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0. Abstract.

The error correction model for a vector valued time series has been
proposed and applied in the economic literature with the papers by
Sargan(1964),Davidson et al.(1978), Hendry and von Ungern—Sternberg(1981) and
has been given a formal mathematical treatment by Granger(1983). He
introduced the notion of cointegratedness of a vector process and showed the

relation between cointegration and error correction models.

This paper defines a general error correction model, that encompasses the
usual error correction model as well as the integral correction model by
allowing a finite number of error correction terms which correspond to linear
combinations of the vector process that are integrated of different order.

It is shown that this structure is inherent in the model if it is given
in autoregressive form or moving average form by exploiting the singularity of
the matrix function that defines the model.

The theory is applied to some examples discussed by Davidson(1983) and

Harvey(1982).

Key words: Cointegration, error correction, non-stationary time series,

ARMA models.



1. Introduction.

Many of the current controversies concerning macroeconomic policy issues,
particularly monetary questions, seem to derive from different views of the
duration and importance of short-run and long-run behavior of economic agents.
The fact that these controversies have to be resclved in the empirical arena,
can clearly be demonstrated by a growing number of empirical applications in
which the dynamics of short-run and long-run adjustment processes are being
modelled. In particular, the idea of incorporating the dynamic adjustment to
long-run steady-state targets in the form of error correcting mechanisme, in
an autoregressive model for transitory short-run dynamic behavior, originally
suggested by Sargan(1964) and further developed by Davidson et al.(1978),
Hendry and von Ungern—Sternberg(1981), Davidson and Hendry(1981),etc. seems to
have introduced a useful approach to modelling the dynamics of economic
behavior.

The error correction model is a model that combines the autoregressive
form for the changes in yt with existing economic theory as expressed in the
long-term static relation
(1.1) Ay + Bz =0
or in the steady—-state growth relation
(1.2) Ay + B(z + dz) = 0.

An example of an error correction model is given by
(1.3) Al(L)Ayt + Bl(L)Azt +D(L)[Ayt_1 + th_l] = C(L)et.

Applications of this type of models usually have proved very successful
in terms of model fit, meaningful estimates of parameters of interest,

encompasesing,etc. However, for a long time a formal mathematical treatment



seemed to be lacking. Granger(1983) was the first to provide such a basis by
introducing the concept of cointegratedness between time series and relating
that to the concept of error correcting models. The idea of Granger, see also
Granger and Weisg(1983) and Granger and Engle(1985), is to start with a
general model for ¥, = {yt,zt} expressing that Axt is stationary, i.e.

(1.4) Axt = C(L)et

and then showing that certain properties of the matrix function C(L) imply
that the components of xt are cointegrated. This is then used to derive am
error correction model. The purpose of this is to explain combinations of the
e’s in terms of deviations in long-term relations between the non—-stationary
components of the vector process {Xt}’ and to identify these long-term
relations using the concept of cointegration.

The purpose of this paper is to discuss the equations (1.1)-(1.4) and
some related concepts from a mathematical point of view, find their
interrelations, and provide a framework in which their formal analysis can be
Justified.

In doing so the concepts are clarified and generalised. We thus end up
with a very general type of model for a class of non-stationary stochastic
processes. Not all these models correspond to interesting economic models but
their structure permits a simple analysis and thus helps the understanding of
the interesting examples which are discussed in the economic literature.

The paper is now organised as follows :

Section 2 discusses the basic properties of some non—stationary
processes. In particular the role of the starting values and their influence
on the process is discussed.

Following Granger(1983) Section 3 discusses the problem of determining



the long-range relations in a system given by the moving average

representation

d_
a4 X, = C(L)et,

where d is the order of the process.We derive a general form of the error
correction model, that allows error correction terms of different order. The
usual error correction models, see Davidson et al.(1978), as well as the
integral correction models, see Hendry and von Ungern Sternberg(1981) and
Davidson(1983), can be seen as special cases of the general model. Section 4
discusses formally the same problem, but now based on the autoregressive
representation

A(L)x, = 4,
where p is usually zero.

Conditions for this model to be interpreted as an error correction model
are formulated, and the order of the process is found. In section 5 we
discuss the special situation where Xy is decomposed into endogeneous and
exogeneous variables and derive an error correction model for the targetting
error.

In section 6 we show how some examples from the economic literature can
be treated by the general methods developed in the previous chapters, and
Section 7 contains the mathematical results which consisf of finding a
representatioh of the determinant of a matrix valued function in terms of
certain indices defined by the null spaces of succesive derivatives of the

function at L = 1

2. The basic properties of a class of non-stationary processes.

It is customary to consider non—stationary processes {xt} given by the

equation



(2.1) Adxt = C(L)et

where x, and € = Rm, and C(z) is an mxm matrix valued holomorphic function

t
given by its power series with radius of convergence 1 + p, p > 0, and d is an
integer. Here {et} is a sequence of independent identically distributed

random variables with mean 0 and variance matrix I'. Note that the

coefficients of C(z) decrease exponentially fast, which shows that C(L)et is a

stationary process. It is easy to construct x, recursively starting with t

t
0, say. This is done as follows: We sum (2.1) from t = 0 to t = T and find
T
Ad 1xT = Ad 1x_1 + C(L)Z €
t=0
Summing again gives
Ad"zxt = (t+1)Ad—1x_1 + Ad"zx_l +C(L) I e
O<uss<t

It is seen that the process Xy will be composed of two parts. The first is a
polynomial of degree d-1 with coefficients depending on the past values of Xy
i.e. for t < 0. The second term is a repeated sum of the e¢’s. We can write

_ ~d
x, = C(L)4 ey + Py (t).

t
We call Pd_l(t) the completely deterministic part of X, and C(L)A—dc-,t the

random part of Xy Note that A_l is defined as a finite sum from 0 to t. The
completely deterministic part can be considered a trend in the system showing
the influence of the past, whereas the random part contains the cumulative

effect of the shocks to the system. As a simple example consider the equation

2
pal Xy = €y t 2 0.
The solution is
t
X, = x_, + (t+tl)dx ., + Z e
t 1 1 g<s<ust®

Note that the trend part is just a straight line through points {—2,x_2} and

{—l.x_l} and that conditionally on these values X, fluctuates around this



trend with a variance given by

t
V(x, 1% 1% o) = 3 (t-8+1)%V(e,).
ehepxg) = 2 1

Hence the variance increases to infinity with t. This is often expressed by
saying that the process has infinite variance. A stationary process can be
started at "minus infinity"” but a non-stationary process must be started at a
finite time point, and the whole process has to be considered conditionally on
the values before this time, otherwise the‘process is simply not defined by
the equation (2.1). One can subtract Pdml(t) from Xy since the difference
also satisfies the differential equation, but now with the starting values
Zero.

