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The limit theory for supercritical, positively regular Markov

branching processes with a finite set of types has long been known

in its sharpest form. See [18] and [2] for the discrete and con-

tinuous time case, respectively. For processes with a general set

of types the situation is less satisfactory. The theory is com-
paratively incomplete, and the techniques used to prove the funda-
mental convergence results depend on second moment assumptions.
See [12], [13], [14] for the general case and [9], [10], [21],
[22] for diffusion examples.
In this paper we develop the general theory with conditions

as weak as those for a finite set of types. In particular, we obtain
almost sure convergence without assumptions beyond positive regular-
ity, and we solve the problem of finding the proper generalization
of the x log x condition which is necessary and sufficient for the
non-degeneracy of the limit variable. Some results are extensions
or sharpened versions of known fesults, others are completely new.
Also, many of our proofs, when specialized, are simpier than those
in the literature for a finite set of types, which often do not
admit a generalizétion to the infinite case.

| The formal basis of our theory is an asymptotic representation
of the first moment semigroup, which we adopt as definition of
positive regularity in case of a general sef of types. The concept
of positive regularity is not unambigous in the infinite case, and
the motivation for our specific assumptions derives from branching

diffusions. For a large class of such processes the representation

can be derived by exploiting asymptotic spectral properties
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| of the generator. The idea first occurred in connection with the
limit theory for critical processes ([15]).

Branching diffusions not only are of heuristic value for the
development of a general theory, they also serve as models for
various biological and physical phenomena, thus providing a testing
ground for any general theory. We considered it to be crucial
that, when applying the theory to a branching diffusion, all our
conditions could bé expressed in terms of the quantities from
which the process is actually constructed.

In Section 1 we give the preliminaries and state the results
in the general setting. Sectioh 2 contains the corresponding proofs.
Sections 3 and 4 deal with a class of branching diffusions: We
define the model, derive the firSt moment representation, and

reformulate our limit theory in terms of natural model parameters.
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§1. GCeneral Model: Preliminaries and statement of results.

Let (X,A) Dbe a measurable space, B the Banach algebra
of all bounded, A-measurable functions & on X_ with norm

| € 1] = sup|l&(x)|, and denote by B, the nonnegative cone in B.
%

Write X(n) for the symmetrized n-fold direct product of X,

let ® be some extra point, X(O) = {8}, and

A ()
2@ x(®

n=0

: A _ A
Define A as the o-algebra induced on X by A. Every element

A A . . -
X € X defines a counting measure

A
O; X = 6,'
R[A] =
n A

on X and we write
X[8] = [ g (x)X[dx] .

Take T =N= {0,1,2,...} or T = R+ = [0,o] , and suppose‘given a
A A~ ’
Markov process {%t,PX] in (X,ﬁ) with parameter set T and

stationary transition probabilities satisfying the branching

condition
P (%, [x] = 0) =1
, % .
k <Xj> A
z m P (xt[Ai]=ni.,i=l,...,m)
N, +e..4n,,=n. j=1 J
ik i

i=l,...,m
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, N . N
forall t e T, =x-= (xl,...,xk> eX, k> O, n; € N, and every

decomposition {Al,...,Am} of X with A; €4, i=1,...,m, m > 0.

Such a process is called a Markov branching process. For questions

of existence and construction see [16], [20].
' A
If for some % € % and t e T, Exﬁt[l] { o, where 1(x) = 1,
A .
then Exﬁt['] is a bounded linear functional on B. If furthermore

(1.2) N sup E<X>3‘ct[l] {
xeX

then E<'>%t[-]: B> B is a bounded linear operator, and if (1.2)

holds for s,t € T, then

B8, o0 = B9 (2% 011 (n < B)

t+s

is an immediate consequence of (1.1l) and the Markov property;

We now define our general model by the following additional'
structure: -
{E<‘>%

(M) The first moment semigroup exists and can be

t[‘]}teT

represented in the form

E<X>§t[n] = plor[nle(x) + Q§X>[ﬂ], xeX, teT, meB

with p € ]0,»o[, ¢ € B, and @* a non-negative bounded linear

functional on B such that

o*[o] = 1,

0, Q§'>[cp] =0,

n

ORATED

|Q§;X>['n]] _{_ at(P*[n]‘P(X)’ xeX, ﬂ€B+: t > 0,
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for some real-valued o: T - [0,»[ satisfying

p >0, t>w.

