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Abstract

The purpose of the paper is to develop a method for the statisti-
cal analysis of a Markov branching process. We first describe a
Markovian model for a family tree and apply likelihood methods
for the estimation of the parameters. Next we derive the maximum
likelihood estimates of the moments of the population size and

find their properties using the theory of counting processes and

martingales.



0. Introduction

The present paper gives an example of an infinite dimensional
(non-parametric) statistical problem, which is analysed using
likelihood methods. In order to derive asymptotic properties we
apply the theory of counting processes and martingales and the a-

symptotic theory for convergence of martingales to Gaussian pro-

cesses.

The purpose of the paper is not so much to be directly useful in
analysing family trees, but is considered a contribution to the
application of the methodology of point processes and product inte-

gration to statistics.

1. The probability model for the family tree

We shall consider a set I of individuals n, each characterized by
a finite sequence of integers n = <il,...,ik> r k=1,2,..., which
for k 2 2 indicates that n is the ik'th child of the mother t(n) =
<il""’ik-l>' See Harris (1963). We shall assume that if n€I,
then T7(n) € I. The individuals of the form n = <i> have no mother

and constitute the original population at time 0.

We order the individuals lexicographically, that is <il,...,im> <
<jl”"’j£> if for some k=1,2,... we have il==jl,...,ik_l==jk_l,
ik = jk‘ Note that 71(n) <n and that each individual has a finite
number of ancestors.

To each individual we associate a death time un and a number of

offspring produced at death‘yn, Note that the birth time of an

individual coincides with the death time of its mother. We also



assume that u, €[0,1]1, and that yn€{0,'l,...}.

For notational convenience we introduce a fictitious individual ¢,
the common ancestor for the original population, i.e. T(<i>) =9¢
and assume U¢ =0, that is we think of the original population at
time t =0 as having been born at time 0. Thus there was a death at

time 0 and an n-birth i.e. Y¢=n. We thus assume ¢ €I, and ¢ <n,

for all n€e1I.

We want to build a stochastic model for the process {Un'Yn}nGI by
specifying the conditional distribution of-(Un,Yn)_given

{v and given that we start with n individuals at time O.

Y
y’ w}w<n
For this purpose let G(s,t) be defined for 0 £ s £ t £ 1 with

values in [0,1] such that the following conditions are satisfied

A

(1.1) G(s,t) = G(s,u) G(u,t) , 0Ss=ust=1l

A
1)

A
rr
A
|._|

(1.2) G(s,+) and G(.,t) are right continuous , 0
(1.3) G(s,s) =1, 0<s=1.

We also consider pj.(t) , je{0,1,...}, t€[0,1] such that

(1.4) pj(-) measurable for all j

(1.5) pj(t) 20, }:j Py (t) = 1 for all j and t.

Finally we shall assume for convenience that G(s,l) =0, 0=2s<1l
and that pj(l) =1 if j=0 and 0 otherwise. This corresponds to

letting t=1 be a point where all individuals are forced to die
and leave no offspring. Similarly we define pj (0) = 6jn’ that is,

we start off with n individuals.



We shall now construct the distribution of (Un'Yn)nEI from the

parameters (G,p) and n.

We define

<<l

(1.6) P{Un>u IUw=uw,Yw=jw,w<n}==G(uT(n),u), U () Sus

(1.7) P{Yn=j ]Uw=uw,Yw=jw,w<n,Un=un}=pj(un), 0<un§l, j=0,1,...

Thus we see that given the pedigree of an individual n, G(uT(n),.)
describes the distribution of the lifelength of n and, if it dies

at un, then pj(un) describes the probability that it is replaced

by j offspring.

Note that we have fixed X(0) =n and that lines of descent of dif-

ferent children from the same mother develop independently.

Due to the right continuity of G we see that Un:>UT(n). Note that
the process is inhomogeneous in time due to the fact that pj(t)
may depend on t. Since we have not assumed continuity of G(s,.)

the process may have fixed points of discontinuity, where the

probability is positive that the individual may die.

It is easy to check that if G(uT(n),s)>»0 then

IIA

0Ls=sus1l

P{Un>u | Un>s, Ull':ull)' Yll’=jlll' Y <n} = G(s,u),

which means that G(s,u) has the interpretation that it is the pro-

bability that an individual seen alive at time s, will also be

alive at time u.

The function G(0,+) is decreasing and right continuous. There

exists thus a point t.0 € ]0,1] such that G(0,t) >0, t€ [O,to[,



G(O,t)=0, te[to,l].
Now if u and t € [O,to[ we find

G(u,t) = %%%f%% i

Hence on [O,to[ the function G(u,t) is completely determined by

G(0,t) which is the lifelength distribution of an individual alive

at time 0.

The role of t, is best seen by considering

0

G(O,to) = G(0,s) G(s,to) ' SEZ[O,tO[.

Since G(0,s) >0 and G(O,t0)==0 we have G(s,t0)==0 which means that
all particles alive at time s will certainly die before or at tO'
The population itself, however, may continue to exist, since new

individuals may be born at tO’

2. The statistical analysis of a family tree

Let us consider an observation of a family tree F==.(Un,Yn)n€I on

a finite interval [0,1[. We shall assume that I is finite and that

the number of individuals at time 0 is n.

From (1.6) and (1.7) we find the following expression for the pro-

bability of obtaining F.

(2.1) L = ngl {G(UT(n),Un-) - G(UT(n),Un)}pYn(Un).

If G(s,+) is continuous this will be zero, but if atoms are al-

lowed we sometimes get a positive value.



We shall derive the maximum likelihood estimate in the sense of

A A
Kiefer and Wolfowitz (1956), that is, we shall find (G,p) such

that for any (G,p) we have
A A
L(G,p) 2 L(G,p) .

We clearly only need the expression for L if it is positive. We
shall thus restrict attention to those functions G which have

atoms at the points where the deaths have actually occured.

In order to simplify the expression for L we introduce the random

variables .K,TO,...,TK such that K=1,2,... and

0==TO <T&_<...<<TK<<1 which are the points where deaths have oc-

cured.

