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Abstract.

This paper considers the problem of estimating the growth rate p of
a p-type Galton-Watson process {Zn}. To this end, a general appro-
ach of possible independent interest to central limit theorems for
discrete-time branching processes is developed. The idea is to a-
dapt martingale central limit theory to martingale difference tri-
angular arrays indexed by the set of all individuals ever alive.
Iterated logarithm laws are derived by similar methods. Asymptotic
distribution results and the a.s. asymptotic behaviour are derived
for a maximum likelihood estimator based upon all parent-offspring
combinations in a given number N of generations, and for the esti-
mator ([z |+ ... +|2 )/ (|25][+ ... +|Zg_;]) which depends on the

total generation sizes |2 | only.



l. Introduction.

Consider a p-type Galton-Watson process {Zn} = {(Zn(l),...,Zn(p))},
see Athreya and Ney (1972, Chapter V) for background material. Let
Pi,Ei etc. refer to the case Zo(j) = Sij and assume that

mij = EiZl(j) and Z?k = Covi(Zl(j),Zl(k)) are all finite. We con-
sider thekpositively regular and supercritical case throughout. Let
v and u be the left and right eigenvectors associated with the prin-

cipal eigenvalue p > 1 of the offspring mean matrix M = (mij), nor-

malized such that
P
veu = I v(i)u(i) =1, |v|] =v-l=1
i=1
where 1 = (1,...,1). The basic a.s. limit results state that
W= lim W = lim o z -u exists and is finite, that {w > o0} =

n

{Zn + 0 for all n} and that lim p z, = Wv.

In the present paper we study the problem of estimating p and other
parameters associated with M, and in conjunction herewith, we develop
a general approach to central limit theorems for discrete-time
branching processes. As is explained in detail in Section 2, the
idea is here to adapt martingale central limit theory, see e.g.
Lévy (1954), Brown (1971), Dvoretzky (1972): MéLeish (1974), to
martingale difference triangular arrays indexed by the set of all
individuals ever alive. It seems that most central limit theorems
of the literature come out as special cases of our results, in some
cases even with a much simpler proof. We illustrate this by an exam-
ple in Section 3 on the central limit theorem for a linear functio-
nal Zn-a, where a is some vector with v:-a = 0, see Kesten and Sti-
gum (1966), Athreya (1969a,b,1971). Section 3 also provides some
further background material for the sequel, other aspects of the

limiting behaviour of linear functionals and closely related to



this, introduction of the Jordan canonical form of M.

In Section 4 we briefly review the known results concerning the
maximum likelihood estimator m of the offspring mean m in a single-
type Galton-Watson process and we take the opportunity to point out
an iterated logarithm result for the a.s. behaviour of m-m. Secti-
ons 5 and 6 then consider similar estimation problems for the multi-
type case, where no systematic exposition seems to exist (see, how-

ever, a very recent report by Quine and Durham (1977) on the subcri-

tical immigration-case). In Section 5 we study maximum likelihood

estimation of M and a fortiori the principal eigenvalue p, based .
upon knowledge of all parent-offspring combinations in the N first
generations. Though seldom of direct practical applicability, such
results will provide baselines against which to compare simpler
estimators based upon more realistic data, like the estimator
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N-1]

based upon the total population sizes ]an, n=20,...,N, which is

the object of study of Section 6. As pointed out by Becker (1976),

? is clearly strongly consistent on the set {W > 0} of nonextinc-
tion. The asymptotic behaviour of P-p is seen to depend qualitati-
vely on the relative sizes of p and Az, where A is the absolute
value of a certain other eigenvalue of M. Thus the form of our the-
orems is analogous to the limit results for linear functionals Zn-a,
see Kesten and Stigum (1966), Athreya (1969a,b,1971), Asmussen 1
(1977). In fact, when Az > p, we shall even be able to exhibit a

linear functional ZN_l-b* with the same limiting behaviour as E—p,
while if A2 < p, the central limit theorems for E—p and Zn-a are
contained in a more general result in Section 2. The final Section

7 disproves a conjecture by Athreya and Keiding (1975) concerning



the asymptotic properties of an occurrence/exposure rate estimating

the Malthusian parameter of a Bellman-Harris process.

In the rest of the paper, it is assumed that P(W=0) = 0. This is
merely a notational convenience in order to avoid making trivial
exceptions on the set of extinction. The possibility of extinction
may present a problem in concrete statistical applications, but the

discussion of this does not seem different for the multitype rather

than the single-type Galton-Watson process.



2. Central limit theorems.

Let Hk N7 N=20,1,2,..., k=0,...,k(N) (with k(N) constant or
14

Hl’N—measurable) be o-fields such that Hl,N c ... ¢ Hk(N),N°{Xk,N

N=0,1,2,..., k=1,...,k(N) 1is a martingale difference triangular

1

array w.r.t. {Hk,N} if Xk,N is Hk,N—measurable and E(Xk,N lHk-l;N) =
0. Central limit theorems for such arrays have been developed by a
number of authors, see e.g. Lévy (1954), Brown (1971), Dvoretzky
(1972), McLeish (1974). oOur initial Theorem 2.1 is an adaptation
of this theory to branching processes and is valid (with obvious
modifications) for many other discrete-time branching processes
than the multitype Galton-Watson process. In contrast, Theorem 2.2

is a specialization of Theorem 2.1 with some concrete applications

in mind.

