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Abstract

Aséuming positive regularity in a sense suggested by
branching diffusions on bounded domains, some of the
basic limit theorems for Markov branching processes are
formulafed with a general set of types and minimal moment

conditions.
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Several standard limit theorems for Markov branching
Processes have recentiy been proved with a general set of
types in as sharp a form as they were known with a finite
set of types. However, the theory as presented in (6,7,
10] is somewhat inhomogeneous . The degree‘of generality
varies from paper to paper. In particular, [6, 10] and
the application to branching diffusions in [7] assume a
local branching law, thus excluding for example multitype
branching diffusions. Besides, the moment conditions in [6]
are mnot quite minimal° In this note we formulate a coherent
theory in a completely gemneral setting and discuss its con-
ditﬁons for processes consfructed from é transition func-
tion on the type space, a bounded fermination density, and

a not necessarily local branching kernel.

1.Set-up

Let (X,¥) be a measurable space, 8 the Banach algebra

of all bounded, complex-valued, U-measurable functions g

on X with supremum-norm lIgH, B+ the non-negative cone in
B, and §:={§eﬁ : l|g|I§1 }, —S-+:'=ﬁ+('\-§. Define
[~ ]
% LJ X(n)
n=0

-where .X(n),:n21 s is the symmetrization of the direct product

of n diéjoint»copies of X and X<°):={6} with some extra
point  © . Let. i be the oc-algebra on X induced by U .

By definition a transition function P, (%,A) on (X,
with parameter set T=Z2Z , or T::R+, is a branching trans-

ition function if its generating functional,
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VFt(}?,g‘-‘)F P (X,(0}) + Z f P (%,aCx, - +sx ) Hi-(xv); E=s,

n=1 x (@ v=1
satisfies

Ft(egg) =1,
(1.1)

V=1

iFt(<X19 . '9Xn>9€) = HFt(<xv>9€)

for all teT, §E§, and {x g0 eX >EX(n), n > 0. Correspondingly,

1 n

a Markov process {ﬁt,Pg} on (X,¥) is a Markov branching
process if it has a branching transition function.

In particular, we shall refer to the following more expli-
cit setting:

buppose dfthj let X be'a locally compact Hausdorff space
with countaBle open base; and let D) be the topological Borel
algebra on> X. If X is non-compéct, let XU{3} be the one-
point compactification of X . Define Co as the subalgebra

of all continuous E£&B such that lim E(x) =0 if X is

non-compact. Suppose to be given

(A<1) a transition semigroup {Tt}t>'0 on B, which is
strongly continuous on ¢, with T,C = C_ for t20,

(A.2) a termination density ke l{+ and a branching kernel
m on X®I.

As is wellknown, these data uniquely determine a right-con-

tinuous strong Markov branching process on (X,8), ef.[3,4].

If [Tt} is the transition semigroup of a diffusion, this

Process is called a branching diffusion.

For every U-measurable function & on X define
2[€1:= 0 x=9,

=‘= Zg(x\)); x=(x1,o-,xn>EX, n> 0.
v=1 '



- 4 -

Let O0(x) := and 1(x):=1 VxeX. If P_ is a branching

transition function on (i,ﬁ) such that
M LET(-) &= Lsz[g] Pt(<'>',d5E) eB8; t>0
X

for €E=1 and thus all Ee 8, then {Mt}t>0 is a semigroup

of linear-bounded operators on 8. In the (A.1-2) framework

the assumption

(A.3) [ &1 a) <8

‘aSSUres that

ml-1(y):= [ &0 1n(y,a2); yex,
: X

defines a linear-bounded operator on 8, which in conjuncfion
with ke B implies M': BB for all t2 0, cf.[3].
We assume throughout that the following condition is

satisfied: -~

t} can be represented

(M) The moment semigroup {M £>0

in the form ‘ .
t .t %

M =p 99 +Q 3; t>0,

where pel]0, [, ® E-B+ ’ cp* is a non-negative, linear-

bounded functional on 8 , and Qt:ﬁ-»ﬁ such that

o*lol =1, o*[q.[-11=0, qlel=0; t>o0,

lo fell <oy 9*lElo; E<=B,,t>0,

with some a, :T- [0, [ satisfying

_p"tat—» 0; t-w.

