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Summary

Let A be a distributive lattice of quotient spaces of a vector space V
and for K € ¥ let pK:V - K be the projection onto K. The statistical
model NV(%) is defined to be the set of all normal distributions on V
such that for every pair LM € ¥, 12 and Py are conditionally independent
given pp - Statistical properties of NV(%) are studied, eg., maximum
likelihood inference, invariance, and the problem of testing HO: NV(%) vs
H: NV(M) when Ml is a distributive sublattice of #. The set J(A) of join-
irreducible elements of % plays a central role in the analysis of Nv(ﬂ).
This class of statistical models appears to generate all multivariate

normal conditional independence models for which complete and explicit

likelihood inference is possible.

AMS 1980 subject classification: Primary 62H12, 62H15; Secondary 62H20,

62H25.
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§1. INTRODUCTION.

In recent years the study of conditional independence (CI) models in
multivariate normal distributions has received increasing attention.
Prominent references include Dempster (1972), Kiiveri, Speed, and Carlin
(1984), Lauritzen (1985, 1989), Lauritzen, Dawid, Larsen and Leimer
(1988), Lauritzen and Frydenberg (1988), Lauritzen and Wermuth (1984,
1987), Speed and Kiiveri (1986), and Wermuth (1976, 1980, 1985, 1988). In
most of these studies the CI assumptions are equivalent to the occurrence
of certain patterns of zeroes in the precision matrix 2_1 of a multivari-
ate normal distribution, hence the models are linear in 2—1. These condi-
tions are similar to those occurring in certain multiplicative or log-
linear models for categorical data - cf. A. H. Andersen (1974), E.B.
Andersen (1980), Darroch, Lauritzen, and Speed (1980), Darroch and Speed
(1983), Goodman (1970, 1971), Haberman (1974), Sundberg (1975), Wermuth
and Lauritzen (1983) and many others. Dawid (1979, 1980) has presented a
useful summary of general properties of CI.

An interesting general class of CI models is the class of multivariate
graphical chain models recently introduced by Lauritzen and Wermuth
(1987). Although this class of models may have extensive applications, it
appears to be too large to permit a complete and explicit statistical
analysis, eg., explicit likelihood inference.

In the present paper we shall define and study a somewhat smaller but
still very rich class of CI models, namely those determined by the re-
quirement of pairwise CI with respect to a distributive lattice ¥ of

quotient spaces of the observation space V. Under the added assumption of



multivariate normality, every such statistical model admits a complete
and explicit likelihood analysis which parallels that in classical multi-
variate analysis where X is unrestricted. This class of models includes
many if not all of the CI models that have been studied in detail in
multivariate analysis, eg., Das Gupta (1977), Banerjee and Giri (1980),
Marden (1981), and appears to generate all CI models for which complete
and explicit likelihood inference is possible.

This class of models arose in the following way. Many investigators
have realized that in a balanced ANOVA design, the lattice structure of

the collection of linear subspaces that comprise the design plays a fun-

damental role in its analysis. In fact, the design is balanced if and

only if this lattice is distributive. In this case Andersson (1987) ex-

plicitly demonstrated the central role played by the poset of join-

irreducible elements of this lattice for the analysis of the design, eg.,

for the construction of the ANOVA table.
During the course of Andersson's investigation it was realized that the

dual notion of a distributive lattice of quotient spaces may be applied

in a natural way to define a rich class of CI models that is amenable to
explicit analysis. This analysis is facilitated by the fact that each
such model is invariant under a group of generalized block-triangular
linear transformations A that acts transitively on the model.

These models are defined as follows. Let V be a real finite-dimensional
vector space and let ¥ be a distributive lattice of quotient spaces of V
(cf. Section 2). For each K € % let pK:V - K denote the projection onto
K. Then the model Nv(ﬂ) is defined to be the set of all normal distribu-

tions N on V such that for every pair L,M € ¥, 12 and Py are CI given



P AN (For simplicity we shall always assume that each N has mean vector
0 and nonsingular covariance matrix denoted by 2).
For example, suppose that V = R{1’2’3} and that

(1.1) A = {m{l}’ R{I,Z}’ R{l’B}, R{1’2’3}},

Then NV(%) consists of all normal distributions on V such that (xl,xz)
and (Xl,XB) are CI given X i.e., Xy and X, are CI given X - Equivalent-
ly, the precision matrix E_l must satisfy the condition (2_1)23 = (2_1)32
= 0, so in this example the model is linear in E_l. (This need not hold

in the case of a general lattice %, however - cf. Examples 3.6, 3.7, and

3.8 in Section 3.) This model is invariant under nonsingular linear

transformations of R{1’2’3} of the form

x1 a11 0
X=X 7 | 891 %99 Xy| = Ax.
X3 a3; 0 agyf(xg

It is easily verified that the set of all such nonsingular matrices A
forms a subgroup of the group of all 3x3 lower triangular matrices.

It will be seen in Section 4 that for a general distributive lattice %,
the partitioning of the matrix A and the location of its zeroes is deter—
mined by J(A), the poset of join-irreducible elements of #. As in the
case of a balanced ANOVA design, this poset completely determines the
structure and analysis of the model NV(W).

This paper is organized as follows. Section 2 contains the basic Decom—

position Theorem (Theorem 2.1) which shows that the observation space V



can be represented as a product of vector spaces indexed by J(#) in such
a way that for each K € A, the projection pK:V - K becomes simply a coor-
dinate projection (cf. Remark 2.1). By means of this representation one

may choose a f-adapted basis for V (cf. Remark 2.2) which is later shown

to yield natural matrix representations for the model Nv(m) and its in-
variance group.

In Theorem 3.1 it is shown that N € Nv(ﬂ) if and only if the members of
A are geometrically orthogonal (GO) with respect to the inner product
determined by the precision operator & of N. This reduces the statistical
problem of characterizing the distributions in NV(%) to the algebraic
problem of determining those positive definite forms 6 which render the
members of ¥ GO.

Thus the model NV(%) may be parametrized either by a constrained set of
precision operators &6 on V or, equivalently, by the corresponding con-
strained set of covariance operators o = 6_1 on the dual space of V. Once
a #-adapted basis for V has been selected, the model may be parametrized
either by a constrained set of precision matrices 2_1 or by the corres-—
ponding constrained set of covariance matrices 3. It is shown in Sections
3.2 and 3.3, however, that these parameter sets can be represented as

products of smaller unconstrained parameter sets, again indexed by J(#),

from which the maximum likelihood (ML) estimators and the likelihood

ratio (LR) test statistics may be readily determined. These alternative

parametrizations are called the #-parametrizations of the model NV(%).
For example, if # = {K,V} is a simple chain (K < V) and a ¥-adapted
basis for V is chosen, then 3 is unconstrained and its X-parametrization

under NV(W) reduces to the well-known 1-1 correspondence
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2 1’ 222°1)

2= G 2917
When A is given by (1.1), however, the CI constraints imposed upon X are
non—-trivial and its H-parametrization under Nv(ﬂ) is given by
S e (3,,, 3,50, s S35 s )
11° 7217117 7221’ “31711° “33-1
(cf. Example 3.6). The ranges of the components of these A-parametriza-

tions are unconstrained (except for the trivial requirement that 211,

2 and 3 be positive definite).

221" 33-1
A step-wise algorithm for reconstructing 3 from its A-parameters is
presented in Remark 3.6.
The group of generalized block-triangular transformations A that leave

the model Nv(ﬂ) invariant is defined and studied in Section 4. In par-

ticular, it is shown that this group acts transitively on the model.

The normal statistical model NV(W) is formally defined in Section 5.
The likelihood function is decomposed as a product of conditional den-—
sities involving only the A-parameters of 3 (cf. (5.5)), from which'the
maximum likelihood estimators of the #-parameters are easily derived and
used in turn to obtain the ML estimator § by means of the step-wise re—
construction algorithm. In Remark 5.4 it is noted that the model Nv(ﬂ) is

determined by a system of linear recursive equations with lattice struc-

ture (cf. Wermuth (1980), Kiiveri, Speed, Carlin (1984)).

Section 6 treats the problem of testing one such model against another,

eg., testing



(1.2) HO: NV(%) vs. H: NV(M)

where M is a distributive sublattice of %. (Note that M C % => Nv(ﬂ) c
NV(M).) The LR statistic Q is easily expressed in terms of the ML estima-
tes of the H-parameters and JM-parameters of 3. The central distribution
of Q is then derived by means of the invariance of the testing problem.
For example, if A is given by (1.1) and M = {R{1’2’3}}, then NV(M) is
the unrestricted normal model and (1.2) becomes the problem of testing

that X5 and X5 are CI given X i.e.,testing

. 4 _ -1
(1.3) Ho? 993 = 991911913 VS- Hi 093 # 051011919

where 2 = (Uijli,j = 1,2,3). If, however, M is given by (1.1) while

(1.4) # = {{0}, R{l}, R{B}, R{1’2}, R{I,B}’ R{1’2’3}},

then (1.2) becomes the problem of testing

. _ _ . _ -1
(1.5) HO- 013 = O3 = 0O vs. H: O93 = 091911913"

Notice that when X is given by (1.4) then Nv(m) = NV(W'), where

1 = ({oy. RIL2H g g{1:2:3h g,

and that this model is equivalent to the hypothesis that (XI’XZ) and Xy

are independent. Thus two different lattices #, A' may determine the same



CI model. The question of characterizing a minimal determining lattice
for a given CI model is currently under study.

A series of examples is presented in Section 3 and continued in Sec-
tions 4-6 to illustrate these concepts and results. Several possible
extensions of this class of lattice models for CI are suggested in Sec-
tion 7.

Finally, it is important to mention that the CI models NV(%) play an
important role in the analysis of non-nested missing data models. Under
the assumption of multivariate normality it is well known that a nested

missing data model with unrestricted covariance matrix X admits a comple-—

te and explicit likelihood analysis, remaining invariant under the appro-
priate group of block-triangular transformations, which acts transitively
on the unrestricted set of covariance matrices (cf. Eaton and Kariya
(1983), Andersson, Marden, and Perlman (1988)). If the missing data pat-
tern is non-nested, however, then explicit analysis is not possible in
general.

If, however, the missing data pattern is non-nested but is determined

by a distributive lattice # of quotient spaces of V, then a complete and

explicit likelihood analysis is possible under the additional assumption
that Nv(m) holds, or, more precisely, that the covariance structure 2
satisfies the CI restriction determined by # (cf. Andersson, Marden, and
Perlman (1989)). (The theory developed in the present paper allows one to
test the validity of this assumption.) Under this assumption, the non-
nested missing data model determined by ¥ remains invariant under the
group of generalized block-triangular transformations A studied in the

present paper, which group acts transitively on the restricted set of



covariance matrices that determine the model Nv(ﬂ). Thus, the results in
the present paper open the possibility of applying classical multivariate

techniques to a class of missing data models much larger than the nested

class.

Throughout this paper frequent reference will be made to the papers

Andersson (1982) and Andersson (1987) - these will be abbreviated as [A]

(1982) and [A] (1987), respectively.

§2. THE LATTICE OF QUOTIENT SPACES OF A VECTOR SPACE.

2.1. The lattice structure of quotient spaces.

Let V be a finite dimensional real vector space with zero element O. A

quotient space (or simply a quotient) of V is formally defined to be a

pair (K,p) consisting of a vector space K and a surjective linear mapping
p:V - K. For ease of notation, (K,p) usually is abbreviated to K. Some-
times the mapping p is written as Pgy ©T simply Pr when V is understood.
Let L and M be two quotients of V. If there exists a linear mapping
pLM:M - L such that P = Py o Py then Py is necessarily surjective and
unique, hence (L,pLM) is a quotient of M. In this situation we write
(L,pL) < (M,pM), or simply L < M. This relation is equivalent to the
condition that p£1(0) 2 pﬁl(O). The relation £ on the set of all quoti-
ents of V is not antisymmetric, hence one defines an equivalece relation
~ on this set by L ~ M if pil(O) = p&l(O). The collection of equivalence
classes is denoted by ¥#(V). Equipped with the relation induced by < (also

denoted by <), #(V) becomes a partially ordered set (= poset - cf. [A]

(1987), Section 1.1).



We identify a quotient (K,pK) of V with its equivalence class in %(V).
A convenient representive for this equivalence class is the canonical
quotient space (V/p%l(O),p), where p:V - V/p%l(O) is the canonical map-
ping given by p(x) = x+p§1(0), x €V.

The poset #(V) is in fact a lattice: if L,M € %(V) then their minimum

and maximum exist and are given by

LAM := V/(p£1(0)+pﬁ1(0))

v/(p ' (0)py ' (0))

LVM:

respectively (cf. [A] (1987), Section 1.3.). Since V is finite dimensio-
nal, the lattice %(V) has finite length. The minimal and maximal elements
exist and are given by {0} and V respectively. If dim(V) 2> 2 then %(V) is

not distributive and [#(V)| = o (cf. [A] (1987), Section 1.4.).

2.2. Distributive lattices of quotient spaces.

As stated in the Introduction, the covariance models studied in this
paper are those determined by pairwise CI with respect to a distributive
sublattice ¥ C %#(V) of quotient spaces of V. Since %#(V) and therefore
also ¥ is of finite length, if A is distributive it must be finite (cf.
[A] (1987), Proposition 1.1). A particular class of distributive sublat-

tices % C w(ml) is described in the following example.

