
Pulse Dimension Estimation 

Ernst Hansen 
Department of Theoretical Statistics 

University of Copenhagen 

November 17, 1997 

Abstract 

Pulse dimension is introduced as a tool for discussion of correlation dimension. We propose 
and investigate a class of estimators of pulse dimension, IGPn(p,~), depending on two auxiliary 
parameters, p and ~ - the index n designates the number of observations. These estimators are 
simple, but they have the advantage from adaption of more common estimators of correlation 
dimension, that they are always well defined. Analysis, bC),sed on asymptotic normality of IGPn 
for fixed choice of the auxiliary parameters identifies the optimal choice of these parameters. The 
optimal parameters depend on the number of observations. It is shown that asymptotic normality 
is preserved, if we calculate the IGPn not for fixed values of the auxiliary parameters, but for the 
optimal choice. Finally, simulation results are presented to justify the approximations involved in 
the analysis. 

Keywords: Correlation dimension, Grassberger Procaccia estimator, optimal asymptotic scheme, 
pulse dimension, tail index. . 
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1 Introd uction 

Let F denote a continuous distribution function on [0,00) (a survival distribution) such that F(x) > 0 
for all x> o. The pulse dimension of F, denoted by dimp(F), is defined as 

logF(x) 
dimp(F) = limsup I . 

x--+o+ og x 
(1) 

In most cases the limsup is a limit. In survival terminology, the pulse dimension measures the tendency 
of almost immediate death. We use the term pulse dimension because we see it as a relative to the more 
familiar notion of correlation dimension, see Grassberger and Procaccia (1983). In the literature on 
correlation dimension (see Grassberger and Procaccia (1983), Denker and Keller (1986), Theiler (1988) 
and Cutler (1991)) a notion such as (1) does not seem to have been singled out, but the concept is 
implicit, and indeed several of the more popular estimators of correlation dimension are best viewed 
as modifications of pulse dimension estimators, as we shall explain in section 2. However, a limit as in 
(1) has a substantial history in statistics, dating back at least to Hill's influential paper (Hill (1975)). 
Usually it is discussed in the form 

F(x)C::'.l-Cx <Y. for x -+ 00 

where the power a is called the tail-index of the distribution. The aim of the discussion is to come up 
with sensible estimates of probabilities of events far outside the range of data. See (Hall and Weissman 
(1997)) for a recent discussion of the extrapolation problem. 
The purpose of the present paper is to discuss estimation of dimp(F) on the basis of observations 
Y1 , ... , Yn , which are independent and distributed according to F. We propose a new class of estimators, 
called IGP-estimators (of rank 2), defined by 

-loge 
IGPn(p, e) = A A, 

log Qn(P) -log Qn(ep) 

where p E (0,1) and e E (0,1) are parameters, and where On is the empirical quantile function of 
Yi, ... ,Yn . We discuss asymptotic properties of each IGP estimator as n increases, we discuss optimal 
strategies for choosing p and e as a function of n, and we discuss asymptotic properties of these strategies. 
Optimality will be based on a minimal squared error (MSE) criterion. 
The main result of the paper is that if the quantile function Q corresponding to F satisfies a number 6f 
regularity conditions, then there is an asymptotic scheme of the form 

en = 0.076 ... (2) 

which asymptotically outperforms any other non-extremal asymptotic scheme (schemes where en is 
bounded away from 0 ad 1), with respect to the chosen MSE criterion. Note that the constant value of 
en is a universal constant, in the sense that it does not depend on the specifics of the actual distribution. 
Furthermore it is shown that n 1/ 3 IGPn(Pn, en) is asymptotically normal distributed. 
It should be noted that the conditions placed on Q are quite restrictive. As an example, they exclude 
distributions which are singular to Lebesgue measure. We recognize that this is a serious omission, as 
the main interest in correlation dimension and related topics is the possibility of detecting singular 
measures. However, most analysis of distributional properties of correlation dimension estimators in the 
literature relies on similar strong assumptions, see Isham (1993). 
The paper is organized as follows. Section 2 reviews correlation dimension and briefly discusses various 
estimators thereof. In section 3 we introduce the IGP estimators and derive asymptotic result for n -+ 00 
and for p -+ O. In section 4 we discuss strategies for choosing IGP estimators according to the number 
of observations and prove optimality of the strategy in (2). In section 5 the asymptotic properties of the 
optimal strategy is examined, and in section 6 some simulation results are presented. Final comments 
are given in section 7. Proofs of several results are given in appendices. 
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2 Background on correlation dimension 

Let (X, d) be a metric space, and let p be a non-atomic probability measure on the Borel-field of X. 
The correlation dimension of p (Grassberger and Procaccia (1983)) is defined as 

dime(p) = lim sup _lO-::-lg_C-,-(1'-'...) 
r-+O+ og1' 

(3) 

where the correlation integral C(1') is given as 

C(1') = p@p{(x,y) E X x X I d(x,y) < 1'} = J p(Br(x)) dp(x), 

where Br (x) denotes the open ball around the point x with radius 1'. The correlation dimension measures 
the tendency that two points, sampled independently according to p, are extremely close. This dimension 
is a particular member of the family of Renyi dimensions, defined by Hentschel and Procaccia (1983). 
The measure p is said to have exact scaling ifthere are positive constants a and d such that C (1') = a 1'd 
for all r close enough to O. 
If X = JRk and if p has bounded density with respect to the k-dimensional Lebesgue measure, then 
dimc(p) = k. Generalizing this, Young (1982) showed that under certain conditions 

(4) 

where dimH means Hausdorff dimension. So if the support of p is a fractal embedded in ]E.k , then dime (p) 
will typically be strictly smaller than k. In practise, the opposite conclusion is drawn: if dimc(p) is non
integral, this is interpreted as an indication that p has a fractal support. Suppose Xl, X 2 , • .. is a 
stationary process on (X, d) with (unknown) invariant distribution p, and suppose that a formal test 
rejects the hypothesis of dimc(f.t) being integral. This is interpreted as an indication of deterministic 
chaos, that is a deterministic mechanism generating the stationary process. This is somewhat backward 
interpretation. What is true is that if the process is generated by a deterministic mechanism on a low
dimensional space, if this mechanism has a strange attractor and if this attractor has a SBR measure 
(Sinai (1972)), then the invariant distribution p will equal this SBR measure, and as the attract or is 
strange, the SBR measure will often have a non-integral correlation dimension. So non-integral correla
tion dimension is compatible with (some form of) deterministic chaos, while it is incompatible with the 
usual time-series models. 
Let Xl, ... ,Xn be a stationary time series with marginal distribution p. One approach to the estimation 
of the correlation dimension of f.t is to construct the pairwise distances 

(5) 

If Xl"'" Xn are independent, then the Yij's are identically distributed (though not independent) 
survival variables, and 

(6) 

So this line of thinking connects correlation dimension and pulse dimension. If the Xi'S are not indepen
dent, then the Yij'S are not identically distributed, and the relationship between the Yij's and dimc(p) 
becomes less clear. But Serinko (1996) (see also Pesin (1993)) shows that ifthe space (X, d) is euclidean 
and if the process Xl, X 2 , . .. is ergodic, then the empirical correlation integrals 

