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ABSTRACT. 1In this paper we use the method described in Skovgaard
(1980) to derive Edgeworth expansions of the distributions of
maximum likelihood estimators in the general (non i.i.d.) case.
Comparatively simple sufficient conditions for the validity of
the expansion are derived and further simplification obtained in
the non-linear normal regression models. A pret¢ise description

of how to compute the expansion is given, and the first four
terms of the corresponding stochastic expansion are given in an
explicite form. In case of a smooth hypothesis of an exponential
family, also an explicite version of the approximate cumulants,
needed to compute the first four terms of the Edgeworth expansion,
is given. It is shown that corresponding results for functions of

the estimator are easily derived from the original expansion.

Key words: approximate cumulants, Edgeworth expansion, exponen-

tial family models, maximum likelihood estimator, non-linear

normal regression.



l. TIntroduction.

The purpose of the present paper is to derive simple sufficient
conditions for the validity of an Edgeworth expansion of the maxi-
mum likelihood estimator in the non-i.i.d. case, and to compute
the quantities needed for this expansion. The expansion is ob-
tained by formally calculating moments of a stochastic expansion

which is a Taylor series expansion of the maximum likelihood

estimator.

The proof of the main theorem is based on the results of Skovgaard
(1980) , the method being similar to the one used in Bhattacharya
& Ghosh (1978) . In the i.i.d. case the moments used in the
expansions may be identified with those given in a number of

papers, e.g. Shenton & Bowman (1977).

In Section 2 we present the notation and the regularity condi-

tions used in this paper. Section 3 contains the main results as
Theorem 3.5 and Corollary 3.10 proving the validity of Edgeworth
expansions of the maximum likelihood estimator and functions of
this. Also a method of obtaining the stochastic expansion of the
MLE is described. In Section 4 we relate these results to smooth
hypothesis in exponential families, since in this (very common)

case, the cumulants can be given in a more explicit form.

In Section 5 we condider an important class of models, namely
the non-linear regression model with normally distributed errors.
Here the conditions of Theorem 3.5 may be replaced by one simple

condition, and the results also simplifies considerably.



In Section 6 we state in an explicit form the first four terms

of the stochastic expansion in the general case, some of the
approximate cumulants needed for the Edgeworth expansion in the

case of an exponential family model and in the case of the non-

linear normal regression model.



2. Notation and basicassumptions.

Let V, W be finite dimensional Euclidean vector spaces. If vy ,vz

belongs to V, then < Vl rVy > denotes their inner product and

. . L
Iivl = < vy ,vl*>2 (2.1)

(vl’m) = (vl,...,vl) eV, m € I (2.2)

B(V) is the Borel system on V and Bk that on E{k. Hom (V,W) , the

class of linear mappings of V into W, and Bp(V,W), the class of

p-linear, symmetric mappings of vP into W, are in the natural

way given the structure of Euclidean vector spaces, e.g. the

norm of A € Bp(V,W) is given by

Il a1l = sup{ll & (v'P)ll i Il vl <1} (2.3)

We shall use the usual isomorphisms between vector spaces, e.g.
BP(V,W) o Bp—l (V, Hom(V,W)) without distinguishing between
these. If A € Hom(V,W), then A* denotes its adjoint, i.e.

< A(V), w>=<v, A¥(w) > , v € V, W € W. (2.4)

Cp(V,W) denotes the class of p times continuously differentiable
functions of V into W. The p'th differential of £ € cP(V,W) at

Vo is the function in BP(V,W) given by

P p, _ d°
DY £ (v,) (Vv'Y) = =—— f (v, +hv) , V, Vo EV,h € IR (2.5)
0 P 0 [ 0
dh h=0
Cumulants and moments of a distribution on V will, if they exist,
be considered as multilinear, symmetric forms on V, e.g. the p'th

moment, up, of a random vector X in V is given by



w(v'®y = El<v,x>P} , vev (2.6)

p

where E{...} denotes expectation.

The normal density on V with mean zero and variance equal to the
inner product on V will be denoted ¢ (V is understood), and

¢U 5 will denote the normal density with mean p und variance X.
7

The Cramér-Edgeworth polynomials (ﬁr) are as usual defined by

the formal identity

Wt BLvilyyh) = expl " Xpro (VTR /(e2) 1Y (2.7)
0 ' r=1

™M 8

r
where {xj}, j € N are 'the cumulants of a distribution. Also, if
T € BZ(V,IR) is regular P_(-¢ :{x.1}) is the density of the

r W,z J
finite signed measure with characteristic function
ﬁr(iv :{Xj})exp{— Yv(v,v) + ivy}l obtainedby formally substitu-
ting the differential operator for (-iv) in gr(iv :{Xj}) and

using this on ¢ In particular P_ (- :{y.}) (v) is a poly-
Yr r ¢0,Z Xj .

s
nomial in v € V multiplied by ¢0 Z(V)'

14
The order symbols o and O are unless otherwise stated used in

the sense "as n -» «",

Let (E,E) be a measurable space, and (Pe), 6 € 06 <V a family of
probability measures on (E,E) dominated by a measure p. V is a

finite dimensional Euclidean vector space and 0 is open in V.

