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Abstract:
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Markov chain with finitely many states. The
estimator is expressed as a product integral and
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An empirical transition matrix for non-homogeneous Markov
chains based on censored observations.
by
0dd 0. Aalen
and

Spren Johansen

1. The model and a summary of the results

We shall consider a Markov chain (Xt,t ¢ [o,1]) on a

finite state space E with intensities or forces of transi-

tion given by Q(t) = (qij(t),(ieEj ¢ E) where for all
i #A3 ¢ E
qij(t) > 0, qii(t) < 0 and %I 3 qij(t) = 0, (1.1)
qij(.) is left continuous and has right hand (1.2)
limits,
L
éqij(t)dt <o . (1.3)

It is well known, see Goodman (1970), and Dobrushin (1953),
that under these assumptions, the transition probabilities

are given by the differential egquations

% P(s,t) = -Q(s)P(s,t) (1.4)
2 p(s,t) = P(s,t)Q(t) ~ (1.5)
ot

with initial condition P(s,s) = I. The equations hold

almost surely with respect to Lebesgue-measure.
The solution to these equations P(s,t) is absolutely

continuous as a function of s and t and is given by the



product integral

P(s,t) = 1T (I + Q(u)du) 0O0<s<tg 1 “(1.6)
Is,t]

see e.g. Dobrushin (1953) or Johansen (1977) .
The solution satisfies the Chapman-Kolmogorov equation
P(s,t) = P(s,u) P(u,t) 0<s<usgtg1 (1.7)
Consider first the problem of estimating P(s,t) on
the basis of n independent observations of (Xt,te [O,iD.

(k),te [0,1]1}. The process

will be considered conditioned on the starting value Xo(k).

Denote these observations by {Xt
The processes may, however, start in different states.

There are three estimators that present themselves. The

obvious one is

n (r) (r)
X, =1, X =3}
pMs,p) = T=L == £ (1.8)
ij n (1)
r=1

which is simply the fraction of observations, available in
i at time s, which end up in J at time t.

This estimator does not satisfy equation (1.7) and does
therefore not belong to the class of functions considered in
the model. The idea underlying (1.8) is also not very useful

when censoring is present.

- The estimator can be modified as follows: We split the
internal [0,1] by a partition {ti} so fine that in each
interval at most 1 jump occur. We than apply (1.8) to each

interval and define



l/;(s,t) =1 P(i) (ti,t ) . (1.9)

i+l

Each of these factors is either the identity, if no jump
occurs, or a stochastic matrix with only 1 off diagonal
n
(r) _; -1

element positive and equal to [X 1{XS~ i}]
' r=1 -

placed at position (i,j) if the jump took place from

i to Jj. A different representation is given in (5.1).

This estimator does not depend on the choice of partition
and can be considered a generalization of the product limit
estimator discussed by Kaplan and Meier (1958) and Breslow
and Crowley (1974). Notice how the estimator is constructed
as a product integral, a concept which formalizes that of
a product limit. It is a basic idea of this paper that
Markov chains are constructed in exactly the same way from
their intensities as the above product limit estimator is
constructed from the observed jumps. It is the formalism
of the product integral representation that allows us to
write up the basic stochastic integral equation (3.3) which
again allows the martingale theory to be applied. The
estimator (1.9) therefore satisfies (1.7) and, as we shall
see in a certain sense also (1.4) and (1.5). It is not
however'absélutely continuous and a third estimator ?

can be constructed which interpolates between the steps
‘of P.

This estimator is constructed using the observation

A .
that the factors of P are simple - stochastic matrices



that are imbeddable in time continuous homogeneous chains,

see Johansen (1973).

The methods used for analyzing the independent identically
distributed observations can also be used for analyzing the
< (D) (n)

situation where the process y e oo s X are censored.

This is an important extension of the theory sincé in many
medical and engineering applications’the processes are only
under observation part of the time. Therefore we present

in section 2 a general model of censoring including most

of those commonly considered in the literature. We will
show that the multiplicative intensity model for counting
processes (see Aalen 1977b) play a central role in the

description of censored processes.

In section 3 we will show how an estimator for the inte-
gratéd intensity allows us to define 3 as a product
integral relative to the censored processes. This section
also contains the exact properties of the estimator. We
derive those by employing the theory of square integrable
martingales.as well as results on product integrals to
represent p as the solution to a stochastic integral
equation. From this follows certain martingale properties

AN
of P.

H‘The same technique is used in section 4 to obtain the
asymptotic distribution of the process P. In 5 the smoothed
estimator is discussed and it is proved that it has the
same asymtotic properties as P. Finally, in the appendix

we have collected a few items that supplement the methods



used in the paper.

