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Abstract

A result is presented on weak convergence of sequences of mul-
tivariate, higher order autoregressive processes in discrete time, to
certain limit processes in continuous time. The emphasis is on per-
forming the limit in such a way, that the order of the sequence is
preserved in the limit. The simplest, and well known case, is that of
first order autoregressive processes converging to a (Gaussian) diffu-
sion limit. For sequences of higher order, the class of limits include
processes with sample paths, that are differentiable a different number
of times in different directions. The main limit result is formulated as

an invariance principle.
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1 INTRODUCTION

Consider a sequence (Y;), -, of autoregressive processes of order r + 1, given
by -
Vi = AnYnkoic1 + € (k>r+1), (1)
=0
where each Y, ; € R¥*! is viewed as a d—dimensional column vector, and
where the A,; € R%*¢ are non-random coefficient matrices, that do not

depend on k. It will be convenient, but by no means necessary, to think
of the error variables (€n k), +1 as independent and identically distributed,

eng ~ N(0,T,), where N (0,T,) denotes the Gaussian law on R*1 with

mean vector 0 and covariance matrix I',.
The n'th process Y;, is completely specified by describing in addition the
initial values (Y7, x)y< <, - Just now it will be convenient to keep in mind the

simplest case with Y, o =---=Y,, =0.
From the sequence (Y;) -, in discrete time, create a new sequence of

processes (X,,), 5, in continuous time by
Xo(t) =Yomg  (t20). (2)
The problem is now to find conditions on the coeflicients A,; and the

D . . . .
erTors €, k, such that X,, — X, with X some continuous process in continuous

time. Here 3 refers to convergence in distribution on the Skorohod space
Dgaxi ([0,00)). It is particularly important that the limit process should
have properties, that identify the order r + 1 of the autoregressive sequence

(Ya). ‘

The case r = 0 (1'st order autoregressive processes) is standard: consider
for B € R¥*4, writing I; for the d x d identity matrix,
1
Vot = (14 2B) Yapes + en 3)

and assume that €, ~ N (0, %l“ ) where I" is a covariance matrix. Writing
Ay, for the difference operator

Anf(t) = f(t) = f(t—h) (4)
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(3) may be written as
L
A%Xn(t) = T—lBXn (t - %) + €n,[nt]

which in the limit resembles the SDE
dX(t) = BX(t)dt + 'z dW (2),

where W is standard d—dimensional Brownian motion. In fact we have the

following well known result:

Proposition 1.1 Suppose that the sequence (€,) of error processes satisfy

that
[ni] »
Z €nk S U (5)
k=1 >0

with U a continuous semimartingale. Then for X, given by (2) with Y, as
in (3) and Y, 0 = 0 for all n, it holds that X, 2 X, where X is the unique
solution to the SDE

dX(t) = BX(t)dt + dU(t),
subject to the boundary condition X (0) = 0.
For a proof in the univariate case, see [1, Lemma 2.1]. (Using a martingale
functional central limit theorem, they show convergence of a certain sequence

(X,) of processes to a Gaussian limit X. But jfvn(t) = (1 + %) i (1)

is then the same as our X,,, converging to X (t) := eB(=1) X (¢), which is the
Ornstein-Uhlenbeck process). Using the techniques from [3], a different proof

is given in the multivariate case in [9]. :
Note that if for each n, the €, are ii.d N (O ir ) then (5) holds with

U Z I'2W. In this case X is a Gaussian, homogeneous diffusion, see e.g the

surveys [4], [5].
Already if r = 1, the situation is much more complex. For instance,

modifying (3) to

1 1
Yor= (Id + —B) Yop-1+ =5CYk—2 + €np,
n n
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we would still obtain the same limit as in (3) (the term involving Y, r—o is

immaterial), while if
1 1 1
Vi = (2Lt —B) Yases = (T4 =B+ —C) Yasoa + u
n n n

one will obtain a Gaussian limit process with differentiable sample paths,
provided the order of magnitude of the errors is changed with e.g (€,4) an
ii.d sequence with €, ~ N (O, nl—al" . Also, the distribution of the limit
process will depend on both matrices B and C.

To obtain results about converging schemes of autoregressive processes
of arbitrary order r + 1, we shall first in Section 2 discuss a certain class
of continuous processes in continuous time, and then show in Section 3 how
they arise as limits. It will turn out that each of these processes will be the
limit of a converging scheme of the form (for r > 1)

T r+1 1
Yn,k = Z ( Z ;ﬁs,l) )/n,k—l—l + €n,k, (6)

=0 \s=1-r

with each f;; a d X d—matrix not depending on n. In the final Section 4, which
contains our main result, we state an invariance principle with sufficient
conditions for the sequence (X,) determined by (2) from (6), to converge in
distribution to one of the limit processes.

As limits in continuous time of higher order AR—processes, it would be
natural to call the processes that we shall discuss in Section 2, higher order
CAR-processes (autoregressive processes in continuous time). The standard
definition however [7, Section 3.7.5] requires CAR—processes of order £, to be
k times differentiable in time, and so, our class of processes is much larger:
the standard definition would correspond to taking V(® = V1) = ... =
V) = R4 in (8) below.

It may be noted already that for r > 2, strictly negative powers of s
are allowed in (6). Thus, for r = 2 it is for instance possible to obtain

convergence from schemes of the following form,

2

1
Yo = Z (nﬂ_u + Bo,; + 3ﬂ3,z> Yok—i—1+ €

’ (=0 n
and with all three f—matrices affecting the limit distribution!
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2 THE CLASS OF LIMIT PROCESSES

Let X = (X(¢)),5, be a R¥!—valued continuous process. If v € R'*? is a
row vector, we shall say that X is p times differentiable in the direction v,

provided
t—vX(t,w) (7)

is, for almost all w, at least p times continuously differentiable for all ¢ €
Ro := [0,00). Also, for V' C R!*% a linear subspace, we call X p times
differentiable in the direction V, if for almost all w, (7) is at least p times

continuously differentiable, simultaneously for all v € V.
Now define V(® = R!*4 and, for p > 1,

V) = {v € R4 : X is p times differentiable in the direction v}.

