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THE HEAVY TRAFFIC LIMIT OF A CLASS OF
MARKOVIAN QUEUEING MODELS*

Soren ASMUSSEN

Institute of Mathematical Statistics, University of Copenhagen, Denmark

Reflected Brownian motion is obtained as the heavy traffic limit of the level component {Q} of
a class of bivariate Markov chains {(J,Qp)} incorporating those having a matrix-geometric
stationary distribution. Approximations for both transient and ergodic behaviour are obtained as
a corollary.
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1. Introduction and statement of results

We are concerned with Markov chains {(J,,Qp)} having transition

matrices of the block form

K(0) H@) HE) H@) ...
K(1) G(0) G(1) G(2)
P = K(2) G(-1) G(0) G(1) (1)
K@) G(-2) G(-1) G(0) /
2 ‘i/'

where the dimensions are G(n) : pxp, K(n) : pxm, n>0, K(0) : mxm and H(n) :
mxp. We write Ej for the set of the m boundary states and E = {1,...,p}. Thus

the state space is Egx{0}UEX{1,2,...} (Ey and E may be disjoint).
In most examples, {Q,} is the process of main intrinsic interest

(typically a queue length process) and J,,a supplementary variable needed

for the Markov property. As a special case ( G(n) = H(n) = 0, n>2, H(1) =
G(1)) the setting incorporates Markov chains of the GI/M/1 type (Neuts [5])
having a matrix-geometric stationary distribution. Already this class of
models is extremely versatile and has become a popular tool in
applications, but also  further examples like the M/G/1 type briefly
discussed in [5] are included in (1). In fact, apart from the discrete nature
of the variables, the only restriction inherent in (1) is the spatial
homogeneity in levels # 0. These facts indicate that results on the
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behaviour of processes like {(J,,Q,)} are of very general nature.

We are here concerned with one of the classical areas of queueing
theory, viz. the heavy traffic limit theorem. That is, we are looking for the

limiting behaviour of {Qg,} under conditions corresponding to pT1 in the
traditional queueing setting (also the case pl1 has been considered,
Iglehart and Whitt [3] or Whitt [6], but the stable case p<1 seems more
interesting). We first need to introduce some notation. Define G = Zi,G(k).

If G is an irreducible transition matrix, as will typically be the case, an
invariant probability (row) vector v exists and we let

M= ¥ kGK), p=vMe, o2=v3k2G(K)e - 3u2 +2vM(l+ev-G) Me

=—00 =—0Q

where e is the (column) vector of ones. Further Bg = {Bg(t)}bo denotes

Brownian motion with unit variance and drift &, and BéR) the
zero-reflected version

BR)(t) = Be(t) - min B(s) 2)

5 d d

O<s<t
and we let B'(t) = IHIQ[tG'l/u’Z’-]/02 where [-] denotes integer part. Finally @
denotes the standard normal distribution function and (J,Q) a pair of
random variables having the limiting stationary distribution of (J,,,Qp). In

the heavy traffic situation we are thinking of the given transition matrix
P as imbedded in a sequence {P(m)} with limit P(O), and limit theorems as
m—o thus provide approximations for the given process. For notational
convenience, we most often suppres indices m#0 and thus e.g. B' really

depends on m, u—0 means p.,—0 and so on.

Theorem 1 Suppose that G(n)-aG(O)(n), K(n)—>K(O)(n), H(n)—>H(O)(n) for all
n in such a way that the elements of Z|n|3G(n) and anH(n) remain bounded,
that u<0 and that the limit matrices P(O), G(0) are irreducible with no=0,

o?6>0 . Then B' converges weakly to BST) in DI[0,e). In particular

P(IulQuey /o > X% o=l =
1- (D(Xt'1/2+t1/2) + e'zx(D(-Xt'1/2+t1/2) (3)
P(“.LIQ/O'2 > X, J=)lv; - 1- o"2X @)



2. Proofs

We let {J } be a Markov chain on E governed by G and S = X0+ +X the
corresponding Markov-modulated random walk. That is, {(Jn,X"r‘])} is a