Example 2.1. For a finite index set I, let % be a ring of subsets of I.

For each R € % define the mapping pRIRI - RR by pR((xi|i€I)) = (xi|i€R).
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Since % is a ring, it follows that #(R) := {(RR,pR)IRG%} is a distribu-
tive lattice of quotients of the vector space RI =: V. If I € %, then R
€ %(%). Thus, by the classical theorem of Birkhoff and Stone, every fini-
te distributive lattice is isomorphic to a distributive lattice of quo-

tients of a finite-dimensional vector space. 0

It will be shown in Remark 2.2 that in fact every distributive sublat-
tice # C #(V) can be represented in the form ¥ = %(%) for some % as in

Example 2.1.

Let J(#) denote the poset of all join-irreducible elements in %, i.e.,
J(#) = {Kex| V(K'ex]|K'<K) < K} U {Om}

where Ow denotes the minimal element in % (cf. [A] (1987), Section 1.5).

If K € J(#) and K # O,, then define
J(K) := V(K'ef|K' <K ) <K;

also, define J(Om) = {0}. Note that J(Ow) need not be an element in ¥%.

In the following theorem the space V is represented as a product of
vector spaces indexed by the poset J(¥#) of join-irreducible elements of
#, such that the space with index K € J(¥) has dimension dim(K) -
dim(J(K)). This decomposition is applied in Section 3 to characterize the
structure of the covariance model determined by pairwise CI with respect
to A. Thus the reader should be aware of the fundamental role of the

poset J(#) in this theory.
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Theorem 2.1. (Decomposition Theorem). Let A C %#(V) be a distributive

. ) -1
lattice such that V € %. For each K € J(¥%), let rK-K - pJ(K),K(O) be any

surjective linear mapping. Then the linear mapping

(2:1) oy V = X(PY ey (O] K € J(0)
x> (rg(p(x)) | K € J(#)

is bijective.

Proof: For K € A the set mK = {K'ef|K'<K} is a distributive lattice of
quotients of K with K itself as the maximal element and J(%K) = J(#) N
WK. We shall prove the theorem by using induction on the cardinality
[J(#)| of J(#). If |J(#)| = 1 or 2, the result is trivial. Suppose that

the result is true when |J(#)| < n-1, and assume that |J(#)| = n. First,

if V € J(A) then the mapping

I = XCPy () [K € J( )

x = (rK(pK,J(V)(x)) IK € J(y{J(V)))
is bijective because IJ(mJ(V))I = n-1. Since the linear mapping

V > J(V) x p‘_]z"v)(O)

x = (P (yy (). Ty(x))

is bijective and pK,J(V)opJ(V) = Py for every K € J(ﬂJ(V)), the mapping

(2.1) is bijective in this case.
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If, on the other hand, V € J(#), i.e., V=L V M, where L < Vand M <
V, then it follows from [A] (1987) (Lemma 1.2 and the proof of Theorem
2.1) that IJ(ﬂL)I <{ n and IJ(%M)I < n. By the induction assumption it

then follows that the mapping

Vs X(p}%K) k(0 [KeJ ()

x> (1 (P (%)) [KEI(#))

is (equivalent to) the quotient L in V. Furthermore, M and L A M can be

represented in an analogous way. Therefore,

P, L(0) = X(PJryy (O) [KEI(H ) K4LAN)

L, u(®) = X(P}%K) k(0) [KeJ () . K{LAM) .
By Lemma 2.1 below, the linear mapping
eyV >

« X(P] g (O [KEI(hy) . K4LA)

= X(p7(g) (O [KET().

is bijective. Note that the above equality follows from the relations

J(#) = JO) U J(#hy) and J( ) = JO5) N J(Hy). o

If V ¢ A, the theorem may be applied to the extended lattice ¥ U {V}
(also distributive). Thus, for the remainder of this paper it is assumed

that V € .
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Remark 2.1. The representation (2.1) shows that V can be identified with
a product of vector spaces indexed by J(#); similary, each L € # can be
identified with the product X(p}%K),K(O)|K€J(ﬂ), K<L) through the bijec-—
tive linear mapping 49 defined by wL(x) = (rK(pK(x))IKej(ﬂ), K<), x € L;
Under these identifications, each mapping Pr oy L (M LKV, is simply a

canonical projection mapping. n|

Remark 2.2. For each K € J(%), let DK be a set with

=)
!

- dim(p}%K)’K(O)).

For L € A, define

(2.2) I U(DKlKeJ(m), K<L)

and define I = IV. The set %(A) := {IL|L€£} of subsets of I is a ring,
i.e., a distributive lattice under the usual operations U and N, and it
is isomorphic to # through the lattice isomorphism L - IL’ L € %. From

Remark 2.1 it follows that there exists a basis (eilieI) for V such that

the elements (K,pK) in ¥ can be represented as

(2.3) K span{eilieIK},

K

0 for i€ I\IK.

e. for i€l
i

1l

pg(e;)
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We shall say that a basis with the property (2.3) is adapted to A. Thus,
when V is identified with RI through an adapted basis (eilieI), the dis-

tributive lattice X C %(V) is identified with K(%(#)) (cf. Example 2.1).0

Remark 2.3. For K € J(%), note that

(2.4) Iy = IJ(K) U Dy
and
-1 .
(2.5) pJ(K),K(O) = span{eilleDK}.
In particular, if K = Oy then J(K) = {0}, IJ(K) = @, and IK = DK' O

Remark 2.4. From the isomorphism 9 in Remark 1.1 one obtains directly

that
(2.6) dim(L) = 3(dim(K)-dim(J(K)) |KE€J(#), K<L), L € %;
equivalently,

(2.7) dim(K)-dim(J(K)) = 3(u(K,L)dim(L) |[LEJ(X)). L € J(),

where 1 is the Mobius function for the poset J(#) (cf. [A] (1987), Lemma

1.1). O

The following lemma is needed to complete the proof of Theorem 2.1.
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. _ . -1 .
Lemma 2.1. Let L,M € %#(V) with LVM = V and let rL-L - pLAM,L(O) and rM-M

- PE*M M(O) be surjective linear mappings. Then the linear mapping

(2-8) @iV > (LAM) x Py py 1 (0) % Pppy 4(0)

x > (g (%) 7 (B (). 1y (By(3)))

is bijective.

Proof: Suppose that ¢(x) = 0. Then pLAM(x) = 0 and we obtain that pL(x) €
piiM,L(O). In fact pL(x) = 0 since r; is surjective. Similarly pM(x) = 0,
hence x € pil(O) n pil(O) = 0. The linear mapping ¢ is thus injective and

a simple dimension argument shows that ¢ is also surjective. O

Remark 2.5. The lattice #(V) of quotients of V is isomorphic to the dual
(cf. Grdtzer (1978), pp.2-6) of the lattice £(V) of subspaces of V studi-

ed in [A] (1987) under the correspondence

(2.9) HV) > 2(V)
K > pg (0)

V/L « L.

Note that the operations V, A in %#(V) correspond to N, + in ¥(V). Thus by
the Duality Principle (Gratzer (1978), p 6), all results for %*(V) may be
obtained from corresponding results for %(V). For example, Theorem 2.1

above may be obtained from an appropriate reformulation of Theorem 2.1 of

[A] (1987). o
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2.3 Geometrically orthogonal lattices of quotient spaces.

Let 6 be an inner product on V and let (K,pK) be a quotient of V. Let
p&l(O)l denote the orthogonal complement of pil(O) with respect to (wrt)

6 and let q,,:V = V be the orthogonal projection onto p_l(O)l wrt 6.
K K

Definition 2.1. Two quotients L and M of V are said to be geometrically

orthogonal (GO) wrt & if the orthogonal projections q and Ay commute. 0O

Remark 2.6. It is seen from Definition 2.1 of [A] (1987) that L and M are
GO quotient spaces wrt 6 if and only if pil(O) and p&l(O) are GO subspa-

ces wrt 6. 0

Theorem 2.2. Let 6 be an inner product on V and let # C %(V) be a lattice
of quotients of V. If the elements in ¥ are geometrically orthogonal wrt
6 then ¥ is distributive. Conversely, if # C A(V) is a distributive lat-
tice then there exists an inner product 6 such that all elements in ¥ are
geometrically orthogonal wrt 6.

Proof: Since ¢ = {p&l(O)IKGﬂ} is a lattice of GO subspaces in V, it fol-
lows from Proposition 2.1 of [A] (1987) that £ is distributive. By the
duality between £(V) and A(V) (cf. Remark 2.5), it follows that A is
distributive. Conversely, if # is distributive, then also ¥ is distribu-
tive and it follows from Proposition 2.2 of [A] (1987) that there exists
an inner product 6 on V such that all elements in ¢ are GO wrt 6. By

Remark 1.6, all elements in £ are GO wrt 6. o
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§3. COVARIANCE STRUCTURE DETERMINED BY PAIRWISE CONDITIONAL INDEPENDENCE

WITH RESPECT TO A DISTRIBUTIVE LATTICE OF QUOTIENT SPACES.

In this section the covariance structure determined by pairwise condi-
tional independence (CI) with respect to a distributive lattice of quo-

tient spaces is characterized in a multivariate normal distribution.

3.1. Algebraic conditions for conditional independence.

Let V be a real finite-dimensional vector space, 6 an inner product (=
positive definite form) on V, and N5 the multivariate normal distribution
on V with mean O and precision1 6. Since 6 € P(V) := the set of all posi-
tive definite forms on V, its inverse 5_1 = o € P(V*), where V* is the
dual space of V. When 6 is a positive definite form on V, we abbreviate
6(x,x) to 6(x) for x € V.

Let (K,pK) be a quotient of V, pE:K*e V* the dual mapping of Py and 5K
the precision of the transformed normal distribution pK(N6) on K. Then 6K
= (6_10(thpt))—1 since 5_10(thpt) is the covariance of p,(N.). (Here K

K *K ’ K *K KV’
and K*F are identified through their natural isomorphism.) Furthermore,
note that 6K0(pKXpK) = 60(quqK), where thV - V is the orthogonal pro-
jection onto p%l(O)l wrt 6, (cf. Section 2.3), hence 6K0(pKXpK) does not
depend on the representation of K in its equivalence class of quotients.

The following important fact often has appeared in the literature in

other forms.

1 . . . . . . . . .
In a multivariate normal distribution, conditional distributions are
more easily expressed in terms of the precision 6 than in terms of its

. -1 _ .
inverse 6§ ° = o (the covariance).
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Proposition 3.1. For any pair of quotients L,M of V, the following three

conditions are equivalent:

(i) Under the distribution N6’ P and py are conditionally independent
(CI) given P AN
(1) oy Ly Pryy) = 80P Pp) + 8y (Py¥Py) = Op ay® (P Prpag) -

(iii) L and M are geometrically orthogonal (GO) wrt 6.

Proof: Let (eili€I) be a basis for V adapted to the distributive lattice
# = {LAM,L,M,LVM,V} (cf. Remark 2.2 and Figure 3.6) and let R = IL’ C =
IM' If the index set I is partioned as the disjoint union I = (RUC) U
(IN(RUC)) then the matrix for 6LVMO(pLVMxPLVM) wrt (ei|i€I) takes the

form

A, A

[~

A 0 11 12 13

LVM , where ALVM = A21 A22 A23

o 0 A Ao A
31 "32 "33

is the (RUC)x(RUC) matrix for 6LVM wrt (eili€RUC), and where subscripts

1, 2, and 3 correspond to the partitioning RUC = (RﬂC)O(R\C)O(C\R). Simi-

lary, the matrix for ELO(pLXpL) is

A 00 A A A
0 00| where A := [All Pl Il P (231 439)
2970 21 Ao 23

is the RxR matrix for 6L wrt (eilieR); the matrix for 6M0(prpM) is
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AM 0 AM 0 A11 A13 A A A

o T Rt - A Fed I i = B
M M M M

0 0O o0 0

is the CxC matrix for 5M wrt (ei|i€C); and the matrix for

O r® (P PLppg) 18

A 000 g
0 000| . o A —(h.. Ay|.22"23 21
o o000 "er® Yam T 211702 M3 Ayo Agg| |Agg
0O 000

is the (RNC)x(RNC) matrix for 6LAM wrt (eilieRﬂC).

(i) <=> (ii): From the relations P. = P orvn®Pvme P = Pu, vy
and Pray = pLAM,LVMOpLVM it is clear that (i) is equivalent to the condi-
tion that under the marginal distribution pLVM(Né) on LVM, Pl LvM and
Py rym 2Te CI given P AM, LVM Since pLVM(Né) has precision 6LVM’ (i) is
thus equivalent to A23 (= A§2) = 0. It is seen from the above matrix
representations, however, that A23 = 0 <=> (ii) is valid.

(ii) <=> (iii): Both formulas are purely algebraic and so is the proof

of their equivalence. Clearly (ii) holds if and only if

6o (ap\pap ) = 0°(apxqp) + do(aqyxay) = 60(ay py*ap ay) -

Since q vy and q Ay 2Te the orthogonal projections onto (pil(O)ﬂpil(O))l

and (p£1(0)+pﬁ1(0))l, respectively, this relation is equivalent to



20

oo (apyap ) =
50( (qL_qu) X (qL_qL/\M) ) + 6o ( (qM_qL/\M) X (qM_qu) ) + 60 (qL/\quL/\M) s

which holds if and only if pil(O)l and pﬁl(O)l are GO, i.e., L and M are

GO wrt 6. O

For every sublattice X C #(V) such that V € %, let Pm(V) denote the set
of all positive definite forms 6 on V such that L and M are GO wrt 6 for
all LM € %. Also, let Pm(V) = [P%(V)]_l, the corresponding set of posi-

tive definite forms on the dual space V. If 5 € Pm(V) represents the

_1€

precision of a multivariate normal distribution on V, then o = §
R%(V) is its covariance.