(7) 
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satisfy a Glivenko-Cantelli theorem, 

sup 1(7n(r) - C(r)1 -)- 0 for n -)- 00 a.e. (8) 
r 

There are several popular estimators around for the correlation dimension, based on the distance vari
ables Yij. We will here discuss three, the Grassberger-Procaccia estimator, the Takens estimator (also 
called the binomial estimator) and the Hill estimator. These have the same flavor: first an estimator 
of the pulse dimension is constructed, based on i.i.d. observations from the survival distribution C(r). 
This estimator is applied to (Yij )i<J, even though these observations are not independent and possibly 
are not distributed according to C(r). 
The Grassberger-Procaccia approach (Grassberger and Procaccia (1983)) is to plot the points 

(logrl,logCnh)),···, (logrk,logCnh)) 

for "given" values of rI, ... ,rk (we will discuss the apostrophes in a moment). A straight line is fitted to 
the graph, using an OLS-procedure, and the slope of this line is the Grassberger-Procaccia estimate of 
the correlation dimension. For the purpose of discussion, we define the Grassberger-Procaccia estimator 
of rank 2 as 

GP ( ) _ logCn(rl) -logCn(r2) 
n rI, r2 - . 

log rl - log r2 
(9) 

This can be viewed as a degenerate OLS-procedure, using only two points to fit the line. It would be 
straight forward to define a GP-estimator of rank k, using an OLS-procedure (still better, a weighted 
version) on k points in the (log r, log Cn (r) )-graph. 
The GPn "estimator" is really a two-parameter family of estimators, and to come up with a specific 
estimate, one has to choose the auxiliary parameters rl and r2. Above we pretended .that these values 
were "given", but in practise they are always determined by inspection of the (log r, log Cn (r) )-graph, 
and identifying a "linear region" in this graph with rl and r2 as its endpoints. So rl and r2 are really 
stochastic, and most often chosen by a non-explicit rule. And this makes the GPn-estimator almost 
impenetrable for statistical analysis. However, for fixed values of the auxiliary parameters, a substantial 
amount of analysis can be carried out, for example Denker and Keller (1986) proves asymptotic normality 
in the case where the underlying time series Xl, X 2 , ... is sufficiently mixing. 
A serious issue for the choice of rl and r2 is the fact that Cn(r) = 0 for sufficiently small values of r, 
and "sufficiently small" is here a stochastic notion. Hence GPn(rl,r2) is defined in a stochastic region 
of the (rI, r2)-plane. So any analysis should be conducted conditionally on that the estimator makes 
sense. Such conditioning does not seem attractive to work with. 
Another estimator frequently encountered in the physics literature on correlation dimension is the Takens 
estimator (Takens (1984)), given by 

(10) 

where log- (x) = max{O, -log(x)}. The underlying pulse dimension estimator is the conditional maximal 
likelihood estimator given the value of Cn(r') for all r' 2: r, assuming that C(r) satisfies exact scaling. 
Note that Smith (1992) gives a somewhat deeper argument for using the Takens estimator than we have 
presented here, and proposes a ramification called the beta-binomial estimator. 
The Takens "estimator" again is really a whole family of estimators among which one must be chosen. 
The usual way of doing that is to plot the (r, T(r))-graph and to identify a region where T(r) is 
approximately constant. This seems a somewhat easier thing to formalize than the identification of a 
linear region in the Grassberger-Procaccia set up. But still it has a distinct subjective flavor. Note that 
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also the Takens estimator is defined on a stochastic set of parameters, since (10) becomes % for r 
smaller than the smallest observation. 
The third estimator we will mention, is the Hill estimator (Hill (1975)), given by 

(11) 

. where m is an integer smaller than ( ~ ), and where Y(m) is the m'th smallest of the Yij's. The 

underlying pulse dimension estimator is the conditional maximum likelihood estimator given the value 
of y(m), y(m+l) , ... , assuming that C(r) satisfies exact scaling. As with the two previous estimators, 
the Hill "estimator" is a collection of estimators. But here the collection is finite, depending on the 
integral parameter m, and all of these estimators are well defined. Hence the Hill estimator lends itself 
considerably better to statistical analysis than does the GP-estimator and the Takens estimator, and 
one could discuss how to choose m based on an optimality criterion. However, in practise the value 
of m is often chosen, as in the case of the Takens estimator, by plotting the values of (m, H(m)) and 
identifying a region where H(m) seems constant. 
The aim of this paper is not to discuss estimation of correlation dimension, but to introduce a new 
estimator of pulse dimension, and to analyze this estimator thoroughly. In a forthcoming paper we will 
consider the derived estimator of correlation dimension. 

3 Inverse GP estimators of pulse dimension 

Let Y l , ... , Yn be independent observa.tions from a non-atomic survival distribution F, and let the 
associated quantile function be denoted by Q. Let us propose a new class of estimators for the pulse 
dimension of F, the inverse GP estimators of rank 2. They are given by 

(1) ([np]) PE;;;,' 1 ,~E 0, np . (12) 

Here the empirical quantile function Qn is 

Qn(P) = y([np]+l) , pE (0,1), 

where Y(l) :::; y(2) :::; ... :::; Y(n) are the ordered observations, and where [.] denotes integer part. This 
definition of empirical quantiles is equivalent to the statement that 

Qn(P) :::; x if and only if Fn(x) > p for all p and x, (13) 

where Fn is the empirical distribution function of the Yi's. The domain in (12) for the auxiliary para
meters p and ~ is chosen so that the denominator will only be zero in the presence of ties - and ties 
occur with probability zero. Note that for fixed p,~ E (0,1), the estimator IGPn(P,~) will be defined 
for n large enough .. 
We choose the name inverse GP-estimator because the IGPn is based on the empirical quantile function, 
which is the inverse of Fn , used in the pulse dimension estimator underlying (9). This change in viewpoint 
may seem minor, but it has the important consequence that IGPn is defined on a deterministic - though 
somewhat irregular - part of the (p, ~)-plane. Furthermore, IGPn(p, ~)-l is defined for all values of p 
and ~, and this makes IGP;;l a natural target for analysis. 
The reader should note a difference between (9) and (12). In the pulse dimension estimator underlying 
(9) the estimate is based on the graph of Fn in two points, rl and r2. Similarly, the estimate in (12) 
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is based on the graph of Qn in two points, PI and P2, but the estimator has been recoded, such that 
PI = ~ P and P2 = p. We shall see that there is an optimal choice of the fraction ~, not depending on the 
sample size nor the true distribution function F (as long as it satisfies some regularity conditions), and 
this result will be our justification of the recoding. 
Recently (Schultze and Steinebach (1996)) proposed an estimator oftail-indices, which - translated into 
pulse dimension context - may better deserve the name of inverse GP. We introduce a ramification of 
the estimator by Schultze and Steinebach, denoted by SSn(P,~) and defined by 

(14) 

where kl = rn~pl (that is, kl is the smallest integer greater than or equal to n~p) and k2 = [np]. Also 
SSn(P,O is defined on a deterministic although irregular part of the (p, O-plane, the part where kl < k2. 
Note that for fixed pand ~, SSn(P,~) will be defined for n large enough. 
The idea behind this estimator is that SSn(P, ~)-l is the OLS estimator of the slope of a straight line, 
fitted to the graph of QnCx) in log-log coordinates, in the points '::, ... , ~. The estimator originally 
proposed by Schultze and Steinebach corresponds to SSn(P,O) (see Schultze and Steinebach (1996), 
Csorgo and Viharos, 1997). We will present some results for SSn(P,~) which are analogous to the results 
for IGPn(p, ~), but we shall not give the computationally quite demanding proofs. 