The estimator Sr was previously suggested and studied
by one of the authors (Aalen, 1973 and 1975) in the case
when E has only one transient state. It was stated in
Aalen (1973) that an extehsion to general Markov chains
was possible. When the present paper was essentially finished,
it came to our attention that Fleming (1977a,b) has suggested
the same estimator 3 as we _ have. He does, however,
only treat the ﬁncensored case and gives no exact results.
He also does not give the smoothed version of the estimator.

Also, our methods are quite different from Flemings, espe-

cially our use of the product integral representation.



2. A general model for censoring

(k)

Define Yi(k)(t) = 1{Xt* = i}. Let Kij(k)(t)

denote

the number of jumps directly from i to j that X(k)

has performed in the time interval [O,t], hence the pro-

(k)

cess K. . is right-continuous. Put

K =2 {K:E];), k=1,...,n, i,j € E}.

Let Q be the space of possible sample paths of K
for t e [O,i]. Let (A,a,P) be a probability space with
P, not depending on the intensity Qy and let o be the
Cartesian product of Q and A. Let & be the product
G;algebra on Q corresponding to the og-algebra a on A
and the g-algebra on 2 generated by {K(s), O <. s < t}=
The family {gt, O <t < 1} 1is increasing and right-con-
tinuous (see Boel et al., 1975). Leﬁ P be the product
measure on §F = F, generated by the measure P1 on A
and the measure on n = G{Xék{ O<t<g1, k=1,...,n}.
given by the previously defined Markovian structure.

(k)

K is a multivariate counting process with Kij

having intensity process q..Y.(k) relative to . In
P 11 €S:t

this péper we will exploit the recently developed martin-
gale-based approach to counting processes, see e.g. Boel

et al. (1975) or the short review in Aalen (1977b). A

consequence of that thebry is that the Mi;k)

t

defined by

(k)(s)ds

] 0 ()L

o

are orthogonal, square integrable martingales with variance



process

< 1 9 - qij(s)Yi(k)(s)ds.

OC—" +

(See e.qg. Meyer, 1971 for these concepts).

The censoring process is a stochastic process J = (J1’°'”Jn)

which has piecewise constant and left-continuous sample
functions taking the values O and 1 and with a finite number
of jumps.We also assume that J(t) is measurable with respect
to {gt} for all t ¢ [0,1]. The process Xt(k) is observed

at those times t for which Jk(t) = 1.

Notice that J(t) may depend in almost arbitrary ways
on what has been observed in the past and on outside random
variation (modeled by the space A). Hence, our censoring
scheme is considerably more general than those commonly
considered in the literature, see e.g. Kaplan and Meier
(1958) . |

Define now the stochastic integrals
t
(£) = S 3, (s) am¥)

ij

) (s) .
1]
o
By the theory of stochastic integrals (see e.g. Meyer, 1971),
A
the MFF) are orthogonal, square integrable martingales.

~ Hence, by the above mentioned counting process theory,

N A
K ={ Kk), k=1,£..,n,i,j e E} given by

ij
~(k)
Kpy = g T (s) d Ky (s)
(0]

(k)

is a counting process with Kij having intensity process



(k) : 2
qiijYi relative to {st}. We call K the censored

process.
A
Define now N.. = % Kﬁk), N. =3 J Y.(k), N* = {N., i ¢ E}
- ij ij i 7 k71 i
and N = {Nij, i,j e E}. N 1is a counting process with Nij

having intensity process qijNi. The assimptions made above

imply that N and N* are observed over the time inter-
val [0,1].

Assume for a moment that A is the trivial g-algebra. In
Aalen (1977b) it is proved that the statistic
{ZkKi.(k),i,j eFE} is complete for the nonparametric model
defined by (1.1),(1.2) and (1.3). Since (N,N*) 1is a
measurable function of that statistic it follows that (N ,N¥)

is complete.

If (N,N*) is sufficient, then we have a case of the
multiplicative intensity,moéel studied in Aalen (1977D).
Obviously, the inference procedures developed for that model
is épplicable.whether (N,N*) 1is sufficient or not, but
in the latter case some information will be lost by only
applying those procedures.

The question when (N,N*) is sufficient will be treated
in a later paper by one of‘ﬁhe authors. In the present
paper we will only anﬁounce the result that (N;N*) 1is in
general sufficient when all Ji are decreasing processes,
i.e. in the case of right-censoring, while otherwise it
will generally not be sufficient. In the case of uncensored

processes sufficiency is clear by a simple likelihood



consideration (see Aalen (1977b)).