Let T = |24[+ ... +|Zn[ and suppose in the present section that
the nth generation is represented as {k:EN:'TnFl <kHiTn}. Here

n = n(k) always denotes the generation of k and we let Uk be the

offspring vector produced by k and

Gk = O(Uz;ﬂék) , FN = O(Uk;n;N) =G_ .

Il
(@}
~
=
~
N
-

Theorem 2.1. Let {X, .} (N ..,k =0,1,2,...) be a mar-
14 .

tingale difference triangular array w.r.t. {Gk} and define

2 k2 2 2 2
S = I E(X | G, ) s2 = 1 B(X> | G = sup s
k,N £,N £-17 1 N N l .
R =1 HN k kN
Suppose
_ . . 2
(2.1) For any N, S = I X converges in L°, i.e. E s <,
—_— NI kN N
1 P
2
(2.2) sy W,
[eS] P P
(2.3) E E(Xy g I('Xk’N| |6,_q4) > 0 ve>o0.

k=0



-1/2 SN is standard normal.

N

Then the limiting distribution of W

..,;k(N), be a martin-

In the proof, we need
Lemma_2.l1. Let {Xk N}' N=20,1,2,..., k=1,.
14
gale difference triangular array w.r.t. {Hk N} and define
14
k k
2 2 2 2 _ _
S];,_N_ﬂ_E_lE(XK,N [ Hp-1,0)7 5% = Sk, N’ kN e w ST Sk N
Then sé > 0 implies that SN > 0 as well.
Proof. Define for € > 0
. 2
v(N) = inf{k: 1 < k < k(N), 141, N > ¢},
v(N) = k(N) if no siuch k exists. Then
(2.4) P(v(N) = k(N)) ~ 1,
(2.5) E82 = E52 < g
' k(N)Av(N),N k(N)Av(N),N =
(the first assertion of (2.5) requires an argument as given in
Neveu (1972, pg. 148)). It follows from (2.4),(2.5) and Chebycheff's
k (N) av (N) ,N P8t

inequality applied to S
. 2
lim sup P(|SN] > 68) < e/¢

N—co
and since € is arbitrary, the proof is complete.
Remark. The lemma and its proof are easily adapted to the case
k(N) = », since it is well-known, cf. Neveu (1972, pg. 148), that
[oe] . [ee] 2
L X exists on { I E(X | H, . ,N)< o}
k=1 k,N k=1 k,N k-1
1/2
SN by

We approximate W

Proof of Theorem 2.1.



where %\ = Wl X y and R(N), k(N)= et KO = k) +A ()

are to be determined later such that R(N) and A(N) are non-random,

(2.6) R(N) + o,

(2.7) Sé(N)-—l,N o,

(2.8) Se - SEay w > 0.

Note that WR(N) = p_n ZR(N)°a is GE(N)—measurable and that thus
the ?K,N are again martingale differences. By Lemma 2.1 and the

remark, (2.7) and (2.8) ensure that the limiting distribution of

W_l/2 SN is that of TN’ and to show that this in fact is standard

normal it suffices by Theorem 2.2 of Dvoretzky (1972) that

(N)
) -1 2 2 p
(2.9) T E(X |G, ) =W (s= -s 1 o) T 1y
K=k (N) k,N ! "k-1 R(N) "k (N) ,N "k (N)-1,N
_(N) ) [N I ’ p
(2.10) L E(X I(|X >e€) |G _,) >0 Ve >0.
K=k (N) k,N k,N k-1

But (2.10) is an easy consequence of (2.3) and (2.9) follows from
(2.2),(2.6)-(2.8). Thus we only have to specify R(N), A(N) such

that (2.6)-(2.8) hold. Recalling that k(N)-1 = TR(N) ' define for

fixed R =0,1,2,... and € > 0

T T
R 2 I | R. 2 ] |
Pon ™ 2 B N L o P%n L%l > 16y) -

Let N » o with R fixed. Then by (2.3), BR N o and since & is ar-
14

bitrary and AR,N L e TR’

as well. Thus if R(N) 4o~ sufficientlyslowly, (2,7) will hold. By

(2.1), we can choose A(N) such that



and the proof is completed by observing that (2.8) follows from

2 P
=

2 2
se - s& < I E (X | 6, _,) = 0.
N k(N) ,N = k=A (N) k,N ! "k-1
/
Theorem_2.2. Let a;,a,,... be vectors and yysYys--- constants,
0 <y < Yn < o, and define
p .
2 - . . . =2 i 1)
o, =Y v-Var Zl a, = v, 'E v(1i) anZ a, sy
i=1
N N
2 _ -n_2 2 2 _ -n_2
By = Z.P Yy Opr Oy = 2P Y-
n=1 n=1

2 . .
Suppose {an/yn} [and thus {On}] is relatively compact and that
2 2
(2.11) Yy = O(pN uN)
(2.12) lim inf BN/uN >0
N->co

Then the limiting distribution of

N-1
N 2.-1/2 _ .
(Wp~ By) L A2~ 2 Mbtay g
n=0
is standard normal.
Proof. We let Xk,N = O/ n > N,
-N/2 -1 _ .
Xk,N = By (U —E(U, [Fn)} ay_p n <N
Then
N-1
-N/2 -1 _ .
Sy = By I {2, ZMYray_p
n=0
N-1
2 _ -N _-2 . . .
Sy = P BN z Zn Var Zl an_p*

1) With a slight abuse of notation, vectors to the left oer,Zietc.
are always assumed to be written as row vectors and those to the
right as column vectors.