Let Lp = ~(~; denote the logarithmic derivate of Q in p. Consider the two quantities 

( C) = logQ(p) -logQ(~p) 
f1, p,,, 1 C ' - og" 

2 p(l - p)L~ + ~p(l - ~p)L~p - 2~p(1- p)LpL~p 
(]" (p,~) = ( _ log ~) 2 

Theorem 1 Assume F(x) is differentiable in all x> O. For fixed ~,p E (0,1) it holds that 

n1/ 2 (IGP:(P'~) -f1,(P'~)) Et N(0,(]"2(p,~)), (15) 

and that 

(16) 

PROOF: Recall the standard result (see Pollard 1984) that the fidis (finite dimensional distributions) of 

1/2 Qn(P) - Q(p) 
n QI(p) (17) 

converge weakly to the fidis of a Brownian bridge. Rewriting this in the two point p and ~ p, we see that 

where 

(( 0) (P(l- P) ~P(l-P))) 
U ~ NO' ~p(1 - p) ~p(1 _ ~p) . 
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This shows that 

and the delta method applied to the function (x, y) 1-+ (log x, log y) shows that 

1/2 ( log Qn(P) -logQ(p) ) D (Lp 0) 
n logQn(~P) -logQ(~p) -+ ° Lf,p U. 

A linear transformation now gives (15). And an application of the delta method to the map x 1-+ I/x, 
renders (16). 

o 
To prove results on the behavior of IGPn(P,~) for small values of p, we must make assumptions on the 
behavior of the true quantile function Q(p) and its behavior close to zero. 

Condition A: We suppose that Q can be written as 

Q(p) = C . p'" . cjJ(p), pE (0,1), (18) 

where a and C are positive numbers, and where cjJ can be extended to a C1+Lip_map in an interval of 
" the form (-E, 1) with cjJ(O) = 1. 

Recall that the notation C1+Lip means that cjJ is differentiable everywhere, and that the derivative 
satisfies a Lipschitz-condition. We will use the notation cjJ' (0) = L. We say that Q is degenerate if 
L = 0. It follows from (1) that if Condition A is satisfied, then dimp(F) = a-I. It turns out that 
IGP;;1 in a suitable limit-scheme will converge to a, and that the rate of convergence is determined 
by L. In appendix A it is discussed under what circumstances Condition A holds. The condition is 
quite restrictive, but it does hold for all Weibull distributions, and for some - though not all - Beta 
distributions. 

Theorem 2 If Q satisfies Condition A, there is a Po E (0, ~) and a constant D > ° such that 

I
" I-~ 1 I-~ 
f-l(p,~) - (a + L -log ~ p) ::; D -log ~ p2 

and 

1 
1 - (!-~~p)1 <D~p2 

f-l(p, ~) a a 2 -log~ - -log~ 

for all p E (0, Po) an all ~ E (0, 1). 

Theorem 3 If Q satisfies Condition A, there is a constant K such that 

for all pE (O,~) and all ~ E (0,1). Furthermore 

I (lOg~)20"2(P,~) _.2.-I-~I< K 
f-l4(p,~) a 2 ~p - ~ 

for all pE (O,Po) and all ~ E (0,1). 

(19) 

(20) 

(21) 

(22) 
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These two theorems control the asymptotic bias and variance in theorem 1. The proofs consists of 
elementary (but tedious) algebraic manipulations, combined with Taylor-expansion arguments, and they 
are relegated to appendix B. 
Similar results can be obtained for S Sn (p, ~). For instance, there exists constants f.t* (p, 0 and a * (p, ~) 
such that 

n l / 2 (SSn(p,~)-l_f.t*(p,~)) ~N(O,a;) 

and if Q satisfies Condition A then 

( C)~ . !:...(1-~)(1-e)+2~(1-~2)log~. 
f.t* p, " - 0; + 4 1 - 2 ~ + e - Wog~)2 P 

2( ~) ~2 + ~ (log~)3 + ~2 (log~)3 - 6~ + 6e - 2e . 0;2 
a*p, - (1-2~+e-Wog~)2)2 P 

(23) 

(24) 

For moderate and large ~-values the bias described by (23) is very similar to the bias of (19). But the 
bias of (23) converges to L/4 for ~ -+ 0, while the bias of (19) disappears in this limit. On the other 
hand, pa;(p,~) stays bounded for ~ -+ 0, while pa2(p,~) diverges according to (21). 

4 Optimal asymptotic scheme 

If we fix p and ~, then theorem 1 tells us that IGPn(P,~) is approximately normal distributed if the 
number of observations is large. Theorem 2 tells us that IGPn(P,~) will have a bias, which will not go 
away as the number of observations increases. The bias is roughly proportional to p, so this suggests 
taking P very little. Theorem 3 shows that small P gives large variance of IGPn(p, ~), but this effect 
is diminished if n is large. So there is some balance between P and ~ as a function of the number of 
observations, which gives the lowest mean squared error. 
Formally, let us define the asymptotic mean squared error AMSEn(P,~) as 

(25) 

We will attempt to minimize this expression. Of course, for a fixed n, we may have that AM S En (p, ~) 
approximates the true mean squared error for IGPn(P,~) well for some values of P and ~, and poorly 
for others. And so small AMSEn may not imply small mean squared error. However, in section 5, we 
show that in a region around the minimum of AM S En (which depends on n) the approximating normal 
distribution does indeed approximate the true distribution of IGPn(P,~) reasonably well. 
We will consider asymptotic schemes (Pn, ~n)nEN and compare them via AMSEn(Pn, ~n). We call an 
asymptotic scheme non-extremal if there is to > ° such that to < ~n < 1- to for all n. We will only consider 
non-extremal asymptotic schemes, and we will insist that all Pn's are small. In fact, we will for a given 
to define PE > 0, and we will only consider asymptotic schemes (Pn, ~n)nEN satisfying 

for all nE N. (26) 

Lemma 4 If Q satisfies Condition A, then there are constants Cl and C2 such that 

(27) 

for all ~E (0, 1) and all P E (0, Po). 
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PROOF: From the definition of AM SEn it follows that we shall construct a bound on 

Using theorem 2 and the fact that x2 - y2 = (x - y)2 + 2y(x - y), we see that 

for a suitably defined Cl' And from theorem 3 it is all ready known that 

o 
Let us fix E> 0. Assume that Q is non-degenerate, and that is L i- 0. Let us define PE as 

. { L2 (1 - E)2 } 
PE = mm 2a4CI (log E)2 ,Po . (28) 

Corollary 5 Assume that Q satisfies Condition A, and is non-degenerate. If (Pn, ~n)nEN is an asymp
totic scheme in (O,PE) x (E,l- E), then n2/3AMSEn(pn,~n) remains bounded if and only ifn l / 3pn is 
bounded and bounded away from zero. 

PROOF: It follows directly from lemma 4 that 

Using the definition of PE and the fact that x t-+ [l~~:~~ is increasing on (0,1), we obtain that 

L2 (1- ~)2 L2 (1- E)2 L2 (1-E)2 
-':-::--~7 - CIp > - - CIp > -..:,---.,.:..,... 

oA (log ~)2 - a 4 (log E)2 - 2a4 (log E)2 for all pE (O,PE)' ~ E (E,l - E). 