We propose to call a Markov branching process positively
regular if it satisfies (M). For finite X this definition
is equivalent to the historic one. Verifications of (M) for

5
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large classes of branching diffusiohs and reiated'processes
“are to be found in [6,7] and particularly in [9]. while
 admitting infxe;X ©(x) =0, we can assume w.l.o.g. that
o(x)>0 V x=X.In case of a restricted branching diffusion
this merely means that any totally absorbing barrier is byA
definition not inéluded in X . Note also that G{jA] is
automatically o-additive in A €¥U. Here 1A is the indicator

function of A .

2.Limit theorems

Let us first recall two .results on supercritiCal proces-
ses (p>1).

THEOREM 1 ([71). If {ﬁt,Px} is a Markov branching process
satisfying (M) with p>1 , then there exists a random varia-

ble W such that

1im p "% [€]l= ¢*[EIW a.s. [Pﬁl
Nalr»m n o

for every & absolutely integrable with respect to o*[1_ ].If
(2.1) 0* (5872, 0] Tog &, [61] < =

for some te T\{0}, then this inequality holds for all teT,
and E<X>W=<p(x) V x=X. Otherwise W=0 a.s. [Pﬁ:l.

In order to handle t- o, tGER+,'some additional structure

is needed:

(Co1) There exists a set of non-negative random variables
{rt;t>o} such that 5‘:3[.1]5_ ro ¥ ss[o,t] and Il E<'>rtll¢1
as tJ 0.

If {§t,Px}‘ ¢an:be constructed from a system [Tt,k,ﬂ]
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°
°

satisfying (A.1-3), define Yit= ﬁt[1]-+nt with n, := {r

‘ﬁT_O[']] > iT[']] 3 0<1<t}. Then %s['l]s Vi vV selo,t] a.s.

[P¥] and 1§‘IIE<°>ytllgexp{llkH(Ilm[ﬂ+1)t}, so that (¢.1)

is satisfied; cf.[7].

THEOREM 1* ([7,8]). let X be a separable metric space,
A
2 the topological Borel algebra, and {ﬁt,Px} a right-con-
tinuous Markov branching process satisfying (M) with p > 1

and (C.1). Then
lim p-t Set[n] = o*nlw a.s, [PX]

t > 00

for all meBR which are continuous a.e. [o[1,]].

Given (A.1-3), condition (2.1) can be expressed in terms

of k and m . For this we need the following property:

(B.1)}There exists a c*EIH_such that o*[km[§]] < c*o*[E]
for all E£<=8,. | |

Clearly, (B.1) has to be discussed. For finite X, or a
iocal m™ ythis condition is , of course , empty. However, let
{Tt} be, for example, the transition.semigroup of the restrict-

ed Brownian motion on the bounded interval (o,8) =R with

total absorption at a« and B. Suppose

kGOmlelm = [~ #(x,y) €(y) ay
»' continuous on [o,p]1® [¢,B]. Then (B.1) cannot be satisfied
unless %(',a)==n(‘qB)==O- Concerning the involvement of o*
see Remark 1 at the end of this section.
PROPOSITION 1. Given (A.1-3), suppose (M) and (B.1) are
satisfied. Let f‘:EH_» R+ be concave with f(0) = 0. Then for

any t>0
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(2.2) p* (8872, (0] £(2,[p])] < o
if and only if

(2.3) cp'*[kfi 2] £(RleD m(+,d8)] < w .

The proof is a routine extension of the proof given in
‘a more special setting in [7]; and there is no need to re-
peat the details. Note that, while f(x)=1logx does not

satisfy the assumptions of Proposition 1, (2.2) and (2.3) with
x
f(x) = 00, e] (x) = * e, ) (x)log x
are equivalent to (2.1) and
(2.4) cp’_"[k‘[ﬁ %lpl 1og X[l m(+,dR)] < =,
respectively. Concerning extensions of Proposition 1 see

Remark 2 below.

