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Abstract:

Conditions are found for the median estimator of Cornish-
Bowden and Eisenthal to be asymptotically normally distri-

buted, and expressions are found for the asymptotic bias and

variance.

It is seen that the bias is in general of the order of the
square root of the number of observation points times the
standard deviation of a single measurement. The results are

compared with published simulation results.
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1. Introduction and summary.

The purpose of this paper is to find the asymptotic proper-
ties of the median estimator of Cornish-Bowden and Eisen-

thal (1974), (1978) and Eisenthal and Cornish-Bowden (1974)

for the Michaelis Menten parameters.

The Michaelis Menten relation is given by

vma.X c
) (1.1)
m

v =
and expresses the relation between the velocity (v) of an
enzyme reaction and the concentration (c) of the substrate.
The parameters are Vmax’ the maximal reaction velocity, and
Km the chemical affinity.

We shall consider a design given by concentrations
Ci<Cy<...<c, where at each concentration an independent mea-
surement of the velocity is taken, giving the data Vireees V.
The purpose is to estimate the parameters Vmax and Km'

In (1974) the following estimators were proposed by Eisen-
thal and Cornish-Bowden:

For each pair of points (ci,vi) and (cj,vj) we fit a curve

of the form (1.1) and calculate

V. = V., .
I 1

Kmij vi/ci - vj/cj

and

CcC. — C.

Vinax ij — c,/v; - cj/vj




Note that (1.1) is equivalent to

<=
]
+

which gives a simple geometric interpretation of Vmax and Km.

The estimates are then combined by taking the medians:

¥ = med K_.. (1.2)
m

Vmax = qu Vmaxij : (1.3)
1]

If Vi/ci<vj/cj then vj>vi and the above construction yields
negative values of %mij and a modified version was suggested

by Eisenthal and Cornish-Bowden (1978) as follows:

ny

. - { mid it vy/ey<vy/ey
mij - .
if Vj/cj>vi/§i
Y if v./c.<v,/
. _ { maxij - V3/%5°Vi/Ci
maxij o .
if vj/cj>vi/ci
and finally
K* = med K*,. _ (1.4)
i<y ™I
Vﬁax = med V;axi' (1.5)
i<j J

It was also suggested that one could estimate Km/V‘maX

and 1/V directly as follows:
max



K /V = me .6
m’ ‘max i< / ;- l/Cj
~ c./v, = C./v.
- 1" "1 J 3
L/ Vipax = med c, - C, (1.7)
i<j i j

and then calculate

Km = (Km/vmax)/(l/vmax)

Vmax = l/(l/vmax) °

The estimators (1.6) and (l1.7) have been investigated by
simulation methods by Cornish-Bowden (1981), whereas Currie
(1982) and Atkins and Nimmo (1975) investigate the unmodified
estimators(l.2) and (1.3).

What we would like to do is to find the asymptotic distri-
bution of theseestimators. This would make the comparison
with other estimatorseasier and supplement the simulation
results.

The methods we use is a simple application of the theory
of U-statistics. This method has been applied before by Sen
(1968) to the estimation of the slope in a linear regression,
and it is straightforward :to apply the same technique to
this more complicated situation.

The asymptotic theory of U-statistics was developed by
Hoeffding (1948) and his results can be applied directly to

the present situation.

The reason that the problems and results are somewhat more
difficult in the non linear regression (l1.1l) is that different
transformations of the data appear, depending on which para-
meter one wants to estimate, and these transformations of the
data destroy the symmetry of the distributions, thus giving

rise to a bias in the estimators.




-4-

We find that it is possible to put reasonable conditions
on the design such that theestimators are asymptotically
normally distributed, and we find expressions for the bias

and the variance. It turns out that in general these esti=

mators are asymptotically biased with a relative bias of the
order of vn 1 , where 12 is the variance of a single
measurement.

It thus appears dangerous to use these estimates without
making a careful investigation of the error distributions,
and if one can do that, it would appear more reasonable to
apply the model based maximum likelihood estimator which
has a relative bias of the order 1/v/n and a smaller va-
riance.

Finally some comments on the literature. The estimators
of the type considered were suggested by Theil (1950) for
linear regression and investigated by Sen (1968) using the
technique described here.

Similar estimators have been investigated for linear re-
gression by Johnstone and Velleman (1984) as well as by

Bhattacharya, Chernoff and Yang (1983), who use a weighted

U-statistic, in the case where the observations were truncat-

ed. In a paper by Scholz (1978) a weighted median regression

estimator is investigated for linear regression. Finally

Daniels (1954) used similar ideas to derive tests for the case

of linear regression.

The paper is now organised as follows: In section 2 we give

the relation between the asymptotic distribution of a class o?

median estimators and the theory of U-statistics.



In the next sections we apply‘the results of section 2 to
the situation where the statistics are derived from i.i.d.
random variables (section 3) or independent symmetric but
not necessarily identically distributed variables (section 4).
For the comparison with published results it is convenient to
have a framework in which both Km and Vm can be discussed
and the most convenient one is that of the random variables
being transformed Gaussian variables with a small variance.
Thus the asymptotics is formulated as n-+~ and 1240, where
T2 is the wvariance of single measurement. This is done in
section 5 and finally the results are spelled out in sectioh 6

for the estimators KX*,v¥* K /V

A
1/v and K_ and V .
m’ ‘max’ " m’ "max’ / max m max

Section 7 contains a few numerical examples where the

results are compared with some previously published results.

2. Median estimators and U-statistics.

The basic idea is that results about median estimators of the
form discussed in section 1 can be derived from results about
U-statistics.

To illustrate the idea of the U-statistics, consider for
instance the estimator (1.4). It is easily seen that if K$

is the lower median then

{k* < x} = {1 1lln vy - ln{VmaX-Cj/(cj}X)}.j
(2.1)

1n Vi-ln{vm c;/(c +x)}1] ; %(2)}

ax

Thus statements about the median can be converted into

statements about sums of binary variables which are dependent.