This problem has implications for some of the formal calculations often
applied to time series. Consider for instance the equation

d

a X, = C(L)Abet , t =2 0.

If we sum b times we obtain

Ad_bxt

where Pb_l(t) has coefficients depending on the values of {xt,et} with t <

= C(L)et + Pb_l(t).

0.Thus one can cancel Ab, at the expense of adding a trend of order b-1. One
can also justify the cancellation of Ab as an operation on the random part of
the process. In the following we shall in some examples be explicit about the
trend, but the later examples only the random part will be dealt with in
detail.

Next we turn to the notion of cointegration, see Granger(1983).

Definition.2.1. We shall call Xy integrated of order d if xt has the

representation

d, _
A%, = C(L)et + P ()

where Pb(t) is a completely deterministic polynomial of degree b, and C(1) #



0. 1In other words x, is integrated of order d if Adxt is stationary apart

t
from a completely deterministic component. Notice that C(1) # 0 implies that

Ad_lxt is not statiomnary.

Definition 2.2. Let xt be integrated of order d. We shall call Xy

cointegrated with cointegration vector « € R of order g if a’xt is integrated

of order d-s.

Thus the order of Xy is reduced by s if the combination a’xt is

considered.

It is mathematically convenient to allow any vector o in the definition
of cointegration. Thus if a = (1,0,0)’ say, then a’xt = Hyye We thus express
the fact that some components of X, is in fact integrated of lower order than
the whole vector process, by saying that a certain unit vector is a

cointegration factor. This is clearly a slight abuse of the idea behind

cointegration but it makes the formulation simpler.



3. The error correction model derived from the moving average

representation.

We shall consider the equation

(3.1) Adxt = C(L)e,

and assume that C(z) is holomorphic for |z| < l4+p , and is non—singular for

t 20,

|z] £ 14+p except for z = 1, where we assume that C(1l) is singular but # 0,
gsince if C(1) were 0 then a similar model would hold with d replaced by d-1.
Note that we do not assume that each af the components of X, are integrated of
the same order. Such an assumption is not necessary for the results developed
below, but in connection with the examples this point will be discussed in
more detail. We want to derive an error correction model for xt, following
the ideas of Granger(1983). We shall first give a general definition of an
error correction model and then give some examples before we prove the main
result.

The ultimate goal of this investigation is to be able to find the
properties of a vector process X, from the defining equation in the
autoregressive form

A(L)xt e, t 2 0.
The equation, which defines the process uniquely, must therefore contain
information on the order of the process and of which components are
cointegrated. The problem is how to extract this information. If we can find
out, that the order of integration is 2, say, then we can write the equation

in the form

2 _
ont + AAlxt + AZ(L)A X, = e

and we want to interpret ont and AAlxt as stationary error correction terms.

Thus in order to interpret this as an error correction model we must make sure



that all terms represent stationary terms and that they have not been

differenced too much. This is made precise in

Definition 3.1 A model of the form

k-l g K 4
ii—: Dixt + A(L)d4 X, = f(L)4 N ,t =20

ies called a general error correction model of order k if

(3.2) A(z) is holomorphic for |z]| < 1+p and A(1) # 0
(3.3) AiDixt is stationary, i = —8,...,k-1

(3.4) X, is integrated of order k

(3.5) f(z) #0 , |z| < I+p.

The terms AiDixt, -8 £ i < k represent error correction terms with
cointegration factors Ei of order (=) k-i, and the term A(L)Akxt gives the
autoregressive model for the stationary process Akxt. In general d = 0 but in
some cases we need a different value. Note that if i < 0 then the term AiDixt

is an integral correction term, i.e. the |i| fold summation from 0 to t of

Dixt'

Some examples will be given below

Example 3.1. Consider the process (Ct’yt) given by the equations

1

Act

dy, = gy

By, + vy y7c 1) * ey

This example has been adapted from example 6.1 and is treated in more detail
in Section 6. It is easily seen that from the second equation it follows,
that Yy is integrated of order 1. Now the first equation only makes sense if
cy ie integrated of order 1 as well, in such a way that Y % is integrated of
order 0, since if for instance c, were integrated of order 2, then the left

hand side would be of order 1 and the right hand side of order 2. Thus A and

¢, are cointegrated with cointegration vector «’ = (1,-1) of order 1, and the



model for Act is given in part by the autoregressive term ﬁdyt and in part by
the stationary error correction term Vi 1"C-1"

Thus one can in a simple fashion identify the order of the vector process
(ct,yt) as well as the autoregressive part and error correction part in this
example. Note that if the second equation is replaced by Azyt = €gp then the
analysis changes and Cy and Yy become integrated of order 2 and (yt—ct)
becomes integrated of order 1. In this case the first equation should be
multiplied by 4 before one can identify the autoregressive part and the error
correction part, and then the error correction part is not a linear
combination of the components of the process, but a linear combination of the
components of the differenced process.

Example 3.2. A modified version of the previous example is given by the

equation
_ ~1 _ .
Act = ﬁdyt + 84 (yt_1 Ctml) + N
dyy = €9
_1 t
where 4 zt = 3z . A full treatement of a similar example is given in
s=0

Section 6. At this point we shall use it to indicate that it may not be so
obvious to find the order of the process (ct,yt) and find out in what sense
these equations determine an integral correction model. We shall only note
that in general the error correction terms are stationary terms which are
linear combinations of the vector process differenced a suitable number of
times. Finally one can combine the two examples and consider an equation where
both the error correction term as well as the integral correction term appear.
Thus in general one can have many error correction terms in an error

correction model corresponding to linear combinations which are integrated of

different orders.
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In order to state the main result about the error correction model we
have to define three indices determined by the function C(z). The necessary
mathematical results are given in Section 7, but here we shall briefly

recapitulate the definitione and results. From the assumptions on C(z) it

=]

follows that we can expand it around z = 1 in a power series C(z) = & (l—z)JCJ
J=0

which is convergent for |z-1] < p. The results of this section are formulated
in terms of the coefficients {CJ}' We now let Nj = {x e le x’C‘j =0}, i.e.
the null space for CJ. We then define the spaces Mj = NO M...N Nj of vectors
which are null vectors for all matrices Ci’ i=0,...,4. Let mj denote the
dimension of M,. Clearly the spaces Mj are decreasing and since C(z) is
assumed to be regular for z # 1 there is no vector x which is contained in

all Nj’ Hence there exists a k such that

0 Z .. 2 mk__1 > mk =

=

m >

a0

Now define n = 2 mj =
Jj=0 J

where f(z) # 0.