Finally, one should note that this whole problem of
sufficiency only arises when one can follow each process

X(k) individually over the time interval {t : Jk(t) = 1}.

Sometimes this may not be the case, and one may at any
time t only be able to observe the numbers of processes
in each sfate and the jumps that occur without knowing
which process that jumps. Of course, this amounts precisely
to observiﬁg (N,N*) .

At any rate, in the present paper we will study esti-

mation of F(s,t) Dbased solely on the staistic (N,N¥).

: t
Put Mij(t) = Nij(t) - g Ni(s)qij(s)ds.



3. The estimator and its exact properties

It was suggested by Aalen (1977b) that one should use

t
A 5 Lo o .
Bij(t) = 1{Ni(s) > 1}Ni(s) dNij(s) i # 5 (3.1)
o

as an estimator for the integrated intensity

t
(t) = & g.. (s)ds. This estimator has previously been

ij B ij
o .
suggested for life testing models by Altshuler (1970) and
Nelson (1969).

From the integrated intensity (3.1) it is now possible

to estimate the transition probabilities using the theory

of product integrals.

The necessary theory for constructing Markov chains from
integrated intensities, that are not absolutely continuous
with respect to Lebesgue measure was given by Dobrushin
(1953) , who developed the product integral for matrix
valued measures, see also Johansen (1977). A similar problem
was solved by Jacobsen (1972) for countable state chains.

In terms of product integral we now define

B(s,t) = I  (I+dB) (3.2)
Is,t] '

A _ ) ' A
where Bij is given by (3.1) and B;;, = -Z B, ..

i Ryt
j#L T
N
Since B 1is a purely discrete measure with finite support,

N
P reduces to a finite product of stochastic matrices. For

A . .
very small intervals ]s,t], either Bls,t] = O in which
case S(s,t) = I or there is one jump occuring in Is,t],

from i to J at time u, say, then dBij(u) = Ni(u)—"



and this means that g]s,t] is a stochastic matrix with only
1 off diagonal element different from zero. Thus (3.2) is
the same as the estimator (1.9).

Once the intensity is estimated one can also derive esti-

mates of the waiting time distributions

G.[0,t] = 1- T (1+4B,.)
1 [O,t] 11

A —
by simply inserting Bii instead of Bii'

Put Fi(t)=1-Gi[o,t]. Then we get:
1

P (e —1-G.[0,t] = T (1+dB..) = @I (1- s+
T * [0,t] e <t Ny )

where {t } "denotes the times where a jump occurs from i,
r

This estimator generalizes, in a different sense thah:ﬁ, the

estimator suggested by Kaplan and Meier (1958).

Let t
gij(t) = § 1N, (w) = 1} qij(u)du
(@]
and
Pls,t) = 1 (I + dB).
Is,t] '

Then the following result is an analogue to Theorem 6.2 of

Aalen (1977b) . See the appendix for the notation.

A N
Theorem 3.1 The process P(0,t) = 1 (I+dB) satisfies the
[0,t]
stochastic integral egquation
t
A ~ -1 A A e o -1
P(O,t)P(O,t) -I = P(0,s)d(B-B) (s) P (0,s) (3.3)
| o
A ~ -1 . .
- Further M, = P(0,t) P (O,t) -I 1is a square integrable

t
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martingale and

t
(3.4)
/ A A A=A ~ -1 —
\Mt,Mt> = \ p(0,s) ® P(0,s)d<B-B,B-BY (s) P (O,s) ® P ~(0,s)
S ,
where

® denotes the Kronecker matrix product.

It follows from the above relations that

A P _1
E P(O,t) P (O,t) = I

and that

V(P (0,6)2"1(0,t) } = E(B(0,6)B(0,t) " *=1) (B (0,6)B(0,t) " T-1)"

t
A N //\ A~ N A AS -1 & -—
= E S P(0,s-)® P(0,s-)d{B~B,B=B> (s)P(0,s) ~gP(0,s) .
o

A
Proof: As is shown by Johansen (1977), P satisfies the

differential equation

A N
L8 B10,tH)-L  aus. [v,]
dv dv o
o
~F . .
and P(t,l) satisfies the equation
~ ~ ~
apr (t,1) dB
= o— e L]
——mh—dvo —_dvo P(t,1) a.s. [v]

- A
where vy is a measure that dominates the measures of B

~ A A4
and B. One can take L = trB - trB.

