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CONJUGATE DISTRIBUTIONS AND VARIANCE REDUCTION IN RUIN PROBABILITY SIMULATION

S¢ren Asmussen

Institute of Mathematical Statistics, University of Copenhagen, Denmark.

A general method is developed for giving simulation estimates of the probabi-
lity ¢(u,T) of ruin before time T . When the probability law P governing
the given risk reserve process is imbedded in an exponential family (Pe),

one can write lp(u,T)==EeRe for certain random variables RG given by the
fundamental identity of sequential analysis. Using this to simulate from Py
rather than P, it is possible not only to overcome the difficulties connec-
ted with the case T=o, but also to obtain a considerable variance reduction.
It is shown that the solution of the Lundberg equation determines the asympto-
tically optimal value of 6 in heavy traffic when T=o, and some results

guidelining the choice of © when T <o are also given. The potential of the

method in complex models is illustrated by two examples.

Risk reserve process; ruin probability; simulation; conjugate distributions;

importance sampling; heavy traffic; fundamental identity of sequential analy-

sis; Lundberg equation.



1. INTRODUCTION

Let U(t) be the risk reserve at time t of a risk business (evolving in a
manner unspecified for a while), and assume that the initial reserve is
u=U(0) . In the center of classical risk theory lies then the wish to give

reasonable precise values of the probabilities

(1.1) 0(u,T) =P(inf U(t) <0) ,
O§t<T
(1.2)  p(u) = p(u,®) =P(inf U(t) <0)
0§t<oo

of ruin before time T, resp. of ultimate ruin.

As is well-known, closed forms of even Y(u) can only be found in models
which are much to simple to be of any practical relevance. For ¢(u,T) , such
closed forms hardly exist at all. It is therefore necessary to develop substi-
tutes for theoretical solutions, and tentatively three main types occur:

Numerical methods), examples of which can be found in [21], [23], [28], [29],

[21; Approximations), one of the classical topics in risk theory with surveys

in [7] and (more recently) in [24], [2]; and finally Simulation),the simplest
example of which would be crude simulation of ¢(u,T), i.e. to perform N in-

dependent runs of the risk process in the time interval [0,T) and estimate

Y (u,T) by the fraction of runs where ruin has occured.

Without embarking into a comparison of the merits of these approaches, it
would occur to the aﬁthor that, as in mahy other applied probability problem,
simulation is by no means always preferable, but appealing by its'simplicity
and insensivity to the complexity of the model. Nevertheless, the particular
aspects of ruin simulation seem to have received extremely little attention
compared to related fields like queueing problems (e.g. [9],[14],[6] Ch. 6) and

also, the literature (e.g. [20],[4] pp. 91-97, 134-136) does not go deep into



the methodology of the subject. Of course, crude simulation is too simple a
topic to deserve much attention from the theoretician. However, the method is
not immediately applicable in infinite time problems and has some further dis-
advantages. Thus each run may require much computer time and in applications,

the ruin probabilities are typically small so that the relative error on the

estimates becomes large.

The purpose of the present paper is to present a general method which over-
comes these difficulties. The idea is quite simple and comes from one of the
classical tools in risk theory, conjugate distributions. These may be thought
of as arising from an imbedding of the probability law P==P60 governing the
given risk process in an exponential family (Pe) , cf. [2], and a given
Y(u,T) can then by means of the fundamental identity of sequential analysis
be expressed as 111(u,T)==EeR6 for certain random variables Re (thus Reo is
simply the indicator of ruin before T) . The point is that for suitable choice
of 06 the Re can be simulated in finitely many steps even when T=c, and that

their wvariances are small compared to Reo . Thus the approach relates to two
topics discussed in the statistically orientated literature on simulation, viz.
that of simulating infinite time problems (e.g. [8]) and that of variance re-
duction techniques (e.g. [12] Ch.5, [16] Ch.III, [19] Ch.4). From this last
point of view there is some relation to importance sampling, a concept which is

intuitively appealing but which it so far mainly seems to have been possible

to implement in idealized textbook situations rather than in real world prob-

lems.

The paper is organised as follows. In Section 2, we present the classical
Poisson model, which serves as our illustration in most cases, and the above
mentioned exponential family (Pe) and responses Re . The simulation method
is presented in Section 3 and offered some preliminary discussion. We start

by a simple example and some computer simulations and numerical studies are



presented which naturally raise the question of the optimal choice of 6 . This
is resolved in Section 5, where it is shown that in heavy traffic conditions
the solution vy of the Lundberg equation determines the asymptotically opti-
mal value el =y~+60 of 6 if T=c ., Also some approximations are derived
which are of relevance for the case T<w ., The asymptotic considerations ére
based on approximations by Brownian motions with drift and their first passage
time distributions (inverse Gaussians) in the same way as in [25], [2], and the
relevant preliminaries are given in Section 4.vFina11y it is argued in Section
6 that the approach can be applied in substantially more complex models than
the classical Poisson one. Two examples are considered, time-dependent intensi-
ties for the arrival of claims and state-dependent premiums. More generally,

it is our belief that the method has a scope also outside risk theory in cases
where one is faced with the evaluation of first passage time probabilities.

Examples are emptiness problems in dams and some special queueing problems.



