &), we
conclude that (Y (¢),dy) = 0.

By construction, the map 1) — Y (¢) is linear. Consider the vector space

V={Y )+ cPp;9 € C1,c € R}.

Notice that V has dimension at least 4, since dim(C;) > 3 and any nonzero vector field
Y (1) has a nontrivial normal component, while ®y is tangential to X. Also, every element
in V has first coordinate zero, i.e., (Y (¢) + ¢ ®y,0p) = 0, for any ¢ € C1,c € R.

Define a linear transformation 7' : V — {0} x R® C R?* by

T(Y()+c®) = | (Y(0)+cBy)dL.

ox

Since dim(V') > 4, this linear transformation has a nontrivial nullspace, i.e., there exist
¥ € Cy and ¢ € R such that [, (Y(¥) 4+ ¢®g)dL =0 and Y () + ¢ g # 0.
We have

QY (W) +c®g, Y (1) + c®g) = Q(Y (1), Y (1)) +2cQ (Y (1), Bg) + *Q (®y, Dy) -

By Lemma 3, we know

Q(Y(¢), ®g) = Q (Pg, Py) = 0,

and, since Y (¢)) is conformal, Lemmas 5 and 4 give that

mwwxw»=ﬂww=—émw%A—m%Wmmwm
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Hence,
QY ()4 c®p, Y (1)) + cPg) = —/ IT2p2dA — (v, 0p)? cot(r)|0%] < 0. (5.13)
>

Denote
fi = (Y(w) + C(I)e)i = <Y(¢) + Cq)@aai> ) 1= 07 17273'
Since fo{ s, = 0, we know by Proposition 2 that

/ (IV9fol? —2f3) dA > 0.
%

On the other hand, since / (Y () + c®y)dL = 0, for : = 1,2,3, either the function f;

)X
is a test function for the variational characterization of o1, which implies that

/ (IV9fil* = 2f2) dA — cot(r) / fidL > 0
% ox

or filox = 0 and, by Proposition 2, we have

/ (IV9fi> —2f%) dA > 0.
b))

Then,
3

QY (W) +c®y, Y () +cPy) = Z (/ (!ngiP _ 2f1.2) dA — cot(r)/a

by

f2dL
> (5.14)

=0 z
T2
+/ (Y () +c®) | da 0.
X
Thus, (5.13) and (5.14) yield that
_/ |H’2¢2d14 = 07
b

which implies |T[|?¢? = 0. If ) > 0 at some point p, then the same holds in a neighborhood
of p, which implies |II| = 0 in ¥ (by analytic continuation). However, this contradicts the
fact that 3 is an annulus. Thus, ¢» = 0 and, hence, Y (¢) = 0. Therefore, DpdA =0

ox
and we are in the situation of our previous case, where we can conclude that the surface

is rotational. OJ

Inspired by the previous results Medvedev [48] studied the uniqueness of free-boundary
minimal annuli on geodesic balls of hyperbolic spaces.

Theorem 9 (Medvedev [48]). Let X be an annulus and consider ® = (¢o,...,¢Pn) :
(X,9) = B (r) C H" a free boundary isometric minimal immersion. Suppose ¢; is a
o1(g, —2)-eigenfunction, for j =1,...,n. Then n =3 and ®(X) is is a critical rotational
annulus.

The proof also follows the strategy of Fraser-Schoen [25, Theorem 6.6] and can be
adapted from the proof of Theorem 8.

6. FURTHER RESULTS AND OPEN PROBLEMS

6.1. The uniqueness of the critical catenoid. We begin this section stating one of the
most important open problems on the theory of free-boundary minimal surfaces, which
can be seen as an analogue of the Lawson Conjecture proved by Brendle [2].
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Critical Catenoid Conjecture. Let ¥ C B3 C R3 be an embedded free-boundary mini-
mal annulus. Then X is a critical catenoid.

This conjecture dates back to the work of Nitsche [52] and its was explicitely stated
by Fraser-Li in [20]. Its is important to remark that the statement is false without the
assumption of embeddeness, as counterexamples were constructed in [17] and [30]. Observe
Theorems 2 and 7 are partial results towards the conjecture. Other partial results were
obtained in [?,17,26,37,47,56,61] under different assumptions. Among them we would
like to highlight the following one.