o=

mj and let r be defined by det C(z) = (l—z)rf(z),
0

Thus we associate with C{z) the three numbers (k,n,r) which will be used

repeatedly in the following. We define Cn(z) by the relation

n—1 R
C(z) = 2 (1—z>*JcJ. + (1-2)7c_(2), |z] < L,
§=0 :

and the adjoint a(z) by
C(2),; = (-1) et ¢Ii(2)

where CJl(z) is found by deleting row j and column i from C(z). Let
_ n-1 . =
C(z) = 2 (1-2)7C. +(1-2) € (z) , lz| < L.
=0 J |
We can then formulate

Theorem 3.1, The process Xy given by (3.1) satisfies an autoregressive
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model of the form

(3.5) ; 35w+ e W%, = fA e, ¢
‘ . n—-j t n t t?

Jj=1

z 0.

If either En = En(l) # 0 or if r = n this is a general error correction model

of order d.

Proof. Theorem 7.3 shows that we have the following representation

- ks nk 1 5o ke
(3.6) C(L) = C, (L) =4 [jzod Cpgery + 4 C_(L)]
and
3.7 C (L) =a% C(L), 5=1,....k
(3.7) OB = 4% cam)

where CJ(z) and En(z) are holomorphic in |z] < l4+p. Now the equation (3.1)

defines ddxt as a stationary process, hence E(L)Adxt is well defined and

stationary and
c(rya%, = C(L)c(L)e, = £(L)de
t t t
where, by Theorem 7.1, f(z) # 0, |z} < l+p. Now use the representation (3.6)

and we get

n-1 . _
[ 2 4%, + A% (1)]14%, = £(L)d%
i J n t t
J=n~k
which implies that
(3.8) g AV x o (a%, = A R
: o1 n-jt " n t t’

For this equation to be an error correction model we have to check the

conditions (3.2)-(3.5). We know, since C(1) # 0, that Xy is integrated of

order d which shows (3.4). By multiplying (3.1) by an—j and using (3.7) we
get

pe d-j_ _ 3 .
(3.9) Cn~j4 X, = Cn—jCJ(L)et s, Jd=1,...,k,
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which shows that Ad_Jan_th is stationary and hence that (3.3) is satisfied.
Since En(z) is holomorphic and f(z) # 0, |z| < l+p we only have to check that

an(l) # 0. Thus if En = an(l) # 0 , then (3.8) is am error correction model,

and if instead we assume that r = n, then it follows from Theorem 7.4

k _

that £ ¢ .C. has rank m. Now since C., = C(1l) # 0 we have M L ¢ {0}, and
=0 n—j Jj 0 0

hence there exists A # 0, A € Mol. Since the matrices {En_l,...,én_k } span

MO we find that_

k _ _
0#MZC_.C.=ACC,
which implies that En # 0 and the Theorem is proved.

The first term in the error correction model is
Ad_kan—kxt
which will represent an integral correction term if d < k.

It is seen that if r > n, then a difference A remains at the e’s.
This has the effect that when solving for X, , one has to sum the error
correction terms as well as the term Ar—net. The last one will contribute
less to the variance of the process than the first one, and in this sense the
main contribution to the variance of the process comes from the error
correction terms. Thus one has in fact succeded in explaining the major part
of the e’s in terms of interpretable error correction terms. If r = n there
is a balance between the two kinds of errors, and we therefore call this the
balanced case. We shall see in the examples that both situations can occur
even in the examples that have been taken from the econometric literature. We

shall also see that one can always reduce the unbalanced case to the balanced

case by introducing new variables. This will be discussed in detail in
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Section 7, and in connection with the examples 3.4, 6.1 and 6.2,

Example 3.3. Consider the system

2
i I N N o
[*2t] " l,“Zt,’ =
[thJ l 0 -24 0 J LeSt |

If we express C(L) as a function of 4, we get

f1 0 0" l'O 1 O'I [0 O 1]
_I 2 l _ 2
C(L) =1 0 O} +4]j0-10 | +4 |0 0 2] = C0 + ACl + 4 CZ‘
10 0 0] 10 -2 0 | 10 0 0 |
It easgily follows that
IR i o
N, = sp -1]; ;s N. AN, =sp |-1]; N, M NNAN, =
0 ] 1 0 1 2
L 0 [1] L 1)
and hence my = 2, m, = 1, m, = ... = 0. Thus k=2,n=3 and since det C(d) = 243
we have r = n = 3. The adjoint matrix becomes
[ ad® 245 34°
c(4) = l 0 0 42 |
| —24 24 -24 |
fo 0 0] fo 0 0] 2[4 -2 3]
=4[ |0 0 Oj+4|0 0 -1} +4710 0 0]]
-2 2 -2j |0 0 0f [0 0 0]
=4 [ C, + 40, + 4°C. ]
1 2 3
The equation now becomes
3, 3 - 2= 5,3
a0 C1 + ACZ + 4 CS]xt = 24 €,-

Now cancel A% = 43 and find the term corresponding to d = 2 which gives the

autoregressive part of the model. Then

2= -~ = 2
a CSXt = Clxt Aszt + Zet +a + bt + ¢t

where a,b,and ¢ are determined by the values before time t = 0.

Now insert the three matrices Ei and we get
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[ 4x,,—2x,, +3x%,, ] [ 0 ] [0 ] el
A2 g2t Bt oo |+ 4] 2, ] +2] erf) + . (t)
L o I lxyxoptxe ] LOE |2 2
1t "2t 73t 3t
or equivalently
2 _

(3.10) a4 [4x1t—2x2t+3x3t] = Zelt + Sz(t)
(3.11) 2[xlt—x2t+x3t] = Zegt + Qz(t)
(3.12) Ax3t =— ZeZt + Rz(t).