In general one may find many deaths at any given time and we

therefore define

M,.=3x1 =T, =T,
SiJ " {U'r(n) r U J}

that is, the number of individuals that are born at time T and

die at time Tj’ Let also

N. =53 1{Yy =3, 0<U = 0Zu<l
J(u) {n J, N u}l , u

n
be the number of j-births after time zero but before or at time u.
Then N(u) = Zj Nj(u) is the number of deaths before or at time u,
and X(u)==n-kzj (j-—l)Nj(u) is the population size at time u.
Note that Nj,N, and X are defined to be piecewise constant, right
continuous and that N. and N are increasing. The notation A N(u)
is used for N(u) -N(u~) and we have the relation

(2.2) s M.. = AN(T. .)
1Sk, j=k+1 13 k+l



since both sides indicate the number of individuals born before or

at Tk who die at Tk+l'

Similarly

(2.3) z M,. = X(T7,)
isk,j>k 3 k+l
since both sides count the number of individuals who are born be-

fore or at Tk and who die at Tk+l or later, that is, who are alive

just before Tk+l' Note that X(Tk+l) >0 if k <K.

With this notation the likelihood function (2.1) can be written
_ _ Mij ANk(Ti)

i<]J i,k

The second factor is maximized by

R AN (T))
or
A an,

By (£) = g~ (£)

where the right hand side is the Radon - Nikodym derivative of the

measure determined by Nk with respect to that determined by N.

The first factor is maximized as follows. Let

n
Il

L= GT,T)

1+l)

Py,
Il

G(Ti,T - G(Ti,Ti+l)



denote the probabilities of an individual dying before Ti+l’ at

T or after T, given it is born at T,. We have S, +R, +V, =1
i+l i i i i

i+l
and (l1.l1) implies that

G(TysT3) = G(Ty,T5) = VyVipg s e Vi 5 Ry

which shows that

M M4 z Mis
. - ) P L < F <l A=
W {G(Tl,T.) _G(Ti,T-)} 1] =1 Vkl=k=J 2 Rkl_k,j k+1
i<j J J k
which is maximized for Sk==0 and

A A AN(Tk+’l)

R =1-V, =

k k X(T )

k+1

where we have used the relations (2.2) and (2.3). From this result

we can write the estimate of G as

(2.5) e(s,t) = T (1 - »-N(‘I_l,) )
1s,t] X(u )

using the product integral notation.

A A
We have thus found (G,p) such that L becomes positive. This esti-

mate is the maximum. likelihood estimate in the sense of Kiefer and
Wolfowitz (1956). The estimates are the natural estimates, since
gk(t) is nothing but the fraction of births at time t which were

k - births, and é(s,t), when s—-t is small, is just the ratio of
those surviving t to those surviving s. We have used the product
integral notation, which seems to be the natural one for this type
of estimator. The estimator is an analogue of the Kaplan Meier

estimator, which has been treated from this point of view by Jo-

hansen (1978).



It is seen that the estimates are functions of the counting pro-
cesses {N.}. We can prove that'{Nj} is sufficient for the parame-
ters (G,p). If we condition on'{Nj(u), 3=0,1,..., u€[0,1[} then
we know all the variables K,Tl,...,TK, where the processes jump
and we also know how many die at u (AN(u)) as well as how many j -
birth we have (ANj(u)). The only variability in the outcome, when
{Nj} is given, is which individuals die and which of these give
rise to j - births. Due to the interchangeability between indivi-

s x(u7) )7L
duals these probabilities equal ( ) and
- AN (u)
( AN (u) ) 1 respectively.

ANO(u),Q.,,ANj(u),...

Thus the conditional distribution of the actual outcomevgiven’{Nj}

is a combinatorial coefficient, which proves sufficiency of'{Nj}.
A A .

Now from {p} and G it is easy to reconstruct {Nj} and hence we

have found sufficiency of the maximum likelihood estimator of

(p,/G) .

3. The population size X

Often the observed quantity is the population size X(u) and it is
natural than to derive estimates of quantities derived from X,

like the mean, the variance or even the distribution of X.

It should be emphasized, however, that in general X is not a suf-
ficient statistic, since {Nj} cannot be recovered from X. If the
function G is continuous, however, such that two jumps cannot oc-
cur at the same time, then ANj(t) = 1{AX(t) =j-1}, j+#1, which
shows that at least {Nj}, j #1 can be recovered from X in this

case. Clearly Nl can never be found since a death followed by a



1-birth will remain unnoticed by X, the population size.

Thus in general X is a reduction of the data which implies that

certain parametric functions cannot be identified from the obser-

vation of X alone.

In order to get a relatively easy description of the process X we

shall assume that

G(0O,t) >0, t<l1.

We shall let G denote the probability measure determined by G(0,-),
thus G(0,u) =G(]Ju,1l]) =G]lu,1l]. It was proven by Jacobsen (1972)
that X is now a Markov jump process and that the transition proba-
bilities are solutions of the forward and backward differential

equations, even when G is allowed to have atoms.

If P(s,t) denotes the transition probability matrix for X and v

denotes the matrix of integrated intensities, see below, then the

Kolmogorov equations take the forms

(3.1) P(s,t) - I = v (du) P(u,t)
I1s,t]

(3.2) P(s,t) - I = [ P(s,u”) v(du)
Is,t]

where v depends on G and p as follows:
- Lemma 3.1 Let G denote the measure determined by G(0,.) then

. Lam=1 ., .,i-m
i, (1) -5,y (Y CLEL "Gt AT say
J J Glt,1]

™M

(3.3) vij(A)

= [
A m=1

i,jefo,1,...}, Ac[0,1].

Here pfm)(t) denotes the m fold convolution of'{pk(t)}.
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In particular

_ _ G (dt)
and
dv, . p. (t)
1j _ J .
(3.5) —d=-_d . 1.
dvll l-pl(t)

Proof We shall first prove that

P{X(t) =3 | X(s) =i.}—di.

(3.6) lim J
stt Gls,t]

M k-

. m-1 1i-m
(m) ) - 6. h Glt] Glt,11

(P25 ;
m=1 J-1tm iJ° m cale,11t

We shall think of s being close to t and that the i individuals
alive at time s give rise to death times Tl""’Ti . For j#*i we
want to f£ind the probability

m

I (v -b=3-1, Tt k=m+1l,...,i}

A (s,t) =P{Tk€ Is,tl, k=1,...,m, Z

that is, the probability that m specified individuals die in
]s,t], and that the increase in X is from i to j and that the re-

maining i =-m individuals survive t.

