Sgren Johansen

The Imbedding Problem for
Markov Branching Processes

Preprint
October

gB
!

Institute of Mathematical Statistics
University of Copenhagen




S¢ren Johansen

The imbedding pro@}emﬁfpf 

Markov branching processes.

Preprint 1973 No. 9

Institute of Mathematical Statistics

University of Copenhagen.

October 1973



1. Introduction and Summary

The purpose of this paper is to characterize the stocha-
stic matrices that can occur in non-homogeneous Markov bran-

ching processes with no deaths.

We find that most of the results from [5] for finite sta-
te Markov chains can be generalized to these branching proces-

ses with appropriate modifications of the definitions.

The simplest branching process is a Galton-Watson process
which is a Markov process with discrete time and state spaceS=

"{6,1,2,...}. The transition probabilities P = (pik,iGS,kGS)

satisfy the condition

Pip = Zplk < oeee o Pyy (1.1)
1 i

where the summation is over the set of indices kl,'...,ki for

which k, + ... + k. = k.
1 1

Thus the i'th row is the i-fold convolution of the proba-

bility measure’{plk, k€S }.

A continuous time Markov branching process also has the
properti®sthat the transition probabilities satisfy the condi-

tion (1.1), see Harris [5], p. 97.

We shall here only consider branching processes for which
P:o 0O, i = 1,2,.4., i.e. processes for which no deaths can
occur, Thus we consider the set B of stochastic matrice P =

(Pik’ kEN, 1i€EN) for which conditions (l.1) holds, where N =
(1,2,...).

Let us define

o)
m(P) = X kp,., P € B
k=1 1k

and call P regular if m(P) < =,

For the present purpose we shall use the following defi-



nitions:

1.1. Definition. A Markov branching process is a family

"{P(s,t), O <8<t <t <} (1.2)

of matrices from B which satisfy the Chapman-Kolmogorov equa-

tions

P(s,t) = P(s,u)P(u,t), 0 < s < u <t (1.3)
and the initial condition

P(s,s) =1 (1.4)

together with the regularity condition

m(P(s,t))is finite and continuous (1.5)

1.2, Definition. A stochastic matrix P € B is called im-

beddable if there exists a Markov branching process (1l.2)

such that
P(0,1) = P.

The imbedding problem is then to characterize the matri-

ces that can be imbedded.

It is easily seen that B is a semigroup under matrix mul-

tiplication and that the mappings

P >
k

nmM™M8

1kplk = m(P)

and

P - pll

are multiplicative functions on B.

Since the matrix P is given by its first row it is also



given by the probability genera¥fing function

(==}

oy k
f?(z) = ilplkz , 0 <z < 1.

k

The set of probability generating functions C

group under composition and it 3§ easily seen that

fp p (2) = £ (£, (2)) = (£ «£. )
P.P , (z)
B 731 P—2~gr S Pl, P72 o o
,,iwhi594§§BWS that the mapping from B onto C
P - fP
is a homomorphism.
o -
Let £ € C and f(z) = X z Py then we define
k=1
o k-1
Df(z) = X kz Py
k=1

and we call f regular if Df(l) < o,

The mappings

f -» Df(0)

and f - DE(1)

are multiplicative functions from C to [0,1] and [1,»] re-

spectively.

Let us also remark that C is an example of a convex se-

migroup, which B is not, and that the extremepoints have the

form

|
Ko
fk(z) =z k=% 1,2,3,...

f'y
i

?
!
|

is a semi-

#
|

In the following we shall work mainly with C but in sec-—

tion 5 we give yet another representation of B.

We can now replace Definition 1.2 by

The regular function f € C is called

1.3, Definition.
0 < <t < t <
8= 0

imbeddable if there exists a family'{fS £
3

w} of.regular functions in C such that



= e < L]
fs,t fs,u fu,t’ 0 <s <u<rt, (1.6)
fs,s = e, (1.7)
Df ,t(l) is finite and continuous, (1.8)
fO,l = f (1.9)

We call f imbeddable in a homogeneous family if fS ¢ can
b4

be chosen to depend only on t - s.