It follows from Theorem 2.2 that Pm(V) # @ if and only if £ is distri-
butive. Therefore, in the remainder of this paper we shall consider only

lattices # C A(V) that are distributive (hence finite).

Remark 3.1. If V = RI where I is a finite set, then we identify P(RI)
with P(I), the set of all positive definite IxI matrices, in the usual
way. If % is a ring of subsets of I such that I € % (cf. Example 2.1)
then, under this identification, Pﬂ(%)(ml) becomes a subset PQ(I) of

P(I). For the purpose of Section 3.3, we also define P&(I) i= [PQ(I)]_l.D

Remark 3.2. For R € % define R' = I\R and set %' = {R'|R€%}. Then %' is

also a ring of subsets of I and P%’(I) = P@(I), R%.(I) = P%(I). O
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By Proposition 3.1, Pw(V) is the set of all precisions 6 for which,
under N6’ Pp and py are CI given PI AM for every pair L,M € A. The follow-

ing theorem characterizes Pm(V):

Theorem 3.1. Let 6 be a positive definite form on V. Then the following

three conditions are equivalent:

(V).
S840y (P gey ) [KEI(), x € V.

2(5K(pK(X))-6J(K)(pJ(K)(x))lKej(w),KgL), x €V, L €A

m

(1) 6
(i1) 6(x)

(i’ii) 6L(pL(x))

1l

Proof: That (iii) => (ii) is trivial. To show that (ii) => (iii), first

note that (ii) can be rewritten as

(3.1) 5(x)

z(5(qK(X))‘5(qJ(K)(X))|K€J(f’¢))
2(6(qK(x)_qJ(K) (%)) |K€J('J{)) s

where the second equality follows from the relation p}%K)(O)l c pil(O)l,

when K € J(A). By Theorem 2.1 of [A] (1987) with ¢ = p_1 0)!|Kex) and V.
K L

= g (0)'N 3 (0) for L = 5} (0)F € J(@).

-1 -1
(3.2) V = 8(p, (0)'N P iy (00 [KEJ() -
Since qK—qJ(K)is the orthogonal projection onto pil(O)lﬂ pE%K)(O) wrt 6,

K € J(#), it follows from (3.1) that the direct sum is orthogonal wrt 6&.

Thus for L € A we have that
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(3.3) P (0)" = 8(pg (0N P ryy (0) [KEI(#). KEL)

(cf. (2.5) of [A] (1987)) and this direct sum is again orthorgonal. It

then follows that

= S(ag-a g, [KeJ(#) KL).

hence

1l

6 (pp (%)) = 6(qp (%))
6(2( (qK_qJ(K) ) (%) IKGJ(:’{) ,K<L)

3(8(py(x))=8(P gy (x)) [KEJ(H) .KLL).

so (ii) => (iii).
It was seen in the above argument that when (ii) holds, the direct sums
(3.2) and (3.3) are orthogonal wrt &, hence ¢ consists of GO subspaces,

- i.e., 0 € PM(V). Conversely, if &6 € Pm(V) then the direct sum (3.2) is

orthogonal wrt 6 (cf. Theorem 2.1 of [A] (1987)), hence

6(x) = 3(8(a (%) 5 g (x)) [KEI ()
3(6(ay (x))-5(a g (<)) [KeI ()
38 (P (5)) =85y (P iy (30D [KET (). :

Remark 3.3. Condition (iii) in Theorem 3.1 is equivalent to
(111)" Op(Pg(x))=0 gy (Py gy (%)) = 2(n(K.L)8; (pp (x)) [LET(H)).

Ke€J(A), where p is the Mobius function for J(#). (cf. Lemma 1.1 of [A]

(1987).) Condition (ii) of Proposition 3.1 is a special case of (iii)'. O
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. ; K
3.2. The #-parametrization of P"(V) and ngVQ.

Let P(n) be the cone of all nxn positive definite real matrices and let
M(nxm) be the vector space of all nxm real matrices. For any partition-
ing n = n1+n2 it is well known that P(n) can be parametrized by the pro-
duct P(nl)XM(nlx n2)xP(n2) under the 1-1 correspondence

(3.4) P(n) «— P(nl)XM(nlx n2)XP(n2)
>3
11 712 -1

3= = (25, 25:2,7 355.1)

[221 222] 11 21711 22-1
t
Q OR

BKZ A+RQRt] < (Q.R,A).

It will be seen from Theorem 3.2 and (3.13) that (3.4) is an example (in

matrix formulation) of the %-parametrization of Pﬁ(V) for a general

. . . ) . . -1
distributive lattice ¥ C %(V); in this example (211, 221211, 222.1) are

the A-parameters of 3. The A-parametrization is central for the statis-—
tical analysis of the normal model with parameter space Pm(V). (cf. Sec-
tions 5 and 6).
-1
c . . . . . .
For K € J(%), let I K- pJ(K),K(O) be a projection, i.e., a surjective
linear mapping with the property rK(rK(x)) = rK(x), x € K. If also 6 €

PM(V), let qg(K) K:K - K denote the orthogonal projection of K onto

-1 1 6. -1 . .
pJ(K),K(O) wrt 6K, let rK-K - pJ(K),K(O) denote the mapping defined by
6 6 6 . s
rK(x) =X qJ(K),K(X)’ x € K, and let 7g denote the restriction of 6K to
1 1

- - -1
pJ(K),K(O)' Furthermore, let PROJ(K.pJ(K),K(O)) and P(pJ(K),K(O)) denote
the set of all projections of K onto p}%K) K(O) and the set of all posi-
tive definite forms on p}%K),K(O)’ respectively. Finally, let idK:K > K

denote the identity mapping.
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Theorem 3.2. (#-parametrizations of Pw(V) and Rm(V)). The mappings

(3.5)  PhV) e—erX(PROJ(K,p}%K),K(O))xP(pE%K),K(O))|K€J(%))
(3.5a) 5 > ((rg. D) [Kes())

(3.5b) (3 (my (rye(py(x))) [KEI(#) « ((rgmg) [KET(#))

define a 1-1 correspondence, called the #-parametrization of Pm(V). The

A-parametrization of P&(V) is determined by (3.5) through the inverse

mapping 6 - 6_1 = 0. (See Section 3.3 for the #-parametrization of Pw(V)

in matrix formulation.).
Proof: Clearly the image of the mapping (3.5a) lies in the product set in

(3.5). To show that the image of (3.5b) lies in PM(V), define the posi-

tive semidefinite form 6 on V by
(3.6) 5(x) = 3(my (ry (P (x))) [KEI ().

It follows from (2.1) that E(7K|K€J(m))0(¢vx¢v) = 6, where z(quKeJ(m))

is the positive definite form on X(p}%K) K(O)IKGJ(ﬂ{)) determined by
3(m [KeJ () ((z [KeJ(#))) = 3 (z) [KEI(H))
By Theorem 2.1, 6 is in fact positive definite, while for L € ¥

6 = E(wKIKeJ(%),KﬁL)°(¢waL),
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by Remark 2.1. Thus, for L € J(¥#) and x € V,

5, (b, (%)) = 3(e(ry (g (B (x))) [KEJ(H) . KLL)
= 3(my (r(py (%)) [KET(H) K<L)
and
811y (Py(Ly () = Zv(ry (P (x)) [KET() KCI(L))

Since {Ke€J(#)|K<L} = {KeJ(#) |K<JI(L)}U{L}, it follows that

Thus from Theorem 3.1(ii) it follows that & € Pm(V) as claimed.
Next we shall show that the composition of the mappings (3.5b) and

(3.5a) is the identity on the product set in (3.5). Since, for every L €

J(#) and x € V,

= 5 (14, -a] 1y ) (3 ()

D2 ().

1]

it follows from (3.7) that

6, 6
(3.9) 22)) = v )
for every y € L. However, for every y € pE%L) L(O) we have that rf(y) =

rL(y) = y, hence 75 =1 by (3.9). Also, (3.9) implies that the kernels

o e .
of rL and rL coincide, hence rL = rL.
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Finally, it follows from Theorem 3.1(ii) and (3.8) that
(3.10) 5(x) = S(13(ro(p(x))) [KEI(#)). 6 € PA(V). x €V,

hence the composition of the mappings (3.5a) and (3.5b) is the identity

on Pw(V), so the relation (3.5) is 1-1. o

-1 -1
Remark 3.4. When K = Om, then pJ(K),K(O) = K, hence PROJ(K,pJ(K)’K(O)) =
PROJ(K.K) = {idK}, so this term may be excluded from the product on the

right of (3.5). O

Remark 3.5. The formula (3.10) is basic for likelihood inference for the

normal statistical model with parameter space P&(V) - cf. (3.14) and

Section 5. O

3.3. The #-parametrization of P_(V): matrix formulation.

If D and E are finite index sets then M(DxE) denotes the vector space
of all real DxE matrices and P(D) the set of real positive definite DxD
matrices. If (eiliel) is a basis for V, then both P(V) and P(V*) may be
identified with P(I) in the usual way. If this basis is adapted to %,
then under this identification Pm(V) becomes identified with Pﬁ(ﬁ)(l) =
Pw(I) and Pﬁ(V) with Pﬁ(%)(l) =: RW(I) (cf. Remarks 2.2 and 3.1).

Since, for K € J(A), (eilieIK) and (eiliGDK) are bases for K and

L (0) respectively, it follows that PROJ(K,pE%K)’K(O)) may be iden-

PJK).K
tified with all DK><IK matrices of the form (RK,IKK) partitioned according
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to (2.4), where RK € M(D XIJ(K)) and 1KK is the DKXDK identity matrix,

hence may be identified with M(D, XIJ(K)) Also P(pJ(K) K(O)) may be iden-

tified with P(D )

For every 2 € P(I) and L € %, denote the ILxIL submatrix of 2 by EL and

let 2£1

(2.4) as followslt

denote (EL)_l. Also, for K € J(#), partition EK according to

> >

where E(K) = EJ(K) is IJ(K)XIJ(K)’ EK) is D XIJ(K) EKK is D XDK and

> K= E§>. Furthermore, define

-1
(3.12) . = IKIKSZEKOIIK

and let E%% denote (EK-)_l

Under the identifications in the first paragraph, each X € P (I) cor-
responds uniquely to some 6 € Pm(V). The matrix wrt (eiliGIK) for (6K)
is simply EK, hence the matrix wrt (eilielK) and (eiliGDK) for rg is
(EK>Ezé>,1KK). Since the matrix wrt (eilieDK) for (73)_1 is Ek.,
#-parametrization of RW(V) has the following matrix formulation:

(3.13) P, (I) < X(M(D XIJ(K))XP( ) [KeJ(#))
2= (G2 <K>,EK.) [KeJ(#)).

1If K=0

:EK.,

e recall that J(Ow) = {0} and IJ(K) = @. In this case, EK = EKK
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The matrices (2K>zzé>’2K°)’ K € J(#), are called the A-parameters of 3.

The formula (3.10) now assumes the form

(3.14) er (3 Ity =

z((tr(zﬁ%(X[K]‘2K>zzé>x<K>)(X[K]‘EK>EZé>x<K>)t)IKEJ(%))

I

where, for L € A, X denotes the IL—subcolumn of the column vector x € R

and, for K € J(¥%), Xy is partitioned according to (2.4) as

K>
(3.15) - )
X [XEK]]

where Xgs = XJ(K)' Formula (3.14) is used to obtain the maximum likeli-

hood estimate of 2 under the normal model studied in Section 5.
Formula (3.14) provides a way to reconstruct X from its X-parameters.
If the A-parameters are denoted by
(3.16) ((Ry-A) [KEJ(H)) € X(M(DKXIJ(K))XP(DK)lKeJ(m))
(compare to (3.13)), it follows directly from (3.14) that

(3.17) S = [E(XKIKGJ(%))]_l,

where ZK is the IxI matrix whose IKxIK submatrix is
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t,-1 -1

RKAK R AK RK
t,-1 -1
RKAK AK

and whose remaining entries are zeroes. Formulas (3.13) and (3.17) are
the analogues of (3.5a) and (3.5b), respectively, for the covariance
matrix 3.

In general it is not a simple task to determine 3 directly from (3.17)
by matrix inversion. In the following extended remark we present a step-—

wise algorithm for reconstructing 3 from its %f-parameters without matrix

inversion.

Remark 3.6. Clearly the A-parameters of 3 are simple functions of 3. The
process of reconstructing X from its ¥-parameters is, in general, more
complex ((3.4) is a very simple case). It is important to describe this
process since, as will be seen in Section 5, the maximum likelihood esti-
mator é is obtained by first estimating the ¥-parameters of 3, then using

them to obtain é.

We now present a step-wise algorithm for this reconstruction process.

