KB Athreya N.Kaplan

Convergence of the Age Distribution
in the One-Dimensional Supercritical
Age-Dependent Branching Process

Preprint
January

1975 L
3 |

Institute of Mathematical Statistics
University of Copenhagen




CONVERGENCE OF THE AGE DISTRIBUTION IN

]

THE ONE-DIMENSIONAL SUPERCRITICAL AGE-

DEPENDENT BRANCHING PROCESS

by

K.B. Athreya1 and N. Kaplan2

Preprint 1975 No. 3

Institute of Mathematical Statistics3

University of Copenhagen

January 1975



1. On leave from: Dept. of Applied Mathematics,
Indian Institute of Science,
Bangalore - 560012, India

2. On leave from: Dept. of Statistics,
University of California
Berkeley, California 94701 , U.S.A.

3. The support of the Danish Natural Sciences Research

Council is gratefully acknowledged.

+«

Keywords: Age-dependent branching process, age-distribution,

supercritical, convergence.

AMS Classification: Primary 60J80 Secondary 60J85.




ABSTRACT.

The age distribution for a supercritical Bellman-Harris pro-
cess is proven to converge in probability to a deterministic
distribution under assumptions slightly more than finite first
moment. If the usual 'j log j' condition holds, then the
cbnvergence can be strengthened to hold w.p.l. As a corollary
to this result, the population size, properly normalized is

shown to converge w.p.l. to a non degenerate random variable

under the 'j log j' assumption.



~I. INTRODUCTION.

An important and useful aspect of age-dependent branching pro-

cesses 1is the limiting behavior of the age distribution. That

is, if for any family tree w, Z(x,t,w) = number of objects
.. . . Z(x,t,w
living at time t with age < x and A(x,t,w) = E?;TYTB% , then

the asymptotic behavior of the random distribution function
A(.,t,w) as t‘+ © is of practical interest. Of course this is
well defined only if Z(t,w) = Z(®,t,w) does not go to zero as

t - ©. We study this question for the supercritical one-dimen-
sional age-dependent process (sometimes called the Bellman-
Harris process).Our results are that i) withassumﬁtionsslighﬂy
more than finite mean forthe offspring distribution, the age
distribution at time t converges vaguely to a deterministic
distribution A(e) in probability and (ii) under the usual

'j log j' assumption this convergence can be strengthened to

hold with probability one.

The only known result on this problem is due to Harris [7,pg.
154], who showed that if the offspring distribution {pj} has

a second moment and the lifetime distribution G(+) satisfies cer—
tain regularity conditions,then A(.,t,w) converges vaguely to

a deterministic distribution A(+) with probability one. Jagers
[8] improved this somewhat by dropping all. of the regularity
assumptions on G(+) but still requiring a second moment on

"{pj}. Their proofs rely on L2 theory which requires second mo-~

ments in an essential way.

The approach here is somewhat different. As explained in [2]
a natural way to view an age-dependent branching process is as
a multitype process (necessarily of infinite type). In the fi-
nite case, it 1is well knownl[4] that on the set of explosion
the vector of proportions of the number of particles of various
types converges to a fixed non random vector in probability un-
der the assumption of finiteness of the first moments and with
probability one under the 'j log j' condition. This leads us
to suspect that the analog of the proportions vector which 1is
the age distribution in the age—-dependent case should converge

vaguely to a non random distribution in probability assuming

only the



finiteness of the first moment and with probability one under

the '"j log j' condition. Indeed this essentially turns out to

be the case here.

T he first moment hypothesis is indispensable in the sense that
the limiting age distribution involves the so-called Malthusi-
an parameter o which is finite iff m = ; jp. < ©. When m = o,
our preliminary investigation indicatesjﬁﬁatjthe age distribu-
tion converges to a delta distribution at O. The problem of
determining a proper normalization for the age-distribution at

time t, to obtain a nondegenerate limit is under investigation.

