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Summary Consider a random time T determined by the evolution of a Markov

chain X in discrete time and with discrete state space. Assuming that the

pre—-t and post-T processes are conditionally independent given XT_1 and

0<t<e, it is shown that: (i) the pre-T process reversed is Markov and in

natural duality to X if and only if 1 1is almost surely equal to a modified

cooptional time; (ii) the pre-t process itself is Markov and an h-transform

of X if and only if 1 1is almost surely equal to a cooptional time with, in
general, the possible starts for the pre-t process restricted. Also, a result

is presented characterizing those T for which the reversed pre-t process is

Markov in natural duality to X, without the assumption of conditional inde-

pendence.



Throughout this paper we shall maintain the same setup and notation as in Ja-
cobsen and Pitman [2], hereafter referred to as BDC. Thus a Markov process with
infinite lifetime is viewed as a Markov probability on the sequence space
§2=JN>, J denoting a countable state space and N the nonnegative integers, while
a process with finite lifetime is a Markov probability on the space QA of se-
quences in JU{A} with the property that once they reach the coffin state A,
they remain there forever. We shall write X==(Xn,n£EN) for the coordinate

process on  and E; for the o-algebra determined by (Xk,kgtﬂ ,» F for

the o-algebra generated by all Xn'

For T a random time, let KT:=(XO""’XT~1’A’A"") and 8T=(XT,XT+1,...)

denote the pre-t and post—-T processes respectively.

Let P be a Markov probability on Q. In BDC characterizations were given
of the class of regular birth times and the class of regular death times for
P. Here e.g. T 1is a regular birth time for P if GT is again Markov and

BT and KT are conditionally independent given XT,T-<G>.

From the class of regular birth times one subclass is of particular inte-
rest; the regular birth times with the property that GT' is Markov with the
same transition function p as the given Markov chain P . It is well known
and follows easily from the results in Section 3 of BDC, that T belongs to

this subclass if and only if it is P-a.s. equal to an optional time. (See also

- the introduction of [1]).

Thus in the terminology of Jacobsen [1], the properties of being regular

birth and preserving the original transition function, amount to an operatio-

nal characterization of optional (or stopping) times.

The main purpose of this paper is to present two operational characteriza-

tions of cooptional times, Theorems 2 and 3 below.



The first characterization is formulated by demanding that KT reversed
from T have a transition function in natural duality to p . For the charac-

terization to work it is necessary to assume that KT and eT be independent

given XT_1,0<'r<a>, which is the conditional independence property required
of regular death times. As an intermediate step towards Theorem 2, Theorem 1

describes what happens, when this conditional independence assumption is drop-

ped.

Theorem 2 emerges as the natural analogue of the characterization of optio-
nal times mentioned above, see the motivation below following the definition
of cooptional times. However, it is also possible to obtain a characterization,

working with KT in the forward direction of time. This second characteriza-

tion is presented in Theorem 3.

The paper is concluded with Theorem 4, an analogue for birth times of Theo-

rem 1.

From now on, let P be a given Markov probability on £ with (stochastic)

transition function p . Define

E(x) = P(X_=x) (xeJ) ,
n=0 n

the occupation measure for P . By discarding all states never reached by the

process, we may and shall assume that £&(x) >0 for all =x€J.
Next, introduce for x,y € {g <}

p(x,5) = E(¥)p(¥,0)E T(x)

We shall call p the transition function in natural duality to p (in standard

terminology it is in duality to p with respect to the occupation measure). We

remind the reader that if E&(x) <« ,



X ;(X3Y) §1 )
yiE(y)<eo

~

i.e. p 1is substochastic on {&<w} .

Recall from BDC, Section 5, that a random time T 1is cooptional (algebraic

definition) if either of the following three equivalent properties hold:

(1) T=sup{n>1:06  €F} for some FEF ;
(i) Toen=('|:—n)+ for all n€N ;
(iii) (t=n+1) = (T06n=1) and

(T =) =(Toen=oo) for all n€EN .