Denine

f(x;0) = (dPe/dU)(X) r X € E, 8 €0 (2.8)

as some version of the Radon-Nikodym derivative of Pe with



respect to u. Throughout the paper the following regularity

conditions will be assumed to hold.

Assumptions 2.1. A version f(.;.) of the Radon-Nikodym deriva-

tives (2.1) exists, such that for each fixed 60 € 0 the following

conditions hold. Define

E0 = {x € E | f(x;eO)\>0} (2.9)

Then for some integer p > 2,

I. f(x;6) is p times continuously differentiable at 6o with

respect to 06 for all x € E0

I1. E(II DI log £(X;6) 11 °} <+ » , 1<3<p (2.10)
IIT. E{D f (x;eo)} = E{D2 f (x;éo)} =0 (2.11)
Iv. v{D log:E(X;eo) is regular (2.12)

Here and in the sequel X is a random variable having distribution
Peo, E{-} and V{*} denote expectation and variance in this
distribution.

Remark 2.2. Condition (2.11) is the identity obtained by dif-
derentiating the integral of the density with respect to 6. The
assumption that this may be done inside the integral holds, if

[ D£fIl and I_ID2 f Il are bounded on E x U(eo) by functions
independent of 6 and with finite expectations (v.r.t. Pe ), where

0
U(eo) is a neighbourhood of 6o-

Neither (2.11):nor (2.12) are necessary assumptions, but they are



assumed to avoid technical problems. Notice, that (2.10) makes

sence because D7 log‘f(X;eo) is defined with probability one.

Define
By = E{D’ log £(X;8,) }€ B, (V,R) (2.13)
_ ~J . -
sj =D 1ogf(x,ao) Ej € Bj(V,IR) (2.14)
. = . B . 3 .
zJ v{sj} € 2(Bj (V,R),IR) (2.15)

By (2.11) we have

E,. =0, , = - E2 € B2(V,EU =~ Hom (V,V) (2.16)

3. Main results.

In this section we consider a sequence of experiments indexed by
N € IN, each setup of the form introduced in Section 2. All the
quantities used except the parameter thus depend on n, but for
notational simplicity we shall not always wrete the index n. The
index n € N may be replacedby any i € I, where I is a set
directed to the right, indexing a system of statistical fields
with the same parameter space 0. The purpose of this section

is to derive an Edgeworth expansion of the distribution of the
maximum likelihood estimator (MLE) of 6 € 0, based on the as-
sumption, that the first p derivatives of the logarithm of the
likelihood function at 60 may be approximated in distribution
by an Edgeworth series when 60 is the true value of the parameter.
The notation used is coordinate-free, but the main results of

the paper are summarized in terms of coordinates in Section 6.




Assumptions 3.1. Integers s > 2 and m € IN exist, such that

(s

l,o-o
linear mappings An: Bl(V,Ii)x...x Bp(V,EU > R’R™ exists, satis-

,Sp) has absolute moment of order s, and a sequence of

fying
I. V{An(Sl,...,Sp)} = 1lgpm (3.
II. P{(Sy/...,8,) €B} = fAn(B)En(t)d-t:+o(gn) (3.

uniformly in the system of Borel-subsets of the linea

1)

2)

r

space spanned by (Sl,...,Sp), where

S-2 _—
En(t) = <r§0 Pr(—¢:{xv}))(t) (3.
Xy = v'th cumulant of An(Sl,...,Sp) ; 2 < Vv <s
B = {(sup{ux N/ =203 <y < s15 24 5 5 3
n v -~ - (3.
1 if's = 2
Assumptions. 3.2. An o > 0 and a sequence (A ), n € N, of
positive real numbers exist, such that
p-1 _
I. An = o(Bn) (3.
=%, ,J+1 Co j-1 : -
II. MBS 0027 /34 =0~ ") , 2<3<p-1 (3.
III. llzj_o(zl ) h=/7G-t=00,"") , 2<3=<p (3.
IV. A sequence (Dn)’ n € IN .of setg éxists,.such that

Pan € Dn} =1 - o(Bn), and for all x € D_,

[N

6 € 6, + Zi (H, (0)), DP log f(x;6) exists, and

3)

5)

7)



P Cay o =% /P W <5
sup{!l (D* log £ (x;6) (Sp+Ep))o(Zl) [ O €6+ I (Hn(oc)},

= o(8,) (3.8)
where
Hn(a) ={zev| llzll< Qﬁid)}
o () = ((2+a)log 6-1) (3.9)

Remark 3.3. Assumption 3.1 assure that an Edgeworth expansion

of the distribution of (Sl,...,Sp) is available, and Assumptions
3.2 that the derivatives of the MLE of 6 w.r.t. (Sl,;..,Sp) are

sufficiently well behaved.