An important corollary to our result is that for any bounded
measurable function continuous almost everywhere with respect
to Lebesgue measure on the support of G, fgf(x)dé(x,t;w) con-
verges in probability to f:f(x)dA(x) under mild assumptions

1

on G and with probability one under 'j log j'. 1In particular,

if we take f to be the reproductive age value V(-) defined by,

Vix) = me® [T e e (w Il1-a(0 17T,

then
I:V(x)dA(x,t;w)

converges with probability one under 'j log j'. Further,

e %tz (t,w) [V(x)dA(x,t,w)

being a non negative martingale, [7, pg. 153], converges with
probability one. Combining these two, we see that under

'j log 3" Z(t,w)e_OLt convergeslw.p.l. to a non negative limit,
thus extending the Kesten-Stigum theorem fully to the age-
dependent case. In [2] the convergence in law of Z(t,w)e_OLt
had been established and it was conjectured there that the a-

bove method could be used to prove almost sure convergence.

Our technique consists in writing A(x,t+s,w) in terms of the

age chart at time t and using the law of large numbers. This



is similar to the idea employed in [3]. It is spelled out

in detail in Section 3. It is quite powerful and yields the

results under minimal hypothesis. In particular, we feel that
it ‘would yield 1limit theorems for the various types of proces-—
ses studied by Jagers [9] and Crump and Mode [6] with very few

assumptions.
We now outline the rest of the paper.

In Section 2 we describe the basic set up, terminology and no-
tation and state the results. Section 3 gives the outline of
the proof while Section 4 gives the details. Section 5 dis-
cusses the Vf martingale and proves the Kesten-Stigum theorem

for the age-dependent case.



2. STATEMENT OF RESULTS

We shall consider an age-dependent branching process with off-
spring distributionA{pj} and lifetime distribution G(*). We .
make the following assumptions throughout. Sometimes they will
appear in lemmas and theorems explicitly and sometimes not,

but they will always be in force.

(e o]
ii) 1 <m = X jp. < =
o1 ]
J
iii) G(0+) =0
The assumption Py = 0 is only for convenience of exposition.

Otherwise one has to keep qualifying 'on the set of explosion'.
The assumption G(O+) = 0 is standard. Also without any loss

of generality we may assume that G is not lattice with finite
support; since this is a multi-type Galton-Watson process in
disguise for which our results are already available. [3].

We shall also exclude the case of lattice G with noncompact

support for which our proofs here could easily be adapted.

Since we want to be able to talk about the age chart at various
times, we need to describe the state of the system quite ade-
quately. We shall, in fact, overdo it a bit by assuming that
our sample space { is the space of all family histories and

our probability measure P is defined on a sufficiently big o-

algebra B on Q (Harris [7]). 1Introduce the following notation.

For any family history w let:
Z(t,w) = the number of particles living at time t.

Z(x,t,w) = the number of particles living at time t whose

age < Xx.

(Clearly lim Z(x,t,w) = Z(t,w))
x>0

{x.(t,w);i = 1,2,..., Z(t,w)} = the age chart at time t
]7, b



ZX (t w)(x,s,w) = the number of particles living at time
i’ . : . .
t + s with age < x in a line of descent

initiated by a particle of age xi(t,w)

living at time t.
M(t) = E{z(t,w)}

M(x,t) = E{Z(x,t,w)} o
We may occasionally write M(®,t) for M(t)

A(x,t,w) = Z(x,t,w)/z(t,m), if Zz(t,w) > O

(Since we assume Py = 0, extinction occurs with zero probabi-

lity and thus® A{x,t,w) is well defined a.e.).

We add a subscript y to all the previous random variables and
their expectations to indicate the case when P is supported
by those w's which start with one particle of age y > 0. Thus

we write

B{e 0%, (£,0), 6> 0o

Fy(e,t)

My(t) E{zy(t,w>}

Fy(G,x,t) = E{e_ezy(x’t’w)} B >0

My(x,t) E{2y(x,t,w)}

We also put:

f(s) = X p.s

The Malthusian parameter ® is the root of the equation

m foe ®Tde(t) = 1

-Put
" _ G(x+y) - G(y) x>0, v >0
Gy(X) T < G(y) 9

V(x) = mfz e_audGX(u)



f?e_aufl-G(u)]du

A(x) = p——
foe u[l-G(u)]du
Vt, = IB"V(x)dz(x,t,m)
Z(t,w)
= X V(Xi)
1=1 o

" where xl""’XZ(t) are the ages of the particles alive at t. It

will always be assumed that the probability measure P satisfies
P{w: Z(0,w) < o} =1
We are ready to state our results.

