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ABSTRACT

It is proven that a supercritical p-dimensional Galton-
Watson process can always be normalized to obtain a;e. conver-
gence to a nondegenerate random vector Wv where v is a deter-
ministic vector and W is a scalar random variable with the
property that it is a.e. positive on the set of explosion.

Additional properties of W are also investigated.
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1. INTRODUCTION

For the one-dimensional supercritical Galton-Watson pro-
cess‘{Zn}, Seneta and Heyde [5], [2] have proven that it is
always possible to find a sequence of constants‘{cn} such
that c, + 0 and ann converges almost surely to a ranoom va-
riable W which is positive on the set of explosion. The pur-
pose of this paper is to prove the p- dlmen31ona1 (p>2) ana-
log of this result. It has recently been brought to our at-

tentlon that results analogous to ours were announced by Hop-

pel7]. We Were,however, unable to obtain details of his

‘work and so we felt it worth while to present our proofs.

Before stating our results, it is convenient to first

give some notation. Let,

X = get of all p-tuples i = (il,iz,.}.,ib) whose ele-
ments are nonnegative integers

C = p-dimensional cube of points s = (sl,sz,...,sp)
such that 0 < si <1

0 = (0,0,...,O),l'= (1,1,...,1)

e(u> = (§ .,6 ), 1 < d < p and § , is the usual

la’ 20c"’,’ a’’? - - aB

Kronecker delta function.

i p 1i.

s = T s.) for s€C and i€X
j=1

For any two elements s, t of either C or X we write

p
<s,t> = ¥ s.t.
j=1 13
(<) (<)
s <t iff s, <t. 1< j<0p
) 13
[[s]] = max [s.]
1<j<p

If A is any p X p matrix, then sAt is the obvious bili-

near form.

Let {Zn = (an’ZnZ""’an)}nZO be a p-type




Galton-Watson process where a particle of type o, 1 < a

. If ZO =

< P,
produces offspring according to'{p(oc)(i)}i€X e(a)

w.p.1l, we write’{Zéa)}, 1 <a<op.

As usual, it is more convenient to deal with probabili-

ty generating functions and so we write
£(s) = (£ (), £ (6), ..., P (o))

where

f(a)(s) = X sip(u)(i) 1 < d < p, SEC
i€X -

We denote the nth composition of f with itself by fn i.e.

£ (s) = £ ,(£(s)), n > 1 (£,(s) =5, £,(s) = £(s)).

5 (%)

Let maB (1), 1 < a,B < p and denote the matrix

(mdB)lia,Bip by M. As is customary we will always assume
that M satisfies the following condition.

Condition A. The elements of M are all finite and M 1is

nonsingular and positively regular.
(The reader can consult [1, pg. 184] for the appropriate

definitions).

When Condition A holds, it is well known [1l,pg.185] that

M has a maximum eigenvalue P which is positive, simple and

has associated positive right and left eigenvectorsu and v

which are normalized so that <u,l> = 1 and <u,v> = 1.
In this paper we assume that 1 < p < o, This is what is

meant by the process being supercritical. It is well known

[1,pg.186] that in this situation

P(lim z_=0|z =e (™)) + P(Llimi 2 j==|z =e(®) = 1

n->oo n->o

(@) _ P(lim Z_ = 0|z = e(“)) <1 1 <a<op
n ~'70 oz
n-—»>o© :

q

and
f(q) = q where ¢q = (q(l),q(Z)



We now state our results.

Theorem 1. Let'{Zn}n>o be a p-dimensional Galton-Watson

process satisfying Condition A and 1 < p < «. Then there al-

ways exists a sequence of qonstants'{cﬁ} with cﬁ - 0 and

> p as n > «®, such that the sequence of random variab-

cn/§n+l

= < >
les {Wn c <u,Z_ }Qio
riable W having the following properties:

converges a.s. to a finite random va-

i) P(w=olzoae(°‘)) = q(o‘) I < a < p
ii) Let 0™ (2) = (™ |z, = ¥) 1<a <y
z real.

Then ”
8(z) = £(6()).

iii) There exist nonnegative measurable functions

w(a)(x)'such‘that for 0<a<b<e

P(a<W<bon=e(u)) = IZW(G)(X)dX 1< d <p

iv) E(W]ZO=e(u)) < ® for some 1 < o < p iff

T i, log i p(® (i) <@, 1 <a,8<p iff
iex |

Theorem 2. Let the assumptions of Theorem 1 hold. Then,

lim - v || = 0 a.e. on the set of
n-c n explosion

where v is the left eigenvector of M corresponding to p.