Then

%U (§(o,s)'§(s,1)) =§(o,s-) dp(s,1) dP( s)

B (s,1)
P(s,1
o duo duo e R
dB B
A B ~
= P(0,s-) (E_ - -d']é) P (s,1)
Yo dvg
Integrating from O to t gives
t

74N ~; ~ ’
P(O,t)P(t,1) - S (O,s— d(B 2) (s) P (s,1) (3.5)

(o]
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1

aF
Now Det P(0,1) = exp{X Zil Ni(u) > 1 qij(u)du}
- o

-

> exp{= i& qij(u)dU} > 0. Hence we can divide through in

A
(3.5) by P(0,1) which proves the relation (3.3) as a

Stiltjes integral for a given realization of the process.
In order to prove that it is a stochastic integral, and

infact a square integrable martingale we first note that

each element of the matrix is the sum of a finite number of

integrals of the form

t
[ P 05am, 5 ) 50,9
(o]

. .. : mj
The coefficients gik(o,s-) and ‘E J(O,s) are left
continuous and measurable with respect to - Further

~ .
plk(o,s—) <1 and pmj(o,s) is evaluated as follows:

p (O’S) S (Det P (O,S)) i(-l) i;Irn PiG(l) (O,S)
_1( a (i) #3

< (Det P(0,1)) " (k=1) !

Thus the coefficients are bounded predictable processes.

By proposition 3 of Doleans-Dade and Meyer (1970) it now suffices

to prove that

" b (3.6)
E d(Bkm_Bkm) (s) < .
o .
and
1
A s A nNS .
E S d{Bkm-Bkm,Bkm—Bkm)(s) < @ (3.7)
o

‘ o
By Theorem 6.2 of Aalen (1977b) the process Bkm-Bkm

is a square integrable martingale and
4 + P )
e|B. % (t)==E§j{N~W)%QN (W) ~taw, (w)+ el 109 (Wz 11, () du
| : K== Pk km “'J%Ekiulf‘}gkm'u“*~
; B :
&

Bym~Bkm
Q ‘
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and t

A~ A ~u ( : -1
BB B BB () = ES LN (W) > 1 () g (wau.  (3.8)

o
1

All these integrals, however, are bounded by g qkk(u)du < @
| o

which completes the proof of Theorem 3.1.

Using a similar argument one can prove the following results

about the generalized Kaplan-Meier estimator of the waiting time

distribution.

. R )
Theorem 3.2 The process 1 (I+dB,.) = ﬁi(t) satisfies the

[0, t] ii
'~ stochastic integral equation
t
A ~ ' -1 _ A ~ A -1
F(0)F, () -1 = SFi(s—)c(]gii—Bii) (8)F; ()70,
o
o~ (a4
where F,(t) = I (1+dB..). Hence
[0,t]
/\V ~ 1 . -
S, = Fi(t)Fi (t)-1 i €E,

are orthogonal square integrable martingales and

t

A 2 A s A I A~ =2
<8ps87 = S Fj(s=) "By =B, 0By =By D(S)E; " (s).
’ g

Remark. Notice that Theorems3.1 and 3.2 only depend on the fact that
Nij is a counting process with intensity process Niqij. Since

the only important regquirement to N in the counting process
theory is that it be predictable, one may in principle intro-

duce rules to control the size of Ni such that it does not

become too small. This requires that one has a "reservoir"

of possible observations,6 that can be inserted into the states

when needed. If in particular Ni(t) > 1 for all i and t,

r
A ) A
then P = P and s P is unbiased. The same holds for the F..
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4. Asymptotic properties of the estimator

We shall first state a general theorem which is a slight
modification of Theorem 2.1 in Aalen (1977a). The conditions
have been changed slightly so as to be easier verifiable,
but also slightly weaker. The theorem may therefore have

some interest in itself.

/N
We shall then prove consistency of P and find the

limiting distribution .

We therefore start with a sequence Ni n of counting

’

processes, i =1,...,k,n = 1,..., with intensity Ay o and
’

’

t
we let N. (t) - g A. (t)dt = M. (t) . We also have the
i,n i,n i,n
o

processes H, which are predictable and satisfy ... .z

3

2, .
H e L (M, ) so that Y. = j H., dM, is a square
i,n i,n i,n 1,n

i,n s

integrable martingale.
We shall assume the regularity conditions of Aalen

(1977a): If H,N;A are any of the above processes then

we require that
1

Eglﬂ(s)]dN(s) < o (4.1)
0]
There exists a non decreasing process {¢(t),0 < t < 1}

such that E W(l) < o and such that

152 (s) Als) - H2(E) A(t)] < |o(s)—o(t)], (4.2)
“H2(s) A (s) < (1), (4.3)
E o(1) N(1) < oo, (4.4)