Remark 3.4. Notice, that since Zl is regular, we have

- i -% j
1By, 1079 T = supliey, @ 7™ 1w e

/341 G+1)/2 | 4 ¢ v

= sup{ lEj+l(V ) 1/ xy (v,v)

such that (3.6) and (3.7) are not as hard to prove as it may

seem; see the exponential regression example in Section 5.

As in Skovgaard (1980) we define the formal cumulants (and formal

moments) of polynomials of (Sl,...,sp) as the cumulants (and
moments) computed in the usual way in terms of the cumulants of
(Sl,...,Sp), except that the cumulants of (Sl,...,Sp)»of order

higher than s are defined as zero.

Theorem 3.5. Suppose Assumptions 2.1, 3.1 and 3.2 hold. Then a

sequence én of estimators of 06 exists, such that with probability

is a unique maximum of the likelihood function in

l_O(Bn), /G\n



1
N

the interior of 60 + Zl Hn(a), and the following expansion holds

P{6 -6, € B}
= fB_Kl ny(t)dt + o (8 ) uniformly in B € B(V) (3.10)
where B-x; = {t | t+x; € B} and
q-2 _
nn(t) = rio Pr(_¢0,K2:{Kv})(t) (3.11)
q = max {p,s} (3.12)

and {Kv} are approximate cumulants of the polynomial

+ Z .
Yl A.(Y

. l,...,Yj) ;y Y. = X S. (3.13)

J 1 ]

where Aj is a homogeneous polynomial of degree j in (yl,...,Yj)

computed as described in Remark 5.6, and {Kv}, 1 <v < g are

computed as described in Remark 5.7. Al through A4 are given in

Section 6.

Remark 5.6. Computation of the A's.

Consider the Taylor - series expansion of the likelihood equation
sl s w3 571 (ma4s.) (667371 y(5o1y (3.14)
= j 737" n 0 )

Considering (SZ""’Sp) as fixed the derivatives of (6n-eo)
with respect to Sl at Sl = 0 may be expressed in terms of the
derivatives of Sl with respect to (@n-eo) at zero. These
(former) derivatives are easily derived recursively and it is
seen, that they are polynomials in ((1Vﬁ-Y2)_l, Y3,...,Yp).

Expanding
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_ N
(y=y) ™ = X ()% + oy, 11" as 1Y, 150 (3.15)

we obtain an expansion of (én-eo) as a polynomial in the Y's
around (Yl’Yz) = (0,0). In particular the Taylor series expansion
of (én-eo) with respect to (Yl,...,Yp) around (0,...,0) is ob-
tained as (3.13) by equating Aj(Yl,.;.,Yp) to the sum of the
terms of power j in (Yl,...,Yp). It is easy to see that Aj only

depends on (Yl,...,Yj).

Remark 3.7. Computation of the k's.

By the results of Leonov & Shiryaev (1959) and Skovgaard (1980)
it follows, that the approximate cumulants (Kv), 1l < v < gmay

be calculated as follows. Recall, that g = max {p,s}.

To calculate Ko7 1 <v < g, raise (3.13) to the power v and
consider each term, omitting terms of power greater thanv+ p- 2
in the Y’s, and also of power v + p-2 if this is odd. For each
of the remaining terms compute its mean in terms of the cumulants

of the Y’s, and omit terms for which

I. The "partition" corresponding to the cumulants is decompos-

able; see Leonov & Shiryaev (1959) or for a short description

Brillinger (1975).

II. The number of cumulants entering the term is strictly less

than x - (v+g-2) /2, where x is the degree (in Y) of the term.

K., is then obtained as the sum of the remaining terms.

Using this method, K, may be written down almost immediately from

(3.13), although the final expression may be rather involved.
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Remark 3.8. Notice, that 6n need not be the maximum likelihood

estimator (MLE) of 6; it is only proved that @n is a maximum in
a neighbourhood of 60. To prove that 8n is the MLE other (non-
local) techniques must be used, e.g. as in Wald (1949) or Ivanov
(1976) . If the likelihood equation has a unique solution, then

A

en must obviously coincide with the MLE.

Remark .3.9. Then inversion of a power series £, which is locally

one-to-one may be obtained recursively by differentiation of f_l,

expressing the derivatives in terms of the derivatives of f. An
explicit formula in the one-dimensional case is given in Skovgaard
(1980) . In the multivariate case Bolotov & Yuzhakov (1978) gives
an explicit formula in terms of coordinates even for implicit

functions, but no coordinate — free version seems to be known.

