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Abstract

The 1(2) model is defined as a sub-model of the general vector au-
toregressive model, by two reduced rank conditions. The model describes
stochastic processes with stationary second difference. A parametrization
is suggested which makes likelihood inference feasible. The asymptotic
distribution of the maximum likelihood estimators is given. It is shown
that the asymptotic distribution is either Gaussian, mixed Gaussian or, in

some cases, even more complicated.

1 Introduction

The vector autoregressive model is often applied in statistics to describe a sta-
tionary time series but such models can also be used to describe the fluctuations
of non stationary processes by imposing suitable restrictions on the parameter
space.
In econometrics the observed time series like prices, money and income are
often best described by non stationary processes and a class of processes that
has often been used consists of a random walk plus a stationary process, that
is, a process for which the difference is stationary. We call such a process an
I(1) process, that is, integrated of order 1. A closer inspection of the price
variables (in logs) shows that the changes, that is the inflation rate, is sometimes
best described by an (1) process. If the changes of a process is an /(1) process the
process itself is called an I(2) process and it can be decomposed into a cumulated
random walk, a random walk, and a stationary process, see (7).

The statistical analysis of I(1) processes is now a well established technique
in econometrics, see Johansen [3], Reinsel and Ahn [14] and Phillips [13].

The statistical analysis of I(2) processes is discussed by Johansen [7] in the
context of the vector autoregressive model using a modification of likelihood
methods, and it is followed by papers by Paruolo [10] and [11]. Regression models

have been used by Stock and Watson [16].
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See Johansen [8] for an analysis of prices, interest rates and exchange rates
in Australia and US, and Juselius [9] for an analysis of purchasing power parity
between Denmark and Germany using the notion of I(2) processes.

The purpose of this paper is to analyse the likelihood function for the I(2)
model as a sub-model of the general VAR model as defined in Johansen [7]. An
algorithm for calculating the maximum likelihood estimator is given in [6], and in
this paper we want to find the asymptotic distribution of the maximum likelihood
estimator and compare it with the results for the above two step procedure.

It is known that by restricting the coefficient matrix of the levels in a reduced
form error correction model to have reduced rank, the process is forced to be
non-stationary, and conditions exist for eliminating the possibility of 1(2), see
[5]. For an I(2) model we need two reduced rank conditions (5) and (6) and the
first result, in section 4, of this paper is a parametrisation of this model where
the parameters vary independently, which makes the analysis of the likelihood
function feasible. We next discuss briefly the asymptotic analysis of the process
and product moments derived from it. Section 7 contains the derivatives of the
likelihood function with respect to the relevant parameters. Using these results
we can then prove the existence and consistency of the maximum likelihood esti-
mator, and find their asymptotic distribution. It turns out that the asymptotic
distribution is not mixed Gaussian as one finds in the /(1) analysis.

2 The analysis of I(1) variables

The vector autoregressive model can be rewritten as an error correction model in
the form 1
AXy =11X;1 + Z AX: i + &, (1)

1=1
and it is a well known result that if the roots of the characteristic polynomial

k-1

A(z) = |(1 = 2)I =TIz = > _T4(1 — 2)2'|

=1

are outside the unit disk, then the process generated by (1) is stationary. If unit
roots are allowed then A(1) = —II is of reduced rank, and can be written as
IT = af’. Under this condition X; has the representation

Xt - Ciﬁz + C(L)Gt, (2)

=1

where
k-1

C=p(a Tp) e, T=1-> T (3)

1=1
provided o/, '3, has full rank. Thus X; has the form of an I(1) variable, that is,
a stationary process plus an random walk. This representation shows the main
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result in cointegration analysis, see Granger [2], namely that although X; is a non
stationary process it still holds that #’X; is stationary. This result shows that
there can be stationary relations between non stationary variables. It accounts
for the interest that this type of analysis has gained in econometrics, where the
existence of stationary relations between variables allows one to formulate struc-
tural economic relations as stationary relations, and the error correction model
shows how the process reacts and adjusts to a disequilibrium error (8'X;) through
the adjustment coefficients a. The random walk o/, >"¢_, ¢; which accounts for the
non stationarity of the process is called the common trend.
The I(1) model is defined by equation (1) where the parameters are

(C\!, ,6, Fl, cery Fk_l,Q),

which vary freely.
The statistical analysis of this model by likelihood methods shows that o and 3

can be estimated by reduced rank regression of AX; on X;—; on AX;_1,..., AX;_ g1,
see Johansen [3]. It turns out that the maximum likelihood estimator of 3 is su-
perconsistent in the sense that T'( [‘Z — ) is weakly convergent, and that the limit is
mixed Gaussian, which means that (asymptotic) inference on 4 can be conducted
in the usual way, using the y? distribution, see section 6.

3 The representation of I(2) variables

For an analysis of /(2) variables it is convenient to rewrite the autoregressive
model as

k—2

A?X, =TAX g + 11X+ Y UAX - + 6, (4)

=1
where ¢; are i.i.d. N,(0,12). We assume as before that the parameters o, 8 are
defined by

O=af, a,f8(pxr), r<p. ' (5)

If @ and f are of full rank we define a; and 8, of dimension p X (p — r) and
full rank such that o/c; = f’BL = 0. We need the notation & = ae/a)™ and
similarly for other matrices of full rank. We let |A| denote the determinant of
the square matrix A. In order that (4) should generate I(2) variables we must
assume that o/, I'f, has reduced rank, so that we can define the parameters ¢

and 7 by

a\TBL=en, pn(p—r)Xxs, s<p—r. (6)

