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Abstract

A necessary and sufficient condition for a suitably normed and
centered stochastically monotone Markov process to converge a.s. is
given and its limit distribution is characterized. Applications to
diffusions and continuous time branching processes are presented. In
particular, an assumption on the conditional means and variances of a

diffusion process turns out to suffice for establishing a.s.

convergence.

1. Introduction

Let P:Rx B » [0,1] be a transition probability function, where R
is the real line and 3 is the family of Borelian subsets of R. We
shall say that P is‘stochastically monotone (SM) if P(x,(-«,y]) is
non-increasing in X for every fixed vy . A Markov process
{X(t):te[0,~)}) is said to be SM if its transition probability functions
are SM (see [71, [91, [111, [121, [4]1 and [51).

Our main concern is this paper will be to investigate the a.s.
behaviour of Y(t)=a(t)(X(t)+b(t)), ({a(t)} and (b(t)} being some
constants, as well as to establish some properties of the limit
distribution of (Y(t)}.

It was proved in [2] that if {Xn} is a discrete-time Markov chains

with stationary transition probabilities, and {an}”and {bn} are two




sequences of constants such that Yn:an(Xn+bn) converges in distribution
to a non-degenerate limit, then under rather general conditions
limnéwan/an_1=a and limnawan(bn—bn_i)zﬁ exist and are finite. If a=1
and B=0, {Yn} is mixing in the sense of Renyi [17), case when a.s.
convergence or convergence in probability do not hold. We note that
stochastic monotonicity was not used in establishing these results. In
[5] we have considered a, continuous time SM Markov process {Y(t)} and
proved that limtéma(t.-ks)/a(t):pS and limtéwa(t+s)(b(t+s)—b(t))=YS
exists for all s>0. In addition, if p#1 and/or r#0 then {Y(tn)}
converges a.s. for any {tn} with lianwzw and its limit distribution is
continuous with the possible exception of x=0. For such results to
hold some regqularity conditiqns on {a(t)} and {(b(t)} were required in
addition to convergence in distributiqn for {Y(t)}. However, in many
cases of interest it is rather difficult to derive convergence in
distribution and therefore it would be desirable to have an a.s.
convergence criterion that does not require convergence in
distribution. We shall: derive here such a criterion assuming only
tightness and a condition on {PS} for se(0,8) with 8>0.

A random process {§(t)} will be said to be tight if any
subsequence thereof contains another subsequence converging in
distribution to a non-identically 0 random variable. We note that our
definition of tightness assumes that the limits of subséquences are not
identically O.

Further we shall consider the following conditions:

(A1) b(t)=0 and either 1<lim inftema(t+s)/a(t)(lim supt_)wa(t+s)/a(t)<co

or O<lim inf, | a(t+s)/a(t)<lim sup, , a(t+s)/a(t)<1 for some s>0.



(A2) limtama(t+s)/a(t)=1 for all s>0, and
—o<lim inf, | a(t+s)(b(t+s)-b(t))<lim sup, , a(t+s)(b(t+s)-b(t))<

for some s>0.

(B) If c(t)=xra(t) for x with 0<x<= then for s¢(0,8) with >0, p#l

and any ¢>0

Lim, | P(X(t+s)e(c(t)p®(1-¢),c(t)o®(1+e)) [X(£)=c(t))=1,

(C) The distribution function F is continuous except maybe for x=0,

suppF is either the real line or one of its half-lines, and F is

strictly increasing on suppF.

If v and ¢ are two probability measures, v<<{u is to denote that v

is absolutely continuous with respect to u.