Theorem 10 (Kusker-McGrath [37]). Let ¥ C B* € R® be an embedded free boundary
minimal annulus, which is tnvariant by the antipodal map. Then X s a critical catenoid.

The main tool in the proof is the two-piece property for free-boundary minimal surfaces
proved by the author in joint work with A. Menezes:

Theorem 11 (Lima-Menezes [44,45]). Let ¥ C B™ be a compact, embedded, free-boundary
minimal hypersurface. Then for every hyperplane 11 C R", either ¥ = IINB", or II divide
> in exactly two connected components.

Kusner and McGrath use the two-piece property together with the other assumptions
to show the first Steklov eigenvalue of 3 is 1. Since the coordinates functions are Steklov
eigenfunctions with eigenvalue 1, it follows from Theorem 7 that ¥ is a critical catenoid.

It is worth highliting that the two-piece is implied by the following conjecture.

Conjecture (Fraser-Li [20]). Let ¥ C B™ be a compact, embedded, free-boundary minimal
hypersurface. Then the first steklov eigenvalue of ¥ is equal to 1.

Our proofs in [44,45] are independent of the statement of this conjecture, so our result
gives evidence to it.

Remark 7. Theorem 11 was inspired by an analogous result for closed minimal surfaces
in S, due to Ros [55]. His result gives evidence to Yau’s Conjecture on the first Laplace
eigenvalue of minimal surfaces of the sphere (which inspired the previous conjecture).

One can wonder about the analogous problems on B? (7). In view of Theorems 8 and 9
is reasonable to state the following.

Conjecture. Let X C B3(r) be an embedded free-boundary minimal annulus. Then ¥ is
congruent to a critical rotational annulus.

Again, the statement is false without the assumption of embeddeness, as counterexam-
ples were constructed in [9,10].

The two-piece property was extended to the case of B3(r) by Naff and Zhu. Actually,
they proved a stronger statement.

Theorem 12 (Naff-Zhu [51]). If £o,X1 C BZ(r) are free boundary embedded minimal
hypersurfaces in a closed geodesic ball of radius r € (0,diam(E?)) then

IB%ZJF(T) NYXgNXy #0,
where Bg’#(r) C B2(r) is a closed half-ball.

This implies:
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Corollary 2 (Two-piece property for BZ(r)). Let ¥ be a compact, embedded, free boundary
minimal hypersurface in BZ(r). If v € C then

YNHy(v) and XN H_(v)
are connect sets, where Hy(v) = {w € R*™! : g.(v,w) > 0} and H_(v) = {w € R*!:
9= (v, w) < 0}

Inspired by these developments and following the ideas of [37], César Lima obtained a
version of Theorem 10 for BZ(r).

Theorem 13 (C. Lima [42]). Let ¥ C B3(r) be an embedded free boundary minimal
annulus, which is invariant by the antipodal map. Then X is congruent to a critical
rotational annulus.

Remark 8. We define the antipodal map on B2(r) by
(o, @1, ..oy 2pn) = (X0, =21, ..., —Tp).

6.2. Free-boundary minimal Mdobius bands. Fraser and Schoen constructed an em-
bedded free-boundary minimal surface in B* with the topology of the Md&bius band [25]
and called this example the critical Mobius band. This is the image of the map

(t,0) € [Ty, To|xS* ~ (2sinhtcos ), 2sinh ¢sin 0, cosh(2t) cos(26), cosh(2t) sin(26)) € R%,

where Tj is the unique positive solution of cotht = 2 tanh(2t). The idea is to use separation
of variables to compute the eigenvalues and eigenfunctions of the Dirichlet-to-Neumann
map for rotationally symmetric metrics on the Mobius band.

Moreover Fraser and Schoen proved the following uniqueness result.

Theorem 14 (Fraser-Schoen [25]). Let ¥ be a Mébius band and consider ® = (¢1,...,¢p) :
(X,9) = B" C R" a free boundary minimal immersion. Suppose ¢; is a first Steklov eigen-
function, for j =1,...,n. Thenn =4 and ®(X) is congruent to the critical Mobius band.

In view of this we have two natural questions:

(1) Is there a free-boundary minimal M&bius band in B3?
(2) Is there a free-boundary minimal Mo6bius band in BZ(r), for some n?

Question (1) was answered on the negative by Carlos Toro.

Theorem 15 (Toro [59,60]). There is no free boundary minimal immersion of the Mébius
band in B3(r). In the Euclidean ball the result holds even if we allow branch points.