Theorem A. Let {pj} and G(-) satisfy the assumptions: 1 < m =

ijj < ®, py = 0, G(0+) = 0 and G(-) nonlattice. Assume either

of the following two additional conditions hold.

a) inf V(y) > 0 (supp G = support of G)
y € supp G
or b) ijj log 3 < =,
Then
P
sup |A(x,t,w) - A(x)| = 0
X

as t + o,

The reader should note that condition (a) holds for example if G has

bounded support or if G is negative expomnential. We conjecture that

Theorem A holds assuming only that m < «,

Theorem B. When zpjjlog j < o, the convergence on Theorem A can be
strenthened to hold w.p.1l.

tee- suplA(x,t,w) - A(x)|l - 0 w.p.l.
% .

as t = o,



Theorem C. Under the hypothesis of Theorem B

lim z(t,w)e“OLt = W(w)

t >0

exists w.p.l. and P(W(w) > 0) = 1.

Since A(+) is continuous and A(w®) = 1 we can always find (for

any given € > 0) § > 0 and a positive integer N such that

sup|A(x,t,0) - A(x)| < e + sup |A(j6,t,w) - A(j6)]
X 1<j<N

Thus Theorems A and B are consequences of the following:
. Theorem 1. Under the hypothesis 6f Theorem A
p
A(x,t,w) > A(x) as t > ®
for each fixed 0 < x < .
Theorem 2. TUnder the hypothesis o6f Theorem B
A(x,t,w) > A(x) as t =+ «

w.p.1l. for each fixed 0 < x < =,



3. PLAN OF THE PROOF.

By the additive property of branching processes we can write

Z(°,t,w)
Z(x,t+s,w) = ¥

)(x,s,w) (3.1)
i=1

Z
xi(t,w
where {xi(t,w); i=1,2,..., Z(®,t,w)} is the age chart at ti-

me t and Z (x,s,w) denotes the number of objects of age

xi(t,w)
< x at time (t+s) in the line of descent initiated by the par-
ticle, of age xi(t,w) at time t. The O-algebra B is assumed
to be big enough to make these measurable. It is well known

that conditioned on the age chart at time t,'{ZX (t w)(x,s,w);
i b

i =1,2,... Z(~»,t,w)} are independently distributed and further

1f xi(t,w) = y then the conditional distribution of
in(t’w)(x,s,w) is the same as Zy(x,S,w) defined in Section 2.
By an abuse of notation we shall rewrite (3.1) as
Z(t)
Z(x,t+s) = ¥ Z_ (x,s) (3.2)
i=1 i

suppressing w, and (t,w).

Starting from (3.2) we have the identity (in the notation de-

fined in Section 2):

Y Ty 2(xts) = o zét)[z (x,8) - M_ (x,9)k °°
e Z(t) (x,t+s) = 70 x, X, s x; X, s
Z(t)
1 —Qas
F ey [T, M, Go9)e T VG AG)]

+ (Vt/Z(t)>n1A(X)
= a,(x,8) + b _(x,8) + c A(x)(say)(3.3)

where n, is a suitable constant. Trivially,

(at(x,s)+bt(x,s)+ctA(x))
(a (°,8)+b (®,s)+c )

