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0. Introduction

This paper is an illustration of a technique for analyzing time series data that allows for
processes that are integrated of order 2. The theory is presently being developed, see
Johansen (1991b) and has been illustrated by Johansen (1991c) and Juselius (1991). The
paper contains 3 sections. In section 1 we discuss cointegration in particular in connection
with the autoregressive model. Section 2 is a brief explanation of the statistical technique
centered around reduced rank regression, as developed by Anderson (1951), and later
applied to time series by Ahn and Reinsel (1988) and Johansen (1988). The last section
contains an application of the methods to an analysis of the purchasing power parity
between Australia and the United States. We have chosen a data set that consist of log
prices and interest rates in Australia and United States as well as the exchange rate. We
are interested in the purchasing power parity relation that says that p AU —Pus — exch is
a stationary relation. It is found that the PPP relation is not stationary by itself, but if we
include interest rates we can achieve a stationary relation. The analysis presented focuses

on the determination of the cointegrating ranks and the long—run relations, and no attempt

is made to formulate a final econometric model.

1. The autoregressive models

Autoregressive models are useful tools for describing the statistical variation of systems of
economic time series. This section contains a discussion of some of the properties of
autoregresssive processes and models, with special emphasis on the order of integration and
the concept of cointegration. It turns out that in an analysis of a system of economic time
series many of the parameters of the autoregressive model can be given a meaningful
interpretation which helps explain or at least describe the complicated interdependence in
the economy.

We make a distinction between the properties of a particular process with specified

parameter values and the properties of a model as specified by a set of parameters. Thus



we discuss cointegration for a multivariate process and define two classes of models, the
I(1) models and the I(2) models.

We formulate the I(1) models as parameter restrictions of the general autoregressive
model and the I(2) models as further parameter restrictions.

A p—dimensional autoregressive process is generated by the equations
(1.1) X=X, ;+..+X , +p+¥D +¢, t= 1,..,T
where the €, are independent Gaussian p—dimensional with mean zero and variance 2, and

Dt are seasonal dummies.

The VAR model is defined by letting the parameters
(1.2) QPPN | ARTAR 1)
be unrestricted. @ There are two different reparameterizations that are convenient

representations of the same model. The first one is defined by the equations

k—1
(1.3) AXt =X, +i£1FiAXt—i +p+ YD, + €
where II = Ell(Hi —1I, and I‘i =— 211’(+1Hj’ i = 1,...,k—1, such that the parameters

(11, I‘l,...,I‘k_l, L, Q)
are unrestricted.

The next is defined by
9 k—2
(1.4) Ay =TAXy ) +1X; 5+ B

i=1
where I' = Ell{_lFi -1+ 1, <I>i =— Eli(:}I‘j, i =1,...,k=2, such that the parameters

2
OAX, ;+p+ UD, + ¢

(I, T, &,s®y o, 1, ¥, Q)
are unrestricted.
The properties of a process generated by any of the above equations depend on the

parameter values, and to discuss this it is convenient to introduce the characteristic

polynomial

ke i
(1.5) A(z) =1-3{IL.7"

It is then well known that if the roots of the equation det(A(z)) = 0 have modulus greater



than one, then the process described by any of the above equations is stationary. Since we
are interested in non—stationary processes we will allow for unit roots: z = 1. This gives
rise to a class of non—stationary processes with the property that they become stationary
by differencing. A non—stationary process with stationary differences is called an I(1)

process. Similarly we call a process I(2) if it is non—stationary and its difference is I(1),

that is A2Xt is stationary.

1.1 Cointegration of I(1) processes and the definition of I(1) models

As an example of an I(1) process consider

(1.6) X, = Célei + C(L)et,

where C is a pxp matrix and C(z) = Eg’Cizi. The process X, is composed of a random
walk representing the permanent shocks to the system or the common trends and a
stationary process. Thus Xt is clearly non—stationary and since AXt is stationary the
process is I(1).

Now assume that C is singular, and that the matrix v is such that v/C = 0. By
multiplying (1.6) by »* we find that "X, is stationary, since the term involving the
random walk vanishes. Thus the common trends Eiei are eliminated by taking suitable
linear combinations of the process. This phenomenon is called cointegration by Granger
(1981) and was investigated systematically by Engle and Granger (198'}), and later by
many other authors. The intuition behind this is that the common trends or driving forces
drive the economic variables in a non—stationary way, whereas the combinations 1/’Xt are
stationary. The relations v’X = 0 represent the "stable" economic laws, and 1/’Xt
measures the disequilibrium error. Note that in particular that if v = (1,0,...,0) is a
cointegrating vector then »”X,, the first coordinate of X, is stationary. Thus stationarity
of the individual components is a special case of cointegration. If in particular C = 0, then

any vector v is a cointegrating vector, or in other words the process is stationary.