4
E o) { als)as <o (4.5) .
o}
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We can then prove

Theorem 4.1 Let the following conditions be satisfied

P

Hi’n(s%—* O, n > o (4.6)
2 p 2
Hi,n(s)Ai,n(s) — gi(s), n - o (4.7)
gi(s) bounded on [0,1] (4.8)
H? (s) A, (s) integrable uniformly in (n,s,i) . (4.9)
i,n i,n

y oo W are independent Wiener processes and

Then if W K

1
Y. = Sg.dW. we have
i i1
w
Y =Y.
n

Proof: The theorem will be proved if we can prove that the

conditions of Theorem 2.1 of Aalen (l1977a) are satisfied:

t t
P 2
S.Hi,n(s)Ai’n(s)ds——ﬁ- ggi(s)ds (4.10)
o o
1
R , |
=z ESHi’n(s)iﬂHi,n(s)[ > clan; | (s) >0 (4.11)
O

Since we are using uniform integrability we remind about

the following standard result for a sequence of random vari-

ables {Xn}:

b
Xﬁ-» 0, Xn uniformly integrable - EXn - 0. (4.12)
4
Let now
(s) _ 2 e - )
Kin = IHi’n(S)Ai’n(s)”gi(sH,t : -

By (4.7) K(s)_E O and since, by (4.9) and (4.8) K (s)
° i,n ’ ° : i,n

’

is uniformly integrable it follows from (4.12) that
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E Ki n(s) > 0. Since E K,(ﬁ) is bounded in (n,s) we get
; , ,

s

§ E K (s)ds - O but this easily implies (4.10).

i,n
o
To prove (4.11) note that
t S
. 2 ~
> ¢ -
S Hy o(e)1{[H; | (s)]> e}alN; | (s) g Ap (@) @u)
o o

is 'a martingale and hence

t
E X H; 2(s)L{[H; | (s)|Ze}an; | (s)
o
t
= E g H. 2(s)A. (s) 1{|H, _(s)> e}ds.
i,n 1,n i,n
(o]

From (4.6) and (4.7) it follows that

2 P
zi,n(s) = Hi’n(S)Ai’n(S)1{[Hi’n(sj; e} - 0,

but (4.9) implies that z, n(s) is uniformly integrable

b

and hence E Z. (s) - O but since also E Z. (s) 1is
i,n 1 i,n

bounded in (s,n) we get S E Zi n(s)ds - O, which proves
, o

(4.11).

For applications of this theorem it is worth noting that

the uniform integrability of a sequence of random variables
1+e

X_} is implied by a condition like E|X | < ¢ or, for
0 p n or,

w :
positive variables by X, =X and E X, — EX.

~
We shall now study the asymptotic properties of P when

the number n of observed processes increases to . We

. (n n .
write J ) = (Ji( ),...,Jn(n)) to indicate that each

element of the censoring process may depend on all observed
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processes. Of course, all stochastic processes occurring
below will depend on n, but we will generally suppress n
from the notation. We will first give a consistency result.

The matrix norm used is defined in Section 3.

Theorem 4.2 Make the following assumption:

BI1{N, (t) = 1}N, ()] + P{N, (t) = 0} -0
for all i and t.

Then:

A P
sup|P(0,t) - P(O,t)| > O
t

Proof: We have

|P(0,t) - P(O,t) |
= | (B(0,6)B(0,t) " =1)B (0, %)
+ (g(o,t)P(,O,t)_l—I)P(O,t)|

1

A s -1 : ~ - ;
< |P(o,t)P(0,t) " =1| + |P(0,t)P(0,t) -I]

We will treat these two terms separately. From Theorem 3.2

we have

‘ t
B(0,£)D(0,t) 11 = S $(0,s-)d(B-B) (s)P (0,s) .
e}

The 1ij'th term of this integral is a sum of stochastic

integrals of the form

t
g ﬁik (o,s—)d(ﬁkm-Bkm) (s) B (0,s)

(o]

and we shall therefore first study the joint limiting be-

haviour of the processes
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t

(€) = w!'r?g By (0,57)8™ (0,8) (B -By ) () (4.13)
(e]

t
- | B0 BV 00ty (o) > 0 (0 Mg, (@
) |

The stochastic integral given in (4.13) was investigated

in (3.6),(3.7) and (3.8) and it was proved that

1 2
E(—J'—;Ykm,n(i))
- E "2<o -y 3™ 2y ()"t (s) =) a
= P;y (0,8 P O,s)) Nk s) Ny s) = vqkm(S) S
[0,1]
1

S cE § 1{Nk(s) > 1} Nk(s)-iqkm(s)ds

o
for some constant c. By the assumption and Lebesgues dominated
convergence theorem the last expression converges to O, and
so it follows by a submartingale inequality (Doob, 1953,