Our main result is the following:

Theorem 1 Suppose that {X(t):te[0,»)} is a temporally homogeneous,
right continuous SM Markov process, {a(t)} and {b(t)} some constants
with lim , a(t)=~ that satisfies condition (A1). Assume further that
Vt<<vS for t>s where vt(.)=P(X(t)e.). Then the tightness of {Y(t)} in
conjunction with condition (B) is a necessary and sufficient condition
for the existence of some constants {a’(t)} with limt_)wa'(t+s)/a'(t)=pS

for all & , such that {a’(t)X(t)} converges a.s. to a limit random

variable whose distribution function F satisfies condition (C).
We shall see that condition (B) is implied by the following:

Condition (B1) There exist s>0 and p#1 such that

Lim, , PCIX(t+8)/X(£)-p° [>€[X(£)£0)=0  for any €>0.



lim
>

In the case when {X(t)} assume finite second moments it will be

shown that condition (B) is implied by the following:

Condition (B2)

Var(X(t+s) [X(t)=c(t))

As an application of Theoreh 1 to the case of a Markov process
with finite second moments that contains some types of diffusions (see

e.g. [61,[8]1,[10] and [15]) we get:

Theorem 2 Suppose that ({X(t):te[0,«)} is a temporally homogeneous,

right-continuous SM Markov process, vt<<vS for tds, E(X(t))~apt and

Var(X(t))~bp2t for some constants a, b and p with p#1, and condition
(B2) holds. Then {X(t)/pt} converges a.s. as t»« to a limit random

variable whose distribution function F satisfies condition (C).

The above results assume condition (Ai)} In the case (A2) we
obtain similar results by considering {eY(t)} instead of (Y(t)} and
using an analogous reasoning. The only difference lies in that F is
continuous on the whole line as remarked in [5]. We leave it to the

reader to adapt conditions (B), (B1) and (B2) to this case.

2. Preliminary results

Let g be a number with 0<{g<1 and assume that there exist a
sequence {tn} with llmnémtn:w and some intervals {Jtn} such that

limn%P(Xt eJt )=q where Jt :(—w,xt ) or (-—°°,xt ] for some {x, Yo
n n n n n

Congider further the quantities {P(Xt eJt ])(,C =x)} for xesupth , where
n n o m m

cominz{[psc(t)(1+e)—-E(X(t+s)IX(t)=c(t)],—[psc(t)(l—e)—E(X(t+s)|X(t)=c(t))}

=0



Ft is the distribution function of Xt’ By stochastic monotonicity,

P(Xt eJt !Xt =x) is non-increasing in x , and by the well-known weak

n nom
compactness principle (see e.g. [3] p.81) one can extract a subsequence
(t ) :

, m . _ ,
of {tn}, say {tn}, such that GX (q)_llmnewp(xtaeJtﬁIxtm_X) exists

for all xesupth with m fixed. By the wellknown diagonal procedure

m
for subsequences we can extract a further subsequence of {té}, say

(t )
m s _
{tg}, such that GX (q)~11mn9mP(XtﬁeJt§IXtm—x) for any xesupthm,

m=0,1,... We show that Gx(q)=limn9mP(Xt§eJt§IXt=X) exists for all t
and x . Indeed, choose t>0. Then there must be some k such that

tstﬁ and taking the limit in the Chapman-Kolmogorov formula yields that

(tf)

(t) K
G = P
(q) IGy (qQ) tfg_t(x,dy)

X

exists for all ¥ and t , where {Pt(x,A)} are the transition

probability functions of {X(t)}.

We have therefore proved the following:

Lemma 1 Assume that for some {tn} with limn%tn:°° and left-unbounded

intervals {Jt } limnﬁ)wP(Xt eJt )=q with 0<g<l1. Then there exists a
n n n

subsequence of {tn}, say {té}, such that

(1) Gét)(q)=lim

P Xy € o | X, =%)
n> tﬁ tx t

exists for all x and t .

Lemma 2 There exists a random variable W such that W =lim G(t)(q)
E— o q £ Xt

_ _~(B0)
a.s., E(wq)—q and E(waxt)—GXt (q) a.s. for all t>0.