2. THE CLASSICAL POISSON MODEL, EXPONENTIAL FAMILIES AND THE FUNDAMENTAL

IDENTITY OF SEQUENTIAL ANALYSIS

{N(t)} with in-

Assume that claims arrive according to a Poisson process £50

tensity o , that the claim sizes Yl’YZ"" are independent of {N(t)} and
i.i.d. with common moment generating function ¢ (s) =EeSY , and that premiums

come in at rate p per unit time. That is, the interclaim times Zl’ZZ are

. . . -0z .
i.i.d. with P(Z>z) =e , We can write

N(t)
U(t) =u-X(t) where X(t)= X Yn—pt
n=1 :

and the ruin probabilities are given in terms of the first passage time

T=1(u) = inf{t;O:X(t) >u} by
P(u,T) =P(t(u) £T), ¥(u) =P(t(u) <) .

We shall refer to this case as the classical Poisson model. It plays a pre-

dominant role in the literatureband it should be noted that both analytical
solutions in particulé.r for ¥(u) and approximations have been extensively
developed. However, as is also done to a large extent in the literature on va-
riance reduction techniques, it seems reasonable to us to first exploit and
present the basic ideas in a simple case. We shall therefore not hesitate to
even frequently to specialize to the Poisson/Exponential (P/E) case

P(Y>y) =é_By.. Let n=(p-oEY)/aEY denote the safety loading. We consider

only the case n>0 which is equivalent to Y(u) <1l for all u.

As is well-known (e.g. [17], [18], [22]), this situation has a queueing
analogue as well. If for convenience the time scale is chosen such that p=1-,
then ¢(u) =P(V>u) where V 1is the virtual waiting time in a stationary
M/G/1 queue with arrival intensity o and service times distributed as Y.

Thus oEY 1is the traffic intensity of the queue which is < 1 in view of

n>0.



We define the basic exponential family (Pﬁ) of risk processes exactly as

in [2]. We cite only the most basic facts and formulas and refer to [2] for a

more complete discussion and references.

We first note that since {X(t)}t>o has stationary independent increments,

the cumulant generating function of X(t) is given by

EeSX(t) = etK(S) where

sx (1)

k(s) =logEe =0(¢(s) -1) -ps .

The arrival intensity for Pe is denoted by g s the m.g.f. of Y by
¢e(s) and the c.g.f. of X(1) by Ke(s) . These quantities are defined in
(2.2), (2.3) below and make the distributions of the interclaim time, Y and
the X(t) conjugates to the given ones (i.e. obtained by multiplying an ex-

ponential function to the density and normalizing). The premium rate is p

for all 6. The given process corresponds to P=Pe where 60<O is given
' 0

by
(2.1) kK'(=84) =0a¢"(-96,) -p=0

(the formulas simplify somewhat if instead one defines the origin by P=P0
but the present choice is more convenient for the asymptotic considerations of

Sections 4-5). For any 6 such that ¢(6 —60) <o , we define

¢(s+06-0,)
(2.2) ag=0¢(8-6,), ¢6(S)=_?q§°(°é_3‘é'(')_)_ . Then
(2.3) Kgn (8) =Koy (s+0" =8") =k (8" -8")

(the parameter set {6 : ¢ (6 - 90) <o} contains always the negative halfline,
but will typically be bounded to the right except if the tail of Y decrea-

. . > .
ses very rapidly). It is seen that Ké (0) s 0 (or equivalently EeX(t) E 0)



0. This is well-known to imply that in particular ruinoccurs

ANV

exactly when 6

a.s. when 6>0. I.e., Pe('r(u) <w) =1 6>0. Besides 60 , a very important
quantity in risk theory is the solution <y >0 of the Lundberg equation K(Y)=0,

cf. e.g. [7], and we let 6, =y +0,.

Lemma 2.1 (Fundamental Identity of Sequential Analysis). For any stopping time

™ w.r.t. {X(t)}t>0 and any random variable Y measurable w.r.t. the usual

stopping time o-algebra FT>|< and satisfying Y=0 on {t¥=o}, it holds for

all 6',06" that

(2.4) Eg 1 Y=Egu [Y exp{ (0"’ —G")X(T*)—T*Ke" (e'-0")}11 .

Letting 0'=90,9"=6,T*=T(u),Y=I{T(u)<T} we get

Corollary 2.2 Let Téoo,1'='r(u) . Then ¢ (u,T) =E6R6 where

(2.5) Re=exp{(60-6)X(T) —TKe(eO-e)}I(T<T)

Note that, - as one would expect, Re =I(t<T) . If T=c and 6>0, then
0

T<o a.s. so that I(T<T) in (2.5) is vacuous. A further simplification

occurs if 6 =91 . Then by (2.3)

Kel(60—61)=|<(0)—K(61—60)=O—0 so that

XD e pew)

(2.6) Re =e—YX(T)I(T <T) (= e
1

A further application of (2.3) yields

—('Y+61A)X(T)+TK6 (elA)

1
(2.7) R91(1+A) =e I(t<T)

which is the form of (2.5) which we shall most often be using in the following.

Corollary 2.3 If e§0,6+}\§0,1<(6+)\—60) <co , then




(2.8) Eeexp{)\X(T) - TKe(}\)} =1 .

This follows by letting Y=I(1<®),0'=6+Xx and 6" =6 in (2.4). Alterna-

tively, this can be proved by a martingale argument, see e.g. [5] Prop. 5.34

for the discrete time case.

When working with the above expressions, it is also frequently convenient
to write X(t) =X(t(u)) =u+B(u) where B(u) 1is the overshot. As can be
seen from [1],[2],[25], one can most often think of u as the dominating

part of X(t) and of B(u) as a small disturbance which is furthermore asymp-

totically independent of t(u) .

