
From gentle algebras to surfaces

51
· Representation theory of gentle algebras

Reminder : The path algebrakQ of a quire Edirected graph) Q is the K rector
space with paths in Q as basis

-

and composition as multiplication

=> mod-kQ = Fun (Q
, vesta) and for IEKQ ideal mod-KOYE Fun F(Q0

,
vectio

↓efinition : A (graded) algebra A is called gentle algebra if AEKQ/I where

(1) Q is a graded quiver
(2) IGkQ is generated by paths ofLength I and contains all paths of length mao ·... /

:

(3) Every vertex has at most 2 incoming and at most I outgoing arrows

⑧

(4) For every arrow beQ the following sets are at most singestons ...
EacOlOxbacI] EaclbadI} EceOlOfcatIY EceOnIca+I

1-2-3- ....

- nExample: (0) Remark: Gentle algebras arearticularly nice glueings
=Linear En quiver of Linear An
M

maximal paths

①-②
(1) Kroweker quires 12 (r) I b①-z

1(2) <..... (a - I
-- (2) ①+ 2 +3

31-
2

(3) 1 (3) ⑧-7

↑...........y
①67 6 2

........) I I

453 ①+Q+ 3 - 0 +2- 5

-

Fact : The indecomposable In representations ... 0 =kkE
...

Ek + 07
...

=0

are given by intervals [ijj] 12ij= n
i j U

Idea: Glue interval at their start points (respective end points) if these are corresponding "glueing points"
to obtain indecomposable representations of a gotha algebra A

akk k k k abuba
* 1) SExam bk7k
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1 1(a-ab-

abbal barab ???

#efinition : LetOF bethe Graded quireobtained from Q by adding an iverse arror a for every a

A string for HEKOY is a walk S = Sm .... Se in QS
.
t

.
for Rich Sins

,
SinsI

,
SiI

-

- 1m We consider strings up to inversion Sws

#bandisasingbbbstb is a string
,

I= 0 and b is not the
power of anothersir and



Theorem [Gelfand-Ponomaver 1968
, Ringe)1975] For

an ungraded gentle algebra A there is
a bijection

ind(mod-A) > Strings (Bandsnumdk(x=3)
= k Y

x (Ny for k = T

and

12 (ab
,

4
,
n)/ In k lab0,

n)1 knty
is the string male

3- (ab- 2)n
-=

$2. The derived category of a gentle algebra

D (H) = k+(projA) m We aim to understand complexes of projectivesReminder:

Observation : For veQo P(v) = gp for p and a
the two possible patho going to r of maxivel length P()1

(possibly q= er or p
= er)

only obtain a morphism(Yonedal Lemma Homp(P(m),
P(v) = k Path(e

,
v)

i
Pl and PLeaa

from one projective

P(u)#P(v))P(w)=> A complex of projectives may be described via a collection of paths

Yand at most two paths may enter a projective without redundency

10p - y0q
-> if u = w also Kop()- Kop() possible w band !

er

&efinition : A homotopy letter w = (p ,
m

,
g) consits of a path inQ (which is a string)

, a shift nek and a direction + 3113

A homotopy string is a sequence of homotopy letters Wh ... We
,

Wi = (pi
,

ni
,
:)

,
such that

-

differential of degree -1 Min
= hi + S

: ((pil + 1)· Hi
· Hi t(pi) = s(p) in QFcompatability

non-redundency · If di = -E i
then pr and p do not end with the same arrow

differential
"

= O · If Site = Cite then /pipaydi-I

Achomotopy band is a homotopy string wh ... w
,

which is not the power of another homotopy band such that

at least 2.Wh
... WeWn .. We is a homotopy string and if E = Ey for 1 :=n,

then one of the
pi is a walk of length un

See Example 8 in the Appendix
Motherwise mulhhomotopic bond Complex

We set w : = (p
,

n + 2)p +1)
,

- 3) for the inverse homotopy letter and consider homotopy up to inversion

and homotopy bands up to inversion and rotation.

Moreover
,

there are special homotopy strings (ev
,

n) for vego with neT).

WeInterpretation: (Py
,

ny ,
+1) (Ps

,
us

,
- 1) (02

,
mm

,

- 1) (02
,

me
,

+1) use homological notation an

C[1]i = Cut
P(s(pu))[n]

Roy o -nz
= wz

- (pz) - 7

P(s(p)) [un]P(+ (sy))(my + (my1+z](((p5))[na] Hom(P(s(peD(un)
,

P(t(p.) [uz7)
Loz /012 degree - - = Hom(PIs/all , P(t)(If +1))

morphism
P2P3 EI

P(s(pi))[nz]E)d = c

↑(er
,
n) = P(r)[n] ↑

ha = hy + 10-) + 1s(pi) = t(pz)



Theorem [Bekkert-Merklem200Opper-Plamodon-Schro CSS

ind(K *(projA)-> hoStrings # (hoBand xind(k(x* +])

moreover
,

there is a bijection

3ind (D())K(projh)) => Sprimitiveright eb3 primitive birelea
Idea: If Q has an oriented cycle

,
we obtain an infinite .... WyWeWo which might be pre/post composed to a string

...=> infinite gldim ...

che in Qa CY
-> The cycles do not contribute any cohomology- H- biresolvable homotopysting mumitHy

cohomologyvo

no cohomology homotopy string

33. The surface of a gentle algebra From nor on we assume Q has no isolated vertices

&

Definition : Let
p

be a maximal path for A a gentle algebra , p
= &g ... do with : : vi-Vit]

The marked polygon of p is the 2(d+ 1)-you whose edges are in clockwise order labaled by Ve
,

an, V2
, 92, ..., add

with the final edge receiving a marking.