Let n := |J(#)| and Oﬂ = Kl,"',Kn be a never-decreasing listing of the

members of the poset J(%), i.e., Ki )3 Kj whenever i < j; usually we shall

abbreviate Kk to k. Partition 3 according to the ordered decomposition
(3.18) I=D1L°JDU---UD ,

where D, = D, . To reconstruct X from
k Kk
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(3.19) (AL (RyoAy). oo (R LA )) €

P(D1 ) XM(DZXIJ(Z) ) xP(D2) Xeeoeo xM(an IJ(n) ) xP(Dn)

where J(k) = J(Kk), one proceeds as follows:

Step 1: 21 = Al'
Step 2: 22> = R221,
222 = A2 + R22<2.

At this point, the submatrix 21V2 (= 22, here) is completely determined
(recall that 1V2 abbreviates K1V K2). By (3.20), J(3) < K1V K2 (= K2,
here), hence IJ(B) C I1V2 (= I2, here), so 2<3> is a submatrix of 21V2

and the next step may be carried out:

Step 3a: 23> = R32<3>,

M
Il

33 = A3 + Ry3 5.

It is important to note that after Steps 1, 2, and 3a, the three sub-

matrices 21, 22, 23 are now determined but the complete submatrix 21V2V3

may not yet be fully determined. The remaining DBX(IIVZVB\IB) — submatrix

23} of 21V2V3 is determined from 21V2 by means of the GO (= pairwise CI)

requirements imposed by ¥# (cf. (3.22)):
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Step 3b: a3 = RyZeqy
-1
(= 23>2<3>2<3})’

where E<3} is the IJ(B)X(11V2V3\13) submatrix which, by (3.20) and
(3.21), is in fact a submatrix of 21V2'

After k-1 such steps, the submatrix 21V~'°V(k—1) is fully determined
and in turn may be used to obtain 21V°°'Vk' First note that the never-—

decreasing nature of K1,°°°,Kn implies that

1Ve e« +Vk = U(Djl.j:l”":k)

—
|

= U(D, |j=1,+++.k; K.<K ).
CHB 5$K)
From these relations and (2.4) it may be deduced that

(3.20) Irey = T M Liveeovik-1) € Tivesov(x-1)

I

(3.21) IlV°°°Vk\Ik = Ilv...v(k_l)\IJ(k) c 1VeseV(k-1)"

Thus, if we denote the Dkx(11V°'-Vk\Ik) submatrix of 3 by Ek} and the
IJ(k)x(IIV-°-Vk\Ik) submatrix by 2<k}’ it follows from (3.20) and (3.21)
that both 2<k> and E(k} are in fact submatrices of Elv"°V(k—1)’ so the

next step may be carried out:

Step k: 2> = Bl
e = A T R
(3.22) S = R

-1
(= 2 a2
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The relation (3.22) is seen as follows. Since Kk (=: L) and K1V'°°V Kk—l

(= M) are GO wrt 2_1, it follows from Proposition 3.1(ii), (3.20), and

. -1 .
(3.21) that the Dkx(11V°°'Vk\Ik) - submatrix of (21V°'°Vk) is a zero
matrix, which is equivalent to (3.22).

The submatrix 21V°°°Vk is fully determined after Step k; after n steps,

21V°°°Vn = 3 is fully determined.

[In carrying out this algorithm one must use the convention that if C #

@ and D # @, then the product of a Cx@ matrix with an @xD matrix is the

CxD zero matrix. ] u]

3.4. Examples.

We now present a series of Examples to illustrate the following basic
concepts: (i) the distributive lattice % of quotient spaces of the obser-—
vation space V; (ii) identification of V with RI by means of a %-adapted
basis for V determined by the poset J(#) of join-irreducible elements of
#; (iii) the A-parametrization of Rﬂ(I) and the specific form of (3.14);
(iv) reconstruction of 3 € PW(I) from its A-parameters by means of the
step—-wise algorithm in Remark 3.6.

In each Example the lattice diagram of % appears in an accompanying
Figure, in which the members of J(#) are circled. In each Figure, the
minimal element Ow appears at the left while the maximal element appears
at the right. This apparently contradicts the convention in [A] (1987)
where, in the lattice diagram for a lattice ¥ of subspaces of V, the
minimal element Og appears at the right while V appears at the left.

These two conventions are consistent, however, because of the anti-iso-—

morphism (2.9) between %(V) and (V) described in Remark 2.5.
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These Examples also will be used in Section 4 to illustrate the notion
of a A-preserving mapping, in Section 5 to provide specific examples of
normal statistical models determined by pairwise CI wrt A, and in Section

6 where the problem of testing one model against another is treated.

Example 3.1. First consider the simple case where ¥ = {L,V} C %*(V) (see

Figure 3.1).

Lo———YV

Figure 3.1

Since L and V trivially are GO wrt every 6 € P(V), PM(V) = P(V) and Pm(V)

P(V*). In order to choose a basis (ei|i€I) adapted to ¥, note that J(%)

]

{L,V} and J(L) = {0}, J(V) = L. Thus the A-parametrization (3.13) of

Rﬂ(I) = P(I) becomes

(3.23) P(I) «— P(D, )xM(DyxI; )xP(Dy)
S03
L <V -1

(3.23a) > (3, SN,
. L A3 e y.)
V> vV

where 3 = EV (cf. (3.11)), while the formula (3.14) becomes

(3.24) tr(E_lxxt) = tr( ElexE) + tr(E;%(X[V]—EV>2£1XL)(‘“)t)-

The algorithm in Remark 3.6 for reconstructing 3 from its X-parameters

(A AV) takes the form

L’ RV,



34

Step 1: EL = AL
Step 2: 2V> = RVEL
(compare to (3.4)). o

Example 3.2. If A = {K1,°°°,Kn=V} C #(V) is an ascending chain, i.e., K1

(ool Kh, then a well-known generalization of the preceding example is

obtained (see Figure 3.2).

K. 0—0——0—- ¢¢¢ —0—0 K =V

1

K2 K3 ‘ Kn—l
Figure 3.2

Here again Pm(V) = P(V) and Pm(V) = P(V*), but the ¥-parametrizations are
changed. To choose a ¥-adapted basis, note that J(A) = {K1,°°°,Kn} and
J(Kl) = {0}, J(Kk) = Kk—l’ k = 2,°*+,n. Then the %-parametrization of

Rﬂ(I) = P(I) becomes

(3.25) P(I) <= P(D,)xM(DyxI, )xP(Dy)x=++>xM(D_xI__ )xP(D )

211, S eee, s 371

2 e'(zl’ 2 > "n>n-1° En°)

295

while (3.14) becomes

(3.26)  tr(3 ) = tr(3] xx}) + tr(E;}(x[21—22>211x1)(...)t)

fooot tr(E;l:.l (X[n]—2n>21_1-l-1xn—1) ( coe ) t) s
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where Kl,Kz,"’,Kn are abbreviated as 1,2,¢<+,n whenever they occur as

subscripts. By Remark 3.6, 3 is reconstructed from the ¥-parameters (Al’

R2, A2’ see, Rh’ An) as follows:

Step 1: 21 = Al
Step 2: E2> = R221
Step n: 2n> = RnEn—l
2 =A +R>, . n]
nn n n <n

Example 3.3. Now consider the lattice ¥ = {{O}=LAM,L,M,V=LVM} (see Figure

3.3).

L

© <>

M
Figure 3.3

Here the GO (= pairwise CI) requirement imposed on 3 by A is nontrivial,
so Pw(V) C P(V). In this case, note that J(#) = {{0},L,M} and J({0}) =
J(L) = J(M) = {0} and thereby choose a #-adapted basis (eiliGI) for V.

Then the A-parametrization (3.13) of Rﬂ(l) takes the form
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(3.27) P,(I) «— P(D,)xP(Dy)
S > (EL, EM),

while (3.14) becomes
-1t -1 t -1 t
(3.28) tr(Z "xx) = tr(EL XLXL) + tr(EM xMxM).

Since {0},L.M is a never-decreasing listing of J(#), 2 may be reconstruc-

ted from the nontrivial #-parameters (A, AM) as follows:

Step 1: (vacuous)
Step 2: EL = AL
Step 3: EM = AM

%y = 0

Thus Rﬁ(I) consists of all block-diagonal = of the form

5 0
(3.29) 3=, 5,

where 2 is partitioned according to the decomposition
(3.30) I=0U DLO D,,.

In this example (as in Examples 3.1 and 3.2) Pm(I) = ﬁm(l) and both are

linear, i.e., closed under nonnegative linear combinations. n}
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Example 3.4. If ¥ = {{O}=LAM,L,M,LVM,V} (see Figure 3.4)

L

LVM
{0} °<:>

M
Figure 3.4

oV

then again Pm(V) C P(V). Here note that J(#) = {{O0}.L,M,V} and J({O}) =

J(L) = J(M) = {0}, J(V) = LVM, and thereby choose a A-adapted basis. The

-A-parametrization of P%(I) assumes the form

(3.31) Py (1) «— P(Dy )xP(Dy)M(D,xI; \\)xP(Dy)

-1
220G 3y 3 3yl
and (3.14) takes the form
-1t -1 t -1 t -1 -1 t
tr(Z "xx ) = tr(EL xLxL) + tr(EM XMXM) + tr(ZV_(x[V]—2V>ELVMXLVM)(°°°) )

Now {O},L.M,V is a never-decreasing listing of J(#), so 3 may be recon-—

structed from the nontrivial #-parameters (A, , AM’ RV’ AV) as follows:

Step 1,2,3: Repeat Steps 1,2,3 in Example 3.3.
Step 4: EV) = RVDiag(AL,AM)
EVV = AV + RVE<V'

Thus Rﬂ(l) consists of all 2 € P(I) of the form
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(3.32) 2=10 EMS <V

(3.33) I=00DUDUD,.
The precision matrices A = 2_1 € PM(I) are characterized by the condi-
. -1 . -1 1 . .

tion that ELVM = Dlag(EL ’EM }. Thus, unlike the preceding example, here

R%(I) is linear while Pm(I) is not. 8]

Example 3.5. Suppose that # = {LAM,L,M,V=LVM} where LAM > O (see Figure

3.5).

L
{0} < LAM a<:> \'
M

Figure 3.5

Note now that J(A) = {LAM,L,M}, and J(LAM) = {0}, J(L) = J(M) = LAM and
thereby choose a #-adapted basis. The A-parametrization of RW(I) is given

by

(3.34) (I) «— P(D AM)xM(D xILAM)xP( )xH(D xILAM)xP( )

-1

2= G 203w 2

Les 2> L/\M’ 2.0
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and (3.14) takes the form

-1 t
tr (LA

(3.35) tr (3 Lxx )

+

tr(zi}(x[L]_zL>E£XMXLAM)('.‘)t)

tr(zﬁ}(x[M]_EM>2£kMXLAM)(°°.)t)'

+

Since LAM,L,M is a never—decreasing listing of J(#), 2 may be reconstruc-

ted from the A-parameters (ALAM’ RL’ AL, RM’ AM) as follows:

Step 1: ELAM = ALAM
Step 2: 2L> = RLELAM
5= A F R3S,
Step 3: 2> = RLaun
2 = Ayt R
(3.36) S = Rl
-1
= A2 AL

(note that 2<M} = E<L). Thus, in this example Pm(I) consists of all 2 €

P(I) of the form

LAM 2<L E<M

L> zLL E{M

> EM} 2MM

M ™M

(3.37) S =

M

such that EM} satisfies (3.36) and where 3 is partitioned according to

the decomposition
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(3.38) I=D D UD,.

It is easily seen that Pm(I) consists of all A € P(I) having the simple

form
AL/\M A(L A(M
(3.39) A=Ay A
AM> 0 AMM
Thus, in this example Pm(I) is linear while Pm(I) is not. o

Example 3.6. Consider # = {LAM,L,M,LVM,V} where LAM > {0} (see Figure

3.6).

L
LVM
{0} < LAM T oy

-~

Figure 3.6

Choose a A-adapted basis by noting that J(A) = {LAM,L,M,V} and J(LAM) =
{0}, J(L) = J(M) = LAM, J(V) = LVM. The A-parametrization of P&(I) is

given by

(3.40) P,(I)

P(DLAM)XM(DLXILAM)xP(DL)xM(DMxILAM)xP(DM)XM(DVXILVM)XP(DV)
2 -

s -1 -1

-1
Coaw 202tae 2L 2p2LAae M 2v>2LvM 2ve)
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while (3.14) becomes

(3.41) tr(3 xxt)

tr(2 AM LAM LAM)

+

tr(ELo(X[L] L> LAM X (7 0) P
-1

tr Gy, ey LAMXLAM)(°°°) P
-1 -1 t

tr Gy, Kpy1 2y 2y (02) ) -

+

+

Since LAM,L,M,V is a never—decreasing listing of J(A), 2 can be recon-

structed from (A LAV’ RL’ AL, RM’ AM’ RV’ AV) as follows:

Steps 1,2,3: Repeat Steps 1,2 and 3 in Example 2.5, obtaining ELVM

Step 4: 2V> = RVELVM

Thus RW(I) consists of all 3 € P(I) of the form

(3.42) s _ 2 v 2
2y vy

partitioned according to I = ILVMJ DV’ where ELVM is given by (3.37),
(3.36) and (3.38). The precision matrices A = 2—1 € Pm(I) are characteri-
zed by the condition that 2£¢M have the form (3.39). Thus neither R%(I)

or Pm(I) are linear. O



Example 3.7. Let A be the lattice in Figure 3.7:

L L'
oy
M M’

Figure 3.7.