Theorem 3.4 and p. 354) that

A ~ -1 P
sup|P(0,t)P(0,t) =I|— O
t
Using t
~ _1 A s '—i
P(O,t)P(O,t) -I = %P(O,s)d(B—B) (s)P(0,s)
o
we get ' N

lgj(o,t)P(O,_t)-i—Il < & dlg—B

o

Now we have the evaluation

1 |
0 <B,.(t) - B,.(t) < &1{Ni(s) = 0)q;, (s)ds.
(@]

From the assumption of the theorem and Lebesdues dominated
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convergence theorem we have

1 1
E S 1{Ni(s) = 0} qij(s)ds = g P{Ni(s) = O}qij(s)ds - 0
o o

Hence we may conclude:

P

'1-1| - 0.

sup]gkd,t)P(o,t)
t

We will now prove a weak convergence result. In the proof
we will consider the stochastic integrals Ykm n(t) de-
fined by (4.13) . These integrals have the form needed to

apply Theorem 4.1 if we define

Hkm’n(t) yn Eik(o,ﬁ7§mj(o,t)i{Nk(t) > 1}Nk(t)f1,

1

1N (t) > 1IN () q (t),

o
2 1

_ A2 ] 2 -

B nfm,n (8 = B Py (0,87 B (0,6)) "2{N, (£) > 1}§, ()77
We first have to state conditions ensuring that the regu-
larity assumptions (4.1) - (4.5) hold. Condition (4.1) holds
immediately since Hkm,n(t) is bounded and E Nkm(i) < . We
will assumeé that there exists a bounded increasing function

g on [0,1] such that lqij(u) - qij(v)l < Jau) - gav) ],

u,v ¢ [0,1],i,j € E. Denote the total number of jumps of

1{Ni(t) > 1}Ni(t)—1’ i ¢ E, by R. By the assumption about

-

the censoring process in Section 2 R is almost surely finite.

We assume: 1
B(R XN (1) <o, B(R g N, (s)ds) <

i,J i
o

By a slight extension of the argument in Aalen (1977b,

Section 6.4) it may be shown that these assumptions are
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enough to ensure that (4.2) - (4.5) hold.

We will now make an application of Theorem 4.1. Let

Wij’ i #3j, be independent Wiener processes and define
t L
'q; . (s)\2
Y.. (t) = \|==t—] aw.. i i,
lj( ) gpi(s) JLj(S) i#7
o
Yig T7UE0 Yy
it
t
U(t) =XP(O,S)Y(ds)P(s,t).
o

Theorem 4.3 Make the folléwing assumptions:

1
(i) Jn S 1{Ni(s) = O}qii(s)ds P o Vi
o
(ii) —imi(uP» p; () 2a >0 Y it

(ii1) ni{y (£) > 1)§, (87"

is uniformly integrable in (n,t,i).
Then:

B ((P=-P) = U.

Proof: We first consider the stochastic integrals Ykm n°

We have to check the conditions of Theorem 4.1.
' A
Condition (4.6) follows from the consistency of P(O,t)
together with assumption (ii). Similarly (4.7) follows and

also (4.8). Condition (4.9) follows from assumption (iii)

2 e ] 2
®™)

since the coefficients ﬁik and are bounded .

Thus we have established that

w
Ykm;h' - Vkm
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with ‘ t s
: 1,‘q (s)
Vkm(t) = & pik(O,s)pmj(O,s) Eﬁ%gr— dem(s)

|

0
t
) g Py (0,8)p™ (0,5) v, (s)
e
Hence‘ £
FEo,07  0,0-1) ¥ g p(0,s)d¥(s)P(0,s) T
o
Now
(P (0,£)-P(0,t)) = VA(P(0,t)P(0,t)  =I)B(0,t)

+ [A(P(0,t)-P(0,t)) .

Hence we have completed the proof if we can prove that
i w
Jn(P(0,t)-P(0,t)) = oO.

"This follows, however, from
t

P(0,t) - P(0,t) = &%%o,u)d(%‘-B) (W) P (u,t) -
(@]
and
1
7~
|p(O,t) - P(O,t)| £ 2 ;& 1{Ni(u) = o}lqii(u)ldu
* o

Hence by assumption (i)

~ P
sup |P(0,t) - P(O,t)|] » 0, n » o
t

A
We have now found the asymptotic distribution of P. The
covariance matrix of the limiting distribution is found as

follows:

£
E<U,U> (t) = g P(O,S) ® P(0,s)d<y,Y>»(s)P(s,t) ® P(s,t)
o
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But t
&, (8) = < vy = [ L
Y,y (t) = <Y,.,Y, Y(t =g - du if
ix,9m i3’ "km pi(u)
o

(i,3)= (k,m) and O otherwise.
Let Ci. denote the intensity matrix with element (i,7])

egqual 1, element (i,i) equal -1 and the rest zero, then

t
d; . (a)
{Y,Y)(t) = = 2l - gquc,. gcC...
i 5 pi(u) ij ij

The following theorem gives a consistent estimator of

the covariance matrix of the limiting distribution.