We then define the parameter functions
By =pLn, a1 =arp, Br= Bﬂha Qg =0, ).
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Note that (8, 81, 82) are mutually orthogonal and the same holds for (a, oy, as).
Note also that the parameter 7 depends on the choice of 8, whereas (81, 32) are
independent of this choice. In [5] it is shown that under the above conditions and

the condition

k-2
|30 85| = ey (TBAT +1 = W;)fa| # 0,
=1

it holds that the process X; is an I(2) process with the representation

t g t

Xt:CZZZEi"'CIZCi‘{"O(L)et- (7)
7j=11:=1 i=1

The coefficient matrices C; and C; are complicated functions of the parameters

of the model, and we here only quote the result

Cy = B2(a05) ™ . (8)

It follows from (7) that X; needs two differences to become stationary as long

as Cy # 0. From (7) and (8) it is seen that B5X; is I(2) and that no linear

combination of this process has lower order of integration. Since (53, 31)'82 = 0

we have (3, £1)'C2 = 0 and hence (8, 1)’ X; is I(1) in general, but more can be
said. It turns out, see [5], that

B'X; + a'TB8,A X,

and therefore also the process

B'X; + aTAX,,

are stationary. Thus the representation (7) implies that 7 = (3, f1) are C'(2,1)
in the sense that they reduce the order of the process from 2 to 1. The rela-
tion B'X; cointegrates with the I(1) process AX; to stationarity. The process
oy Yk, S7_, € is called the common I(2) trend.

It is the purpose of this paper is to find the asymptotic distribution of the
maximum likelihood estimators for the parameters (3,5, 82) together with a
matrix ¢ such that 8’X; + ¢’ AKX, is stationary, see the definitions in Table 1.

4 A reparametrization of the I(2) model

In this section we define the VAR model with 2 lags written in the error correction
form, and define the I(2) model as a sub-model which has two reduced rank
conditions (5) and (6) on the coeflicient matrices. We then define a different
parametrization, which has the property that the parameters vary unrestrictedly.
This make the analysis of the likelihood easier.



The reparametrization only involves the parameters II, I' and 2 so in the
next sections we only analyse the VAR(2) model

A%X; = FAX; 3 + 11X 2 + €, 9)

where ¢; are1.1.d. N,(0,Q).
The restrictions imposed on the model are

I=ap ,7
where a and f are p X r matrices of full rank, and

o\ TBL = en, (10)

where ¢ and 7 are p X s matrices. Thus the parameters are 6* = (a, 8, ¢, 7,T',Q)

which vary freely except for the restriction (10).
The purpose of this section is to define another set of parameters that vary

unrestrictedly. In order to motivate the new parameters we first analyse the
model equations as follows: Multiplying (9) by & and & we find

&A2X, = &TAXy_1 + B'Xs_s + &y, (11)

O_Z_LA2Xt = 611FAX75_1 -+ aﬁ_ﬁt. (12)

Using the condition &, '8, = ¢n', the identity I = B.8, + A’ and the
definition B; = B.n the right hands side of (12) equals

&\ TRAAX 1 + &\ TRLB AKX + & &

=a\ TR AX;1 + o' BLAX 1+ & &
= (&,J.FBAO) (8,51)AXi—1 + & &

CWPAX L tde. (1)

We define €1; = &/, &, w = aQay (&) Qay)™! and e = &'e; —wd/| €, which is
independent of €4, and find from (11) and (13) the conditional model for &/ A2X;
given & A?X; and the past

AN Xy = wd| A2 X + (@ — wd )TAX—1 + B/ X2 + €. (14)

The new set of parameters is given as 0 = («, 7, p, &, £, 11, 2, w) and they are
defined in Table 1 ’



Table 1
Definition of new parameters 0
in terms of the old parameters 6*

6 0* dimension

a = « pXr

T = ( 3181) pXx (7’ + 3)

p = (') B (r+s)xr

¢ = (& —wa))l rXp

= (a,TB,¢) (p—r)x(r+s)
w = a&0a(a) Qa)t rXx(p—r)

O = & Qay (p—r)x(p—r)
Q, = aQa—aQa (6 Na) e Qa rxr.

The vectors that are C(2,1) are collected in the matrix 7, and the matrix p
recovers from 7 those vectors that span the row space of the II matrix. In terms
of these parameters the model equations (14) and (12) can be written

AA?X, = wa\ A?X, + EAXy_y + 7' Xiza + €, (15)

5/J_A2Xt = K’T’AXt—l + €1¢. (16)

By the choice of 7 = (1, B2) we have that the first r rows are orthogonal to
the last s rows, and that we can choose p = (1,0)’, but this requires that the first
columns of 7 are the § vectors, and we want to let 7 vary freely, and hence need
the parameters p in order to pick out the § vectors.

From given values of the new parameters 6 we can reconstruct the parameters
of the original model 8* which satisfy the restriction (6). To see this we use the

definitions in Table 2.

Table 2
Definition of old parameters 6*
in terms of new parameters 0

0* 0 dimension
a = « pXr
g = 7p pXr
¢ = KpL (p—r)xs
n = PitpL (p—r)xs
Q = ald + (o +ow)(ar +aw) pxp
I' = a k' + awk't" + ' p X p.