The probability can be found as follows

Am(s,t) =

. G(du,) ...G(Au ) o, . i-m
1 m’ [G]t,1l]
5 S Py g (u) eepy g (o) (G]s,l])

. Co j m
jl+.u+jm—j—l ]s,t]m 1 Gls,1]

hence
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A (s,t) . R (1 m-1
llm—G'nl]s—_lT"'—' > P +l(t)'... ‘P +l(t)G]t’l] G:'l:_t] a.S-[G]
stt ’ Jqte i =3-1 J1 Im Glt,1]

clt, 117 Mgre1™ L

_ p(m) (t) :
G[t,1]

j=i+m

Now multiply by (;) and sum over m. This gives the probability that

the increment is j - i but only caused by deaths among the i indivi-

duals alive at time s.

Clearly the offspring could also give rise to a second generation.

This probability is negligable as the following argument shows.

Consider the probability that an individual dies and that at least

one of its offspring also dies in ]s,t]. This clearly equals

k
) _— '/G‘]'t‘,l]) ) G(du)
Bls.c) ]sf,t[ kio 7 G, 17) PR Gt T

but B(s,t) /G]s,t] » 0, s+ t. Note that the integration does not
contain the point t, since if the first individual dies at t, the
second will die later than t, due to condition (1.2) which ensures

that lifelengths are strictly positive.

Combining the above results we have proved (3.6) when i # j, which
shows that the intensity has the required form and hence that the

integrated intensity Vij is given by (3.3). For j=1i we use the

fact that v,,=- 2 v,.. The result (3.3) is more transparent if
1 j#i 13
G is continuous, since then G[t]m_l==0 unless m=1. Hence we find
_ _ . G(dt)
Vig(B) = LBy (8) = 63901 greay

and hence the usual result that
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Vig T 1 V1(5-1+1)

which shows that the j'th row of v is determined by the first row.

This also holds in general but is perhaps most easily seen from the

generating functions below.

Let us introduce ht(z)==>:j pj(t) zj,then we find from (3.3)

s ] _ _ Glt] i i, G(at)
\)i(Z,A) = Z z \)ij (A)‘ = f [{(ht(z) Z) -G‘-ﬁ:‘—,'i—]'"' z} 1 GIt]
J A

where the integrand is interpreted as a limit if G[t] =0.
In particular

_ _ G(dt)
\)l(Z,A) —Z.i (ht(Z) z) Gle, 17

and hence

v (z,+) C(z+ vy (z,[E]) it
d\)l(Z,') \)l(zl[t])

which shows that'{vij} is completely determined from"{vlj}.

Corollary 3.2 From the observation of X alone only the parameters

p.(t)/(1-p;(t)) , 3%#1 and [ (1-p,(t)) G(dt) /Gl¢t,1]
] 1 | 2 1

are identifiable.

Proof When the above parameters are given one can construct Vij

and hence v and the distribution of X.

We shall now turn to the moments of X and their estimates. The

usual way of obtaining moments is via the probability generating
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function which we shall therefore consider:

From the backward and forward equations we get for fs t(z) =
14

s. z3 P, .(s,t) that

J 1]
— _ - G(du)
(3.7) fS,t(z) - Z = ] f {hu(fu,t(Z)) fu,t(Z)} G[U.,l]
s,t]
and
- = - G(du)
(3.8) fs,t(z) z = ]éft] {fs,u‘(fu",u(z)) fs,u“(z)} Glul

where again the integrand is interpreted as a limit when G[ul=0.

It follows from (3.7) that for s 4t we have

ft_’t(z)"z = (ht(z)-z) 5%%%%T =‘vl(z,[t]).

Theorem 3.3 Under the assumption that

.2 .y G(du) -
0,61 5 0 30 ST S

the variable X(t) has finite mean and variance. Differéential

equations for these can be found by differentiation of (3.7) and

(3.8) for z=1.

The first part of this result follows from Lemma A.l in the appen-

dix. The proof of the second part will be omitted.

We want to derive expressions for the mean and variance of X(t)

given X(0) =1. We define

E{X(t) | X(s) =1}

m((s,t)

V(s,t) = V{X(t) | X(s) =1}
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and m,(s,t) = E{X(t) (X(t) - 1) | X(s) =1}.

From the forward equation (3.8) we find by differentiation for z =

1 the expressions

m(s,t) - 1 = J m(s,u”) ul(du)
]Slt]
m,(s,t) = [ m, (s,u”) py(du) + [ m(s,u”) y,(du)
2 1s,t] 2 3 1s,t] 2

and finally

vis,t) = [ wv(s,u”) u3(du) + J m(s,u”) n(du)
Is,t] Is,t]
where
_ - G (du)
(3.9) Uy (B) i § (3-1) pj(u)E?ﬁIﬁTT
_ —— ' G(du)
(3.10) ) (p) = i i: j(j-1) Pj (u) G, 1]
_ - “Glul ,2 - G(du)
(3.11) ug(a) = i [{1'+§ (J-1) pj(u)EiETTT} -11 Gral
(3.12) n(aA) = HZ(A) - u3(A) + ul(A).

One can show that the following relations hold |

m(s,t) -1 = [ m(s,u‘)ul(du)
I1s,t]
(3.13) m,(s,t) = J m(s,u’)m(u,t)zpz(du)
1s,t]
and
m(s,t)2-1= f m(s,u')2u3(du)
I1s,t]

which give the relations between ﬁnﬂnzﬂ and (ul,uz,p3).
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We shall summarize the expressions for the moments as follows. Let

us define

then we have

(3.14) M(s,t) - I = [ M(s,u”) u(du)
Is,t]

or in product integral form:

(3.15) M(s,t) = T (I + dp) .

Is,t]
Now these expressions for the mean and variance have been derived in
the model where any G is allowed (provided G(0,t) >0, t<1). Thus
in particular the results hold for the model with parameters
(ﬁ,é). Thus we can derive the maximum likelihood estimates of m

and v. (or M) by first estimating p and then insert into (3.15).