We conclude this section by stating the relevant formulas for the P/E case

P(Y>y) =e_-By which is used in most of our computer illustrations. Here

(2.9) 90=‘5(1"V0L/BP s Y=61—60=B-—0c/p

0B

(2.10) 0‘el(1+A) =0L/p—61A »

(2.11) Pel(1+A) (Y>y) =exp{ - 861(1+A)y}, Bel(lm) =a/p-6,4

Furthermore, the requirement ¢(91(1+A) —90) <o is equivalent to

61A<oc/p. The following lemma is an easy consequence of the lack of memory of

the expomeritial distribution:

Lemma 2.4 Consider the P/E case and let 8 >0 . Then B(u) 1is independent of
-Bgb

T(u) and distributed as Y, Pe(B(u) >b) = e

Combining this with Corollary 2.3 and substituting =Ke(>\) , one can

compute the Laplace transform of T . We quote the following formula from [2],

which assumes the normalization B=p=1:



oS8T (u) _ e_—)\u(l _A) ’

2.12 '
2.12) B :

0

r=A(s) =la-1-s+ (1-u+s)2+4usj/2

The form of the density or cumulative distribution function is much more

complicated and involves Bessel functions.



3. SIMULATING FROM P 6

The idea to be exploited in the rest of the paper amounts in its simplest form

to apply the identity ¢ (u) =E6 Re =Ee e_‘((T(u)) to simulate X(t(u)) (or

171 1 .
equivalently B(u)) from Pe rather than simulating the event of ruin from
1
P=P6 itself. At least one benefit is immediately obtained: Since Re can
1

0
be simulated in finitely many steps, the difficulties connected with the case

T=c0 are overcomed and it is furthermore possible to apply standard statisti-
cal techniques to estimate P(u) and the error on the observate. The lines
are standard for this type of experiment: We create N 1i.i.d. replicates
Re(l),...,Re(N) of our response Re and estimate ¢ (u,T) =E9Re and VeRe
by

2 —_—
1{Re (n) —Re}

M=

N
= 1 2 1
Re =X nlee (n), resp. s” = N1

Then as N—mo,_ﬁe is strongly consistent for y(u,T) and 52 strongly

for Var R Furthermore R is asymptotically normal

878 °

1
Nz(Re-lp(u,T))eN(O,VareRe) "~ in Pe—distribution

a fact which it is customary in the literature to state in form of asymptotic

(1-0) confidence bands of the form

-9

— -1 o
(3.1) [Re—<I> (1-5) !

, §e+<b

Ze

Now of course the difficulties connected with crude simulation in the case

T=c are not unsurmountable. E.g., one could use bounds or approximations to
stop each individual run when either the risk reserve or the time has become
sufficiently large (we comment ona further alternative, regenerative simula-
tion, later on). However, we shall show in this paper that the method of si-

mulating from Pe also creates a considerable reduction of the variance ob-
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tained from crude simulation. We start in this section by some largely empiri-

cal illustrations and examples, and follow up later on with theoretical ana-=

lysis.

We first give a simple example. Consider the P/E case with B=1/EY=1l,p=1,

a=0.85 and w(u)==ae_(l_a)u¥=52, i.e. u=18.9 (this set of parameters could

be argued to be typical and will be used repeatedly in the paper). In crude

simulation, it follows from properties of the binomial distribution that the

variance on the estimate of ¢(u) based on NC runs 1is

0.05(1 -0.05) _ 0.0475

N N
c c

If instead we create N 1i.i.d. replicates of Re , the variance on Eé

1 1
becomes

Vare Re e—zYuVar e_YB(u)

101 _ 1 )

N N
Ty . 2 _ (g, MY o e —?] =

N 61 61 N Co+2y at+y

9—'—(%3—4—9[0.7391—0.7225] - O_-OL{\J]QQZQ

(using material of Section 2 for the calculations). Needless to say that this
is a dramatic reduction. Some further reflection seems to indicate that even
more is gained. In fact, in crude simulation the runs with ruin will have

about the same length as in the Pe -process ([1], slightly adapted) whereas the
1
ones without ruin will be longer since we must wait until our stopping cri-

-simulation should require less computer

terion is met. Thus if N=N , P
c 91

time than Pe —(crude) simulation.
0

These last considerations are in the spirit of a common point of view in
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the literature, that not only the variance VarR on the response is of importance
but also the computer time IR needed to create one replicate. More precisely,

it seems reasonable to take IR VarR as a measure of performance of a particular
D

method, since the variance obtained within T units computer time will then

asymptotically be VarR/(T/IR) =T IRVarR. See e.g. [19] p.119.

In the present case, the time needed to create Re is a random variable

so that I_R should denote the expected value. Inspection of the way IGR

0
depends on 6 suggests that it might be worthwhile to look into simulation

from also P,'s with 6 +61 . Indeed, it is easy to see that when 6'<6",

0

then the Pe,,—distribution of the whole process {X(t)}t>O is stochastically

larger than its Pe,-distribution (in the sense of the usual ordering in D[0,)).

Hence ruin occurs earlier so that Ie,,Re,;<Ie,Re, (whereas it seems less clear

what happens to the VareRe).

To illustrate these phenomena, we return to the P/E example a=0.85,

Y(u) =5% . Computer simulations were performed for 61, and for larger as well

as smaller 6 . For each value of 6, the computer time allowed was the same,
one second CPU time. That is, the number Ne of runs was finalized the first

time the CPU time at the end of a run exceeded one second. The estimates and

asymptotic 957 confidence bands are depicted in Figure 1.
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Figure 1 Simulation results from one second CPU time simulation from

Pel(l"“' P/E case, B=p=1, ¥(u) =57, A== 0.75(0.25)2.00

Ng 10 16 23 30 37 44 51 59 67 75 84 9

A

® point estimate ﬁe (
10%— I 95°% confidence interval
T
T
$(u)=5% I } % { T [ T
1 4
Io/o B J-
l l T
e
0 8;  Omax -

It should be noted that the estimates and confidence bands are computed
exactly as above, i.e. as if N6 were deterministic. That this is immaterial

for the asymptotic considerations follows by Anscombe's theorem and standard

results from renewal theory (related remarks are given in [8] p. 54).