Concerning question 2, Mateus Spezia proved the following result.

Theorem 16 (Spezia [58]). Let ¥ be a Mdbius band. Then there exists a free bound-
ary minimal immersion ® = (¢o,...,¢4) : (S,9) — Bi(r), such that ¢; is a o1(g)-
etgenfunction, for j =1,...,4.

The idea for the construction is similar to that of the critical M6bius band, however
this case is harder because is not clear how to find explicit solutions of the differential
equations involved. Spezia also proved the following analogue of Theorem 14.

Theorem 17 (Spezia [58]). Let ¥ be a Mdbius band and consider ® = (¢1,...,¢n) :
(X,9) = B® C R" a free boundary minimal immersion. Suppose ¢; is a first Steklov
eigenfunction, for j =1,...,n. Then (3,g) is intrinsically rotationally symmetric.
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6.3. Existence of free-boundary minimal surfaces in B! (r). In the last years many
authors constructed examples of free-boundary minimal surfaces in B3 [?,7,18,19,31,36].
This culminated in the result by Kusner-Karpukhin-MacGrath-Stern [32], which states
that for every compact orientable surface with boundary, there is a minimal embedding
® : ¥ — B3. They proved this exploring the connection between free-boundary minimal
surfaces in Euclidean balls and critical points of the functional

g+ o1(g,0)|0%],. (6.1)

Another interesting question is wether there exist maximizers for (6.1). The best general
results are due to Petrides.

Theorem 18 (Petrides [54]). Let ¥ be a compact surface with boundary and let be [h] be
a conformal class of 3. If

sup o1(g,0)|0%]4 > 2,
9€(h]

then there is a metric g € [h] (possibly with a finite set of conical singularities) such that

sup o1(g,0)|0%|g = 01(g,0)|0%];5.
g€lh]

Moreover, this maximizing metric is the pull-back of the Euclidean metric by a free bound-
ary harmonic map ® : X — B", for some n

Theorem 19 (Petrides [54]). Let S, ., denote the compact orientable surface of genus y
and m > 1 boundary connected components and define
0—1(77 m) = sup 01(97 O)‘az‘ga

where the supremum is taken over all Riemannian metrics on S, . Suppose

oi1(y,m) > o1(y,m—1) orm=1; and

oi(y,m) >o1(y—1,m+1) orv=0.
Then there exists a metric g on . (possibly with a finite set of conical singularities) such
that

o1(y,m) = 01(g,0)[0X]5.

Moreover, up to scaling, this mazximizing metric is the pull-back of the Euclidean metric
by a conformal free boundary minimal immersion in ® : X — B, for some n.

Combining these results with the works of Fraser-Schoen [25] and Karpukhin-Stern [33,
34] it follows that for every m, o1(0,m) is realized by the induced metric of an embedded
free-boundary minimal surface %, C B3. Moreover, as m — 00, {2, }men converges (in
the sense of varifolds) to S? = OB3.

In [32] the authors also address que question of existence of maximizers for (6.1).

Theorem 20 (Kusner-Karpukhin-MacGrath-Stern [32]). Each compact oriented surface
with boundary whose genus is one admits a metric mazimizing (6.1).

In view of this one can ask the following questions?
(i) Is there an immersion of S, ,,, in BZ(r)? What about an embedding?
(ii) Is there a metric g such that

sup  ©;(Sy.m,9) = O:(Sy,m, 9)?
geEM(X)
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@ 0O genus 0 with 18 O 0O genus 0 with 12
boundary components boundary components

3 0O genus 0 with 20 O 0O genus 0 with 32
boundary components boundary components

FI1GURE 4. The surfaces ¥,,. Picture by Mario Schulz.

Observe that in the case of an annulus, if (ii) is true, then by Theorems 6 and 8, g is
the metric of a critical rotational annulus.

Recall that in the case ¢ = 1 we assumed r < 7/2. In the case r = 7/2, Kusner-
Karpukhin-MacGrath-Stern [32] answered question (i) affirmatively. Their idea is to max-
imize the functional

g = min{Xg (9), X (9)}| =l (6.2)
where )\(])V (g) is the first eigenvalue of the Laplacian with Neumann boundary condition.
It would be interesting to connect (6.2) with the functional ©, as r — 7/2.
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