Notice that (M) implies that ¢* 1is a measure. For convenience
we take ¢*[1l] = 1l. Also, o¢* and ¢ are the left and right

eigenvectors, respectively, of E<'>%t[-] corresponding to the

elgenvalues pt. In particular, ¢* 1is the invariant distribution

of the types and W, = p't%t[¢], t € T, 1is a martingale with
respect to F, = c(%s ; 0< s< 1)

We restrict ourselves to the investigation of the supercritical

case p > 1. We first state the main results for T = N and then

give the extension to T = R+. In discrete time the a.s. existence of

W = lim Wh is immediate without further assumptions, appealing

: n
to the martingale theorem.

Theorem 1. Given (M) with p ) 1,

p TR [n] 2D o*[n]W, n-> w,

for all n € Li*

The 1limit variable W may be degenerate at 0. The question
of how properly to generalize the x log x condition known to be
necessary and sufficient for non-degeneracy in the finite case

presents a problem. The answer is provided by the next theorem.

Let

(1.3) 1 = ¢*[E 7% [0]log X [0]],
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so that In is the x log x moment of %n[mj giVen that the

type of the original particle is distributed according to o*.

Theorem 2. Either I {w for all n ) 0, or I, = +» for all

n > 0. If I, < =, then E<X>W = ¢(x) ¥x € X. If TI; = 4w, ‘then

We o0 [P<X>] ¥x € X.

Let us now turn to T = R+. In order to ensure the a.s.

existence of W = lim Wt we have to assume separability of
t~>oo i

b'd
{gf[?LP }. The continuous time version of Theorem 2 follows immediately
from the discrete time version. As regards Theorem 1, the proof

for discrete time is easily adapted .to.show that

(1.4) p %, [n] £ @*[n]W, t > w, n e Lclp*
Also,
(1.5) p R[] =2 De*[n]W, N3n >, ¢ > 0, n e L’i*

is immediate without further assumptions. But the passage from this
a.s. convergence of skeletons to a.s. convergence as t > o
continuously is a non-trivial problem, which has been considered
before in various settings ([2], [14]1), [17]). A simple and

natural situation is the following:

~Theorem 1'. Let X Dbe a separable metric space, A the topological

A .
Borel algebra, and {%t, PX} right-continuous, satisfying (M) with

p> 1. If ~se B, 1is lower semicontinuous a.e. [¢*] and

171n Theorem 2 and Corollary 2.1 of [13] it should read § = - %¢ and
E = 9¢, respectively, where ( € B.
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(1.6) B B O R e A
then
(1.7) o R (9 n] 2D gr[onlW, b w,

for every m € B which is continuous a.e. [*] .

The role of the various assumptions will become transparent

from the proofs in §2. We always have (1.6) for2y = ¢, of course,

but if inf ¢(x) = 0, as 1s the case for branching diffusions with

b'e
absorbing barriers, this is unsatisfactory since onevauld like to
describe also, for example, the asymptotic behaviour of %t[l],

the size of the population at time t. To deal with this case we

need additional structure and we return to the problem in connection

with our branching diffusion model in §L4.

We conclude with a theorem on the existence of moments of W
and rates of convergence. Theorem 2 éuggests that corresponding

- results from the finite case ([5], [7], [1]) can be generalized

to the present context by carrying conditions on the offspring

distribution into conditions on

(1.8) () = o[\ (Ryle] {91, 6 € TN{OL

‘ [e0)
Theorem 3. Let 6§ » 0. If £ ydeé(y) { o for some p

with 1< p <2, then
N
s (o and W- W, = o(p*n/q) [P7]

(o)

where 1/p + 1/q = 1. Also, if £ y(log+y)a+ldF6(y) { » for some

a > 0, then
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A ’ o A
EW(log M) (@ and W - W, =o(n%)  [P"].

We shall omit the proof. The convergence rates are obtained
by combining the methods of the present paper and of [1l]. For the
existence of moments our method is different from the approach in

the literature ([5], [7]) and will appear elsewhere.



§2. General model: Proofs

The branching property (1.1) implies that for every & € T\{0}

A

A i A X

there exists a process {yt,Pg} in (R,8) which is equivalent to
N .

{%t,PX} and has the following property: There exists an increasing

family {G }keN of o-algebras such that for every A-measurable
n and all n,m € N
' A
Y (n+m) n] = o1 y(n+m)6 nl [ 6]
and, i " . N _ :
where the y(n+m)6 y 1= 1""’Yn5[l]’ are G .. measurgble,
independent conditioned upon ,gﬁ, and satisfy
| A - <y 5 |
,\na,l N _ A A\
P%r(y(n_i_m)& € AIGn) - P (§m6 )’ A € _A_ ’
with 5, =< i > Hence it does not .lead to
ns RPN SRS :

a loss in génerality if for any fixed & such a representation is

used for {%t’P&} itself.
. ) ”~ ol

Where it is unambiguous, we shall write P, E instead of PX,EX.