Combining Theorems 1 and 2 we obtain:

Theorem 3. Let the assumptions of Theorem 1 hold. Then

there exists a sequence of constants.{ch} with c * 0 and

rcn/cn+1 + p.such that

lim ¢ Z = Wv WeDele
n n
n—>c°o



where v is the left eigenvector of M corresponding to p and

W is the random variable given in Theorem 1.

2. PROOFS.

For ease of exposition, the proof of Theorem 1 will be

carried out 1n a series of lemmas.

Lemma 1. There exists a sequence‘of'veCtdrs'{xnln>o

such that q < X, < %, and x = f(xh+1), n > 0.

Proof. Let Rn be the range of fn’ n > 1, and set R =
NR . Since q and 1 are fixed points of f, they necessarily
n

A~ .
belong to R. Also, since g < 1 and each Rn is arcwisec con-
nected, there exists an X, € R such that q < X, < 1, and by
our choice of X there exists a sequence of vectors'{yn}
such that Yo € Rn—l and Xy = f(yn), By the Bolzano-Wierstrauass
Theorem there exists some point x1€C,X1*q, x1¢1, and a sub-

sequence of the'{yn} say‘{yn}}such that liqun, = x;. By
n>o ~

continuity, Xy = f(Xl). If we can show that X € R, Fhen the
proof of the lemma will follow by simple induction. Thus, we
need to show %, € Rk for all k. Pick a k > 1. Since yn.€Rk
for n' > k, we can find vectors LAY such that fk(W;) =y,
n' > k. Since the'{wn,} has some 1imiF point w € C, we con-
clude by continuity that fk(w) = % This implies X, € Rk

and completes the proof. Q.E.D.

Remark. In the l-dimensional case, it is not difficult
—_—— : A
to see that f has an inverse f L and as a consequence, R =
[g,1] and x_ = f;l(xo). Naturally in the higher dimensional
A

case, it is not as easy to describe R, nor to make the evalu-

ation of the.{xn}.

For n > O define

= o o = - < <
z_ (an’znZ" ’znp) where Z 4 1n Xna’l <a<0p
c_ =<v, 1 - x >
n ~ n
W =<z ,2 > Y =e "n

n n n n



-

Fn = Og-algebra generated by ZO,Zl,...,Zn

Our next lemma proves some properties of thev{zn} and

the {cn}.

Lemma 2. The following properties are true.

i) 1lim z = 0
n-—->oo ~

ii) 1im —2%— = o 1<a<op.
n—>° zn+1oc

M
Ha
My

~

z
lim EE = u, where u is the right eigenvector

n—-®° n .
of M corresponding to Q.

prove (i) it is sufficient to show that lim X =

EEOOf' To
7 n->co

1. It follows from the construction of the‘{xn} that
X, = fn(xn). SupPose now, that say X 1 + 1. There thgn exists
a subsequence say {x ,.} such that sup x ,, = 6 < 1. Thus,
n'l o' n'l
1 (1 (1),
(B < X, = fé,)(xn,) < fé,)(é,l,...,l).

But it is well known [1,pg.186] that fé})(d,l,...,l) > q(l)

and so q(l) = X1 which is a contradiction. To prove (ii) and
(iii) we use arguments similar to those in [3]. It is proven
in [3] that there exists a family of matrices'{E(s)}SEC such
that
0 <E(s) <M, t <s = E(t) > E(s)

E(t) - O componentwise as t - 1 in C, and

1 - f(s) = (M-E(s))1 - s). s € C (1)

Consider now'{znl = - log Xni}' The arguments for the

other'{zni} are the same. Since X1 + 1, we can find a se-

quence En - 0 such that
(1-e ) (1-x ;) <z, < (l+e )(l-x_,) (2)

Using Lemma 1 and (1) we can write 1 - x_ 1 as



IR ¢ O Y AR (1 - o
1 x 1 = e (kle E(Xn+k> } Xn+m> (3)

for any m > 1.