-n o .
When n > n,, we have p Zn < Wﬁov with W§e+ W as n, > and it fol-

lows that for each n0

2 -n,-2 N71 .
lim sup s = 1lim sup p B Y Z_-Var'Z,-a <
N N - n 1l "N-n =
N—>co N—+>o n_no
N-1
-2 n-N_2 2
* i = W*
w2 lim sup BN E o YN-n"N-n W2 .
0 N->o0 n=n, 0

Here one has to use (2.11),(2.12) for the first and last equality.

As ny >, lim sup sé < W follows. A similar argument gives

lim inf s_ > W and (2.2). Also (2.1) is obvious, and we only have

2
N
to verify (2.3). Suppose without loss of generality that all com-

ponents of an/yn are bounded by one for all n. Then

Y = [{u, -E@[F ) rag /Yyl < [0 + ECJU [[F)

k,N
and if F is the distribution function defined by

1-F(y) = max Pl(lZl| + EY|z2.| > v),
. 1
i=1l,...,p
it follows that P(Yk N >;y[Fn)_;,l-F(y) and that therefore
E(g(Yk N)|Fn) < fzg(y)dF(y) for any non-decreasing g. Letting
gly) = yZI(y > EpN/zBN/Yn), we see that the guantity to be inspec-

ted in (2.3) can be bounded by

N-1 o
N,2y -1 2
(p78y) ~ Ty lzg | Jay)ar(y) <
n=0 0
[es} N-1
- 2 N/2 -2 -n_2
sup o Mz | SgTTly > ep / By/Y)AF (v) By T o 'yl
n=0,1,2,. 0 n=0

which is finite and tends to zero because of (2.12) and because the

second moment of F obviously exists.
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3. The Jordan canonical form of M and the limiting behaviour of

linear functionals Z,-a.

In the present section, we first briefly review some well-known
facts on the Jordan canonical form of M. The reader can skip this
at the cost of specializing Section 6 to p =2, where explicit ex-
pressions for the relevant parameters are given in Example 6.1.
As is well known, writing M on the Jordan canonical form amounts
to operating with (possibly complex) vectors uv 3 (v==l,...,v0;

14

J =14...,j0(v)) and eigenvalues Py such that

Mu =1u

(3.1) Mu, =08y, 17 Muy =0, 50 Feyu, 5 3= 2reeerdg V)

and that each (complex) vector a can ke uniquely expanded in the

u. .,
V,J _
Vg o (V)
a = x z .*a)u ..
vel 321 (vy, 5730y, 5
Obviously, for some v, pv = p, jo(v) =1, u\)’l = u, Vv,l = v. When-—

ever o is complex, then for some u pU must be the complex conju-

gate of Py pH = 0y and in that case we can assume uU,j = av,j
j o= l,...,jo(v) = jo(u). Then also vu'j = Gv,j' Define
A= A(a) = max{]pv PV, ogtaE 0 for some j}
y = y(a) = max{j: v jra ¥ 0 for some y with ]pvl = x(a)}
14
Then, since
J "
My L= 3 pn J+L (.n \u .
v, J =1V j-1)"v,1

M™a is of magnitude XnnY_l in the sense that M'a = 0 for A = 0 and
n > y and that otherwise {Mna/Anny_l} is relatively compact and

bounded away from zero.
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Let I denote the p Xp identity matrix. In Section 6 we shall need

Lemma 3.l1. Suppose a is real with A(a) > 1. Then we can write

c = DX (v ca)u. ., d = X (Vv .'a)uv 5 -
videfo,l<1 v,izle,l>1 VI ’

Then c,d are real, a=d+c and A(c) < 1. Let V be the manifold
spanned by the s with ]pvl > 1. The eigenvectors of the restric-
tion of M-I to V are the pv-l with ]pvl > 1. It follows that
M-I is one-one on V and since d € V, d= (M-I)b for some (neces-
sarily real) b € V. That A(b) =A(a), y(b) =v(a) is obvious by us-

ing (3.1) to compute Vv,j'a in terms of the Vv,i.b’ Vv,i.c’

Let b be real. Then p—nZn-b » Wv*b and if v-b # 0, this settles the
question on the limiting behaviour of Zn-b. If v-b =0 (i.e. A <p),
we quote the following results from Kesten and Stigum (1966),
Athreya (1969a,b,1971), Asmussen (1977), which form a trichotomy
depending on whether Az > 0, A2==p or A2 < p. If Az > p, oOne can

exhibit a sequence {HN} with lim suleN[ < « and, except for spe-

cial structures of the I%, lim ianHN[ # 0, such that

lim AN N'(Y'l)zN-b - H =0 a.s.
N—>oo N
2 . . 2 2 .
If A7 < p it is easily seen that ¢ = ¢ (b) given by
vevar'zZ b veVar'Z -b
(3.2) ¢° = 1im-———]§——2—]§:I if 22 =p, o = lin1—————Fr§L—- if A% <o
N> o7 N Y N0 p

exists and that, again with the exception of special 5% where
02 =0, 0 < 02 < o, Furthermore the limiting distribution of
(owpN w*TTH T2 g poie 222, (oBwp™) Y2 zb if 2% < g, is

standard normal and in the two cases, respectively, a.s.
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sup Z"b st Zy"b
lim © - =1, lim S 5 = 1,
N;;nf (202WpN N2Y-1 log log N) 1/2 . inf (5% oV 1og N)l/2