Clearly V® is a linear subspace and
yvoO 5y 5.,

Note that for almost all w, the paths (7) are p times differentiable in the
direction V®), as is seen by representing any v € V(#) as a linear combination

of a given finite set of base vectors.
Apart from the process X, we shall assume given a non-negative integer

r, and shall then describe X itself, using only the subspaces

V(O) 5 V(l) RS V(”) (8)

It is natural, but not necessary to impose the condition dim (V(T)> >1,1.e
that V(") must not be the null space {0} . Note that the equality V() = 1/ @+1)

is allowed.
If dim V(T)) > 1 and VOt = {0}, we call r +1 the order of the process

X. Thus the order is the maximal number plus one of differentiations possible
in any direction. Note that in the description of processes- X tobe given now,
r + 1 need not be the order, not even if dim (V(T)) >1.

With r and the nested subspaces (8) given, consider any decomposition

R>¥=gO g...0 Hg" (9)



of the space of d—dimensional row vectors, compatible with the structure

(8):
ve) =g q...0 g (10)

for0 <p <.
Such a decomposition is in general not unique, but it always holds that
H{) = V), Note that since V® = V@+) may occur, H® = {0} is possible.
Corresponding to the decomposition (9), there are uniquely determined
linear maps 7(®) acting on R'*%, such that for any v € R1%%,

V= UW(O) + e +v7r(T)

with vr® € H® 0 < p < r. We shall identify each 7 with a d x d—matrix,
and then note that the 7(®) yield a decomposition of unity

Id:ﬂ-(o)_',_..._*_ﬂ-(’r)
with .
> rank (7r(”)> =d.
p=0
(If H® = {0}, 7(» = 04, the d x d null matrix). Note also that

@7 = 70) 0<p<r) (11)
7-‘-(13)7((41) = Od (O S p '7& q S T').

The 7() were derived from the decomposition (9) of row vectors, but in
turn define a decomposition of the space of column vectors,

R =KOg...q K

with K (?) the subspace spanned by the columns of 7(?) and such that for any

T e Rdxl,
T = W(O)x _I.. e _I,_ﬂ-(’r)x

with 7®)z € K® 0 < p < r. For further reference, introduce also
L =g q...q K,

In the description of the process X we shall now present, the basic ingre-
dients are the (column) components 7() X, Of course here, the sample paths
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t — () X (t,w) are at least p times continuously differéntiable, and the idea

is now to consider the collection

(9)
7 = ((w(”)X) )OSQSPST (12)

of all derivatives under consideration, and then set up a simple SDE for this

big process Z.
Notation. The upper index ¢ in (12) refers to the ¢’th time derivative,

((p)X)(Q)() i(ﬂ(p)X) (). C(13)

Note that an expression like (pX )(q), where p is some matrix, makes
sense only if the rows of p belong to V(9), and that it is not allowed to write
e.g 7 (X (Q)) for the left hand side of (13): X may not have ¢'th order

derivatives in all directions.
We shall now present the SDE for the big process Z given by (12). Of

course

10X = (0X) " a 0<g<p<n,  (4)

so it only remains to specify the SDE’s for the maximal number p of deriva-
tives in each direction 7®), and here we shall impose the following struc-
ture: let U be a continuous semimartingale, defined on a filtered probability
space (0, F, Fy, P) satisfying the usual conditions. Then we assume that for

0<p<r,

a(x®x)? = 32 3 pema) (xmx)D gt 1 20 ayy (15)

m=0¢=0

where each M®™9) ¢ R%*? is non-random and does not depend on time,
and, viewed as a linear map acting on the space of column vectors, M (#9)

K(m) s K@) ‘
It is possible to write (15) in a more compact form. Define

'l)b(p) : 7r(p) + e _l._. 7'['(7')
(so vp® = v for v € V(p) @)z = g for € L®). Then

4 (79x)” = 3 Bo) (p0x)? gt 4 10 a (16)
g=0



with B®9) : L@ — K given by

BPa) — ZT: M(P,m,q)ﬂ(m),

m=q

(recall that for m > ¢, 7™ = 7(™))). Obviously, any system of the form

(16) is also of the form (15).
With (15) or (16) satisfied, it is clear that Z itself satisfies a SDE of the

form _ ~
dZ = BZ dt + dU (17)
where B is non-random and does not depend on time, and where U is a

continuous semimartingale.
Given a Fp—measurable random vector Zy, the SDE (17) has a unique

strong solution with Z(0) = Z,. With this and the preceding discussion in
mind, the following result is easy to show.

Proposition 2.1 (i) With U a R**'—valued, continuous semimartingale,
and P9 € K® given non-random vectors (0 < ¢ < p < r), there is a unique
process X, which solves (16) for 0 < p < r, which is p times differentiable in
the direction V?) for each p, and which satisfies the initial conditions

(r0x)? ) =20 (0<q<pso). (19)

(ii) If U is a Brownian motion, the solution X is Gaussian, and the big
process Z determined by X is a Gaussian, homogeneous diffusion.