Our plén for the proofs is motivated by the fact that if the
x log x condition fails to hold, we need W = 0O a.s. in our
proof of Theorem 1. Hence Theorem 2 will be proved first.

Here and in § 4 it will be convenient to work with the

function

IN
™

IN
)

f x/e, 0
log*x =

log x, e < x

N
8

We summarize some of the properties of log* :
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Lemma 1. x log*x 1s ndn—negative, noh-decreasing-and convex.
If S = Xl~f...+XN is the sum of N independent non-negative random
variables,
' N
(2.1) ESlog*S { ESlog*ES + = EX;log¥X; .
- i=1

Proof: The first part of the lemma is immediate. By the inequality
log* (a+b) { log*a + log*b, a,b » O,
N

| X:log* T X, <
i jop 9=

N
ES log*S=E I
i=1

N .
T {EXilog* T Xj + EXilog*Xi} < (Jensen's inequality)

i=1. J#AL
N N
= {EX;log* T EX; + EX;log*X;} < ESlog*s + I EX;log¥X;. ]

i=1 J#L i=1

We shall use (M) in the form

e p"o(x)e*[n] < E<X>%m[n] < epp™o(x)p*[nl,
(2.2)
m=1,2 0 < € ]'_,:L ¢ > 1, cl->1 (m > o)
3y e ey AN w*: m ) m . .

with cg, cg independent of x,m. This is immediate for mn

bounded, and the extension to Li* follows by monotone convergence.

Proof of the first assertion of Theorem 2: Let

* x * *
(2.3) () = 9% [eloe* [0], T, = o*[41] .
We may replace In by I; . By convexity and the martingale

N _
property In is non-decreasing in n, so that it suffices to prove
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¥* . * .
that I, { », n> 0, implies that oy, { ». Letting

n,i A )
N = %n[l], Xy = &25 [¢], S = X5, [9] 1t follows from (2.1),

(2.2) that

i (%) = BB, [e]log%k,,[e]|F,) <
WE<X>{pn%n[¢]lOg*pn%n[¢] + %n[mzj} Ceg + cgz;(x) + CBI;

for sultable constants C15CpsC3e Integration with respect to ¢*

completes the proof} [j

The next lemma presents a key step in the proofs of Theorem 1
and Theorem 2 as well as in the transition from discrete to
continuous time here and in §4.

| 5
Lemma 2. Let & € T\{0} and let Yg,i, Zp g3 D= 0,1,...,

2

>

[1] ©be random variables such that 0 < vd . 4 25 .
S *n,i > “n,i
and that the

i=1,..

.’Xné
the ¥d .'s are independent conditioned upon F
—— "n,i =néd

distribution ng > of Zg 5 depends only on the type Xy of the
i _—' ? -

ith particle alive at time né. Define

NS — A
5 5 5 5 g [1] 5 5 5 *nglH 5
¥ .=y .1 ,8° = o710 AR L B . A
2 .

Then (M), p>1, and o*[ [ ym%gﬂYﬂ { » imply that

0
(2.4) T p(s) # %) < =
' n=0 '
(2.5) z var{§g - B(BIF )} =

n=0
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In pafticular

(2.6) s - B®UF,) 2550, now .

Proof: Let
nd

€g(X) = £: dG2X>(y), §§(X) = i y2dG2x>(y), % (y) =,¢*£G2.>(y)]
p :

&

By assumption the distribution G~ ‘has finite mean, and we get

: [1]
0 neo ©
z p(st # 36) £ E z p(zd . > ™ F T B2 (g9 ¢

8

c ; pnéw*[g ]=c ¢ p™® Im aa®(y) {c gwAde§(y) < oo

n=0 n=0 nd
P

nzovarigg - E(gglyné)} = nEoEvar(gglfné) <
3} 1]
T p 2n5<E - aE D)< z pTR 80) <
n=o i=1

8

nod
00

- 2 «© - 2 [~
c I pMer[gl] =c 3z p™ i vy ac®(y) < e [ yde® (y) < .
n=0 : n=0

(2.5) implies by standard estimates that §g - E(Eﬁlfﬁs) _2-8- % o,
so that (2.6) follows by (2.4). 1