A(x,t+s) (3.4)
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. 'We first show that ]bt(x,s)l and ]gt(m,s)l can be made small
uniformly with respect to t and w by choosing s large. (Lem-
ma 1). Next we show that for fixed s, both at(x,s), at(w,s)

go to zero in probability as t - o and that c, is bounded be-
low in probability. (Lemma 2 and 3). When we assume £ j log j
P, < = we show using a proposition of Kurtz [11] that the a-
bove convergences can be strengthened to hold with probability
one if t and s are restricted to lattices of the form {nd;
n=0,1,2,..., & a positive rational}. (Lemma 2' and 3'). Fi-
nally, some technical arguments are needed to push the almost

sure convergence on the lattice to the whole continuum.
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4. THE PROOFS.

o =0t . © -0t
Lemma 1. Let n, = fo e ¢ (1 - G(t))dt/ m fO te & dG(t). Then

sup (M (x,s)e %% - 0 v(y)A(x)],
y y 1

-0
IMy(m,s)e S - pIV(y)') >0
as s - o,

Proof. We use the integral equation satisfied by My(x,s),

namely,
] — — — S ‘d —
My(x,s) = J(x-y-s) (1 Gy(s)) + IOmMO(x,s u)de(u) (4.1)
where J(u) = 0 for u < 0 and 1 if u > 0. Let T > O.

Noting the definition of V and (4.1) we get for s > 2T
lMy(x,s)e_OLS - n1V(y)A(x)l

< e~OCS + IS_Tlm Mo(x,s~u)e_a(s_u)—nlA(x)Ie-aude(u)

+ c e—(l(S_'T) (4.2)

where ¢ is a constant independent of x,y,s,T.

The lemma now follows since Mo(x,t)e—OCt > nlA(x), and

-ot
Mo(m,t)e +n1 q.e.d.

The following is a trivial corollary:

Corollary 1. sup(lbt(x,s)l,]bt(m,s)|)+ 0 as s > o,
t,w

Lemma 2. Fix 0 < s < «, Then

Z(t)
y [Z_ (x,s) - M_ (x,s)] = O (4.3)
i=1 ¥ *i

=
n

in probability as t - .

Proof. Since ZX (x,s8) are nonnegative random variables and
i



sup M_(x,s) < © we can employ moment generating functions. It

Y,X ‘
suffices to show that for each 0 < 0 < «

E{e_eYt} + 1 as t » o,
But oy 7 (t) .
E{e tIFt}= exp{izl [ 5 Mxi(x,s)+log in(B/Z(t),x,sﬂ}(4.4)

where‘Ft is the o~algebra of family histories up to time t,
’ . -0Z
and Fy(e,x,s) = E(e . y(x,s))‘

Now observe

N .
P(Z (x,8) > k) < [P( X z(e,s) > k) if p. = 0
y- - - 521 0 0

where 1) N has p.g.f f(s)
ii) '{Zé(m,s)} are independent of N and independent
copies of Zo(w,s).

1i1i) {Zé(w,s)} are independent of N and independent
copies of a Bellman-Harris process with lifetime

distribution G and offspring p.g.f. £f(s) =
oo °

2 ]
(pa*pP,)s” + I s”p..
0 %2 j=2 ]

y < ©} uniformly

| A

This makes the family'{Zy(x,s); 0 < x <o, 0

integrable.

Thus,
]-_F (e,X,S)
sup |+—I— - M_(x,s)|] > 0 as 6 ¥ 0,
v, X B y
and sup M_(x,s) < o,
Vs X
Using the fact log(l-h) = -h + o(h) as h - O we conclude thay

sule (x,s8) + log F (G,X,s)l +~ 0 as 6 ¥ 0.
y
Vs X
Now use (4.4) to finish the proof. q.e.d.



Lemma 3. Assume either

a) inf V(y) > 0 or ijj log j < .
y € supp G

Then for every € > 0 there exists an n > 0 such that

lim P(Vt/Z(t)> n) > 1 - ¢

t¥ro
Proof. If (a) holds the result is obvious. So suppose ijjlog j <

It is proven in [2] that

lim z(t)e “F=w

t>e
in distribution and P(W > 0) = 1. Also one can repeat the arguments
in [2] almost verbatim to prove

lim v_e” “F = W'

>0
in distribution and P(W' > 0) = 1. The lemma now follows easily.

Q.E.D.