The simulations were carried out in Pascal at the Regional Computing Cen-—
ter, University of Copenhagen, on their Univac 1181 Maqhine. Uniform random
numbers were produced by N.A.G. routine SO5CAF, initialized by SO5CBF(I) with
I=17 for any single simulation estimate reported in the paper. The algorithm

(extremely simple) is based on considering the times of claims only as follows:

1) Put S=SS=0, N=0, and initialize the random number generator;

2) Put X=T=0, N=N+1 ;
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3) Generate a claim size Y and an interarrival time Z according to

Pe s Put X=X+Y-pZ, T=T+Z;

4) If X<u, return to 3) . Otherwise let R=exp{(eo—e)X—TKe(So-e)},

S=S+R, SS=SS+R>y

5) If less than one second CPU time has elapsed since 1), return to 2).

We shall now give some preliminary discussion of some of the phenomena
underlying Fig. 1. First, it is seen as expected that Ne increases with 6 .

Next we note that the parameter set has the form (-,8) , where ©- 90 is

the first singularity of ¢, 1i.e. §=60+B=90+1:1.07 , and we are inte-
rested in the range (0,0) . The values of 6 =61(1+A) used for illustration
are at most 361:0.22 and thus well inside. However, this only guarantees
consistency and asymptotic normality will in fact only hold in a much more

restricted range. To see this, we need the relation

R 2 2
(3.2) Var R =E, R =P (u) =
81(1+A) 61(1+A) 61 61(1+A)

E. exp{ - (2y +0. A)X(1) + ¢, (6,4)} ~1P(u)2

61 1 91 1
which easily follows from (2.7), (2.4). It can then be derived from [27] and
the fundamental identity that (3.2) is only finite when

%),

Nl

Kel(elA) <- K(GO) (=(1-a

which amounts to A<O0.4 (on Fig. 2, emax denotes the corresponding upper
bound on 6 ) . Thus only the first five confidence bands are meaningful and

we shall hereafter only be concerned with the range (O,Gmax) .

It is seen that in the remaining five cases the width of the confidence

band is minimal when 6 =61 . This was found also in other simulations with
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different sets of parameters and naturally raises the question of a possiblev
theoretical investigation supporting the optimality of 91 . This would be
interesting not only with the simulation application in mind but also for fur-
ther elucidating the role of 61 (or equivalently Y=61 -60) which is well-
knom to be one of the very fundamental quantities in risk theory, and it is

therefore a question which shall occupy us in some detail. We let T =o for

quite a while.

As a first step, it is necessary to put the somewhat unprecise definition
of ISRG into a form more suitable for theoretical analysis. A look at the
algorithm above seems to suggest that the main time consuming factor when gene-
rating a single Re is the repetitions of step 3), the number of which is

n

n=inf{n>1: kfl{Yk - ka} >ul} .

The time needed for each step is of course machine- and programming language
dependent but does not significantly vary with 6, and in the following we

shall therefore insert I Ry =Ee_p_ . That is,we are concerned with minimizing

(3.3) £(8) =Eel(1+A)EV3rel(1+A)Rel(1+A)

subject to 6.A<6 .
1 max

The two following formulas, which are easy consequences of Wald's identity

and T = Z1 +... +Zn , will be useful in the following:
(3.4) Ee'r =EGZ . EGE .

- 1 = '
(3.5) EqT =EX(1)/k}(0) = (u+E B(u))/k}(0) .

We first consider the P/E case where (3.2) can be computed explicitly.

In fact, if B=p=1 then
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y=l—a,ue =1, B

0l
L o elA, Ke ()\) —&:‘x-lf}\

91(1+A) 1

and using Lemma 2.4, it follows from (3.4),(3.5) that

1 a(a—elA)

—] ,
=6, 4 a—(u—elA)z

E61(1+A)P-= [u+

whereas (3.2) can be evaluated using (2.12) Numerical tabulations showed £(A)
to be convex with the minimum attained at a point Amin which is in general

+ 0 and is tabulated in Table 1 for some selected parameter values.

Table 1 A . and variance reduction f(A . )/f(0) for classical P/E
—_— min min

model (B=p=1)

o |ev@@f b [ E@ )/E0)
0.25 1 - 0.0202 0.997
0.25 5 - 0.0441 0.989
0.25 20 - 0.1142 0.958
0.55 5 0.0021 1.000
0.55 20 - 0.2036 1.000
0.55 50 - 0.0332 0.997
0.85 5 0.0004 1.000
0.85 20 0.0007 1.000
0.85 50 0.0012 1.000

It is seen that many values of Amin are so close to zero and the
variance reduction to small that it is strongly suggested that in some asympto-—
tical sense 6 is optimal. To show this is one of the topics of the next

1

sections.
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4., DIFFUSION APPROXIMATIONS IN HEAVY TRAFFIC

Various approximation procedures are reviewed in [2]. For the present purpose,
the relevant ones seem to be normal approximations (u->e) and heavy traffic

approximations (which all require p~aEY in some way). We shall here exploit the last
point of view, since [2] indicates that it can provide better approximations

and since it has a natural implementation within the framework of imbedding in

an exponential family.