Note that the equations (3.11) and (3.12) are special cases of (3.9)
which express that certain linear combinations are integrated of lower order
than 2. From (3.11) we see that xlt—x2t+x3t is stationary apart from the
trend. Note also that X1t and Xgy are integrated of order 2 and X1 7%gy 18
integrated of order 1, but the variable that makes X147 %94 integrated of order
1 is the same as that in TXays hence xlt-xzt-!-xSt is reduced to stationarity.
Thus (3.11) is an example of a cointegration relation where all the components

are not necessarily integrated of the same order. Note that the example has

n=r = 3 and in this case the rows of C1 span M1 whereas the rows of C1 and

C2 span MO , see Theorem 7.4.

Example 3.4. Let Xy be given by the equations
fxlt] . r 1+4 -4 ][Elt]

o 0 Jley,]
1 0] 1 -17 _ [0 0] [0 17
owy = | j+d|  |iew=l  [+a] |
Lo o [1 o Lo 1] -1 1

_ 2 . _ - (01 -
and det C(L) = 4~. We find N0 = SP[IJ and Nl = gp o] ° hence M0 = NO and Ml

= Nl , giving the indices k = 1, my = 1, m = 0 , and hence n = 1, whereas r =

2., Thus we are in the unbalanced case but En = 61 # 0 and we can apply Theorem
3.1. In the equation

C(L)dx, = A%

t t

n . . . .
we can cancel 4 = 4 and the resulting equation is a general error correction
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model. The autoregressive part is then given by the terms involving Axt. We

then get

[0 Ty o 10 0y

-1 1% T 710 1% t
which shows that Xop is stationary and hence that (0,1) is a cointegration
vector of order 1. The last equation is
gt F1e) T TEgp * Lege

where the left hand side is the autoregressive part of the equation and on the

a(x

rigth hand side x represents the error correction term and eZt the shocks.

2t
If we solve this for X2t_xlt then the major contribution to the variance will
t t
be the term x,,, since V( 2 x, ) increases, whereas V( Z 4de, ) is constant in
2t a=0 2s «=0 2s

t. Thus the case r > n can be interpreted as the case where the major
contribution to the variance is given by the error corection terms, whereas
the shocks only play a minor role. Another way of expressing this is that we
have combined the major part of the shocks into an expression which we can
give an interpretation, namely the error correction term. The case r > n,
however, can be reduced to r = n by transforming the variables into new
variables which are linear combinations of variables of the same order of

integration, namely

Y1 7 *1t

Vop = T8y T Egye

The choice of these new variables is based on an analysis of the matrices {Ci}
such that the variables are linear combinations of suitably differenced
components of Xy e This is discussed in more detail in Sectiomn 7.

The equation for the new variables is found by multiplyving by the matrix

f1 0]
[-4 1]
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and we find
A[ylt] - [1 017 1+a —A][elt] - [ 1+4 —A]felt]
gl ka1l a ol 12 2lle,]

The relevant matrix functions are now given by

[ 1 0] +Af 1 -1 +42 [0 0]

CL) =15 o] Y0 o -1 1]

p _ o 0] [o 11 _ 271 0]
C(L) = [0 1 +AL 0 1] +4 (1 0

2 . _ __f0] _ .00 Y
and det C(L) = 4°. 1In this case N, = P ) Ny = 5Py N, = *Ploj ° and
1 0 0

which shows that k = 2 and n =

ro ol -1 . fo 1. ., 1 0], _
Lo 1)4 Ve 1o 1%t 1 o) T c.

The first two terms represent error corrections and show that A_lth and Yor

hence MO = NO’ M, =M, =N_N N1 but M2 = {0}. Thus my = 1, m, = 1, m, = 0
r

= 2. The error correction model looks like

are stationary, whereas Y14 satisfies the autoregressive model

A1¢ = 1 T Vo
A
Ayye = g Vo™ Voo

These equations are clearly equivalent in view of the representation of Vo, S

a function of €- The first analysis of this example showed that Xor is in

fact stationary. A fact which is obvious from the defining equation, since
one can cancel a 4 in the eguation for Koy It is probably a good idea to
start out with variables which are integrated of the same order. The second
analysis offers a more interesting point, since we find that not only is Yor =

-dx stationary, but in fact integrated of order -1, which shows that

ot 71t

xlt—zlalxzt is stationary. We have thus found a cointegration relation between
1

two variables of the same order , %1t and 4 Xop
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4, The error correction model derived from the autoregressive

representation

Let the process {xt,t = 0} be given by the equation
(4.1) A(L)x, = Apet , t 20,

where A(z) is holomorphic for |z| < l+p and non—-singular for z # 1 , but A(l)

# 0. We define the coefficients {Ai} by expanding A(z) around z = 1, A(z)
m +
=z (1~—z)1Ai s 1z] < p. We want to interpret the equation (4.1) as an error

i=0
correction model, see Definition 3.1. For this it turns out that we need to

calculate the numbers (k’,r’,n’) for the transposed matrix function A(z)’.

Theorem 4.1. The process Xy given by (4.1) is integrated of order less

than or equal to r’-n’+k’-p and in the expansion

k-1 .
3 _ a9 3 __ 3 — I _on 9 $ __ 3 _ .9
(4.2) & P Pa)x, =z AT TPy y o+ A, (1d" TP k', 0
520 Jjt t A t
all terms are stationary. If either Kn’—k’ # 0 or r’ = n’ then (4.2) is an

error correction model of order r’-n’+k’-p.

Proof. It follows easily from the definition of the adjoint matrix, that

(KTZE)) = (KZE))’ and hence that we have from (7.4)

k’_.

— _ n,_
A(L) = 4 An’-k’(L)

and from (7.6)

- -0, 3 -
(4.3) AAL (D) =4 AR, (L), = 1.k

Now multiply (4.1) by K(L), then we get
r? _ n,_k:+p_
f(L)d X, = a An,_k,(L)et
which shows that
3 _ 9 ’_ —
r’-n’+k P, -

(4.4) £(1)4 ¢ = A (e
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is stationary. If An,_k,(l) # 0 then X, is integrated of order r’-n’+k’-p.
If v’ = n’, then, by Theorem 7.4, the rows of En’—k’ span Mﬁ’—l which is

non—empty and hence again Kn’—k’ # 0 such that Xy is integrated of order k’-p

which proves (3.4).