The above example (1.6) provides a simple example of the notion of cointegration,
but it is more convenient from a statistical point of view to apply the autoregressive
representation (1.3) of the process and express integration and cointegration in terms of the
parameters of the autoregressive model. The reason for this is of course that the
autoregressive parameters are easily estimated by regression techniques. Thus we

formulate the I(1) models as a condition on the parameters of the model (1.3).

DEFINITION 1. The I(1) models H,r=01,..,p are defined by equation (1.8) together
with the reduced rank condition
(1.7) II =of

where a and B are pxr matrices.

Note that the definition of the I(1) models implies that we have a set of nested models
Hyc..cH c..c Hp,
The interpretation of H, is that I = 0 and hence that (1.3) is a VAR model for the
differences AXt’ where as Hp is the full VAR model for the process in levels. In general H_

allows for at most r cointegrating vectors.

The motivation for this definition can be found in Granger’s Theorem, see Engle
and Granger (1987). It states that under a suitable extra condition, see Johansen (1990a),
the process described by equation (1.3) with the restriction (1.7) for @ and £ of full rank is
I(1) and given by the a representation of the form (1.6), with a matrix C of the form C =
ﬁ¢ a’, for a suitable choice of px(p—r) matrices a and B of full rank, such that o’ =
Jo K ﬁ; = 0. The parameters § are the long—run parameters or the cointegrating vectors,
since ﬂ’Xt is stationary. The space spanned by ﬂ¢ is called the attractor set, since the
process tends through the equations to be driven back towards the attractor set. The
parameter q, i.e. the coefficient to the disequilibrium error ﬁ'Xt_l, is interpreted as the

force of adjustment of the process to the attractor set.



The variable aiXt can be interpreted as the common trends driving the economy,
since by multiplying (1.3) by o/ one finds that the variables evolve without adjusting to
the disequilibrium error, since the term a ozﬁ’Xt_1 = 0.

Thus the common trends a; X, represent the driving forces in the economy that
move the variables in a non—stationary way around the attractor set spanned by ﬁl. The
agents react to the disequilibrium error ﬂ'Xt through the adjustment coefficients « in order
to re—establish the equilibrium.

The constant term x in equation (1.3) has a double role to play. From Granger’s
representation theorem we find that the process Xt has a linear trend given by Cput =
ﬂlai,ut. The coefficient p also enters into the levels of the stationary process ﬂ’Xt. The
process has no trend if ap = 0. We formulate the hypothesis H: of no trend as the
restriction a/p=0.

Thus the parameters of the cointegration model H_ in the autoregressive
formulation admits a meaningful interpretation which facilitates the formulation of

economic questions of relevance in terms of the statistical parameters of the model.

1.2 Cointegration of I(2) processes and definition of I(2) models.

Consider the example of an I(2) process of the same form as (1.6)

t ] t
(1.8) Xt = C2 ¥ X € + C1 r € + C(L)et, t=1,.,T.
j=1li=1 i=1

For I(2) processes the notion of cointegration is not so simple. To see this consider first the
case where C, has reduced rank, and where v”C, = 0. Clearly »’X, is no longer I(2) but
only I(1), since the first term of (1.8) vanishes. If also »’C; = 0, or C; = 0, then the
process I/’Xt is stationary and v reduces the order from 2 to 0, but there is one more
situation that can occur and which is of interest for the applications.

Consider vectors v and 2% such that ViC2 = 0, and ’inl + z/éC2 = 0, then a

simple calculation shows that Vixt + I/éAXt is stationary.



This phenomenon, which is called polynomial cointegration, has been studied by
Granger and Lee (1989), Engle and Yoo (1989) and Gregoire and Laroque (1991), see also
Johansen (1988). Thus for I(2) processes the notion of "equilibrium" or "stable" relation
may involve not only the levels but also the differences. There are as well common I(2)
trends as common I(1) trends and the formulation of these concepts in terms of the
autoregressive parameters is given below.