Corollary 3.10. Let the assumptions of Theorem 3.5 be fulfilled,

and let g € Cp(O,W) be a fixed function satisfying

Dg (6 is non - singular (3.16)

0)

If also IIZIl Il = o(1) then the distribution of g(8 ) may be

expanded in an Edgeworth series of the form (3.10) replacing

(3.13) by the stochastic expansion

p-1 _
Dg (eO)Yl + j£2 Aj (Yl,...,Yj) (3.17)
where
By (Yy,000,Yy)
THy rHy 1y J
= ¥ D g(eo)[Y:L ,...,A.(Yl,...,Yj) 1/ 1 ui! (3.18)
PET (3) J i=1
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where T(j)=f{(ul,---,uj) Erﬂﬁf I Ziui =3j}.

Proof of Theorem 3.5. The likelihood egquation

D log f£(x;0) =0 (3.19)

may be expanded around 6 = 60 vielding

S. +

. (Ey+ ) (6-8,) 371/ (3-1)t + R (8-8,) = 0 (3.20)

I Mo

j=2

where Rl(G-eo) is stochastic. Write
7 = 5? (8-0,), U, =X.% 8, , U, = B(S s.)
1 0"’ "1 i 17 2 177" p’

where B: Bl(V,HU XeooeX Bp(V,EU -+ V2 is a linear mapping into a
Euclidean space V2, and (Ul’Uz) is a normalization of (Sl,...,Sp),

i.e. dim V + dim V2 equals the dimension of the support of

(Sl,...,Sp) and the variance of (Ul,Uz) is the identity on V X V2.
Define

g: VXVXV, > V
g(z,uy,u,) = ul-+.§ ZE%(Ej-+Sj(ul,u2))(ZI%(Z)’j_l)/(j-l)!4—R2(z)

j=2
(3.21)

_ 7% -% ; -
2(Z) =3 ? R Zl (z)) and (Sl,...,Sp)(ul,uz) is the solu

1 l(
tions of (Ui,Uz)(Sl,...,Sp) = (ul,uz) belonging to the affine

where R

support of (Sl,...,Sp). Thus (3.20) may be written
g(z,U;,Uy) =0

Using Assumptions 3.2 (and 2.1) we obtain

9(0,0,0) =0, Dg (0,0,0) (Zlulluz) = ul—z

Il D%g(0,0,0) (z,u, 1) ST

k-1

c Nt E TR ek 15T s, (u ) (512 (2) )l
— -1 k+1'71 1 k1772 1
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-5, k+l e o -% -1
I e R T R [ A N S PN RN IR [

A

'Ek+l

o h i Wz <1, 0Lu) <1, k<p o (3.23)

Here we have used the fact that, since the variance of (Ul’UZ) is
—-L
the identity, then the differential, D, say, of sk(UjguZJo(ziz)'k

with respect to (ul,uz) satisfies

-1
2 * 2y rky

HDk = = |IDk<)Dk [l = |IV{Sk(Ul,U2)o(Zl

. -1
= 50 (3.24)

Using (3.23) and (3.8) in (3.21) we obtain

g(zl,ul,uzl - g(zz,ul,uz) (zl—22) + o (/Xh)llzi— z, Il

if zy,2y € Ho(a) , Il (up,uy)ll <o (@) , X €D, (3.25)

because pﬁ(u)%n = 0o(l) for any oo > 0, m > 0. Thus for any fixed
(ul,uz) (IHul,uZ)le pn(a)) and n sufficiently large there is
with probability l-o(Bn) at most one solution z € Hn(al) to the

likelihood equation, oy < a

f

Let § > 0 be fixed. Then if || (u;,u,) Il < p (o), 07 < a4

[ z=-u, Il < § and n is sufficiently large we have z € Hn(a).

1
To prove the existence of a solution z € Hn(a) of (3.22) we apply

Brauer's fixpoint theorem to the function
G(y) = glup+y,ug,u,) vy, llyll <e, 0<e<s.

By the remark above and (3.25) we have

Ny Il<es HGEH<e
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because g(ul,ul,uz) = uy + o(l). Also, by (3.25)
1G(yy) = Flyy) l=o() lly, =y, I,y I, lly, lI<e

proving, that g has a fixpoint in {Il y Il < €}, implying the
existence of a solution z(=;y4—ul) € Hn(a) to the likelihood equa-
tion when X € Dn and n is sufficiently large.

By theruniqueness of power series expansions, (3.13) must be the
pP-1 order Taylor series expansion of @n = ZI% En in terms of
(Sl,...,S —l) around zero, where Z, is the solution of (3.22),
and hence Gn a solution of the likelihood equation (3.19). Thus,
it only remains to be proved, that the: derivatives of Zn with
respect to (Ul,Uz) satisfies Assumptions 3.1 of Skovgaard (1980),

since the expansion (4.5) of Skovgaard (1980) then implies that

Gn locally maximizes the likelihood function.