Now multiply (4.4) by Aj and we get from (4.3) that the first terme of

the expansion vanish, and that

r-n’+k’-p _ K-i, 7
4 f(L)Ath =4 AjAn’—j(L)et

which shows that

3 3 4
r -n -+
4 J

'ijxt , j=1,...,k
is stationary which proves (3.3). Since Ak’ = Ak’(l) # 0 , by the definition

of k*, it follows that we have an error correction model. In the case when r’

> n’ one may get Kn’—k’ =  in which case Xy will be integrated of lower order

and one may have to cancel some more powers of 4 before the model can be

interpreted as an error correction model, but the condition that Zn’—k’ £ 0

ensures that no power can be cancelled and that the results hold.

Example 4.1. Consider the equations

Xig ~ ¥gy T Mgy T €

(4.5) A(xlt ~ X2t) = egy-

It is clear from the second equation, that X1 %oy is integrated of order 1 ,

1t

and hence it follows from the first equation that Ath is integrated of order
1 and hence that Hop is of order 2. Thus all terms are not stationary, which
means that (4.5) can not directly be interpreted as an error correction model

in the sense of Definition 3.1. We shall give a formal analysis as follows:

We find

11

AR R R

vy 2 1 1
AL = va -4 T 1 o
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giving k’= l,m0’= 1,ml’: 0 and n’ = 1, while r’ = 2. The expansion of

99
a5 dA(L)xt now reduces to multiplying through by 4 in the equation

defining Xy and we get
2

Al =xg ) + d%py = degy
2 2 _
a ST a4 oy = AeZt
Theorem 4.1 now gives the order of X is less than or equal to r’-n’+k’-p

= 2. Clearly r’ > n’, but it is easy to see that Kn’—k’ = KO # 0, which shows
that the order in this case is equal to 2 and that (4.5) has to be multiplied
by 4 to become an error correction model, and that the error correction term
becomes A(xlt~x2t). Thus in order to interprete the equation as an error
correction model one first has to multiply by 4.

5, Granger causality.

We shall consider the special case of (3.1) where X, = (yt,zt)’ and C(L)

are partitioned accordingly
Al v TP@ a1ley]
Lz =1 o rawlle,l

It is easily seen that det C(L) det P(L) det R(L) and that

and €

_ [ P(L) det R(L)  -P(L)Q(L)R(L)]
C(L) = | - |
L 0 R(L) det P(L}]
Apart from the assumptions on C(z) stated in section 3 we shall assume that
R{(z) is non-singular and that P(1l) # 0. Then one finds

R(L)_lddzt = gy

and

(5.1) Ay, - amr) ™z, = P(L)e

o t t 1t

One can define I(L) = Q(L)R(L)—1 and let (1) = I be the impact of Z, on y,..

We shall call II(L)zt the revealed target and Yy II(L)zt the target error, see
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Kloek(1983). We let (k,n,r) denote the indices for the matrix function P(z2),

and get from Theorem 3.1, that if r = n or En # 0 then we have the error

correction model

k .
. d-js _ 3 d _ oy r-n
(5.2) jfld Pn_j(yt H(L)zt) + Pn(L)A (yt H(L)At) = £f(L)d €1¢
We shall interprete this equation as follows: From (5.1) it follows that the

target error is integrated of order d, since P{1l) # 0. Hence y, can be tracked
by the target H(L)zt, such that the difference, the target error, becomes
integrated of order d. The error correction terms in (5.1) signify that
certain linear combinations of the variable y, can be tracked closer, in the
sense that these linear combinations of the target errors are integrated of
lower order, or in other words the target error is cointegrated.

Davidson(1983) compares the dynamic target H(L)zt, relevant for a
steady-state growth world, with the static target IZzt relevant for a static
equlibrium world. He then calls (L) trend neutral of order m if II(L)t‘j = HtJ
for j = 0,1,...,m, and derives the restrictions to be placed on the structural
parameters of the equation system for this to hold.

Let us next assume that the equations are given in the autoregressive
form:

[ F(L)  GL)T[y, 1 _pleq.]
L 0 mDlz]  leg

We assume that H(z) is non-singular , and that F(1) # 0.
The first equation is
_ 4P
F(L)yt + G(L)zt =4 €1¢
which can be written
-r! -1z )
(5.3) F(L)(yt+d (L) F(L)G(L)zt) =4 €1¢

Here (k’,n’,r’) are the indices for the matrix function F(L)’. Hence the
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revealed target is
_ _r’ X _1_
oLy = -4 (L) F(L)G(L)zt

where T{L) can be replaced by the first terms in the expansion

p-1 .

mL) = s 41, + &£r (L)

P T | b

Jj=-r
since IIP(L)APZt is stationary. Now in case r’ = n’ or Fn’—k’ # 0 the equation
(5.3) gives rise to an error correction model for the target error of the form

k,"‘]. r’—n’+j—p r’_n,

jfod Fj[yt—H(L)zt] + Fk,(L)[yt—H(L)zt] = f(L)4 €1t
of order r’-n’+k’-p. A simple example of this is given in Section 6.
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6.Examples. Congider the model proposed by Hendry and von
Ungern—-Sternberg (1981) and discussed by Davidson (1983).
Example 6.1 ILet (Ct’yt’lt) denote the logarithm of consumption,

disposable income, and personal sector liquid assets respectively. The model

takes the form

(6.1) dog = By, + 1 (Ve g7 o p) T vl e

(6.2) Alt = 721(yt_l—ct_1) + €0

To complete the system we shall add a third equation explaining how Ve is
generated by €y Then the equations will have the form discussed in Section
5 , and we can solve for c, and 1t in terms of Ve and - Let

_ 2,4 _ 2
f(L) = Avll +47(1 vll) 712121(1 4)°.

We shall assume that f(z) # 0 for z # 1. Then we find

[4* vl "t | [o] = [ "l v 7t |y

L 721L 4 | thj | 121L

[

and hence

el . [ 4 — L 1]
6.3) | 5 = £ | 127

thj | —121L a + vllL Jl 21
The first term on the rigth hand side is the target H(L)yt and the equation

B4 + v, L + v, L] 1
11 12
Iy, ,[°1t]

[
|
L L 1 M legyd|

b

(6.3) is the target relation. Now different models for Vi will give different
behaviour of c, and lt' We shall consider two cases

Case 1:

dy, = g + e

t 3t

which specifies a random walk with drift for Vi and

Case 2:
t
=g+ Ze
s=0

Both cases has Azyt stationary with zero mean, and since a target relation is

N -1
Ayt =g+ 4 eSt 35



23

given up to stationary terms we find that (6.3) reduces to
(6.4) CL =V~ Ayt/721 + stationary terms
(6.5) lt =V + Ayt((ﬁ~1)721 + ?11)/721712 + stationary terms.
If we now take expectations given the negative past we get
B(c,) = E(y,) - g/79y

E(L) = E(y) + ((B~L)vyy + 771)8/791719
which are the equations one would get by formally letting Ayt = g be
non—-stochastic and equating the e’s to zero, see Davidson(1983).