Motivation Before continuing with the build up towards Theorem 2, consider for
a moment the special situation where P 1is Markov on QA with P(g<e) =1,
z=1inf{n : Xn=A} denoting the lifetime. Defining & on J as above, we have

E<w and of course X reversed from ¢ . .is Markov with transition function

~

p . Suppose now that T<¢C is cooptional. In terms of the reversed process

X=(X ey X ,AA,...), T becomes an optional time T, so by the strong

C_l, O’

Markov property for X, (X.,%X. ,...) is Markov (p) . But expressing this

T T+l .
using X 1is exactly to say that KT reversed under P is Markov (p) . Since
cooptional times are the only ones to become optional under timereversal the
operational characterization of optional times quoted earlier, gives that KT
reversed is Markov (p) i1ff T is P-a.s. equal to a cooptional time. Theorem

2 will show that this result carries over to chains with infinite lifetime,

where direct timereversal is no longer possible.

In order to formulate Theorems 1 and 2, we shall need to change the defini-
tion of cooptional times slightly, since we shall not be able to say anything
about the detailed structure of the sets (t=0), (r=o) . Therefore, call T

a modified cooptional time if there exists T' cooptional such that
p




(t=n) =(1t'=n) (n€N\{0}) .

Note that t is modified cooptional iff the first half of (iii) holds:

*
(ii1) (T=n+l)=(T06n=1) for all n€EN

For T an arbitrary random time, let JT denote the states that may be

visited by KT on (T<) :
[ee)
J ={x€J: T P(X_=%x, n<t <) >0} ,
T n=0 n

and finally define the reverse of the pre-t process as the process Z-= (Zn,nEN)

given by

on (n< T <®)

ol on (t1<n) U (1 =)
The following two conditions will be needed for Theorems 1 and 2.
(1) £ (x) <o (x€3) ,

(2) x€J , p(y,x) >0 = y€J_

~

Of course (1) ensures that p makes sense on JT XJT . Condition (2) states in
a precise manner, that using p, which is not defined everywhere, only states

in JT can be reached from JT . The condition is important because it implies

the following.

" (m)

Lemma Suppose that (1) and (2) hold. Denote by p the m—step transitions

A

determined from p on JT, i.e.

PPy =z 2" Varey  yer)
z€JT

and by p(m) the m-step transitions determined from p on all of J. Then



PPy =™ eele xyes) .
P(y,8) = (NE () (veI) ,
where 13(y,A)=1- X ;(y,z),'u(y)=P(XO=y)

z€J
T

The proof is very easy and is left to the reader.

We are now able to state Theorems 1 and 2. In both P 1is a given Markov

probability on § . The assumption P(0<T<e) >0 in the two theorems is introdu-

ced of course to make Z a non-trivial process.

Theorem 1 (a) Suppose T 1is a random time with P(0 <t1<) >0 such that (1)

and (2) hold. If the reversed pre-t process Z 1is Markov with transition func-

~

tion p on JT , then there exists a function ¢:J-[0,1] such that for all

n>1

(3) P(t =n|Fn_1) =¢(X__)) P-a.s.

(b) Conversely, if P(Jd<t1<e®)>0 and (3) holds for some ¢, then (1) and (2)

are satisfied and Z 1is Markov with transition function p on JT . o
(a) Suppose that in addition to the assumptions of part (a) of Theo-

Theorem 2

rem 1, it is assumed that KT and GT are independent given XT-l’ 0<T<o™,

Then, if Z is Markov (p) , there exists a modified cooptional time <t' such
that T=t1' P-a.s.