The surfacemarked SA of a gentle algebra is optained by glueing the polygons of the

maximal paths of A order along their edges labeled by the same vertex.revering

Finally,
attach to each vertex ease that was not glued a 2-you with one marked edge and the other labeled by the vertex.

b

-

=Example : (0) #p : 1 =253- 4

(~as one maximal path bea
O

-

(1)12~ . .> maximal paths a
,

b
b

31
2

(2) Ch unC %e 1 1·

7 6 2

⑳

(3) 11 X6↑...........y ·

4

7 6 -43.....
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-D 1 & .- S
& D ↑

⑨

->~① - ⑭& ->I A

4. of



(4) 1-334 A
b

C -Iaa

->% sof
~

⑧

O
⑧

⑨
~ ·

⑧

⑨ ⑧

(S)1
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2
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2

Y

O

-
⑨ 6

2 - 1 34 S -

YX .
.
..
·

bX

4 3 ·
- ·

Theorem [OPS 2025 +, Haiden-Katzarkov -Kontserich 2017
....
] There is a bijection

Egraded gentle algebras]/--> &GradedLaminationSees 3/homotopy

Definition: A lamination of a marked surface (S
,
M) is a disection of S into polygons such

that
every polygon contains exactly one point .

A graded Lamination is a Lumition where every face of the Polygon that is part of GS

but not marked has an associated degree -TL.

Remark: batI in A ES a and b are not in order in the same polygon of SA

Remark: A is not smooth E) SA has an unmarked boundary component -> unbounded complexes

&servation

:Let VSOE-SA be a smooth curve in SA for A a gentle alera as
determined by its restriction to the Polygons of SA

Wlog up to homotopy we can assume that t intersects the Lamination minimally
- el exits every polygon at a differe edge than it entered

Let 8 = The-- No for I the Polygon segments
Us defines homotopy Letter

& =>

Oi< n+~ ( sba,, -1)
Grading

↑gen -> 3 = 11 depending on the location of the marking

Clockwise ! relative the direction of

O

Definition : A graded arc is an arc N : Co
,
1) : -S

,
v(D)M

,
e((0, 1) =S

&
U = Un+ --

- Do

interacting the Lamination

together with an assignment Ifi/ET such that Hexian Hin) = Itil + 3
: (lpil + 1) at t

, ..,
In

=> Hecian (Pin
,
Kinl

, Ein) (Pi , (i) , di) (Die
,
Hial

, die) homotopy string

A graded closed curve U :$1 with a grading as above

A graded infinite ara is a ray
N: [0,)+ S

.
MOSEM

,
UK1)[S cirling infinetly often

around an unmarked boundary component and a grading as above



Theorem [Ops2025t] For a gentle algebra A with surface model St there are bijections

homotopy strings = graded arcs in SA #Notevery cloaaddhomotopy bands > primitive graded closed curves in SA

primitive right resolvable strings S counter clockwise graded infinite arcs in SA

primitive biresolvable strings -> counter clockwise graded doubly infinite arcs in SA

⑨ ⑨

-
Example :

L & ⑨123 ↳ ⑳
· ⑧ ⑧⑧

arc primitive closed curve infinite arc doubly infinite
arc

Remark: If we connect two marked points with an

⑧

arc if their polygons glue we get AtN(H) no to shifts
⑧

⑧

"ribbon
graph of A"

⑧ ②
&4. Morphisms inside ((A)

From now on all homotopy bands are considered with a 1-dim KEx**]-module

There
are

4
ways to create morphisms between homotopy bands as above

Eith Ei

...it
...

Pi+ 1

·......~ ↓ ↓J?v....... .... ----

fi+1

Singelton maps double singelton maps
(quasi) graph maps D. grading,need.

Theorem [Arnesen-Laking - Panksztello 2016
,

OPS 2025 +]
The above maps form a Schander basis of the homomorphism space.

We call this the standard basic B.

Slogan : Morphisms in DPCA) are described by "meaningful overlap" !

~ In the surface model "meaningful overlap" occours if the arcs/curves intersect

TheoremCOPSCOS and H
, fz) graded arss or closed curves

"graded directed intersections"
Then there is an injection (U

,
fe)

g.
(U2

,
f2) - B

/

It is bijective unless both are the same closed curve and fr=Ee or fe = fitz]
.

In these cases the identity respective the AR-sequence are the only missing bases elements.

Remark : Up to homotopy Wo and Ne are intersecting minimally and transversally

&mark : Intersections may
be in the interior or at marked points



Appendix : More examples

(6)=
(7)21 -
(8) .? * ·

1-
①

⑨

4

⑧

2

(9) a. .... ->I ·

1 3

j ⑧
⑧

Ch

2

b -
- ⑧

⑧Los 2 +
1
.

7 ⑮

() - ·
a b

2 2

(12) 123 uabx Y 3
·

1

->·X- ..... b
1
·

31
·
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1

·
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·
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