Remarks.

e We call U a Brownian motion (defined on (2, F, F3, P) if U is adapted,
continuous, U(0) = 0 a.s. and for some drift vector ¢ € R**! and some
d X d covariance matrix I', U(t) — U(s) is for 0 < s < ¢ independent of

Fsand N ((t—s)¢, (t —s) ') —distributed.

e If U is a Brownian motion with non-singular covariance I', then the
process X obtained by Proposition 2.1 has order 7 + 1. In that case, if
also d =1, X is an example of a (Gaussian) r'th order Markov process

in the sense of [2, p. 272].



o With U still Brownian, the big process Z is an example of what [5]
called a Gaussian homogeneous diffusion with smooth components.

Any such process in d dimensions satisfies an SDE of the form
iz = (A+ BZ) dt + DdW (19)

with W a d—dimensional standard Brownian motion and the matrix D
of reduced rank < d.

e It should now be clear, that the idea behind the system of equations
(14) and (16) is to set up, in the case where U is a Brownian motion,
the most general class of processes X, such that the corresponding
big processes Z are Gaussian, homogeneous diffusions. Note that this

is achieved without incorporating constant drift terms (such as A in
(19)) in (16) or (17): these terms are included in the driving Brownian

motion U.
It is somewhat unsatisfactory that Proposition 2.1 depends on the arbi-
trary subspace decomposition (9). However, it is possible to describe X as

the solution to a system of SDE’s that are intrinsic in the sense that the co-
efficients in the finite variation terms depend only on the fundamental spaces

V(P), not on the arbitrary H®s,

Theorem 2.2 (i) Let the semimartingale U and the vectors (9 be as in
Proposition2.1. If X denotes the unique solution to (16) with (W(p)X) @ (0) =

z(9) then there exist linear maps (not depending on the z(P9))

PG I VA (NN v C)

for 0 < p,qg <r and
F) .y RIX

for 0 < p <, such that

dX)? =3 (va®@9x)? dt 4 vy av (20)

g=0

for0<p<randalveVP,



The a®9) and the ) satisfy the consistency conditions that for 0 < p <
r—1,
(r+1)
vatrn) = 0 e7ptlvelVy (21)
v g=p+1, veVetd),

vy =0 (v € V(”H)) . (22)

(i) Suppose conversely that
RIX4=y0© 5...5y0)

are given subspaces, and let oP9) : V®) — V(@) gnd 4®) : V) — RIX¢ pe
linear maps that satisfy (21) and (22) respectively. Let furthermore f(®9) :
V®) — R be linear functionals such that for 0 < g<p<r—1

vfP9) = o flPtLa) (v € V(”+1)) . (23)

Then, with U a given continuous semimartingale, there is a unique process
X, p times differentiable in the direction V®) for all p, that satisfies (20) for
all 0 < p <r, v €V® subject to the initial conditions

X)) =vf®?  (0<q<p<r veV®). (24)

Proof. (i) Let v € V®. From (16) and (14), since v = 7 _ vr(™ for
v € V@ _ it follows that

d(vX)? = Y vBE) ($0X) Dt T v (=) )t 4 or® au,
q=0 m=p+1

which is of the form (20) with

B(p)Q)Q)/)(Q) (q ;é p + 1)
(ra) —
aPl = { (B(p,p+1) + ]d) p(Pt+1) (g=p+1), . (25)

~P) = 7).

It is obvious that va®® € V@ if v € V), Since v7® = 0 for v €
V{r+1) (22) holds. (Here and in the sequel, (11) is used without comment).
Since B®9) : [(@ — K@) we have BP9y@ = 7)) B@ay@) and hence
vBEDY() = 0 if v € VD, Since also then vyp®+1) = v, (21) follows.
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(i) Suppose there is a process X satisfying the requirements in part (ii)
of the theorem. Consider a decomposition (9) satisfying (10) and define 7 ()
in the usual way. Then (20) implies

d (W(P)X) ) _ 3 (W(P)Q(PJ)X) (@) dt + 7®4®) g,
g=0

Here 7 o@9) = 7)o (P9)i)(@) because a9 : V) — V(9 and it is seen that
X satisfies (16) with
B®a) — ;(p) o, (Pa) . (26)
and the U in (16) replaced by U := ~®U. Furthermore z(2) := (w(p)X) & (0)
for 0 < ¢ < p < ris given by

2(P9) — 7r(p)f(p,q)_ (27)

Thus X satisfies the conditions of Proposition 2.1, and hence, by that
proposition, X is at most unique. To show that there is an X obeying
the requirements of the theorem, consider the solution X to (16), where
U is replaced by U, B®9 is given by (26), and z®9 by (27). We must
then show that X satisfies (20) with (see (24)) (vj(/)(q) (0) = vf®9) for

Ongpér,UEV(”). —
Since X satisfies (16), part (i) of Theorem 2.2 and its proof applies to X,

in particular it follows that X satisfies an equation of the form
4(vX)” = 3 (1a9X)? dt + 030 a0,
g=0

Where &(pxq) e W(p)a(pv‘.I)'%b(Q) if q # p + 1 and — <7r(p+1)a(P7p+1) _|_ Id) rlp(p'l'l) if
g = p+1, is given by (25), using the B from (26), and where #) = ().
Thus, to show that X satisfies (20) itself, it suffices show that for v € V),

v&a®9) = P, v Py () = (), (28)

But for v € V@ if ¢ £ p+1,

vaP9) = pr®)a(P)y)
vﬂ(P)a(qu)

= v (yr(P) + 1/)(P+1)) a(P:9)

= valP),
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where we have first used that v7®) a9 € V(9 and then that v+ a9 = 0
by (21). Andif g =p+1,

vaPrtl) = o (gC)alprtl) 4 [4) 4 et1)
Uﬂ'(p)a(]’vp""l) -+ v¢(p+1)

o1 @ PPt) 4 yeh (D) o (pr+1)
= valertl)

using (21) for the third equality.
This proves the first identity in (28). The second follows from (22) since

for v € V(»),
vﬂ)/(p) = (7‘-(73) _|_ ¢(P+1)> f}/(p) — vT"(p)F)I(p).