We shall consider the same limiting procedure as in [25],[2] Sect. 5. That

is, we think of PO (i.e. of p,oco,cpo) as the fixed parameter and consider

the limit

(4.1) 60+O,u+c° in such a way that Oou—>—£

for some £>0 (note that in [2] we write Gou—>£ with £<0) . As explained

in [2] (the argument is essentially the same as in [10],[11],[25]), it holds

subject to (4.1) that

1:(u)0LOEOY2
(4.2) —_— T in P, ~distribution
2 - 0
u 0
where Tg ig the time of first passage of Brownian motion with unit variance
and drift & to level 1 (thus TE is defective when £<0). The distribution
of T, 1is the so-called inverse Gaussian distribution and has density, cumu-

g

lative d.f., resp. moment generating function

3 a8 == ¢ el - jE D), >0,
V2r
-1 1 2t -1 1
(4.4) G(t;€)=P(T£<t)=1—<I>(t Zogt?)+e™ o(-t 2-£t?), t>0,
)\TE { =Y k>52/2.
(4.5) Ee = '
explz -/e2 - 20} r<EY2
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See [26] Ch.7 or [15] Ch.15 for more detail.

We quote some consequences of (4.1),(4.2) from the above references. First

(4.6)  w(u) =P, (1<) TP(T__<w) =G(w, ~£) =e ¢ ,
60 £
2, .2 2,0 2~
(4.7) Y(u,Tu /OLOEOY )=P60(T<Tu /OLOEOX )=
P(T <>T) =G(T; -§&)

-£
Next, since 60<O,61>0 are connected by Ko(eo) =|<O(61) , it follows by

Taylor expansion that (4.1) is equivalent to

(4.8) elu—>£ .

From this relations similar to (4.7) for the P —distribution of
. 61(1+A)

follow by replacing - & by &(l1+A) . Furthermore:

Lemma 4.1 Subject to (4.8), it holds that B(u)-»>B(«) in Pe -distribution.
1

Here B(®) has the limiting Po—distribution of B(u) as u-~, viz.
2 3 4
EY EY E.Y
AB () _ 270 370
(4.9) Ege —ocO{EOY+A 5t AT .}
Furthermore E6 e)\B(u) eEOeAB(m) in a neighbourhood of zero.

1

Indeed, the first statement is contained in [25], the formula (4.9) in the
proof of Lemma 5.1 of [2] whereas the last statement as well as some further
estimates to be used in the sequel requires some uniform integrability argu-

ments. As example of how to carry out these, we give the proof of the follow-

ing Lemma:

Lemma 4.2 Subject to (4.8), it holds that
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=co ultimately A> 52/2
E, exp{ ATpOEOYZ/uZ}

0
1 - exp{E—VEZ-Z)\} A<g2/2

(we have not investigated the case A= E2/2).

T=T in P, -distribution, the result is trivial for A<0, and

13 0
1
for O<)\<52/2 it suffices by standard uniform integrability arguments to

Proof Since

show

(4.10) 1lim E, exp{A'to . E Y2/u2} <o
61 00

for some A'>A. Choose A'<£2/2 and let e,p,q satisfy 0<e<l,p>1,

1/p+1/q=1, )\'<(2€-82)£2/2p<52/2 . Since

(4.11) = Kq (—615) =|<O(61) - KO(Gl(l -g)) ~
1
K "(0)
02 {ei - ei(l - 8)2}’;’ ocOEOYz/uz(ZE - 82) 52/2

we can then bound (4.10) by

~TKy (-918)/p

(4.12) TimE, e 1 -Tim E, (A B,)
1 1 171
—91€X(T)/P'TK61('91€)/P 01€X(T)/p

Ae =e ,Be =e
1 1
Here E, A P=1 by (2.8), whereas
6.6
171
elauq/p eleB(u)q/P teq/
Ee Be =e Ee e ~e P.1
171 1

Hence (4.12) is finite by Holder's inequality.
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/9

Suppose finally )\>£2 and let
2 ’ 2
AaE

B:.f_o._O_Y_ B =—K(e)=|<(—e )Niqli)_ingz
2 >0 0 0 0° = 2 2
u u

Then B>BO ultimately and as remarked in Section 3, Eg eBT=oo
1

B>BO-

whenever
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5. ASYMPTOTIC CRITERIA FOR CHOOSING ©

We can now easily obtain the limiting behaviour of (3.3):

Proposition 5.1 'Subject to (4.1),(4.8), it holds that £(A) =« ultimately if

A>VZ-1 (i.e. 6%+24>1). If - 1<A<V2-1, then

- 1
(5.1) f(A)nJEEE_iE,_l_.{e'AE+€'€(1—A2-2A)2__1}
) =g YZF, 1+A .
0

More precisely it holds for A=0 that

{EOY _ aOEOY ,
0 2 4
3EOY

(5.2)  £(0)~4Ee 4y

Clearly, this result contains the asymptotic optimality of 61 since {...}
vanishes for A=0 and is necessarily always > O as limit of non-negative
quantities (this is also easily proved directly). Proposition 5.1 contains,
however, some further information: Since f(A)/f(O)f;cu2 for A#*0, the

difference between 61 and 61(1 +A) becomes more and more marked as the

traffic increases.

Proof of Proposition 5.1 We first note that

E T 2 2
61(1+A) u /OLOEOY ET

(5.3) E n=
6, (1+4) Ee1 (1+0) % Ey2

£(1+A)

ne

2
u

B Y€ (1+1)

(the estimate for ET requires some uniform integrability argument along the

lines of Lemma 4.2. We omit the details). In the remaining factor (3.2),

4E

tl)(u)zf; e by (4.6). Furthermore
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(5.4) (27 +8,0)X(1) 28, (4+ D) (u+B(=)) x (4 +M)E
(5.5) (e |0 o BoY 21202+ 20)e%)2, cf. (4.11)
Therefore

exp{--(2y+61A)X(1')+T|<e (elA)} -
1

exp{ = (4 +A)E+ (A2+ 2A)£2/2 . TE}

in distribution. By Lemma 4.2 and standard results on weak convergence, the

expectations converge as well with limit

exp{ - (4L+AN)E+E~-E 1—A2—2A}

given by (4.5). Combining the above estimates, (5.1) follows.