To illustrate our methods, we shall give a proof based upon Theorem

2.2 of the central limit theorem for the case Az = p, where the

proofs of the literature are particular cumbersome. Write an==Mn—lb,

N-1
_ N _ N-n-1
(3.3) Ty = ZoM E{Zn+1 zZ MM ,
n=0
N N-1
(3.4) Zy'b = Z,Mb + z {z -2 Mb-ay .
n=0
_ n/2_vy-1 . .
Let Yp =P n . Then in the notation of Theorem 2.2,
2 2
o B
2 ~-N . N 1 N 2
By = p v-Var'Z -a, — e, = > g%,
N N NZY 1 2y-1 N2Y 1

with 02==02(b) as in (3.2). The conditions of Theorem 2.2 are ob-

vious ((2.12) follows from 02 >0) and since MNa = o(DN/ZBN), it

follows that indeed (WpNﬁé)—l/Z

2y—l)—l/2

ZN-b or equivalently

(OZWpNN ZN-b is asymptotically standard normal.

The central 1limit theorem when 12 < p comes out with equal ease
from Theorem 2.2. The laws of the iterated logarithm for Zn-b were
discussed by Asmussen (1977). Whereas the proof is rather involved
when A2==p, the result for A2-<p is an application of the following
lemma, which will be used a number of times in the sequel (see

also Heyde and Leslie (1971)).

Lemma_3.2. Let Y = Y(ZO,...,Zr) be some functional depending on the
r first generations only and with ElY==g i=1,...,p, 0 < 02 =
v*Var'y < ®, Then, if Yk N is the functional corresponding to Y

14

evaluated in the line of descent.initiatedkurthe]{th individual ali-

ve at time N, 7
N
1m S 5y /(20N 1090 /2 = a1
inf k=1 '

N +> =
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4. Estimation of the offspring mean in a simple Galton-Watson

process.

O""’ZN be the first N+1 generation sizes of a single-type

Galton-Watson process and consider the problem of estimating the

Let Z

offspring mean m in the "nonparametric" statistical model given
by ZO==zO and all offspring distributions with 0 < m < «., Harris

(1948) derived the estimator
m = (Zl+...+ZN)/(ZO+...+ZN_1)'

as the maximum likelihood estimator of m based on recording the

individual offspring size for each individual in each generation,
not only ZO,...,ZN. The first complete proof of the fact that mis
also the maximum likelihood estimator of m based on ZO""'ZN only
was provided by Feigin (1976). Keiding (1975) remarked on the deri-

vation of m in more restricted models specified by parametric clas-

ses of offspring distributions.

Asymptotic properties of m as zy * © are easy exercises in stan-
dard i.i.d. asymptotic theory for maximum likelihood estimators.
This is due to the branching property which implies that a process
ZO rZqr--. with Z)=Z, 'may be interpreted as the sum of zo~ i.i.d. processes
with the same offspring distribution but only one ancestor. The
most complete and careful treatment was given by Yanev (1975) and
despite its unquestionable practical importance we shall not con-

sider this theory further in the present paper, but assume ZO =1.

To study asymptotic properties of mas N - », that is, based on
one long realization of the process, it is necessary to single out
the supercritical case m > 1. If m <1, ZN -+ 0 and there is no

hope for consistency or asymptotic distribution results.
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= 1. Then

(a) as N+, m->m a.s.

If furthermore 0 < ¢~ < =, where 02 is the offspring variance,

then

N-1,,1/2 2
(b) the limiting distribution as N>« of [W(l+m+...+m H'/ (m-m)

is normal (0,02).

e N N-1,-1/2
(c) lim igg [W(l+’é‘+m )] (m-m) = £1.
Noeo 207 log N

Remark. The usefulness of statement (b) will most likely be to

obtain asymptotic confidence intervals. For this purpose, rephrase

(b) to assert that o_l(Z0-+...-+ZN_1)1/2(ﬁ-—m) is asymptotically

standard normal. If nothing is known about 02, use may be made of

the estimators studied by Heyde (1975) and Dion (1975). Similar

remarks apply in the following.

Proof. The strong consistency (a) was noted in its final form by
Heyde (1970) and the asymptotic normality (b) was shown by Dion
(1974), cf. also Jagers (1973,1975). Alternatively, (b) is a spe-

cial case of Theorem 2.2 with p = a, = vy, = 1. The iterated loga-

rithm law (c) may be obtained by a rather direct application of

. . . Zn _
Lemma 3.2. Choosing first Y = Zl-m yvields Zl Yk,n-—Zn+l mZn and

it follows that
_ n 1/2 -
(4.1) sup[Zn+l mZz |/(m” logn) < ® a.s.,

. _ _N-1 _
and therefore, letting Uy = Zn=O{Zn+l InZn}, that

N-1|z ,.-m2Z_|
(4.2) U, < I n+l n (mnlogn)l/z=o([leogN]l/2).
N = _" n 1/2
n=0(m" log n)
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Next, let Y = U_,

r
U
2 n-1 n
c_ = Var (U |Z =1) = o0 (1l+...+m ), A = .
n n'"0 n (ZCnW log n)l/2
. Zn .
Since Un+r = Un + Zk=lYk,n’ it follows that .
n
lim sup A < lim sup Uh + 1lim sup Zl.Ykﬂl
n+r = 1/2 = 1/2 ¢

n-o oo (20n+ﬂwlog(n+r)) oo (2cn+£Nlog(n+r))