Thus both cases give rise to the same long-term relations, but it is seen
that in case 1, we have that Ayt ~ g is stationary, and hence Vi is integrated
of order 1 and therefore the same holds for N and lt' Thus (6.1) and (6.2)
form an error correction model with an autoregressive representation of Act,

Alt, and Ayt, where c and 1t are cointegrated with Ve such that CLTY, and

1 are stationary and enter the equations with suitable coefficients.

t Yt
In case 2, however, Azyt is stationary which implies that c and 1t are

integrated of order 2. Thus by differencing (6.1) and (6.2) we get an

autoregressive representation of Azct and dzlt. Note that in this case €1t

and ¢ enter only in the differenced form, which shows that the main

2t
contribution to the variance of c, and 1t comes from A“yt and the error

correction terms A(lt—yt) and A(Ct_yt)' Thus the interpretation of (6.1) and
(6.2) as an error correction model depends on the model specification for the
exogeneous variable Yy

We shall now show how the formal procedures developed in Sections 3-5 can

be applied to this example. If we write the case 2 in the autoregressive form

(6.6) A(L)xt = ey

3 —_
where x’ = (ct,lt,yt) then
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[gprali=ry) vo(d=d) —vp = ord(aytry5-6)

A(L) = 1- - -
‘ 791 (1-4) 4 799 (1 f)l)
L 0 0 a°

which by the analysis of Section 4 has k> = 1, n’ = 1, and r’ = 2, whereas p =

0. Hence Theorem 4.1 shows that we shall multiply (6.6) by 45 TP -4, 1t

is easily seen that Xn’wk’ = EO # 0, such that the resulting equation gives an
error correction model of order 2, since r’-n’+k’-p = Z. We then obtain the
information from the analysis that d(ct—yt) and d(lt~yt) are the stationary
error correction terms. Note that r’ > n’ such that we are in the unbalanced
case.

One can reduce to the case r’ = n’ by introducing new variables which are
found by analysing A(L)’, see Theorem 7.5, and the comments at the end of

Section 7. It turns out that the new variables, in which the problem becomes

balanced are

Upp T Cp TV Y79
Upy = Ly = v Hy (191 (1=B) =71 /7 19791
U T V¢

In terms of the new variables the equations now become
-1, 2 _
Tt o Tglay by T rypdugy = (178 Ty A UG = eqy
-1, -1,.2 _
+ Auzt +(L+((B-1+ 711721 )112 )4 Ugy = €5y

2 _
dug, = ez

YoMt T Y214%¢

and hence we get an error correction model with an autoregressive model for

Azyt explained by the error correction terms which are recognised as the
target errors (6.4) and (6.5).

If we modify the equation (6.1) to give an integral correction equation

we get

— — —1 —
(6.7) dey = By, + 43 (v 1 7Cp_y) * 934 Ty ey
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which together with (6.2) determines a system of equations for (Ct’lt)' We

solve (B.7) in the form

_ 2 _ 2,.
CL =V + (4 yt(ﬁ 1) + Aelt)/(d11 + 4(711—611) +47(1 111)).

This shows that if Azyt is stationary, then C.V, is stationary, and hence S

is integrated of order 2, and the target relation is

Cp =Yy + stationary terms.

The similar relation for 1t becomes
_ 1 -1 -1 .
lt = (1 ﬁ)121dyt011 + 4 ot + stationary terms.
The formal analysis proceeds as follows: We multiply through by 4 to

avoid the negative power. We then have an expression of the form (4.1) with d

= 1 and
2 2
[ oyt Oyt Uy 0 =0y a0y mry ) (g =8)
A = | v, A(1-4) 4 v, A(1-4) l
21 2173
| 0 0 4 J
We find k’ = 2, n’ = 4, and r’ = 5, but some calculation shows that Kn’—k’ =

A2 # 0. Hence the process (ctllt,yt) is of order r’-n’+k’-p = 2, and we shall
9939
multiply through by 45" d = AO in order that the equation can be

interpreted as an error correction model. We thus find that CVe is a

stationary error correction term which appears with coefficient —611 in the
. 2 . . . ] 2
expression for 4 cy and in the form “AWZI(Ct_yt) in the equation for 4 1t'

Since r’ > n’ we can introduce a new varisble, and an investigation of
the columns of A(L), or the rows of A(L)’, will show that the new variable is

_ _ _ 2 _
u =~y Ay (6-1)/d

together with lt and Yy In the new variables the matrix A becomes

[0, +a(r =0, )+ (11 ) o 43[«11—011;4(1—711)](;3—1)/0111
(L) = | 15,4(1-a) 4 vy (1) (B-1) /6, |

| 0 0 43 |
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which is seen to have k> = 3, n’ = r’ = 5. Hence the process (ut’lt’yt) is

integrated of order r’-n’+k’-d = 2, and we shall multiply through by a4 —d

= 4_1. Thus we shall cancel a factor 4 again and we find that the error
correction terms now are A_lut,ut,dut, and Alt which appear in the
autoregressive model for dzyt. Thus we find that u = c - yt—dzyt(ﬁ—l)/dll is

in fact integrated of order -1, which means that ¢, can be tracked extremely

well by yt + Azyt(ﬁ~l)/dll, in the sense that the error does not accumulate,

t
i.e. the sum of the target errors Z U, has a bounded variance.
s=0

The next exemple we shall consider is a model proposed by Harvey(1982)

for a stochastically varying trend.

Example 6.2. Let the variables yt’mt’ﬁt’ and Xy be given by the
equations
Vp T Mg TRt ey
amg =Byt eny
4By = egy
Ary = g,
This is an autoregressive model, and we find
f1 -1 0 -al
10 4 -1 0]
AL =190 0 4 o]
[0 0 0 4]
which has determinant det A(L) = 43, and hence r’ = 3, and we find k> = 1 and

n’ = 2. Thus we are in the unbalanced case, but it is easily seen, that

-k’ - Zl # 0. Hence Theorem 4.1 shows that the process is integrated of

order r’-n'+k’-p = 2, and that a factor of 4

A
3 _ .9

TP - 4 s missing in the

equations before they can be interpreted as an error correction model. Then

the term involving Az will be the autoregressive part and those with 4 the
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error correction terms. It then follows that A(yt— mt—axt) and Aﬁt are the
stationary error correction terms, and that the only error correction equation
where anything is corrected is
Azmt = Aﬁt + AeZt.