If we let 
. 1-~ 

H2 = mm , 
~E[E,I-El a2~(log~)2 

C2 
H3 = max , 

~E[E,I-El ~(log~) 2 

we obtain that 

1 
n2/ 3 AM SEn(P,~) :::: H l n2/ 3p2 + H 2n- I / 3 - - H 3n- I / 3 

P 
for all pE (O,PE)' ~ E (E, 1- E). (29) 

If (Pn,~n)nEN is an asymptotic scheme in (O,PE) x (E,l - E) such that n2/3AMSEn(Pn'~n) remains 
bounded, then the lower bound (29) must also remain bounded, and in particular both n l / 3pn and 
n- I / 3 ...;L must remain bounded. 

, Pn 

Conversely, if nl / 3pn is bounded and bounded away from zero, then 
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remains bounded, while 

2/3 (0 3 0 2 ) 
n lPn + n en (log ~n)2 -+ 0 for n -+ 00. 

So it follows f~om lemma 4 that n2 / 3AMSEn (Pn , en) remains bounded. 

From lemma 4 we see that the important part of AM SEn is given by the function 

L2 (1 _ ()2p2 + 1 a 2 (1-O 

fn(P,~) = (IOg~)2n ~p 

Let ~o be the unique solution to the equation 

. 1- ~ 
-log~= 3--

1+~ 

(~o is a transcendental number, which up to six decimal places equal 0.076102), and· define 

9 

o 

(30) 

(31) 

(32) 

Lemma 6 For each n, the function fn(P,~) has a unique global minimum, obtained in (p,~) = (Pn, eo). 

PROOF: A function of the form f(x) = Ax2 + B~, where A, B > 0, has global minimum in (0, (0) in 

_ (B) 1/3 
Xo- -2A . 

Hence, for fixed value of ~, fn is minimized by 

. ((t) t) _ 3 ( 2) 2/3 () -2/3 
WIth fn Pn <" ,<" - 22 / 3 La g ~ n , (33) 

where 

(34) 

This map g is analyzed in appendix C. It is positive, has strictly positive second derivative in the interval 
(0,1), and diverges at the boundaries. Hence there is a unique minimum, obtained in the interior of the 
unit interval. The first derivative equals 

so the minimum must satisfy (31), that is, the minimum is obtained in ~o. It now follows that fn has a 
. unique global minimum in (Pn(~O), ~o) = (Pn, ~o). 

o 
We observe that 

(35) 
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Lemma 4 implies that if (Pn, ~n)nEN is an asymptotic scheme such that n1/3pn -+ A and ~n -+ ~o then 

(36) 

so such a scheme is asymptotically equivalent to the distinguished scheme (&'In, ~O)nEN. We now show 
that every other non-extremal asymptotic scheme is inferior to the distinguished scheme. 

Theorem 7 Suppose Q satisfies Condition A and is non-degenerate. For any asymptotic scheme 
(Pn, ~n)nEN in (0, PE) x (E, 1 - E) it holds that 

(37) 

with equality if and only if 

(38) 

PROOF: We note that 

for pE (0, 1), ~ E (E, 1- E) 

for a suitably defined /31, A second order Taylor expansion of P f-+ fn(pJ,) around the minimum Pn(~) . 
shows that for some pI between p and Pn (~) 

It is demonstrated in appendix C that the map g defined in (34) has strictly positive second derivative 
in (0,1). Hence we can find /32 > ° such that gll(~) 2: /32 for all ~ E (E,l - E). Arguing as before, we 
obtain that 

And combining these two estimates, we get 

n2/ 3 fn(P, 0 > 223/ 3 (La2)2/3g(~o) + 223/ 3 (La2)2/3 ~2 (~- ~o)2 + ~1 n2/3(Pn(~) _ p)2 

n2/3 fn (&'In , ~O) + 223/ 3 (La2)2/3 ~2 (~- ~O)2 +~1 n2/3(Pn(~) _ p)2 

for all pE (O,PE) and all ~ E (E, 1- E). 

(39) 

Let (Pn,~n)nEN be a non-extremal asymptotic scheme in (O,PE) x (E,l - E). If n 1/3pn is unbounded, 
corollary 5 gives (37) immediately with strict inequality. So we may assume that n 1/ 3pn is bounded. In 
this case it follows from lemma 4 that 

Formula (35) and (39) now establishes (37). And if there is equality in (37), then (39) shows that 

~n - ~o -+ 0, n1/3(pn(~n) - Pn) -+ ° for n -+ 00. 
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Definition (33) shows that ~n ~ ~o implies that nl/3(Pn(~n) - Pn(~O)) ~ 0 for n ~ 00, and hence we 
may conclude that 

o 
So we have by now identified the optimal non-extremal asymptotic schemes, according to the asymptotic 
means squared error criterion. Let us make a few remarks on other kinds of asymptotic schemes. It is 
intuitively clear that schemes (Pn, ~n)nEN will behave poorly when ~n ~ 0 or ~n ~ 1. In both cases the 
variance of IG Pn (Pn, ~n) will be large, even though the estimates in theorem 3 are too weak to prove 
this. On the other hand, it is necessary to insist that all Pn's are small. The problem is that the global 
minimum of AMSEn(P,~) may well be obtained for a large p-value. The conditions we have placed upon 
Q implies that IGPn(P,~) has a bias if P is small enough, and this bias is controlled by the number L. 
But in certain cases the bias may be completely absent for certain large values of p, if the slope of the 
(logp,logQ(p))-graph accidently equals the pulse dimension somewhere. As a large p-value gives rise 
to a smaller variance than a small p-value, we may in such circumstances have for the global optimal 
scheme (Pn, ~n)nEN that Pn converges to some non-zero limit. There is nothing pathological about this, 
indeed it is quite common. But where this may happen depends on the specific distribution. And so the 
phenomenon is not intrinsically related to pulse dimension. 
The calculations of this section can be repeated for the mean squared error of SSn(Pn, ~n)' Though 
the details are considerably messier, the basic trick of lemma 6 still applies to show that there is a 
transcendental number ~~ (which up to five decimal places equal 0.00485, so it is one order smaller than 
~o) such that the asymptotic scheme 

* = (8a2)1/3 (2+~*(log~*)3+e(lOg~*)3_6~*+6~:-2~~)1/3 n-l / 3 

(;In L2 ((I-~*)(I-~;)+2~*(I-~;)10g~*)2 , ~n=~* ( 40) 

obtains the best possible asymptotic mean squared error, namely 

1.1417(~)2/3 n-2/3. ( 41) 

It is possible to control the error of the approximations (23) and (24) better than the corresponding 
error for IGPn, so considering SSn we are not restricted to non-extremal asymptotic schemes. We still 
have to insist that Pn ~ 0, but there is no problem in letting ~n ~ 0, indeed we can take ~n = 0 for all 
n as in the original estimator of Schultze and Steinebach, and still the asymptotic scheme in (40) is the 
best possible. Compare (41) to the best possible mean squared error of IGPn witch is 

1.4274(~)2/3 n-2/3. 

So there is a 25% gain in MSE by using SSn instead of IGPn. Another interesting comparison is to 
consider the original Schultze and Steinebach estimator SSn(Pn, 0). In this case the optimal asymptotic 
scheme is to consider 

Pn = (16 ~:) 1/3 n-l/3 

which gives an asymptotic mean squared error of 

( L) 2/3 
1.1906 a 4 n -2/3. 