Choose a A-adapted basis by noting that J(%) {LAM, L, M, L', M'} and

J(LAM) = {0}, J(L) = J(M) = LAM, J(L') = J(M') = LVM = L'A M'. The H-para

metrization of PW(I) is given by

(3.43) P, (I) <

P( xM(DLxI xP(DL)xH(DMxILAM)xP(DM)

LAM)
xP(DL.)xM(D ,xILVM)xP(DM.)

D )

xM(D 'XILVM)

> -

-1 -1 -1 -1
(ELAM’ EL>E AM’ 2L°’ 2M>ELAM’ EM°’ EL')E VM’ EL'°’ 2M'>ELVM’ 2M'~)

from which the specific form of (3.14) is easily determined. The matrix 3

can be reconstructed from its A-parameters (ALAM’ RL’ AL’ RM, AM, RL"

A R

L Ry AM.) as follows:

Steps 1,2,3: Repeat Steps 1,2,3 in Example 2.5, obtaining ELVM =

(EL‘A M')'

Steps 4,5: Repeat Steps 2,3 in Example 2.5 with L,M replaced by L' ,M'.

Thus Rﬂ(l) consists of all 3 € P(I) of the form (3.37) with L,M replaced

by L',M', partitioned according to
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(3.44) I=1I,,0D.0D,

where furthermore, EL'A M= ELVM is given by (3.37). The precision ma-

trix A = 2_1 has the form (3.39) with L,M replaced by L' ,M' and satisfies

the condition that EiéM has the form (3.39). Here again neither Bm(I) nor

Pm(I) are linear. ]

Example 3.8. Let K be the lattice in Figure 3.8:

Lt

N
<§,\/

M M’
Figure 3.8.

Here J(#) = {LAM,L,M,L",M'} and J(LAM) = {0}, J(L) = J(M) = LAM, J(L") =
L, J(M') = LVM = L'A M'. Thereby choose a A-adapted basis and obtain the

A-parametrization of Pm(I) relative to such a basis:

(3.45) P:ﬂ(I) —
P(DLAM)xM(D xILAM)xP( ) xM(D. xILAM)xP( )

xM(DLHXI xP(DL”)XM(D .XILVM)XP(DM.)

L)
> -

-1 -1 -1
Coae 2% e Fodae Jer 3% S JesTae 3.

from which the specific form of (3.14) is determined. The matrix 3 can be

reconstructed from its X-parameters (ALAM’ RL’ AL, RM’ AM’ RL"’ AL"’ RM.,

AM.) as follows:
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Steps 1,2,3: Repeat Steps 1,2,3 in Example 2.5, obtaining ELVM =

(EL‘A M')'
Step 4: 2L"> = RL"EL
EL"L" = AL + RL"2<L"
(3.46) ey = RuS ey
" 2
L">7L E{M

t i s
where E{M = EM}’ obtaining EL"
Step 5: 2M'> = RM'ELVM

2em = At Ry

(3.47) 303 = B Zars
5, 51 2
YLVM (3, .

t .
where E{L" = EL"}' Thus Rﬂ(l) consists of all 3 € P(I) of the form

[ S 3
L3
25 2L 2 - 2
(3.48) =3y %y Im | Sg-
ey 0 3y e Sy
i 3N My uew

partitioned according to the decomposition
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(3.49) I =D ,UDUDUD.UD,

where EM}’ EL"}’ EM'} satisfy (3.36), (3.46), (3.47), respectively. The

precision matrix A = 3 = satisfies the following three conditions: its

DM,x DL" and DL"X DM' blocks are zero matrices, the DL"X DM and DMx DL"
-1 . -1
blocks of EL' are zero matrices, and ELVM

Pm(I) nor Pw(I) are linear.

has the form (3.39). Neither

]

Example 3.9. Now consider the lattice A in Figure 3.9a:

M M

L
LAM \\\o//,/<::j:::> \
\ o/
M
Figure 3.9a.
Although this lattice properly contains the lattices in Examples 3.7 and
3.8 as sublattices, the set P%(I) that it determines is much simpler than

those in Examples 3.7 and 3.8. The reader may verify that R%(I) is iden-

tical to BM(I), where M is the sublattice in Figure 3.9b:

Figure 3.9b

The lattice
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(compare to Example 3.5). Likewise, Rﬂ'(I) = BM.(I) and Bﬂ"(I) = RM"(I),

where %' and M' are the sublattices in Figures 3.10a and 3.10b respec-

tively:

L” L"
X :
o<:::::>> \ \
Ml M'
Figure 3.10a Figure 3.10b
The lattice %' The lattice M’

and where A" and M" are the sublattices in Figures 3.1la and 3.11b re-

spectively:
L” L
L///O\\\ii\\\ L'
L/\Mr<>/ v L/\M:L"/\Mn{}\v
M M
Figure 3.11a Figure 3.11b
The lattice A" The lattice M"

Remark 3.7. It follows from the duality between the rings % and %' (cf.
Remark 3.2) that for each finite distributive lattice # C %(V) there
exists an anti-isomorphic lattice %' C ¥(V) such thaf Pm.(I) = Pm(I) and
Pm‘(I) = Rﬂ(l)' For example, if % is the lattice in Figure 3.4, then %'

has the same form as the lattice in Figure 3.5, and conversely. O
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§4. MAPPINGS THAT PRESERVE A DISTRIBUTIVE LATTICE *# OF QUOTIENT SPACES.

4.1. The #-preserving mappings: invariant formulation.

If as in Example 3.2, % = {K1<°°°<Kn= V} is an ascending chain of quo-
tients in V, then the corresponding kernels le(O) D eee D p;1(0) = {0}
form a descending chain of subspaces in V. It is well known that a linear
mapping f:V = V preserves each p;I(O) if and only if the matrix of f wrt
a basis adapted to A is lower block triangular. We call such a mapping
A-preserving. Furthermore, the group Ggﬂ(V) of all nonsingular A-preserv-
ing mappings acts transitively on Pm(V) = P(V) under the usual action
(cf. (4.1) and (4.11)). This group plays an important role in multivari-
ate statistical analysis (cf. Eaton (1983), Andersson, Marden, and Perl-
man (1988)).

For a general distributive lattice # C A(V), we define a linear mapping
f:V >V to be #-preserving if f(p%l(O)) C pgl(O) for every K € A. The set
of all matrices (wrt to a A-adapted basis) for all H-preserving mappings
is a natural generalization of the class of (lower) block-triangular
matrices (cf. (4.4) and Remark 4.3). It is shown in Proposition 4.1 that
the group GQW(V) of nonsingular A-preserving mappings acts transitively
and properly on Pw(V) under the action (4.1), an important fact for the
analysis of the testing problem in Section 6.

The class Endw(V) of all A-preserving mappings of V to V is a subalge-
bra of the algebra End(V) of all linear mappings of V to V and GLm(V) is
a subgroup of the general linear group GL(V) of V. Trivially End{v}(V) =

End(V) and GLey, (V) = GL(V).

v
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Remark 4.1. If V = RI where I is a finite set, then we identify the alge-

bra End(RI) with the matrix algebra M(I) := M(IxI) and the group GL(V)

with M%(I), the group of all nonsingular IxI matrices in the usual way.

If % is a ring of subsets of I such that I € % (cf. Example 1.1) then
.. . . I

under this identification, Endm(%)(m ) becomes a subalgebra Mﬁ(I) of M(I)

and GL )(RI) becomes a subgroup M;(I) of M*(I). O

H(%

4.2. Transitive action: invariant formulation.

Proposition 4.1. The action

(4.1) aL, (V)P (V) > (V)

(£,8) = s0(f LxgL

)

is well-defined, transitive, continuous, and proper.

Proof: If f € GL,(V) and & € Pj{(V), then the subspaces {plzl(O) |[Ke#} are
mutually geometrically orthogonal (GO) wrt 60(f—1xf_1), hence 60(f—1xf_1)
€ Pw(V) by Remark 2.6. Thus (4.1) is well-defined. Next let (eiliGI) and
(egliGI) be two bases for V adapted to . If f € GL(V) is such that f(ei)
= eg, i € I, then f € Gpm(V). Furthermore, it follows from Theorem 3.2
that for any 6 € PM(V) there exists a basis (eiliEI) adapted to ¥ such
that the matrix for 6 wrt (ei|i€I) is the IxI identity matrix. It follows
readily from these two facts that the action (4.1) is transitive.

Since GLm(V) is a closed subgroup of the locally compact group GL(V) it

is locally compact in the relative topology. Furthermore, Pm(V) is a
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closed subset of the locally compact space P(V), hence is also locally

compact. Thus the action (4.1) is the restriction of the classical action

(4.2) GL(V)xP(V) = P(V)

-1

(£.6) » 5o(f’1xf )

to the closed subset Gyﬂ(V)XPm(V). Since it is well known that the action

(4.2) is continuous and proper (cf. [A] (1982)), the action (4.1) inhe-

rits these properties. i
Remark 4.2. By Proposition 4.1, the action
(4.3) Gyﬂ(V)xRﬁ(V) ﬁ'Rﬂ(V)
(£.0) = oo(£5x£"y.
induced on P_(V) by (4.1) is also transitive, continuous, and proper. O
*x

4.3. The #-preserving mappings: matrix formulation.

If a basis (eilieI) is choosen for V, then End(V) and GL(V) are iden-
tified with M(I) and M*(I), respectively, in the usual way. If this basis
is adapted #, then under this identification Endm(V) and Gpm(V) are iden-
tified with Mﬁ(ﬂ)(l) =: M&(I) and M;(%)(I) =: M;(I), resp. (cf. Remarks
2.2 and 4.1).

For any A € M(I) and K € ® let AK denote the IK><IK submatrix of A. For
LM € J(#) let ALM denote the D xD. submatrix of A, let AL> denote the

L™

DLXIJ(L) submatrix of A, and let A<L> o= AJ(L)'
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Proposition 4.2. The matrix algebra Mﬁ(I) is characterized as follows:

(4.4) M, (I) = {A€M(I) |VL,MEJ(H): Ay #0=>M< L}
Proof: First note that for every L € ¥,

-1 . _ -
(4.5) x € 1 (0) <=> (VK € JH#): KLL = X[K] = 0)

(cf. (3.15)). For fixed M € J(#) let e denote an arbitrary column vector

in RI satisfying e[K] = 0 for K € J(#), K # M. Then for every L € J(¥%)

with M { L, one has that e € pil(O), hence Ae € p£1(0) for every A €

Mﬁ(l). In particular, by (4.5),

0 = (Ae)[L] = ALME[M]’

hence ALM = O since e[M] is arbitrary.

Conversely, if A € M(I) satisfies condition (4.4), then for every L €

%, every x € p£1(0), and every K € J(#) such that K { L,

The second equality follows from (4.4), while the third equality holds

since M { K { L and M € J(#) imply that X[M] = 0, by (4.5).Thus again by

(4.5), Ax € p_ '(0), hence A € M (I). o
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Remark 4.3. Let 0 - KI’K ""KIJ(ﬂ)l be a never—decreasing listing of

the members of the poset J(#) as in Remark 3.6. If every A € M(I) is par-

titioned according to the ordered decomposition

(4.6) = D,U D,U---U Dyl (P = DKk)

then it is seen from (4.4) that M&(I) becomes a subalgebra of the algebra

of lower block triangular matrices in the usual sense. n]
Remark 4.4. For A € M&(I), X € RI, L e, and K € J(¥%),

(4.7) (Ax)L = ALxL

(4.8) (Ax)[K] = AKKX[K] + AK>X<K> ]
Remark 4.5. The linear mapping

(4.9) M,(T) = X(M(DxT | 1) )<M(Dy) [KeJ())

A > ((Agy A [KEIO0)

is bijective, since for every K € J(#), those entries in the DKX(I\DK)
submatrix of A that do not lie in AK> must be zero. Under the correspond-

ence (4.9) the subset M;(I) corresponds to the subset

(4.10) X(M(D XIJ(K))xM*( ) [KeJ(H)). o
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4.4. Transitive action: matrix formulation.

In matrix formulation the action (4.1) assumes the form

(4.11) My (1)xF (1) > F'(1)
1

(A A) » (A H0aT,

while (4.3) becomes

(4.12) M(I)xBy(I) > Py(1)
(A,3) - ASAL.

Remark 4.6. Since both Pm(I) and PW(I) contains the IxI identity matrix,

it follows from the transitivity of the actions (4.11) and (4.12) that

{A"A€P(1) [AcK (1)}
{AAteP(I)IAemz(I)}. o

(4.13) P(I1)

(4.14) P, (1)

If % = {V} then My(I) = K (I) and (1) = P,(I) = P(I). so both actions
(4.11) and (4.12) reduce to the well-known transitive action of M*(I) on
P(I). If * is a chain as in Examples 3.1 or 3.2, then again Pm(I) = Rm(I)

= P(I), but now M;(I) is a group of nonsingular lower block-triangular

matrices in the usual sense, and the actions (4.11) and (4.12) are the

well-known transitive actions of M;(I) on P(I).