With this choice we see that II = a8’ = ap’7’ has reduced rank (<)r . Further
we find that if 8 has full rank then :

a\TfL = &'7'B = &(pp' + pLpL )AL = (K5L)(pL7'Br) = en
since p'7'f, = B'BL = 0. This matrix has reduced rank (<)s, since p; is (r +
s) X s. Thus any values of the new parameters § correspond to values of the
old parameters 6* with the required restrictions, hence the new parameters vary

unrestrictedly.
Note that only if p and 7 are chosen such that the product has full rank do we

get a 3 of full rank, and hence a parameter value from §*. Thus strictly speaking
the parameters in 6 should have the restriction that 7p has full rank in order
that a parameter point in the old parameter set is produced. We shall, however,
let the parameters in 6 vary freely, since the extra points that we add form a
small set with Lebesgue measure zero, which does not influence the analysis of

the likelihood function.
We conclude by pointing out that the parameters we are really interested in

are the matrices

p= B =r7p
pr= Bin =Tps
ﬂ2=,31_7u: TL

as well as the matrix £ which describe the cointegration properties of the process.
The relation §; = Tp, is seen from the fact that 8 = 7p by definition, S, is
orthogonal to 7 = (8, 51) hence f; = 7, and finally the remaining vectors are
orthogonal to 7, and 7p, and therefore must have the form 7p,. The idea in
the following is to work with the parameters 7,p and ¢ in the analysis of the
likelihood function and then derive the distributions of 3, #; and f; at the end.

The basic equation (9) can be written in terms of the new parameters in an

error correction form

AN’X; = a(p' 7' Xi—o + EAX 1) + (L + aw)s'T'AX 4 + €t, (17)

which shows that «, oy, w and £ are coefficients of the stationary variables
P Xe_g + E&AX;_q and 7'AX;_; which represent disequilibrium errors.

5 Asymptotic propérties of the process

The asymptotic results needed for the analysis are collected in the next table.
The results are found in the literature see Phillips and Durlauf [12], Chan and
Wei [1], and Johansen [5]. We assume that ¢ is 2.2.d. with mean zero and variance

), even though this assumption can be relaxed.
The basic result is that .a random walk is approximated by a Brownian motion,

in the sense of weak convergence, that is,



(T]
T_% Z & - W(u)a
t=1
where W is a Brownian motion with variance matrix Q. From this result follows
a number of other results which are relevant for the discussion of the asymptotic
properties of the process X;. We collect these in the Table 3.

Table 3
Asymptotic properties of product moments of the €'s

T‘ZEtT_ (Xt &) (X €) = Jy W)W (u)'du
=%, (Ef 125216) (2l z) > foi(fou W(s)ds)W (u)'du
T8 (B B 6) (B Dy ) - fol(f(? W(s)ds) Jo' W (s)'dsdu

715, (B % R Wy

r-13L (8] Yim16)€ = Jo(Jg W(s)ds)(dW)".
From these results we can derive properties of the process X; if it is I(1) or

if it is 1(2). The I(1) process X; is given by the representation (2) provided the
matrix C given by (3) is well defined. We then find the results in Table 4.

Table 4
Asymptotic properties of the process and
the product moments for I(1) processes
T-35, X BL.OCW,
T80 YL, Xea X, B 5 BLC [y WaW[diC'B,
T8, Yi, Xi-1e = PO Jy W(dW)'.

If X, is defined by the equations (4) under conditions (5) and (6), and if C,
given by (6) is well defined, then the process is I(2) and given by (7) or as the
solution of (12) and (14). In this case we define W; and W, from €;; and eq;
and apply the representation (7) to derive results about the process in various
directions as well as properties of the product moments M;; defined by

le

T
M]' = T_l Z A2_iXt—iA2_JXL{ -7 )j = 0) 1) 27

t=1

T
Mi; =T7'Y A X iy, 1=0,1,2, j =1,2.

t=1



Table 5 :
Asymptotic properties of the process and
the product moments for I(2) processes

T-2BAXrq 2 ByC.W; = Hy
T_%,B{X[Tt] 5 B, = Hy
T—3/2BQX[T1‘] 5 _502 fg Wydu = Hy
T'lﬁéMnﬁz 2 fol HoH}du
T“I,B{Mzgﬁl. = fol H,H{du
T"2B{M22,Bz i fol H,H}du
T'3B§M22ﬂ_2 = f(} H,H}du
T"I@Mnﬁl 5 fol HoH{du
T"2B:',M12ﬂ_2 5 fol HoH)du

B M, = Jo Ho(dWh)'

Bi Mo, = Jo Hi(dW3)'
T’lﬁ_’éMzEz 5 fol Hy(dW3)'.

The process H = (H}, H{, Hj) is given by the first three rows in Table 5 and
consists of the non-stationary components of the limit process derived from X;.
Thus Hj is the limit of the process in the directions 3, and therefore the process
is the continuous analogue of an I(2) process, that is, an integral of a Brownian
motion. The differences of this process has a limit process that is the Brownian
motion Hp, and therefore Hy; = [ Ho,du. Note the different normalizations of
the process and its differences. When multiplying by f; the matrix Cy vanishes
and the next term of (7) takes over and defines in the limit the process H;.

To get an overview of such results one can summarize them in another table:

Let Y;; be integrated of order I(¢), ¢ = 0,1,2, then
Sij = S, YaY}, € Op(TEIVY),
that is, the order of magnitude of these product moments are given by Table 6.

Table 6
The order of magnitude of product
moments of integrated variables

i1 0 1 2
0 |T T 17
1 |T T T°
2 |12 T3 T*

These results will be applied below for the analysis of the likelihood equations.



6 Asymptotic analysis of the I(1) model

This section is included to justify certain steps in the analysis of the 7(2) model
and is a brief summary of the /(1) analysis as it can be found in the papers by
Johansen (1988) or Reinsel and Ahn (1990). To simplify we consider only the

model given by
AXt = CY,B,Xt_l + €, (18)

and assume in the calculations below that o and 3 are chosen so that X; is
I(1). In this case C = B, (c/ B1)  c/,. We apply the following notation for the
derivatives of matrix valued functions with respect to matrix arguments.

Let f(z) be defined on the space of matrices of dimension n x m (M, ) and
with values in the space My, say, and let h € M, ,,. We assume that we have

the following Taylor approximation

f(@+B) = f(2) + Daf (k) + 5 Daef (b, ) + O(BP).