The U-statistics we shall consider here have the form

= : n
U= T 4(X,X/ ()
i<j
where Xl""’Xn are independent, ¢ (u,v)=¢(v,u) and E¢(Xﬁxj)=0‘
The statistic on the right hand side of (2.1) is then a

linear function of a U-statistic if we define

iln V,
X, = { 1 }
ln{ci/(ci+Km)}

and

¢{(g),(g)} = sign(u-a-v+b) sign(a-b)

where sign (x) = 21{x > 0}-1. We use here the property of the
design that if i<j then ci<cj and ln{ci/(ci+Km)} <
In{c./(c.+K ) }.
Infe /(e +K )

A linear function of a U-statistic will also be called a
U-statistic. For later reference we give the relations for the

other estimators as well; see (1.5),(1.6) and (1.7).

{Vﬁax < x} = {_Z. l{ci/Vi - (ci+Km)/x <
l<j
e /V5= (et /x) 2 3(5)) (2.2)
{Km/vmax < x} = {ifj l{l/Vi—x/ci—l/VmaX <
1 V.-x/c.-1/% > 2™ (2.3)
j 5773 7/ 'max® = 22 :
(/v <x} =% lc,/V,~xc K /V___ >

i<j

1l,n
cj/Vj-xcj—Km/VmaX }> 7(2)} (2.4)



Note that the relations (2.2) and (2.4) are equivalent.

We shall throughout work with lower medians, and since only
asymptotic results are considered, the same results will hold
for the upper median.

The statistics on the right hand side of (2.1)-(2.4) are
U-statistics of the form

U, (x). = % l{Uifui(X) > Uj-uj(x)}' (2.5)
i<j s :
where Ul""’Un are independent random variables and the func-
tions ul(-),...,un(~) are smooth functions, such that
ui(x)—uj(x) is decreasing in x , and such that ui(x) is mono-
tone in 1.

Note that Ui is a suitable transform of cy and Vi and
that ui(-) only depends on C; thus (Ufui(')) are re-
lated to the i'th experiment only. Note also that different
transformations are needed to bring the estimates for Km and

VmaX into the standard form (2.5).

Thus the results we obtain under the assumption of symmetry,
say, of the distribution of Ui = 1n Vi (section 4) can be
applied to the estimator KE ;, but not to. V;ax ;, since then
ci/Vi would not have a symmetric distribution.

This is the reason for working in section 5 with the assump-
tion that Ui is transformed Gaussian, since if n Vi is
transformed Gaussian then so is ci/Vi , and the results ob-
tained can be applied to both the estimator Vﬁax and Kﬁ.

In this section, however, we shall first give a theorem
which is a special case of a result of Hoeffding (1948) on
the asymptotic distribution of U-statistics, and then we

shall give conditions on the moments of Un(x) which will



guarantee that the median estimate Kﬂ defined by
(K' < x} = {U_(x) > 2(} (2.6)
n - n - 22 °
will be asymptotically normally distributed.
Note that if ui(x) - uj(x) is decreasing in x , then

Un(x) is right continuous and increasing and

. 1l n
K! = sup{x|U_(x) < 3(;)}. (2.7)

Theorem 2.1 Let Xl,...,Xn be independent random variables,

and let ¢(u,v) Dbe symmetric and bounded, then

u. = Iz ¢(X,,X.)
n i<j 1]
is asymptotically normally distributed with parameters

{E (Un) ,V(Un) }  provided

lim V(Un)/n3 = a > 0. (2.8)

n-co

Proof. The result is a corollary of Theorem 8.1 of Hoeffding

(1948), since the variables

= _ l o
by 1y X3) = ——‘_Z_E{¢(Xi,xj)[Xi}—E{¢(xi,xj)}

n_lj+l

are bounded uniformly in n and i and hence satisfy the Ljapunov

condition.

To apply the result to Un(x) and KA we introduce un(x) =
E{Un(x)} and o_(x) = V{Un(x)}.

Note that un(x) is increasing, and we shall assume further,

that pn(x) is continuously differentiable, that Oi(x) is



continuous, and that there exists a unique point Koo such that

=3B '
un(Kn) 2(2). Further let un(Kn)>O.

Theorem 2.2.

If the conditions

oi(Kn)/n3+a>0, n-+o (2.9)

o2 (k_+x8_) /5% (k_)+1, noo (2.10)

n n n n n ! :
(“n(Kn+X6n)'“n(Kn))/Xan“ﬁ(Kn)+l' n->e (2.11)

e . _ . . .
are satisfied, with 6n ol (Kn)/un(Kn) then Kn defined by (2.7)
is asymptotically normal with parameters (Kn,6 ) .

Proof. We find

P{(Kr'l—Kn)/cSnS x} = P{KﬁfKn+X6n}= P{Un(Kn+x6n)z %(2)}

Un(Kn+x6n)—un(Kn+x6n) un(Kn)—un(Kn+X6n)

}

= P{

v

o (k_+x8 ) o (k +x6 )
n' n n n n n

We want to apply Theorem 2.1 to the left hand side, and

define

¢ij(u,v) = l{u—ui(x)zv—uj(X)}—P{Ui—gi(x)in—uj(x)}.

< s

Then |¢ij(u,v)|—l, E{¢ij(Ui,Uj)} = 0 and conditions (2.9) and

(2.10) ensures that the variance condition (2.8) is satisfied.
The right hand side converges to -x by condition (2.10),

(2.11) and the definition of Sn. This shows that
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P{(K! ~«_)/8 Sx} » P{Wz-x} =1-0(-x) = ¢(x), noe

where W is normally distributed, and ¢ is its distribution
function. This completes the proof of Theorem 2.2 and the next

sections describe some situations, where the conditions of

Theorem 2.2 can be verified.

3. The asymptotic properties of the median estimators for

independent identically distributed variables.

We shall consider the estimates Kﬁ given by (2.7) where
Un(x) is given by (2.5). Now assume that there exists a «,
such that the distribution function of Ui-ui(K) is given by F,
which has density f with continuous derivative' £',where both £
and f'are bounded. We shall call such . an F smooth.