Now consider the lattices # in Examples 3.3-3.9, respectively. By
(4.4), in these seven examples the corresponding matrix algebras Mﬁ(I)

consist of all IxI matrices of the following forms:



(4.15a)

(4.15b)

(4.15¢)

(4.15d)

(4.15e)

(4.15¢f)
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) A, O
0 Ay
A 00
A= |0 AL O
Ays Ay
A © O
A= (A, A O
Ay O Ayy
) o,
A0 O :0
A Ay Ap 0 -0
Ay O Ay O
L Ay Aw
A © O 0 0
Ay A 0
Ay O Apl O 0
Ay Apgp O
Ay 0 Ay

A : O :ALHL" O

Aps 0 O Ay
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A © 0 I 0 0
Ay A, 0 10 0
(4.15g) A=| M O Mg © 0
Ay 0 . O
Ao © Awew: O Avewe

(Note that (A " LAM ; AM",M) = A ny in (4.15g).) The reader may verify

directly from (4.15a)-(4.15g) that (4.13) and (4.14) hold in these seven

examples.

The action induced by (4.12) on the %-parametrization of ’Rw(I) in

(3.13) is the following:

(4.16) M;(I) <(X(M(DxT 5 5oy )<P(Dy ) [KET()))
> X(M(DpxI (K))XP(DK) [KeJ(#))

(A (G %) [KeI®))

-1 ,-1 -1 t
> (s> aobao * Aphas Aack-Ak) KET))

This fact is needed in Section 6, and also for the proof of the following

lemma.
Lemma 4.1. For = € RW(I)’
(4.17) det(3) = M(det(3y,) |[KeJ(#)).

Proof: By (4.14), there exists A € M;(I) such that AA® = 3. It follows

from (4.16) that AKKAIEK = 3., K€ J(#). Thus by Remark 4.3,
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det(AAY)

det(3)
M(det (AgAr) [KEJ(A))

1]

H(det(EK.)IKGJ(w)). u|

§5. LIKELIHOOD INFERENCE FOR A NORMAL MODEL DETERMINED BY PAIRWISE

CONDITIONAL INDEPENDENCE.

Although it is always desirable to describe and analyze a statistical
model in an invariant (coordinate-free) way, the analysis in this section
is presented in matrix formulation so that the reader may see its rela-
tion to classical multivariate analysis more easily. Nevertheless, it is
important to note that the models and their analysis may be described in
an invariant manner.

The multivariate normal distribution on V with mean O and covariance o
€ P(V*) is denoted by N(o). For a distributive lattice A C ¥(V), the
normal statistical model Nv(ﬂ) determined by pairwise conditional inde-

pendence (CI) with respect to % is defined to be
(5.1) Ny () = (N(a)laepm(V)).

If x € V represents an observation from the model (5.1), thus the model
states that for every L,M € A, X 1is CI of Xy given X[ AM? which is writ-

ten as follows:

(5.2) X H-XM IXLAM'
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The model Nv(ﬂ) is a curved exponential family; it is linear if and
only if Pm(V) is a linear set, i.e., closed under positive linear combi-
nations. In the linear case the ML estimator g based on N i.i.d. observa-

tions from NV(%) is a minimal sufficient statistic, but is not neces-—

sarily sufficient in the general case.

If (ei|i€I) is a basis for V adapted to A, then V may be identified

with RI and the model (5.1) may be expressed in matrix formulation as
(5.3) N () = (N(3) [3€Py(T)).

. . . I _. 3 .
where N(Z) denotes the normal distribution on R~ with covariance matrix

3.

5.1. Maximum likelihood estimation.

Consider N independent and identically distributed (i.i.d.) observa-

tions Xqse Xy from the model (5.3) and set

(5.4) y = (xl,...,xN) € M(Ix{1,...,N}) =: M(IxN).

For L € % let i denote the ILx N submatrix of y, while for K € J(#%)

partition Yk according to (2.4) as follows:

v - [Y<K>]
K= .
YIK]
By (3.14) and (4.17), the likelihood function for this statistical model

is given by the mapping
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(5.5) P, (1)>M(IxN) - R
(2.y) > (det(3)) V2

= M((det(3,)) ™ Prexp(tr (. (Vpey S SV as) (++) )72) [Ked ().

exp(-tr (3 yy©)/2)

Note that the factor corresponding to K € J(X) is the density for the

conditional distribution of y[K] given Y

It now follows readily from (3.13) and well-known results for the mul-
tivariate normal linear regression model that the maximum likelihood (ML)
estimator g(y) € P&(I) for 2 € P&(I) is unique if it exists, and it

exists for a.e. y € M(IxN) if and only if

(5.6) N> max{IIJ(K)I+|DK| [KeJ(#)}
= max{IIKI [KeJ(#)}.
(Note that dim(K) = IIKI, K € £.) In this case the H-parameters of g are

determined from the usual formulas for regression estimators:

(5.7) 2;:§zé> = sK>szé>, NQK. = Sg.. K € J(#),
where S(y) = yyt is the empirical covariance matrix. The explicit expres—
sion for é itself may be obtained from its #-parameters in (5.7) by means
of the reconstruction algorithm given in Remark 3.6.

If V € J(#) then the condition (5.6) reduces to N > [I|, so in this
case S is positive definite a.e., hence a fortiori SK° exists and is
positive definite for every K € J(#). If, on the other hand, V € J(¥%),

then condition (5.6) does not guarantee that S is positive definite, but

it still guarantees that SK° exists and is positive definite a.e.
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By Lemma 4.1, when (5.6) is satisfied the maximum value of the likeli-

hood function (5.5) is given by
(5.8) c-m((det(3. ) T2 [KeI(#)) = - (det(3))

where c = NN/zx exp(-N|I|/2). This fact is used in Section 6 to express

the likelihood ratio statistic for testing one model against another.

5.2. Examples of pairwise conditional independence models.

For each lattice ¥ in Examples 3.1-3.9, consider the normal statistical
model NI(m). When # is a chain as in Examples 3.1 and 3.2, P%(I) = P(I)
and NI(W) is the wunrestricted covariance model irrregardless of the
length of the chain. (The ¥#-parametrization of Pﬁ(I) does depend on this
length, however.) Condition (5.6) for existence of the ML estimator é
reduces to the familar condition N > |I|, while (5.7) reduces to Ng = S.

For the lattice ¥ in Example 3.3, partition the observation x € RI
according to (3.30) as x = (x{,xﬁ)t. The model NI(W) states simply that
X H-XM . According to (5.6), the ML estimator % exists if and only if N
> max{IILI,IIMI} (whereas S is positive definite if and only if N > |I|)
and is given by Ng = Diag(SL,SM).

For the lattice X in Example 3.4, partition x € RI according to (3.33)
as x = (x{,xﬁ,xEV])t. Then the model NI(w) again states that X ﬂ_xM .
Condition (5.6) for the existence of the ML estimator takes the form N >

|1]|, while from (5.7),

A A = -1 A
Nop =S Ny =Sy 22 = SvSoe My = Sy.
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Finally, we may reconstruct g from its ¥H-parameters by following Steps

1-4 in Example 3.4 to obtain

NS

LVM Diag(S ,SM)

Név> =Sy, LVMDlag(SL S
) -1
SV' + SV>(D1ag(SL,SM)) S(V (# SVV).

In Example 3.5, x € RI is partitioned according to (3.38) as

t t t t .
(XLAM,X[L],X[M]) . The model ¥ (ﬂ) states that Xr1,] H-X[M] IXLAM' Condi -

tion (5.6) becomes N > max{II [, IIMI}, while (5.7) becomes

(5.9a) NéLAM = S|
(5.9b) 2/45“1 =S .S N =s

: LY“LAM = PLY>°LAM’ Le =~ "L-
(5.9¢) 53l _g s N =s

' M>LAM = PM>”LAM’ Me = PMe°

By Steps 1-4 in Example 3.5, é is given by (5.9a) and

(5.10a) N, =S NS, =S,

(5.10b) My, = Sy My = S
-1

(5.10c) Ny = SieSi s Sip)-

In Example 3.6, x € RI is partitioned as (x LAM’ [L] [M] [V]) and the

model NI(%) states that X[L] H-X[M] IXLAM. Condition (5.6) reduces to N 2
|[1|, while (5.7) is given by (5.9a,b,c) and
/\ -
1 -1 Né

252w = Sy>Spve v. = Sy.-
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From Steps 1-4 in Example 3.6, é is given by (5.9a), (5.10a,b,c), and

NéV> = SV>SI:\1/M(Né VM) (= SV>)

Moy

where, from (5.9a) and (5.10a,b,c),

Sy. * SV>SLVM (8 LS LVM v & Syy)

SL/\M S(L S(M

-1
(5.11) NéLVM = 5> S SeySeawScu |-

-1
S SwStaSa S

I t t t t t
In Example 3.7, x € R* is partitioned as (x , X . X WXt s X
P P L X[L7¥puy L 1% 1)

and the model Nl(w) states that

X[L] H-X[M] IXLAM and that X[L'] H-X[M'] I(XLAM,X[L],X[M]).

(Note that X oA M

2 max{lIL.l,IIM.I}, while (5.7) is given by (5.9a,b,c) and (5.9b,c) with

C = Xy S = (x LAM’X[L]’X[M])') Condition (5.6) becomes N

L.M replaced by L',M' (note that SL'AM' = SLVM)' From Steps 1-5 in Examp-

le 3.7, é is given by (5.9a), (5.10a,b,c), and

3

NéL') =Spy LVM(N Ly
N3 =S, +8 .81 (N% )s‘1
L = 5.t SpsSaum (o) SoS
(5.12a) NéM'> = Sy+»S LVM(NQLVM)
(5.12b) N§M s, +S.,.S L8 sl
e = Sy SyosSpumMeLd) SpyS ane

(5.12¢) NéM'} =Sy LVM(NQLVM)S£$M8<L' (# Sy y)
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where NéLVM is given by (5.11).
In Example 3.8, x € RI is partitioned as (XEAM’XEL]’XEM]’XEL"]’XEM'])t'
It may be seen from the form (3.48) of = € PW(I) that the model Nl(w) is

determined by the following three conditions:

(1) xy Lxpey ooa
(1) xpy H-X[L"] I(XLAM’X[L])
(iii) x[L"] H-X[M‘] I(XLAM’X[L]’X[M])'

Condition (5.6) becomes N > nmx{IILnl,IIM,|}, while (5.7) is given by

(5.9a,b,c),
PN
-1 -1
3 =SS M = s
s 7yl g gl N -
M PLVM T SM>SLVMe M. = Sy

From Steps 1-5 in Example 3.8, é is given by (5.%9a) and (5.10a,b,c), by

NéL") = SL"> ’ NQL"L" = SL"L"
s
NS . =8 .St e
00 Tl TS A
L>SLaS n
by (5.12a,b), and by
S

-1
NQM'} = Sy >Spym A
{Ln
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Finally, for the lattice A in Example 3.9, x 1is partitioned as
t t t t t t .
(XLAM’X[L]’X[M]’X[L"]’X[M"]) . If one proceeds as above, one finds that

the model NI(I) is determined by the single condition that

ey L Cpgpey) P

This reflects the fact that this model is of the same form as that in

Example 3.5 (see the discussion in Example 3.9).

Remark 5.1. Recall the definition of the normal model NI(ﬂ) for a distri-
butive lattice %: for every pair LM € ¥, Xy ﬂ_xM IXLAM' It may be seen
from the above examples that many of these conditions are redundant and
may be omitted, for example whenever L { M. More generally, if L < L', M
{M', and LAM=L'AM', the CI of Xp and Xy implies the CI of X and
Xy hence the latter condition may be omitted. The important question of
characterizing a minimal set of CI conditions that determines NI(ﬂ) is
currently under investigation. For a given lattice A, however, such mini-

mal determining sets are not unique. In Example 3.8, for example, the

following four sets of CI conditions are (equivalent) minimal determining

sets for Nl(ﬂ)t

(1) x Iy I (11) X\ Uxpo I (111) xp 1 %y leVM;
(1) x JlxM |xLAM; (ii) x . || Xy le;
(1) x || x ,,leAM; (ii) x, . JlxM. IxLVM;
(1) xy | x "IXL/\M; (ii) % || x .IxL. o



63

Remark 5.2. For I = {1,2,3,4}, consider the statistical model consisting
of all normal distributions on RI such that Xq is independent of Xg and
3 is independent of Xy It is readily seen that this model is not of the

form Nl(m) for any #. The same is true for the normal model determined by

X

the two conditions that X and X, are CI given (x3,x4) and Xq and x, are
CI given (XI’XZ)' a
Remark 5.3. The general model NI(%) is defined by the pairwise CI re-
quirement (5.2) for every pair L,M € . This requirement does not neces-
sary imply, however, that for every subset ¥ C ¥, (XKIKGQ) are mutually
For the lattice ¥ in Example 3.9, tﬁis may be seen by

CI given XA(KIKEQ)'
considering the subset ¥ = {L",LVM,M"}. O

Remark 5.4. An alternative statistical interpretation of the CI model
NI(%) may be obtained from (4.14): x = (x[KJIKGJ(%)) € RI is an observa-
tion from the normal model NI(W) if and only if x can be represented in
the form x = Az for some (generalized block-triangular) matrix A € M;(I),
where z = (Z[KJIKGJ(ﬂ)) € RI is an unobservable stochastic variate such
that z ~ N(Z=identity matrix). From (4.4), this representation is equiva-

lent to the system of equations
(5.13) XL = E(ALMz[M] |[MeH(L)), L € J(%),

where H(L) = {MeJ(#)|M<L). This shows that the CI model NI(W) can be
interpreted as a multivariate linear recursive model (cf. Wermuth (1980),

Kiiveri, Speed, and Carlin (1984)) with lattice constraints.
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Conversely, suppose that J is a finite index set and let (H(()|[(€]) be

a family of subsets of J that satisfies the following two conditions:

(i) L € H(L)

(ii) m € H(L) => H(m) C H(L).