By (4.2), the first term is me-r/Z) as r - «, and by Lemma 3.2,

the second is

Z
n n
.Y c_.m
lim sup 1 kr'ln 73 (cr ) - 1-(1-n" 52,
n-o (ZCrW m logn) n+r
Similarly

lim sup A_, > —o(m_r/z) + (l-—m_r)l/2

n-—>oo

+r

so that lim sup An = 1, which is equivalent to the lim sup-part of

(c). The lim inf-part is similar.




=1 6=

5. Estimation of the asymptotic growth rate p of multitype bran-

ching processes: ' Maximum likelihood estimation based on all

Let the offspring distributions of a multitype Galton-Watson pro-

cess be given by

p,(2) = P (z,=2), z = (z(1),...,2(p)) € {0,1,...}P.

Assume that the offspring vector Ui i produced by the kth indivi-
14

dual of type i alive at time n is observable for n=0,1,...,N-1.
In the statistical model specified by all possible offspring dis-
tributions it is then obvious by similar considerations as for the
single-type Galton-Watson process that the maximum likelihood esti-
mator is given by

N-1 Zn(i) \ N-1

n .
(z) = ( X z I(Uk i==z)//nzozn(1)

p.
n=0 k=1 !

1

whenever the denominator is positive. In this case, since

m,. = z .o z z(j)p. (2)
1] z(1l)=1 z(p)=1 1

it follows that the maximum likelihood estimator of mij based upon

the u? | is

k,i
A oo R A N_l i N—l
n.= 3 cee I zZ(P)Ps(z) = I ZY . (5)/ % 7 (1),
13 p)=1 z (p)=1 i n=0 21 oD
where z1. (3) = 1D u® (4) is th ber of individuals of type
n+1l J = k=1 k,i J 1S e number o lnaividuals O yYp

j in the n+l'st generation whose parents were of type i. We conjec-

ture that M=:(ﬁij) is also the maximum likelihood estimator of M

based upon the Z;(j) only.
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Theorem 5.1. (a) As N> , M>M a.s.

(b) The limiting distribution of the matrix

N-Lis1)1Y2 @& .-m..))

([W(l+p+*...+p i3 13

is that of (Yi(j)), where Yl""’Yp are independent and the distri-

bution of Yi is p-dimensional normal (O,ZlL

(c) Let al,...,ap be vectors such that
P -1 P . i
V = ¥ v(i) z al(j)ui(k) Z.k >0
i=1 j,k=1 J
Then a.s.
N-1.471/2 p P
. sup [W(l+...+0p ) ] B = D .
lim ¢ [ 3V log N | I Ta(3)mygmmyg) = £l
Noro i=1l j=1

Remark. When Z;. >0, we get an iterated logarithm law for ﬁij'-mij

. Sy i _ . N
by taking ai(j) Sij' If ij 0, then obviously mij mij a.s.
Proof. Similar methods as for the single-type case studied in Sec-

tion 4 apply. We outline here a martingale proof of part (b). By

the Cramér-wold device we must show that

12 P P oA
)} pX oci(;l)(m:.Lj m..)

i=1 j=1 +J

(5.1) [W(Ll 4.t pV 1)

tends in probability to zero for V=0 and is asymptotically normal
(0,v) for Vv>0, for any given set al,...,up of p-vectors and V de-

fined as in part (c). Clearly, (5.1) behaves like

[W(l-+...-+pN_l)]l/2SN, where
e Yt (1))
S. = I r vi(i X oa, (3){Z j) -m,.Z (i
Noon=0 i1 g=1 * n+l ij ' n
R S T S R i, -1
= 3 b {Zn+l-a -E(2_, * ]Fn)}, a”(3) = v(i) To,(3).

n=0 i=1
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The case V=0 comes out easily by noting that

N-1 P . . N-1 P . .. N-1 p _ .
L Var( L 2z-,.-a’|F) = I IZ (i) ala = I vz (i) o0,
"~ . n+l n . . n i i
n=0 i=1 n=0 i=1 n=0 i=1
. . N-1 p _ s -
Var's_ =EJ I % v(i) 2 Zn(i) a_Zlai ;;u(j)(l%—...4—pN l)V,
n=0 i=1 1

while for V >0 a straightforward modification of Theorem 2.2 and

its proof applies.