Proof of Theorem 1. Use (3.4), and Lemmas 1,2 and 3.
Remark. The additional assumptions of Theorem 1 are needed only

to establish Lemma 3. It is conjectured that the lemma is valid
assuming only m < ®, The reader should note that the lemma is true
when G has infinite support if one could show that for some K > 0
Z(K,t)/z(t) is bounded below in probability. This follows since

inf V(y) = a(K)>0 and v./z(t) 2 a(R) z(K,t)/z(t).
OgyzkK ’

The proof of Theorem 2 depends crucially on the following

strengthening of Lemma 2.

(o]
leEELEL: Let X ij log j < o, Then for each § > 0 and inte-
i=1
ger m
1 Z(n¢d)
Z(nd) .E [ZX.(X’mS) - MX.(x,mG)] (4.5)
1=1 i i

- 0 w.p.1l. as n - o,
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- The proof of this lemma is a consequence of the following pro-

position due to T. Kurtz .[11].

Proposition (T.Kurtz). Let Xl’XZ’ ‘e ,Xn,... be independent .

non negative random variables with finite means. Let kn be a
sequence of integers such that for some 0 < ¢ < ©, 1 < r < =

n
k > cr . Let
n—

4

sup P{|X.-EX.| > y} < H(y)
1

where H(e) is a distribution function such thatfy(logy)+dH(y)

< o,
Then VE>O
k
* n
sP{| £ x, - Ex.| > k €} < o, :
1 1 n .
n 1=1

Proof. Let €>0. Define

u if O < u < 1
u - if u > 1
Lemma 2.2 of [10] states that

n
P{ll s
n'._

X.-EX. > €}
3-1( hi J)l

Lo
i—e—(——'z-é-j‘ J’O 6'(u/n)L(u)du

1]

sup P{lXi—EXi, > u}
liiin

where L(u)

Now observe that

8'(u/cr™) = 0(log u) as u » o,
1

]

n

and
fz(log u)+H(u)du < o 1iff fzu(log'u)+dH(u) < ®,q.e.d.

Proof of Lemma 2': Since the process is supercritical we can




always find (by truncating the offspring distribution if neces-
N Y .
sary) an 0 < qf < o and a constant c such that z(né,w) 2 c(ea 6)

Also for fixed mS we know. sup My(x,m@) < ® and for any X,y
N

Zy(x,m5) is stochastically smaller than X Zg(w,mS) where N
Lo~ g j=1

has p.g.f. f(s) and {Zé(m,t)}t>0 are i.i.d. age-dependent

branching processes with the same lifetime distribution

but with offspring p.g.f. f(s) = (po+p1+p2)82 + p333+..., and

independent of N. It is known [1] that ij j log j < o &

E{Z,(m8) log Z (m8)}< .

Now by the proceeding proposition we may conclude that

1 Z(nd) .
EP{IETEET izl [in(x,mé) - Mxi(x,mé)]l > E'En6}<m W.p.1l.

By the extended Borel-Cantelli lemma [5] this is enough to fi-

nish the proof. q.e.d.

Lemma 3'. Let ijjlog j < ». Then for every 6 > 0,
lim _XEE_ > 0 1
o= 7(nd) w.p.l.
Proof. Let 6 > 0. It follows from the results of the next sec
. . —and . . .
that 1lim e Vné = W' exists w.p.l. Also in Lemma 3 we noted
n->o
P(W' > 0) = 1. Hence it suffices to show,
—— —onéd
lim e Z(nd) < o w.p.1l.
n->e
Let 0 < e < 4. By Lemma 1, there exists an n, such that

sup IMX(an) e-aﬁno n1V(x)l < g

X

v
=

To simplify notation put Wk = e—akgnoz(kSnO), k



Using (3.1) we can write

Z (%
L (anO) —d5no
Vet T M ZOERg B e (2 (8ng) m ML (sag)
' 1=1 1 1 g
1 Z(kﬁno) —aGno
t Z(ksn) I (e My ()= myVx;))
0 =1 i
-akdng
T Vicon
0
. . -ot -at
S%nce lim e Vt converges w.p.l., A = sup e Vt < o w.,p.l. It follow
t

t>e

then from Lemma 2' that there exists a finite integer valued random

variable I such that w.p.l.