Proof The Chapmarn-Kolmogorov formula is easily seen to lead to
@ V- IG(t+S)(q)P (x,dy)

Further, (2) yields

(t+s) t)
3 EGHS) (@) 1x)=6Y (@) a,s.
Xt vg X

(t)

The Markov property in conjunction with (3) implies that {G (qQ)}

(t)

is a martingale. Because this martingale is bounded, llmtem (q)—wq
t

a.s., exists. The total probability formula yields E(W )=q, and the

closure property for martingales implies E(W IX )= G(t)(q) a.s.

t
completing the proof.

If Wq is such that P(Wq:O):l—P(qui) then Wq is said to be of type
I, and of type II otherwise. It was shown in [5] that type II wq may
admit at most three values with positive probability.

We shall agree to write lim , A =A a.s. or to say that lim,, Ay

a.s. exists when ever lim, . 1. =1, a.s. where 1 denotes the indicator
e At A

of a set.

Lenma 3 Suppose that for some left-unbounded intervals limt {Xtelt}

a,s. exists. Then for any real s limt {Xt t+s } a.s. also exists.

Lemma 4 Suppose that {tn} is chosen such that {Y(tn)} converges in

distribution to a limit distribution F., Then
(1) if F(0)<1 then there exists g with F(0)<g<1 such that

limn_)m{xtneJt } a.s. exists for some left-unbounded

intervals {Jtn} with llmn+®P(th€Jtn):q'




(ii) if F(0-)>0 then there exists g’ with 0<q'<F(0-) such that
' limn_)w{xt eJén} a.s, exists for some left-unbounded

n
intervals {Jtn} with llmnéwP(theJtn)=Q.

We defer the proofs of Lemmas 3 and 4 as we feel at this stage

necessary to explain the main idea of the paper.

3, Outline of the a.s. convergence proof

We shall confine ourselves to the case X(t)>0 and assume condition
(A1) to be in force. The other cases will turn out to be similar. By
lemma 4 we know that there exists x such that F(0)<P(wq>x)<1. Since

{X(t)} was assumed stochastically monotone, we deduce that
(4) {qux}:llmt%m{x(t)eJt} a.s.

where Jt is either (—w,xt) or (—W,xtJ for some numbers {xt}. It will
be shown that we may assume Jt:(—m,xt] such that (4) and Lemma 3 imply

that 1lim {X(t)<xt+s} a.s, exists for any s with -«{s<», Since

toe
condition (B) will turn out to entail limtemxt+s/xt+pS for some p with
p#1 and any s , we get

. . " s
(5) llmtéw{x(t)<xt+s}:llmt9m{k(t)<p Xt} a.s.

As s in (5) is arbitrary we are led to conclude that

1 1X(t)(x} a.s. exists for all x , while the assumed tightness

1mt+w{xt
of {Y(t)} will ensure that {xgix(t)} has & non-degenerate a.s. limit

variable,



4, Proofs

Proof of Lemma 3 It is easy to see that A=limt {X eIt} a.s. is an

event belonging to the tail o-field 9’ of {X(t)}. Since we assumed
vt<<vS for td>s we can arque as in [3] p.93 to deduce that

BsAzlimt {XteIt+ } a.s. also exists for all real s .

Proof of Lemma 4 We shall confine ourselves to the case of X(t)3>0,

b(£)=0 and '1<lim inf, , a(t+s)/a(t)<lim sup , a(t+s)/a(t)<=. The other
case satisfying condition (A1) is reducible to this one by taking
1/Y(t) instead of Y(t). The proof will be carried out by assuming the
contrary and reaching a contradiction. Choose & to be a continuity

point of F and let F(x)=q. Then using the notation of Lemma 1 we get
(6) P(a(tﬁ)x(t;+s)<x):IP(a(t§)X(t§)<xIX(D):y)vS(dy)

where s>0. Taking the limit as n»~ yields
7 F(x)- J'G (@, ay)

where F(S) is the limit distribution of {a(tg)X(t§+s)}. Assume now
that wq is a.s. constant, i.e. wq:F(x) a.s, By Lemma 2 G;O)(q)=F(x)
a.s. with respect to Vo and since uS<<uO we get G;O)(q)=F(x) a.s. with
respect to v, as well, In view of (7) we get F(S)(x):F(x) and this
being true for any s>0 it is easily seen that lim 1nf sed(t¥s)/alt)l
in conjunction with the tightness of {Y(t)} is contradicted. Thus Wq
is not a.s. constant and we may choose a point X , which is a

continuity point of the distribution function of Wq, with O<P(Wq<z)<1.