It remains to check that X satisfies the proper initial conditions,
(%) (0) = vy

for 0 < ¢ <p<randve VP But (see (27))

vX ) (0) = ; o™X @ (0) = - o (™) f(ma)
z Z

m=p

and since by (23), vr(™) f(m9) = x ) f(#9) for m > p, it follows that
(vj(v) (@) (0) = Z vﬂ-(m)f(p,Q) = p f(P9)
m=p
holds.

3 SEQUENCES OF AR-PROCESSES CON-
VERGING TO A GIVEN LIMIT

As a first step towards our main result, we shall in this section show how any
limit process X of the type discussed in Section 2, may be obtained as the

limit of sequences af autoregressive processes.
It will be convenient at this stage to use Proposition 2.1 and describe X

as the solution to (16) with initial conditions (18).
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For f : Ro — R a function, and A > 0 we define (cf (4)) Anf as the

function

M) =) —FE—F) (2 h).
Repeated use of this difference operator gives
ML) = 30 () (C)" f(t—mh) (¢ > ph) (29)

for p € N, and for p = 0 we define A f = f. )
The following observation forms the basis for the proofs in this section.

Lemma 3.1 Let f : Rg — R%*! be ¢ > 1 times continuously differentiable.
Then, for any p > q,
ML) = [ durdug ATTO() (2 ph),  (30)

M)

where, writing ug = t,

M) = {(u1,...,uq) ER? : ujmg —h <u; <wyq, 1 <0< g}
O

The lemma is obviously true for p = ¢ = 1 and is easily proved in general,

using induction on p.
Let now X be the unique solution to (16) with initial conditions (18).

We shall use Lemma 3.1 to obtain approximate difference equations for X,
involving the process at the lattice time points %, where n € N, k € No.
Using (30) with p replaced by p+1 and ¢ = p, it follows from (16) that

forneN, k>p+1, |
ARt (W(p) X) (%) = / duy - - - du, <(7r(?’) X) (?) (u,) —‘(7r,(”) X) @ (up 1 ))

M (£) -

- / duy -+ dupyy Y BP9 (Q/,(q)X) @ (Upy1) + Effj}c (31)

g=0
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with errors
&) = / dus -+ duy (70U (u,) = 7®U (u, — 1)) . (32)
wE (%) ~

In what follows, consider only k& such that f—b < T, where T' > 0 is an

arbitrary constant.
Now, in the integral in (31), lup.,,l - fi—l < B "and since the integrand is

uniformly continuous on [0, 7], we may therefore write

(9) _
(#X)™ () = (ndrz)" (#0X) (552) +0(1), (33)
where o(1) is a random vector, converging to 0 a.s as n — oo, uniformly in
k,up+1 with f < T, upy1 < T and Iup+1 - %l < 7’1’—1 Since the Lebesgue

measure of M5t (f) is n7P71 it follows that

S

T

Azi;l( (P)X) (f) Z% s qB(PQ)Aq <¢(4)X)< )+~{p) +0k’p( P1+1>
o=

(34)
for r +1 < k < [nT], where ok, (n"P71) is a random vector such that
max _ nPt! ”0k,p (npl+1) =20 (35)

kir+1<k<[nT]

as n — oo. Here ||-|| denotes the Euclidean, or any other equivalent norm on
Rx1

Remark. For (33) we just needed some good approximation to the
¢'th derivative of ¥ X in terms of X evaluated at the lattice points L for
J < k—1. We could equally well have replaced * k=1 on the right of (33) by, say,

k 2 and even used an approximant other than (nA 1) to the differentiation

operator EE Thus the converging scheme presented below, is by no means
the only one with X as limit.
Proposition 3.2 Let(Y,), ., denote the sequence of autoregressive processes

of orderr 4+ 1 given by (1), where

T

-1
A=) 1(l<p)(l+1) (_1)17,-(;;) + Z:l i (_1)1 (?)B(”"’)Iﬁ(q) . (36)
q:

p=0

14



o= 301 (000 (£) - 200 (122)) 67)

p=0

and with initial values (Y )ocj<n given by

Y, ;= ZW(”)Y;J

0

where, for each p, 7)Y, ; is determined recursively by

. J . . .
o e — 35 () (=17 (0<j<p)
TPy, ;= L om) = , o) _ (38)
EZE PP} — ,i;l (z) (—1) Vs Yn,j—i (P <.7 S T').

Defining X, by Xn(t) = Y, [ng, it then holds that
X, *58° X,
Remark. (38) may be written
niAL (W(P)Xn) (%) = () (0<j<p)

nPAi (W(P)Xn) (%) = g(ep) (p<jg<r).

n

(39)

Notation. a.s.u.c is short for ’convergence almost surely, uniformly on
compact intervals of time’.

Proof. In (34), sum once over k to obtain (since the number of terms in
the sum is < nT)

4 (100) (5) = 84 (%) (5) + 3 3 ey (50) ()

j=r+14¢=0

Py o)

J=r+1

where o(n™?) = Zfﬂ“ 0; (n7P71). Define

= (o0 () - ().

np

15



By (32)

= [ dudymOU) — [ du. ey 7 ®U ()

,

ML (%) ME (55)
and hence
i k
S (- = duy . .. du,, <W(P>U(up) —x®)y (—)) (40)
0 !

= o(3)

uniformly in &k, r+1 <k S [n T , since U is continuous.
Now define X,, by X, (¢) = ( )and cf (34), for k> r +1,

A?@m&ﬂa=imiJW%NX)<)+#L ()

9=0

where F®9) = B®:a)y)(a),
Since the leading term on the left is 7(?) X, (’C ) and all other terms involve

X, at points l, where j < k, this is a recursive system determining X,
> 7P X, once the initial Values

(X” (%))oggr
are fixed.