For (5.2), we need to estimate VarelRel==Varele_YX(T) more precisely. How-
ever,
1B _ 1 sy (u) 1 <v2B(w) 2B W
Hence by Lemma 4.1
Var, R, ~e 2yuy2 Var B(u) ~e ~4e 4€ Var B(oo)
1 9 F T

But according to (4.9),

EY
Bt 2, .2
VarOB(oo =ay —3— (ocOEOY /2)

Combining with (5.3), (5.2) follows. Finally the assertion for A24-2A>»1 is

an easy consequence of (5.4), (5.5) and Lemma 4.2. o

We shall make two further comments on Proposition 5.1.

First, the discussion of [25], [2] suggests that the approximations given
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in Section 4 and underlying Prop. 5.1 are not terribly accurate until the term
-1 . . .

of next order (0(u 7)) are added. Presumably such refinements in the asymp=
totic form of £(A) could be made and thereby provide a better approximation |
to A . than just A . =0 . We have not carried this out since Table 1

min min
suggests that the resulting variance reduction would be small.

Next, we make some illustrations relating to a question which the reader
familiar with queues may have posed a long while ago. Indeed, the relation to

the virtual waiting time V(t) in the M/G/1 queue given in Section 2 immediate-

ly suggests to apply regenerative simulation, cf. [8],[9],[19] Ch. 6. This

amounts to simulating a two-dimensional response variable Rﬁ=(R\1),R(2)); with

components

)
R(l, =inf{t>0:V(t) =0,V(s) >0 for some s<t},

2 (D

R = [ I(V(t)>u)dt
0

. =(2) (1 . . .
and estimate Y(u) by R( )/R( ) (asymptotic expressions for the variance

and the confidence intervals can be found in the above references). To compare
these two approaches, we performed Pe —-simulation and regenerative simdlation

1
in each one second CPU time for various sets of parameters and obtained the

following results:
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Tablé 2 Empirical variance on simulation estimates of Y(u) obtained with-

in one second CPU time. B=p=1

o P (u) (%) Regenerative Pe . Ratio
0.50 5 1.610-4 1.810-6 91.8
0.50 50 2.010-4 6.210-5 3.2
0.85 5 9.810-4 2.210-—6 436
10.85 50 2.810-3 | 3.210-5 86.4
0.85 85 5.010-4 3.410-5 14.6

This indicates that in a broad range of parameters Pe -simulation is
1

widely superior. We have not looked into theoretical support for this, but con-
jecture that as the traffic increases, then the measure of performance similar
to IR VarR for the regenerative method tends to infinity so that by (5.2) the

difference becomes more marked.
We now turn to the finite time problem T <o .,

Whereas RG has been found already in Section 2, we need to redefine

I Since simulation goes on until the risk reserve becomes negative or

eRe :
time T has passed, the appropriate choice appears to be IeRe=Ee_1_1_A_r_1_T where

n
ET = 1nf{n§ 1: kzlzk >T}

We then have the following extension of Proposition 5.1:

‘Proposition. 5.2 Suppose that TocOEOYz/uzéTOE (0,2) subject to (4.1),(4.8).

Then for all A> -1,

2

u
—5 ET£(1+A) A T0
EOY

where

(5.6) 191(1+A)R61(1+A);
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(5.7) Et AT. =<{G(T 'E)—Zezgé(-T—%—gT%)}

. TeMoT T o 0 0
+ To{l-6(Tp38)}

(5.8) VaTy (1en)Ro, (14a) =

2 2
e 4€[e AEEe(A +2A)E /ZTEI(TE<T0) —G(TO;E)Z]

It should be noted that it is no longer required that A2+2A<1 . This is
simply because TE when restricted to- {T€<TO} is bounded and hence has ex-
ponential moments of all order. A slight simplification in (5.8) occurs, how-
ever, if A2+2A<l in view of the formula

2

s

BT
(5.9) Ee

vy

2
F,I(TE <ty) = 578 _ZBG(TO; ng -28), B<

N

which is immediate by an exponential family argument. We have not been able

to find closed expressions if B>52/2 .

Proof of Proposition 5.2 If C(T) 1is the waiting time until the next claim

following T, then

(5.8) TAT:Zl+°'°+ZnAn 'C(T)I(r_’Téﬂ)

-0 .C
Clearly, Pe(C(T) >c) =e 0 . Therefore the last term in (5.8) vanishes in

the limit and we get

E61(1+A)EAET:E61(1+A)T /\T/E61 (1+A)z:

2
u
__a 2 ETg(1+A)AT0 OLO
oY

proving (5.4). Obviously (5.7) is equivalent to
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L 2eBhent - erh
(5.9) E(T€|T£<TO) =g{1- G(TO;E)

}

Now the class of distributions of Tg ~given '{TE<TO} form an exponential

family with canonical parameter =-52/2 and densities

3 - -1
G(?' )eut (O<t<T0) w.r.t. L t 3/ze ;‘tdt
0,5 Nors
Hence ([3] Th.8.1)
)
Gl E(w) S8
E(t lt,.<T,) ==1log o - 99 9% .
g g 707 du eE(u) G(TO;E) e

Using (4.4), it is easily verified that
8G/8£==2e2g®(-T0_%-gTé)
and since &£=vV-2u , we have 8&/du=- 1/ and (5.5) follows.
In (5.6), we get from (4.7) that
(E61(1+A)R91(1+A))2 =vw?zocrgs - %= Forgie”.

and (5.6) now follows immediately from (5.4), (5.5) since

2 _
E61(1+A)R61(1+A) -

Eelexp{ - (2y + elA)X(T) + TKel(elA)}I(T <T)~

TS(A2+2A)€2/2
exp{ = (4 + A)E}Ee I(TE<TO) . o

In the same way as for T=w, we are concerned with finding the value

A . of A for which
min



_ o1 2
g(d) = 11n1191(1+A)R81(1+A) Varel(1+A)R91(1+A)/u

is minimized.