Here D, f(h) is linear in A and denotes the derivative of f wit respect to z
in the direction h, and D, f(h,k) is linear in h and k and denotes the second
derivative of f with respect to « in the directions h and k. Finally || denotes a
norm on the space of matrices M, ,,. The condition for a point z to be stationary
is that the derivative with respect to z in the direction h is zero for all directions,
or that D, f(h) =0 for all h € M, ..

The likelihood function for the model given by (28) is

T 1
log L(e, 8,92) = ——-2—log | — itr{ﬂ_lﬁleet(a,,B)et(a,ﬂ)'}.

From this function we find the derivatives with respect to the various param-
eters. The derivatives and their order of magnitude is given in Table 7.

Table 7
Derivatives and their order of magnitude for the I(1) model

DgLogL(b) = ir Q‘lzg;letXt’_lba’} € Op(T
D,LogL(a) = tr%ﬂ‘lziletXt’_lﬂa’} € 0Op(T
DqLogL(h) = Zor {0 (T 2L, 6 — )} e Op(T
DppLogL(b,b) = —tr{Q7al/ ST, X, X[  bo'} e Op(T
DgaLogL(ba) = —tr{Qap' T, X, 1 X] bo'}

+tr Q‘lthzletXt’_lba’} € 0p(T)
DgaLogL(b,h) = —tr{Q'hQ' T, eX]  bo'} e Op(T)
DaoLogL(a,a) = —tr{Q7'ap' oL, X,1X],pa'} e Op(T)
DagLogL(a,h) = —tr{Q7hQ'TL, eX{  pa'} e Op(T?
DagLogL(h,h) = Ztr {Q7'h0 8} —tr {Q1RQWQA' T e} € Op(T)
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It is seen from Table 4 and Table 7 that

) .
T-1Dylog L(8) % tr {Q-l i (dW)W’C”ba’},
Jo
and that T-2D, log L(a) and T2 Dg log L(h) are asymptotically Gaussian. The
asymptotic variance of the first is Q7! ® aVar(8'X;)a’ and the second has a limit
distribution which can be derived from that of

T
T2 (e, — Q).
. t=1
If the second derivatives are normalized similarly we find that

Table 8
Linits of second derivatives in the I(1) model
T-2D3;log L(b,b) = —tr {Q‘lab'O A WW’dtC”ba’}
T-1D2_log L(a,a) 5 —tr{Q1aVar(f'X,)a'}
T-1D2%glog L(h,h) 5 —Lir {0-1hQ-1h}

whereas all mixed derivatives normalized by the corresponding powers of T'
tend to zero in probability. This has the consequence that inference about any
of the parameters o, # and ) can be conducted as if the others were known. The
reason for this is that the information matrix becomes block diagonal in the limit,
a result that holds for the I(2) analysis as well. Since inference on Q and « is
usual inference in the sense that the limit distributions Gaussian we focus in the
following on the asymptotic properties of the estimator for 3.

First, however, we need to discuss the normalization of the estimator, since
evidently o and f are not identified since only their product enters the equations.
A general way of normalization is to choose a matrix ¢ (p X r) and define 3. =
B(c'B)71, so thatf, = A(c/#)~" is the same for any choice of maximum likelihood

estimator. A very special choice is found as follows:

A

B = Bbo+ b

implies that

B = pbyt = B+ Brbibyt,

so that B
IB - /6 = T_IIB_LBTv

and hence the deviation between B and f are contained in the space spanned by
BL Note that g = f. for ¢ = . We shall find the asymptotic distribution of

Br =TB.(B - B).
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We then derive the well known result about the asymptotic distribution of 3
in such a way that the proof can be applied in the 7(2) model. The likelihood
equation for g for fixed a and 2 is

~

O3 (AX; — af' Xi1) X, = 0.

t=1
Now replace AX; by af’'X;_1 + ¢; and we find the equation
} T T
V(= B) D XXl = Q7D e X[,
t=1 t=1
Expressed in terms of Br this becomes
T T
/O aBr T2 Y X X[ B =TT e X[, 61
t=1 t=1

In the limit we find from Table 4 for B equal to the weak limit of Br.
1 1
o0 'aB'3LC / WW'dtC'8, = o' / (dW)W'C'B..
0 0

Hence we find the result for the estimation of § that the limit distribution is

mixed Gaussian:

T(B—pB) % BLB=p oL [al /01 WW/dtOfJ_J - o) /01 W(dW)Q ta(a'Q1a)™?,

with asymptotic quadratic variation given by
_ 1 -t
Bay [a’l/ WW’dtozl} o\ BL® (/07 Ta)t.
0

We have given here a very brief summary of the results known for /(1) models,
in order to present them in a way that can be generalized to the I(2) case. Thus
we shall first find derivatives of the likelihood function and discuss their order
of magnitude. We then pick out for further study those parameters that are
consistent of a higher order then usual, that is, of the order of 7' and higher.

7 Derivatives of the log likelihood function for the I(2)
model

The likelihood function can be derived from (15) and (16) in terms of the new
parameters and is proportional to

12



.
L7, .8) = (el ] 1021 oxp { (0" S 07

t=1

T
Zm@}

(19)

where €;; and e;; depend on the new parameters. By expanding €; and ey we

find the results in Table 9.

Derivatives of ¢;; and ¢;; with respect to

Table 9

the parameters 0 and their order of magnitude

De14(a) = (Dyai(a))A%X, 1(0)
D,e1:(k) = —k7TAX; 1(0)
D e4(s) = —k/s'AX;4 I(1)
Dy e3(a) = (Do(a(a) — ar(a)w))A%X, 1(0)
Dw62t(b) = ~b/5¥1A2Xt I(O)
Deegi(h) = —hWAX; I(1)
D eq(r) = —r'7'X;_, I(1)
D7-€2t(8) = —“p,SlXt_z _[(2)
'Dc%a th(b, a) = —bI(DaC_V_L (a))’Ath I(O)
D2 ex(r,s) = —r's'Xig 1(2)
D2 ey(k,s) = —ksAXiq I(1).