In order to prove the results in this and the following sec-

tions we need the quantities:
>
ﬂij(x) = P{Ui—ui(x)— Uj—uj(x)} = [F(u+aij(x))F(du) (3.1)

Tiae (%) = P{Ui-ui(x)iuj-uj<x)3Uk-uk(x>}

J[l-F{u—aij(xH]F{u—akj(x)}F(du) (3.2)

where aij(x) = uj(x)—uj(K)—ui(x)+ui(K).

It then follows that

un(x) =7E{Un(x)}= T, . () (3.3)
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2 = fred =
o (%) V{Un(X)} iij Trij(X) (1 Wij(x))+4 i<§<k ﬂijk(X)+
2i<;§<k{ﬂik(x)—ﬁij(X)Trjk(x)—ﬂij(X)ﬂik(X)—ﬂik(X)ﬂjk(X)} (3.4)
and further
uh(x) = iEj ff{g+aij(xa}f(u)du aij(x) (3.5)
| I} _ ' 2
T (x)-igj [f{u+aij (x) J£ (w)du (a} 4 (x)) (3.6)
+ Jf{u+a..(x)}f(u)du al!(x)
1< ij ij
ﬂ;jk(x) = ff{u-aij(x)}F{u—akj(x)}F(du) akj(x) (3.7)

—J[l—F{u—aij(X)}]f{u—akj(x)}F(du)aﬁj(x).

Notice, that the assumption, that ui(x)-uj(x) is decrea-
sing in x implies, that aij(x) is increasing in x.
With these results we can now formulate and prove the main

result of this section:

Theorem 3.1.

If

1 y 2 1
= i{ui(x) +|ul (x) |} < a; (3.8)

uniformly in x a neighbourhood of k and uniformly in n, and

if
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Zu (k) (n+1-21) 3a2n2>o (3.9)
i

then, as n -+, Kﬁ is asymptotically normal with parameters

Kk and
1.n 1l n
=(3) + =(3)
52 = '3 Z'2 , , (3.10)
n [Zui(K)(n+l—Zi)Jf (u)du]

1

Proof. Note that for x = k we get from (3.1) that ﬂij(K)=%,

hence, see (3.3),un(K) = %(2), and since aij(K) = 0, we have
up (k) =
2 1 2 ' '
[f(u) du I ai.(K) = [f(u) du I (u.(K)—ui(K))
i<y i<3

sz(u)duZui(K)(2i—l—n)zn2a2>0.
i

Similarly we find from (3.2) that ﬂijk(K) = 1/6 and hence that

2 _1mn " 1,n . . .
On(K) = 5(3) + Z(Z) which gives the result for 6n stated in
(3.10).

We now have to verify the conditions of Theorem 2.2. The con-
dition (2.9) follows directly from the explicit form for Oi(K).

To check (2.11) note that

T = Gy 6038, 8 08 01, ) /8 g (9

Y] N
=5x6 p! ' (k+x8 ) /uf (k) for some [x| < [x].
From (3.6) it follows that uﬁ'(x) is bounded by

2
£ (ar'. (x))+| £ T larl(x)]|.
| Ii<j i | Ji<j[ i3 l
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In a neighbourhood of «k this is of the order of n2 by assump-
tion (3.8); Since UA(K) is also of the order of n2, and since
6n+0, we have verified condition (2.11).

To check condition (2.10) let

'
¢n = Oi(K+X6n)/Gi(K)—l = x6n0i (K+§6n)/0i(K)
for some |X| < |x|. Now Gi(K) is of the order of n°, and from
(3.4), (3.7) and (3.8) we find that |02 (x)| is of the order of
n3 and again Sn takes ¢n to zero, which proves condition (2.10)
and hence Theorem 3.1.

Note that in the variance we clearly could do without the
term %(;), but the term is retained because it is simple to cal-
culate and improves the approximation of the asymptotic distri-
bution to the exact distribution as given by the simulation re-
sults. This also holds for the results below.

As an application of Theorem 3.1 let us consider the original
problem of estimating Km in the Michaelis Menten relation. That
is, we consider a design Cl<"'<cn’ the function
ui(x) = 1n{c.V /(ci+x)}, and assume that

1 max

Inv, = ln{ciVmaX/(ci+Km)} +%Z,, where Z,,...,Z are i.i.d. with

a smooth distribution.

The Cornish-Bowden Eisenthal median estimate K;~given by (1.4)

is asymptotically normally distributed with parameters Km and

n 1

o+

[Z(n+l—21)/(ci+Km)Jf2(u)du]2
i
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provided n+»«~, and the design measure converges to a nonde-

generate measure.

Proof. It is easy to check condition (3.8) with ui(x)

= 1n{Vm Xci/(ci+x)}. Now since c; is increasing and l/(ci+Km)

a

is decreasing we have

i(n+l—21)/(ci+Km) = iEn/z(n+l—21){l/(ci+Km)—l/(cn+l_i+Km)}
2z -9 -
i<[np](n+l 21){1/(c[np]+Km) l/(c[nq]+Km)}

:nzpq{l/ (C[np]'l'Km) —l/(C[nq]+Km) }

where p+g=1 and 0<p<%.
If the design measure for c,,...,c_ does not converge to a
i 1 n
one point measure, then one can choose a value of

+K )-1/(c +Km)+ 0, and this verifies

L
pel0,%[,such that l/(clnp] [ng]

condition (3.9),

4. The asymptotic distribution of the median estimators for

symmetric distributions.

We still consider the estimator Kn' given by (2.7) but now
we let Ui—ui(K) have distribution function Fi’ which is
assumed to be smooth with a symmetric density fi(u) = fi(—u).

We define Wiy = f fi(u)fj(u)du and Tigk = f{l—Fi(uﬂFk(u)Fj(du).

Theorem 4.1.