W, 2¢ + A 'k

W K

k+1

A
v
—

Iterating the last inequality proves that lim W, < « w.p.l.
’ k>

o

Arguing in exactly the same way as above one can show
—u&(kn0+j)
lim e Z(G(kn0+j)) < o w.p.l.
k>

for j = 1,2, ... n,-1.
The lemma now follows since for any k,

ng-l  -ad([S-Ing+ j)
-ok$ 0

Z(k8) < z(8([5=Iny+ §))
0

I o
(1)

j=0

Q.E.D.

and Lemma 3' we arrive at

Combining (3.4), Lemma 1, Lemma 2'

Let XZp. j log j < «. Then fix 0 < x < o, & > 0.

J
3 a set E of probability one such that for every w € E

Theorem 2':




A(x,nS,w) += A(x) as n = o, (4.6)

Letting § and x range over positive rationals and noting that i

A(x) 1s continuous in x we get as

Theorem 2'': Let ij j log j < ©. Then 3 a set E of probabi-

lity one such that for every w € E,

4

p(A(s,nd,w),A(s)) = O (4.7)

for every positive rational §, where p is the usual Levy metric.

Corollary 3: Let ij j log j < . Let h(¢) be any bounded
real valued function on [0,®) and continuous almost everywhere
(with respect to the Lebesgue measure) on the support of G.

Then 3 a set E of probability one such that for w in
[h(x) dA(x,n8,w) - f:h(x)dA(x)
0 v

for each positive rational &.

Proof. Just note that A(+) is absolutely continuous with re-

spect to Lebesgue measure.

We now finish the proof of Theorem 2.

The following inequalities are easily checked. For § > O,

né < t < (n+l1)§,6< x < =

Z(n¢) Z(n¢)
Z(x-6,n8) - S om. < Z(x,t) < Z(x+6,(n+1)6) + T n; (4.8)
i=1 * i=1
where n; = number of objects that die by time (n+1)d in the

line of descent initiated by a particle of age x; at time nd.

(xl,xz,...,xz@&, are the ages of the particles at time né).

‘Thus,



. Z (nd)
Z(x+8,(n+1)S8) Z(n+1)8) . 1 PR nj
Z 1 Z =
ACx,t) < —2(a*1)0) é?ig) Z(nd) i=1 (4.9)
1 - S X n
- Z(né) i=1 i
Repeating the proof of Lemma_2‘ we see that
-1 Z(n¢)
" (Z(n§)) [Z(n+1)§) - £ M_ (»,8)] - O w.p.Ll.
i=1 *i
and
1 Z(nd)
Y (n. - En.) >~ 0
Z(ns) io1 Ny - BEng w.p.l.
By Corollary 3
Z(nd)
lim sy oM o (8) = /M_(8) dA(x) = (1+rl(6))
n->o i=1 1

and since E(ni) < CGX (§) for some constant C independent of X
i
Z(ns)
i E . <
lim 77005 -E (n;) = cjcx(a)dA(x)
n->® i=1

-

n

r2(6)

=]

Wep.1l.

Thus w.p.1l.

A(x+6)(1+r1(6)) + r2(6)
1 - r2(6)

lim A(x,t) <
t>oo

Now letting § ¥ O we get by noting that ri(S) +~ 0 as § ¢ 0,151,2,

1im A(x,t) < A(x)

t>o
A similar argument applies to the 1im A(x,t).
t>o



- 5. CONSEQUENCES

The following strengthening of Corollary 3 is an immediate con-

sequence of Theorem B.

Corollary 4. Under the hypothesis of Theorem B

[oh(x)dA(x,t,0) f?h(x)dA(x)

W.p.i. for any h'(e) bounded continuous almost everywhere

(w.r.t. Lebesgue measure) on the support of G.