It is convinient to work with uniform convergence of
functions in C but we shall also define strong convergence as

uniform convergence of the derivatives. The following result

will be used repeatedly:

1.4. Theorem. Let fh € C converge pointwige to a functi-

on f. If f is continusus: at z = 1 then f € C ;nd fﬁ conver-
ges uniformly to f. If further ng(l) converges to Df(1l)

then fﬁ converges strongly to f.

A function of the form

oo
h(z) = X az , 0<1z <1
k=1

where

[oo]
a. <0, a. 20, k =2,..., % a, = 0]

1 k — X
is called an intensity function and it is called regular if

Dh(1l) < o,

It is easily seen that h is a convex function and strict-

ly convex unless h & 0. We easily find the inequalities
Dh(0) < h(z) <O (1.10)

|Dh(z)| < Dh(1). (1.11)



It is important to notice that if £ € C then f - e is
We then find from

an intensity function, where e(z) = z.

(1.10) and (1.11) that

|f - e] < 1-Df(0) < Df(1l) - 1 (1.12)

where we use the norm

Jf - el = sup If(z)-z
) 0<z<1 .

we shall finally use the following

1.5. Definition. By a regular measurable (locally inte-

grable) intensity valued function ht we shall understand a

mapping from [O,to[ x [0,1] into R which satisfies:

ht(o) is a regular intensity (1.13)
function for all t € [O,to[, and |

hj(z) is measurable (locally integrable) (I.1l4)

for all z € [0,1].

The set of intensity functions is a convex cone and the

extremal elements are proportional to

hk(z) = zk -z, k=1,2,... . (1.15)
We shall now give a short account of the present paper

and some of the previous work in this area.

Section 2 contains an extension of the results in [3]
and [4] where the idea is to change the time scale of the fami-
ly imbedding f in such a way that f.,t and fs,. become abso-
lutely continuous and one can then show that they are soluti-
ons to the backward and forward Kelmogorov differential equa-
tions. The main idea is to use

1nDf . . (1) (1.16)
Cest




as the new time scale. The backward Kolmogorov equation was
studied by Carathéodory [1l] who proved existence and uni-

queness of the soelution.

In section 3 we construct a product integral of a regu-

lar measurable intensity valued function. The approach taken

is a generalisation of the method of Dobru¥in [2] and the in-

tegral obtained is a special case of the integral studied by

Neuberger [10].

It is shown that the integral provides a solution to

the backward and forward Kolmogorov equation.

Section 4 contains a discussion of the imbedding problem
and it is shown that the imbeddable functions can be characte=

rized as being infinitely factorizable or as the limits of

triangular null arrays.

It is also shown that finite compositions of functions
generated by the extremal intensity functions can approximate

any imbeddable function but the problem of a Bang-Ban}) repre-

sentation [7] has not been solved.

Finally we find again the relation between imbeddable
functions and the Kolmogorov equations, thereby proving again

the results of section 2, but without the condition that

fs,t = e 1f and only 1if s = t.

As an application of these characterization we find the

result that any imbeddable function satisfies the inequality

DE(O)DE(L) > 1. (1.17)

This inequality easily implies that the truncated bino-

mial and Poisson distributions are not imbeddable.

The results in section 4 are presented in terms of pro-

bability generating functions but they clearly have a proba-

bilistic meaning as follows:

If fl,...,f are functions in C then we can interprete



fi as generating the offspring distribution in the i'th gene-

ration, and

is then the generating function for the distribution of the

size of the n'th generation.

The condition
0_<_Dfi(1)—1_<_e
then means that the expected number of offspring in each

generation is close to 1 or that the increase in the popula-

tion is very small.

That £ is infinitely factorizable means that for any n
we can think of f as the probability generating function of

the n'th generation each of which has.anh expected size close

to 1.

Finally the triangular null arrays are the mathematical
What happens when one

| .
formulation of the following problem:
observes a population after a long time, i.e. after many ge-
nerations, where in each of the generations the expected va-

lue is close to 1.