Lemma 2 implies:

(8) (U ezi=ling (G (@)<z) a.s,
£

Stochastic monotonicity and (8) ensure the existence of some
left-unbounded intervals {Jt} such that limtem(xteJt}:{wq>Z} a.s,, and
if P(Wq>z)>F(0) there is nothing more to prove. Assume therefore that
P(Wq>z)<F(0). We may "split" the 0 atom of F. According to
Theorem 2.9 of [5] this situation corresponds to the case of wq of type
IT when Wq takes only two values kq and 1 with positive probability.
Thus P(Wq>z)=P(wq=1) and P(qukq)=1—P(Wq:1). Since

S s .
6 {wq“i}"llmtew}xteJt+s} a.s. on the account of the assumption

Lalt+s)/al(t)>l we get that J -"—“-Jt for t large enough and

lim 1nft9 tes

HS{qui} 2 {Wq=1}. However, as we have proved in [5] {qul} with
0CP(H =1)<1  entails 0<p(es{wq=1})<1, but it is impossible that

P(GS{qul})>P(Wq=1) from an inspection of the already mentioned Theorem

2.9 of [5]. Thus {qul} ig an invariant event, and because {Wq:kq} is

its complementary, it must also be invariant. Therefore Wq is an

invariant random variable., It follows that E(G§0)):E(G§S))=F(x) and
s s

(7) implies ngng(x). The proof may now be completed as in the the

case when Wq:constant a.s. considered before.

Proof of Theorem 1

Step _1: We sghall first show that if Azlimt%m{xteJt} a.s. where
F(0)<lim P(X,€J,)<1 then P(6°A)>P(A) for all s>0. The existence of
such A was ensured by Lemma 4., Recall that if p=lim inftewa(t+s)/a(t),
then n>1. It follows that lim inft_)wa(tJrks)/a(t):,nk for any positive

k . Notice further that if Xy is the right end-point of Jt then, if

necessary extracting a further subsequence of {tn}, we may assume that -
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a(tﬂ)~cxt where ¢ 1s a positive constant. The above arguments boil

down to P(0Xh)= ling, PO o3y =i, P(Yy < e, asE
is a proper distrlbutlon, we can find k nlarge enough such that
F(c~1nk)>q. Thus, there is k such that Po%Sn)>p(A). However,
0°A2A for any s>0 as we have already noticed in the course of the
proof of Lemma 4. This makes P(85A)>P(A) the only possibility and

concludes the argument.

Step _2: We show now that if {sn} is a séquence of positive numbers
s
‘ . . n,_
with llmn_)wsnzo then lim . 6 A=A a.s. for any Ae . Indeed, {X(t)}
was assumed right-continuous in which case it is known that
Jvit:limn_)m ylu+s a.s. (see e.q. [16]) where Jlt is the o-algebra
generated by {Xu:0<u<t}. Since P(B Al..":'l )=P(A13/t) for t>0 we get
s, ,
P(A"| F)=P(A] F) with A=lim 8 "A on letting noe. Because §°A is
decreasing in s and 0°A2p for all s>0 we conclude that A=A’ a.s. as