Let R = (u_v,) It follows from the Frobenious
o B’ 1<a,B<p. —nn
Theorem[1,pg.185] that 1lim p M = R. Thus we can find a se-
n-+o

quence Sn -+ 0 such that

-n,.n .
R(l—dn) <p M < R(1+6n) (4)

Since E(t) - O as t + 1, we can find a sequence nn -+ 0 such

that
E(x ) <nR | (5)

Note also that since p_lM R =R p_lM = R, we have as in

[3] for any real arbitrary numbers Y seoesY, s

g -1 -n.n - n ;
(p "M-Y,R) p M - {1-T (1~Yk)}R
=1 k=1

n
20 ™M) - T yR (6)

Combining (2) - (6) we obtain

5 (1) -m ~
(1_6m_k§1nn+k)e R(1_Xn+m)--<—p (l—an) <
(1) _
§(1+6m)e TTR(1 Xn+m) (7)
and so for m > 1,
m
(l-¢ )(1-6 - = n )p
n m oLy n+k . z 1 . (1+€n)(1+6m)p
(1+e ) (1+6 ) -z —- m-1
n+l m—-1 n+ll _
(1_€h+12 (1_6111"1 kilnn"'k) (8)

"By letting first n tend to » and then m, we see from (8) that

(ii) is true.

To prove (iii) we use (7) to write



- (1)
(l—sn)(l-ém— px nn+k)e R(l—xn+m) ”
k=1 nl
- ' <3 (9)
(1ren) (18 <V, R{T=x 1) > o
! L e L (1) ,
| (1+e ) (1+8 )e R(L-x )
< — - i e ——— —— e — — S
— m
(1-e ) (1-8,~ £ n_, )<v,R(1-x_,)>
k=1
. . Rw _
But because of the normalization (u,v) 1, LR u for

any choice of we€C,

first n tend to » and then m.
As an immediate consequence of

0 and 1i

Corollary 1.

lim ¢
n
n-—)-oo

Our next result proves that the'{Yﬁ}

-

Lemma 3. The family {Yn’Fn}nzl
Hence,
lim Y =Y
n
n->c0
exists w.p.l, and
lim E(Y5 |z, =e (M) = E(¥T]
n' O
n >

Thus (iii) follows from (9) by letting

Q.E.D.

Lemma 2 we have

-1
mec c
n n+l

P

n-—+>o

converge wW.p.l.

is a positive martingale.

(a)

ZO=e ) for

1<

all r > O

o < p.

tive, all we need do 1is

Proof. Since the'{Yn} are posi
verify the martingale property. Thus for n > 1,
- -<z Z > .
_ n+l’ " n+l '
E(Y_,,|F ) = E(e IFn)
P . -z : -z zZ .
+11 n+l i
= nf(l)(e n g 0 0 0y P)n p
i=1
- % e—znizni
i=1
=Y



(i), “Zn+11 “Zn+lp, (i) _ _ ni
(e seees€ ) = £ (Xn+1) =x . = e
1 <1i < p.

since f

The convergence of the moments follows by bounded convergence.

Q.E.D.

The next lemma allows us to conclude that - log Y is

finite and not degenerate at O.

Lemma 4. Let Y be as in Lemma 3. Then

p(v=1|zy=e ¥y = ¢(®

P(Y>o]zo=e(“>) =1
1 <a < p.
Proof. Essentially the same as Lemma 3. Sec. 10 Ch. 1
of [1] and so omitted.
"It follows from Lemma 4 that 1lim W = W w.p.l. where

n
n-oo
P(W<°°lzo=e(a)) =1 _and P(W=O]ZO=e(OL)) = q(u’)

Furthermore in view of (iii) of Lemma 2 we have that

, 1 <o < p.

lim ¢ <Z_,u> = W w.p.1l.
n-—>c n n

To complete the proof of Theorem 1 it remains only to
examine the random variable W. (i) has already been proven.

To prove (ii) let Géa)(z) = E(e-12<zn’U>|ZO=e(a)) and

8 (z) = (eél)(z),...,eép)(z)).

It 1is not hard to check that

c

(——2))

n-1 c -1

On(z) = £(0
and so by Corollary 1, we have
0(z) = £(8(3))

This proves (ii). The proof of the absolute continuity
of W follows much along the same lines as the one-dimensional
case and the reader is referred to Lemmas 7-9 Sec. 10, Ch. 1

of [1] for details. Finally we note that the proof of (iv)
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follows directly from Khintchin's Theorem and Theorems 1 - 5
in Sec. 6, Ch. 5 of [1]. We leave the reader to check the

details. This completes the proof of Theorem 1.

Remark. We note in passing that the second part of
(iv) can be proven directly without recourse to the results
in [1].