The maximum likelihood estimator of a functional of the mean matrix
M, given the detailed information here considered, is given as the
same functional of ﬁ. Asymptotic properties will be immediate by
standard transformaiton techniques. We illustrate the procedure by
considering the maximum-likelihood estimator 6 of the growth rate p.
Of course, 6 = p(ﬁ), where p(A) is the principal eigenvalue of A.
Note that p(A) is well-defined whenever A is positively regular and
that thus p(ﬁ) is so for M sufficiently close to M. For small p,
p(A) can be expressed explicitly as function of the aij' E.g. for
p=2, p(Aa) = (all4-a22-+D%f/2, where D==(all-—§22)2+4a12a21 is the
discriminant of the characteristic polynomial of A. For larger p,

p(A) is implicitly determined as one of the solutions of the equa-

tion |A-pI|=0. In particular, p is a smooth function of the aij'

- L A
(b) The asymptotic distribution of [W(l-+...-+pN 1)]2(p--p) is nor-

mal . (0,V), with

p - p
V= I v(i) . z aip aip Z%k = V°Var'Zl u .
i=1 j, k=1 “Mij Mix
(c) If v>0, then a.s.
lim SYP W(l'k--~'+DN_l)1l/2 (p=p) = %1
inf 2V logN | P T

N—>oo
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Proof. Part (a) is obvious and part (b), with the first expression
for V, is standard from the theorem on differentiable transforma-
tion of asymptotically normal variables. In a similar manner, part

(c) follows from the expansion

A p ~ ~
p—-p = Y o,(j)(m,.-m,.) + O(max(m,_. —m,.)")
i,5=1 i ij ij i,3 ij ij

with ai(j) = ap/amij, cf. part (c) of Theorem 4.1 and the following
remark, and it only remains to verify the last expression for VvV, i.e.

that Bp/amkz = v(k)u(g). To this end, differentiating the equation

Mu = pu with respect to My p yields

9p
u, ,+ MA = u + pA
~kl amkz

where Ekz(i) = 0 when ik, Ekﬁ(k) = u(g) and A(i) = Bui/amkz. The
conclusion follows by taking the inner product with v and using

vM = pv, veu=1.

Remark. From Theorem 2.2, it follows easily that the asymptotic

distribution of 6 is the same as that of the estimator

Z? Zn-u/Zg_l Zn-u, which seems natural when u is known and the ob-

servations are (Zn(lb"?zn(p); 0<n<N).
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6. Estimators.of p based on the total generation sizes.

Becker (1976) suggested the estimator ‘

AT N L
P BRAEEEAE

N-1!
and pointed out that D is strongly consistent. When p=1, S clearly
reduces to the maximum likelihood estimator and the limiting beha-1'

~

viour of p-p is given by the results of Section 4. In the present
section we study the corresponding problem for p >1, where the re-
sults are much more complex. We formulate the results for general

P and remark in Example 6.1 on some of the explicit expressions

for p=2.

Let a=1-u. Our analysis is based on the identity

N-1
N-A — . _ . ‘ _
(6.1) p-p nio{zml 1-02 -1}/ ([2g ]+ +|zg ) (SN+TN)/(|ZO|+...+|zN_l[)
where
N-1 N-1
SN = n__Z_O{Zl’l'Fl—ZnM}.;J TN = nEOZn'd, d= M- pI)'!: = (M-pI)a.

Here SN is a martingale and it follows by Theorem 2.2 that SN’ nor-

malized by p_N/Z, converges in distribution. Furthermore, it is

easily checked that A(d) = A(a) = Ain the notation of Section 3.
Therefore the limit results for linear functionals suggest that SN
and T, are of the same order of magnitude when A2<<p, while TN do-

N

minates SN if Azi:p. The first of these assertions is made precise

in

- L~
(a) As N~»o, [W(l-+...-+pN l)]Z(p--p) is asymptotically normal

(0,V), with V specified in (6.3) below.
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(b) 1im'”§§£f’ {W(‘l +2'\}'l;ép§_l)}l/2 (P-p) = *1 a.s
N>
Proof. Inserting (3.3) yields
N-1 n N-2 N-n-1 k
(6.2) Ty = nEOZO-M d + nEo{znﬂ--znm}- kEO Md.

When kz <p, the first term is o(pN/z)_and it is easily checked that
L -
Theorem 2.2 with Yn==Un where A <u<op?, al==£, anf=£-+28 leq)n3>l,

-L
applies to show that (WpNsé) 2(SN-I-TN) tends to the standard normal

distribution. Here

2 N -n
By = Z p v-var'Z, *a
N 1
n=1
and (a) now follows with
N 2
o By ‘ Y -n
(6.3) V = lim 5T = (p=1) I p v-Var'Zl-an
N»oo 14+ ... +p n=1

Part (b) is proved exactly as in Section 4, with

N-1
UN = 2 {Zn+l _Inzn}.aN—n'
n=0

When Azi;p, we rewrite (6.2) somewhat. Choose b,c as in Lemma 3.1.

Then

n-1 k N-n-1
T Md (M-pI) ¥ {M

N_
]%M%Db+Mhﬂ

k

n
M-pDMY  Pb + (M-pI){ I Mc-b} =M "b* + ey

with-b*= (M- pI)b. It follows that

N-1 n Ne1 N-2
(6.4) T, = I Zo-M'd+Zg jb*-Z M b¥+ I {Z ., -2 Mreg .

N 20 0 n=0

The last term of (6.4), normalized by p-N/Z, is easily seen to converge

1/2
in distribution, and can also be proved to be O([p log N] / ) a.s.
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It follows that the dominant term of Syt Ty is ZN_l'b* (since, as

in the proof of Lemma 3.1, A(b*) = A(b) = A(a)), and from the re-

sults cited in Section 3, we have at once

(M-pI)a= (M-I)b*+c*, A(b*) =1, y(b¥*) = y(a) = v, A(c*)<1l. If
A2=p, define V = (l—p-l)cz(b*) [cf. Section 3]. Then if V>0,

(a) The limiting distribution of

~

N WL+ ..+ oML 15 (G

-p) or 3

is normal (0,V).