For each { € J let DL and EL be finite index sets such that IDLI < IELI

and let I = U(DLILGJ), I' = O(ELILGJ). Consider the normal statistical

model defined by the system of equations
(5.14) X[y = Z(ALmz[m]l m€H(1)), L €],

where X[L] € M(DLx{l}) is observable, z[m] € M(EMX{I}) is unobservable, z

. . . I
(z[m]lmGJ) ~ N(Z=identity matrix) on R™ , ALm € M(DLXEm)’ and rank(ALL)

= |D,|. Let # be the ring of subsets of J generated by {H({)[{€]J} and for

nE

H € # define I, = O(DLILGH); then trivially % := {IHIHe#} is a ring of

H
subsets of I. If we set A = %(%) (cf. Example 2.1), then it may be seen
that the model determined by the system (5.14) has the form (5.13), i.e.,

it is the model NI(W). o

5.3. Invariance of the model.

It follows from the well-known transformation property of the multiva-
riate normal distribution that the i.i.d. model determined by NI(W) is
invariant under the transitive action (4.12) of H;(I) on the parameter

space P&(I) and the action
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(5.15) W, (I)M(IxN) - M(IxN)
(Ay) = Ay
of M;(I) on the observation (sample) space M(IxN). The ML estimator is

thus equivariant.

§6. TESTING ONE PAIRWISE CONDITIONAL INDEPENDENCE MODEL AGAINST ANOTHER.

If # and M are two distributive sublattices of #(V) such that { C ¥,
then P&(V) c BM(V) and one can consider the statistical problem of test-—

ing N&(ﬂ) against the (possibly) larger model NV(#) on the basis of N
i.i.d. observations. In this section the central >distribution. of the
likelihood ratio (LR) statistic is derived by means of the invariance of
this testing problem under the actions of GLw(V).

In Section 6.1 the testing problem and the LR statistic Q are given in
matrix formulation. The invariance of the testing problem is described in
Section 6.2 and used to derive the central moments of Q. This derivation
is based on Theorem 6.1, which establishes the mutual independence of the
maximal invariant statistic m and the ML estimators §K°’ K € J(#). Spe-
cific examples of the generalAtesting problem are presented in Section
6.3. Theorem 6.1 is proved in Section 6.4 by meané~6f invariance érgu—

ments.

A warning about the notation is needed here. Since J(#) # J(M), quanti-

ties such as J(K), DK’ EKK’ EK)’ EK- depend not only on the quotient

space K but also on the lattice of which K is considered a member. Thus,
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for example, Jﬁ(K) and JM(K) need not be the same. To alleviate this

difficulty without introducing # and # as subscripts, the letter K shall

denote a quotient that is to be considered as a member of #, while M

shall denote a quotient that is to be considered a member of 4.

For notational convenience, we sometimes use the following abbrevia-

tions: |[K]| : IIKI.(K € %), K| := IDKI (K € J(#)); also [M]| := IIMI (M

ey, M| i= [p| (€ JC)).

6.1. Matrix formulation of the testing problem.

It is important to note that if (ei|i€I) is a basis for V adapted to A%,
then it must also:be adapted to M (recall Remark 2.2). To see this, let
¢:M - A be the embedding of M into X and let ¢y = J(@):J(%) - J(M) be the
associated poset homomorphism (cf. [A] (198T7), Propositﬁon 1.2 (ii)).
Then for M € J(#) we may define DM i= U(DKlKej(w), Y(K)=M). Since ¥ is
surjective ([A] (1987), Proposition 1.3(i)), I = O(DMIMej(M)). Since ¢ is
a poset homomorphism, it follows that (eiliel) is also adapted to .

Once such basis is chosen, the above testing problem may be stated in
matrix formulation as follows: based on N i.i.d. observations X st Xy €
RI from the model NI(M), test

(6.1) Hy: 3 € P(I) vs. H: Z€P(I), (4CH).

The existence of the ML estimator 3 (=: QM) under H implies the exist-
ence of the ML estimator é (=: éﬂ) under HO (recall (5.6)). To see this

simply note that

max{ [Ty | [MeJ()} = max{ [T, | [KEJ()} 2 max({|T| [KeI(A)}
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The equality follows from the fact that Yy is surjective, while the in-
equality follows from the relation Y(K) > K for K € J(A), which is a
consequence of the definition of ¥ (= J(¢)) (cf. [A] (1987), equation

(1.4)). Thus, from (5.8) and (5.7), the LR statistic Q for testing Hb

against H is given by

Q2N _ det(3)

(6.2
) det(3)

m(det(3),.) [MeJ(4))  m(det(Sy,) [MET(4))
" m(det(8,.) [KeJ(#)  D(det(sy.) [KeI(#))

For computational purposes, note that

det(Si(v)) det(yKyé)

(6.3) det(SK,(Y)) = B t oy
det(S v (v))  det(y ¥ gs)

K € J(#), where S(y) = vyt and y = (xq>°°°.xy) € M(IxN), with an identi-

cal formula for det(SM.(y)), Me J(AH).

6.2. Central distribution of the likelihood ratio statistic. .

The testing problem (6.1) is invariant under the action (5.15) of the

group M;(I) on the sample space M(IxN) and the action

(6.4) M;(I)x (1) > P,(1)
(A,3) > ASA®
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on the parameter space. Let
(6.5) i M(I<N) - M(I<N)/M(I)

dénote the orbit projection (= maximal invariant) onto the orbit space
under the action (5.15). Since the LR statistic is invariant under (5.15)
Q depends on y € M(IxN) only.through m(y). The central distribution of Q
is readily derived from this fact and Theorem 6.1, whose proof is defer—
red to Section 6.4. (Since the restriction of (6.4) to P&(I) is transi-

tive (cf. (4.12)), under HO the distribution of Q does not depen on 3 €

P,(I).)

Theorem 6.1. Under HO’ the statistics w and §K°’ K € J(#), are mutually

independent. The statistic éK* has the Wishart distribution on P(DK) with

N_IIJ(K), degrees of freedom and expected value EK°' u}

It follows from Theorem 6.1 that Q and §K°’ K € J(#), are mutually

independent. Therefore for every 3 € Rﬂ(I) (c PM(I)) and a > O,
B((2et(3)%) = E((dee()® @) = B((der($)™EQ@ ™.

hence from (4.17) (cf. (6.2)),

: S a
E(Q2a/N _ E((det(%)):) ) H(E((det(EM.))a)IMeJ(ﬂ)).
E((det())%)  D(E((det(3.))%) [KeJ (1))
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However, it follows from the Wishart distribution of §K' that

20K L der(z, )%

E((det(3.))%) =

T((N-]J(K) [-i+1)/2+a)

r'((N-]J(K) [-i+1)/2)

i=1”"le‘lJ

for K € J(#), with an analogous formula for E((éet(%M.))a), Me J).

Since

(6.6)

and

S(IK-[IkeJ(#)) = |1] = S(|M- [ [MeT(4))

H(det(EK.)IKGJ(W)) = det(3) = H(det(EM_)IMGJ(M))

for 3 € Rﬂ(I), one obtains that

(6.7)

((N=]J(M) |-i+1)/2+a)

~

r((N-]J) |-i+1)/2)

i=1,m,|M.|J MEJ(H)
J

2a/N) [
((N-]J(K) [-3+1)/2+a)

~

I((N-]J(K) [-3+1)/2) J

j=1,+, |K| Kej(:f{)J

The Box approximation for the central distribution of -2logQ may be

obtained as in Anderson (1984) p.311-316. In Anderson's notation we have

a=b=|I| and
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(6.8) £ = -25(3((~|JQU) |-i+1)/2]i=1, -+, [N |) [MET(A))

+23(3( (- |J(K) [-3+1)72|3=1, «++, [K-|) [KeT(#))
SC Mo < [ JQ0) |+ e [ (M- [-1)72]MeT(4))

= 3(|K- [x|J(K) [+[K- [ (K- [-1)/2[KeI(H))
S [Me [x [ J(u) [+ Mo [ ([M- [+1)/2 [MeT (4))

= 3[R [x 13K b K- [ (- [+1)/2 ke ()

where the final equality is obtained using (6.6). From (3.13), one recog-

nizes f to be simply the usual difference between the number of free

parameters under H and the number of free parameters under HO.

6.3. Examples of testing problems.

Let %1,'°°,£8,$9,m10,111 denote the lattices appearing in Figures
3.1,22°,3.8,3.9a,3.10a,3.11a, respectively. In this subsection we shall
consider examples of the testing problem (6.1) with (%,4) = (Wi,ﬂj) for

various pairs (i,j). In each example the LR statistic Q in (6.2) and the

parameter f in (6.8) will be rewritten in forms that reflect the sta-

tistical interpretation of the testing problem, i.e., that reflect the

conditional independence (CI) condition being tested.

For this purpose we must introduce the following notation: for any = €

P(I) and any K,L € ® such that L { K, let

denote the partitioning of EK according to the decomposition



71

—~
1l

ILU (IK\IL)
and define

" -1
2L 2K\L, 120 2L, K\L

%L

(When K € J(%) and M € J(A), EK-J(K) = 3, and EM-J(M) = EM_.) The well-

known formula
det(SK°L) = det(SK)/det(SL)

may be applied in (6.2) to obtain the expressions for Q2/N that appear

below.

First, consider the testing problems of the form

(6.9) Hy: 3 € Py(I) vs. H: 3 € P(I)

for A = %é,'°°,ﬂ8. (Note that P&(I) = P(I) for A = %1 and A = %2.) In

each of these problems the following form of the LR statistic Q directly

reflects the statistical interpretation of the model NI(W) given in Sec-

tion 5.2.:
2/N det(S)
ff{:j{: — ,
3 % det (S, )det(Sy)
£3 = |1 x|l



T2

o et(Spyy)
Y = det(S] )det(Sy)”
£, = IILIXIIMI;
2N _ det(Sy. ()
5 - det(SL°(LAM))det(SM°(LAM))’
£ = [D [xIDyl:
O 2N _ det(S vy« (LAMy)
6 - det(SL.(LAM))det(SM.(LAM))’
£ = D [xIDyl:
2/N
Q,7 —
aet(S 1y - (L)) det(Sy. (1 yipy)

S L CHppey 8 (S Ly )20t Gy - (i)

£, = D Ix[Dy |+ [Dp .« [x [y |

8 7 det(Sp. (1)) 9ty (L))
det(s; ..;) det(Sy, (i)
X det(S(LVM)°L)dEt(SL"°L) g det(SL-.(LVM))det(SM'c(LVM))

= det(S] . () )2t Cyp. (L)) 8 det(S, .. )det(Sy. 1)
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det(SL..(LAM)) det(SV‘(LVM))
" Aoty L) L () Bt v )3Ty (L))

= o, [x[y] + [Byl% [, ] + D Ix[Dy. |

Hy
l

1l

I, Ix[Dyl + I, (D + By D

Dy (D [+[D W [) + [P [ 1Dy |

Remark 6.1. The three equivalent expressions for Q8 given above corres-

pond to the first three minimal determining sets of CI conditions for

NI(ﬂ) given in Remark 5.1. The expression for Qg suggested by the

fourth set is

det(SV'L)

det(S; .. (L))
¥ det(S] .. )det(Sy. 1)

det(sM-(LAM))det(S "°(LAM))

but this is not equal to Qg/N. Thus the fourth determining set is in some

sense unsatisfactory for describing Nl(ﬂ). u}

Next we consider five testing problems of the form (6.1) with (#,H)

(ﬂi,%j). From (6.2) and (6.8) one may obtain the following expressions:

det(S )
2/N _ Ve (LVM)
07%)"" = Tws . Lan) et G- o)

1l

) 2/N
(h.d) = (o, %) S

7.6 't " te < D ‘IXDM'I;
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‘ det(S; . ;)
] 2/N 2/N L'-L
(#.d) = (Hg.4;): Qg p = (/)™ " = det(Syy). )det(Spn.p)’

fg 7 = fg = f7 = [DylxIDy .l
det(S,.. )
2/N M' <M
y{,./“ = fj{ ,:1{ : = s
(#,4) = (dhy,%g) %3 3et(S [y )9 Syprayy)
fg.g = [Py XDyl
det(S;, .)
2/N L' L
Ao M) = (A, ) = ,
(#4) = (H;.%8): Q7 6 det(S(LVM).L)det(S )

f11.8 = DylIPp. I
_ . 2N 2N
(. 4) = (Hg.%11): Qg y = G e fg 11 = f7.6°

These five testing problems involve the five adjacent pairs of lattices

in the diagram

The LR statistic Q and the parameter f for non-adjacent pairs may be

obtained from those for adjacent pairs in the usual way, for example:

— . 2N . 2/N .
(hd) = (A7) Qg 7= (Qg g" Qg 7)™ "+ fg 7 =15 g * fg 7-
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Remark 6.2. It is thus seen that in each example, the LR statistic can be

represented as a product of LR statistics for testing CI of two blocks of

variates. We conjecture that this is true in general, i.e., that the LR

statistic Q in (6.2) for the general testing problem (6.1) may be written
as such a product, and that furthermore, the factors are mutually inde-

pendent under Hb. Of course it must be realized that the above examples

involve only very simple lattices. More complex distributive lattices,

e.g. non-planar lattices, may lead to statistical models and tests with

more complex structure. O

Remark 6.3. Each of the testing problems treated by Das Gupta (1977),

Banerjee and Giri (1980), and Marden (1981) is a special case of the

general testing problems (6.1) or (6.9). O

6.4. Proof of Theorem 6.1.

Let Q C M(IxN) be the open subset
(6.10) Q = {yeM(IxN)| rank(y) = min{|I|,N}}.