We now turn to the proof of Theorem 2. Our proof 1is
similar in spirit to that in [6]. For definiteness we
assum Zo = e(l) w.p.l. Following [1,pg.195], we have the

. . - 7 <u.7 S
following representation for Xn+m n&ﬂl/ U2 em

Z .

p . p nj . .

sz ey v 3 <Z(J)1(n)-e(J)Mm>
X _j=1 nj j=1 1=1 m (10)

n+m P an
pm<u,Z'>'+ z z <<u,Z(J)1(n)> - pmu.>
n j=1 1=1 m J

where Z(g)l(n) denotes the number of particles of type i in
the (m+n) generation descending from the 1th particle of

type j in the nth generation. It follows from the definition
of the process that the collection of random vectors
4{Z£J)1(n); 1=1,...,Z£J), j=1,...,p} are conditionally indepen-
dent when given Fn. Dividing through in (10) by pm<u,Zn> and

subtracting v, we obtain

m -m
- - +
x - v = (XnM p v) rn,m v OLn,m
n+m 1 + r
n,m
where
<1,Z2 > P an
~? n 1 < (‘)1 m -
T = X Y (<u,z 37 " (n)>-p u.|p
n,m <u,Zn> <l,Zn>j=1 1=1 m h|
and

Z
<1l,Z_> P nj . .
~’"n 1 ()1 (j),m) -m
o = z > <Z (n)-e M p
n,m <u,Zn> <1’zn> j=1 1=1 "

Let € > 0. It follows from Lemma 1 [1l,pg.194] that there

exists an m, such that for m > m,
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sup || %, M ™™ - v || <& o (11)
n
Fix m > m,- To prove that lrn,ml and Ilan,mll converge to

zero almost surely on the set of explosion we need the next

two lemmas.

Lemma 5. Let X.,X,,...,X be independent random variab-
1°72 n —
les with mean zero such that

P(|x,[>t) < ftdQ(x) for all t > 0 and i=1,...,n

where Q is a distribution on f0,~) with finite mean. Then

for § > 0.

' co 1 ‘ 2
1Xi|>6) < C{nfndQ(x)+Efgx dQ(x)}

where C is a constant that does not depend on n.

Py

n
1=

For a proof of Lemma 5, the reader is refered to Lemma

1 of [4].

Lemma 6. Let Q be a probability measure on (0O,») with

finite mean and let {m.} be a sequence of numbers that ulti-

. . : . m
mately increase monotonically 'to ®, such that lim k

> .
k> myp-1 ° !

Then

[m

m
dQ(x) + %— fokxde(x)] <
1 ] k

J
k om

™M 8

k

Proof. Since all terms are positive, it suffices by Fu-

bini's Theorem to show

[e5) [} 2
T m I a(x) + ¥ 21 (x) = 0(x).

(For any set A, I, is the indicator function of the set A).

We will only prove that the first sum is O(x) since the
proof for the second is similar. By omitting a finite number

of terms we can assume W.L.O.G. that the mk+. Let ko be such

< <
that m, < X My yqe

0 0
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(o]
Then E mkI

k
< = 2 m

But in view of our assumptions on the'{mk} it is not diffi-

cult to show that
k

lim m£1 Em, < », Q.E.D.
k>0 j=1 1
We now prove that lim lrn ml = 0 w.p.1. The proof for
n->o 4 .
’la ll is similar and omitted. Let‘{V(J)}._ be
n,m j=l,...,p

positive independent random vectors each distributed as

|<u,Z(J)>—ujpml, 1 <j < p, and define

m
P .
a(e) = 2¢ 3z v <oy,
j=1
It then follows that
P(l<u,Z£j)1(n)>.— pmﬁjl>t) < Ide(X) (12)

for 1 = 1,...,2;3), j = 1,...,p and t > O.

Furthermore, from Theorem 1 and Lemma 2 we have for every

k > 1.
1im L2Z51”  min oug

n+o <1,2Z > 2P max u (13)
~27(n-D)k i

almost surely on the set of explosion. Choose k so that

k min u. :
P ——2 > 1. It then follows from (12) and (13) that the

max u.
1

conditions of Lemmas 5 and 6 are satisfied and so we have for

any € > O

>e]Fnk) < o

o0}
EIP(Irnk,mI

n
almost surely on the set of explosion. Applying the extended

Borel-Cantelli lemma we conclude that
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lim |r =0
oo nk,m

almost surely on the set of explosion.
In a totally analogous way we have for 1 < j < k

lim =0 (14)

r .
oo nk+j,m

almost surely on the set of explosion.

The convergence of lrnml to zero follows directly from

(14). This completes the proof of Theorem 2.
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