N-1 1/2
. + ...+ ~
(b) lim iglf)[w(l ST 2 ) jl (p-p) = 1 a.s.
N0 2 v Ny log log N

such that a.s.

N-1 Z..*b*

WL+ ...+ ) . N —
llm{ — — ~_(p—p)—H*_}=llm———T—H* = 0.
Nooo \WN l(N—-l)Y 1 - N-1 ‘ Ny 1 N

Furthermore, lim sup|H1>\'<I| <w and, except for special I',

Iiminf|H¥| 0 a.s.

Example 6.1. Suppose p=2. Then M has a real eigenvalue Pq ¥p

and necessarily A= lpll, y=l,Ma=pla, d= (pl—p)a. If >\2<p, then

al=f]\7=u+a’
n-1 u+[n+1-npla py =1
a =1+ (p;-p) I pja=
n ~ 1 Al n
k=0 [(pl-p)(pl—l) 1

._u+L +1Ja pl#:l

P1
2 -1 -1
If A~ >p, then b=(pl—l) a, c=0, b*=(pl—p)(pl-l) a. If

>\2 =p, it follows after some calculations that
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- o\2
-1, (P1"P -2 .
(1-p )<pl__l> py v-Var'z,-a

<
Il
=
I
o
1
=
T
i)
| I
| ©
~———"
\S)
Q
N
Q
Il

If Az >p, it is well-known that {W;} = {pinzn'a} is a L2-bounded

martingale. The variance of the limit W* can be verified to be

Vartw* = u(i)(pi-—p)_lv-Var'Zl'a

and Theorem 6.3 reduces to

lim W(l-+"ﬁ;2p )(S-p) = 1lim = Wk,
N> pl N—oo pl pl

Example_6.2. If'duaPi—distribution of lle is independent of i,
then ]ZOI,IZl[,... is a single-type Galton-Watson process (this will
be so, for example, if the process is a single-type Galton-Watson
process with the particles moving according to a Markov chain with

p states). Then u=1, p= ijij for all i and the offspring variance
02 = Variizl[ = VariZl'u is independent of i. Since we here have

a=0, we get d=0 and therefore A2==0 <p so that Theorem 6.1 appli-~

es. Since an==i for all n, (6.3) reduces to V==02.

It is interesting to notice that in this case E is the maximum like-
lihood estimator of p based on observation of [Z |,...,[Zy|, cf.

Section 4, so that the asymptotic properties of p are in this case

already obvious from Theorem 4.1.

Finally, we notice regarding the estimator 6 based on the more de-

tailed information and studied in Section 5 that the asymptotic di-
- L oA

stribution of {W(l-+...-+pN l)}2(p-—p) is normal (0,02). In this

situation, p thus has full asymptotic efficiency.
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Example 6.3. Let p=2 and assume Myq =My, =1, m21==m22==8, all

variances equal to 02, all covariances 0. Then p=1u+ 8, pl==0,

vi=v,=%, u =2u/(u+B8), u,=28/(n+8), a;=1, a =1-pa

(1+p=-B8,1=-pu+R)'", n>1. Hence

2
v-Var(Zl ao) = 20,

v-Var(Zl-aj) = 202[l-+(u-8)2], n=1,...,N-1

and applying Theorem 6.1, [W(l-+p-+...-FpN_%]l/2 (P - p) is asymp-

totically normal (0,V), with

n-1
, e e e u-g1%) 1 e pTE ,
V=1lim 20 k=1 _ g2y =87
oo » B AT I
n-1
1+...+ (u+8)

This may be compared with the asymptotic variance from the estima-

tor 6 based on more detailed information and studied in Section 5.
From Corollary 5.1, it follows that [W(l-+p-+...-+pN_l)]l/2(5 -p)
is asymptotically normal with zero mean and variance (ul-+u§)02 =

402(u2-+62)/(u-+6)2. Notice that, since u+B8 =p>1,

e PCTEY i IR T Y R VR S et
a IR - (u+8) (u+B8)

Remark. Results analogous to Theorems 6.1,6.2,6.3 follow by slight

modifications of the arguments for the estimator IZN]/]ZN_l], which

for p=1 is the so-called Lotka-Nagaev estimator.
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7. A remark on the asymptotic distribution of an occurrence/expo-

sure rate in Bellman-Harris processes.

In their study of estimation theory for continuous-time branching
processes Athreya and Keiding (1975) proposed the occurrence/expo-
sure rate o = (XT-XO)/ngtdt as estimator of the Malthusian para-
meter a of a Bellman-Harris process {Xt}. Assume P{Xt==0} = 0 and
E(Xtihx;Xt) < ©» for all t. Then a is strongly consistent as T » .
If the life-length distribution is exponential, then {Xt} is a
Markov branching process and o is the maximum likelihood estimator.
Based upon an analogy with this case, and on a hope on fast con-
vergence of the relative age distribution to the stable age dis-
stribution, Athreya and Keiding conjectured that as T + o,
(7.1) % x at) /% (@ - o)

0
is in the general Bellman-Harris case asymptotically normal. We
disprove below this conjecture by studying the particular case of
the p-phase birth process introduced by Kendall (1948) where the
life-length distribution is gamma with form parameter p. If p is
sufficiently large (greater than 57) the above mentioned convergen-
ce is too slow. This result indicates that a similar trichotomy as
discussed above applies for the convergence rate of functionals of
the age distribution of Bellman-Harris processes. A difficulty in
a detailed study of these problems is that little is known in gene-

ral about the spectral properties of the relevant mean operator.