As an example, if we have 10.000 i.i.d. observations and estimate pulse dimension using a S Sn-estimator, 
there is a 4% gain in MSE by considering the observations with ranks 6-1035 instead of those with ranks 
1-1169 (supposing the true aiL-ratio equal to 1). 
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5 Asymptotic normality of the optimal scheme 

Let again Yi, Y2,'" be independent observations with distribution function F. We shall now analyze 
the asymptotic behavior of I G Pn (Pn, ~n), based on the first n observations and on an asymptotic scheme 
satisfying 

(42) 

for some A > 0 and ~ E (0,1). If F satisfies Condition A and is non-degenerate, then this class of 
asymptotic schemes contain the optimal non-extremal schemes. However, determination of the optimal 
value of A as in (32) requires knowledge of et and L. 
For reference we state a variety of the Lindeberg-Feller CLT. A proof can be found in any standard text 
on weak convergence, see (Pollard 1984). 

Theorem 8 Let (Znm)l~m~n be a triangular scheme of stochastic variables with values in RN, such 
that EZnm = 0 for all n, m, and such that Znl,"" Znn are independent for each n. 

If each variable Znm is bounded with essential supremum IIZnmllocJ) if these essential suprema satisfy 
that 

max IIZnmlloo -t 0 for n -t 00, 
m=l, ... ,n 

and if there is a N x N -matrix ~ such that 

then I:~=1 Znm ~ N(O,~) . 

Let en and e~ be the quantiles corresponding to Pn and ~nPn, that is 

Lemma 9 Let the asymptotic scheme (Pn, ~n)nEN satisfy (42). Then 

PROOF: Consider the triangular array (Znmh~m~n of two-dimensional variables, given by 

For each n we see that Znl, Zn2, ... are independent and identically distributed. We also see that Z~m 
is a Bernoulli-variable with success-probability 

Similarly, Z~m is a Bernoulli-variable with success-probability ~nPn' And since e~ < en we observe that 
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From these observations it follows that 

EZnm = ( Pn ), 
~nPn 

). (43) 

We note that 

n2 / 3 ( ~n((),n) - Pn ) / ~ " = n-l 3 L.. (Znm - EZnm). 
Fn(()n) - ~Pn m=l 

The normalized triangular scheme 

fits into theorem 8, as the variables are row-wise bounded by n-l / 3 , and as 

o 

Theorem 10 Assume that Q satisfies Condition A and that (Pn, ~n)nEN satisfies (42). For any y E lR 
it holds that 

PROOF: Let us for simplicity assume that y > O. It follows from Condition A that 

Q'(p) ~ aC for P ~ O. 
pa - l 

One conclusion to be drawn from (44) is that 

n l / 3 o;ja = nl/ 3 Pn (Q~n)) l/a ~ ACl /a for n ~ 00. 

So, if ('l/Jn)nEN is some sequence then 

lim na/3 (On - 'l/Jn) = 0 implies that lim n l / 3 'I/J;/a = ACl /a. 
n~oo n~oo 

Another conclusion to be drawn from (44) is that 

F(x) 1 
--~--
xl/a Cl/a' 

1 
F(x)a-l F'(x) ~ - for x ~ O. 

aC 

And these statements can in turn be combined into 

a-I I 1 
x a F (x) ~ a Cl/a for x ~ O. 

Let us introduce the magnitude 

(44) 

(45) 

(46) 
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Using the mean value theorem, we find some 'l/Jn between ()n and ()n + n- 11" such that 

Using (46) we see that 

'( ) _1+" ~n = F 'l/Jn n 3 y. 

~n ,,-1 '( ) ( 1/3 1/ )l-a AI-a 
n-2 / 3 = 'l/Jn" F 'l/Jn n 'l/Jn a y -+ o;C y for n -+ 00. 

Observe that 

so that 

Hence we see that 

E(Fn(()n + n- 11" y) - Fn(()n)) = ~n, 

V (Fn(()n + n- 11" y) _ Fn(()n)) = ~n(1- ~n). 
n 

limn--+oo E( n2/ 3 (Fn(()n + n- 11" y) _ Fn(()n))) = A~:a 

limn--+oo V(n2 / 3 (Fn(()n + n- 11" y) - Fn(()n))) = 0, 

and so the theorem follows. 

As a corollary we find that under the same conditions as in the lemma, then 

Fn(()~ + n- 11" y) - Fn(()~) pe-a AI-a 
2/3 -+ C y for n -+ 00. n- 0; 

Theorem 11 Assume that Q satisfies Condition A and that (Pn, ~n)nEN satisfies (42). Then 

1+" n-3-

E. Hansen 

o 

PROOF: We prove the theorem by establishing convergence of tl;1e two-dimensional distribution functions. 
For notational ease, we start out considering only one dimension. So take some y E R According to (13) 
we have that 

Lemma 9 shows that 
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where U1 '" N(O, A), and together with theorem 10, this implies that 

for n -+ 00. 

The same argument can be applied in two dimensions. The result is that for any y,y' E lR we have that 

where 

The distribution of (U1 , U2 ) is invariant under the transformation (x, y) I-t (-x, -y), so the limit in (47) 
equals 

This means that 

which is exactly the result stated in the theorem. 

Corollary 12 Assume that Q satisfies Condition A and that (Pn, ~n)nEN satisfies (42). Then 

PROOF: It follows from (45) that 

n Ci / 3 (j -+ CACi n Ci / 3 (j' -+ CCCi A Ci for n -+ 00. n , n ~ 

As we have that 

we conclude from theorem 11 that 

1 
n,,/38n 

o 

~ N ( ( ~ ) , : (~ ~~l))' 
Now apply the Delta method to the transformation (x, y) I-t (log x, logy) around the point (1,1). 

o 

o 
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TheoreIll 13 (Main theoreIll) Assume that Q satisfies Condition A and is non-degenerate, and sup
pose that (Pn, ~n)nEN satisfies (42). Then 

(48) 

and 

(49) 

PROOF: We start by observing that 

From corollary 12 it follows that 

Observe that 
n l /3 (lOgBn-lOgB~ -0;) =nl/3 (lOgQ(Pn)-lOgQ(~npn) -0;). 

- log ~n - log ~n 

Hence it follows from theorem 2 that 

1/3/ l0g Bn -logB~ L 1- ~n / 1/3D 1- ~n 2 0 n -0;- P <n P ---+ 
-log~n -log~n n - -log~n n 

for n ---+ 00, 

while 
n l / 3 L 1 - ~n Pn ---+ L~ A for n ---+ 00. 

- log ~n - log ~ 

Collecting this information, we see that 

n l / 3 (log Bn -log B~ _ 0;) ---+ L~ A for n ---+ 00. 

- log ~n - log ~ 

So (48) follows. Using the same twist of the delta method as in theorem 1, we obtain (49) from this. 
o 
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Theorem 13 is not surprising. Indeed, it is exactly what one would expect from theorem 1, 2 and 3, given 
the form of the asymptotic scheme. The proof given here is of course very elementary, but using the 
high-powered strong approximation approach of (Csorgo and Viharos, 1997), it is presumably possible 
to prove similar theorems for SSn for a wide class of asymptotic schemes. 
How can one utilize theorem 13 in practical situations? The problem of interest is to test whether the 
pulse dimension is integral or not, so the natural strategy would be to construct a 95% confidence interval 
around IGPn , based on the asymptotic distribution (49). But this confidence interval will involve L, 
which is unknown. The simplest approach is to disregard the asymptotic bias altogether. This leads to 
a confidence region of the form 

6 Simulation study 

In this section we present a number of numerical experiments, to study the following questions: 1) How 
well does the "optimal" asymptotic schemes of theorem 7 compare to the true minimum of the mean 
squared error. 2) How Gaussian is IGPn (Pn, ~n) if we follow an asymptotic scheme of the form (42). 3) 
How well does a test based on (50) work. 
In the first study we find the true mean squared error (denoted M SEn (p,~) if based on n observations) 
for IGPn(P,~) on a grid in the (p, ~)-plane, and compare the minimum point to the point predicted 
by the "optimal" asymptotic scheme. The true distribution of the underlying observations Y1 , ... , Yn 

. follows a standard exponential distribution, so the pulse dimension we are trying to estimate is 1. We 
take n = 1000 and compute MSEn(P,~) on a 20 x 20 grid in the (p,~)-plane. In each grid point, we 
have computed 1000 series, each consisting of n observations. In each series, the IGPn(P,~) is computed, 
and the squared error is reported. The mean of these 1000 squared errors is considered as a reasonable 
approximation to MS En (p, ~). The MS En-graph is shown in figure 1 
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Figure 1: The empirical estimate of MSE, based on 1000 series ofn = 1000 observations in each grid-point. 
The contour plot on the right has a cross, representing the empirical minimum, and a small box, representing 
the optimal asymptotic scheme. 