If

l ! "
5 Uy xF | +]uy (o) ) (4.1)



-15-

is bounded uniformly in n and in x in a neighbourhood of «

and

mgx]fil Kaq ' (4.2)
i
.1 =
1im —3_2__(ﬂijk_l/8) = a,>0 (4.3)
n>e n-i<j<k
L ow,.{u(k)-ul(k)}> a n?>0 (4.4)
R s R i -~ 73 ’
i<]

then.Kg will be asymptotically normally distributed with

parameters k and 6i defined by

45 (m..-1/8) + 1/4(%
2 i<j<k 1IK / ;2
n - 2

ijij (uj(K)—ui(K))]

Proof. We shall first calculate pn(x) and gi(X) in this case
and therefore evaluate ﬂij(x) and ﬂijk(X) given by expressions,
similar to (3.1) and (3.2).

We find
ﬂij(x) = IFj{u+aij(x)}Fi(du)

which shows that the symmetry of Fi implies that Wij(K)

. n
= fFj(u)Fi(du) = %, since aij(K) = 0, hence un(K) = 5(2). Simi-

larly Wijk(x) = ﬂijk for x = k, and hence

2 n
o (k) = 1/4(,) + 4 % (
n 2 i<i<k

ﬂijk—l/8)

This shows that condition (4.3) implies condition (2.9)

of Theorem 2.2.
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To check the other conditions of Theorem 2.2, we first

evaluate, see (3.5),

u_"(k) = % Jf.(u)f, (u)du a!. (k)
n i<y 3 i ij

=i§jwij{uj(K)—ui(K)},

which by condition (4.4) is of the order of at least n2, and
' -
hence 6n = On(K)/Un(K)+0.
As in the proof of Theorem 3.1 we define

1
Yook X6 u (k4¥8 ) /u (k) for some || < |x].

1]
One finds)see (3.6), that My (x) is bounded by

! 2
max |fi| r{a, . (x)

+ a. (x) ]|}
i i<j +J

which by condition (4.2) and (4.1) is of the order of n2.
Thus 6n makes Yp tend to zero which verifies condition
(2.11) of Theorem 2.2.

In a similar way one can check condition (2.10) which 3shows

that the result of Theorem 2.2. implies that of Theorem 4.1.
We shall now apply this result to the case of a Gaussian

distribution where a more explicit expression can be derived.

Corollary 4.2.

If Ui is Gaussian with mean ui(K) and variance Oi, and if

0<b<02_<_...ioi<B<oo then conditions (4.1), (4.3), and (4.4)

1
1]
suffice to ensure that Kn is asymptotically normal with
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parameters k and

4 Y [{(Arccos pijk)/2ﬂ}-l/8] + 1/4(2)

62 _ i<j<k
—L -
Doram TR s (62 + 027 (ul (k) - u! (k)12
Rl 1 3j 3 i
i<j
where
_ 2 2 2 2 2..-%
Piik = oj{(ai + Gj)(Gj + Ok)} .
Proof.

We have to calculate

v

= PlU,-u, (k) > Uj-uj(K) U —uy (k) )

ik

and

v
o

P{Ui-ui(K) - Uj+uj(K)

Uymuy () = Uptuy () 2 0} = P{X > 0 and Y > 0}

where
<X>~NJ(O> /O'i+0'32. —O? \1 .
Y \ 0 P\ —oi o§+0§/f

Now the correlation between X and Y is just -pijk and then

it is known that P(X>0, ¥>0) =(Arccos pijk)/zw' Note that

S\

2. 2 2., 2. 2 .-
lpijkl s 05/ {(bo3/B+0%) (05+03) }

-5

I

{4/ (B+b)} % < 2

and hence that
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o

-1/8) > me(3)/8
i<j<k

Tiik
which shows that in condition (4.3) the boundedness of the va-

riances imply that a2 > 0.

If further oi=...=oi one could have obtained this resulk from

Theorem 3.1 since then the errors would have had the same distri-

bution. Thus we have:

Corollary 4.3

If Ui is Gaussian with mean ui(K) and variance 02 , then
conditiong (3.8) and (3.9) imply that Kﬁ is asymptotically

normal with parameters «k and

n 1 2
[ r {ul(k) - ul (k) 1]
ovém i<j ]
It is tempting at this point to compare with the maximum like-
lihood estimator which, under similar conditions on the design,

see Jennrich (1969), is asymptotically normal with parameters «

and

2 2

— 2 1 I
Syr, = © /{i(ui(K) u'(x)}

where u' (k) =.% ul (k) .
i

From the inequality

{Z(n+l—2i)(ui(K)—a'(K))}z < ¥ (n+l-2i)° Z{ui(K)—ﬁ'(K)}z
i i i

. 2,2 B
it follows that 1lim SML/Gn < 3/m = 0.95.
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Thus the efficiency of the median estimator is at most
95 & if the underlying distribution is Gaussian. How large

the efficiency is depends on the inner product of the vec-

tors {n+1-2i} and {ui(K)}.

5. The asymptotic distribution of the median estimators

when the distribution is a transformed Gaussian variable

with a small variance.

In order to derive properties of the median estimates of
the Michaelis Menten parameters Km and Vmax’ it will be ap-
parent from (2.1)-(2.4) that different transformations of the
observations are needed. The assumptions made in section 3
and 4 are not invariant under transformation. Thus for in-
stance if we assume, as in section 4, that .
ani—ln{ciVﬁaX/(ci+Km)} has a symmetric distribution, then
l/Vi-(ci+Km)/ciVmax will not have a symmetric distribution.
Hence Theorem 4.1 can be applied to K$ but not to V%ax.

In order to find a framework in which the asymptotic
properties of both estimators can be found, we shall assume
that the measurements are smooth transformations of some
Gaussian variables with a small variance. This class of mo-
dels is clearly invariant under smooth transformations of
the observations and thus allows both estimators to be in-
vestigated.

Unfortunately the analysis shows that a bias may appear,
and this will be discussed further below.

Hence let us again consider the estimate Kﬁ given by
(2.7), and let us assume that Wi are independent Gaussian

2
variables with mean Wi(K) and variance Ti/xn’ and that
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U, = h(w,), and ui(x) = h{wi(x)}, where h is twice conti-
nuously differentiable in a neighbourhood of Wi(K) for all 1i.
We introduce the shorthand notation h, = h{wi(K)},

| J— ' [ - [
hi h {wi(K)} , and hi h {wi(K)}.