If we let
G (du)
o(h) = | ——tr then Gls,t] = il (1 -do)
a Glu,1] C1s,t]

and we find from (2.5) the estimate

A - dN (u)
o(R) = [ =
v A X(u )
and
A Ay an &
(3.16) e (A) = f 5 (3-1) —2 = 3
1 Aj dN X (u-) 2 X (u~)
A o an,
(3.17) Us(A) =/ X J(3-1) =
2 A 3 X (u~)
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(3.18) Ha(A) = f (11+5% (53-1) J ) -1)
3 A \ y X(u )
A T N T I T
(3.19) n(a) = }f\_i (3-1) X(u-) z{ KJZ- (G-1 X))
Hence we find
A ax X(t)
(3.20) m(s,t) = T (L+dp,) = 0 (1 + =)
Is,t] U st Xt x(s)
and
2 dN. , 2
A _ O X(t) . 3 (X(t)\ X (t)
(3.21) v(s,t) = J X j(3-1) - + .
X(s) Is,t] 3 X(u_)z X(s) ) X (s)

Note that the estimate of E{X(t) | X(s) =1} is just X(t) /X(s).

This is in agreement with the fact that X(t) is a linear combina-
tion of the sufficient statistics and that in analogy with the re-
sult for finite dimensional exponential families one would expect

that the estimate of a linear function of the sufficient statistic

would be just the observed value.

If one wants moments of higher order the same approach would give
a matrix of moments expressed as a product integral of simple

. . y G(du)
functions of the measures s. 3P pL(u) =32,

| /a 25 37 P5 (W gLe, T3

Note finally that the estimate of v is not a function of X alone,
one needs more information to calculate zﬁ j(3-1) de. If how-
ever, G is continuous then only one jump can occur at any given

A
time and then Zj J(3-1) de = f(dX)2 + [ dX, and then v can be

calculated from X alone.
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4, Exact properties of the moment estimators

We have derived the estimators of the moments m, v and M. We now
want to f£ind a stochastic integral equation which admits these
estimators as solutions in order that we can derive some properti-
es. The basic tools are the results about counting processes and
martingales and in the next section we shall then apply the asymp-

totic theory of martingales to find the asymptotic properties.

We shall assume from now on that G(0,¢) is absolutely continuous

and we define the hazard or intensity by

A(u) = %%,/G]u,l]

such that

t .
Glt,11 = T (1 - A(u)du) = exp{- J A(u) dul}.
10,tl] 0

Since G(0,t) >0, t <« we find that

t
S Au)du <o, t<L1.
0

A
We can now simplify the expression for u and ¥, since we now have

only one jump at a time.

Let us define

1 (3-1)((1-1/X(u))\
1{X(u) >0}

(4.1) C.(u) =
J 0 2+ (3 -1)/X(u)
and
1 -1
(4.2) C. = .
J 0 2

Then we find from (3.9)-(3.12) and (3.16)-(3.19) that
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(4.3) w(a) = S £ C,(J-1) ps(u) A(u) du
Ag J j
and
A dn
(4.4) L(R) = i g Cj(u ) (3“'1)§REF3'

We shall first derive some properties of the counting processes

A A
{Nj} and then derive the properties of u and finally M.

Consider the processes'{Nj} as a marked point processes on [0,1[

with jump times

T = inf {t | N(t) Zn}

indicating the occurence of the n'th death. The mark of this point
is an=j if the n'th death gives rise to a j-birth. Since G is

continuous we f£find T_<T . Let T = 1im T .
n n+1 © N 1

Lemma 4.1 The processes {Nj} are non-explosive in the sense that

t
/

Y jp.(u) A(u) du < », t<1.
0 Jj :

Proof omitted.

Thus we only have a finite number of jumps on any compact interval

of [0,1].

We now want to find the compensator for Nj as discussed for in-
stance by Brémaud and Jacod (1977). They give an explicit formula

for the (predictable) compensator Nj'
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Lemma 4.2 The compensator for Nj is given by Nj(t) =
t ~
v&' pj(u)kihrﬂ A(u) du, that is Nj==Nj-Nj is a local martingale

and Nj is increasing and predictable.

Proof omitted.

We shall also need some results about stochastic integrals and

Stiltjes integrals with respect to counting processes.

The following result has been taken from Boel, Varaiya and Wong

(1975) .
Lemma 4.3 Let Yij' i,jJ € N be predictable processes, such that

t

2 ~

(4.5) EX J Y,. dN. < o, t<l, ieW
30 1] J

~

than the Stiltjes integrals Mi==zj f‘Yrjd(Nj-Nj) are stochastic

integrals and Mi is a local square integrable martingale with

~

(4.6) <Mi’Mk> = Zj S Yij ij de.

‘ A
We shall now return to p which is a linear combination of integrals

with respect to‘{Nj}. We first define

(4.7) p(a) =5 f C.(u=) <371 aN. = x
j J i

X (G=) ;5 Cj(u')(j -1) pj(u) A(u) du.

/ J
A A

A ~
The main result about py -y can now be formulated as follows:

t
Theorem 4,4 If d’ . j4pj(u)k(u) du<e, t<1l, then the process

J
A ~
H=-u is a matrix valued local square integrable martingale and

N 28 (5-1)°
(4.8) <pg = P> = Zj i Cj(u ) BICOE pj(u)k(u) du ,
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where 2 ® denotes the Kronecker product of the matrix with itself.

Proof Let the norm |A| of a matrix be !Al==supi Zj laiji. From

- =y foC.(u) S—L am. -N.)
H H 3! ] X (u-) j 3

we find that condition (4.5) is satisfied if

t . s 2 ~
I=3sE J IC.(u')Ile:—}—)Z-——dN.<oo.
i 0 J X (u-) J

IA

Now le(u‘)l2 = (j-l-2)2 which shows that

£ ,
Iy f G+2)%p.(w AW du < ».
3 0 1

A ~
Thus the elements of the matrix p - p are local square integrable

martingales and from (4.6) we find

N o 2 o
< -T>=z 7 C, (um) @ Cj (un) (ﬁ%) an

j‘
O R L e D p.(w) A(w) du
o ] X(um) F3°7° )

This completes the proof of Theorem 4.4. Note that in particular

~

A ~ -
Epy=Eyu, and in general Eyu #%yu, but the difference is small when

X(u—) is large, since Cj(u—);scj. This will be used in the next

section where asymptotic results will be proved.

A
Before proceeding to the results about M we need a rather techni-

cal Lemma which will also be used in the next section.

We define M = 1T (I +dyu) .

t .
- Lemma 4.5 If Zj a‘ japj(u)A(u) du < », t <1, then the variables
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~

2,1 2 o2 3-1 N\
(4.9) z_ (s)-—nlM(O s=) | (0,s) 1 le(s ) | \X(s-7) X(s )pj(s)k(s)

are integrable uniformly in n and s 2 t and we have

t
Y J sup EIZ_.(s)| ds < =, t<l.
. nj
3 0 n

The proof of this result, contains the basic evaluations of moments
of the branching process but since it is rather involved we shall
leave the proof for the appendix.