stated.
Step 3: We shall next show that {X(t)/x{f‘} converges a.s, as t>e for

some constants {x£}. Indeed, choose £¢(0,1) such that F(x0)=§ for a
continuity point Xq of F. Then Xg must be a point of type I for
{X(tn/a(tn)} since otherwise Theorem 2.9 of [5] would imply that there
exist A, and A, with A,=lin (X aJ,in} as. end Myl O o En}
a.s. with P(A1)<F(x0)<P(A2) but no such set A with P(A1)<P(A)<F(X0).
However P(GSA1)>P(A1) for all s>0 by Step 1, and by Step 2 P(BSAl) can
be chosen such that P(A1)<P(BSA1)<F(XO) and we reached a contradiction,
Thus Xq is a point of type I and therefore there exist some

left-unbounded intervals {It} with right end-points {xé} such that

A=lim,  (x eI, ) with P(A)=F(xy). It is further easy to see that

(9 limnemP({X(tn)eItn}A{X(tn)sa(tn)xo})=O
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A being the symbol of symmetric difference of two sgets. Since

1 {X(t)elt} a.s. exists we get

im .,

(10) limn wP(X(tn)(a(tn)xﬂ):limnéwp({X(tn+5)61tn+s}A{X(tn)ga(tn)xo})

>

On the other hand, condition (B) implies

. Syy_
(11) llmnémP(a(tn)(xo—e),(—w,a(tn)xop ))=1
and

. _ Sy

(12) llmnémp(a(tn)(x0+e),(—w,a(tn)xop ))=0

Stochastic monotonicity applied to (11) and (12) yields
. Sy

13 llmnamP(x,(— ,a(tn)xop ))=1

uniformly for x<a(tn)(x0—€), and

. Sy

(14) llmn%mP(x,(—w,a(tn)xop 1)=0

uniformly for x>a(tn)(x0+e).

Taking into account (10), (13) and the continuity of F at Xg we

|

get

(15) F(x)=lim_._ [ P_(x,(~=,a(t )z 0")v, (dx)
0 n {xéa(tn)xo} S n"o tn
which is equivalent to

. s S
(16) llmnéwP(X(tn)Qa(tn)xo)—llmnamP({X(tn+s)<a(tn)x0p } {X(tn)Qa(tn)xo})
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Proceeding in the same way as above, but using (14) instead of (13) we

get

. . s
17) llmnemP(X(tn)>a(tn)x0)—llmnémP({X(tn+s)>a(tn)x0p } {X(tn)>a(tn)x0})

It is easy to see that (10), (16) and (17) yield

g

i

. V'S _
(18) llmnémP({X(tn+s)eltn+s}ﬂ{x(tn+s)<a(tn)x0p })=0

Because Xq was chosen to be an arbitrary continuity point of F we get

. =0 S . .
lim I t +S/xt and since {tn} was assumed to be an arbitrary

sequence w1th 11m o t =» guch that {X(tn)} converges in distribution we

for any se(0,06). It is easy to see that the

get lim /X

tow t+s t p
latter implies lim x£+s/x£:ps for any real s . Recall that

limtéw{X(t)eI } a.s. exists for all s and the above considerations

t+s
boil down to the existence of limtéw{X(t)épré} a.s, But ps can take

any value as s is at our disposal. It follows that {X(t)/xé}

converges a.s. as tr«,

Step 4. To show that F satisfies condition (C) it suffices to notice
that the argument used in the proof of Theorem 4.6 of [5] applies in
this case as well., Indeed, although the existence of p was proved in
[5] under assumptions different from right-continuity for {X(t)}, it is
clear that limtéma(t+s)/a(t)=pS for all s suffices for the proof that
F satisfies condition (C). We note that unlike Theorem 4.6, Theorem 1
does not assume that a non-degenerate limit exists (for subsequences),
but such limits appear non-degenerate from the properties of 85
described by Steps 1 and 2.