Theorem 4.4 Suppose the conditions of Theorem 4.3 hold

with (iii) substituted by

(1i1) n® 1N (8) > 1§, (0) 7

is uniformly integrable in (n,t,i).

Define:

v (®) = | 0,968 (0,9)a7, (03 (,0) © P (s,b

o
where
t
\ =2
Zn(t) =3 % ni{Ni(s) > 1}Ni(s) dNij(s)Cij ® Cij
iAoy
Then

P
Suprn(t) - EXU,U»(t) |— O.
3
Proof. Define:

Zis o (8) = ) ni{N (s) 31 (s)‘szij (s) .

1]

O < ¢t

A
By the consistency of P it is enough to prove for each
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pair (i,J):

t
sup[Ziﬁ n(t) - g qij(s) ds| Eo.
+ J o pl(s)
We have
t
qg..
Zij,n(t) - & 1%(5) ds
p; (s)
o

ni{N, (s) > 1}Ni(s)'2dMij(s)

_ -1
[n1{N, (s) > 1}N, (s) " "=p, (s) lg  (s) ds

O v 0 -\ ¢+

=a (t) + B, (t).
It follows immediately from the conditions that
N P ' . . . .
sup,Bn(t)[» 0. Now, An(t) 1s a square integrable martin-

t
p
gale, and so suplAn(t)l - 0 if

E<A_(1),A_(1)>

1
= E S nzl{Ni(s) = 1}Ni(s)_3qij(s)ds
o

converges to O. This is, however, an immediate consegquence

of the assumptions, using the result (4.12).

The verification of the assumptions of the theorems

in this section in the uncensored case is a straightforward

exercise.
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For the empirical waiting time distributions we may prove

the following results in a way similar to above.

Theorem 4.5 Make the assumption of Theorem 4.2.

Then:

sup | ﬁi(t) - F, ()] o

Let kK be the number of states in E.

Theorem 4.6 Make the assumptions of Theorem 4.3. Thenthe

vector

A AN
@(Fl_Fl’ s e e g Fk_Fk)

of stoch&tic processes converge weakly to the vector
(Fy¥yqreeer Fi¥pg) -

An estimator of the asymptotic variance of /E(Fi-Fi) is

given by
A Z t _2
F, %1 gn l{Ni(s) > 1} Ni(s) dNij(s)

which is consistent under the assumptions of Theorem 4.4.

Theorems4.5 and 4.6 generalize results of Breslow and Crowley

(1974) and Aalen (1976).
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5. The smooth estimator and its properties

In this section we shall discuss the smoothing of the
estimator (1.5). Let us first give a different formula for
. A , '
the estimator P. We let the jumps of the processes occur

at 0 <s, < s, <... and let the n'th jump go from in to

1 2
Jge Then
A -1
P(s,t) = 1o (I + Ni (s_) Ci . ) (5.1)
s<snSt n n njn

In order to smooth this we note that

etCi- t

J =1+ cij (1-e ). (5.2)

This follows from Ci? = -Cij together with the series

expansion for the ekponential function.

The matrices etcij are the simplest imbeddable stochastic

matrices, see Johansen (1973) and the representation (5.2)

A
(5.1) exhibits P(s,t) as a finite product of these

and
elementary matrices N, (s)
i n
n —
L N. (s_)-1 i j
A i n n-n
P(s,t) = I e
- s<s <t
- n

It is therefore not difficult to interpolate to make this

estimator smooth. We just define

A t-S1 Nln(s )
Q(t) = p— 1n N (s ) -1 C. ; sn_1<t < S,
-1 i n n’In
n
and A n-1 4 A
B(t)= % 0Q(s, )+0(t), s < t < s
- k 1 — n
k=1 T
A ;\\ A ;?Q
and P(s,t)= 1T (I+dB) = P(s,s )‘Q(t) 5] < t < s
n-1"e " n-1 — n

Is,t]



A "
Then one easily checks that P and P coincide at all

A
the jump points, but whereas P 1is piecewise constant we

e A, . e
have obtalined that P is absolutely continuous and satisfies the

A
Kolmogorov eguations (1.1) and (1.2) with the B given above.