In order to define the I(2) models we need some notation. For any pxr matrix a of
full rank r we define a asa px(p—r) matrix of full rank such that o’ a = 0. Wealso
define a = of o’ a)—l, such that a’a = I and P, = aa’ is the projection onto the space

spanned by the columns of a.

DEFINITION 2. The I(2) models Hrs ,8=01.,,.p-r, r=20,..p are defined
by equation (1.4) together with the conditions

(1.9) I =oaf,

(1.10) aTB =on.

Here o and 8 are pxr matrices of rank r and ¢ and n are of dimension (p—r)xs.

Again we have the inclusions

poCr CH g H

Note that Hr L leaves ozi[‘ﬂl unrestricted, but still assumes that there are exactly r
)

H

cointegrating relations, thus H ¢ H.. A process satisfying conditions (1.9) and (1.10)

I,p—T
with ¢ and 7 of full rank has a representation of the form (1.8), see Johansen (1990b)
provided an extra condition is satisfied. Thus under these conditions X, is I(2).

With the autoregressive parameterization (1.9) and (1.10) one can express the
various cointegrating properties based on the ébove mentioned result in the following way:

The cointegrating vectors that reduce the order of the process from 2 to 1 are given by the

r+s vectors (ﬂ,ﬂln). The p—1—s vectors 2 = ﬁﬂ; show which variables are I(2). The



coefficients § have the further property that ﬁ'Xt cointegrates with the differences AXt

with coefficients given by a’T', such that

(1.11) ﬂ’Xt + &’I‘AXt
is stationary. Since (ﬂ,ﬂln)’AXt is already stationary, we also get that
(1.12) ﬂ'Xt + o’ I‘Bfﬂf’AXt

is stationary. In equation (1.12) there are r relations. They involve p—r—s I(1) variables
ﬁf’AXt. If p—1—s < 1 then these can be eliminated by choosing ¢ such that ¢ a’I‘ﬂf = 0.
In this case we define ﬂst at = B¢, and (1.12) then implies that ﬂé ; atX¢ 18 stationary.

The coefficients (a,algo) have the interpretation as adjustment coefficients to the
various disequilibrium errors defined by (1.12) and n’ﬂiAXt, see (2.8). The common I(2)
trends can be defined as a? = EL v, since the linear combinations cvf’Xt evolve without
adjusting to any disequilibrium term. The expression for the matrices C1 and 02 is rather
involved, but some of the structure is apparent from the formula C2 = ﬂf af’. The precise

formulation of the above results can be found in Johansen (1990b).

2. Statistical analysis of the I(1) and the I(2) model

The Gaussian errors in the models imply that likelihood analysis is feasible. For I(1)
models this leads to reduced rank regression of differences on levels corrected for lagged
differences and deterministic terms. Likelihood analysis of I(2) models is not so simple,
and will not be given here. Instead we show by analyzing the equations defining the model,
that by first making the above reduced rank regression in order to estimate r,a and f, and
then analyzing the common trends by reduced rank regression of &1A2Xt on biAXt_l
suitably corrected, we can make inferences in I(2) models. The details are given in

Johansen (1991b), and illustrated in Johansen (1991c) and Juselius (1991).

2.1  Statistical inference in the I(1) model

Equation (1.3) with the restriction (1.7) can be written as



— A k-1
(2.1) AXt = off Xt—l + X PiAXt—i +p+ \I!Dt + €,
where all parameters are varying freely. This is clearly a linear regression model except for
the reduced rank matrix af’. The analysis of Hr consists of a preliminary regression of Xt
and AXt on lagged differences, constant and seasonal dummies D,. This gives residuals

RO ¢ and R, " and the next step is a reduced rank regression of Ry, on R, . To describe this

in more detail define
-1-T

(2.2) Sij =T "X RitRit’ i,j=10,1
and solve the eigenvalue problem
(2.3) |/\S11 - 510800801, =0,

for eigenvalues 1 > A; > ... > )‘p > 0 and eigenvectors V = (vl,...,vp) normalized by

A

V'SHV = I. The estimate of 4 is given by 4 = (vl,...,vr), the estimate of ais a = SO]_'B

A A

and finally the estimate of 2 is = S00 — aa’. The maximized likelihood function is

apart from a constant given by
. r

—2/T _ 1| =
This procedure solves the problem for all values of r and the test of Hr in Hp is given by
p
(2.5) Q. =-TX ln(l—)\i).
i=r+1