As the first main consequence of Proposition 5.2, it is immediately ob-

served that it is no longer true that Amin==0 . That is, one can do better

than to apply Pe —-simulation.
1

To find closed forms for Amin does not look easy. A tabulation of g(A)
(using (5.9) when possible and otherwise numerical integration) seemed to indi-
cate that indeed a well-defined minimum of g(A) exists. Some values of £

and T0 which we consider typical were selected, and Amin computed numeri-

cally, cf. Table 4.

Table 3 A . as function of selected values of §g&,T
—_— min - O
NG
T £ 0.5 1 2 5
0
0.5 2.717 | 1.395| 0.636| 0.148
1 2.067 | 0.927 | 0.332| 0.038
2 1.640 | 0.614| 0.148 | 0.005
5 1.306 | 0.356| 0.033| 0.000

It is seen that for T small is Amin not only significantly different

from zero but also larger than the value v2-1 which is critical when T=o.

As expected, Amin approaches zero as To-ém with & fixed.

For a comparison of simulations with 6 =26 or 6=0_(1l+A . ) it is
1 1 min
straightforward to compute g(Amin)/g(O) and we obtain the following table of

the asymptotic variance reduction:
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Table 4 Asymptotic variance reduction g(Amin) /g‘(O)
: v
TOE 0.5 1 2 5
0.5 0.15 0.21 0.35 0.69
1 0.15 0.27 0.49 0.87
2 0.14 " 0.32 0.66 0.98
5 0.08 0.40 0.87 1.00

It is also of interest to compare the two parameters to crude (6 =60) simula-

tion. Here

2
Varg Ry =4(w,D) ~y(u, D 6(Tgs =0 (1-G(To; =8)

and it follows exactly as above that

2

u
I R, =E, nAn_,~ Et__ AT, . Now
60 60 60— —~ —EO_,Z g 0

ET_g A TO =

E(T_ ATOIT_E<°°)P(T_£<°°)+TOP(T_£=CO) =

g

28

2¢ N

ET_AT.e

. 0 +T0(1—e

Combining with (5.7), one can thus compute

. 2
g =1imI_, R, Var, R, /u
c 90 90 GO 90

and the following tables give the corresponding asymptotic variance reductions

g(O)/gc, resp. g(Amin)/gC when passing from e=60 to e=61, resp.

8=0,(1+4 . ):
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Tabie 5 Asymptotic variance reduction g(O)/gc
TO 3 0.5 1 2 5
0.5 4.410—2 4.110—2 2.310—2 3.510-3
1 1.910—2 1.610—2 6.410-3 3.410—4
2 3.010—3 2.619-3 6.410—4 6.310-6
5 8.610—6 7.810-6 7.210—7 9 010—11
Table 6 Asymptotic variance reduction g(Amin)/gc
T, 28| 0.5 1 2 5
0.5 6.5‘10—3 8.610—3 8.010—3 2.410—3
1 2.910—3 4.410—3 3.210—3 2.910—4
2 4.310—4 8.310—4 4.310 41 6 110 6
5 6.910-7 3.110—6 6.210-7 9 010—11

It is seen that 61 is much preferable to 90 . In some cases the further

variance reduction by passing on to 61(1 +Amin) is considerable, in others

not.

As an illustration of how results of the above type may be applied in prac-

tice and of the accuracy of the approximations, we shall give a final example.

Consider again the P/E case with B=p=1, 0=0.85 and let u= 15, T=100.

1

Here vy =0.15, 91=Ot2—0(,=0.072 so according to (4.8) we let £=61u=1.079 .
: 1
=Ty E Y2/u2=2T/oc2u2

0 oFo =0.964 .

Finally let T

It was found numerically that Amin= 0.8408 . Simulations were performed
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with 0= 6=6. and ==61(1-+Amin) , each © allowed 5 seconds CPU time

eO’ 1

and the results can be summarised as follows

Table 7 Simulation estimates and empirical and asymptotic variances obtained
by 5 seconds CPU time Pe-simulation. P/E model, B=p=1, u=15, T=100
s?/N in 7
R SZ/N of 8,-value asymptotical (%)
crude 0.068 3.110-4 100 gc/gc==100
_eo |
Lundberg 0.064 6.410-—6 2.0 g(O)/gC =1.4
6=26
1
optimal 0.059 3.110-6 1.0 g(Amin)/gc==O.4
0=0 (1+A . )
1 min

As a comparison, approximation (5.8) of [2] gave ¥ (u,T) =0.062 where

according to the numerical evidence of [2] all figures should be correct.