Write u = (ul,uz) and let z = Y (u) be the solution (in Hn(a)) of

the equation (3.22). Also, if w(u) = (¥ (u),u)
k .
D ) ) =0, k>0, Il < ) 3.26)
(gow) (u, > ug Il < pn(OLl (

and using a general formula (see Federer (1969), 3.1.11)

Dk(gow)(uo)(u’k)

>H. r U ] U, o
= I KD Tg(zgug)Du(u) @ L., D% N R Tt

4

HET (k)
» 2o = V(ug) (3.27)

Where T (k) is given in Corollary 3.10. From (3.27) and (3.23) we

obtain by induction
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D ¢ (0) (u) = Uy

:U' k . u.
o5y < = kD T ogeo,0 0 T (D) I /il g
HET' (k) i=1
Tu.-1 k L _
= x omgt ) 1ol
HET' (k) i=1
=ofh , 2<k<p-1 (3.28)

where T' (k) = T(k){(0,...,0,1)1}.

Using (3.8) and (3.21) it is seen that, if [lull, Il z. Il < pn(a),

then IIDkgg(z,u) = O(Ai_l), k <p -1 and Il P g (z,u) Il = o(B,)
if X € Dn’ and as above it follows, that
Il DPy (u) 1l = o(g ) uniformly in {llull <p_(a)} (3.29)

By (3.28) and (3.29), Assumptions 3.1 in Skovgaard (1980), and

hence our Theorem 3.5,is proved. o

Proof of Corollary 3.10.

The formula (3.18) is easily obtained using the formula for deri-
vatives of composite functions, see Federer (1969), 3.1.11l. By
this formula and the assumption |lz£l I = o(l), which says that
the eigenvalues of the Fisher-information tends uniformly to
infinity, it follows, that the assumptions of Theorem 3.2 in

Skovgaard (1980) are fulfilled, proving the corollary. o
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4. Exponential family models

In this section we consider (for each n € IN) a setup of the form
given below. Assume that E is a finite dimensional Euclidean

space, E the Borel o-field on E and p a measure on (E,E). Define
Y(n) = log [ exp{<n,x>}du(x), n € H c E (4.1)

where H is the subset of E for which the integral is positivé and
finite. Define the family (Pn), n € H of probability measures on

(E,E) by
(dPn/duv) (x) = £(x;n) = exp{<n,x>=9(n)} 1(4.2)

The model we shall consider is given by a differentiabel parame-

trization

BecP(e,H) , n=28(8) , 8 €0 CV (4.3)

where V is a finite dimensional Euclidean space independent of

n, and usually of lower dimension than E. The cumulants of

Pp_, Ny = B(GO), are

o
k
X, =D ¥(ng) ., k €N (4.4)
Also
D log L(n(eo)) = <x-DV¥ (ng) , D B(Oy) > (4.5)
and accordingly
rV VvV k AV
-E = = k! Xgy o [(DBg)  Treens (DB K1/ M v tan) T
VET’ (k) i i=1 (4.6)

. k
Sk = < X=X D 180 > (4.7)
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£, = x50 (D84, DB ) (4.8)

where Ek-,Sk amd Zk are defined in (2.13), (2.14) and (2.15),

DkBO = Dks<eo) and T' (k) = T(k)"{(0,...,0,1)}.

Thus the approximate cumulants in Theorem 3.5 may be expressed
explicitely in terms of (Xk), (DkBO), k > 1. Some of these cumu-
lants are given in Section 6 in a coordinate version. The expres-
sions may be somewhat simplified using a coordinate-free notation,
but for computations this is not useful. Recall, that for fixed

p in (3.13), only the first p cumulants are needed.

Remark 4.1. There are a number of situations, where the expres-

sion (3.13) and its cumulants are considerably simpler. These

include
(a) A canonical model, i.e. B is affine. Then
—E=’o(DB’k) k > 2
S -
Sk =0, Zk =0, k>2 (4.9)
(b) An affine mean value structure , i.e. (DY)oBR is affine
Then
- E =k y.0(B., 058 ) , k > 3 (4.10)
- k X0 PRgr ol r 2 :

iwhére”Ekiis understood to bévwsymmetric.

(c) The normal case (with fixed variance), where

Xk— -
The normal regression models will be discussed further in

the next section.
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If, in particular, both (a) and (b) are fulfilled, then the MLE
is an affine function of the minimal sufficient statistic Sl’ and
the transformation of an Edgeworth expansion of Sl to an Edgeworth

expansion of the MLE is trivially valid.

5. ©Normal non-linear regression.