We see that figure 1 is quite wiggly. This is partly due to noise, as we only simulated 1000 values of 
MSEn in each grid-point, and partly due to the rather crude 20 x 20 grid. Note the range of P and~. If 
the full domain (0,1) x (0,1) was shown, then MSEn would be large for small and large values of P and 
for large values of ~. In particular, the MS En is enormous if p is small and ~ is large simultaneously. 
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The exponential distribution satisfies Condition A with a = 1 and L = 1/2, so the optimal asymptotic 
scheme according to (32) is Pn = 3.0526n -1/3, ~ = ~o. This is shown as a box in the contour plot of figure 
1, while the empirical minimum of MSEn is shown as a cross. The main conclusion to be drawn from 
figure 1 is that the empirical minimum is approximated quite well by the optimal asymptotic scheme. 
In the second study, we investigate the asymptotic normality of asymptotic schemes following (42). 
Again the underlying variables follow a standard exponential distribution. We have investigated the 
asymptotic scheme 

Pn = 3n-1/ 3 , ~n = 0.076. (51) 

As noted above, the optimal asymptotic scheme according to (32) is Pn = 3.0526n-1/ 3 - but this is 
of course not known in practical problems. We have performed three experiments, corresponding to 
n = 100, 1000 and 10.000. Each experiment consists of 10.000 series of n observations, and in each series 
IGPn(Pn, ~n) has been computed. A QQ-plot of the result against a standard normal distribution is 
shown in figure 2. The straight line on the figure corresponds to the asymptotic distribution, as given 
by theorem 13. 

n "" 1 00 , 10000 replications n = 1000, 10000 replications n = 10000 , 10000 replications 

.. 

o o o 
Quan~les 01 Standard Normal QuanUles of Slandard Normal QuanUies 01 Standard Normal 

Figure 2: A QQ-plot of the distribution of IGPn , computed along the asymptotic scheme (51), against the 
standard normal. The underlying n observations follow a standard exponential distribution. The straight line on 
the graphs represents the asymptotic normal distribution of theorem 13. 

In the first experiment with n = 100, the distribution of IGPn(Pn, ~n) does not resemble the asymptotic 
distribution well at all. The asymptotic distribution is N(0.884, 2.83.10-2). The empirical distribution 
has mean 0.847 and variance 1.66· 10-2 and is clearly non-normal. This is not very surprising, we are 
in fact using 1(65) and 1(5) for the estimation. And the distribution of 1(5) is not normal, it is rather 
like an extremal distribution. 
In the second experiment with n = 1000, the distribution of IGPn(Pn, ~n) fits somewhat better to 
the asymptotic distribution, but still the fit is not impressive, in particular not in the lower tail. The 
asymptotic distribution is N(0.946, 6.10 .10-3). The empirical distribution has mean 0.939 and variance 
4.86 . 10-3 . We note that the asymptotic distribution overestimates the variance. 
In the third experiment with n = 10000, the distribution of IGPn(Pn, ~n) fits quite well to the asymp
totic distribution, but still there are visible signs of non-normality. The asymptotic distribution is 
N(0.975, 1.31· 10-3). The empirical mean is 0.975, and the empirical variance is 1.27.10-3 . Also in 
this case, the asymptotic distribution overestimates the variance (albeit slightly). The non-normality is 
in particular present in the lower tail, and a two-sided Kolmogorov-Smirnov test rejects the hypothesis 
of normality with a p-value of 1%. For testing purposes, however, the asymptotic distribution works 
reasonably well. A 95% confidence interval based on the asymptotic distribution, actually contains 96% 
of the observations. Similarly, a 99% confidence interval based on the asymptotic distribution, actually 
contains 99.4% of the observations. 
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The main conclusion to be drawn from figure 2 is that a large number of observations is needed in 
order to make the asymptotic schemes (42) approximately normal. Time series of length 10.000 or more 
are seldom encountered. But note that if we apply the theory to correlation dimension estimation, the 

2 
problem almost disappears. A time series of length n gives rise to ::: ~ distance-variables. So if the time 
series is of length 150, the corresponding empirical correlation integral will be based on more that 11.000 
distance observations. Truly, these are not i.i.d., in particular not if the original variables are correlated. 
But numerical experiments suggests that the fit of Cn(r) to C(r) is similar to what we would obtain if 

2 
we estimate C(r) on the basis of::: ~ i.i.d. observations. 
The third study deals with a test of integral pulse dimension based on (50). Each series consist of 
n = 10000 variables following a Weibull distribution with shape parameter f3 - which accidently equals 
the pulse dimension. For each series we have computed IGPn, using the parameters of (51), and the 
corresponding confidence interval (50). If this interval contain either 1, 2, ... , then we accept the hy
pothesis of integral pulse dimension, otherwise we reject it. For each shape parameter, we have simulated 
1000 such series. The result is shown in figure 3 
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Figure 3: The power of a test of integral pulse dimension, based on n = 10000 observations. The variables under 
consideration are Weibull distributed, so the pulse dimension of the abscissa is really the shape parameter. 

If the true pulse dimension is smaller than 0.9, the confidence interval will be very narrow, and will 
contain 1 with extremely small probability. If the true pulse dimension is between 1.2 and 1.8, we will 
also reject the hypothesis with probability close to 1. If the true pulse dimension is larger than 8, the 
confidence region is broader than 1, and so it will always contain an integer. Observe that the low peaks 
of figure 3 are shifted to the right of the integral values. This is due to the construction of the confidence 
region, where the asymptotic bias of theorem 13 is disregarded. 
The main conclusion to be drawn from figure 3 is that on the basis of 10.000 observations, the test can 
detect that the pulse dimension is non-integral with good power, if the true pulse dimension is smaller 
than 1.8 and not too close to 1. And it is not possible, with reasonable power to detect that pulse 
dimension is non-integral if the true dimension is larger than 4-5. 

7 Final comments 

We have introduced a class of quite primitive estimators of pulse dimension, the IGPn(P,~) estimators. 
We have discussed how to optimize the performance of the estimator in terms of the choice of the 
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auxiliary parameters p and ~, and even though the object function of the optimization (the asymptotic 
mean squared error) is somewhat artificial, numerical experiments in section 6 suggest that it is closely 
related to the natural object function (the true mean squared error) However, the optimal auxiliary 
parameters depend on parameters of the distribution, in particular on the pulse dimension itself. So the 
optimality result may not be very helpful as a guideline in practical situations. 
One could design more complicated estimation procedures, where the parameter L is estimated in 
addition to the parameter a on the basis of a few points ofthe (p, Qn(p))-graph. And perhaps one could 
device an iterative scheme for choosing these few points. However, assessing the accuracy of such an 
iterative scheme will depend on a higher order assumption on cp in Condition A, and so this will only 
move the problem. 