In the remainder of the proof, write A = A1 and introduce
DF =g X — 7@ X,
D,=X-X,

and

&n:max{nlNAlDﬁ (%)“  Lp,gwith0<I<p<r, lSer},

16



> [(E) =) + o5 (1))

j=r+1

Ay = max P
pk:0<p<r, r+1<k<[nT]

with 0;, (n7P~1) as in (34).

The random variable &, refers to the initial difference (before time L)
between X and X,, while ), describes the discrepancy between the error
terms in (34) and those used in the definition of X,,, see (41). From (35) and

(40) it follows, that for any T' > 0,
A 23 0. C(42)

We now claim that for T' > 0 sufficiently small, there is a constant K > 0
such that for 0 <m < p <,

b (ot ) (43)

ey (1872 (9)

im<5<[nT]

This claim is true for any p, m and j with m < p, m < j < r by the definition
of k,, provided K > 1. Next, sum once over k in (34) and (41) to obtain, for

r+1< k< [nd],

aDp () =arDp (2) 4+ 3 ¥ ko FOO(AD,) (1) (a4)

j=;+1 g=0
+ j:zr;l-l [ggg - 67(1}3' T %p (”T}J’T)] '

We can now show by induction on j that
|ampz (£)] < nif; (Kn + An) (45)

for any m < p and any j with m< j < [nT]: assuming that (45) is true for
all m<pand 1<y <k-—1,it follows from (44) that

F(p,q)” (r+ 1)K (ko + Ag) + 22

Jarpz (8)] < =+ 5 3

Jj=r+14¢=0
< ka4 M) (1 +(r+1)KT io ”F(Z”Q)”> .
- (46)
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(For M a square matrix, || M|| denotes the operator norm corresponding to
the vector norm ||-|| already in use). Thus (45) holds also for m = p and
J = k provided T' > 0 is first chosen so small that (for all p)

(r+1)T i ”F(m)” <1,
g=0
and then K > 1 is chosen so large that
L4 (r+ DETY |Fea| < k.
9=0

With these choices of T' and K, (43) has been proved for m = p, at time f

For other values of m, use induction backwards on m. So if (43) is true for
m, use
k
A (5) = 3 A™DE (L) +A™tDE (£) (47)
Jj=r+1

to obtain
(kn+ ) (1 + KT),

Jam=10z (8)] < =5

which shows (43) for m — 1 at time £ provided T' < 1 and K is sufficiently

large.
With the claim (43) established, take m = 0 and sum over p to obtain
o2 U () =X (]} < DK (o). 49)

Because of (42) it will follow that X, 23 X, uniformly on [0, T] provided
K 250, (49)

Assuming this for the moment and repeating the argument leading to (48),
one finds that X, 23 X, uniformly on an interval starting fractionally to the
left of T' (to get the new ’initial values’ in place before time T'), at (1—6)T say,
and of length 7. Thus X,, 23 X uniformly on [0, (2 — §)T] and continuing,

a.s.u.c

the assertion X,, "= X follows.
It remains to prove (49) and to read off the coefficients (36). The latter

is easy, just use (41) and (29), isolate 7(P) X, (-7’%) on the left, and sum over p

18



to obtain tc.f. (1))

X, (£) = zAX (1) 4 e,

with the A, as in (36) and €, as in (37).
Finally, to prove (49), note that from (30) and the initial condition

(ﬂ'(”)X) @ (0) = z(®9 it follows that for all p and all m,j with 0 < m <
p, m< ] <, . ' .
n™ AP X (%) = 2™ 4 (1)

(with o(1) random, 23 0). It is then clear that (49) follows if we show that

(39) implies, for p,m, j as above

n™ A" ® X (%) = g(Pm) 4 o(1) (50)

(with o(1) non-random since the X, (711) are non-random for j < r). But by
(39), (50) is true for j =m where 0 < m < p,andform =pand p<j <.
The simple observation (use (39))

nm A" ®) X (%) =n" Zj: Am+1;r(p)Xn (i) + gm) (51)
i=l41

now permits a proof of (50) using backwards induction in m, starting from
m = p: by the induction hypothesis each term in the sum in (51) is O (n=™"1)
and the right hand side of (50) becomes z®™ + O (n~1). 0

The expression (36) is not particularly useful and not very illuminating! It
is clear that the geometric structure of the limit process X has been well and
truly obscured by the autoregressive representation. It appears impossible
to use (36) to recognize converging systems of autoregressive processes, so
when addressing this problem in the next section, we shall rely on a different
approach. However, the technique used in the proof-of Proposition 3.2, will
prove useful in Section 4 also. o

Instead of using the method described above for determining AR-processes
X,, converging to X, one could have started with the big process Z (an Ito-
process) determined by X, and considered the standard Euler scheme [6,
Chapter 9] converging to Z. Converting this into AR-processes converging to
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X is however cumbersome (the expression (36) is at least explicit), and in
any case we find it more informative to work directly with X as it was done

above.

4 SUFFICIENT CONDITIONS FOR WEAK
CONVERGENCE OF SEQUENCES OF
AR-PROCESSES

In the previous section a concrete sequence of AR(r + 1)—processes was
exhibited, converging a.s.u.c to a given limit X of order r. The sequence
in question is of the form (1) with coeflicients given by expressions of the
following type (see (36))
A= Y =By (52)
SER, n

where each §;,; € R?*¢ and the range R, of summation always includes s = 0
and further consists of all values s = p + 1 — ¢ obtainable when 0 < p,q < r.