(b) Conversely, if t=1' P-a.s. with t' modified cooptional, then Kr

and ST are independent given XT—l’ 0<t<o , (1) and (2) hold and Z 1is

Markov (p) . o

Remark For (3) to hold for some ¢ defined on J, it is important only what

happens on JT , since obviously ¢ =0 works on J\JT . o

Proof of Theorem 1 (a) That Z 1is a Markov (p) chain on JT (with finite




lifetime) means that for n>1, Koo o ,xn€ JT

s = - \
P(Z =X Xn_l)p(Xn_laxnl ’

0= Xore oLy =) =P(Zy =Ky, 0,2

n-1
which using the definition of Z translates into

(4) P(X =X _,...,X

. =X n<t<o®
-1 ~0° n’ )

T-n—-1

=X 50" 1<t <°°)p(xn_1,xn)

= P(XT_ =Xpsee - ’XT—H

1

Also as a consequence of the Markov assumption, we have that for

O§n<k,x0,...,xn€JT
(5) P(Xk_l=xo,. cer Xy TX TS k)
_ _ _ > (k-n)
= P(XT_l—XO,...,XT_n_l-—Xn,n<'r<<>0)f (Xn,A) ,

~

where %(m) (x,A) 1is the probability that a Markov chain with transitions p
and state space JTU{A}, given that it starts at XEJT dies (reaches A
for the first time) at time m>1. Since we are assuming that (1) and (2)
hold, the lemma applies and a simple computation gives

™ 0= ™Yy, n
y€JT

(6)
=£_1(X)P(Xm_1=x) (mz l’XEJT)

Using (5) as it stands, and with n replaced by n-1, (4) may be written

“(k-n+1)
= - = £
P(Xk—l Xgs oo ’Xk—n—l X 5T k) £ (xn_l,A)
(7)
- _ _ — 1y ¢ (k-n) "
= P(Xk—l =Xgs oo ’Xk—n =X _1,T= k) f (Xn’A)p(‘{n—l’Xn) .
Suppose now that P(Xk-l =g ’Xk—n-l = xn) >0 . In particular then

P(Xk-—n—l =Xn) >0, P(Xk_n =xn_1) >0, p(Xn’Xn—l) >0, and (6) enables us to

write (7) as



P(t= k[Xk_l =Xpsene X1 = xn) =P(t= lek-l =Xyseees X = Xn—l)
Fixing k and letting n,xo,...,xn(i..TT vary, it follows that
(8) P(t=klF, ;) =P(t=kIX__)

P-a.s. on (Xj EJT, 0<j<k). Because of (2), this set equals (Xk—IEJT)
P-a.s. and since both sides of (8) vanish on (Xk_lﬁfJT) , (8) holds P-a.s.

everywhere on { .To obtain the stronger conclusion (3) consider (4) with n=1

and use (5) to rewrite it as

_ _ _ane)
P(Xk—l = XO’Xk-—Z =X,T =k)f (XO,A)

S S0eD)
1’

= P(X£_1=XO,T=K)f A)p(xo,xl)

as fixed and suppose that k>2,£>1

for k>2,£>1, x,,x GJT. Think of x

0’71 0
are chosen so that P(Xk_1 =x0) >0, P(Xﬁ—l =X0) >0 . Then choose Xy so that

P( xl) >0 and use (6), (8) to reduce (9) to

X1 =% %2 =

P(T=kiXk_ =XO)=P(T=£|X£_1=XO) s

1

in other words, for each XEJT , the conditional probability P(rt =k|Xk_1=X)

does not depend on k so we may write
P(t =lek_1) =¢(Xk_l) ,
with ¢ =0 on J\JT , and (3) follows.

(b) With ¢ given so that (3) holds, we get for né€EN, xo,...,Xne.JT

P(Zy =%y, el =X )
(o)
= I PX__,=x,, X . =x_,T1=k)
M = k-n-1
[ee)
= T OP(Xy g mEpe e Xy g =X DG



X

(10) = g(x )P (X, =x

1 n_l,...,Xn=xO)¢(x0)

EJT , X =% so that

Now, if XGJT it is po§51ble to find DyXgs e e sX N

> 0. Choosing k so that the k'th term in the sums is
X
. n

>0, it emerges that P (X1 =X qsee-

this probability is
,Xn = xo) >0, d>(x0) >0, wherefore (10)

forces E&(x) =E(xn) <o ., It is then immediate that Z 1is Markov (p) .