For large An we have that Ui is approximately normally

. . . 2 . 2
distributed with parameters hi and Gi/Kn, where Oi—Ti(hi) .
Hence ﬁij(K) given by (3.1) will be only approximately equal
to %, and in the following we shall apply an Edgeworth ex-
pansion to show that this may introduce an asymptotic bias

in the median estimators.

We can then formulate the main result:

Theorem 5.1.

T
Assume that An+w such that nzkn2+0 and that
O<b<0§§...§oi<B<w and ui(.) satisfy conditions (4.1),

-L
(4.3), and (4.4), with Wij = {2N(O§+O§)} 2 . Further we want

hi{ and h!' to be bounded and [h}|>a>0

Then Kh is asymptotically normally distributed with para-

meters 3
h - S 2.2 2, 2
r ( 5 2)0 (0 +07)
i<j  (h}) (h1)? 173 ]
Ky = K = —> . 2 (5.1)
2\ no(ul(k)=-u!(k)) (c5+ ) 2
n . . i
i<j
and
4 ¥ { (Arccos oy )/2ﬂ 1/8}+ T g)
2 i<i<k
6n = — s = P— (5.2)
[, (2m) 775 {ul(x)-u} () } (05+0" )‘2]2
] i<3
where Pk =0%/{(ci+c§)(0§+0§)}_%.
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Thus the same results hold as for the Gaussian distribution,
as given in Corollary 4.2, but for the bias term in (5.1).
Proof. The technique for proving this result is the same as

before except for the bias. Let us consider

(k) P {Ui—ui(K)in—uj(K)}

Ty
1]

2 {h(wi)—h(wi(K))3h(wj)-h(wj(K))}

An Edgeworth expansion, see for instance Bhattacharya and

Ghosh (1978) shows that

h'' h''
T (k) = b L 2 -4 2)0§og(oi+o?) 3/2+O(An2)
3 2/27 A_ (h!) (h.) J J
n i j
Thus
_.ny, 2 2 .2
un(K) 2(2)+n cn/An+0(n /An)
where Ca given by
h!'' h'!
c, = _____l__2_ | = 5 = J )GiOz.(Oi+02.)-3/2
2/2mn” i<j (h}) (hy) J J )

is bounded in n.

Similarly we can expand the expression for uﬂ(x),ué'(x),
Oi(x), and Gi'(x) and keep the term corresponding to the
Gaussian approximation.

We find,that u!(k) and ! (k)€ O(Annz),oi(K)E 0(n>) and

L}
02 (k)€ 0 (A n3). Now k_ 1is defined by
n n n
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n _ 2 2

() = (k) = () +(k =<)ul (k) + O(n-kn(Kn_K) )
which gives the bias

o 2 . -3
kK, "k = -—c . n /xnpn(K)+O(An ) .

2 1

An expansion of62(K ) shows that 62(K ) =6
n n n' n n

(K)(l+0(>\n ))
which shows that k can be used in the expression for the

asymptotic variance.

The actual proof follows the same lines as the proofs for

Theorem 3.1 and 4.1.
Note that the bias is of the order ofk;z, i.e. the order

of the variance of a single measurement, and that the rela-

tive bias is
6 ~ ;2’ }\ ~ 1/2
(Kn—K)/ n = /i, = (nv(U))

which in general will be large. Thus an appreciable bias can

be expected in the median estimators, even under the usual

assumption of Gaussian errors.

-2 %
The assumption kn2n2+0 ensures that the remainder term in
the expansion of kK, can be neglected, since

-3 -2 %
A 7/8 €01 “n?)€o(l).

6. Application of the asymptotic results to the median

estimators of Cornish-Bowden and Eisenthal.

We shall now return to the estimators given in section 1.
and find the asymptotic distribution under the assumption

that is usually assumed in the simulation results:
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VWY, o/ (e K ) TE/A2)
where kn+w such that k;zn%+o and where N€ denotes the normal
distribution censored at >0, so as to give strictly positive
values of Vi. Note that the function x-max(x,ec) is a smooth
transformation of x in the interval ]e,«[ and so is
In(max(x,ec)) and max(x,e)_l

The relations (2.1)-(2.4) express the statistics

% * ~ ~
K,V ,K /V and 1/V in the form (2.6) for suitable
m’ ‘max’ " m’ max max
choices of Ui and ui(.). In all cases we can apply the re-

sults of section 5, since we have a smooth transformation of

the underlying Gaussian variables with a small variance.

Theorem 6.1. Let V.WN {V___c./(c.+K ),T?/XZ} where
i e ‘max” i im’ " i’ "n

O<b<Ti<...§Tr21<B<oo ando§a<cl<.,.<c <A< are chosen such that the
- 1-"""="n ‘ :
limiting design measure is not equal to a one point measure,

*
then if (4.3) holds, Km is asymptotically normal with parame-

ters K_ and
m

4 ) {Arccosp )/2ﬂ -1/8}+ = 2
2 i<i<k
[A, (2m) G {1/c; +K_ 1/(c +K )}(o +Gj) 2]

i<j

2 2 2
where oy = Ti(l+Km/ci) /VmaX
and

2 2, 2 2, 2..%
ik = oj/{(oi+0j)(0j+0k)}
Proof. The result follows directly from Theorem 5.1 by the
choice h(x) = ln{max(x,e)} which glvesui(x)=ln{Vmaxci/(ci+x)}
which is seen to satisfy the conditions (4.1) and (4.4). The
2 _

bias term disappears in this case, since hi'/(hi) = -1 for

all i.
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" Theorem 6.2. Under the same assumptions as in Theorem 6.1 it

holds that Vmax is asymptotically normally distributed with

parameters
3 22,2 2.-3/2
Viax lEj{l/(c FK ) l/(cJ m)}oloj(o +oj)
V - T (6.2)
max 1“‘121 L (c;-c.) (02+02) ?
i< J J
and
V4 [4 % {(Arccos o3 /2w 1/81+ —( ol
2 max i<j<k
§° = J 6.3)
n -% - 2
A, (2m) 2 % (c.—c.)(o +o ) 2]
. . 1
i<j
2, 2,2 4
where now o = (Ti/ci){(ci+Km)/VmaX

Proof. In this case

vi/ci v Ne{vmax/(ci+Km)’ Ti/(cikn)z}

and we then take h(x) = {max(x,e)]r—l and hence u, (x)—(c +K ) /X.