The asymptotic distribution of Qr under the assumption of precisely r cointegrating
relations depends on the number of non—stationary components, p—r, and'on the presence
of the linear trend, but does not involve any of the other parameters of the model, see
Johansen (1990a). It is non——standard and tabulated by simulation in Johansen and
Juselius (1990). If we describe data by a model allowing for a linear trend, that is a pt0,
then Table A.1 in Johansen and Juselius (1990) gives the quantiles ¢ 53Y- The value of
r is then estimated by the procedure
(2.6) fr=1}={Q,> Qg > € rypr @ < ¢t}
*
The analysis of Hr which restricts the constant term by ap = 0 is similar and

performed by a reduced rank regression of AX, on (Xi—l’l)' corrected for lagged
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differences and seasonal dummies.

2.2 The statistical analysis of the I(2) model

'The likelihood analysis of the I(2) model is much more complicated due to the two reduced
rank conditions (1.9) and (1.10), see Johansen (1990c). We here apply a different analysis
which consists of two reduced rank regressions of the type described for the I(1) model, see
Johansen (1991b). The first analysis is the analysis of the I(1) model, that is without the
restriction on the matrix I' as given by (1.10). This determines r, & and §. The next step
is an analysis of the I(2) model for fixed values of r, @ and S.

To see why this works assume for a moment that r, a and § w.ere known, and
consider the equation (1.4). Note that the levels only enter through the term aﬂ'Xt_z,
such that if we multiply the equation by a;, the term involving the levels vanishes, and we
obtain the equation in differences
(2.7) @/ A’X, = wTAX, | + 55208 A%X, . + arp+ o UD, + are,.
Now apply the identity

Pg+Pg = fp + B8 =1,
to introduce the variables fAX, , and f/AX, , through the expression
(2.8) a/TAX, = a/T(f8 + B B)AX, 4

= o TA(B AX, 1) + om' (B]AX, ).

Here we have used condition (1.10) to replace the coefficient matrix oziI‘ﬂl by ¢n’, thus
allowing these to enter directly into the equations. By combining (2.7) an& (2.8), it is seen
that the analysis for fixed r, o and f consists of a reduced rank regression of the variables
aiA2Xt on ﬂiAXt_l, corrected for lagged second differences, B’AXt_l together with
constant and seasonal dummies.

In view of the fact that the constant term in (2.7) gives rise to a linear trend in the

differences, and a quadratic trend in the levels of the process it seems reasonable to restrict
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the constant by assuming that o= 0. The analysis of this model is accomplished by a
reduced rank regression of aiA2Xt on ((ﬂiAXt——l)”l), corrected for §’AX, ,, lagged
second differences and seasonal dummies.

The procedure suggested is to analyze the data using the I(1) analysis with g
unrestricted to determine estimates of r, @ and [ and then analyze equation (2.7) by
reduced rank regression for the estimated values of r, @, and § with the constant term
restricted using (2.8). The properties of this procedure are given in Johansen (1991b),
where the most important result is that the asymptotic distribution of the test statistic for
Hr, gin Hr,p— is distributed as that of H: in Hp only with p—r—s degrees of freedom. Thus
the same tables can be used for the I(1) analysis as for the I(2) analysis. It is also proved

that likelihood inference concerning the parameters can be made using the x2 distribution,

since the parameters are either asymptotically Gaussian or mixed Gaussian.

3. Purchasing power parity between Australia and the United States as an illustration of
the I(2) analysis.

The data are quarterly series from 1972:1 to 1991:1 taken from the data base DX (Time
Series Data Express v2.1). They consist of the consumer price index for Australia, p AT
and the United States, Pyg» the exchange rate, exch, measured as the log of the prices of

Australian dollars in US dollars, and the 5 year treasury bond rate in both countries, i AU

and iUS'

The price series are seasona.lly adjusted. Since there was no series for Australia that
covered the whole period, p ¢ is spliced from two series giving the weighted average for 6,
respectively 8, state capital cities. Where the series overlap the difference was +/— 0.1.
the data are plotted in levels and differences in the Appendix. It is clear that the series are
non—stationary, and that a linear trend is needed to describe the price series. It is not so
obvious if the differences are non—stationary, which would require an I(2) analysis. What

we can safely assume, however, is that the processes are not I(3), which is the basic



12

assumption for the I(2) analysis to be valid. Questions about the order of integration of

the individual variables are then formulated inside the model as restrictions on the

parameters.