It is seen that the main contribution to the variance of m, is due to the
stationary error correction term Aﬁt. Note that yt and mt are integrated of
order 2, and that YoM is integrated of order 1, whereas ¥, om, —oudy is
integrated of order 0.. Hence we have an example where three variables are
involved which are not of the same order.

Since r’ > n’ a differencing was needed. It can be avoided by
introducing the new variable u, = Amt— ﬁt. The problem is now balanced, and
the equations become

e e S

U T Ea¢
Azm - du, = e
t t 3t
Axt = e4t
In this case k’ = 2, n’ = r’> = 3, and the process is of order r’-n’+k’-p = 2.

Hence the imbalance in A has been removed by the change of variables and the
new equation can be viewed as an error correction model ,where we now get the

information that yt—mt—axt and u, are the stationary error correction terms,

whereas xt is the error correction term of order 1. The relevant error

correction model now becomes
A2m = du, + e
t t 3t
where now the error correction term contributes less than the shocks to the

variation of yt.

7. Mathematical results
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Consider a matrix valued function C(2z) which is defined in an open disc
D={z,; |z| < l+p } in the complex plane. The function is called holomorphic
if the n’th derivative exists for all n, and it is a well known result that
the Taylor series expansion of a holomorphic function at a point z € D
converges in the largest open disc contained in D, see for instance
Thron(1953).

We shall investigate the function C(z) around the point z = 1, and we
assume that the matrix C(z) is non—singular for z # 1, and that C(1l) is
gingular, but # 0. We define the coefficients {CJ ; J=0,1,... } by the

expansion
w 3
c(z) = £ (1-z)%c. , |1-z| < p
20 J
J
We shall repeatedly use the fact that if Cn(z) ie defined by

n-1

c(z) = 2 (l-z)%c¢. + (1-2)"c_(2)
. J n
J=0
then Cn(z) is a holomorphic function in D. This follows since the functions
n—1 . -
C(z), Z (l—z)JCj, and (1-z) are holomorphic in D as long as z # 1. At the
J=0

[es]

point 1, however, the function C_(z) has the expansion C (z) = 2 (l—z)JC.
n n 520 j+n

lz=1] < p, which shows that Cn(z) is also holomorphic at the point 1. We
want to give a representation for the determinant of C(z} and for a(z) the
adjoint matrix defined by

Eij<z) = (-1 get ¢?(z)
where CJl(z) is obtained from C(z) by deleting row j and column i. Note that
a(z) is also holomorphic since each element is given as a finite sum of finite

products of holomorphic functions.
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We define the coefficients {EJ s J=0,1,... } by the expansion at z = 1

[+ .
6(2) =z (l~z)JC We define the null spaces

j=0 ’
;= {xeR | x'C5 = 0}, = 0,1,...

and

Mj = NO n Nl n...n Nj'
Then, since C(z) is regular, there is no vector x which makes all CJ Zero,
hence Mj = {0} for j =2 k, say. Note that Ck must be non—zero, and that Mk—l #

{0}, and that C0 = C(1) # 0 implies that M, # R". We shall now define the

0

(<]
index n = £ m., where m'j ieg the dimension of Mj' The basic idea is that if x

J=0
€ M., then

J
crron = (1_oydth s \
x‘C(z) = (1-2) X Cj+1(z)’

since the first j+1 terms x’CO,...,x’CJ are zero. This corresponds to the

idea that x is a cointegration factor of order j+1, and we shall use this to

evaluate the determinant.

Theorem 7.1. The multiplicity r of the root z = 1 of det C(z) is
greater than or equal to n, hence there exists a function f(z) # 0, such that
det C(z) = (1-2)7f(z).

Proof. We want to choose a convinient coordinate system to evaluate
the determinant and this is done as follows: From the relation

m _
R o MO > Ml > ... D Mk = {0}

we get an orthogonal decomposition of R

B = Vg + V) e Yy,
where
L L
.= M, NM.” = ... N N. .NN.
VJ MJ~1 J NO n J1 j

is of dimension mj—l—mj' Note that C(1) # 0 implies that VO # {0} and that
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the definition of k implies that Vk £ {0},

We define C(z) by %°C(z) = x’CJ(z), for % € Vj’ then

(7.1) x°C(z) = (1-2)9x°C(z) , x e V.

where %°C(1) # 0, since x ¢ Mj' Thus Vj is the space of cointegration factors

of order j.

Now choose a basgis {v.; j=1,...,m } for Rm, such that the vectors given

by {Vj; Jj= m—-mi_l-kl,...,m—-mi } span Vi' We use the notation m_, = m We

H

define the order of VJ to be i(j), thus i(j) = i if Vj e Vi' Note that
m [+<] [+2]

max i(j) = k and that Z i(j) = £ i(mi_l—mi) =z m, = n. From (7.1) we find
1<jzm Jj=1 i=0 i=0
, : i)
vpC(z)vq Cpq(z) (1-2z) Cpq(z)

or

C(z) = diag{ (1-2)X®) ;p = 1,...,m c(2)
and hence that det C(z) = (1—z)ndet C(z). Now let r be the multiplicity of
the root z = 1 of det C{z), then r = n, since C(1) may be singular. This

completes the proof of Theorem 7.1.

Corollary 7.2 For the adjoint matrix we have the result
(7.2) C;5(2) = (-1)"det ¢(2) = (-1 (-2) i1 £(2)
where f..(z) # 0 and r.. 2 n—p when v, € V_.
Ji J1 J P
Proof By deleting the row j with Vj € Vp from C(z) we leave out a

factor (l—z)p in the determinant and the index n is reduced by p.
—— w ‘——
The next result gives a representation of the matrix C(z) = 2 (l—z)‘JC‘j
J=0

Theorem 7.3 The coefficients of the adjoint matrix satisfies

(7.3) 63 =0, j=0,1,...,nk-1

and hence



31

p PN 5 I
(7.4) C(z) = (1-z) Cn«k(z)
Further
(7.5) n~jci =0,021i< jgk

which shows that

— B __.J'-' o
(7.8) CnnJC(z) = (1-2z) Cn—jcj(z) s d I,...,k.