Turning now to p< 1, we introduce the mappings Ft[°]2
+

§ -8, t=T, defined by F [-Ax):=F ((x),) 3 x=X. If M
B.> B , there exists a mapping Rt('['] : SOR - B, sequen-
tially continuous with respect to the product topology on

bounded regions, non-increasing in the first and linear-

bounded in the second variable, such that
_(2.5) 0-=r (1nl< RE(cAnl < Mnls  (c.m) =508 ,
"(2.6) 1 - F L8] = Mt[17~g] n.Rt(§X1 - 81y Ees,
cf.[2,61. We shall need the following pfoperty:

(R) For every teT\({0} there exists a mapping gyt §+-'B
. such that
RE(E)[1-¢€l=g, (el p o [1-Elp; £=F ,

- lim g, [Elll=0.
1 - &l-o0 ¢



If X is finite, (R) is automatically satisfied. To prove
(R) idin the [Tt,li,rr] setting for general X, we need

- another consistency condition :
(B.2) There exists a c €R_such that kmlol<co.

As (B:'l)_ this condition is empty if X is finite, or if
m is local. Returning to the example given in connection
‘with (B.1) , note that (B.2) cannot hold unless #(a,-) =
n(ﬁ,*)::d. Concerning the role of ¢ we again refer to Re-
mark 1. -

PROPOSITION 2. Given (A.1-3), suppose (M) and '_ (B.1-2)

are satisfied. Then (R) holds.

. A proof is to be found in section 3. It extends the argu-

ment given in [10].

In accordance with the rémark at }he end of section 1 we
- tacidly assume from now on that A@(x) > 0 for all x&X .
In connection with the subcritical case (p <1) we shall

need the following éontinuity property :

“(C.2) The space (X,¥) is a topological measurable space,
and thefe existé a compactification §'<n? X such that

(1- thg])/cp has a continuous extension on X for every
teT\{0} and £e¥% .

A verification of (C.2) for a large class of branching

diffusions has been given in [10]. The proof does not depend

on whether or not m is local-

If P, is a branching transition function satisfying (M)

with p< 1, then by (2-4),(2.5), o Nim | P(R,(6)) =1
(n) '

uniforml)'r ~in . ¥eX for every n>0.



THEOREM 2. Let P, be a branching transition function

"satisfying (M) with p<1 and (R) . Then there exists a
YER, such that
(2.7) 1im p'tPt(ﬁ, {$#£06}) =7 xle]

t » o

. uniformly in :'EEX(n) for every mn > 0. Moreover, Yy >0 if and

only if 7

(2.8) o*(e$72, [p] Log 2, [0]] < =

for sc;me (and thus all) te=T\{0}. If 7y =0, suppose (C.1)
is satisfied. Then for al;ly AvEﬂ and n<=Z , v‘=71,..,j,7
with L}3=1Av=)(, j>0, the limit

P (R, (§L14 ]=n sv=1,..,5}N{F 40 })

P(Ays-esA im0 = Lim _ .
- J : t->o0 Pt(xa{fr%e}) .

(n)

, exists uniformly in XX for every n>0 and is indepen-
dent of % . The limits form a consistent set of probabilities,
and ifv X is a locally compact Hausdorff space and 2 the
topological Borel algebra, this set determines a probability

measure P on (X,8) such that

& = b‘ = j = 3 ; e . .
P(y[‘iAv]-nV, v_’l,.o,\].)_p(A1,..,Aj,n1, ,nj)

If 7> 0, then

Lf:[-]p(aﬁ): 1 orl-1,
cX T

bufvif Y =0, then:I’ does hot have a bounded first moment
functional.

| For the proof we refer to section 3. Details are given
only where the argument deviates from the more special proof
in [10].

- We now turn to the critical case (p =1).



LEMMA 3. Let Pt be a branching transition function satis-

fying (M). with p =1 .Then the value of.
1 . are12_ ar.2 N as |
pi= =— o*[| { %lpl°-2[0°1} P _({-),d%)],
2t 2 t
which is non-negative, possibly infihite; does not depend on

teT\{0}.

PROPOSITION 3. Given (A.1-3) such that (M) with p =1 and

(B.1) are satisfied,

W =1 w[kj (2[01%- 2[0°1) n (- ,aR)].
z ' ﬁ- .

Again, the proofs are deferred to section 3.

Let P, be a branching transition function satisfying (M)

t
with p =1. Clearly, p=0 if and only if Pt(<'>,X(1)) =1

a.s. [0*] V t=T.If p>0, then ¢~*[Pt(<°>,{e})]>o v t‘eT\{e}.