It remains to establish (2). Introducing the potential kernel (which may be )

8

p(n) (x,y) (x,y€J) ,
0

U(X9Y) =
n

™M

it is easy to deduce from (3) that
P(n<T<°°|Fn) =U¢(Xn) s
where U 1is the potential operator:

Uf(x) = T u(x,y)E(y) ,
ye&J
in particular TU¢ <o . But then zEJT iff
[ee)
0< X P(Xn=z,n<T<°°) = £(2)0¢(2) ,
n=0

i.e. iff U¢(z) >0 . Therefore, if XEJT,yEJ with p(y,x) >0 it follows

that

co [ee]
z P(Xn=y,n<T<°°) >z P(Xn=y’Xn+1 =x,n+1<T<»)
n=0 n=0

= £(y)p(y,x)Ud(x) >0 ,
so that yEJT .

Proof of Theorem 2 (a) The additional assumption implies that (see Lemmas 3.12

and 5.5 of BDC) there exists Fn—lan—l for n>1 and GE€F such that

(1D) (t=n) = Fn_l(en_1€G) P-a.s.



for n>1, whence

(12) P(t=nlF _,)=1g 1h(xn_l)
-

with h(x) =P%C. Introducing H={h>0} it is readily checked that

9 €G) =P(F €G) ,

n-1’"n-1 €H,0 -

P(F n-1

n-1°%n-1
so we may and shall assume that Fn—lc(Xn—1€H) P-a.s. in which case (12)
gives

Dn: = (P(T =nIFn_1) >0) =Fn-l .

From Theorem 1 (a) we know that (3) holds so that also
D= ($(X__)) >0)
Thus Fn_1 = (¢(Xn_1) >0) P-a.s. and inserting this in (11) gives
= = ! -—
(t =n) (en_1€G ) P-a.s.

where G'= (¢(XO) >0)G. But for n€N\{0}, the sets (t=n) are mutually dis-

joint, hence ignoring a P-null set, so are the sets (en—IEG') , wherefore it

follows that if «t' 1is the cooptional time
"= . 1
t' =sup{n>1:6_ _ €G'},

we have (t=n)=(t'=n) P-a.s. for nEN\{O}, which is exactly to say that

is P-a.s. equal to a modified cooptional time.

(b) Find 1" cooptional so that (t'=n)=(t"=n) for n€N\{0}. From
Section 5 of BDC it is known that 1" 1is a regular death time for P, in par-
ticular KT,, and GT,, are independent given XT n_y> 0<t'" <o, But of course
then the same conditional independence holds with 71" replaced by t. To com-

plete the proof, merely observe that
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P(t =n’Fn_1) =P(t' =n[Fn_l)

= ' =
P(t'o8 _, HE 1)

i.e. (3) holds. Now apply Theorem 1 (b).

Example We shall present a Markov probability P and a random time T such

that (3) holds but T 1is not P-a.s. equal to a modified cooptional time.

The state space is J={x,y,a} and P 1is determined by some initial di-

stribution with P(XO =a) <1 and the transition matrix

X y a
< |1 1 1]

)

1 1 1
Y 1E T2
a o o 1]

Define T by

(t=1) =(X1=x,c=2)

(t=n)=(c=n+2) (n>2)

and T=0 otherwise, where c=inf{n§O:Xn=a} is the time to absorption in

a.

Since the sets (t=n) and (to Gn_1=1) for n>2 are different with re-

spect to P, there is no modified cooptional <t' such that t=t1' P-a.s.

On the other hand (3) is satisfied because

X, (bp 1.
p (0=3)=\2/ «2=8 on (Xn—1€ {x,vy})
P(t=nlr ) =

0 on (Xn__1 =a)
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on (XO € {x,y}H)

0 on (X0=a) .

We shall now discuss what are the characteristic properties of the forward

killed process KT , when T 1is cooptional. Before stating Theorem 3, we need

the following definition.