Consider a sequence Xl,Xz,... of independent random vectors, Xi
normally distributed on R™ with mean pi(e) € R™ and variance

T = 02 .y 02 > 0, ZO € Bz(ﬂim,ﬂn. ZO is supposed to be known,

0
6 € V unknown. Whether 02 is known or unknown is immaterial, when
considering maximum likelihood estimation of 6. We shall consider

02 as known for simplicity. With notation as in the previous

sections, we have

n
. - - -1 — _
log £(x;0) = const %iil,z (xi ui(e), X, ui(e)) (5.1)
from which we derive
k-1 . .
e .12 Ky =1 3 j
B =3 E E (j)Z o(D ui(eo),D ui(eo)), k > 2 (5.2)
i=1l j=1
S | k
so= 5 s LoFu (6., D50 (0.)), k 5 1 (5.4)
k5 O Y My Wo/r 2 My W89/ & 2 :

Since this class of models is widely used, we shall in somewhat
more details investigate under which conditions Assumptions 3.2

are fulfilled. Notice, that Assumptions 3.1 are fulfilled with
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Bn = 0, because (Sl,...,Sp) are exactly normally distributed. Of

Assumptions 2.1 only IV needs to be checked.

Lemma 5.1. Let (Ekland (Sk) be given by (5.2) and (5.3). Then

(3.5) and (3.7) implies (3.6).

Proof. We shall prove, that

= v 2008 2 <k cp1, ver (5.5)

| Epyqp (v

By (5.2) and Cauchy-Schwarz inequality we have

L k+1
I Epyp (v ) |
SLoF R T Iod 6 word), oI (o ) (or KLY
=3 .z 050 = Hy (8g) (V27D K (8 v '
j=1 i=1
k n . .
1 k+1 123, 1% 1 2k+2=-23, 1%
< s (CA)[ T ozZ.(v )1%0 £ (v ) ]
2 §=1 i=1 - i=1 K173
1 ]z{ KL 5 gy (KL /2 o 0371 o k03,
T2 1 j 1\WVrv n n
j=1
= (x5, (v,v)) FF/Z 0057

Notice, that since (Sl,...,Sp) is exactly normally distributed,
the sequence (An) may be chosen as any sequence, which is o(1l).
Next, we shall prove that also (3.8) may be deduced under simple

conditions.

Lemma .,5.2. Suppose, that the functions (ui) are analytic in a

neighbourhood of 60, and that (3.7) holds uniformly in j > 2,
p-2
*n

then Assumptions 3.2 hold with Bn =
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Proof. For sufficiently large n, log f(x;6) will coincide with
its Taylor series expansion around 6==60, when HG-—GOII is less

than the radius of convergence. Hence

-}
pP log £(x;0)0 (2] 7) 'P

-1 3 :
= D" log f(X;GO)O(ZlZ) Py 3 pJ 1ogf(x;eo)
j=p+1
-% =Py s oy
(215 "P,(6-09) P P)/(Gmp) Y (5.6)

on the set

1 - “ N j—
M, ={e ev [ izZe-0,177P 1D% 1og £(x;0)0(x7H) "I/ (3-p) t <?7F)
(5.7)
for any ¢ € 1]10,1[. Rewriting (5.6) we obtain
-1
DP log £ (x;0)0(x]*) P
=%, /P © e Hy 1] ' J-pP . '
= (Ep+Sp)o(Z )T+ % (Ejo(Z ) ') (z )/ (3-p):
J=p+1
oo -1 i ] = .
+ £ (85010 N @R /Gp) . 8 e My (5.8)

j=p+1
h = 5% (o-
where z = rj (6 eo).

By a slight modification of the proof of Lemma 5.1 it follows,
that (3.6) holds uniformly in j > 2, hence the first sum in (5.7)

, p-1 .
is O()\n ) if z € Hn(a).

The next step is to obtain bounds on (Sj), j > p holding with

probability l-no(Bn) = l-o(lﬁ_z). Let d be the dimension of V.
j mn

Then DIy (6() € By (V,R"™), w(8) = (uy(6),...,,(8)), spans a

d7-dimensional subspace, Lj say, of Rr™. rLet pj denote the
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projection on L. w.r.t. the metric A on R™  induced by the metric

2 1 on each component r"- Then, using (5.3),
- — J -
Sj = A (p] (’}é J:‘,(eo))' D E(eo))l '}é = (Xll"°IXn) (5.8)

and

L . s
S50(z7%) "7 11 =11 a(py (R=p(8)), Duf8 )0 (1) " )11

. y ,
Aoy (X 00) "2 )% 1 amy(egoz ) ) 2

IA

L T
DRy (Xmp(8))) "5 F 11 zj0(z )72 (5.9)

The first factor is the A-norm of a dJ-dimensional normally
distributed random vector with mean zero and variance A — restric-

ted to Lj' Thus by Lemma 4.1 in Skovgaard (1980) we have for any

K. >0
.
. , 2. %
P{A((py (X5 (89))) " )* > Ky}
1,2 . .
=% KS J_ : J_
<e 7 (K? 2/r(@3 2) + 29777 (5.10)

Chosing Kj = K /Xn_(J—p) , K > 0, we obtain

o 2
P U {A((ps(X-u(6,)))"7) > K.}

. P e o
< £ expl-%x%® /R P Iy x¥8 % @dy2) v 20 (5:11)
.o n J
j=p+1
which decreases towards zero at exponential rate in /ngl.