Remark If we drop the summation over n and replace neN with

t € [0,®[, the estimates above show that at least P(s) #32) = 0,

var(82 - E(S0IE,,)) » 0, 88 - B®YE,) D 0t
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We are now prepared to complete the proof of Theorem 2. The

idea is to explbit systematically the martingale property of

W) or rather of where § 1s a large integer to

ninen {wné]neN’
be determined later. Our method'is different from that used for a

finite set of types in [18], [4]. We shall use the set-up of

. & _ 56 _ Ané i
Lemma 2 with Yn,i = Zn,i = (n+l)6[¢]’ Then
5 _ 1 ?{nf’[l]/\ 5, 3
S, = 3w I (n+l)6[ 9] = P Wini1)e> 2nd we let
P i=1 |
R [1]
nd ~
'W(n+l)6 - p'5gg - inilié Z ¥ it s né, ’
- P ) i=1 n, {Yn . é P }
(2.7) g (x) = 5% [e]l ’
e YT R el > ™
1 0 that
n,s = pin+156 *nelBns,s] S0 tha
(2.8) E(W(n+l)6LEn6) = Wng - E(w(n+l)5 W(n+l L_na
A
Xné[l] ( 5 |
W - z E(Y. .1 F =W - € .
ns pin+156, i=1 n,1i {Yg . > né} ng n, s
J
From Lemma 2 we immediately get
Lemma 3. (M),p>1, implies that
(2.9) nEOP(W(n+l)6 A Wine1)s) <
and that
_ : . 1
(2.10) Z {W(n+l)5 - W t en,é} converges a.s. and in L
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In fact, (2.9) is clear from (2.4), and (2.10) follows from (2.5)
and the convergence theorem for Lg—bounded martingales, if we observe

that the terms of the series in (2.10) are martingale increments by

(2.8).

Lemma 4. Let g 5 be defined by (2.7). Then for any m,5 ) O,

I, < = 1if and only if z o*[8 1 5] < o
. n=0 ot :

Proof: Note that (cf. (1.8))

¥[8, 5] = Iw yar®(y), I, = % y log v aF(y). [

nm
P _ |

Lemma 5. For an appropriate choice of § there are constants

cysCp 2 O such that gn’5(x) > cl¢(x)¢*[§n,l] and thus
(2.11) €, 5 2 Colns® (8 1]
. A n - 5 1,1 . ,
Proof: Let A = {X,[¢] > e, Ay = {x [9] > p™}. Since A; C A,

g, (%) = KPR}, 011, |F, ;) -
R, 1011 R, _1[1]

X .
CO N NI I € AS-1,1 _
B~ E( B R U TlelnlEg ) 2 E VE( B XTI, 1B ) -

<X>A5 108,10 2 P’ lC' 19(x)e*[8, 11 (ef. (2.2)),

and we need only to take § with Cg—l > 0. (2.11) is now immediate

from the definitions. [j
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Proof of Theorem 2, completed: Suppose first I { ». From (2.2),

Lemma 4, and the definition of €. 5 Ve eet
. >

(0.0}
T Een,l‘g c

¥[8, 11 C =
n=0 ¥ 0,1 _

T

n=0

Therefore we have Ll—convergence of Zen 1 by positivity and of
>

o{W

41 - Wl by (2.10) with & = 1. Since Wh+l S-Wh+l’ we get

for any N

K2y - E<X>(Wo+ ; (W - W) 2
: n=0 .

E<X>(wO + g:{wh+1 - Wh} + ; {Wn+1 - Wn}) =
n=0 n=N+1

oo}

o(x) + 0 + E<X>( s (W

- w3} .
n=N+1 oL n :

As N » «, the last term tends to. O, so that E<X>W'Zi¢(x). The
converse inequality is immediate from Fatou's lemma, since,”
KXy = o (x).

n .

Next 'suppose that I, = +w. By (2.9), the Borel-Cantelli lemma ,

and (2.10) we have a.s. convergence of Z{W(n+l)6 - Wos + €p 6}
b

and therefore, gince W exists, of Zen 5° ‘Let W= inf Wné'
. ) n

Then by Lemmata 4 and 5

> Fe D e T o¥[E . 1] - W 0}
) € 7 c _ ¥ = 40 &a.s. on A
n=0 ™% 2" n=o ne, 1

which is only possible if P X>(w > 0) = P<X>(W'> 0) = o. - 5
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We now proceed to the proof of Theorem 1. The idea is quite
. simple and becomes transparent if we set N, = N in the next two
lemmata, However, this identification would lead us to Theorem 1

for lnl g ce only. The added generality of Lemma 6 is needed

in order to deal with n e L;;* :

Lemma 6. Let {nn}.'be a sequence of averaging functions such

that 0 Sﬁnn.é n for some n € Li* . Define for any m

Yos = Mialtamls  Zng = Bialnd -
Then (M), p>1l, and the assuﬁption
R [1] . | e
(2.12) 8, =;I—1 izl E(Yn’il{zlb-> n}lgn) 225 % 0, nre, ¥m
(2.13) %‘n[qn]/pn - g*n W 2550, noeo.