Assuming u >0, define

TN = {x=X: P, ((),(8)) =0); te=TN(6),

a(x)i= lim P, ((x),(6)); x=X.

If ¢*[N(t)1=0 for some t>0, then g=1 a.s. [p*] as in
[ 1i III,n0.11,12]. If o*[N(t)1>0 ¥ t>0, fix s>0 such that

o <1 and define '
N:= (\ N(ns) .
neN

A routine extension of [15 ITI,n0.6] shows that P2s(<x>'

{y[ﬁN]>1 }1)>0V xeX and, if

(2.10) xigl PZS(<xA>‘,{3‘r[1N] >1}>o0,

that { 0<$[1]1<a }, d> 0, is a transient event of the process

which implies again that

A
(%, Px; nEL+} determined by‘Pas,

2ns

q=1-.



"If X is finite, (2.10) is automatic. If more generally
(X,¥) idis a topological measurable space and N compact,
then continuity of Pa's((x>,{§r[’lN] <1} in xeN is sufficient
for (2.10). Given (A.1-2), this continuity is guaranteed,»
if Tt§(x) is continuous in xe=X for all t>0 and £<=8,
and that is the case for many diffusions, cf. [o].

From (1.1) and the Chépman—Kolmogorov equation
(2.11) Fo,ct81=F.LF [E]]; t,s < T, §=8.

By use of (2.11), (2.5), (2.6), and (M) it follows from

»*[1-ql=0 that lim P, (%,{6})=1 uniformly in g =x™
for every n>0.

We shall need the following continuity property :
(c.3) I£ T =R, then for every x<=X and every decomposi-

~ tiomn {A,I,..H.AJ.} of X with A =¥, v=1,..,j, j>O0, the func-

tiomn Pt(<x>,[§r[1A]=nv; V=1,..5j3} is continuous in teT.
v .

In the (A.1-3) setting (C.3) is automatic.

THEOREM 3. Let P, be a branching transition function

t
satisfying (M) with p =1 and (R). If ¢*[1- gl =0 and p<«, then

lim tP, (2,8\(0}) = 12[p]
£>o © ok
(n)

uniformly in XX~ for every m> 0.If in addition (C.3) is
satisfied, then for every decomposition {‘A1,..,Aj.} of. X with
A, €%, v=1,..,], j>O0, and every R e=X\{0}
A 1 ' . A
. Pt(x,{;gr\[uvj_ng; v=1,..,31 N (§ #6})
1lim
tse Pt(fc,(?;:’e})

03 a . minA <O,
v

. =1 L
1 - exp[—m\:’Ln[(ucp*UAvJ). hv]}, .m1nAv>0



uniformly in (}\1,..,}\3) ERj . :

REMARK 1. The conditions '(2.1) , (2.4),(B.1-2), and u <
are less implicit than they may appear to. be. There is often
enough general information about o* and ¢ to allbw more
explicit expressions. For example,‘if [&t,Pi} is a branching
diffusion on a bounded domain in R" with mixed boundary
conditions, then with sufficient smoothness assumptions ¢
is the restrictidn to X of a smooth function on the closure
X wﬁich vanishes on X\X and has a strictly negative deriva-
five in tﬁe direction of the exterior mnormal there, while o¢*
has a Lebesgue denéity with the'same properties. As one of
the simplest cases consider again a Brownian motion on a bound-
‘ed interval (o,B) with total absorption at both endpoints. We
may then réplace o by (x=-o)B~-x).and ¢*[E] by
Iz(x-a)ﬁi-ggg(x)dx'and arrive at conditions which are equi-
valent to the original ones.

REMARK 2. Although Proposition 1 is already morevgeneral
than is needed here, the full séope of the method éf proof in
“[7] is of-interestk

. (a) In order to préve that
(2.12) _Q*[kfﬁfc[@]nf(fc[cp])n('.d:'E)] <e
is sufficient for
o*[e 72, [917e (R, 0] 1 < =
with £ as in the proposition and n=293,4,oe., the corre=
Sponding higher order aﬁalégue of (A.3),
jﬁﬁmnﬂ-',df;) 8,

is needed. For finite X this is, of course, already contained
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in (2.12), but in generél it is not. The necessity part of

the proof goes through as before.