Combining this with (5.9), we have
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-3 /] : p-jﬂ j=1)
Il's50(z) %) 1=K . O (A

with probability l-o(kﬁ_z) , implying that the second sum in

. P-%, _ . ‘o _ _ .p-2
(5.8) is O()\n = o(Bn) with probability 1 o(Bn), Bn = An , on

)
the set 0. + s % g .
1e se 0 1 n(OL)-

Remark 5.3. The conditions of Lemma 5.2 may be stated in the

following form . The functions (ui) are analytic, and (by Remark

3.4)

T 0wy (99) ) 12))3/2

™Mz

-1 J Ij 12 5
. s - (D ui(eo)(v ) Iz/(i

n™MpB

- o‘(.xrjl'l) uniformly in v € V and j > 2 | (5.12)

Remark 5.4. Another interesting case, closely connected with the

one discussed above, occurs if, in the non-linear regression
models discribed above, we fix n, and consider the limiting beha-
viour as 02 >~ 0. It is quit trivial to check, that Assumptions
3.2 are fulfilled with A = 0, and hence that the conclusion of
Theorem 3.5 holds. This proves that the asymptotic results may be

applied if the variance is small, even if the number of observa-

tions is small.

An example: exponential regression.

Let X ,...,Xn be independent, Xi € IR normally distributed with

1
mean
“1(91'92) =6, e r 8>0,6, € Ry t; € R (5.13)

and variance 02 > 0. The conditions of Lemma 5.2 are verified as
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follows. First note that the functions (ui) and hence the likeli-

hood functions are analytic. Let n = (nl,n2)€ IR2, nitl = 1.

Then for any 6 = (61,62)

n . . n .
[ = 7u, 8) (0312 / 01/ £ (oyi (8) () %/ 0?13
i=1 i=1

n . 0,t, . . 0,t.
= s (o3t e 2ty g g2,
= (ngny 1t )
i=1
n 6,t, o,t , .
271 2°i,.273,.2,3-1
/([E (ny e + n,6,t; e ) ©1-°(0%) )
i=1
< max{e, |i=1,...,00%0D /52 (q,nIt (5.14)
n 2, 2
where 3, (n,n) = x (Du;(6)(n))"/ o° is the Fisher-information
i=1
of n. Thus if
A = (max{t ’i=l n})HZ_;2 = 0(1)
n i 7 o0 o g l

then Theorem 3.5 is applicable. E.g. if 62 > 0 and ti = i, then

An will decrease exponentially fast. Thus, if one has observations
at equidistant points (t's) a very good agreement between the
correct distribution and the approximations may be expected with

relatively few points, but, of course, this can only be proved

by estimating the difference.

Although this example is of practical interest in itself, it is
unusually simple. The condition (5.12) is however so simple,

that further simplification of importance is hardly obtainable.
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6. A coordinate version of the results.

We shall use a notation commonly used in tensor calculus. An array

. kKom :
(M, )y dgse.eip € {1,...,k} belonging to (R )™ will be writ-

i, |
ten M, T

1.1y

Some indices will be written as superscripts some as subscripts.

R |
m
without explicitely stating the range of the indices.

These corresponds to contravariant and covariant tensors, but the
destinction is not important for this application. We also use
the standard summation convention, i.e. if an index appears twice

in a term, summation w.r.t. this index over its range is under-

stood.

First we shall give the first four terms of the expansion (3.13).

Define
ii...id
g 1 m E{é% - é% log £ (X;0) ~, } (7.1)
i) in =6
0
1m 4 4 _ igeeei

S - 'dey U de, kwf(Xﬁ)l )-E (7.2)

1 "1 6=0

0

where ¢ = (el,...,ek) € ch. Also

Y12...1m _ s m (7.3)
i gij
ise..d Jiog...d
2 m _ _ 2 m
Fy =" 954 E (7.4)
lJ) = (—IEij) , 1.e. the inverse

where (gij) is the inverse of (g

Fisher-information.
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The first four terms of (3.13)