Proof: In the notation of Lemma 2 with & = 1,

N ntm _ 1, m ¢ _m_ .1 1 ,
Xn+m[nn+m]/p_ - 'Sn/p ,én,m—p E(Sn - gnlgh) :
Also, by (2.2)
- m ' a1 + m
cpp e*[n W, < E(SIF) < cppo*[n,  IW, -

Using (2.6) and (2.12) we get

1im supg'Qh[qn]/pn - ?*[nn]w_}
n
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o
lhnswﬁﬁﬁmhhﬂﬂ/ﬁHm-¢*UMHMW]=

n

. 1
lim sup{sn/pm - ¢*[n, IW} =
n

. 1
lim sup{E(S,|F,)/p" - o*[n 1%} <
n

lim sup @*[n
n

]{C;n_wn - w} < :p*[n]{c; - 1Y .

n-+m

Letting m > w, it follows that the lim sup of the left-hand
side of (2.13) is < 0. The inequality for 1im inf is obtained

similarly. Ej

Remark. If we replace n € N with t € [0,o[, then Eét,m g

{m del(y), where GF is as in the proof of Lemma 2. This shows
P v )

6t,ﬁ —£—> 0, t- w. Taking n, = n and using the remark following

the proof of Lemma 2, we can repeat the argument with 8. 5. convergence

replaced by convergence in probability to get (1.4).

Lemma 7. ‘If we can take m = cg, c 2 O, in Lemma 6, then (2.13)

holds, assuming only (M), p>1.

Proof: We can assume c¢ = 1. Then by (2.7)

-nA m
0< %n,m <o Xn[gn,m] <o LS

Thus by Theorem 2, (2.12) holds if I, = +», and otherwise Lemma 4

implies
=} o .
*
nEO Eb, o S C nEO ¢*[8, p] < = and thus (2.12). [
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Proof of Theorem 1l: We take nﬁ =mn in TLemma 6 and have to
- -NA ~ 8 Se
prove (2.12), that is Sp,m = P XplTy] =22 > 0, where
ﬁn(x) = E<x>§m[n]l A n.+ But by (2.2) (R} satisfies the
{x [n1>p")

assumption of Lemma 7 with c¢ = clp®g*[n] so that by (2.13)

lim sup §

= lim sup cp*['ﬁ'n] W=20,
n n

n,m
where we have used the dominatgd convergence theorem for the last

equality. 1

We conclude this section by giving the transition from discrete

to continuous time, i.e. the proof of Theorem 1'. Define for

e,6 >0, UcX, e B,
U(x) = {y e U: F(y) > (L+e) T ¥ (%)},

gg’e(x) = P<X>(>,$t e US(x)¥t € [0,8]) .

Lemma 8. Suppose that forsome ¢ > O

(2.14) g ¢ T 1, ave [9*], 500 .
Then
(2.15) | lir{r;inf p'tQt[ T1,] > o[ S0 .

Proof: Conslder the ith particle alilve at time né with type

Xy and let

6

Tn

e _ 1 _1 1 _ .
1 ( +€.) O’(Xi) {;\qgé’iEUe(xi)Vt € [n&,(n-i-l)f)]}



-19-

Then o o A |
xné[l]

2 5
X[ 1] 2 A v ¥t oe [ns, (n+l)s].

- §
With -Zn’,i =J(x;), (2.6) and (1.5) give

R [1]
~tA -5 -ng ¢ 5y¢

lim inf p xt[ﬁ'lU] 2 p °lim inf p T YL o=

trw e i=1 n,

A
5 s o'l 3
-— . . —1’1 , ,€ —
P llmminf P Z E(Y, 11 Fpns)

p~°lin inf P_n6£55[(1+€)_lﬁ7€8’€] = p_aw*[(l+e)'l17€U’€]w .
N> ,

(2.15) follows from (2.14) by letting & > 0, € - O in that

order . ]
Lemma 9. Suppose X 1is topological, ‘A the Borel c—algebra,
(Qt, PQ) right-continuous. Also, let p tQt[O’] =2 > X[ W