§§§EL§: To prove that the conditions of Theorem 1 are necessary notice

first that tightness is obviously a prerequisite for convergence in
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distribution. On the other hand, convergence in distribution in
conjunction with right-continuity for ({X(t)} may be easily shown to.
supercede the conditions of Theorem 4.9 of [5] preserving its
conclusions. Thus {a’(t)X(t)} converges a.s. for some {a’(t)}. This
is readily seen to imply condition (B1) and a simple exercise 1in
stochastic monotonicity along the lines of the proof of Step 3

concludes that condition (B1) implies condition (B), completing the

proof .

Proof of Theorem 2 We shall show that the conditions of Theorem 1 are

satisfied. Indeed, by well-known properties for sequences of
distribution functions (see e.g. [16]), any subsequence of {X(t)/pt}
contains another subsequence converging to a proper distribution,
whereas the means and variancs of such sequences converge to the mean
and the variance of the limit distribﬁtion. The positivity of the
variance of the limit distribution makes such a distribution
non-degenerate and tightness follows.

Condition (B2) implies condition (B) which was shown to be

equivalent to condition (B1).. Indeed, this can be obtained by applying

the Chebyshev’s inequality.

5. Applications

(1) Diffusions: It has been noticed by several authors that
diffusions are SM. Indeed, the birth and death processes are SM (see
e.g. [11]). Since any diffusion can be seen to be a limit of birth and
death processes (see [19]) it follows that diffusions are SM. Examples
‘of diffusions to which Theorem 2 applies may be found in Rosler’s paper

[18] where {a(t)X(t)}, for suitable chosen {a(t)}, is shown to converge
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a.s. to a limit variable X which generates the tail o-field T and
determines the Martin boundary of the process. - Such converging
processes were derived from Ornstein-Uhlenbeck processes in EZ”. For
some backgrdund on Ornstein-Uhlenbeck processes see [10].

Another diffusion that falls into the category studied in this
paper is a diffusion process that approximates some types of
Galton-Watson processes (see [6], [8] and [151). In this case
EQX(E) IX(0)=x)=x,e®t and var(X(t) [X(D)=xp)=axy/ae®t (Ft-1). 1t is
easy to see that if we modify E(X(t)lX(O)sz) and Var(X(t)IX(0)=x0) by
allowing perturbation factors, the conditions of Theorem 2 may still
hold, such that establishing a.s. convergence in such cases is no

longer dependent on finding a lucky martingale trick.

2. Markov branching processes

We shall consider a supercritical Markov branching process with
offspring distribution {pk} and life-time distribution Be_dxdx (see [1]
Chapter 1IV). Define a(t) to be a 7r-quantile of the distribution

function of X(t) where q<r<1, g - being the extinction probability of

{X(t)}. Since

(t) t i
(19)  X(t+u) = zx XCitos

where conditional on jﬁt the Xgéiu) are independent and distributed as
X(u). It is easy to see from (19) that {X(t+u)/X(t)} turns out to
converge in probability to E(X(u))=p" as t»~ for some o>l | This
property entails limtq)ma(tm)/a(t):pu for u>0 such that condition (A1)
is satisfied. To prove tightness for {X(t)/a(t)} we notice that (19)

and limt_)wa(t+u)/a(t):pU for u>0 lead us to conclude that W, the weak
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limit of any converging subsequence of (X(t)/a(t)}, is distributed as
l/ptzfif)wt'i where {wt’i}'are disfributed as W and are independent
given éﬁt. From here it is easy to see that P(W{«)=1 where the
non-degeneracy of W follows from the way f{a(t)} were chosen. Thus
Theorem 1 applies and provides a straightforward proof of a result
which is usually proved by using properties pertaining to generation
functions.

There are many models of branching processes (see e.qg. [13] and
[14]1) that, wunder appropriate conditions, may be considered
stochastically monotone. This observation may help relax the

conditions imposed for their a.s. convergence and provide

characteristics of their limit distribution functions.

This research was partly carried out while the author visited the
Institute of Mathematical Statistics, University of Copenhagen and was

supported by a grant from the Danish Natural Science Research Council.
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