A~
We shall here apply the result to give some properties of MM l.

t A~
Theorem 4.6 If Of Zj j8pj(u) A(u) du<e, t<1 then MM l—I is a

matrix valued local scquare integrable martingale with

~ A AN ~ ~ -
(4.10) <MDI]'nI>==f M(O,s‘)2® d<y = u> M(0,s) 28

20 (j-1)°2

A ~_1
._§.f(M(O,s )Cj(s )M ~(0,s)) X5 pj(s)x(s) ds.
Thus in particular
A~_
EMM . I
/\N_l AN_l
and V(MM ~) = E<MM - I>.

Proof Fix a sample path'{Nj} and consider the matrix valued func-
A ~
tion s -» M(0,s) M(s,1l). This function is differentiable with re-
spect to a measure p, that dominates'{Nj} as well as Lebesgue mea-
sure. We find
A
an

aﬁg ( Is) Nl(sl ) - M( S ) d]vlo

M(s,1) + M(0,s-) (—’ -—-—/ M(s,1)
U

and hence
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A ~ ~ A o~ o~
M(0,s) M(s,1) - M(0,1) = S M(0,u”) d(ﬁ-—u) M(u,l)
[0,s]
or
(4.11) M(0,s) M(0,s) - I= S M(0O,u") d(u=up) M “(0,u) .
[0,s]

A N'F.
This relation gives MM 1 as a Stiltjes integral with respect to

N ~
the measure determined by u -» (p=u)[0,u]. In fact it is also a

stochastic integral. We express the right hand side as

A ~ | ~
(4.12) L/ M(0,u™) C.(u") M(0,u) =3—=— d (N, -N.)
j [O,S] j X(U. ) j j

and find that Lemma 4.5 implies condition (4.5) of Lemma 4.3.

Hence the conclusion of Theorem 4.6.

The result of Theorem 4.6 is rather complicated but we can find

some consequences for the individual terms of the matrix.

A~
Consider the upper left hand corner of BiMml-I which is just

A ~ ~
m(0,s) /m(0,s) = 1. On the interval 1{X(s~) >0} we have m=m and
hence we have the well known result that

X () 1
nE{X(s) | X(0) =1}

is a local square integrable martingale.

We can find the variance from

X(s) \ = ph ~-1 T < R L A GO
V\nHMO,s)\ = E<m(0,s) m ~(0,s) —-1> = dﬁ g (5 -1) ey

This result could also be derived from the expressions for the mo-

ments in Section 3. Of more direct use are the results about the
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asymptotic properties in the next section.

5. Asymptotic results for the moment estimators

A A
We shall consider the asymptotic properties of py and M when X(0)

n - oo,

The basic idea is that the counting processes, suitably normalized,
converge weakly to Gaussian processes and that this holds for sto-

chastic integrals with respect to these, as well.

+  dNs
Some asymptotic properties of the stochastic integrals df 275%7

have been studied Harrington and Fleming (1978) in connection with

t
the estimation of df pj(u) A(u) du.

The results that we need are due to RAalen (1977) and Rebolledo

(1977) . We shall use the formulation of Rebolledo (1977), see also

Aalen and Johansen (1978).

The basic results can be formulated in

~

t
Lemma 5.1 Let Nj have compensator Nj(t) = d’ Anj(u)<ﬁ1 and as-

sume that Hn' is a predictable process with values in the space

of p xp matrices.
We shall assume that

P .
(5.1) Hnj(t) >0, n->e, t<1, JEN

20 P 2® .
(5.2) Hn’j(t) Anj(t) - gj(t) ’ n-»~, t<1, jJEN

where g. is a deterministic function with values in the space of

P x p matrices.
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(5.3) Hi?(t) An.(t) is integrable uniformly in
n for each t<1 and jE€ N
t 2
(5.4) z / sup EZ[Hnj(u)[ Anj(u) du < o
J 0 n
t 2
(5.5) T J Jg.(u)]” du < «.
jo

Then the Stiltjes integrals Ynj = [ Hnj d(Nj-Nj) are stochastic

integrals and for each finite set Jc NN we have

{Ynj}jeJ = {Yj}jEJ

where the Yj are independent Gaussian processes with <Yj>(t)
ft g () 2® au
o 3 )

Further Y =3. Y . and Y=3%., Y. exist
n J nj J 3]

and Y, n-co
n b

and V() - V(Y) = 3 J g§®(u) du, noo.
i

- Proof What we have to prove is that the results of Rebolledo for

a finite number of martingales can be applied here to the countably

many processes, since we have sufficiently small tail sums.

From assumption (5.4) we see that

™M

t 2
E df IHnj(u)! _Anj(u) du < =,

.

This shows that condition (4.5) is satisfied and that the stocha-

and Yn =z Yn' are local square integrable

stic integrals Y_. .
nj J

martingales and finally that
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_ 20
<Yn> = ? S Hnj(u)Anj(u) du .

We also find

t
(5.6) IV( XY .)(t)l=| £ E<Y_.>(t)IS £ [ supElH_(w) 1A . (u) du
j>M j>M i>M 0 n nJ nJ
t 2
(5.7) V(T Y@ 2 = [/ lg.(wl® du.
3>M i>M 0 J

As M-« these variances tend to zero uniformly in n and it follows

from Kolmogorov's inequality for martingales that

sup P{sup | & Y .(u)l| 2 e} = 0, M- o
n ust oM ™

and

P{sup | £ Y.(u)| 2 ¢} =0, M- oo,
ust j>M

Next we shall prove that

IIAM

x Yj ' n-eo and M fixed.

This follows from the general conditions of Rebolledo (1977) if we

can prove that

t
2 . >
(5.8) E df lHnj(u)l l{lHnj(u)] Z e} Anj(u) du - 0
t t .
(5.9) / H .(u)2®.A . (u) du B I g.(u)2® du , n-oco,
0 nj nj 0 J
We have assumed that H2®j\v is uniformly integrable and that

nj nj
b
>

Hnj(n) 0, this implies (5.8).

Next consider
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_ 20 _ 2@
an (u) - IHnj (U.) Anj (u) ) gj (U.) l

We have assumed that an(u) E 0, hence since an(u) is also uniform-

ly integrable this implies that for each u and j E[an(u)1 > 0.