(b) When replacing ¢* or ¢ , the sensitive details of the
proof are the following; The sufficiency part relies on (B.2)
and (3.11), the necessity part on (3.12) aﬂd the submartin-
gale propefty of {ﬁt[m]/pt}. In fact, (3.11),(3.12), and

the submartingale property are needed only with some positive
‘ ,

continuous function in place of p .
3.Proofs

PROCF OF PROPOSITION 2. .Given (A.1-2), let {xt,Px} be the
Markov process determined by [Tt}.and EX the expectation

with respect to Pxi Define
o | x A c
T,E(x) :=E (%(x ) exp { —I k(x )ds}>; EeB, xeX,
t t o s ‘ »

and let f[<1(x) be the generating functiomnal of m(x,*),
x € X. Then for every £ 8 the function F;ctgl(x): t>0, xeX,
is the unique solution of

t '
ug(X):fT:g(X)-rHt(X)'+I0T:{kf{.ut—s]}(X)ds"

: t o
o )
Hy (x):= 1-Tt1(x)-joTsk(x)dsa
If we also assume (A.3), then for every £ B the function
Mt[gl(x)v; t>0, x=X, is the unique solution of
t
_ om0 o
{3»1) ?t(x)-Ttg(x)-bjoTs{knﬂ‘vt_S]}(x)ds,
cf.[3],[4]. It follows by use of (2.6) and the corresponding

expansion for f ,

1 - flgl=ml1-€]-r(e)X1-€1; €8,

| “that for every € >0 and & E§+ the function Rt(§)[1 -Elx)y



t>2e, x=X, solves

t-¢€

(3.2)  wy () = A G +BLGO ¢ [ Toleml wy 1) (o) ax,

' t

RO Jor2err,__[eD01 - F,_ [£11} () as,
> )°—IET° (km[ RS(£)1-£11} (x)d

Bt x)i= o t-s m ‘§ 1-8 x)ds.

Iﬂ fact, Rt(i)[’l -E£1(x) is the only bounded solution in
(¢ y e41] for any T>0, and thus equals the limit of the
(non—rde,creasing ) iteration sequence { W(t\_))(X) }\) cz,’ wzé 0.
We estimate this sequence, modifying the argument given in [10].
‘Suppose 0<‘6 <¢/2 and §€§+. By (2.5) and (2.6) there
e;},ists"a ¢,20 such that F __[§1>1-c ll1-5ll1 for &<
s<t-0, t_<_sJ-To'E'quation (3.1) dimplies T:SMt on 03+. Final-
1y, we have 0=r(1§] <r(0)gl<mlg]l ¥ (¢,8) =5 88 . Hence,

making use of (M) and (B.1-2), for "t2>¢

. 5 .t R .
agG = [ o[ MPleminT0 - 2111 () as

t-06

+f
'd

_<;-.6(c,+c*)(’| +p-8/2a8/2) p'tcp;f*[’l -EJe(x)

M?[kr(1 - c,ill1—§ll1)[Mt"sE1 -£]111(x)ds

+ tA(1+P—6a6)(1 + 9—8/29{8/2) “kcp‘“

X mf[r('] - cql|14§l|1)[cp]] pttp’_“['l - €] (x).

~ Since cp*[zf'('l-c1||1-§“'1)[cp]]—>0 as ll1-€ll =0, and since &

can be chosen arbitrarily-small, this shows that

&y < ‘i:As T[E] ptcp*[1-§]cp;‘ e<tLe+r,
9

(3.3) ’ |
o _ lim 6, [81=0; g>0, T>0.
l1-gll-o0 ! ; :

' - [ -]
Using (2.5),(3.1), and the fact that T:_SSMt *M°7% on 8,



Bi(x)gmt“stj M* TS [emM 01 - £111(x)ds =2 B (x); t2e,
o 4 -

(3;4) t=g ;8 e

f‘ T°{km[ B 1} (x)as<B,(x); t>c¢.

o s t-s : t

Again by use of (M) and (B.1-2) it follows from (3.2-4) that

lim w
VvV —> oo

: < (et AS’T[QJ +ec(1+ p-(t’S)qt_e)} ot *[1-81 o;

e<tLe+T.