Recall the definition of V(x) and Vt(w):

e - Z(t,w)
V(x) = m‘foé audGX(u), v, (W) = 121' V(x, (t,0))

ot

Proposition 2. The family {Vt(w)e— , £t 2 0}~is a martingale.

Proof. It suffices by additivity (3.1) to check that

edtv(x) = E{Vt(w)[ the initial particle was of age x}(5.1)
Denote the right side of (5.1) by h(t,x).

h(t,x) = V(x+t)(1-G_(t)) + mf h(t-u,0)d6_(u) (5.2)

specializing (5.2) to the case x = 0 and setting h(t) =

—ath(t,o) we get

h(t) = V(t)(1-6(t))e %t 4 fgﬁ(t—u)dé(u) (5.3)

where dG(u) = me_audG(u).

~

Since h = 1 is the only bounded solution of (5.3) (here the
ot
= e

definition of Vi(e) is used) we conclude that h(t,0) = and

this with (5.2) yields (5.1).q.e.d.

Proof of Theorem C. The function V(x) has the same discontinui-

ty set as G(+) and hence satisfies the hypothesis of Corollary
4. Thus under the hypothesis of Theorem B



Vt/Zt;E [V(x)dA(x,t,0) = fV(x}dA(x) = nl_l (5.4)

w.p.Ll.

By the preceding proposition Vt(w)e—at is a nonnegative mar-
tingale and hence converges with probability one. Call this

limit W'(w). From (5.4) it is clear that under the hypothesis

of Theorem B

lim z(t,w)e *F = nl'l W'(w) = W(w).
o0 .

This proves Theorem C in view of the known result [2] that

W(w) is nondegenerate at zero 1iff ij i log j <~. q.e.d.

ot

If ij j log § = o then Z(t)e -+~ 0 in probability as shown

in [2]. By Theorem A, Vt/zt converges in probability to

d_l(m~1). By Proposition 2 lim Vt(w)e—dt = W' (w) exists w.p.1l.

£ >

Thus we get

Corollary 5: ij j log j =« then

lim V_(w)e” *" = 0 w.p.1. (5.5)

t o
If V(x) is bounded below this implies

lim Z(t,w)e 2t = 0 w.p.1. (5.6)

oo

At any rate for each K < »in the support of G we do have

lim Z(K,t;@e_at = 0 w.p.1l.
t->co

since . inf V(x) > O.
0<x<K

Summarizing this yields

Corollary 6: a) If ij j log 7 = © and V(¢) is bounded be-

low as the support of G then

lim z(t)e %F = 0 C(5.7)
t >0

]

b) If ij j log j ©  then for any K in the



- support of G

lim Z(K,t,w)e *% = 0 w.p.1. - (5.8)
t 00

Perhaps (5.7) 1s true without any hypothesis on V.

Let N(t,w) be the number of splits up to time t. Then we may

write

N(t,w)
Z(t,w) = Z(0,w) + % Ei (5.9)
i=1
where Ei is the net addition to the process at the ith split.
Clearly, Ei 1 =1,2,... are i.i.d. with distribution
P{Ei = j} = pj—l' Further N(t,w) »* w.p.l. By the strong law
of large numbers (5.9) yields

Z(t,w) /N(t,w) + (m-1) w.p.1l. (5.10)

and hence

Corollary 7: If ij j log j< « then

1

N(t,w)e %% > W(w) (m-1)"" w.p.1.

If Y(t,w) is the tot§1'number of progeny up to time t we may
t,w
write Y(t,w) = X ’ (Ei+1) and hence we get again by the
i=1
strong law

Corollary 8: If ij j log j <»= then

t

Y(e,we > ww) m@-1)" L. w.p.1.

Concluding Remarks. The extention of the results of this paper

to the more general branching mechanisms considered by Jagers

[6], Crump and Mode [9] etc. seems straightforward enough not ;

to need a seperate publication.

We wish to thank our colleagues P. Jagers and N. Keiding'at the
Institute for Mathematical Statistics, Copenhagen for many sti-

mulating conversations-
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