Thus
e[ {01 ifr=0
"l {-r+1,—r+2,...,r,r+1} ifr>1.

Note that if r > 2, strictly negative values of s may occur, cf. the closing
remarks of Section 1.

We shall now consider arbitrary sequences (Y;,) of AR(r+1)—processes of
the form (1) with the A, as in (52), and shall then find sufficient conditions
on the f,, the errors €, and the initial conditions for each Y;,, that ensures
that the sequence (X,,) of continuous time processes derived from (Y,) as in
(2) converges in distribution to a limit process X of the type discussed in
Section 2.

Initially we shall fix the limit X, and use the description (20), (24) pro-
vided by Theorem 2.2. From Lemma 3.1 and (20) it follows that for any p
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with 0 < p < r and any v € V(®), Writing A= Al,

APy X (%) = / duy -+ dupyq E ( OI(M)X) “ (up+1) (53)
wri(x) =
/ duy - - - duy, vy® (U (up) = U (ur - %)) )
wr(2)

while for X,,, (see (1) and (52)),

AP X, () = Z > = ﬂ(’”) X (522) + veng (54)
= OSERT
where 5 £
® _ 5,0 ifs#0
Pai = { Bot — (1) aen (1) I i s =0. (55)

The main problem is to find out how the geometric structure of the limit X,
i.e the subspaces V(© O ... D V() is reflected in the matrices B;;. The idea

we shall use is the following: the first term on the right of (53) is

5 2 (0002) (52) 40 () 0

nP+1

and we then aim for the sum on the right of (54), where X, is replaced by X,
to approximate (56) with sufficient accuracy, i.e to within order o(n=771).

Thus we want

1 Z( a(p,q)X)(Q) (k;—l) Z Z —vﬂ(”) (k —1- 1) +0(nP+1)' (57)

p+1
nertt 2o 1=0 s€

For this to be possible, one must be able to Taylor expand, for an arbitrary
sample path for X, the sum on the right of (57) around time £=1 with suffi-

cient accuracy, which forces each v,@s(f}) to belong to an appropriate subspace

V(™) —we must demand that ﬂgﬁ) maps V® into sonie V™ or {0} .
We have indicated some of the conditions on the f;;, that will appear
later. But the first task is to argue that the idea just sketched can be made

to work.
Suppose that X, X, are as above, but defined on the same probability

space. Define D, = X — X,,.
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Lemma 4.1 Suppose that there is a constant T > 0 such that for all p, 0 <
p<randve Ve,

£P(v) 230, M(v) 230, pE(v) 230, (58)
where
kE(v) = max{nm’Am (vD )(%)‘ m, ] withOSmSp,mSer}
w0 = ] £ v e (0(8) v o)
pE(v) = e X Léo (va(P,q)X) () (z) p-l-ll » ﬁ(”) (

Assume also that for all p, v € V) and s < p,

Z vl = (59)

=0

Then X, *35° X.

Remarks. Note that (58) holds for all v € V(®) iff it holds for finitely
many vectors forming a base. The first condition in (58) ensures that X, is
close to X initially, the second controls the errors, and the third is a precise

formulation of (57).
Proof. The proof resembles that of Proposition 3.2. For each p, let E®)

be a finite set of base vectors for V(). We want first to show that for 7' > 0
sufficiently small, there is a constant K > 0 such that for all p and m with
0<m<p<randve E®P,

max {|amoD, ()]} < ., (60)

3:m << [nT)
where
¢, = max {mﬁ(v) + A (v) 4+ TpE(v) +vo(l):povwith0<p<r, veE E(p)}.

Since ¢, 23 0, it will then follow, arguing as in the proof of Proposition
3.2 (using m = 0 in (60)), firstly that X, 3 X, uniformly on [0,7] and
subsequently that X, *23° X,
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In establishing (60), the important case is m = p. For m < p, argue as in

the proof of Proposition 3.2, the paragraph containing (47).
Let v € V(®). To show (60) for m = p, sum once on k in (53) and (54) to

obtain (cf. (44)) for & > r +1
ArD, (£) = ArvD, (£)
+ 2, (o) () - £ 2
bR S r Leghin, (i)

j=r+1l= OsERr

3070 (0 () =0 0) o0k () = 5, e

sl (22))

p —-p a.s . a.s .
where T T [vog (nP)| =3 0. Thus, with o(1) =5 0 not depending on
k,

n?|APuD, (£)| < w2 (v )+Ag(v)+Tpg(v)+vo(1) (61)

b 55 alup, (552))

j=r+11=0 s€R,, sZp+1

where we have used assumption (59). Now, to show by induction in £,
that this is < the expression on the right of (60), one must be able to
control the triple sum in (61). By the induction hypothesis, estimates of
,Ava ( =1 1)] of the form (60) are available for all §, & € E(), in partic-

ular, form =0, v € E©
. () < K.

For the given v € E®), write vﬂs(f}) as a linear combination of the vectors in
E©) (which span R**9). It is then clear that there is a constant C' > 0 such
that for all p,s,! : .

089D, (E22)| < CK ¢,
and hence

S n EpAD.(E2)] < £ LOKC,

=0 seRr,SZp-I-l I=0s€R;,s>p+1

L K¢,

—_ np+1
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with C; a constant not depending on T or p. With the sum over j in (61)
containing < nT' terms we may now proceed as in the proof of Proposition

3.2, (45), and obtain (60) at time £ for T sufficiently small and K sufficiently

large. O

We need one further result, the following curious combinatorial identity.

Lemma 4.2 For non-negative integers 1,p with 0 <1 S p+ 1, define
. p l . 1
Spi = (=1 L1 (35).

=0

Then
Sp,i = 1 (O <1< P)

Sp,p+1 = 1—(P+1)!