[¢*]. Then for any U c X whose

for some <f e‘B+, l.s.c.a.e.

boundary oU -has ¢*-measure O,
(2'16) P Xt[ 'ﬂ'lU] > CP*[ JlU]W’ t > o

Proof: If x 1is in the interior of -U, our assumptions imply that
gg’e(x) T 1 as & ¢,O, so that (2.15) holds. Since 33U = aUC,

also  lim sup p "R [ J1y] = @*[ ¥ ]W - lim inf p R [ I1 ] <
t>o ‘ T U
o*[F1,], completing the proof. ]

Proof of Theorem 1': The case o*[J ] = 0. is trivial,and also

(1.7) is obvious on {W = 0}. on {W > 0}, the random probability
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measure Helnl = Qt[ﬁ‘n]/ﬁt[ﬂ’] is well-~defined and for each
continuity set U of u[n] =e*[)/e*d] u (1] By wllyl by

(2.16). Taking an appropriate‘denumerable class of such U's,
Theorem 2.2 of [6] shows that W, converges weakly to u for

almost all realizations of the process, completing the proof

sn. [
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§3. Branching diffusions: Préliminaries and representation of

the first moment semi-group.

We now discuss our theory in terms of branching diffusions.
The principal mathematical difficulties that arise in our context
are present already with a one-dimensional diffusion. For greater
clarity we therefore restrict ourselves to this case. However, all
results and proofs of this and the following section can be formu-
lated with n-dimensional diffusions, and we shall do this in‘thew
more comprehensive framework of & future publication.

Let X c R be a bounded interval with end-points a,B. The
interval may be closed, half-open or-open,' Denote by &  the set
of all n times continuously differentiable functions on the closure
[a,B] of X. Let {%tyP%} be the Markov branching process defer—
mined ([16],[20]) by the following data:

(a) The diffusion process (xt,P#) on X defined by the

differential generator of its transition semigroup,

G 4
Au=a~—»2-u+ba-£u, ueD(A),
dx »
where
(3.1) a e C% be Ch, inf a(x) > O,
xeX T

and D(A) 1is the set of all u ¢ 02 satisfying the separated

endpoint conditions

You(a) + vlu'(a) = 0,  ygu(B) + yju'(B) = O,

YG’Y&’Yﬁ’Yé € R, (YQIY&) +(0,0), (YB,Yé) JT- (0,0),



el

v+ 0, 3 = 0 corresponds to absorption at a and

Here
vg = 0 Y4 + 0 to reflection at a and correspondingly for 8.
( The termination density
(3.2)  kec?, ko
(c) The local branching law
A R , A A
m(x,4) = 2 1n( %een,x 2)p, (%) (A e A)
nFl A S—— ‘ _
n
P, € B, ne MN1}, nfl p, =1
with
' 2
(3.3) m= ¥ np e C
nt1

' N .
The process {Qt,PX} is constructed according to the following

intuitive picture: All particles move independently, each according

to (xt,Px). Branching of a particle which is at the point x ¢ X
at time t occurs in [t, t+A] with probability k(x)A + o(A).
At the point x and time of branching a particle is replaced accord-

ing to W(x,v) by a (possibly empty) population of. new particles.

A

Condition (3.3) is more than enough to guarantee that (%t,PX)

is conservative ([20]).

Theorem 4. The process {%t,PQ} constructed from (a) (b), ( )

has the property (M) with o e D(A), o*[n] = f n(x)ep(x)r (x)dx,

0< e r(x) e c?.

Proof: The diffusion process is constructable as a conservative

process elther on X, when X is compact (no absorption), or
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on X' =X U{a}, when X 1is nbncompact (absorption). Here X!
is the one-point compactification of X, with 3 serving as trap.
Define C, = ¢ ir x is compact and C, = (€ € Co:g(x) - 0

as X - 3} otherwise. Then the transition semigroup

{Tt} of (xt,PX) satisfies T, C, < Cg, t Z_O, and is strongly
continuous on COo In conjunction with k, m ¢ CO this implies

NAa <'>A i
not only E()% [1]€B, ¥t20, but also that {E/%.[1},5, is a

strongly continuous semigroup on CO with différential generator

Iv = AV + k(m-1)v, v e D(L) = D(A),

cf. [16], slightly adapted.

Consider now the,eigenvalue problem
Lv = A\v, Vv e D(4).