3.1 The fitting of an autoregressive model with 2 lags

A VAR(2) model was fitted to the data, and some summary statistics are given in

Table 1.
TABLE 1
The autocorrelations and diagnostic statistics for the
residuals after fitting an AR(2) model.
B—P(18) Arch(2) Skew. Ex.Kurt
o 14.8 1.54 70 1.097
Pyg 23.4 1.66 .20 406
exch 16.5 21 2.95 1.090
YWy 13.9 3.30 2.54 757
iUS 8.6 20.28 27 1.707

The test statistics are the Boz—Pierce statistic 1’2587‘? which should be
compared with the quantiles of a X2(16) distribution, the ARCH statistic
which is approzimately distributed as x2(2), and finally the skewness and
excess kurtosis normalized to be asymptotically distributed as x“(1).
It is seen that there is no autocorrelation left in the residuals, but that the US interest
rate has a large ARCH statistic. The asymptotic theory underlying the limit results
certainly allows for distributions other than the Gaussian. The main requirement is

that their cumulative sums converge to Brownian motions. I do not know how the
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ARCH effects influence the results, and the first thing that will be investigated below

is whether the data allows a parameter restriction that implies that we can analyze the

series conditional on the US interest rate.

3.2 The determination of the cointegration ranks r and s
The I(1) analysis as described in section 2.1 gives the eigenvalues, eigenvectors and

adjustment coefficients in Table 2 calculated from (2.3), normalized by the coefficient

top AU
TABLE 2
The eigenvalues, eigenvectors, and their adjustment coefficients
from the I(1) analysis
Eigenvalues
484 .262 215 074 .058
Long—run coefficients
Pau 1.00 1.00 1.00 1.00 1.00
Pug —95 —1.98 -1.12 —1.65 —1.01
exch .38 .76 —.81 14 —.35
iA U —11.75 2.77 4.16 42 —98
iUS 9.34 3.88 2.03 3.28 -1.39
Adjustment coefficients o

ApAU —030 —.013 —.007 012 —.018
Ap Us .004 —.034 —.001 .028 .008
Aezch —.035 —124 .159 .043 —.064
AiA U .028 —.043 .005 —.007 —.009
Aj —.008 —.052 —.000 —.027 .018

Us
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The test statistics Q for testing the hypothesis H_ in Hp are calculated from (2.5) and for
each value of r and the corresponding estimates of a and f given in the first r columns of
Table 2, we analyze (2.7) by reduced rank regression and restricted constant term, and
calculate the statistics Q:’ ¢ equivalent to (2.5) for testing the hypothesis H:: g in H:,p_r.
The results are given in Table 3.
TABLE 3
Test statistics for the determination of the cointegration ranks r and s

in the I(2) model

I Qr,s Q T Cp—
0 261 .50 157.44 95 .96 45 . 89 10.91 101.38 5 68.91
s=0 s=1 §=2 §=3 s=4
1 178 . 48 84 .48 32.61 9.18 51.78 4 47.18
s=0 s=1 §=2 s=3
2 86 .26 28 .10 4.21 28.43 3 29.51
s=0 s=1 §=2
3 28 . 82 10.04 10.24 2 15.20
s=0 s=1
4 8.84 4.45 1 3.96
s=0
p—T—s 5 4 3 2 1
*
C 75.33 53.35 35.07 20.17 9.09
g

Table 3 contains information on the cointegrating ranks r and s and should be read as
follows: First we determine the rank r. The test statistics Q ; for testing H in Hp, the
unrestricted VAR model are listed in column 7 next to the degrees of freedom, p—r, and the
last column has the 95% quantiles taken from Table A.1 in Johansen and Juselius (1990)
which is the relevant one to use if the model allows for an unrestricted constant term, and
the linear trend is present. It is seen that the formal procedure for determining r at the 5%

level gives r = 2, since QO > cg, Ql > Cys but Q2 < cg The long—run coefficients given in
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Table 2, show that the third eigenvector has roughly the coefficients we are looking for, for
the two prices and the exchange rate. The third eigenvalue is a borderline case, and since
the asymptotic tables are at best giving the order of magnitude of the actual quantiles, we
should be careful not to make too strong decisions based upon the formal test alone. Let
us, however, for the moment assume that the best value of ; is 2, but keep in mind that ;
= 3 could be just as good.

