
-categories : Introduction

G . Lohner

University Minster
10

.

11
. 2025



o - Categories - An Introduction
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Do not recommentLorie - Higher Topos thery for first read,- 1-- Higher Algebra & butumizing- Spectral Algebraic Geometry resourc

Recomment :

Hebestreit- Higher categories and agebrais K-theory
(Book project).

Crossen-Stable Homotopy Theory and Higher Algebre
&Book project)



Motivation Why useo-cats ?

· Derived categories are a natural place for
homological algebra.

Suppose R is a ring ,
M right module.

Tori (M, ) = L"(M) ... left derived luctors

Similarly , 20-Ext-groups .

(C) Homology also often defined
as derived fructors.

· Derived acategories allow one to package all derived function
of a given exact fuctir together.

↑

· Using to-categories
,
my have access to all the tool

from ordtiary category theory :

(co) - limits
, adjunctions, universal properties ,

Yoneda Lemma, tan-extensions ,
etc.

E
.g.

The Q-Hom adjunctionsimply holds
in -cat laud as well :

"All Tor-functors together are left adjoint to
all Ext-fructors"



· We can treat things like dy-algebras just like
ordinary rings Sindeding a working ' theory of algebra
over them).

· This has two advantages
-> Results typically bundle a large amount
of "higher" structure at once.

- Sometimes this would be completely
intractable doing by hand.

-> Everything done is automatically "homotopy
oherent"
- This reduces potential for mistakes.

Experimental fast :

· Peopletend to make mistrates when using
simplicat indexing/homotopy groups

· Formal argued tend to be easier to verify.



What are "o-categories ?

Warning : This is like asking what a real
number is - One can define a real
number as an equivalence class of
Cauchy requences ,

and prove elementary first
about them using this definition, but in

practice one only ever uses basic propertie

We will now give a model. The unology is

real number Caushy requence

Co-category quasi category



Quasi-groupids and quasi-categories

Def : 1 : = category of non-empty , totally ordered see
and monotone functions

Write [n] = = [0 - 1 =
....
=n - 1 = 13 for

totally ordered set with not elements.

Have two types of mas
6 : [n] -> In-1) Si : [n-1] - [n]
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A complicial setXo is a functor X: A-Set
Write t := X

. /In]) ,
Si=X .

(i)
,
di : = X

.

(Gil

Equivalently ,

a diagram

↓
with certain identifies between si and di.



Define SSet := Fun (A? Set
... category of simplicial rets.

Write A" = hom (- [n]) : A -> Set

for the standard n-simplex. By Youda Lemma,
we have

Home (A X . ) = Not(hong (-i[u) ;X) = X
.
Still= An

Pictures : A =%·
1

A = %-
1

A = 0.2
↳=

A"has I n-all and not many (n-1)-cells.

Def Fix us0. The ith horn A = A" for Orion
is obtained by removing ith (n-e)- cell
Could everything above it

i n = 2
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·

Ref: Doyal) · A simplicial set 2. is called quasi-category

if En = 0 Of < n and : A ->?
Y ↑

Strict !!
there exists extension : A Ge . 2

↑
&

· A simplicial setC. is called quasi-grapad
Calso Kan-complex
if same condition Anz0 Ozizn holds.

T
includes == 0 and m.

· A morphism of simplicial Lets F : C
.

-> D
.

with 2
.
and Do quiategories is called a functor

Def: If 2 .
is quasi-ategory :

We call : X,%- :Co
... objects of 2 .

8
, 8.... t ... morphisms/maps of 9.

doff). source
, diff-target . Often write

X & y e C.



Fortelp have idx = so(x) -> Co
.

Nation of composition :

A
?

- 2.
Y some as

z -
Two maps

X* Y
,
X &Y are called homotopic , fuf, if

there exists A+2 St

Y

evil alled hemo,
i

T
call Xbyel on equivalence if 5 : 7 Fox

It id got and idy ~fog
Exercise : Cordinary category.
· The NCC)n : = Fun)[n]

,
e) is quasategory.

· It is quasipoupoid iff C is a poupoid.
· There is a bijection
Funlt

, D) = Funl N/t)
. ,
N(D).



Subcategories
If I is do-cot

,
and 20-to collection of objects

· eit collection of morphisms
We can form **I smallest sub simplicial set that
is a garicategory ,

and contine to and to "

this is thebclegory generated from te

Functor cuts and equivalences of -categories
Given two simplicial seb X

.,
%

o
can define

Map (X.,
Y

. /n : = Map(t. "An, % .
)

This is againsimplicial set.

If &, D quasical, write Frn(tD) instead

Prop : Fun/t
,
D) is again quasiat

I only read that D is quaicat)
1 cells y :F=G in Funde

,D) called natural transformation

If es equivalence in Fru(t,D) the natural equivalence.



Defi F : CeD is equivalence if 56 : Dee

and
id E GoF in FoG
- new equivalence -

Comment : In practice ,

one often doesn't need to give G

explicitely. Easier to check that I is

essensurjective-hithful

Central principle of -category theory

↑
↑

Every statement made about objects
of a givenao-ategory must be invariant
under equivalence.I Every statement made about an -entegary
must be invariant under equivalence.

If this is not the cause
, you're not studying do-cats,

you're stroying quasiontegories.



Dwyer Kan Localization
There is A general method toamtruct -oak.

Support C is quixicat, WeC, set of morphisms.

eoremi = quosicat. CTW- and a huctor p . Celtu]

such that

· eTW] has the some ret of objects as 2.

·a sands all morphins in W to equivalences
· Let D be a quaricategory, than ge induces

Fun(etw
,
D) =s Fun (4 , D)

equivalence - subent of functor #
St

.

# sends morphins in

W to equivalences.

Remark : Up to equimlence , all quiicets arise this way
from localizations of 1-categories (even posets ,



Examples

· The -category of spaces/a-quoupad/anima is

Grpdo := N) Quasigropoids) [Equivalences]
Remark : Often referred toan Spe , 3, or An.
· The -category of so-ategories is

Cata := N(Quasi categories) [Equivalences)

Summarizing : We now here quite a collection of ats :

- Gupda, Cat, N(e) for e a lategory,
Fun (X ,

e) for X simpl set and t -cer.

Subategories of these
.

In the following session we will seedg-ategories :

If C is differential graved cat Over come commutative ring K,
The

x category with O-cycles

D(e) = N/ZY)[wit
t guus-isomorphisms

is derived -category of C .



Remark : There is an ongoing project by
Gisinski-Crossen-Nguyen-Wardale
"Formalization of Higher Categories"

(Link on Crossen's Webpage) .

They list AromA-0 for "synthetic so-ategory theory
There axioms are meant to be user-friendly and are

essentially :

"Category theory+ Straightening/Unstraightening
"