We also assumed, (5.4) and (5.5), that sup E[an(u)l is inte-
by v
grable with respect to u on [0,t]. Hence by dominated convergence

t N
we find that df Eanqu)f du » 0 which again shows that

t P
d’ an(u) du > 0.

This establishes the regularity conditions of Rebolledo and we
find that any finite set of the Ynj converges to the set of Yj'

which have the stated variance.
Finally (5.6) and (5.7) imply that
Vi, ¥ .} » VL. v.}, noe.
J nj J 3
The main result about the estimate ﬁ can now be formulated in

t
" Theorem 5.2 If Zj Of j4p:.l (u) A(u) du < w«, t<1l, then

va (i - w 8 os /(3 -1cyaug =W
J

where C':=<é 351) and'{Uj} is a sequence of independent Gaussian

processes with <Uj> = s (pj(u) A(u)) /m(0,u) du.

Further

A 2]
sup | (g = w)(0,u)| > 0, n - oo
ust

and

’ A _ Pp.(u) A (u)
VA (=) 5. [ (j-1)2c2® 3 du = V(W) , Do

J J m(0,u)
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Proof We have the expressions

N t _ 5-1
U(O,t) = X Of Cj (u ) i—-(-a‘:-)- de
J
~ t
p(0,t) = S C.(u") (3-1) p.(u) A(u) du
50 3 joe

and
t
p(0,t) == f C., (jJ-1) p.(u) A(u) du.
50 J J :

Let us first evaluate

£
vo (p-p) (0,t) = x s Vyn(C.(u™) =C.)(j-1) p.(u) A(u) du.
50 J J J

Now n |cj (u) -le < vn }'{3(;})' 1{X(u=) >0} +vn (j+2) 1{X(u~) =0}

and hence

Evhsup [p-ul(0,s)
- s=t

A

t ~ L
I <—1: p 2AX) > 00 o meix(en) =0}> £ (3+2)%p. () A(w du.
0 \va j J

We show in the appendix that E nﬁl%ﬁﬂig)>f0} is uniformly bounded

and hence the first part of the integral goes to zero. The second

part is evaluated as follows

VA P{X(u=) =0} S (1 - G(0,u)” va £ (1 - G(0,t))" Vi
which shows that the second part of the integral goes to zero.

Thus we can throughout replace p by p in the results to be proven.
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A ~
We shall now discuss the process Vﬁ (u=1u). We define Anj(u)

- _ I .
Pj (u) X(u ) )\(1.1) ’ Hnj (u) - Cj (U_ ) 3(‘*(“1:1“_”)" \/,1:1= ’ Ynj(t) =

t _ -1 o . _
J \/ch () wig=y 4Ny =N, gy() = Cy (3-1) \/pj(u)'k(u) /m(0,u) ,

then

A ~
- = X. Y ..
Vo (1 - 1) 5 Yn3

To prove convergence we must now check the conditions from Lemma

5.1.

From X(u) /n B m(0,u) we find immediately that Hnj(u) E 0 and

Hys (u) 2@ Anj (u) 5 95 (u)2® .

Next evaluate H .2®!\ . as follows
nj - nj
‘ 2 2|, 2 nl{xX(u-) >0}
. A . = (u— - . A
lHn:l (u) 1° nj (u) = I;Cj(u )T (3 -1) X(a) Py (u) A(u)
= ’ X (u-) o
which shows that Hnjzgzng is uniformly integrable and that
t 2
s d’ sup E:]Hnj(u)i Anj(u) dt
Jj n
t 4 “n1{X(u-) 50}
Sy (3+2) py(u) A(u) du sup E D)
30 n,ust
which is finite since '¢11{§f3:33>0} is integrable uniformly in

n and ust.

Finally

ft w 5 - t : 4 ‘p,j.(,u) A(ua)
X lg.(uw)|”" du=5%2 [ (J+2) —=——— du
j 0 J ] 0 m(olu)



- 29 -

t
<z (j+2)4pj(u)_)\(u) du/m(0,t) < .
50

Thus Lemma 5.1 applies and we find the results of Theorem 5.2.

We can now state our main results about the moment estimator.

t
Theorem 5.3 If I f j8pj(U) A(w) du < @, t<1 then

J
A w °©
vn (M(0,t) - M(0,t)) = / M(O,u) dW(u) M(u,t)
' 0
t
=% (j-1) S M(O,u) C.M(u,t) du. (u)
3 0 j j
and further
A P
sup [M(0,t) - M(0,t)] 50 n- o
=t
and
. A : . 20 . 2.pj(u).)\(u)
V{\/H (M—M)} i ? J (M(0,u) CjM(ult)) (:l"l) W du, n- oo,
Proof Consider first
~ 1 t o~ o~
Vn (MM ~ - I)(0,t) = [ M(0,s) dvn (u-u) M ~(0,s) .
0

Now [M(0,s) | as well as IM_l(O,s)l are uniformly bounded in (0,t)

and hence

1

sup [Vn (MM © = I)(0,u)l = 0

ust

and we shall hence only consider the process
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— A~_7 t/\ A ~ ~o1
Vo (MM © - I)(0,t) = S M(0,s~) d(u-u) VoM ~(0,s) .
0

From Theorem 4.6 we have that it is a local square integrable martin-

gale and that its variance is given by

N N 20, 2o
nE<tin -T>=E zf(ﬁ(o,s—)cj(s-)m“l(o,s)) (3-1) }rél(é}f)(s )>0}pj(s))\(s)ds
j .

A~_c
which by Lemma 4.5 is bounded uniformly in n. Hence V{MM "} - 0,
A~
n > which shows that syp (MM l(O,u) - 1l B 0 which again

A u=t ~
shows that M is a consistent estimator of M and hence of M.

M.