A Appendix 

In this appendix, we discuss which survival distributions satisfy Conditioh A on page 6. 

Example: Let Qo be the quantile function for the standard exponential distribution, that is 

Qo(p) = -log(l - p) 

Then Qo satisfies Condition A with a = 1. Indeed, 

00 n 

Qo(p) = L:L 
n 

n=l 

P E (0,1). 

is analytic in (-1,1) with ° as a first order zero. Hence Qo)p) is meromorphic in (-1,1) with a removable 

singularity in 0. We read off from the Taylor series that C = 1, that CPo(p) = Qo(p)/p is analytic in the 
interval (-1, 1) and that L = ~. 

Example: If Q is the quantile function for the Weibull distribution with shape d and scale parameter 
).., that is 

pE (0,1), 

then Q satisfies Condition A with a = ~. Indeed, it follows from the previous example that C = ).. - ~ , 
and that cp(p) = cpo(p)~ is analytic in (-1,1). It can also be seen that L = 2~. 

Example: If Q is the quantile function for the equi-distribution on [0, 1], that is 

Q(p) = p, pE (0,1), 

then Q satisfies Condition A with a = 1, C = 1 and cp == 1. Note that L = 0, so this is a degenerate 
distribution. 

Example: If Q is the quantile function for the arcsine-distribution, that is 

Q(p) = sin2 71t, 
then Q satisfies Condition A with a = 2. Indeed, 

pE (0,1), 

00 (_1)n 7r2n 2n ( )

2 

~ (2n + 1)' 4n p 

, I 
I 
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2 
SO rjJ is analytic, and C = ~ and L = O. 

The two latter examples are Beta-distributions. But not all Beta-distributions satisfies Condition A: 

Lemma 14 Suppose that for some>. > 1, the distribution F can be written 

F(x) = x>' 7jJ(x), x E (0, (0), 

where'ljJ is Cl across 0 with 'ljJ(0) =J 0, 7jJ'(O) =J o. If we decompose Q(p) = p1/>'rjJ(p), then rjJ(p) has a 
finite, nonzero limit for p -+ 0, but rjJ can not be extended to a Cl-map across O. In particular, F does 
not satisfy Condition A. 

PROOF: It is clear that 

. () _. Q(p) _. Q(F(x)) _. (~) 1/>. _ ()-1/>' 
hm rjJ p - hm 1/>. - hm F( )1/>' - hm F() - 'ljJ 0 , 
p-+O p-+O p ",-+0 x ",-+0 x 

(52) 

so rjJ(p) has a well-defined nonzero limit for p -+ O. Using the notation L<fJ(x) = 7jJ'(x)N(x), we have 
that 

and hence 

F'(x) = ~ + 7jJ'(x) = ~ + L (x) = >. + xL<fJ(x) 
F(x) x 7jJ(x) x <fJ x' 

Q'(p) = F'(~(P)) F(Q(p)) 1 

F'(Q(p)) p 
Q(p) 1 

>. + Q(p)L<fJ(Q(p)) p' 

which in turn implies that 

Q'(p) 1 1 1 
--p--= 

-Q(p)L<fJ(Q(p)) 
Q(p) >. >. + Q(p)L<fJ(Q(p)) >. >.(>. + Q(p)L,p(Q(p)))· 

These calculations show that 

rjJ' (p) 
Q'(p)p1/>. _ tQ(p)p1/>.-1 

p2/>. 

Q(p) ~ (Q'(p) p - ~) 
p1/>. P Q(P) >. 

rjJ()2 1/>.-1 L,p(Q(p)) 
- p p >.(>. + Q(p)L<fJ(Q(p))) 

The first factor of this expression is bounded, and as 

L<fJ(Q(p)) -+ L,p(O) for p -+ 0+, 
>.(>. + Q(p)L,p(Q(p))) ).2 

it follows that the middle factor p1/>.-1 dominates. So rjJ~(p) -+ ±oo for p -+ 0+ if >. > 1 - the sign 
depending on the sign of'ljJ'(O). 

D 

So r - and B-distributions do not have the required structure, unless they have pulse-dimension::::; 1. It 
is unclear if they necessarily do have the required structure in that case. 
Lemma 14 seems to imply that there is a dichotomy between the power~law behavior of F and of Q 
- they can not both behave nicely. And so it seems difficult to relate Condition A directly to F itself. 
One may argue that Condition A is much too strong, and it is certainly not needed in its full force. 
But it seems difficult to formulate a simple statement which is weaker but still sufficiently strong for 
our purpose. And note for the examples in lemma 14, the number L does not exist, and so none of the 
theorems in section 4 or 5 make sense for these examples! 
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B Appendix 

In this appendix we shall prove theorem 2 and theorem 3. The proofs rely on elementary algebraic 
manipulations and standard analytic estimates. 

PROOF OF THEOREM 2: Let Cl be a common Lipschitz constant for rjJ and rjJ' in the interval (0, ~). For 
q < P in (0, ~) we can find some p between q and p such that have 

/ 
rjJ(p) - rjJ(q) - rjJ(q) L/ < 

p-q / rjJ(p) - rjJ(q) - L/ + L 11- rjJ(q) I 
p-q 

Rearranging this, we get that 

IrjJ'(p) - rjJ'(O) I + L IrjJ(O) - rjJ(q) I 

< Cl (1 +L)p. 

/ 
rjJ(p) _ (1 + L( _ ))/ < C1 (L + l)p(p - q) 
rjJ(q) p q - rjJ(q) , 

and observing that rjJ is bounded away from zero on (0, ~), this implies that for some C2 > ° we have 
that 

/ 
rjJ(p) / rjJ(q) - (1 + L(P - q)) ~ C2P(p - q). (53) 

Weakening this estimate we obtain that 

/ 
rjJ(p) / rjJ(q) - 1 ~ (C2 + L)(p - q). 

Recall that 

Ilog(x) - (x -1)1 ~ 2(x _1)2, 
. 1 
If Ix - 11 ~ 2". 

We may pick Po small enough that (C2 + L)po ~ ~, and so for all p ~ Po and all ~ E (0,1) we have that 

IlogrjJ(p) -logrjJ(~p) - L(l- ~)pl 

< /log rjJ(p) -log rjJ(~p) - (rjJ(p) - 1) / + / rjJ(p) - 1 -L(l- ~)p/ 
rjJ(~p) rjJ(~p) 

( rjJ(p) ) 2 / rjJ(p) / < 2 rjJ(~p) -1 + rjJ(~p) -l-L(l-~)p 

< 2(C2+L)2p2(1-02+C2p2(1-~) 

< D (1 _ ~)p2 

for a suitable D > 0. Collecting this information, we obtain for all pE (O,Po) and all ~ E (0,1) that 

I (p,~) - (a + L 2..=...l p) I = I log rjJ(p) -log rjJ(~p) - L(l - ~)p I ~ D 2..=...l p2 
f.l _ log ~ - log ~ - log ~ - log ~ 

which proves (19). As _\~:~ is bounded, this can be relaxed to 

1-~ 
If.l(p,~) - al ~ (L + D) -l-t p ~ (L + D)p. 