It is seen that our theoretical results are supported qualitatively from
Table 7: 61 is much preferable to 60 and 61(1-+Amin) even somewhat better.
The quantitative agreement of the empirical and theoretical results (i.e., of

the two last columns) occurs also reasonable at least when absolute (rather

than relative) deviations are considered.
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6. EXAMPLES OF MORE COMPLEX MODELS

It is often argued in the literature that sophisticated variance reduction me-
thods become increasingly hard to apply in practice when the model is made more
realistic and thereby more complex (possible exceptions are extremely simple

ideas like antithetic variables or common random numbers). We therefore consi-
dered it worthwhile to point out that the method developed here is in this re-

spect quite insensitive, and to substantiate this claim by some worked out

examples.

Consider first the case where the rate o of arrival of claims varies with

time, o=a(t) . A typical case would be seasonal fluctuations so assume that

o 1s periodic, say oa(t+7r)=0a(t) and let

— 17T 1t
o =1im-ff oc(t)dt=?f a(t)de
T-oo™ 0 0

be the average arrival rate. Assume further that the premium rate p and the
distribution of claims Y are constant with time and that oEY<p . It is then

easy to see that Y(u) <1 for all u and for simplicity, we shall only con-

sider simulation of ¢(u) and not ¢ (u,T) .

The main idea is to get an input process with stationary independent incre-

ments by passing to operational time TOp , which is connected to physical time

T by

dT T _
oP:oL(T), TOP = fo(t)dt =aT + 6(T)
0

dT
where 6(T)=fg(oc(t) -a)dt has period r . Similarly

T=1T +s(TOP),e(TOP)=%6(T)

op o

=} N

. -1 . . .
where € has period r ~ . In the operational time scale, the input process
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I(Top) is compound Poisson with unit rate and jumps distributed as Y. The

premiums q(TOp) received before T are given by

T J)=pTr=271 =+
a(T, ) =p = Top *Pe(T,)

Hence if we let X(Top) = I(TOP) -plo e Top’ then our ruin probability is

Y(uw =P( sup

S, () ~aT )} >w

=P(X(Top) >u+pe(TOp) for some Top)

=P(t(u) <) where

t(u) = inf{ToP >0: X.(Top) >u+ pe(TOp)} .

Thus if we compute the solution vy of the Lundberg equation for the X pro-

cess, it holds according to Lemma 2.1 that

b(0) =E. R, , R, =e YX(T(@)
61 61 el

In summary, this suggests the following procedure

1

Pass from the given periodic model to a classical Poisson model X by

considering operational time and the average premium rate..

2) Solve the Lundberg equation for X.

3) Simulate X from Pe until at time Tt(u)
1

is hit and observe the response R

the periodic boundary
u+ pe(T(op)) 5. Replicate the experiment
1

a suitable number of times.
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The preceding part of the paper strongly suggests that this yields reason-
able tight confidence intervals. Of course, some arbitrariness is inherent by
the choice of which premium rate to subtract from I(Top) before solving the
Lundberg equation. The present choice p/o appears sensible by long-run con-

. . . -1 . .. . .
siderations if TtT(u)>>r =, whereas otherwise modifications may be required.

In our second example, we assume that the premium rate p is a function of
the current risk reserve v=U(t), say p=p(v). This appears sensible since
an insurance company would want to take some action, typically by increasing
the premiums, if the risk reserve approaches exhaustion. An example of the

paths of the risk reserve process {U(t)} is given in Figure 2 for the case

>0
where p has only two values Py > Py, > p(v) =P, when Vv, and p(v) =p_

when v>v

0
Figure 2
Uit A u-XI(t)
20 s
(Po=2, Poo=0.5) L/ p="1
1
/’; /1
A A 7/ |
// | //| A // | // I
/ s | 200 y, |
/ / | 7 | y;
Z I s X / |
u ~ t —tA
7/ | 7 |
R4 v ARG
|
L
Vo
T (u) -t
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The assumptions on the input process I(t) are as for the classical Poisson
model. As a reasonable set of general conditions on p=p(v) , assume that p
v 4o, Clear-

is non-increasing with limits Py <™ p,>0EY as v+0, resp.

ly, the risk reserve process satisfies the storage equation

T
V(T) =u-I(T) + /p(V(t))dt
0

as in [13], and the ruin probability is
P(u) =P(1(u) <), 1(u) =inf{t>0:V(t) <0} .

Since p(v) ip(oo) >aEY, P(t(u)<e~)<1l forall n and crude simulation does not
apply (neither is it immediately clear how to apply regenerative simulation in
this case). Instead we note that t(u) 1is a stopping time not only w.r.t.
{v(t)} but also w.r.t. {I(t)} and hence w.r.t. {X(t)}t>0 where

X(t) =I(1_:)—Et with some arbitrary choice of p . This suggests the following

procedure.

1) Choose p€l[p ,p.] and consider the classical Poisson model X(t) =I(t)-pt
©’*0

2) Solve the Lundberg equation for X

3) Simulate I from Pe and keep track of both V and X . Stop when at
1

time t=7t1(u) V(t) <0 and observe the response Re =e_YX(T (1)) (see Fig. 2

1
for an illustration). Replicate the experiment a suitable number of times.

Again, an arbitrariness is inherent in the choice of p . It is less ob-

vious whether here in fact P, (t(u) <) =1 no matter I)_ so we shall sketch

)
1
. . iy . %
a proof of this. Since 0L81E91Y>p§p‘3o , we can find p <ocelEelY and A
such that p(v) <p* when vivo. Thus when V comes above Vo s it increa-

ses less than the classical Poisson model p*t-1I(t) which drifts to = o

P, -a.s. Hence [O,VO] is a P, -recurrent set for the Markov process
1 1
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{V(t)} and since it is readily seen that for some T <

inf P, (t(u) $T|V(0) =v) >0

vgv0 1

in view of Py <>, Pe (t(u) <) =1 follows by standard criteria like [5]
1
Exercise 5.10.
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