The p-phase birth process may be described by first defininga conti-
nuoustimeMarkovluanchingprocess(zt)with p types j=0,...,p-1
and infinitesimal generator A of the mean semigroup {Mt} = {eAt}

given by
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(-1 1 o
0o -1 1
A=28 :
0 0 0 0 -1 1
2 0 0 0 -1
Then }Ztl is a p-phase birth process, that is a Bellman-Harris pro-

cess with offspring distribution degenerate at 2 and gamma (p,B—l)

life-length distribution. Estimation of the intensity B or, equiva-
lently, the Malthusian parameter a = aOB (aO to be computed below),

was considered by Hoel and Crump (1974) and further discussed by

Athreya and Keiding (1975).

We first recapitulate some facts on {Mt}. They are in part contai-

ned in Kendall (1948), but we give a slightly different derivation.
Assume without loss of generality that B=1. It is easily seen that
the characteristic equation |A-aI| = 0 for A has the form

(1+a)p = 2, which has p different complex solutions

a, = 21/p Gi2mv/p 0 -0,1,...,p-1.

If v,ru, are the corresponding left and right eigenvectors normali-
zed such that v_:.u =6, |v|=v-u=1 where v=v,, u=u,, then for
v U vu 0 0

(L+a) 7 ,-3/p _-i2mvi/p

v_(j) = — = -
v 2(1 - 27 1/Py 2(1 - 27 1/P)
u (§) = 21 -2"VPy(14a )T = 2(1-271/R)2d/P (12TV3/P,
vV o] P
p-1 p-1 a t
(7.2) I = 3 u®v , M =53 eV uev,

where u,®v, = (uv(l)vv(j)). Note that ap_v==a0,vp_y==vv, Uy v



_27_

In particular,

p-1
|z, | = 2,1 = % (v, -1)Z -u
t t v=g V t v
[ (p-1)/2]
= Zt-u + vil 2Re[(vV-L)Zt-uV] + (vp/Z-i)Zt.up/Z’

the last term being interpreted as zero for p uneven. By standard

-anpt
facts on Markov branching processes, W = 1lim e 0 Zt-u exists and

: apt :
P(0O<W<w») = 1, 6 (more generally, lim e Zt = Wv), while for v2>1
the behaviour of the vth term depends on the relative size of a,

and 2Re a,- It is easily seen that for large p

= 21/P..1 ~ 19%J1 Re a, = Zl/r)COSZW/p'-l ~ ao-gﬂ—

a9 ' 1

and it is clearly possible to choose p such that y = 2Ikaal:>a0.

It is then well-known that {W¥(t)}={we 1

-1 -1 2
(Vl°r]~")zt ul}, w=a;"-a,", isanl
bounded complex martingale and letting W* = W{-+iW§ denote its li-
mit, we have with reference to Asmussen (1977, Section 4, slightly

extended), that

ant -1 a-t
=e 0y + 2ReL)le 1 wx1 + o(eYt) a.s.

and thus that

T

T e a-T
J15glat - astlzg| = 2rele™ue) + o(e™

= 2eYT{0052ﬂT/p W{ - sin 2mT/p Wﬁ} + o(eYTL

To see that this i§ of order of magnitude eYT (which clearly con-
tradicts the convergence in distribution of (7.1)), we must check that
W{eﬁuiwﬁ are not both degenerate at zero. To see this, it suffices
to note that E'W* = W*(0) = u(v -1)u; (0) #0.

Kendall remarked that ReeH_> 0 when p > 28. Correspondingly,2Ree;[>aO

when p >57. Otherwise, 2 Rea.l<a0 and, as was to be expected from
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Section 6, indeed (7.1) is asymptotically normal. We sketch the
argument to show how the methods of Section 2 can be used also in
central limit problems in continuous time which does not reduce in
a trivial way to the consideration of discrete skeletons (as is the
case e.g. for linear functionals Z_-a). The continuity properties

N

of (7.1) ensure that it suffices to show the central limit theorem
along any discrete skeleton {N&§}S§>0. Let Y = fg[Ztldt,
K = (eaoé—l)/ao. Then from (7.2),
i :y
E7Y = éMtL(i)dt =ku(i) +b(i)

a,t
where Mtb = 0O(e 1 ). The study of (7.1) (with T = N§) is equivalent

to considering

NS N-1 z

| 8
-1, _ -1 L, 2% ng,k__,.onék
a, 1zN6| - g[zt|dt = ay |2 -nEO{KZnG-u+ Z 5D+ El(Yn E(Y" ang)}

where Yné’k is the functional corresponding to Y evaluated in the

line of descent initiated by the kth individual alive at time nS.

Writing ZNG an in a similar manner as in (3.3) leads as in Sec-
14

tion 6 to an expansion in martingale increments and the methods of

Section 2 apply. We shall not give the details or compute the va-

riance.
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