Since a,b,k,m € © and inf a(x) > 0, multiplication by
x _ :

X
- b(y) 4
P (x) exp{£ 3ty

leads to the regular Sturm-Liouville problem

(pv') + (g-Ar)v = 0, v e D(A),

p/a.

g = k(m-1)p/a, r

As is well-known, see e.g. [8], Ch. 8, there exists a sequence of

real eigenvalues
(3. 4) N S S R

and a complete system of eigenfunctions {Vv}’ vy corresponding

to Kv, such that



That is, for € e D(A)

(3.5) E<">_ %lel = T e ¥ vilelvy(x),  t>0,

where

vﬁ[g] = x)vv(x)r(x)dx;

|
R—
um
~~

Moreover, v, has exactly v zeros in ]Ja,B[, i.e. we can choose

(3"6) Vo(x.) > 0, xe Ja, B[,
and know by unicity that

(3.7)  (vo(a)s vA(@)) 4 (0,0), (vg(B)s vA(B)) + (0,0

By (3.1)~(3.3) we have p, re ¢?, end we can use Liouville's

substitution
X
v(x) = (p(x)r(x) 7V (y), v =] (x(2)/p(2)Y2 az e [0,7(8)]
a .

to obfain the normal form

w" + (9 - N)w = 0,

where

1/4 c‘i 5 (pr)

ay

a‘= a/r + (pr)”~ 1/4

with regular separated endpoint conditions, genefa]ly with changed

coefficients. The eigenvalues remain the same as before.
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Now applying the theory of asymptotic spectral behavior of _
differential operators ([19]),
™V

(3.8) A, = “(?(FT)E [1+0(3)1, o 7 0,

(39w = &Y sl v+ eyl + 8,3,

(3.10) sup [v 8 (v)] < =,
YV

(3.11) sup |8L(y)] < .
NERY

Given (3.8) to (3.10), we can extend (3.5) first to §e£CO, using the
Stone-Weierstrass theorem, and then to £ & B, using the fact thaf

E<X>§t[1A] and v¥[1,] are o - additive in A€A. With (3.6),(3.8),
(3.9),(3.10) and, if wo(o) =0 or wO(y(ﬁ.)) = 0, also (3.7),(3.11),

and L'Hospital's rule

3.12) LA N LA
- IR T Pl T o

since v, 2 0, r 0, (3.12) implies

|vyrell < o(w)vgllel ]

uniformly in € e_B; Henée.

7\ t * *
IE<X>3\ct[g] e O vole] o) < a, vollg]1vy(x),

: 0 AT
a, = I O(ve)e Vo,

t v=1
—Kot .
end by (3.4), (3.7), e ap > 0, t > @ Thus (M) with the convention

A - ‘
. . L * * * -1 *
o*[1] = 1 is satisfiled with ¢ = vo[l]vo, ¢ = (vo[l]) 1vo,p = e O.[:j :
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§4. Branching diffusions: Limit results

The set-up Ls that of §3 with p = 0 > 1, W, = p "R,[0], W=1in W,.
£

Theorem 1" Assume in addition to the aésumptions of §3 that p> 1.

Then for any n el}*
¥

p IR INF 0 [N, 6o

p R, In] FES o¥[nlW, Nan>w, ¥ed O .

If m is bounded and a.e. continuous, then

pTHRLInT 22 "IN, tow

Proof: The two first assertions are immediate from (1.4) and (1.5).

For the third we have only to prove p xt[l] 8:8:N W, t+w, in

view of the absolute continuity of ¢*;¢*[1] = 1, and Theorem 1'.
However, the assumption (2.14) of Lemma 8 is fulfilled for U-=X,

so our problem reduces to proving

1lim sup p_tﬁt[l] {W a.s.

t>o .

Define the auxiliary process (yt,Pﬁ), yt:=£t[l] + N, where

Nt is the number of particles absorbed up to time t plus the

number of branching events up to time t . Clearly, T is

non-decreasing and
(4.1) X1y, 0ds{t,

(4.2) Ky, % 0 <Ca =[xl (nll +1) = .
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; 7 ! 2 P 6 —_— 6 — né,i - o
Now let & > O be fixed and let To,i = %n, = Y (n41)6 be defined

the obvious way. Using (2.6), we get in the notation of Lemma 2

X [1]
lim sup p_tﬁ'[lj { 1lim sup p o g? y® =
t>w - >0 i=1 n, 1
lim sup ° = 1lim sup B(Z | F ;) <
N> n n=oo 1 n
P 8 abd .. -n8a |
11masup E(Sn LGb) g, e lim sup p n8xns[l] = eaEW’.
As & |, 0, the proof is complete. ]

We recall the definition (1.3) of I, Degeneracy of W at O

is, of course, equivalent to It = 4o  for gome t >.O . But the
relation Iit< o 1is difficult to verify and it is therefore

desirable to have a criterion in terms of the natural médel parameters
Ak, 7 of the branching diffusion; Heuristic consideration of

It for small t leads to the condition

(4'3) W*[kwn] < 0y

where #(x) =% n log n pn(x)

Theorem 2' For eny % > 0, I { » if and only if (4.3) holds.