Next we investigate the hypotheses H;,2’ HI,2, and H;,2. The test statistics Q;,O
Q;,l and Q;,2, are calculated from formula (2.5) based on reduced rank analysis of
equation (2.7) with restricted constant term. The values are given in the row
corresponding to r = 2 in Table 3. The quantiles are taken from Table A.3 in Johansen
and Juselius (1990). It is seen that s = 0 is strongly rejected since the test statistic Q;,O =
86.26 is much greater than the quantile 35.07. Similarly Q;,l = 28.10 is larger than the
quantile 20.17, but Q;2 = 4.21 is less than the 95 % quantile given as 9.09. If H;’z is
rejected then the matrix in condition (1.10) is found to have full rank, and the process is
integrated of order 1. Thus the statistic Q;’2 displays the information about I(2)—ness in
the data, and H;,2 is clearly accepted.

We continue the analysis under the assumption that r = 2, s = 2 and p—1-2 =1,
which leaves 1 common I(2) trend in the data. Note that of r = 3 were chosen then the
test statistics Q;,O = 28.82 and Q;,l = 10.04 would reject H;,O and H;,l showing that
there are no I(2) trends in the data. We feel that the analysis based upon all of Table 3,

rather than just Qr’ helps pick up the correct value not only of s but also of r, by pointing

out where the singularity of the matrix in (1.10) is most pronounced.

3.8  Determination of parameter estimates
It is one of the results of Johansen (1991b) that even though the process has I(2)
components it still holds that the tests carried out on « and § in the I(1) analysis will be

asymptotically distributed as x2 due to the fact that the estimator 4 derived from the I(1)
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analysis is asymptotically mixed Gaussian and that of ;zis asymptotically Gaussian. Thus
we can test hypotheses on a and [, using the procedures described in Johansen and Juselius
(1991).

The hypothesis we want to check is that the last row of a is zero. The reason for
this is that in this case the conditional model given iys will yield the estimate of a and §.
It is hoped that the conditional model would be slightly better fitted by an autoregressive
model since the problematic variable, iUS’ is kept fixed.

The likelihood ratio test statistic for the hypothesis that Qg = Oy = 0 is 5.66
which evaluated in a x2 distribution with 2 degrees of freedom corresponds to a p—value of
6%. We continue the analysis under the assumption that ay = 0, in which case the new

estimates of § and « are given in Table 4

TABLE 4
The estimates of a and B under the assumption that r = 2, and that a 5= 0

normalized by the coefficient to p AU

S

g a
PAy 1.000 1.000 —-.027 - —.006
Pyg —.806 —1.087 .006 —.001
exch .323 —.885 —.030 154
iAU —13.685 4.244 .027 —.005
iUS 9.975 1.961 .000 .000

Note that the second cointegration vector has approximately the coefficients (1,—1,—1,**
indicating that the PPP relation needs the interest rates to become stationary. The
corresponding adjustment coefficients are very small except for the exchange rate equation
indicating that the prices hardly adjust to a deviation from the PPP as measured by the

second column of f.
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We now proceed to estimate the various vectors which describe the cointegration
properties of the process under the assumption that r = 2, and s = 2, such that there is

p—1—s = 1 common I(2) trend, and s = 2 common I(1) trends. We apply the estimates of o

and g given in Table 4 from the I(1) analysis.

TABLE 5
Br=8m al =ap  Bgay
1.742 —.057 1.000
872 —.064 —1.092
.089 -—.00'4 —.905
—.326 —.047 4.089
.340 —.061 1.829

We have chosen to give only some of the estimates from the I(2) analysis in Table 5 since
they are the ones that are most easily interpreted.

The first column is the vector which appears in the Granger representation theorem
(1.8) since C, is proportional to ﬂf a?’. Thus ﬂf shows which variables are actually I(2).

It points towards the price series, but we do not have information on the variances of the

individual coefficients.

Similarly af is interpreted as that linear combination that describes the common
I(2) trend. It is seen to put equal weight on prices series and interest rates and the
I(2)—ness can thus not be ascribed to any one of the variables.

The final column ﬂst at is found as that linear combination of the r = 2 relations
(1.12) which eliminates the contribution from the term 2’ AX,.

This then is the closest we can come to a stationary relation between the variables
in the system under the assumption of an I(2) model. It is seen that the prices and the

exchange rates appear roughly with the coefficients (1,—1,—1) as would be expected from
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the law of one price, but the PPP relation by itself is not stationary, but a relation
involving the interest rates can be stationary. This is in accordance with the investigation

in Johansen and Juselius (1990) of the Purchasing Power Parity between Denmark and

Germany.