Note. Use 0° =1 in the definition of .S,,.
Sketch of proof. Because

TR O B

one immediately verifies the recursion formula
Spit1 = (p+1) Sp-1,i — pSpyi

for + > 0, p > 1. Now proceed by induction on p and 3. ]

Let now (Y;),5, be a sequence of AR(r + 1)—processes of the form (1)
with coefficients of the form (52), and define X,,(t) = Y, (ng as usual. Recall
the definition (55) of ,Bif’l).

Theorem 4.3 Suppose there exists subspaces R*¢ = V(© 5 Y1) 5 ... 5
V) (with V) = {0} allowed), linear maps v®) : V) — R4 satisfying
(22) and linear functionals f®9) : V®) — R satisfying (23), such that the
following three conditions hold:

(i) (Initial conditions) For all p, v € V),

WAL (vX,) (2) = o™ (0<j<p)

24



n! AL (vX,) (%) = pfP) (p<y S r).

(ii) (Error convergence) There is a continuous R**'—valued semimartin-
gale U, defined on some filtered space (Q, F, Fy, P) with U(0) = 0 a.s, such
that if for any p, v € V® one defines the scalar valued processes

[n]
U,(f)(v) = nf Z VeEn k
k=r+1

it holds for all N € N, 0 < py,p2,...,pn <1, 01 €V 0, e V@ [ oy €
V) that

(Uépl)(vl),(/;gpz)(w) . .,Ué”N)(vN)) 5 (vl'y(pl)U, vy ®U, . .. ,vN7(pN)U) .
(62)

(iii) (Subspace conditions). For all p,l with 0 < p,l <r

B VO S VO (p 1 <s <) (63)
Also, for all0 < 1 <,
Boy: VO+) 5 {0} (minR, <s5<0), (64)
(Bog — (1) (511 1) : V) — {0} . (65)
Finally, formin R, < s <0
N8 VO {0} (0<q<—s—1)
1=0 (66)
Zlqﬂs,l : Vat) - {0} (-s<g¢<r-1)
=0
while for s =0
Doy — (—1)L: V@D - {0} (0<g<r—1). - (67)
=0 '
and for1 <s<r
Y198, VI 5 {0} (0< g<r—ys). (68)

=0
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Then it holds that
X, 3 X,
where X is given as the unique solution to (20) with initial conditions (24),
and where the linear maps o(P9) from (20) are determined by

1 T
A = Y=y, (69)
' =0

and satisfy (21).

Remarks.

e Condition (i) should be compared with (39). Because of (23), it should
be clear that the equations in (i) are consistent and define X, (%) for
0<j<r

e Condition (ii) is a condition of process convergence of the sequence
of errors from (1). It may be given in a different form, more useful
for applications. Consider a decomposition (9) of R1*¢, which satisfies

(10), and let 7 denote the corresponding "projections’. Now suppose
that for each p there is a H(® —valued, continuous semimartingale U(®)

such that if .
U,(Lp) =nP Z 7®e, k

=r+1
it holds that
(Uygo)a U’r(Ll)7 SERE) UT(LT)) 2) (U(O)’ U(l)’ Tt U(T)) ! (70)

(Skorohod convergence on (RdXI)TH), then (ii) is satisfied: forv € V®)

[n] T [n]
n? Z VEpk = Zv (np Z ﬂ'(q)én’k)
g=p

k=r+1 k=r+1
2 WU (r),

and similarly for the joint convergence in (62). Thus, defining U =
S U@, this limit is vr®U, so (ii) holds with 4 = 7(?) and these
7(#) of course satisfy (22). It is clear that (ii) implies (70), so the two
conditions are equivalent.
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e Suppose that for each n, the €, for £ > r +1 are ii.d with Eepp =
0, Cov €, = I';. Then, using the preceding remark, it is seen that
condition (ii) is satisfied provided for all p, q there is =% ¢ R¥*¢ with

E(”’q)T = Z(9P) guch that

Or 0T _ 1 o) =eg @7
TP T, w4 —np+q+17rpupq7rq . (71)

In that case, U is a Brownian motion with 0 drift and covariance matrix
I' (see the first remark after Proposition 2.1),

T = ZT: XT: 2P =E) 0T

p=0g=0

(T stands for ’transpose’). (71) shows clearly how the errors ¢, ; must
be normalized differently in different directions.

Proof of Theorem 4.3. We shall use Lemma 4.1. In order to do this,
first note that by the Skorohod embedding theorem, [8] or e.g [3, Theorem

3.1.8], we may assume that for any p, v € V),
U (v) >33 oy, (72)

Indeed, since (70) holds, the Skorohod embedding allows us to assume that
all U() and U are defined on the same probability space with

(U0, u,...,00) 23 (UO,00,...,u0). (73)

Since the limit process is continuous, the a.s convergence of the sequence
(UT(LP)) of random variables with values in the Skorohod space D, (Ro) ~
n .