That is, E<X>w - @(x). VxeX if and only if (4.3) holds, and

=0 [K®] vxex otherwise.

Remark: The properties of and * obtained in §3 make it
—_— ® P

possible to verify (4.3) without knowing e,p* explicitly.
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E.g. in the case of absorbtion at o and B, (4.3) is equivalent to

fﬁ(x—a)g(ﬁnx)gk(x)%(x)dx { o

a

Of course the heuristic derivation of (4.3) does not constitute
a rigorous proof. To see the problem, note that the situation is
gsomewhat similar to that of [3], where despite the simplicity of

the model the proof is non-trivial. In addition to the times of

branching, or split times, Tl,Tg,o,., our proof also has to

take into account the stopped diffusion, i.e. the transition semi-
group {Tg} of the exp[jftk(xs)ds}=-subprocess of (xt,PX)
0

For convenience let c,c,,-.. denote constants with O<:CV<:m .

Lemma 10 There are ty > 0 and cysC, such that
: 0
(4.4) c 9% L o*Ty { eo*, 0t <t

Proof: We have

0 O* t.,0%,0%
(L.5) O*Ty = Ty ¥ = @* + fOTS A p* ds
O* o s 0 0
where A is the adjoint of the generator A~ of {Tt}, see
[11]. But |
(L4.6) (A% + km)gp* = Age* ,
so that

o, t 0%
o*Ty Lo + 2 [ Tg o* ds
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from which the second inequality in (4.4) follows by -iteration - -

(0L3

(take c, = e0%). Also, from (4.6) A o* > ~Cp* . Inserting

in (4.5), we get

0 t 0%
cp*'l’t Z 0¥ - c3 fo Ts o* ds 2 (1 -c2c3to)cp*

% t
for t ¢ t, . Choose t, such that o Oc to < 1. 1

Proof of the sufficiency of (4.3): For ;EO e%, xeX define

(cf. (2.3))

X ~
%,n(/\ ) = E Oxt[cp]lOg Xylolle, LDt tt’n(x) = H_E,n(<x>)
Then
(4.7) Y ontl T ftT [x] ¥ .- -s, n(R)(+, ax) ] t1%0

X

For J =l,...,§o[l], define B(J,n) as the event that there are
at most n splits in the jth line of descent up to time +t. . Then

%ol1] ;
A _ A0,
xt[w]l{fn+1>t] < 321_ X [waB(J:n)’
and by (2.1),

¥ tA tA A
; n o) < p xplollog*(p XO[F"]) + xo[z%,n]

Thus for 0 < t < 1, ;-
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(8 LT Ot

Vg; pv(x){ptv@(x)10g*(ptv¢(x)) + vt%’n(x)}'g

cy + cg o(x)n(x) + c6tE, n(x)
Tnserting (4.4) and (4.8) in (4.7) leads to

cp*[r)_é,n_*_l:] < ¢, + c8 p*[kon] + 09t Oz:gt ‘P*[t;,n]

for 0¢ t< ty . Since ”1%,0” { cyp ¥t > 0, it follows from -

our assumption (4.3) that

I = @*[t*] { sup sup o*[1* ] w
t =@ t - nelN Ogsgt ? S,1

fof 0< t< t» c9t <1, (]

Proof of the necessity of (4.3): 1Iet

so that 1%(x) = TL(<x>)  (ef. (2.3)). Then
(19) vy 2 Ok feTl0s R [o] 1,y
t.0 ~ ¥
= T [k [ tt_s(§)v(-,d§)]ds
0 e
Since %t[w] is a submartingale, it follows by convexity that

T(2) > flo]los*2e] ,
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o0}

I 10 T (%) (x,d%) z
( ) fﬁ £ > z

> w(x)n(x) - eyq -

pn(x)ncp(x) log*(ng(x))

Thus, if @*[ke#] = +w, it follows by inserting (4.4) and (4.10)

in (4.9) that
Tf =0 [13] 2 ¢ Igcp*[kcp“ ~kepplds = e

for 0t % - |
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