6. Conclusion

We have analyzed the five series using an I(2) model. It should be pointed out that the
analysis by means of a VAR model assumes constant parameters throughout the period and
that the shocks can be described by the random €;8. The non—stationarity of the series is
described as the cumulative effect of the shocks, that is, as I(1) or I(2) processes. An
alternative description would be as a stationary process with a shift in level around 1980.
A careful investigation of these assumptions is not made here.

We find, under the I(2) assumptions, that a linear combination (1,—1,—1,.**) is
stationary and the Appendix contains a plot of the process ﬁé ¢ atXt together with the PPP
relation and the Australian prices. It is seen that the PPP relation is more stable than
PAU but that the improvement from PPP to ﬂstat’ which involves the interest rates is
only slight.

One would perhaps expect that the interest rate differential would be stationary,
but any test that we have performed indicates that this is not the case. It is seen from the
plots that although they move together for the first half of the period, the US interest rate
comes down again, whereas the Australian stay at the high level. Thus there is no
comovement in the interest rates. It is seen that the PPP relation needs a lift in the end of
the period to become more stable, and this is what the interest rates do. Since the
Australian interest rate is best for this it has a higher coefficient than the US interest rate.

Any statistical analysis rests on assumptions, not all of which have been checked in
the present application. The point I want to make with this investigation is that the I(2)

analysis helps the understanding of the structure of the data and thus improves the chances

of building effective economic models.



19

7. Acknowledgments.

I have benefited from discussions with Katarina Juselius on the formulation and

interpretation of the analysis.

8. References

Ahn, S.K. & G.C. Reinsel (1988) Nested Reduced—rank Autoregreséive Models for
Multiple Time Series, Journal of the American Statistical Association 83:
849—856. v

Ahn, S.K. & G.C. Reinsel (1990) Estimation for Partially Non—stationary Multivariate
Autoregressive Models, Journal of the American Statistical Association
85: 815—823.

Anderson, T. W. (1951) Estimating Linear Restrictions on Regression Coefficients for
Multivariate Normal Distributions, Annals of Mathematical Statistics 22:
327-351.

Engle, R.F. & C.W.J. Granger (1987)  Co—integration and Error Correction:
Representation, Estimation and Testing, FEconometrica 55: 251—276.

Engle, R.F and B.S.Yoo (1989) Cointegrated economic time series: A survey with new
results, UCSD discussion paper

Granger, C.W.J. (1981) Some Properties of Time Series Data and their Use in
Econometric Model Specification, Journal of Econometrics, 16: 121—130.

Granger, C.W.J. & T.—H. Lee (1989) Investigations of Production, Sales and Inventory
Relationships using Multi Cointegration and non Symmetric Error
Correction Models, Journal of Applied Econometrics 4, 145—159.

Gregoire, S. & G. Laroque (1991) Multivariate integrated time series: A general error

correction representation with associated estimation and test procedures.

Discussion paper INSEE.



20

Johansen, S. (1988a) The mathematical structure of error correction models, Contempory
Mathematics 80: 359—386.

Johansen, S. (1988b)  Statistical Analysis of Cointegration Vectors, Journal of
Economic Dynamics and Control 12: 231-254.

Johansen, S. (1990a) Estimation and hypothesis testing of cointegrating vectors in
Gaussian vector autoregressive models, to appear in Ecomnometrica.

Johansen, S. (1990b) A Representation of Vector Autoregressive Processes Integrated
of Order 2, to appear in Econometric Theory.

Johansen, S. (1990c) An algorithm for estimating the cointegrating relations in vector
autoregressive processes allowing for I(2) variables. Preprint, University
of Copenhagen.

Johansen, S. (1991a) Determination of Cointegration Rank in the Presence of a Linear
Trend, Preprint, University of Copenhagen.

Johansen, S. (1991b) A Statistical Analysis of Cointegration for I(2) Variables, Preprint,
University of Copenhagen.

Johansen, S. (1991b) Test of weak exogeneity for cointegration parameters and test for the
order of non—stationarity in the UK money demand data, to appear in
Journal of Policy Modelling.

Johansen, S. & K. Juselius (1990) Maximum Likelihood Estimation and Inference on
Cointegration — with Applications to the Demand for Money, Ozford
Bulletin of Economics and Statistics 52: 169—210.