Since & ,717>0 'were arbitrary, this implies (R).[

Tﬁe fOIIOWing lemma is used in the proofs of Theorems 2
and 3. |

LEMMA 1. If Pt | is a branching transition function such
that (M) and (R) are satisfied and .1imt”th(<x>,9) =1 -
VxeX, then there exists for every t =T\ {0} a mapping -

hts S+-»ﬁ such that

==

- F, [§J-(1+h f§])cp*[1-F [g]]:g, '-gesgr,

11m 1 h, [g]ll =0 uniformly on .§+,

t >
where ¢*[1-F [£]11>0V t>0, ge'é'*ﬂ{cp*h—g] >0}.
The proof of this lemma is the same as in [10] except for
the last statement;‘ which we verify as follows. Suppose g e

3 ﬂ{cp*[1 £E1>0) and t>0. If o'<zs<1, then by (M) and (R)

cp:*[ﬂ-Ft[g]] > *[‘1-F [1-6(1- §)]]

> 6cp*[1 §J{1-Ilgt[1 -5 (1- g)]ll}.,
and :there’ is a 6 =6(t) such that |l'gt[’i-5(1-—§)]||' <1.

PROOF OF THEOREM 2. Given (M) with p <4, there exists a
YR, such that | |
-t ’
(3.5) e Tetl1-F 0] Jy as tT .

R By



- 16 =

Moreover, Y>0 if and only if for some ¢ <||w||_1

(3.6) z o*LRY (1 - e0p P11 < =,
v=1 -

where te T\{6} is arbitrary. The proof of these two state-

ments is the same as in [10]. It is a routine extension of
the argument given in [2].
Lemma 1 and (3.5) imply (2.7). The equivalence of (3.6)
and (2.8) follows from the next lemma.-
) ) A
. LEMMA 2- Let P(+,*) be a stochastic kernel on X®U such

that

M['](x)zzjﬁyf'] P(x,d$); x<=X,

defines a bounded operator M on 8. Let F[:1l(x) be the gene-
rating furnctional of P(x,*), and expand -
‘1-P,[8] = M[1-5] - R(E§NM1-€]1; §<§,
as in (2.6). Finally,let E* be a non-negative, linear-bound-
ed functiomnal on 8 , sequeﬂtially continuous with respect to
the product topology on bounded regions, .. - let §'E§; such
that &(x)>0 Vx<=X, and let A =(0,1). Then
. b .
(3.7) . 2 E*[LR (1-A"E)NE]] < =
- \):1 .

if and only if

(3.8) e[ %051 1og R[]I P(+,aR)] < = .
X .

PROOF. We extend the proof of [10: Lemma 4]. Notice the

relation to the argument used in [5]. Clearly,

L'g*[n(i- ateellat - £+ImMIE]] <

i
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< ) e*[R(1-2"EME1) < [ g*[R(1 -2teXgllat .
- [e] -

v=1

With the substitution s=s(®,t):= - %[ log(1 -lt§)]/>?[§]

f E*[LR(1 - J\té)tg]dt =
o]

]

E*EJ‘AJ‘ (exp{:?['log('l - lt’s')]} -1+ At;’;‘[g]),ftdt P(-,d)]
X o . ’ : v

erl] qu(ﬁ,.O){s-a(exp{—ﬁ[g]s} -1+ é[g]g)
X . :

L+ a(ﬁ,is)} b(%,s)ds P(- ,dx)1,

201 - %ll10g(1 - 2FE) 1] ,
(2[1og (1 - ate)l/xle1)2

a(R,s(®,t)):= s;z(}\t- s) xleg] =

. V o _ - 1 A. _ t 2
b(%,s(£,t))i=- A tsz(a_S.) _ __ (x[10g (1 tx £)1) 0
| ~ N0 Heedl antel 20nte/ (1 -ate )]

Observing that a(®,s(%,t)) and b(g,s(&,t)) are bounded as
functions of (fc;t) on X® R+,' even if inf€ =0 ,' and sub-
‘stituting o =x[g]s , we obtain the equivalence of (3.7) and

2ll1og(1-8)] 1 ep, = .
o “(e 9-140)do P(c,df)] <.

o

3.9 g*(f &g

. X
Since there exist real constants C‘l and C2 such.that

1Y -2, =0 >
O<C,']_§[log(‘l+w)] J‘ o “(e -’i+o)dcr,§_C2<°°
- o . -
for all w>0, (3.9) is equivalent to

g*[[ 2051 1og(1 + %[ 1og(1-6) D P(+,aR) 1< =,

x .

which is cleafly equivalent to (3.8).0

. The remaining parts.of the proof of Theorem 2 are the

same as in [10].
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- PROOF OF LEMMA 3. Let ( be the set of all non-negative,
not necessarily finite-valued, .¥-measurable functions on X.