We find, as in the I(1) analysis, that asymptotic inference can be conducted
independently in three blocks. The first block is defined by the variances €; and
Q5. The second block is defined by the coefficients to the stationary variables,
that is, (a, w, k) or in other words those parameters for which the derivative of the
errors is I(0). Finally the third block is defined by the parameters (7, p, £) which
are coeflicients of non stationary variables, or those for which the derivative of
the errors is non stationary, see Table 9.

We shall apply this result in the following and focus on the parameters (7, p, £)
, since these parameters are the ones for which "non standard” inference is needed.

We therefore give the results in Table 10:

13



Table 10
Derivatives of the log-likelihood function
with respect to the parameters 7,p and ¢.

T7'D,In L(r) = tr{Q 't My, } € 0Op(1)
T-'D, In L(t) = {07 p't' Mo, } + tr{Q7 ' 6't'M1,,} €  Op(T)
T71D¢1n L(h) = tr{Q;'h' M., } € Op(T)
—T'D2 InL(r,r) = tr{Q; 't Mygrr} € 0Op(T)
1D2 InL(r,t) = tr{Q3' 't Mystp} — tr{Q; r't' My.,} € Op(T%)
—T 1D2 InL(t,t) = tr{Q'p't' Mgt} — tr{Q7 k't Mints} € Op(T?)
—T 1D§€ 111 L(h, h) = tT'{Q;lh/Muh} € OP (T)
~T'D3 InL(h,t) = tr{Q7h'Mystp} € 0p(T%)
—T71D2 In L(h,r) = tr{Q7 W' Misrr} € Op(T)

A formal argument for the above result that we need only consider some of
the parameters, can be carried out as follows: If 6; denotes a parameter for which

Dy, is 1(), 7 =0,1,2, then
Dy, LogL(0) € Op(T™?),
Djp,LogL(0) € Op(THMV),

see Table 9. This shows that we should normalize the first derivatives differently
depending on their order of magnitude, and we should use a block diagonal matrix
with diagonal elements T =2, T-'and T2, respectively for the derivatives. The
(,)'th block of the second derivative matrix is then normalized by T-"2=#V3
with the result that the order of magnitude of the normalized matrix of second

derivatives becomes

6o 61 0,
6100
6,011}’
6,011

which shows that the normalized matrix is block diagonal, and that inference
concerning the parameters #; and 6,, which are coefficients of non-stationary
variables, can be separated from inference for the parameter 6y, which is a co-
efficient of a stationary variable. That is, when making inference on 6, we can
assume that #; and 0, are known, and vice versa.

In the asymptotic theory we can thus fix the parameters (w, o, &, 01, Q2) when
deriving the asymptotic distribution of the maximum likelihood estimators for the
parameters (7, p, ).

Thus in the next section we analyse the likelihood function of the /(2) model
for fixed values of the parameters (o, w, £, 1, Qs), which means that the remain-
ing parameters that have to be determined simultaneously are (7,p,¢). That
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is, the C(2,1) vectors T have to be determined and among those the 3 vectors
that cointegrate with the differences, that is, the coefficients p. Finally the pa-
rameters ¢ contain information about the linear combinations of the differences
that are needed to make 3'X; stationary, see (17).Thus we focus entirely on the
parameters corresponding to the non-stationary variables.

8 The normalization of the estimators

The parameters in the new parametrization are varying freely, but turn out not
to be identified. Hence it is important to discuss to what extent the model is

overparametrized, and find suitable identifying normalizations.
Since the likelihood function of the original model only depends on the pa-

rameters through the products
ap't!, af oy k't awk'T,
see (17), the parameters are not identified. Specifically we find that for any non
singular y(r + s) X (r + s) the matrices 7771, 7p and & will give the same value
of the likelihood function as 7, p and &, and that for any (r X r) the parameters
ap, pyp'1, &' p~lw, will give the same value of the likelihood function.
It is therefore important to normalize the parameters in order to obtain esti-

mates and asymptotic distributions. We introduce the two types of normalization
as discussed in the I(1) analysis. Thus for instance we define

7. =7(dT)7",
which is normalized by the condition ¢'7 = I, and

F=7(7'7)""

Once 7 has been identified then sp(p) can be estimated, but p also needs a
normalization. We choose to represent the deviations in the space spanned by T

and find the decomposition
7p = Pb1 + Bibs,
- and define the estimator p = pb;?, so that
76— B =1(p— p) = Pubabi’,

which is contained in the space sp(f1). Finally we define
EI{GI

Note that the derivative of ey; with respect to ¢ in the direction &, that is,
—h'AX;_q,is I(0) if sp(h) C sp(r), whereas it is I(1) otherwise. This has the
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consequence that 7’/ (f — ¢) satisfy usual asymptotics, and we therefore focus
on B4(€ — €) below.

The usual proof for the asymptotic distribution of the maximum likelihood
estimator involves an expansion of the derivative of the likelihood function around
the true value, keeping the terms involving derivatives and second derivatives. In
the case of I(2) variables it turns out the higher order terms are needed, and
that a slightly different way of expanding is convenient. We shall simple write
the equation for the definition of the maximum likelihood estimator and show
by going to the limit that we can derive the limit distribution of the maximum
likelihood estimator.

A detailed analysis in the next section of the likelihood function shows how
the estimators should be normalized in order to give a limit distribution. We give
below the results and show in section 10 how this choice leads to an asymptotic

solution of the likelihood equations.