- oge" 
(54) 



Pulse Dimension Estimation 23 

So if we assume Po small enough, we have that 

(55) 

A second order Taylor expansion of x r-+ l/x around a shows that 

for some x between {.LW,~) and oo. According to (55) this implies that 

(56) 

Hence we have that 

for a suitable D. Redefining D, this proves (20). 
o 

PROOF OF THEOREM 3: As r/J and r/J' are Lipschitz on (O,~) and as r/J is bounded away from zero on this 

interval, it follows that t is Lipschitz, and so 

(57) 

for a suitable 0 3 > 0 for all p E (0, ~). The identity 

x2 _ y2 = (x _ y)2 + 2(x _ y)y (58) 

implies together with (57) that 

1£; - (~ + £ r :::; Olp2 + 203P (~+ £ ) = 20300 + 203£p + Olp2, 

and in particular 
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for a suitable C4 > 0 and all P E (0, ~). We also have that 

Similarly, using the identity 

XIX2 - YIY2 = (Xl - YI)(X2 - Y2) + (Xl - ydY2 + (X2 - Y2)YI 

together with (57), we see that 

and so 

Collecting this information, we obtain that 

j (log ~)20'(p, ~)2 - (a2 \~ ~ + 2aL(1 - ~)) j 

jP(l - p)L; + ~p(l- ~p)L~p - 2~p(1- p)LpL(,p - (a21 ~~ ~ + 2aL(1 -~)) j 

< 4C4P+ p(l-p) (~+Lr +~p(1-~p) (~ +Lr 

-2~p(1-p) (~+L) (~ +L) - (a2\~~ +2aL(1- 0 )j. 

Note that all terms containing a cancel, and we end up with 

j(10g ~)20'(p, ~)2 - (a2 \~ ~ + 2aL(1 -~)) j ~ K p 

(59) 

(60) 

for a suitable K > 0 if pE (O,~) and ~ E (0,1). This proves (21). Weakening this estimate, we obtain 

(61) 

Using a first order Taylor expansion of X I-t x-4 we obtain that 

1 = ~ _ 4 fL(P, ~) - a 
fL4 (p, ~) a4 x5 

for some X between fL(P,~) and a. If p < Po, we conclude from (55) and (54) that 

j 1 _ ~ j < 128IfL(P'~) - al < 128 L + D p. 
fL4(p,~) a4 - a 5 - a5 
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This implies that 

Redefining K, this proves (22). 
o 

C Appendix 

In this appendix, we prove the following theorem: 

Theorem 15 The function 

(1 - x)~ 
g(x)= a(1 )2' XE(O,l) 

X3 ogx 
(62) 

has a strictly positive second derivative in the entire domain (0,1). 

The strategy for the proof is rather primitive: we show that the statement is equivalent to a certain 
relation between log x and a rational function. There are well known estimates of log x in terms of rational 
functions, and using these estimates, the problem is transformed to one where certain polynomials are 
required to be positive. And this problem in turn, is solved by crude numerical estimates. The following 
observation will turn out to be practical: it follows from the mean value theorem that if r(x) = L:~=o akxk 
is real polynomial, and if 0 < Y1 ::; X ::; Y2 then 

n 

Ir(x) - r(Y1)1 ::; r(r, Y2)(Y2 - Y1), where r(r, x) = L klakl xk- 1. 
k=l 

PROOF OF THEOREM 15: Straight forward computations show that 

where 

2 2 4 10 

g"(x) = -gX :- ~x +"9 h(x), 
(1- X)3X 3(10gX)4 

h( ) - (1 )2 3x2 + 18x - 21 1 -27x2 + 54x - 27 
x - og x + 2 2 5 og x + 2 2 5 x + x- x + x-

(63) 

(64) 

Note that _~X2 - tX + 190 > 0 for all x E (0,1), so g" is positive if and only if h is positive. Note also 
(this is really the same statement) that the denominator occurring in the rational functions in (64) is 
strictly negative in (0,1), so h is well defined in the entire open unit interval. 
To see that h is positive, we differentiate once more to obtain 

h'(x) = q(x)logx-p(x) 
x(x2 + 2x - 5)2 

(65) 
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where 
q(x) = 2x4 - 4x3 - 88x + 50, p(x) = -3x4 + 84x3 - 324x2 + 348x - 105. 

Below we show that h'(x) < 0 for all x E (0,1). Combining this with the elementary observation that 
h(l) = 0, we obtain that h(x) > 0 for all x E (0,1). And so gl/ is strictly positive, as desired. 
We must show that 

q(x) logx < p(x), for x E (0,1). (66) 

Let us start by examining q(x). We have that 

q'(x) = 8x3 -12x2 - 88, ql/(x) = 24x(x - 1). 

It is clear that ql/(x) < 0 in (0, 1), so q' is decreasing. As q'(O) < 0, we conclude that q'(x) < 0 for all 
x E (0,1). So q is strictly decreasing. We note that q(O) > 0 and q(l) < 0, and so we conclude that q 
has exactly one root in (0,1), let us denote this root by Xo. We have shown that 

q(x) > 0 for x E. (0, xo), q(x) < 0 for x E (xo, 1). 

Observing that 
q(0.562) = 0.0335, q(0.563) = -0.0569, 

we conclude that 0.562 < Xo < 0.563. As 

p(0.562) = 2.85, r(p,0.563) = 662, 

we conclude from (63) that p(xo) is indeed positive, and so (66) is satisfied for x = Xo. 
Observe that 

x-I 3 10 -- < log x < log - - 1 + - x x E Jlll.+ . 
x - - 10 3' (67) 

The first inequality is standard, the second (which is slightly arbitrary) reflects that log x is concave, as 
the right hand side is the first order Taylor polynomial of log x in the point 3/10. We show that (66) is 
satisfied in (0, xo) by showing that 

( 3 10 ) rl(x) =p(x) - log 10 -1+ 3x q(x) 

is strictly positive in (0,1). Note that rl is a polynomial of degree 5, with a negative leading coefficient. 
Examination of r~ (x) reveals four real roots, approximately in -2.0, -0.1, 0.4 and 3.5. We denote the 
unique root of r~ (x) in (0, 1) by Xl. It follows from this examination of r~ (x) that rl is decreasing in 
(0, xd and increasing in (Xl, 1). So we must show that rl (Xl) > O. Observing that 

r~ (0.386) = -0.0333, r~ (0.387) = 0.0984, 

we conclude that 0.386 < Xl < 0.389. As 

rl (0.386) = 0.35, rh, 0.387) = 66, 

we conclude from (63) that rl (xd is indeed positive. 
Similarly, we show that (66) is satisfied in (xo, 1) by showing that 

r2(x) = xp(x) - (x -1)q(x) 
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is strictly positive in (0,1). Note that r2 is a polynomial of degree 5, with a negative leading coefficient. 
Examination of r;(x) reveals four real roots, approximately in 0.6, 0.8,1.9 and 11.1. We denote the root 
of r; (x) around 0.6 by X2. It follows from this examination of r;{x) that r2 has its minimum in [0, 1] in 
either X2 or 1. As r2(1) = 0 we must show that r2(x2) > O. Observing that 

r~ (0.592) = -0.0123, r~ (0.593) = 0.0520, 

we conclude that 0.592 < X2 < 0.593. As 

r2 (0.592) = 1.59, r(r2' 0.593) = 1063, 

we conclude from (63) that r2(x2) is indeed positive. 
D 
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