Extend %[:1%-2[(-)2] to @ in the obvious way. Then

MEEX-) s j ($LE1%-$1E%1) P, (-, a9)

defines a quadratic mapping M(Z) @P->p for very teT. Extend-

ing also Mt['](x) to £ we deduce from (2.11) that

t+s
(2)[53 = M(2)[M [gl] « Mt [M(Z)[gjl V s,teT, £

If we have (M) with p=1 and extend (p* to /2 , it follows that
'Q?""’[M?z)l:cp‘]‘] is non-decreasing in t T and
' o t 1
* — *
(3.10) ,_ © [M(a)[;p]] = to [M(Z)[cp]]
for all ratiqnal 't eT\{0}. Consequently (3.10) holds for all
teTN\{0}. O

'PROOF OF PROPOSITION 3. Let ’ §'EB+ s define
m 5y (81 ) ==f‘x{§f[g12- $L£21) n (x, a9)

and extend Tz[‘](x) and- m[*1(x) to P . Then the function

,M%Z)[iﬂ(x) , t2 0, x=X, is the minimal non-negative solution of
t o ) S | t-s
z, (x) =I¢ Tolkmlz,_ 1+ km, [M 75511} (x)as,
ef.[3]. Given (M), it follows from (3.1) that

(3.11) erDrdel <eferlsl; €20, 8 P,
and, using (B.1), that
(3.12) o w*[T:§32(1~c*t)pt¢*[§]; t>o0, gép,

" Hence, if p =1,

.
¢*£J T {km[M(a)[cp]}ds]

tc¢* sup cpf‘[M?a)[cp]] = Zcf‘tzu,

se[o0,t]

in
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. .
* * " o )
61 - ¢t) o*lkm ) lo1] < o [ T (km, (0]} as]
< tcpf"[km(z)[cp]]; teT.
. Letting 0<tl)O0, we have (2.9). 0

PROOF OF THEOREM 3. Given Lemmata 1,3, and 4, the proof

is the same as in [6].

LEMMA 4. Assuming (M) with p =1, (R), and p <o, we have

. 1 * =1 *. ;1 —
Nal.:li‘llwzg{cplf’l}‘Fn{)[g]] - o*[1-¢] }—‘u

uniformly on §+n{cp*[1-§]>0} for every 06 T\ {0}.

PROOF. Let gre§+ﬂ{cp*[1‘-§]>o}. Then by Lemma 1 also

o*[1 - Ft[§.11'> O VteT. Using (2.11),

{tp*['l-F [g]] "o erl1-817")

413

0*[1-FylF (1177 - o*[1-F (517"

B€

2

5
O,
1
1

5

' =1
Z (1-9701-F, (811 2, [F  [811) A IR, (53],

Aglgdi= o*[1=¢1 % (g*[1-C]-0*[1-F,[c1]}.

Given p <=, there exists for every t T\ {0} a functional

*[R )(°)[']] on §+® B , sequentially continuous on bound-

(2
.ed regions in s ®"{§=n_¢p : M t—:B+}9 such that

2
0= (p*[R( )(1)[ncp]]<cp*[R(2)(§)Encp]J_gcp-*[M%Z)[ncp]]gztullnll
for t>0, (£,7) a_'s' QB ,' and |
*[1—F [c]] —cp*[M 1 g]]m—cp [1\1(2)E1 -c1] +2ep [R(Z)(Q)['I -¢11

for t2>0, g:q-ncpeg ,neh . In view of p =1 and Lemma 1,
= + + ,
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(I '
AP L8]] =50*[ M [(1+h [ED)el]

- Lo RS, (1-F [ (1+h, [51)e]].

Since 12> Ft[E,](x) > Ft[O](x) = Pt(<x>,{9}){ we have

lim A LF [E1]=0p

t > o

uniformly in & . This completes the proof.[]
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