Table 11
Normalization of the estimators
Bor = TBy(E—¢) (p—r—s)xr
Bir = Tpi(p—») sXr
Byr = T*By(F—71)(p+pp(p—p)) (p—r—s)xr
Vi = TBy(7—7)pLpib (p—r—s)xs
Ur = T8yt —1)p (p—r—s)xr.
From Table 11 we find that
F—7=T723Urp + T B Ve (B15) "L, (20)
since 7 — 7 € sp(f2). Further since 7(p — p) € sp(B1) it holds that
7(p—p) = Bu(B15) ' Bi7(p — p) = T p1 Bur, (21)

since 17 = p 7't = p/,. This can be interpreted as follows: The estimator 7
deviates from the true value 7 in the direction of 8, = 7. In this direction
there are still two different orders of magnitude. That is, 85(7 — 7)p has to be
normalized by T2, whereas (7 — 7)p1 should be normalized by T'.

For the orthogonal complement of 5 which will also be used below, we can

use the expansion
pr=pL—77p(8'8) (5 —p)pL =pL =T '7'rp(6'8)" BT
To see this note that from (21) it follows that
pr'r(p—p) =T f'f1Bir =0,

so that
pr'rp=p'r'rp=p'B.
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Hence
poL=ppr—pr'p(B'B) (5 —p)pL =0.
This choice of normalization has implications for the estimators of the other

parameters of interest, in particular f = 7p, 1 = TpL, and By = 7,. We derive
expressions for the estimators of these parameters and expressions in terms of

Vr, Ur and Br.
8.1 Estimator for (
We then find
f—B=ip—1p=(F=1)p—p)+7(p—p)+(F=1)p.  (22)
Since ¥ — 7 € sp(7.) it follows that §/(7 — 7) = 0 and f;(7 — 7) = 0 so that
B'(B~B) =876~ p)=THABw =0,
and
TB(B — B) = TBir(p = p) = fifrBir = Bur,
see (21). Finally from (20).

T*By(B — B) = [TUrp' + Vr(B161) 7 pL1[(7'7) " po(B151) " Bur] + Uz

= Ur 4 Vo (Bip1) " Bir + Op(T™Y) = Byr + Op(T7Y),

where the last equality follows from the definition of Byr. Note that (22) repre-
sents the estimator of § as a product of two terms which gives three terms in the
expansion. Even though the first term is a product of two small terms and the
others only contain one small term it still holds that there is a direction, f;, in
which the first and the third term have the same order of magnitude. Note also
that the definition of 5 implies that in the direction § the estimator 3 — 8 has
no component. This will turn out to be different for 3; below.

8.2 Estimator for 52

As an estimator of f; = 7, we apply

Bg =71, —7(F7) 7L,

which satisfies /3, = 7'7. — 7/7(¥'7)"'#'7L = 0, so that, since 7'7 = 7',

ﬁz —Bo=F — 1L = —7(T')HF - 1)7L
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= —7(T*pUp + T~ po(B151) ' V7).

From this expression we find the relations

T8, — B2) =—Up,
Tﬂiﬂ(ﬁz — B2) ==Vi+ Op(T71),
ﬂé(ﬂz - ﬁz) =0.

8.3 Estimator of 3;
The distribution of f; is found from ﬁl = 7(7'7)"1pL. Since
r=rr4+(f—7)(F—1)
it follows that
(FA) = (') = ()TN F = 1) (F = 1)(7'T) T 4 Op(T™Y).

Thus
b — B
— (7 = 7)) pu + 7(ps = pu) = F(F = T(F = )(r'T) pu
+(F = 7)(r'1) 7 (pL — p1) + Op(T72).
This gives
TB'(Br— B1) =TB7(pL— pr) + Op(T7),
=Tp'(pr—p1) +O0p(T7") = =Bz + 0p(T7Y),
and

TBy(Pr — ) = TBy(7 — 7)(r'7) " pr + Op(T™") = Vo + Op(T 7).
In the direction f;, however, the situation is different: For the first term we have
By (F —7)(r'7)"'pL = 0, since 7 — 7 is contained in sp(fs). The second term
becomes
T7(pr = pu) = p(r'm) 7 r'r(7'7) 7 (r'r)p(B'8) " Bir = 0.
Finally we find for the third term
T28{7(7 — rY(7 = 7)(r'r) o

= p (r'T) TN (T pUr + po(B18) V)T 7L Ve (BiB) ol (') " o + Op(T7Y)
= VA(BLB2) "V + Op(T1).

Thus we get the results for the three estimators in the three directions which

we summarize in Table 12.
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Table 12
The normalization of the estimators of the cointegrating
relations in the various directions

_ B B B2
B—p 0 T-'Bir T~2Byr
By - B _T-1BL, TR Ve Ty
B2 — B2 | T2Bip(B161) ' Vi — T 2By ~T'V7 0

We have here discussed the normalization of the parameters so that they can
be estimated. We have also given the results of how fast the various components of
the parameters estimates converge to their limits, and in section 10 we will apply
all that to the likelihood equations, with the purpose of deriving the asymptotic
distribution of the estimated parameters £, 8, 1 and f,, but first we consider the

question of consistency.
9 The consistency of the maximum likelihood estimators

The likelihood function (19) derived from (15) and (16) depends on the param-
eters v = (7, p, €) and a maximum likelihood estimator 4 satlsﬁes L(%) > L(%0)

for all 5. Thus 4 is a point in the set
St = {7lq(7) = —2log(L(7)/L(70)) < 0} .