Markov chain on Ex{0,%£1,%2,...} which goes from state is to jt with
probability g; () (as initial condition we take XO_O throughout). Define

further the correspondmg Markov-modulated Lindley process by Qo-
X K
Qn = (Qp_1+X5)* = ) - min SE (5)
O<k<n

The following intuitive description provides the key for the proofs The
Markov-modulated Lindley process has again a transmon matrix P~ of the
form (1) corresponding to G (k) = H (k) = G(k), K (n)=1- Zn+1G(k). The
transitions of {(J J¥ ’K)} and {(J,X,)} from levels s>0 to levels s+t>0 are
governed by the same probabllmes viz. the elements of G(t ), and also

Pig(Q1=0) =13 1. 2 1glj(n) 2 1ku( ) = Pig(Q7=0) .
However, when {QF) hits zero, then {(J"r‘],X";)} just continues according to
the Markov property, whereas at the hitting time t (say) {J,} is reset to a
value in the set of boundary states Ejy. The exit from zero, i.e. the value of
(Je+1,Qryq)s is then chosen according to the atypical first row of P, and
first when Q.. >0 (which may require more than s=1 steps), the G(k) take
over to govern the transitions of {J,} again. The idea is now first to obtain
reflected Brownian motion BS,‘R) as limit of {Q‘E} (this is the easy step), and
next to show that {(J’;,Qﬁ)} and {(J,,Qq)} asymptotically behave the same

way.
To carry out the details, one needs to extend a number of known
estimates for random walks to the Markov-modulated case. It is frequently

convenient to do this by studying S\ = S?L(n'i) where A(n;i) is the time of
the nih visit of {J’:} to state i. If J)(';=i, then {Si} is a usual random walk,

and letting A(1)=A(1;i), we have EjA(i) = 1/v; and:

Lemma 1 (a) There exist m<1 and N such that Pj(A(i)>n) < n" for all m

and all n>N;
(b) ES = VjiL, and as m-—ses, Var S - Vi oo, lim sup EIS |3 < oo,



Proof (a) The condition py=0 ensures that P(0) is recurrent (Asmussen [1]
X.4) and hence there exists N such that Pj(o)(X(i)>N/2) < 84 < 1 forall jeE.
Since G—G(0) implies Pj(A()>N/2) — P(O)(L()>N/2),we can choose 5,<1
such that P;(A()>N/2) < 85 for all m. A geometric trial argument then

J
shows that n=851/N satisfies the requirements. In (b), the statements on

the mean and variance follow by general results on regenerative processes
([11 V.3). Further the conditions of Th. 1 ensure that E(|Xf|3| J’8=i, J’f:j) is

bounded, say by c. Hence by Minkowski's inequality

E]$1i|3 - E[E(|s{(i)|3 (), 9y, - i)

Ai)-1
<Bl 3 BB ), g, s Iy B < 0 BN
n=0
which remains bounded according to part (a). ]

Now let {c} = {c(m)} be any sequence of real numbers with c(M e and

define
BO@) = (%) 2(syy - [etinl,  B*(Y) = Il Qpyty /0>

Lemma 2 B(%-Bj and B*-B(R).

Proof The first statement is essentially well known. In fact, for a fixed
Markov-modulated random walk the central limit theorem (and the
expression for 62 stated in the Introduction) is contained in Keilson and
Wishart [4], whereas the functional form is given, e.g., in Billingsley [2]. To
obtain the present triangular array version one may, e.g. use the standard

random walk result to obtain B(')—>Bo where
B0 = (cviVar§1')'1/2(sij;] - [etvlwv)
= (evvars)) V2(SY (otv. ) - fotvilu/vy).
Using a([ctv;] = ct, one may then approximate B(C) by B(), the necessary
bounds being provided by Lemma 1. The details are fairly standard and

omitted.
Letting ¢ = 02/M2 we get

XK
IS/ Hs0 = {B.1(Dhs0-
Therefore B* — B(—Bl) follows immediately by (2), (5) and the continuous
mapping theorem. 0
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Figure 1