It is easily seen that ui(.) satisfies conditions (4.1) and

(4.4), and since

Tt |2_..
hi'/(h})® = 2V /(c;+K )

we find the expression for the bias and variance.

Thus one would expect to find a relative bias in the di-
stribution of Vmax which is not negligible.
For the usual assumption that Vi is (censored) Gaussian

one finds a bias for Vmax but not for Km' This is not due to

the censoring but to the lack of symmetry in the distribution

of l/Vi.
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If instead we assume that ani is Gaussian then again
* *
Km will have no bias, but VmaX will be biased. If, however,
* *
we assume that 1/V, is Gaussian, then both K and V will
i m max

be asymptotically unbiased. Thus the bias properties depend
crucially on the underlying distribution.

A A

For later use we give the results for K_/V and \Y .
m’ max max

Theorem 6.3. Under the assumptions of Theorem 6.1 it holds

that Km/VmaX is asymptotically normally distributed with

parameters
22,2, 2.-3/2
K Voa .Z.{ci/(ci+Km) cj/(cj+Km)}cioj(oi+0j)
m_ i<j
-1
Viax KZ z (l/c.—l/c.)(o?+o%) 2
n .. 3 i i 77
i<j
and
4 Y {(Arccos p )/2m=1/8}+ l(n)
2 . ijk 4°2
5% = i<j<k
n 1
542

-% - -
Dy (21 7% 3 (1/6;-1/c) (o5+05) 7]

i<j

2 2 4
where o = Ti{(Km+ci)/(ciVmaX)} .

Theorem 6.4. Under the assumptions of Theorem 6.1 it holds

A

that l/VmaX is asymptotically normally distributed with pa-

rameters
22,2, 2. =3/2
1 Vmax 2, (1/(ci+Kp) l/(Cj+Km)}Oicj(0i+cj)
- 1<3
-
Vmax A2 3 (C.—c.)(0?+o%) 2
n ._. i i 73
l<j
and

1l,n

4 3 {(Arccos p..,)/2m=-1/8}+ =()

§2 _  i<j<k 11k 472
n -

D (2m) 7% 5

i<j

2

N\

1

o ma ) (o 2an2y T
(c. ci)(ci+oj)
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= + \V/
where o/ C{(K C.)/(C. )} .

i max
This last result can of course be derived from Theorem 6.2,

but is given here because of the numerical illustrations in

section 7.
A N

It is seen that both Km/Vmax and l/{}maX are biased, and
a multivariate version of this theory, which we shall not
go into details with, shows, that for ﬁm the bias still
remains. Thus frém the point of view of asymptotic bias the
estimator K; is to be preferred to ﬁm in the case of an un-
derlying Gaussian distribution. See also the comment by
Currie (1982) p. 915. This property still depends on the error
distribution, and if l/Vi has a Gaussian distribution then
all the estimates will be unbiased. A comparison of the va-
riances of ﬁm and K; was too complicated to give a simple
answer and will not be reported here.

We shall finally turn to the estimates km and %max pro-
posed by Cornish-Bowden and Eisenthal in (1974). These
estimators were later given up because it was felt that their
bias was too big. The simulations of Currie (1982) indicate
that this is sometimes the case, depending on the design.

We shall give here the asymptotic properties of the two

unmodified estimators.

Theorem 6.5. Under the conditions of Theorem 6.1 and the fol-

lowing extra condition on the design:

Ci417C; 2 a/n, i=1,...,n, (6.4)

i+l
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it holds that Km is asymptotically normal with parameters

2,2 2,2.-%
igj(l-cb[?\nvmax{l /(ci+Km)—l /(cj+Km>}{Ti/ci+T,j/cj} 1)
K - ,
m -3 2. 2, -%
A (2m) I {1/(ci+K ) =1/ (C 44K )} (07 +0)

i<j

2 . 2 _ 2 2 2
and a 6n given by (6.1) and oy = Ti(l+Km/ci) /VmaX
Similarly %max is asymptotically normal with parameters (6.2)

and (6.3) except that an extra bias term appears, which is

equal to

=%

I (Q=gTA V(L /ey K ) -1 /(e K N {15 /i /el )

_ i<j
(2 "F T (c.-c.) (02402) T2
- %n i<q i3 iy
2 22 4
here o = Tici{(ci+Km)/ciVmaX}

Proof. The estimate K = med(V.-V.)/(V./c.-V./c.,) 1is investi-
i<y 13 3773 i 71
gated as follows:

ny _ _ L n
{K_<x} = {igj 1{<vi—vj»«vj/cj v./c;) < xkx 505}

RUNEIELTEON

" V. Vi
where U (x) =% 2 [o{( ), (1) 31+11
n i<y 5 €4

and

¢{(Z),(E)}= sign(v/a-u/b) sign{v(l+x/a)-u(l+x/b) }.