DRdx(rJf) (Ro) translates into a.s.u.c convergence, and (72) follows.
Assuming, as we now may, that (72) holds, the proof will be complete if we
show that X,, *>3° X, and this follows from Lemma 4:1 if we verify conditions
(58) and (59). But the first assertion in (58) follows from (i) in the Theorem,
copying the argument for (49) in the proof of Proposition 3.2. The second
assertion in (58) follows directly from (72). To obtain the last assertion in
(58), it suffices to show that for any continuous path w : Ry — R*! with
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t — vw(t), p times continuously differentiable for any p, v € V) (so w is a
typical sample path for X),

lim XT: (va(”’Q)w) W (t) — zT: > nrtiee (vﬁs(ﬁ)w) (t - %) =0 (74)

n—oo
g=0 =0 s€R,

uniformly in ¢ € [0, 7] for any T > 0.
For this to work, we first demand that the (s, )'th term in the double sum,

can be Taylor expanded around ¢ to within order o(1), which is a problem
only if s < p, i.e we need that

v e VEH=)  (yeV®) 1<i<r pl-r<s<p)  (75)

wp?) =0 (veV®, 1<i<r, mnR <s<p-r). (76)

(Recall that min R, is 0 if r = 0 and —r + 1 if » > 1). Next, performing the
expansion, the double sum becomes

roptl . ptlzs X Y @), (@
YO wt Yy g (—;) (vﬂsf} w) (t) +o(1) (77)
=0 s=p+1-r g=0

which for (74) to hold should equal

3 (vaDw)® () + o(1). (78)

9=0

View both (77) and (78) as expansions in powers of n and the order ¢ of
differentiation. Then match the two expressions term by term to obtain the

conditions

U(Zlqﬂg})) =0  (veVW, p+1-r<s<p, 0<g<p-—s), (79
=0

v (Z %(—l)qﬂgr)l_q’,) = valP?) (v eVlP 0<g< 7‘) . (80)
=0

We have now shown that (74) holds if (75), (76), (79) and (80) hold. But
(75) is just (63), and (76) is the same as (65) in the case s = 0 and follows
from (64) in the case s < 0 since v € V® C V+3), Further, (80) agrees with
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the definition (69) of the (P9 and (79) follows from (66), (67) and (68) as
we shall now see: if s # 0, (79) just reads v (3;1965;) = 0 for v € V® an
assertion which is strongest for p as small as possible in agreement with (66)

if s < 0 and with (68) if s > 0. For s = 0 the left hand side of (79) is the

v (Tio 1901 — Tlho 11(=1) (511) 1)
= v lfoy — (—1)"Spqv
S U Y
for v € V() by Lemma 4. 2 The smallest value of p allowed is p = ¢, and we

see that (79) for s = 0 follows from (67).

In order for us to apply Lemma 4.1, we still have to verify (59), but this
is just (79) for ¢ = 0. Of the assertions from the theorem it now only remains
to prove, that the a(»?) map V() into V@, which follows from (63) with
s =p+1—g, and that they satisfy (21). But ifve Ve forg£p+1 we

get

same as

1 T
valP? = —y (Z(-—l)qﬁp+1—q,l> =0

9 \i=o

in the case ¢ < r by (79) with p replaced by p+1, s = p+1— ¢, and in the
case ¢ = r by (76) with p replaced by p+ 1, s:p—l-l—r whileif g =p+1

valr ) = 032 P (B = (1) Lo () ).
-0
By (79) with p replaced by p+1, s =0, ¢=p+1,

0 Y PHpETY = ¢
=0

for v € VP*+Y), Thus

valP D) = v 37 L (<P (1) 1agpan (37) — (<1 10z (51))
2 ‘ e

and with the notation and assertion of Lemma 4.2, this

— 1
= Vet (Sp+1p41 = Sppt1)

=2
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as desired. O

Of the many identities appearing in the subspace conditions of the The-
orem we emphasize one: taking ¢ = 0 in (67) gives

> Boy = 1Iu.
1=0

Referring back to (52) and (1), this shows that approximately X, (f) is

represented as an average of the X, (%"—1) for0<I<r.
We shall conclude with two examples that illustrate the effect of the

subspace conditions in Theorem 4.3.
Example. Consider the case V() = {0} with r arbitrary (so r = 0
gives the standard case from Proposition 1.1). One finds that (63)—(68) are

equivalent to

Po, = { éj g ; (1)3: Bsy =04 (s<0, alll).

Thus, if the initial conditions and the errors behave, there will be convergence
of the systems
r T+l 1
X (£) = X (552) + 2230 —BuXa (B572) + ne (81)

n
=0 s=1 n

But very few of the coefficients will affect the limit: by (69)
o =3 ", =0 (¢21),
=0

and all other a(? are required to map {0} into {0}, which is automatic.
So all terms with s > 2 in (81) are immaterial, and for s = 1 only the sum
> 1, is relevant for the structure of the limit process. o

Example. Taker =1 and assume that d; := dim V(!) > 1. The subspace
conditions involve fy; and B;; only, not the 8, ;. One finds that the Bo; must
satisfy
(Boo—1a) : VO - VO, By VO - v, (82)

(Boo—212) : VW = {0}, (Boq + 1) : VIV — {0}, (83)
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Po,o + oy = La, . (84)
while for the £, it holds that
Pra: VO VO (Bo+ fra) : VO — {0}
We can learn a little more about the structure of the fo . Let R'*¢ = H() @
V() be a decomposition as in (10), with ’projections’ 7(®), 7(1), Then from

(82) we get
Por = ’77T(1) (85)

for some matrix 7. In particular, rank fo,; < d; and since by (83), 7 (8o 1 + 1) =

0, it follows that
rank fo1 = dj.

Also by (83), Bo1+ Is = 7© (Bo1 + 1), so rank (Boy + I;) < d — dy. With
(Bog + 1) 7@ = By, (Id - w(l)) + 70 = 79 as follows from (85), we find
rank (,80,1 + Id) = d - dl : (86)

and we have shown that

Iy = (Bo1+ 1) — Pon

is a decomposition of unity with

rowspan o1 = VW, (87)

If conversely fo,1 is such that (87) and (86) hold, then fo1(fo1 + Ia) = 0,

and so, defining o0 by (84), (82) and (83) hold.
The maps a9 are given as follows

a0 = Bro+ P

a(o»l) = —ﬂO,l .
a0 = Ba2,0 + B2,
oll) = SIRE

In particular, for the B3, only the sum (0 + f2,1 and how it acts on V) is
(]

of interest.
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