A A
Clearly the estimates P and P are not very different,

A
but P(O,t) 1is not measurable with respect to i since it

depends on where the next jump is going to happen.

The difference can be evaluated as follows

A

A A A
[B(0,t) - P(o,t)] < |P(o,s ) (2T 1)

A A

Q(t) 2 lo(t) |
< -1] <
< e I] < |Q(t)] e » 8,4 <t < s .

Now
N. (s )
D] =2 ——m=t 4, _n
s -S4 ' N. (s )-1
- i_""n
n
Nin(sn)
<
s2 b ¥ -1
i
n
A P

If the assumptions of Theorem 4.2 hold then sup|Q(t)|— O

t

A A
as n - o. This implies that P and P have the same

asymptotic behaviour.
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6. Appendix

In this appendix we have collected a few results which
provide . a background for some of the methods in the main
body of the paper.

We shall discuss briefly square integrable matrix valued
martingales and stochastic integrals with respect to them,
and we shall prove that the process Nij is in fact a
counting process with intensity Niqij° For the theory of
square integrable martingales and stochastic integrals, see
e.g. Meyer (1971).'

Let now M be a matrix of square integrable martingales
oh [0,1]. We define (M,M) as the matrix we get by sub-
stituting in the Kronecker product M ® M, the element
Miijm by <Mij,Mkm} . Then M@ M - {M,M> 1is a matrix
valued martingale.

Next we shall use stochastic integrals with respect to
such on M. Let K and H be matrices of predictable pro-
cesses, with a dimension such that the matrix product HMK

has a meaning and such that
1 ‘

2
o &Hij (u)Kki(u)d<Mst,Mst> (1) < o

(o]

for all i;j,k,m,s,t.

t
Then & H(u)dM(u)K(u) is defined as the matrix with

o

elements
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t

It follows that g;IHdMK is a square integrable martin-

gale and some calculaﬁionsshow that

e, {mawcy = { m macwmom o

-

The only rule that is needed repeatedly is the bilinearity
of {+, "y, i.e.

<§ISH.dM., z[x.dM.>
e

= Z.Z.‘§H.® K.alM. ,M.>.
i%35 071 37 L0

These formulae are used in the discussion of the variaﬁce
A A

of P. and B.
Consider now a single uncensored process. We shall prove

that the intensity of Nij is infact Niqi"

J
Lemma 6.1 t+h
P{Nij]t,t+h] = O]Xt =i} =1 - g qij(u)du+oﬂﬂ (6.1)
t
P{Nij]t,t+h] = 0|Xt =k} =14+ o0fh), k #1i (6.2)

Proof. Let N]t,t+h] denote the total number of jumps of

the process in ]Jt,t+h]. It is known, Goodman and Johansen

(1973) , that

P{N]t,t+h] = 2|X_} = a(h)

t
and that i
P{N]t,t+h] = o|xt =i}=e gt qii(u)du

Hence we decompose the set {Nij]t,t+h] = 0} into three

sets, depending on the total number of jumps in ]t,t+h].



= [ = =

A, LNij]t,t+h] 0, Nlt,t+h] = 0}

A, = {Nij]t,t+h] = 0, Nlt,t+h] = 1}

A, = {Nij]t,t+h] = 0, N]t,t+h] = 2}
Assume that Xt = i. It follows that

P(AzeXt =1i) = o(h)

and that
t+h
t+h

P(Ao'Xt =i) =e Tt =1 + £ qii(u)du+@(h)

For Al we get
| t+h S t
, & g, . (u)du g Ay (w) du
y 11 _ . g
P(AllXt =1) = 4. e t qij(s) e ds
k#ij t .

t+h t+h t+h

(\ ‘ X | ( ) (h)
= u = - . du - J_ .. (u) du+te(k
kiijut qik(s)ds + o (h) L qll(u) u t qu ) dute

Collecting these three results we get (6.1). To prove
(6.2) just write that for k # i
P{Nij]t,t+h] > 1]X_ = k} < P{N]t,t+h] = 2|X, = k}

t t
= o¢h) .

We can now prove the main result

Corollary 6.2 Assume qij(t) is bounded, then the counting

process Nij has intensity Niqij'

Proof. It is enough, by additivity, to prove this for a
single process (Xt,t € [0,1]). We then use the result, see
Aalen (1977b), that provided the intensity is bounded by an

integrable random variable,it can be found as
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A.. () = 1lim % (1—P{Nij]t,t+h] = o]xt}

= qij(t+)1{Xt =i}

by Lemma 6.1.

Hence Aij(t)’ which is assumed left continuous is

a; (0 1{X,_ = i},
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