Thus 8n(x) is a U-statistic and its moments will determine

Y]
the asymptotic properties of Km. We want to compare these

*
2 1{K_..<x} which were investi-

*
moments to those of Un(x) =
i<j

gated in Theorem 6.1.
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We now find

1{K . .<x}

mi5s l{Vi—ngx(Vj/cj—Vi/ci) and Vj/cj>Vi/ci}

+

l{Vi—ijx(Vj/cj—Vi/ci) and Vj/cj<Vi/ci}

l{Vi(ci+x)/ci§Vj(cj+x)/cj and Vj/cj>Vi/ci}

+

l{Vi(ci+X)/ciEVj(cj+x)/cj and Vj/cj<Vi/ci}
Now

Vi/ci<Vj/cj =>Vi(ci+x)/ci<Vj(cj+x)/cj
hence the first indicator function equals

l{Vi/ci<Vj/cj} = Zij say

and the second becomes
*
l{Vi(ci+x)/cizvj(cj+x)/cj} = l{Kmij§X}

*
Thus ﬁ (x) = U_(x)+Z2_, where Z2_= ¥ Z,..
n n n n i< ij

Hence

ny b3
un(X) =un(X)+E(Zn)

?j’rzl(x) - czz(x>+V(zn)+2V(zn,ﬁ (x)) .
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Now we shall prove below that E(Zn)EO(nz/An) and

3,,2 . "y

V(Zn)EO(n /An) which shows that V(Zn) and V(Zn,Un(x)) are
k

o (o 2(x)). Thus for the calculation of the asymptotic va-

n
0 * . 3 .
riance we can use the result for Km given in (6.1l), since

*
ﬁﬁ(K) = un'(K). The term E(Zn) induces a bias however. The
bias term due to the transformation h(x) = lIn(x) becomes zero,
since h:!L'/(hi)2 = -1 for all i, hence

n _ n N .
(k) = 5()+E(Z ) = W (k))+E(Z )
giving, as in section 5,
() + (k=)L () +E(Z )40 (%A (k_=k) %),
. _ 7y /N
i.e. K K = -E( n)/un K)

as the leading term in the bias.

We then find

E(Zn) = iEjP(Vi/ci<Vj/cj)

2,2 2,2.-%
/(cj+Km)}{;i/¢i+Tj/cj} 1)

R

z (l—¢[An{Vm

/(c.+K_)-V
i<q i m m

ax ax
where only the leading term corresponding to neglecting ¢

has been kept. Combining these results we get the bias for

n

Km . To complete the proof for %m we have to prove that E(Zn)E

O(nZ/Kn). Under the assumption that Ti and c,; are bounded away

from 0 and » we find that
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5

2,2 2,2 -
Vo (Bproy) (ke ) Hag/elany/el)

is bounded below by d>0, and from (6.4) we get that

cj—ciz(j—i)a/n. Thus

E(Z )< igj[l—¢{knd(cj—ci)}]

IN

z [1-¢{Anda(j-i)/n}]
i<j

Now let m = Anda/n, then we get

E(z)<(5){1-¢mn)} + I T [¢{m(k+1)}=¢ (mk)].
n i<j j-igk<n

The first term is bounded by (;)/anO(nz/An) for large va-

lues of A _.
n

The second term equals

S(n-s) ¥ [¢{m(k+1)} - ¢(mk)] < n = k[¢{m(k+1)} - ¢ (mk)]

S s<k<n k<n
n m(k+1) 5
S5 % S u¢(u)du € 0(n /kn)

k<n mk

This proves that E(Zn) € O(nz/kn). The result about V(Zn)
can be proved via a relation similar to (3;4), and we have to
evaluate terms like P(Vi/ci < Vj/cj < Vk/ck)' Now let
X = Vj/cj - Vi/ci and Y = Vk/ck - Vj/cj, then X and Y are
jointly Gaussian with a negative correlation p. It is then
easily seen that P(X>0, Y>0) is increasing in p and hence

that P(X>0, Y>0) < P(X>0) P(Y>0). Thus with m =‘Anda/n, we have
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p(Vi/ci < Vj/cj < Vk/ck)

r [1-¢{m(3-1)}]1[1-¢{m(k-3)}]

i<j<k

N

ny s{1-¢ (mi)H 1-¢ (mj)} € O(n3/)\n2) )
ij

IN

This completes that part of Theorem 6.4 which concerns ﬁm’
As for Vmax = ?i?(ci_cj)/(ci/vi_cj/vj) we find by an argument
similar to that for ﬁm’ that

1V <x)=1{v"

max;j;— 'm_axij§X}+l{Vi/Ci<Vj/cj}

Thus the analysis proceeds as before, giving exactly the same

ny
extra contribution to the bias as for Km.

7. Numerical examples.

We shall give a few examples to show that some of the simulation

results obtained by others are in accordance with the formulation

given here.

Cornish-Bowden (1981) considers the following situation.

Let ¢, = 0.2i, i=1,...,10 and take K =V = 1, and
i m max
T, = 0.025. Then, with Vi distributed as N{ciﬂbi+l), Ti},
N A 8
the following values are reported V(Km/VmaX) = 11.06x10 3
- _ -3
and V(l/vﬁax) = 5.62x10 ~.

From Theorem 6.3 we find the values for the bias and vari-

A~ A - —
ance for Km/VmaX to be .96x10 3 and 10.64x10 3 in accordance
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with the simulation results. From Theorem 6.4 we find

= 5.7><1o"3 with a bias of -1.67x10 5. Note that in

V(l/vmax)
both cases the bias is insignificant. The relative bias, how-

. 5 . . .
ever, increases with n?, thus taking more observations will

make the estimator Wworse.

Currie (1982) considers among other situations the

following design: c; = ai, i=1,...,7, Ti = 0.01, Km = .75,
N
A = 1, and finds the asymptotic variance to be V(Km) = ,24

max
(Fig. 5D, a=1) and the bias of ﬁm =-.04 (Fig. 5C, a=l).

Using the results of Theorem 6.5 we find the bias to be
-.09 and the variance .2059 giving a relative bias of 21%.
Tabulating these functions for various values of a
we obtain a bias curve corresponding to Fig. 5C of Currie
(1982) . The curve for the variance looks different, however,

especially for small values of a

Table 6.1

a - .2 .4 .6 .8 1.0
V(ﬁm) .408 .210 .186 .190 .206
Bias(ﬁm) -.750 -.238 -.141 -.109 -.095
Rel. bias - 118 = 52 - 33 - 25 - 21

® ) (%)

Asymptotic parameters for Km for n=7, Km = .75, VmaX =1
2

and c; = ai, i=1,...,7, T, < 0.01.