Let p be a (in general substochastic) transition function on J, let

J'cJ and let q be a (substochastic) transition function on J'.

Definition The pair (q,J') is an h-transform of p if there exists a p-
excessive bounded function h:J-[0,) with h>0 on J' and h=0 on

{x€J\J': £ u(y,x)>0} such that
yeJ!

0(x,5) =h T (x)p(x,y)h(y) (x,7€3") . .

Remarks Normally one would allow h to be unbounded, but in this paper we
shall only encounter bounded excessive functions. Recall that h 1is p-excess-
ive if

Z p(x,y)h(y) <h(x) (x€d)

yeJ

The set where h 1is demanded to vanish is of course the collection of states

outside J', that may be reached from J' wusing p-transitions. o

. . oo
If t 1is a random time, denote by JT the state space for KT under the

given Markov probability P:
co

I ={x€J: L P(X_=x, T>n) >0}
T 1’1=0 n

Theorem 3 Suppose T 1is a regular death time for P and let q be the tran-
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sition function for K'r' Then (q,J::o) is an h-transform of p if and only if

there exists HcJ, T' cooptional such that P-a.s.
(13) (T=n)=(XO€H,T'=n) (1<ngw)

Remark If (13) holds, T 1is a regular death time for P, see Theorem 5.2

and the preceding remark of BDC or the statement following (4.1) of [1]. o

Proof The easier part consists in showing that (13) implies that (q,Jc:) is
an h-transform. Define g(x)=PX(T'>O). If XGJQTO, find n so that

P(Xn =x,7>n)>0 and deduce from
= = = '
P(Xn X,T >n) P(XOGH,Xn X,T oen> 0)

that g(x) >0 . Next, let AT denote the part of J\J?: which can be reached

(o)
from J’r by p—-transitions:

A ={x€I\T: T u(y,x)>0} .
T T (o]
yEJT

If XEAT, find yEJT, n such that p(n)(y,x)>0. Also find m so that

P(Xm=y,1 >m) >0. Then look at

P(Xm=Y,X =X, T >m+n) =P(XO€ H’Xm=y)p(n) (Y’X)g(x)

mtn

Since XQJC:, the left side is 0. But the choice of m forces

P(XOEH,Xm=y)>O, hence g(x) =0.

Thus g>0 on JT, g=0 on Ar’ and it only remains to show that g 1is

excessive, which follows from
g(x) =P*(1'>0) >P*(1' >1) =P (1" 0 6> 0) =PXg(X1) ,
and to observe that q(x,y) =g_l(x)p(x,y)g(y) for X,yGJC:Co .

For the converse, let T be a regular death time for P, such that with
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q the transition function for KT, (q,Jc:) is an h~transform of p. By Theo-
rem 5.2 of BDC and the remark preceding it, there exists HcJ, VoJxJ and

FE€F such that P-a.s. T = Tuyp where

n) = (XOEH,T n) (1<nge) ,

(Tgyr = VF

with Typ = sup{1<ng Ty en_l €F}, Ty = inf{n>1: (Xn—l’Xn) €V}. Furthermore,

writing g(x) =PX(TVF>0), v =@ xI\v,
18 aGsy) =1 Guyg peEEl) Ly e
\

oo
and g>0 on JT

As above, we let AT denote the states in J\J:i_o that may be reached from

J_ using p-transitions.

By assumption there exists h bounded and p-excessive with h>0 on

Joo, h=0 on A such that
T T

_]_ 0,
(15) q(x,y) =h (x)p(x,y)h(y) (X,YEJT)

We shall first show that without loss of generality it may be assumed that

(16) HeT .,
T
oo o (] oo [s=]
(17) {p> o}n(JT x JT) cv N (JT x JT) ,
(18) Fc (XOEJT)

1 1 ' = 0 = =
To establish (16), define H HﬂJT. For 1<n<ew, (TH,VF n)C(THVF n)
because H'cH. But the opposite inclusion holds P-a.s. because of the defi-

. . m
nition of JT and because T—-THVF P-a.s.