Since M(IxN)\Q is a Lebesgue—ﬁull set, we may replace the sample space
M(IxN) by Q. Also, since rank(Ay) = rank(y) for A € ﬁ;(I) and y € M(iXN),
it follows that M;(I) acté on 2 by restriction of (5.15). Furthermore,
since ) is locally compact, Lemma 6.2 at the end of this subsection im-
plies that this restriction is a proper action (whereas (5.15) itself is
not proper). Thus, in order to prove Theorem 6.1 we may apply the method

of [A] (1982) to study the transformation of the normal distributions in

the model Hb under the mapping
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(6.11) Q > WML (T) x (X(P(D,) [KeJ(4)))
y = (1) . B ) [KeI())).

The group M;(I) is the semidirect product of its two closed subgroups.s

and ¥, where

0, K€ JH)}

K € J(A)}.

(A € B(D)| Ay
{T € B(D)| Ty

=N
I

1

q
1

KI{’

Therefore we may apply the method of [A] (1982), Section 5, with K

M;(I), H=4«, G=9, and X = Q to see that ™ can be represented as T

T o7y, where T iQ = /T and T (/T = (0/9)/d = Q/M;(I). (The action of 7

on 2 is the restriction of (5.15) to IxQ, and the induced action of ¢ on
/7 is defined as in equation (21) of [A] (1982).)

Since the mapping (6.11) is invariant under the action of 7 on Q (cf.

(4.16)), it has a unique factorization through Ty Therefore we may first

transform the normal distributions in the model Hb from Q to /7 by Moy -

To do this, we need the following explicit representation:
Lemma 6.1. A representation of 7739 - /T is given by
t t -1
(6'12) I = {y=(y[K] IKGJ(:j{)) € Qly[K]y<K>(y<K>y<K>) Y<K> =0, KGJ(‘%)}’

(6.13) () = gy -~ Yo TaoYan) Ve [KEI).
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T, in

Proof: To show that /7 in (6.12) is a cross—section of (2 and that o

(6.13) is a maximal invariant function, it suffices to show that for each

y €0,
(6.14) {Ty|Teg} n (2/9) = {mg(v)}-

To show the inclusion C in (6.14), suppose that Ty € /7. Then from

(6.12), (4.7). and (4.8),

o
|

= () (T9) Gy ((T9) e (9 )™ (T9) ey

t t t t -1
Orry * TeoY oV ao T (Tao¥ oY s Tars)  TaryY <>

]

t t -1
Ok + TeoYaos Wao Tas¥as) Yo
for each K € J(#), hence

t t -1
(6.15) (k1 = Yx7 ~ e ao TaoYas) Ve

Ke J#), i.e., Ty = wg(y). To show the opposite inclusion 3, it is easy
to verify that wg(y) € (W/J) for every y € Q; to show that wg(y) €
{Ty |T€T}, simply note that ﬂg(y) = Ty where

~

F oo t t )—1
K T YkPaYaYax!
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K € J(#). Finally, the mapping Fg:Q - (/7 defined in (6.12) and (6.13) is

clearly continuous, so this representation is also topological and the

result follows. u}

We may now apply formula (16) of [A] (1982) to transform the normal

distributions in the model Ho by the mapping Ty (6.13). In the notation

of [A] (1982), G = 7, X = Q, A is the restriction of Lebesgue measure on

M(IxN) to the open subset Q, m = m,, B is a Haar measure on 7, AG = Ag =

1, and P = p°A, where p is the density given by
-N/2 -1t
p(y) = (det(3)) " “exp{-tr(Z "yy )/2}, y € Q.

For 2 € Rﬂ(I)’ the density q of ﬂg(P) with respect to the quotient mea-

sure NS on /7 is thus given by

(6.16) a(ry(y)) = (det(3)) ™2 fyexp{-tr(3™ (Ty)(Ty) *)/2}dp(T)

M((det(3¢)) " Zexp(~tr (5 v¢..5¢.)/2} | KEI()

xSyl (exp{-tr (3 2 (T) 2, (T) ©)/2} | KeJ(#))dp(T),
where

Vo, = (Vg = Vrpd con (T oond o) 5 s)
K- k] ~ YxPaoVaVa! Ya!

t t -1
(1) = Ok + ToVaoVao TasVas) Y k><ko LY k>

K€ J(#), TeET.
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Since dp(T) = H{dAK(TK>)|K€J(£)), where.?\K is the Lébesgue measure on
M(DKxIJ(K)) (cf. (4.9), the last integral in (6.16) can be calculated
using Fubini's Theorem and the translation invariance of AK’ K € J(#).
The order of integration should be determined by a never—increésing list-

ing Ki’KZ"°°’K|J(ﬂ)| of the elements in J(¥#) (cf. Remark 3.6). After

some calculation we. obtain
(6:17) a(my(y)) = n((det(zK.))‘N/2exp{-tr(z;yK,y§,)/2}l KeJ(#))
(et (3, 0) OV 2 et (y oyt )T E 172 keseny)
- m((det(3, ) N HOD 200 cris7ls, v))/2) | Ked()

xﬂ((detS<K>(y))_lK.|/2| KeJ(#)). T.(y) € /7,

where S(y) = yyt.

By Lemma 6.1 wherein /7 is representated as a subset of {1, the induced
action of the subgroup & on /7 is simply the restriction of the action
(5.15) to #x(Q/7). The next step is to represent the transformed measure
wg(P) = q*(NB) as wy(P) = ql;u, where v is an invariant measure under
this action of o on /7. |

It follows from a statement on p. 961 of [A] (1982) that the quotient
measure A/ is relatively invariant under the action of o« on /7 with
multiplier x given by x(A) = (mode)-le(A), A € o, where Xy 1s the mul-
tiplier for A as a relatively invariant measure under the action of M;(I)

on {2 and where the automorphisms ¢A:? - J are defined by ¢A(T) = ATA*I, T

€ 9. Since A = Diag(AKKlKeJ(m)) it is clear that
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-1
(22 (Mg = AgToA x>

K € J(#), hence
n(ldet(AKK)l'J(K)lldet(A<K>)|'K"l KeJ(A)).

mod(pA =
But also
N N
xo(A) = ldet(a) [N = m(|det(ag) IN] Kes(1)).
so that
x() = 1([det(ag) PO aeeqa ) 151 kegeny).

If we define n:(/7-]0,%[ by

n(my(r) = 1((det(e. ) T HEOD20ecs 7)) K 12) ke,

it follows that n(Az) = x(A)n(z), z € /J, A € 4. Thus the measure v :=

n—1°(k/ﬁ) is invariant under the action of o on /7. From (6.17), the

density q; =nq of wg(P) with respect to v is therefore given by

a; (75(x)) =

< exp(-Ntr (Sg 5, . (v))/2} [KeI(#)).

[det(ﬁK.(y))

J(N-IJ(K) [)72
(| —=2

et

where it should be recalled that X € Rﬂ(l)'

The final step in the proof of Theorem 6.1 is to obtain the transforma-

tion of the measure wg(P) = qq°v under the mapping
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(6.18) /T = (VT)/d x (X(P(Dy) [KeJ(#4)))

T (y) > (m(me(v)). Gy (1) [KeJ (1))

Since the action of o on /J is the restriction to the closed subset
#Ax(Q/T) of the proper action of M;(I) on (2, it is a proper action. Thus
we may apply Lemma 3 of Andersson, Brens and Jensen (1983) to see that

there exists a unique measure k on (/7)/4 such that the invariant mea-

sure v is transformed into the product measure K®u0 under the mapping

(6.18), where by is an invariant measure on X(P(DK)IKej(ﬂ)) under the

proper and transitive action

(6.19) sdx(X(P(D ) [KEI(#))) ~ X(P(D,) [KeJ(x))

(A . (A [KeJ())) > (Agehhe [KEI()).

(Lemma 3 of Andersson, Brens, and Jensen (1983) is applied with G = «, X

1l

VT, Y = X(P(D,) [KeI(#)). t = (my(y) = (éK.(y) [keJ(#))). 7 = 7, and v
=v.)
Since ql(z) depends on z := g(y) only through (QK.(y)IKej(W)), the

probability measure q;°v is therefore transformed under (6.18) into the

probability measure r°(K®uO), where

r:(2/7)/d x (X(P(Dy) [KeJ(#))) >R,
(w,(AKIKGJ(fff))) -
det () J (N-1309 D72

(6.20) m( [W x exp{-Ntr(E;AK)/z} [KeJ(#)).
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\

Because r does not depend on w, under HO it follows that 7 = wgoﬁy is

independent of (éK.IKGJ(m)), m has distribution k, and (éKOIKGJ(%)) has
distribution s°v,, Where s((AKIKGJ(ﬂ)) is given by the product (6.20).
Furthermore, since Vg = ®(DK|K€J(ﬂ)) where g is an invariant measure on

P(DK) under the usual action of M¥(DK)’ it follows that under Hb, §K°’ K

€ J(A#), are mutually independent and éK- has the Wishart distribution on

P(DK) with N-|J(K)| degrees of freedom and expected value 2K°' This con-

cludes the proof of Theorem 6.1.

The following lemma, which was cited at the beginning of this subsec-

tion, is also of interest in its own right for the study of group actions

in statistics. (see also Bourbaki (1971), Chapitre III, &4, Proposition 5

(ii)).

Lemma 6.2. Suppose that G and G' are locally compact groups that act

continuously on the locally compact spaces X and X', respectively. Let
¢:G » G' be a continuous group homomorphism and y:X - X' be a continuous
mapping such that Y(gx) = ¢(g)¥(x), x € X, g € G. If ¢ is proper and if

the action of G' on X' is proper, then the action of G on X is also pro—

per.

Proof: Consider the diagram

G x X ﬁ X x X

ox | Vv
G'x X' g X'x X',

where 4(g.x)=(gx.x) and 4'(g'.x')=(g'x"',x"'). We must show that 8—1(C) is
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compact whenever C C XxX is compact. Let Pq denote the projection of

G'xX' onto G'. Since the diagram commutes, 1i.e., 3'0(¢x¢)=(¢x¢)08, it

follows that

571 € o7 () L (©))) = (o) Lo T (v (©)))
(ox9) Lpg. (8 7 (W) (€0))xX) = 971 (C)xx

N

where C' = pG.(B'_l((¢X¢)(C))). Since trivially 8_1(C) c pr2(C), where

denotes the projection of XxX on the second component, we have that

Py

7€) € ¢ H(C)py(0).

But C' is compact since 4' is proper and therefore ¢_1(C') is compact

because ¢ is proper. Thus 8_1(0) is a closed subset of a compact subset

of GxX, hence is compact. n|

With the identifications G = G' = M(I), X = @, X' = Pu(I), ¢ = the
identity mapping on M;(I), and Y = é, Lemma 6.2 may be applied as indica-

ted at the beginning of this subsection.

§7. CONCLUDING REMARKS.

A more detailed investigation of the structure of the normal condition-—
al independence (CI) models NV(ﬂ) and the associated testing problems
will be presented in a subsequent study. Among the questions under in-

vestigation is that of characterizing the minimal determining sets of CI
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conditions for Nv(ﬂ) (cf. Remark 5.1). A second question is whether every
testing problem of the general form (6.1) can be decomposed into a pro-
duct of simpler testing problems (cf. Remark 6.2). The answer to this

question will be of use for a decision-theoretic study of the LR test and

other invariant tests for the problem (6.1).

The normal statistical models NV(%) may be generalized in several ways.
One natural and possibly fruitful extension is suggested by an examina-
tion of the ¥-parametrization (3.13) of Rﬂ(I) once a A-adapted basis for

V has been chosen. A large class of "second-order"” submodels of NI(W) may

be obtained by replacing each P(DK) in (3.13) by Pﬂ'(DK)’ where each %'
ﬂK is a distributive sublattice of ﬂ(RDK). Third-order and higher-order
submodels may be'obtained by iterating this process. This construction
yields a very rich and varied class of normal conditional models and
associated testing problems which, despite their apparent complexity,
admit a relatively standard explicit likelihood analysis.

Alternatively, one might replace each term M(DKXIJ(K))XP(DK) in the
H-parametrization (3.13) by a suitable covariance selection model re—
quirement (cf. Dempster (1972), Wermuth (1976, 1980)), thus generalizing
the multivariate graphical chain models of Lauritzen and Wermuth (1987)
to "multivariate graphical lattice models".

Another question currently under investigation is the relation of the
lattice models NV(%) and their extensions to the normal models for CI

determined by recursive causal graphs and decomposable graphs (cf. Wer-—

muth (1980, 1985), Kiiveri, Speed, and Carlin (1984), Lauriten (1985,

1989), Lauritzen and Wermuth (1987)).
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