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Background

Graphical models (Lauritzen, 1996; Maathuis et al., 2019) are probabilistic or sta-
tistical models which describe complex relationships between systems of variables
in a modular fashion, exploiting conditional independence relations encoded with
mathematical graphs. The modularity enables simple specification, interpretation,
communication, and computation associated with application of the models.

The subject has reached maturity as a research area and graphical models are
now applied in an abundance of contexts; for example in digital communication,
machine learning, causal inference, genetics, decision support systems, social sci-
ences, and forensic science.

Modern applications of graphical models, as exemplified above, have disclosed
a variety of theoretical and methodological challenges that must be addressed to
take full advantage of their versatility and expressiveness. I am working on a num-
ber of different topics within this general area, including the development of graph-
ical models for extremes, graphical models for social networks, but this little note
will focus on my study of total positivity, mostly done in collaboration with Caro-
line Uhler (MIT) and Piotr Zwiernik (UPF Barcelona).

Total positivity

A density on a product space X = ×v∈V Xv, where Xv ⊆ R, is multivariate totally
positive of order two (MTP2) if its density is log-supermodular, i.e. if

f(x)f(y) ≤ f(x ∧ y)f(x ∨ y) for all x, y

where (x ∧ y) and (x ∨ y) denote coordinatewise minimum and maximum. Such
distributions share an abundance of properties, one of them that they are closed
under marginalization and conditioning, coarsening of the state spaces, and van-
ishing correlations always imply independence, which is otherwise only true in the
Gaussian case.

In particular, if a distribution is MTP2, the variables are always positively as-
sociated in the sense that for any pair of non-decreasing functions f, g, it holds
that

V(f(X), g(X)) ≥ 0,

a result that is known in mathematical physics for the binary case as the FKG
inequality (Fortuin et al., 1971). Indeed, a ferromagnetic Ising model is an example
of a binary distribution which is MTP2.

An interesting research avenue is to investigate how analysis in graphical mod-
els under the MTP2 constraint can simplify both interpretation and structure es-
timation. In Fallat et al. (2017) it is shown how the constraint interacts with the
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Markov property so that MTP2 distributions are always faithful to their interac-
tion graph, in the sense that graph separation yields exactly all valid independence
relations.

Recent developments (Lauritzen et al., 2019a) show that estimating a Gaussian
graphical model under the MTP2 restriction also yields automatic sparsity, since
the estimation problem can be formulated as a simple convex optimization prob-
lem. The solution can be shown to exist uniquely if the sample size is at least two
and it is determined by the optimality conditions

σ̂vv − svv = 0 for all v ∈ V ,
(σ̂uv − suv) ≥ 0 for all uv,

(σ̂uv − suv)k̂uv = 0 for all u 6= v, (1)

where Σ̂ = K̂−1 = {σ̂uv}u,v∈V is the covariance matrix estimated under the
assumption of multivariate total positivity.

The equation (1) ensures that K automatically becomes sparse. Many prop-
erties of the estimated graph that can be identified theoretically and form the ba-
sis of very fast algorithms for estimation under the MTP2 constraint, making this
computationally feasible for very large dimensions of the multivariate distribution
considered.

It turns out that these phenomena generalize (with modifications) to the im-
portant case of ferromagnetic Ising models and other exponential families of dis-
tributions, as recently shown in Lauritzen et al. (2019b). For example, it holds
that the maximum likelihood estimate of a multivariate binary distribution un-
der the MTP2 assumption exists if and only if the sample has both configurations
{(1,−1), (−1, 1)} represented for any pair of sites with a non-vanishing interac-
tion potential. This fact enables estimation with onlyO(d) observations rather than
O(2d) observations where d is the number of sites in the Ising model.
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