As for (17), from (15) we see that x,yGJC:, p(x,y) >0 forces q(x,y) >0,

so that by (14) also (x,y) eve .
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Defining F'= F(XO € JT) , clearly T S TuvE and since

oo (o)
0,
Yo U (T in,Gn_1€F\F')= U (T zn,Xn_leJ\JT)

(T < T
HVF HVF n=1 n=1

. (o)
P-a.s., where by the definition of J'r , the last event has P-measure 0, we get

TavE' = THvE P-a.s. and (18) is proved.

To complete the proof, assume that (16) - (18) hold, introduce
LI .
' =sup{n>1: 6.1 €F} ,
and define a random time ] by
= = 1=
(Tl—n) (XOEH,T n)

We shall show that T, = Tayr P-a.s. Clearly Tavr S 71 and P-a.s. using

(16) and the definition of AT

(Tyyp <T1) <C

o0
where, writing B_=J UA ,
T T T

C=(X0€H, T <°°’T'06,T >0, p(X

>
. X )>0, (X _;,X ) €B_xB_)

\
v \ v

Tv-l’

To see that PC=0, consider (x,y)€V with (x,y)€ BT x BT , p(x,y) >0.
Then (x,y) EJOTOXJOTo is impossible by (17). Also, since h 1is excessive and
= 0 on AT , from A_r only transitions to {h=0} can occur, so (x,y)GATXJT
is impossible. Therefore necessarily yEAT , but then PY(1'>0) =
pY OJ (enEF) =0 because of (18) and the fact that J‘: cannot be reached

n=0
from AT , and an application of the strong Markov property now gives PC=0.

o
Remark 1In the theorem we considered h-transforms for excessive h vanishing
on AT . It would be nicer of course, if only h vanishing on all of J\JQTo

were needed, but that is not possible: if T satisfies (13), as we have seen
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g(x) = PX(T' >0) 1is excessive. But the function g' defined by g'(x) =g(x)
[e =] o . . .
on JTU{g=0} and =0 on CT=J\ (JT U{g=0}) need not be excessive since it

3 - 3 . . (>
may be possible to have p-transitions from CT into JT . O

Remark For the theorem to be true, it is essential that in the definition of

h-transforms only h which are p-excessive on all of J are considered: Let

LcJ and introduce
t=inf{n>0: XHEL} .

In general T certainly does not satisfy (13) P-a.s. But T 1is a regular

death time for P with, obviously, JZ_OC:J\L , 80 the transitions for KT be-

come
q(x,y) =p(x,y) (x,y€J°; )

which looks exactly as an h-transform with h(x) =1 (x) . The point is of

J
T

. . . . . oo
course, that 1 o 1S excessive on all of J 1iff p-transitions from J\JT to
J
- T
JT are impossible in which case P-a.s.

T=sup{n>1: X 1 eJ\L}
in agreement with the theorem.

Remark With Theorem 3 in mind, a natural question to ask is whether all h-
transforms (for bounded h) can be obtained by killing at cooptional times. The
answer is no. To see this consider the example following the proof of Theorem
2. The important point now is that the state space is finite and that there is
an absorbing state which is reached with certainty, since, as is easily seen,
this implies that there is a countable collection G of F-measurable sets,
such that for x€J, FEF, PYF>0 is possible only if FE€G . Consequently, if

Fer\G, P(6__ €F) =0 for all n31 and sup{n21:6  €F}=0 P-a.s., i.e.
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up to P-equivalence there are only countably many cooptional times. But it is

readily verified, that even after normalizing with h(x) =1, h(a) =0, there

are uncountably many bounded, excessive h. o

Remark If 1 1is given by (13) with t' cooptional of course the transition

are the same: only the initial laws for the two

A

functions for K’r and KT,

killed processes are different. But while KT, reversed has transitions p,

the transitions for KT reversed are

" -1
Py (x5y) =€, (M) p(y,x) & (%) (x,y€3) ,
. .
where EH(Z) = X P(XOEH,Xn=z) . Using Theorem 2 and the fact that T does
n=0

not have the homogeneity property (iii)* of all modified cooptional times, it

is not difficult to see that Py =Py oOn JTXJT iff Eg=¢ on JT . o

Although somewhat out of line with the main context of this paper, we shall
conclude with a discussion of birth times that preserve the original transition

function p without having the conditional independence property demanded of

regular birth times.