A~
To prove the asymptotic normality of VH (MM l--I) we define

B (w = B(0,ume, (i to,w) 32k va
nj % = At Rl 2 X ()
nj(u) = X (u-) pj(u) A (u)
-1 pj ('Cl) )\(U) )
gj (u) = M(0,u) CjM (0,u) OO (J-1)

A ~
From the consistency of M and M we find that Hnj(u) E 0,

q .(u)2®

b 2®

Next evaluate

‘ 28 A 12 2, 0-1 2 nl{X(u=)>0}
B3 () "y (@) 1€ (0, 0m) 171 C5 (=) 171 (0, w) | Tt P5 (WA (w)

this variable is by Lemma 4.5 uniformly integrable and satisfies

t
2
? J‘ szp El[Hnj(u)l Anj(u) du < e
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which shows that Lemma 5.1 can be applied and this then completes

the proof.

o

Theorem 5.4 If Zj a’ jl3pj(u)k(u) du<e, t<1l then a consistent
’ A

estimate of the asymptotic variance of Vn (M-M) is given by the

Stiltjes integral

A t A A 20 T 2
vo,t) = J (M(O,S“') C-M(S",t)) n (j-l)z an .
jo ] x(sm)¢  J
Infact
N P
sup |V(0,s) - V(0,s)] > 0.
s=t

. Ao
Proof The variance of Vﬁ (MM l--I) is given by

A~ t /A (~_ 2® s 12 o~
EVEMM L - I>(8) =S E J (M(o,s—)c.<s—)M 1(0,s)> p O=D_ an,
J ] X(s"-)z J

0

~ VAN ~
We replace M“l(O,s) by M'l(O,s‘) and Nj by Nj and derive the sto-

chastic process

A A 20 .42
(M(O,s") c, M l(o,s—)> n (J 1)2 aN

t
zn(t) =53 [
jo X (s™)

Let Zn(t) by the same expression with Nj replaced by Nj.

~

The process Z,- %, 1s a square integrable local martingale if we

can prove that the integral

t A A 4 2 N 4
I =% J EIM®O,s7)C M Lo,s-) | P—il%)— 1{X(s-)>0} p. (a) Au) du
j 0 J X (s-) J
j

is finite.
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The proof is analogous to that of Lemma 4.5 as given in the appen-
dix. The same application of HOlder's inequality will show that

r1In is bounded, and hence that In¥+O, n - oo,

~

Thus Zn-—Z is a local square integrable martingale, with a vari-

ance which tends to zero as n - «. Hence sgp IZn(s) - Zn(s)l E o,
s=t

n - o,
We shall now f£ind the limit of Z, -

From

A= AN~
A AT 1 (3-1)m L +yn 2
0 2

it follows that

A A -—
M, i 1.—‘Mch L sG-1 5o

uniformly in [0,t]. Since also ‘Pll{§52:3>0} ”Aﬁfg;s)l 50
N 14

uniformly in [0,t] it follows that

N > 5 1 20 (3-1)° Py (1) A(u) du
Zn(s) ey ? d[ <M(O,u) Cjbd (O,u)) (0, W)

uniformly in [0, t].

Combining these results we find that

t 20 . 442
V0,t) = 7 (€) Bo,)%® =5 (l{f\l(o,s—) . I/v\I(s-,t)) n (j-l)2 ax .
jo J Xn(s—) J

converges in probability and uniformly in [0,t] to the expression

' _ A
for the asymptotic variance of vn (M - M).
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6. Appendix
We shall first prove some inequalities for Markov branching proces-

ses and then apply them to the proof of Lemma 4.5 and Theorem 5.4.

Lemma A.l1 Let Z(t) = Zj aij(t), aj%O, j=0,1,... and

e P, 4P - G(du)
6 (B) zf_z J; (af + 39 py ) g7

Ehen

|
-]

E{z2(t)P | x(0) =1} £ exp (6,10,£1)

Proof We define

mlén) (s,t) = E{(z(t) -2(s))P1{0 S N(t) -N(s) = n} | X(s) =1}.

Now Z(t) —Z(s) = zj aj(Nj(t)e‘Nj(s)) and hence N(t) =N(s) =0 =
Z(t) —Z(s) =0 which shows that

n{™ (s,8) = B {(2(£) -2(s)P1{1 S N(t) -N(s) S n} | X(s) =1} .

Since there is at least one death in ]s,t] if N(t) =N(s) 2 1 we

decompose after the first death time U and the birth size Y as

follows

mén)(s,t) =

2 (811 P LI 1SN (£) =N (8) €0t | X(s) =1 Te ‘_,H . G(du)
: ]s{t]E[-(Z(t) 2(5))F L{LSN (£) -N (5) %0} | X(s) =1, U=u, v=] py. () £ T2

Under the condition in the expectation we have AN(u) =1 and

Z(t) - 2(s) = Z(u) =Z(s) + (Z(t) -Z(u)) = a * Z? (z,(t) =2, ()
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where (Zi(t)-Zi(u)), i=1,...,k are i.i.d. and each gives the in-
crement of a Z'process starting with 1 individual at time u. Let

N(l) denote the number of deaths in this process, then

1{1L SN(t) -N(s) Sny 140D (y-nD(yy n-13.

We can then evaluate the integrand as follows:

B[ (2 (£)-2 (s))P1{1sN (£) -N (s)Sn} | X (s)=1,U=u, v=k]

? 1

(—kﬁ+zi(t)—-zi<u)>1{o§N‘i’(t)—N‘i’(u)én-l}]PlX(s)=1,u=u,y=kI

éEI[_

(i

™M

1

a . . .
ékaII(T§ + 2 () -2 (@) P1losn ) () -n ) (u) 2n-11 | X(l)(u)=1}

1
h 2p—l(a£4-kpnﬁnrl)(u,t)).
P
This then gives the recursion

(n) < (n-1)
m (s,t) = ¢_(s,t) + /S m (u,t) ¢_(du) .
P p 1s,t] P

IA

From méo)(s,t) = 1 we find by induction that

J ¢p(dul)...¢p(duk) h

(6_1s,tNT / k!
1 s<ul<“.<uk§t k=1 p

liA
h™MB
h™MmpB

n ™ (s, 1)
p

A

exp (¢p]s,t])-—l

Now we let n -»>o and obtain the result of Lemma A.1l.

Lemma A.2 Let B be binomially distributed with parameters (n,p)

then
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k ok 9
o) mver 5 2t
(n+k) P
and
E( n >k < nkk!“
1+B (n+k)(k)pk
Proof From the inequality
1< (k+1) 1 ;> 1
Zk - (Z+1)...(Z+k) ' =
it follows that
vk oy oK nFk _
E(%) 1{B>0} = (kﬂ)(]'{)n = (n+k> pY g ¥
(n+k) po y=k+1 ‘Y

which proves the first result. The other one is proved similarly.