We next recursively define random times t(k), o(k), A(k), co*(k) by

7(0)=w"(0)=0,
w(k) = inf{n>7(k ) Q,>0, Jp = J(o*(k} t(k+1) = inf{n>t(k): Q, = 0},

A(K) = r(k+1) (k) (k+1) (k) = A(k), cf. Fig. 1 We may assume that

Jo K)+r = J(o*(k)+r’ (K)+r+1 ~ Qco(k)+r = X(o (k)+r < A(k)-1
It is baSlC to observe that Q, = 0 if and only if n is a descending ladder
point for {S,}. Letting n = o™ (k),
all k. Therefore, since g—(g+x)T is a contraction,

it follows by induction that Q_ (k) = 0 for

IQ(D(k O)’k(k +I’I < IQ Q(ﬂk(k )’ r < A(K) (6)
Now define

N; = sup{k: o*(k) <t}, My =sup{Quit(k) <n< a(k)},

o*(k) (k) < n < a(k)
o(n) =



B"() = [u| o’['jp(tca,ua.)]/GZ - B*(o(to2/n?)u2/c2).

Then
sup [B"(s) - B'(s)] < [u| max M/c? (7)

O<s<t ngt

(if ¢(so2/u?) is in [w(k),t(k+1)) this follows from (6), on [t(K),®(K)] it is
obvious from the definition of My). Hence the proof of B' — BL‘) will be
complete if we can show that subject to the heavy traffic limit m—e it
holds for any fixed t that

ENoZy2= O(ul™) ®)
ul max My -F50 (9)
k<c/|u|

w2 sup_ Jo(s)s| —5 0 (10)
O0< Sgtcszlu2

Indeed, (10) and B'-B(R) imply B"-aa_(f‘), and (7)-(9) then yields B'—ang).

Proof of (8). Let x_(i) be the first descending ladder epoch of {Si_} and Nt',

the number of descending ladder epochs before time t. Then Lemma 1(b) is
well-known to imply Ex_(i) = O(|u|'1), EK_(i)2 = O(|u|'3). Hence by Lorden's

inequality for the renewal function ([1] VI.4),

i
ieE

szv%aﬁWF%www
e LEK()  (Ex.(i)? -

Proof of (9), (10). Let 8(k) = (k) - t(k). We first note that since (k) is
the exit time from a finite set of states, it follows exactly as in the proof
of Lemma 1(a) that the tail of 8(k) is geometrically small uniformly in m.

Hence



u2 sup  lo(s)-s| = w2 El o(tc?/u)- 622 <

Os_sstcz/uz
[\ltoj’“/uCL
W2 E 3 8Kk = OWZENiz2) = O(lul),
k=1
proving (10). For (9), it is enough to show that EM,<c for all k. But
3(0) oo
EMg < E = Q, < 3 [P(8(0)>n)EQ-]1/2
n=0 n=0

and we only have to obtain some rough bound on EQ%. For example, the
conditions of Th.1 imply E(Qn+1-Qn)k = O(1), k=1,2, which yields EQ, =
O(n), EQ,, =O(n2). Hence EMp<c and by the Markov property, EMy<c for all k. |

It only remains to prove (3), (4). It is well-known that the r.h.s. of (3) is
the limit P(BS,‘R)(t) > x) of P(lulQ[tG‘l/“l]/cz > x) and all that needs to be

shown is asymptotic independence of J[toz/uz] which can be obtained along

the lines of a standard lemma due to Stam ([1] XII.5). Also the proof of (4)
follows the one-dimensional case (e.g. [1] VII.6) closely, a main step being
an application of Kolmogorov's inequality to {SA}. We omit the details.

Note that for the matrix-geometric case the l.h.s. of (4) can be computed
numerically. Thus for this case, the time-dependent version (3) is the
more interesting from the point of practical approximations. Nevertheless,
(4) reflects a general tendency of the model in heavy traffic.
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