Johansen, S & K. Juselius (1991) Structural tests in a multivariate cointegration analysis
of the PPP and UIP for UK, to appear in Journal of Econometrics.

Juselius, K. (1991) On the duality between long run relations and common trends in an

empirical analysis of aggregate money holdings. University of

Copenhagen.



21

Australian log{ CP1)

levels
5.40
5.20
5.00
4.80 7
- 4.60 -
4.40
4.20
4.00
3.80
360 e ——
72 74 76 78 80 82 84 8 88 90
differences
.060 -
050 1
0404
.030 -
.020
010 1
.000 ¥ b
- 010 S —
72 74 76 78 80 82 84 8 88 90
United States log(CPI)
levels
4.86
4.68 -
4.50
4.32
4.14 A
3.96
3.78 -
3_60 LIRSS BLELELE BLELELAS BLALEMN BN B LIRS BLEELE B BLALELN BLALELES L AL LN B BLALLAS BLALE RIS BLALELS BASLES §
72 74 76 78 80 82 84 8 88 90
differences
.048
.040 -
.032 -
.024 1
016 +
.008 -
.000 /
-.008 A A A A A A

/2 74 /6 /8 80 82 84 86 88 90



22

Exchange rate
levels

72 74 76 /8 80 82 B84

aifferences

86 88 90

/\J\ /\nDM A/\ /\/\A

W A~ T V\A/VUU

| ISL LI S S S U S S M L B e

72 74 76 78 80 82 84 8 88
Stationary relation, PPP, AU-log(CP1)

90

5.40

5.20 -

.00 1ppp

4.80 -

4.60 -

4.40 -

4.20 -

4.00

3.80 +

STAT — .
AU_CPI - - -

s A
//\/,‘

3.60




23

Australian interest rate
levels

175
150
1725
.100
075 A

L R e B B i S S L B 1

050 N
72 74 76 78 80 82 84 86 88 S0

differences

024

:8(1)2: V/\/\ AN /\M/\/\ Af\//\ AN
VooV VY

.000 Y

008 - AV

-.016 -

-.024

- 037 —————
72 74 76 78 80 82 84 8 88 90

United States interest rate
levels

.160
144 7
128
112 7
096
.080
.064

048 e N s R
/2 74 76 78 80 82 84 8 83 90

differernces

.030
.020 1

010 -
AA,A/\AAA,mA/M Mo N i
S IR AC S B (T
-.020 ~

-.030 -
-.040 A

- 050 e
/2 74 76 78 80 82 84 86 88 90



PREPRINTS 1990

COPIES OF PREPRINTS ARE OBTAINABLE FROM THE AUTHOR OR FROM THE INSTITUTE OF
MATHEMATICAL STATISTICS, UNIVERSITETSPARKEN 5, DK-2100 COPENHAGEN (¢, DENMARK,

TELEPHONE + 45 31 35 31 33.

No.

No.

No.

No.

1

Johansen, S¢ren and Juselius, Katarina: Some Structural Hypotheses
in a Multivariate Cointegration Analysis of the Purchasing Power
Parity and the Uncovered Interest Parity for UK.

Tjur, Tue: Analysis of Variance and Design of Experiments.

Johansen, S¢ren: A Representation of Vector Autoregressive Processes
Integrated of Order 2.

Johansen, S¢ren: Cointegration in Partial Systems and the Efficiency
of Single Equation Analysis.



PREPRINTS 1991

COPIES OF PREPRINTS ARE OBTAINABLE FROM THE AUTHOR OR FROM THE INSTITUTE OF
MATHEMATICAL STATISTICS, UNIVERSITETSPARKEN 5, DK-2100 COPENHAGEN ¢, DENMARK,

TELEPHONE + 45 31 35 31 33.

No.

No.

No.

No.

No.

Johansen, S¢ren: Determination of Cointegration Rank in the Presence

of a Linear Trend.

Johansen, S¢ren: A Statistical Analysis of Cointegration for I1(2)

Variables.

Jacobsen, Martin: Homogeneous Gaussian Diffusions in Finite Dimensions.

Johansen, S¢ren: Testing Weak Exogeneity and the Order of Cointegration

in UK Money Demand Data.

Johansen, S¢ren: An I(2) Cointegration Analysis of the Purchasing
Power Parity between Australia and USA.