Corollary A.3 The variables

; p .
(x (ns)> 1{x(s) >0}

are uniformly integrable for all p.

Proof It is clearly enough to prove that

E{(ﬁ%—)p 1{X(s) >0} | X(0) =n}

is bounded uniformly in n, and s £ t and any p = 1.

Let B(t)==zi l{Xv(t)>>0}, where Xl""’Xn are independent identi-
cally distributed Markov branching processes each starting with 1
individual at time 0. Note that B(t) is binomially distributed
(n,p(t)), with

p(t) = P{xl(t) >0} > G(0,t) .
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We now evaluate as follows:

‘ p . 8]
(———X(r;)) 1{x(s) >0} é»(B(ns)> 1{B(s) >0} + nf 1{B(s) =0}

since clearly X(s) 2 B(s). The first term has a bounded mean by

Lemma A.2 and the second since P[{B(s) =0} | x(0)=n] =

(l-e«G(O,s))n = (lw-G(O,t))n decreases exponentially fast. Note

that the evaluation is independent of s€ [0,t], since p(s) is

bounded below by G(0,t) > 0.

Lemma A.4 Let Z=% aij, aj 2 0, then for any p and g 2 1 we

have that if ¢p(0,t)«<m, t <1 then

{(sty 1m0 > 00)" (42

[ X(O)==n}'

and

n?E {(z(‘s))p 1{B(s) =0} | X(0) =n}

are bounded uniformly in n and s = t.

.o, 2

Proof If X(0) =n, then we write Z(t)==22 Zi(t), where'Zl,. n

are independent identically distributed processes starting with 1

' n ) n
individual at time 0. Then (i by Z.(t)>p <1ls ZP(t) , and hence
n “1 “i n 1 “i

I(s) E{l{B(s) > 0) (B ns)>q (—Z-éir-lsil>p | x(0) =n}

—

Q

n

. : \
E{l{B(s) >0} (B(s))

LA

z,(s)° | x(0) =n}

q

n

’ \ _ N _
BT (s)) | X(0) =n] E(2,(s)” | X(0) =n)

E[1{B'(s) >0}

N

. : n\{ P
+ E[l{B‘ (s) +l>0}(']§'r—(s—)'_'—_‘i-/ l X(0) =n] E(Zl(s) [ X(0) =n)
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where we have decomposed the integral according as Xl(s)==0 or

n
X, (s) >0. We have used the notation B'(s) = .Zz 1{x, (s) >0}. It
1=

now follows from Lemma A.l and A.2 that I(s) is bounded uniformly

in s £ t and n.

Next consider

e AP ,
anKE%i) HBm)=0}lXUH=n]

1l
o
—
b

o
N
]

(o]

e

< n9 E[Zl(s)p 1{B" (s)

1} P{B'(s) =0 | X(0) =n}

n? E(z, ()7 | x(0)

P 1} (1-6G(0,s))"

n? E{z ()7 | X, (0)

A

n (l--G(O,t))n-—1 (exp (¢p]0,t]) -1)

A

which is bounded uniformly in n and s t.

We can now prove Lemma 4.5.
We have

A AR | 2 2 5-1 2 - 3
man(S) = nlM(0,s=)| IM ~(0,s) | le(s )| \§T§:7> X (s )pj(s) (s).

2 , .
We first evaluate le(s‘)l Y (j-+2)21{X(s-):>0}. Next we get for

any matrix M=T(I +du) that

[M(0,s) | = max(m(D,S)m+v(0,S),m2@0»sf) = 3m2(0,S)4-2.

and hence

< 3m, (0,s)+2

2

< max (m” (0,5) +v(0,8) ,m(0,5))
= ~3
m” (0,s)

23 (0,s)

ML (0,s) |
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Now m(0,s) =m(0,s) on the interval where X(s=) >0 and hence

bounded below since

m(0,s) 2 G(0,s) Z G(0,t) > 0.

Similarly one proves that u2==u2 and. Hb" o and by Lemma A.l,

mz(O,s) = E{X(s) (X(s) =1) | X(0) =1} is bounded uniformly on
~_ 2
[0,t]. Thus the coefficient [M l(O,s)l is bounded by some con=

stant A(t), say.

Next consider

Y. 3(j-1) aN.
;o =3 4+ 2.

X (s-) 2
[0,s] X(u-)2

A
IM(0,s=)| £ 3

n
Let Y = Zj j (3=1) Nj and B(u) = 1 l{Xv(u) >0} then

o2 2
IM(0,5=) ] £ 2+3 X7 YT 4550} +3 2ED " y(g-) 1{B(s-)=0}
n B(s*)z n

and

(s)] S A(L) (2 + 3 X(s7) Y‘; ) 1{B(s-)>0}

n B(s-)
(e 2 fviam)s
+ 3 X(sn) Y (s=) 1{B (s-) o}) n 1{§22_;>0} (j+2)4pj(s).“3) .

Thus Z_. (s) is uniformly integrable if each of the following vari-

ables are

nL{X(s7)>0} Y57 ’X(s7) 7 g g onyngy, KD Xy p ooy
X(s=) " nB(s)? ' " .

This is just the corollary A.3 for the first variable.
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From HOlder's inequality we find

2 oy 3 8/7 Vo ey A4 8 _8/3
Y(s=) % X(s7)” . - < 4/7/Y(s-)> 3/7 (X(s=)" n"’ 7\
E ( n ] l{B(S )>O}) = E \"—‘—‘“—"—"n E \ B(S—) 32/3 / .

B(s-)

By Lemma A.4 these integrals are uniformly bounded under the con-
t ‘

dition d’ X j8pj(u)k(u) du < », t<1, hence the second variable

is uniformly integrable.
We have left out the conditioning event {X(0) =n} in the notation.

Similarly we get

i

\20. .3 4 3
E(Y(s*’ X(s7)” 1(B(s-)=0}) = n ! B/ v(s=)? B x(s-)® 1{B(s-)=0}

~j oo
1=
~lw

n ) =
which by Lemma A.4 is uniformly bounded in n and s = t.

Thus we have proved uniform integrability using the fact that if

E[anfl+E is uniformly bounded then Vn is uniformly integrable.

This proves the uniform integrability of ]an(s)l and we find that

sup EIZ_;(s) | 5 ¢, (8) (3+2) % p, (s) A(s)

. (
n J

which shows that

t
J’ Z sup EIan(s)[ ds < o,
j n
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