We can also consider the likelihood function a function of the parameters
v* = (1,0,€) where these parameters vary freely. In this case —2log L(v*) is
quadratic in y* with a positive definite second derivative, so that

St ={7"la(v") = —2log(L(y*)/L(70)) < 0},

is convex and compact. Since Sp C 5% also St is compact, and hence that the

maximum likelihood estimator exists and is contained in St.
We prove below a result for a quadratic likelihood function, where it is shown

that the order of magnitude of the second derivative determines how fast the

estimator converges to its true value.

Lemma 1 Let Ar(p X p), Br(px1) and Cr(1 x 1) be random matrices and Dr
a non random (p X p) matriz with the property that

Dy — OO,D:’T_IATD51 A A, D&TIBT 5 B, Cr 5C.

We further assume that Ar and A are positive definite. Assume that 7 is a

sequence of estimators satisfying

0 Arbr + 04 Br + Cr <0,

then ' )
T~5Drbr 50, for all § > 0.
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Proof: From the inequality

T®(T=°Drr) (D5 Ar D) (T~ Drby) + T8(T~° Drér) (D5 Br) + Cr < 0,
: (23)
it follows that if 7=°Dzfr does not converge to zero then the first term of (23)
will tend to oo, which violates the inequality. More precisely the first term is

larger than )
T%|T~° Dyl Ain (D5 AT DTY).

If IT"‘SDTéT| does not go to zero in probability then T26|7=¢ Dy |? £ 50, and by
the weak convergence of D' ArD7! to a positive definite limit the third factor
does not tend to zero. This shows that the first term of (23) tends to co and since
it dominates the other terms the inequality is violated for large enough values of
T.

We apply this lemma to the likelihood function (19) derived from (15) and
(16) by investigating the second derivative of ¢(vy) with respect to the various
parameters in the various directions. '

Theorem 1 Let 77, pr, and {AT be mazimum likelihood estimators, which are in
the set St, and normalize them as described above to 7r, pr, and C:T' Let further
0o be the value under which probabilities are calculated. Then with respect to the
probability measure Py,, and for any 6 > 0

T (pr — p) 5 0, (24)
2=l (~ P
T*°By(7r —T)p = 0, (25)
T By(7r — 7)ps 5 0, (26)
T By(ér — &) 5 0. (27)

These results show the superconsistency of the estimators of the parameters
corresponding to the non stationary variables. Most of the results are of the same
form as for I(1) variables but (25) shows that for I(2) variables we can get even

faster convergence. )
Proof: We consider the function ¢(v) at the point 4r = (7r, pr,&r) and

replace 4o by . Then

q(31) = tr{ 0 S (en(r)ee(r) = ens(y)ene(v)')
+051 Y (eae(Fr)eas(Gr) — ear(V)e2e(7)')}

where
ei(y) — en(r) = &' (Tr — T)/AXt—h
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e2(7) — €2t(r) = (éT —&)'AXy1 + pr(fr — 1) Xica + (pr — p)' 7' Xig

Thus ¢(9r) is essentially quadratic in 47 — . The quadratic term is easily
found as expressed by M;;, and we find that

By My18, € Op(T) implies T (7 — 7) Lo,
By My € Op(T) implies T* 484 (ér — €) 50,
7'Mt € Op(T) impliesT=%(pr — p) £o,
B Mz, € Op(T®) implies T2~464(7 — 7)p £o.

This completes the proof of the consistency of the estimators. The general
rule that can be extracted from this is that the second derivative of the likelihood

function determines the speed of convergence of the estimator.

10 The asymptotic distribution of the maximum likeli-
hood estimators

Below we give the asymptotic distribution of the estimators for the parameters
¢, B, 1, and B,. These results will then be applied to find the distributions of the
estimators of 3, f; and f2 normalized by matrices ¢, ¢; and ¢, respectively.

" In order to describe the asymptotic distributions we define the mixed Gaussian

distributions of B = (B¢, By, BS)’

B=]| /D " HH ) /0 CH(AW,) (28)

and

1 1
V= ([ HoHydt™ [ HodWaY Qs n/pa (o sl s pu) (BB, (29)

where H = (H}, H{, H})" is given in Table 5.
Theorem 2 The asymptotic distribution of the matrices €, 3, 5’1 and By is given

by B
Tpy(€ — &) = Bo

TBi(B — B) % By
T2B3(8 — B) = B,
TB'(f1 — ) = —Bj
T28;(f — Br) — — V'(BB>) 'V
TBy (B — Pr) BV
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THi(B = B2) = =V’
T°B'(By — B2) = =By + Bi(B161) 7'V
Thus apart from By in the direction B and By in the direction By the estimators

are all asymptotic mized Gaussian.

We only give the asymptotic distribution of ¢ in the direction 8, since in the
direction 7 = (3, B1) the normalization is T' 7, which means that in this direction
the asymptotic distribution should be determined simultaneously with the other

parameters (o, w, &, O, 8s).
Proof: The maximum likelihood estimator satisfies the first order condition
D;InL(t) = 0, for all ¢ where g, 7 and ¢ are inserted, that is, from Table 10 we

get

T~ D, In L(t) = tr{Q;" Me,stp} + tr{Q7" M,,1tx}

= tr{pQ; (& — wd )Moy — &' My — p'7' M3 )t} + tr{kQ7 (&, Moy — &'7" My1)t}.
At the maximum point we have
0= ﬁQ;l((O_Z/ — WO_{,J_)MOQ — élM12 - ,5/’7~'/M22) + KJQi—l (6{1M01 — K,%/Mll)
= pQ5 (Meyz — (€ — €)' Mrz — (B — B)' M) + kT (M1 — (7 — 7)' M),
see (15) and (16). Now insert the expansion of § — 3 and use Table 12:

B - p= Blﬂ{(ﬁ - ﬂ) + 32@(3 - ﬁ) = T_IB1BlT + T_2BZB2T,

E—E&=Bofy(§ = &) +77(E— &) =T BoBor + 77'(€ — €).
We then find that

= p05" [Meyo — T By B My — (€ = €)'77' My — T Bl B Moy — T~ Bj B My
+K)Ql_1 [Mell - K/,(% — T)/Mu] .
(30)

We multiply by the matrix T8, from the right and find that some of the
terms tend to zero in probability:

T 5071 (E — €)'17 Myafy + T 6OT (M1 By — K'(F — 7) M ) 5 0,

since f, and 7 are consistent, and T~'7My8;, M. 16, and T-'3,M1f3, are
bounded in probability, see Table 5. The remaining terms from (30) are
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0 = [T~ M,,2 3] Byr[T By Mi2B5)— B} [T B} My Bo) — Byr [T~ By Maa Ba]+0p(1),

where we have cancelled 5/Q;'. Hence the limit B = limy_,.,Br has to satisfy,
see Table 5,

1 1 1 1
0= / (dWs)H} — B, /0 HoHLdt — B! / H.H.dt — B / Hy Hidt
0 0 0

1 1 )
- /0 (dW,)H, — B’ /0 HHdt. (31)

Multiplying by f; from the right in (30) we obtain similarly the equation
1 1 '
0= [ (aWy)H - B | (32)
0 0

The derivative with respect to ¢ is also zero at the maximum point and we
get from Table 10

0=0;1M, = 07 (@& My — wd, Moy — £ Myy — §'Myy)

= 92_1(M€21 - (E— f)/Mll - (ﬁ - ﬂ)IM21)~
We cancel ;! and multiply by (3, from the right to get in the limit

0= [ (aWy)H, — B’ / " HHd, (33)
0 0 0 0

The equations (31), (32), and (33) prove that the limit of By is given by the

mixed Gaussian distribution (28).
In order to find the limit distribution of V7 and Ur we multiply equation (30)
by pi from the left such that the terms that were leading before now vanish. We

then get

0=p (5~ )" [Meyz — (€ — €)' Mo — (B — B) My
-f—p’J_/{Ql_l [Mell — KI/(’F — T)lMll] .

Multiplying by f, from the right we can apply the results from Table 5

W 1
Mofe s [ (dW3)H;,
and
' _ _ 1
T3 My By / HoHdt,
0
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and get in the limit

0= B0 (Jfy (dW,y)Hy — B [} HHjdt)+
PLEQT (Jo (dWh)Hy — &'p 1 (811) 7'V 5 Ho Hbdt).

The first term is zero by (33) and the relation can then be solved for V:

1 1
V=[] HoHdd™ [ Ho(dWay 0 e oL [, 05 L] 8160,
The results of Theorem 2 now follow from Table 12.

Corollary 1 The limit distribution of § is found from

(%5(%_—%))) - (ngj;g) =1 PR [ FGG).

where F' = (F}, F})’,

— (367 (e~ | Mg || HoHiu) o), i = 1,2

and
G = (& —wd )W =(a27'a) d/QW.
This limit distribution 1s the same as the limit distribution for the reduced
rank estimator of B suggested in Johansen ([7], Theorem 5 with ¢ = 3.)

Proof: We use 3; and 3, to normalize the estimator in order to make the
result comparable with that of Theorem 5 in the above mentioned publication.
The expression for F; is now the same and the expression for G can be checked
by the identity

& —wd| = (a7 la) Q7
which is proved by multiplying by the full rank matrix (a, Q1@ ).

This result shows that the two step estimation procedure suggested in Jo-
hansen [7] is efficient for the estimation of 3, that is, when estimating § one can
disregard the second reduced rank condition and simply fit the /(1) model as
given by the restriction (5). Paruolo [10] contains a discussion of the efficiency
of the two step procedure for the estimation of the remaining parameters.

Finally we give the result for the normalized parameters f., 1., and Sy, which
are estimated from (4) with the constraints (5) and (6).

Theorem 3 Let B, B1, and By be normalized by c,c; and cy respectively, and let
ﬂc,ﬂlc,ﬁzc denote the mazimum likelihood estimators in the 1(2) model (4), then

T(B.— B) = (I — Bc)Bu B,
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T(pre — 1) % (I — frc3)(BV — BBy),

T(BQ:: - /82) _)w_ (I - ﬂzc'z),[_i’lV'.

Proof: The likelihood function derived from (4) can be concentrated with
respect to I'q, ..., [t and give the regression equation

Ro: = a(p't'Rat + &' Rat) + (e + aw)&'T'Ryy + &,

where the residuals R;; are indexed by the order of integration. Since the resid-
uals are corrected for stationary variables A2X; ;,..A2X; ., the asymptotic
properties of product moments derived from the residuals Ry; and R;; are the
same as those derived from X;_, and AX;_;, and we can apply the results derived
in previous sections. Consider first the estimation of f normalized by ¢ so that
B'c = I. We define the estimator 3, = B(c¢/8)~! and find the expansion

(b= B)=(B+(B=BN(B+C(B~ )" = (I~ B)(B~p)+0p(T7?),
since we have assumed that ¢/ = I. From the representatioﬁ
(B—B) = BiBi(B — B) + B2B3(B — B) = BT 7' Bur + BT~ *Bar,

we see that R :
T(B: = B) = (I = Bc)p1Bur + 0p(1),

which shows the first result. The results for (81, [2) follow in the same way.
Note that for the results in Theorem 3 we have disregarded the component of the
limit distribution which is of order 7-2. This gives a simpler formulation, but
there may be cases where the relation between the normalization and the vectors
(B, B1, B2) is such that one needs the component of (B — B) in the direction S,
for instance. In such a case one can derive the distribution from the results in

Theorem 2.
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