Proof Let us consider the coordinate system {VJ; jg=1,...,m } from

the proof of Theorem 7.1, and express a(z) in these coordinates. From (7.2)

we Tind that rj.z n-p when Vj € VP, but we have n-p 2 n-k. Thus the smallest

power that can occur in the expansion of E(Z) is n—k, which shows that 55 = 0,

J < n-k, and this proves (7.3) and (7.4). To prove (7.5) and (7.6) we will
show that

(Cn_J)pq(Ci)qr = ¢ for all p,q,r and 0 £ i < j = k.
We then get (7.5) by summing over q. Now if q = m_mj~l’ then vq e VO + ...

+ Vj—l and rqp = n—-(j-1). Thus the smallest power in the expression for
5(2) is (l—z)n-(J~l) which shows that (6 ) =0

jale] n-J pq

Similarly if q > m—mi, i.e vqe Vi+1 +ooot Vk = Mi’ then clearly vq Ci =

0, and hence (C.) = (. Now if we take i < j, then m—m., £ m—m. ,, which
i'qr i J-1
shows that all g values were congidered, and this completes the proof of the

relation (7.5) and (7.86).

The relation (7.5) shows that the rows of En_j are contained in the null

spaces of Ci whenever 1 < j, and in particular that the rows of

Co i1y o€

n—k

are contained in Mi = NO n...nN Ni’ We can now prove
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k _ |
Theorem 7.4. If r = n then 2 Cn—jCj ie proportional to the identity and i
J=0

the rows of Cn—i—l""’cn—k span Mi , 1 =0,1,...,k1.

Proof. ITf r = n then the matrix C(1) is regular, see the proof of

Theorem 7.1. From the relation

C(z)C(z) = det C(z) Imxm

we find from the fact that C, = ... = C =0and ¢ .C. =0 for 0 < i < J
0 n-k-1 n-j i

=< k, that the first possibly non-zero term on the left hand side is
k

(I-z)" z ¢ .c,
=g W37
k _
and if det C(z) = (l—z)nf(z), f(z) # 0, then Z Cn—jCJ is proportional to the
Jj=0

identity and hence has rank m.

Y (C.) From the proof of Theorem 7.3 it

Now consider the terms (6 . ( .
n-j'pq’ J'ar

follows that

( n—j)pq = 0 for q < mms_y
and that
C. =0 f > mum
( J)qr or q > m mJ
hence
¢C .C.) = % (C_.)_(cC.
( n—j J)pr ( n‘J}Pq( J)qr

where the summation is for g such that m-‘mJ.’_l < gqg= m~mj or vq € Vj. This

shows that the rank of 6n~jcj is less than or equal to m,_yms. We then

evaluate as follows

k k _ k
m = rank(Z Cn_.C.) < Z rank(Cn_.C.) <z (m.m1~m.) = m.
j=g 37T T, N

It follows that equality holds throughout and that
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rankC . = rank(é C.)=m, ,—m..
n—j n-j Jj J-1 73

This completes the proof, since then

k
y =2 (m. l—m.) = my

.sC .
j=i+l I Y

m, 2 rank(C -k

n—i-1’""
which shows that the matrices on the left span all of Mi'

If r > n we do not get so complete information, but we shall show below
how the case r > n, the unbalanced case, can be reduced to the case r = n, the
balanced case. The idea is that instead of taking only linear combinations of
the %’s we allow powers of 4 in the coefficients. We can then prove, that by
transforming the variables we can increase n while keeping r fixed, and we

thus reduce to the balanced case after at most r-n transformations. A similar

idea is the starting point for the work of Yoo(1985). If r > n then C(1l) is

m ~
singular and we can find a vector a = £ a v_ € RE" such that a’C(0) = 0. Let s
p=1

be the largest j for which aJ # 0, and define Ta(z) by

f vj’ s, J#E s

s _ | _1 S . AR
Yj Ta(z) - la 1 z (l—z)l(s) 1(P)a v ,j==s.
8 =1 PP
p
We can then prove
Theorem 7.5 The matrix function
Ca(z) = Ta(z)C(z)
has indices (r ,n ,k ), wherer =r, n 2n + 1, and k2 k.
a’a'a a a a

Proof. Since det Ta(z) = 1 we clearly have r, = r. For j # s, we have

VJ’Ca(z) = VJ’C(z),and it follows that the order of Vj is the same for Ca(z)
ag for C(s). If j = s, then

s i(s)-i(p)
av, Ca(z) :pfl(l—z) apvP C(z)
s . . . ~
=z (l—z)l(s)ml(p)a (l—z)l(p)v ’C(=z)
p:]_ P P
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= (1-2) &) gy,

~

Hence, since a’C(1l) = 0, we get that the order of v is =2 i(s) + 1, which
implies that ka is at least as large as k, whereas n_ is greater than n.
Let us briefly discuss the relevance of the above formulation for the

theory of time series. The reason that the holomorphic functions play a role

=<}

is that if {zt; ~» < t < o } is stationary, and if B(z) = Z le: is
i=0
? %
holomorphic for |z| < l+po then the process y, = B(L)z, = Z B.z, . is a
t t i=0 iTt-1

stationary process. The coefficients B: decrease exponentially fast in i,
which shows that the process {yt} is well defined and it is easy to see that
it is stationary.

We have throughout considered the matrices as linear transformations of
the row vectors, using the notation v’C(z). This comes from the fact that in

the moving average model (3.1) the change of variable yt = Txt gives the

relation

d

a4y, = TC(z)et.

t
Thus by choosing a suitable T we can change the variables to find a convinient
coordinate system in which to calculate the determinant or, in case T depends
on L, to reduce the unbalanced case to the balanced case.

If the starting point of the investigation is the autoregressive model
(4.1) then the change of variable Ve = Txt implies the equation

AT 'y, = (17 Py, = d,.

Thus the inverse of T’ operates on A(L)’. Now it is easy to see that from the

the results of the previous Theorems can be aplied without problems.

Let us end this section by giving explicitly the transformation of the
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variables that increases n by at least 1.

It
d_—_
a X, = C(L)et
and a’C(l) = 0, then we can choose vy = Ta(L)xt as follows
g | It
Jt | a;lz 41(3}_1(p)a X ¢ s J =8 .
p=1 PP
If
d

A(L)xt =d N

and a’A(1)’ = 0, then one can introduce the variable A by

_ L i(s)-ig)

{ jt a A ajxst
y., = .
Jt L x,jt J =S

Examples of this are given in Section 6.

X J < s
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