= Y

(Ay) i

= Y?Y.-—% gk
1

L yIky v

k1l ik
1+v3 Y3 Y9%

= Jyky 1 3 - 1
(B3) YiVIYy -5 YIRSV Y - PPNV VY

1 3kl 1 _jk, -1lm
3 Fi YijYl-l-2 Fi Yij YlYm

= Jyk 21 Jdokolm _ inkl _1 3k 1
YIViv. Y viviE Y ¥, - YiE YkYTYm > F1 YleYﬁym

1
(A J7k71 2 "i7j37k "1™m

jky Jlom, L1 jokl ik, ol, _1 i kim
Y.YleY + YZY.,TY. Y -FYi Y.Yle 3 Y- F. Y

i 73 m 2 "i7j k71 Jj i™j kY'Y

- F 1™m

Gkl o o 1 ,jk1, .1 o3kl n
FJ YijYTYm-FG.Yi, YV Y745 ViFS YkFT Y Y

(ST

1m n 1 _jk 1 _m
k YlYmYn-+§ Fi YijFl

1 mn n

jk
Fi YleFk

Y Y
m n

YT

vy v +FIFy.F
m n i T

Nl

jk Im _1 _jk Im _ 1 _jklm _
Y1 V5P V1Y 73 Fi Y5Y Y1 T2 Fi YyYkYaTn

N

Jjk 1lmn 1l _jkl mn
Fi Yij YlYmYn-I-4 Fi YijFl ¥mYn

m no, ., _1 -jk_.Im no
Y1¥n Yn¥o 78 Fi Fj V¥

Wl

ijY.Fl
1

i¥x Y Yo (7.5)

Approximate cumulants in the exponential family models.

Using the method described in Remark 3.7 it is straight forward

to calculate the approximate cumulants (Kj) of (7.5). Let

(Km)il...i. denote the j'th cumulant of the m'th approximation,
i.e. with g =m+1 in (3.11) Thus (Kl)i and (|<l)ij denote mean
and variance in the first (normal) approximation. With obvious

modification of the notation in section 4 we define

[1/3] = (x,)* (DBg) " (DBg) 3 = g™
[, 1 = - c é& i J k
i, J,kl = X3 (DBO)Q(DBO)B(DBO)Y
11,3k1 = x38 0By E (075 I ete.
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- iyeeediy 3 a
where (DOLBO) =36. " 3o. B(e)Oc | . Then we. have
i i

1 m 6=60
m= 1
m= 2
, __ 41 . . ,
"<2)i = 2~gij([j,kl] + [j,k,l])gkl
(kp)yy = (q)yy = 954
(K2)ijk = - sym{gil gjmgkn(Z[l,m,n] + 3[1,mnl])}
m=3
(K3) 5 = (k)5

—~

~

S
Il

3) 13 gij + 9.y gjl ([km,n1] - [k1l,mn] - [k,m,n,l])gmn

+ sym{gik gjlgmn( - [k,1mn] - [k,1,mn] - [m,n,kl1]

2[k,m,nl]) + 93k 951 Imn Jop ([k,1,mlln,o,pl

+ % [k,m,0ll1,n,p]

+ [k,1,ml[n,opl] + [k,1m]l[n,o,p] + [m,k1]lln,o0,pl

+ 2[k,m,oll1l,np] + 2[k,m,0 1ln,1lpl + 2[k,molln,1p]

[k,mol[1l,np] + [m,k1][n,opl]

Nl =

[m,kO] [nrlp] +
+ [k,1m]l[n,opl)}

(k3) 45k (K2)55%



_27_

12[0,B,Y8] + 12[a,8,m]gmn[n,y,6] + 12[a,6,m]gmn[n,y6]

-+

24[a,B,m]gmn[y,6n] + 12[a,Bm]gmn[n,y6]
+ lZ[a,Bm]gmn[y,én])}. (7.6)

where sym{...} means the avarage over all permutations of the
indices appearing on the left hand side on the equation. Actually
taking this avarage is not necessary in applications, because the
appearance of the cumulants in (3.11) is symmetric in their

indices. This fact is a considerable relief in calculations.

5 : 1 ZTE | !
The variance term for m =3 may be identified with that given in

Efron (1975) in the one-dimensional case and with its multivariate
generalization in L.T.Skovgaard (1979). That our formula seems
more complicated is only because of the less directly computable
terms appearing in the above mentioned papers. All the terms,
except Kyr may be found in Shenton & Bowman (1977). Notice, how-
ever that their square brackets have a meaning different from

ours.

An interesting feature of the correction terms for m = 2 (i.e.
the first correction to the normal distribution) is, that since
Yi1 ¥ﬁnYkn [l,m,n] is invariant under reparametrizations in the
ogg-dimepﬁiohai-casé7 and-in-the multivariateacase-its range is
invariantj then the first correction-term of=(3711) cannot be
removéd by a3réparamétri2ation;TunlESSJthisfiﬁVatiantivanishes,

evg. 1f the third cumulant of the exponential family is zero.



_28_

In the case of a non-linear normal regression model (Section 5)

the cumulants (7.6) are still valid, but important simplification is
achieved, because only the square bracket factors of the form

[il"'iZ'jl"'jB]are different from zero. Thus [i,j,k],[i,],k1],

etc. vanish.
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