Theorem 4 (a) Suppose T 1is a random time with P(T1<») >0 such that given

T within (t<®), the post-t process 61: is Markov (p). Then
(19) P(T=n,'en) =P(t=n[X) (n €N)

(b) Conversely, if P(t<w) >0 and (19) holds, then given T within (T <) ,

GT is Markov (p).

Proof That GT given 1 1is Markov (p) amounts to saying that

P(XT =Xyse s ,XT+m=Xm,T =n) =P(XT =Xgs - "XT+m—1 =X 1T =n)p(xm_1,xm)

for all n>0,m>1,x .,XWGJ. Rewriting the left as

0°" "
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s X

n+m=xm)P(T=ann=XO,...,X =xm) .

P (Xn =x 4m

02"

and the right in a similar fashion, it is clear that
= l = =
P(t=n{X_,....,X ) =P(r ann,...,Xn+m_1) ,

and (19) follows. The converse is just as easy.

Remark There does not appear to be any reasonable characterization of the =

that makes 61: Markov (p) without conditioning on the value of 1. If (19)

holds, then certainly GT is Markov (p), but the converse is not true: con-

sider the example from p. 439 of BDC,

T=inf{n>1: (Xn’ .. "Xn+k) = (XO, .. "Xk)}

As pointed out there, if P 1is recurrent, 61' is Markov (p). But it is easy

to see that (19) does not hold in general. o

Acknowledgements It is a pleasure to thank Joe Glover and Michael Sharpe for

helpful discussions.



18

References

[1] Jacobsen, M. (1979). Markov chains: Birth and death times with con-

ditional independence. Preprint 7, Institute of Mathematical

Statistics, University of Copenhagen.

[2] Jacobsen, M. and Pitman, J.W. (1977). Birth, death and conditioning

of Markov chains. Ann. Probab. 5, 430-450.



PREPRINTS 1982

COPIES OF PREPRINTS ARE OBTAINABLE FROM THE AUTHOR OR FROM THE
INSTITUTE OF MATHEMATICAL STATISTICS, UNIVERSITETSPARKEN 5,

2100 COPENHAGEN ¢, DENMARK.

No.

No.

No.

No.

No.

No.

No.

No.

No.

Holmgaard, Simon and Yu, Song Yu: Gaussian Markov Random
Fields Applied to Image Segmentation.

Andersson, Steen A., Br¢gns, Hans K. and Jensen, Sgren
Tolver: Distribution of Eigenvalues in Multivariate

Statistical Analysis.

Tjur, Tue: Variance Component Models in Orthogonal
Designs.

Jacobsen, Martin: Maximum-Likelihood Estimation in the
Multiplicative Intensity Model.

Leadbetter, M.R.: Extremes and Local Dependence in
Stationary Sequences.

Henningsen, Inge and Liestgl, Knut: A Model of Neurons
with Pacemaker Behaviour Recieving Strong Synaptic

Input.

Asmussen, S¢ren and Edwards, David: Collapsibility and
Response Variables in Contingency Tables.

Hald, A. and Johansen, S.: On de Moivre's Recursion
Formulae for Duration of Play.

Asmussen, Sgren: Approximations for the Probability of
Ruin Within Finite Time.



PREPRINTS 1983

COPIES OF PREPRINTS ARE OBTAINABLE FROM THE AUTHOR OR FROM THE INSTITUTE OF
MATHEMATICALVSTATISTICS, UNIVERSITETSPARKEN 5, 2100 COPENHAGEN ¢, DENMARK.

No. 1 Jacobsen, Martin: Two Operational Characterizations of Cooptional
Times.