If n is increased by a factor of 4 to 28 then we get
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Table 6.2

a .2 4 .6 .8 1.0
V(ﬁm) .040 .044 .051 .068 .084
Bias(ﬁm) -.215 .161  -.163 -.174 -.189
Rel. bias - 108 - 77 - 70 - 67 - 65
(Km) (%)
Asymptotic parameters for Km for n=28, Km = 0.75, VmaX =1
. 2
and c; = ai, i=1,...,28, T, < .01.

Note that by increasing n we decrease V(ﬁm) and bias(ﬁm),
but the relative bias is increased in most cases.

If we calculate the results for vmax we find

Table 6.3

a .2 .4 .6 .8 1.0
vV ) .145 .040 .024 .018 .015

max
Bias (V___ ) .529 .144 .078 .055 .044

max

Rel. bias 139 72 51 41 35
Voax) (%)

Asymptotic parameters for Vmax for n=7, Km = 0.75, VmaX =1

. 2
and c, = ai, i=1,...,7, Ti = 0.01.

The bias is here due to two facts. Firstly that a median esti-
mator is used, and secondly that the unmodified version is used.

If the modified version is used we find the bias of KE to be

Zero whereas Vﬁax still has a bias:
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Table 6.4

a .2 4 .6 .8 1.0

V(V*_ ) .145 .040 .024 .018 .015
max

Bias(V*__) .066 .036 .026 .021 .018

max

Rel. bias 17 18 17 15 14
* o

(VE ) (%)

Finally Atkins and Nimmo (1975) choose among other situations

the following ¢, = 0.25i, i=l,...,7, K =V =1, and T,
i m max i
.Ol(ci/(ci+l))2 corresponding to a relative variance of 0.01. They
report a value for ﬁm of 0.94%0.29 (Table 1). If we apply Theorem
6.5 we find a bias of -.12 and a variance .0898 corresponding to

a standard deviation of .30, and a relative bias of -40%.



-35-

8. References.

ATKINS, G.L. & NIMMO, I.A. (1975). A comparison of seven methods

for fitting the Michaelis Menten equation. Biochemical

Journal 149, 775-7.

BHATTACHARYA, P.K., CHERNOFF, H. & YANG, S.S. (1983). Nonparametric

estimation of the slope of a truncated regression. Ann.

Statist. 11, 505-14.

BHATTACHARYA, R.N. & GHOSH, J.K. (1978). On the validity of the
formal Edgeworth expansion. Ann. Statist. 6, 434-51.

CORNISH-BOWDEN, A. & EISENTHAL, R. (1974). Statistical consi-
derations in the estimation of enzyme kinetic parameters

by direct linear plot and other methods. Biochemical

Journal 139, 721-30.

CORNISH-BOWDEN, A. & EISENTHAL, R. (1978). Estimation of
Michaelis Menten kinetic constants from various linear

transformations. Journal of Biological Chemistry 240,

863-69.

CORNISH-BOWDEN, A. (1981). Robust estimation in enzyme kinetics.
In: Kinetic data analysis: Design and analysis of enzyme
and pharmacokinetic experiments. Ed. Endrenyi. 105-19.

New York: Plenum Press.

CURRIE, D.J. (1982). Estimating Michaelis-Menten parameters:

Bias, variance and experimental design. Biometrics 38,

907-19.

DANIELS, H.E. (1954). A distribution free test for regression
parameters. Ann. Math. Statist. 25, 499-513.

EISENTHAL, R. & CORNISH-BOWDEN, A. (1974). A new procedure
for estimating enzyme kinetic parameters. Biochemical

Journal 139, 715-20.



-36-

JENNRICH, R.I. (1969). Asymptotic properties of non linear
least squares estimators. Ann. Math. Statist. 40,

633-43.

JOHNSTONE, I. & VELLEMAN, P. (1984). The resistent line and

related regression methods. Tech. Rep. Stanford

University 52 pp.

SCHOLZ, F.W. (1978). Weighted median regression estimates.
Ann. Statist. 6, 603-9.

SEN; P.K. (1968). Estimates of the regression coefficient

based on Kendall's tau. J. Amer. Stat. Assoc. 63,
1379-89.

THEIL, J. (1950). A rank-invariant method of linear and
polynomial regression analysis, I, II and III. Koninklijke
Nederlandse Akademi Proc. 53, 386-92, 521-5, 1397-412.



PREPRINTS 1985

COPIES OF PREPRINTS ARE OBTAINABLE FROM THE AUTHOR OR FROM THE INSTITUTE OF
MATHEMATICAL STATISTICS, UNIVERSITETSPARKEN 5, 2100 COPENHAGEN (), DENMARK.

No. 1 Cohn, Harry: Almost Sure Convergence for Stochastically Monotone
Temporally Homogeneous Markov Processes and Applications.

No. 2 Rootzén, Holger: Maxima and Exceedances of Stationary Markov Chains.

No. 3 Asmussen, S¢ren und Johansen, Helle: Uber eine Stetigkeitsfrage

betreffend das Bedienungssystem GI/GI/s.

No. 4 Asmussen, S¢ren and Thorisson, Hermann: A Markov Chain Approach to

Periodic Queues.

No. 5 Hald, Anders: Galileo as Statistician.

No. 6 Johansen, S¢ren: The Mathematical Structure of Error Correction
Models.

No. 7 Johansen, S¢ren and Johnstone, Iain: Some Uses of Spherical Geometry

in Simultaneous Inference and Data Analysis.



PREPRINTS 1986

COPIES OF PREPRINTS ARE OBTAINABLE FROM THE AUTHOR OR FROM THE INSTITUTE OF
MATHEMATICAL STATISTICS, UNIVERSITETSPARKEN 5, 2100 COPENHAGEN ¢, DENMARK.

No. 1 Jespersen, N.C.B.: On the Structure of Simple Transformation Models.

No. 2 Dalgaard, Peter and Johansen, S¢ren: The Asymptotic Properties of
the Cornish-Bowden—Eisenthal Median Estimator.