The answer is like in the classical theory of limit the-
orems for sums of independent random variables that the pos-
sible limit distributions can be characterized as being in-
finitely factorizable. The product integral representation

is then an equivalent of the Lévy—ﬁingin representation.

The last section contains a reformulation of the results.
The main idea is to use Choquet's integral representation the-
orem to represent any stochastic matrix over N as an integral

over the extremal stochastic matrices E.

One can easily see that E is a semigroup and it turns

out that one can identify the matrices on E that represent

1L




matrices in B. Thus the results about imbeddable matrices in

B can be translated into results about processes with indepen-—

dent increments on E.

Most of the results of the paper are generalizations of
the results on [4] and [6]. The presentation is intended to
be selfcontained even though most of the results on the pro-
duct integral have been given by Neuberger [10]. The charac-
terization of the imbeddable functions as being infinitely
factorizable and as solutions to differential equations are gi-
ven by Loewner [9] and Pommerenke [11] in the context of
Schlicht mappings of the unit disc into itself. The derivati-

on-of the differential equations by changing the time scale

was given by Goodman [12].

2. Change of time scale and differential equations.

We shall in this section consider the family {fs e
9

0 <s <t <t < @} of probability generating function satis-

fying the congitions
fs,t - fs,u ) fu,t (2.1)
fs,t = e & s = t (2.2)
Df (1) 1is fiﬁite and continﬁous in (s,t) (2.3’

s,t
We shall first prove the basic result on change of time-

scale

2.1, Lemma. Under the assumptions (2.}), (Z.Z)Vanﬁw(2t3)

there exists a change of time scale such that the functions

f t(z) satisfy a Lipschitz condition.
s

A possible choice of time scale is

(1) (2.4)

Os

o(t) = 1anf

or



P(t) = - 1nDf ;| t(O). (2:5)
0,
Proof. From (2.1) we find that ¢ and Y are increasing
and (2.2) implies that they are strictly increasing whereas

(2.3) implies continuity. Thus any of them can serve as a

change of time: scale.

Now (2.1) implies that

e): ° fS+V,t’ (2-6)

- f = (f

f : -
s—u, t s+v, t s—u,s+v

for 0 < s-u < s+v < t < th’ and the inequality (l.12) gives

that

IfS'U,t - fS+v,tl L- Dfs—u,s+v(0) < Dfs—u,s+v<1) - 1.

Now let us ‘change the time scale by means of ¢, then

+
Df (1) = ™77
S-u,s+vVv
and we get the Lipzchitz condition
f - f u+v t
s—u,t stv,t| _ e -1 < & -1
u + v - utv — t

A similar condition can be derived if Y is used as the

time scale.

We shall now apply Lemma 2.1 to the Chapman?Kdlmogorov
equations (2.1) in order to obtain differentiability of

f t(z) and in order to derive the Kolmogorov equations.

bl ]

2.2. Theorem. Under the assumptions (2.1), (2.2), and

(2.3) there exists a change of time scale such that the inten-
sities

-1
h = lim (f__ ~e) (u+v) (2.7)
S wyo,vio STUsSTV

exist for s € N, where N is a null set for Lebesgue measure.
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The function hS is a regular measurable intemnsity valued

function and Dh.(l) is locally integrable.
Further the derivatives

s £ =  1lim (f ) Cutv) "L (2.8)

. -f
+ —
s s,t ub0,v40 s+v,t s—u, t

exist for s € N and the function f t(z) satisfy the backward

© s

Kolmogorov equation:

aasfs,t(z) = -hs(fs,t(z)), s € N (2.9)

or

t
z - fs,t(z) = - fhu(fu,t(z))du. (2.,10)
)

Proof. Let us first choose

¢(t) = 1n DE, (1)

as our time scale, then we can use the relation

_ t-s
Dfs,t(l) = e .

(z) is absolutely conti-
b ]

From Lemma 2.1 we get that £

nuous and hence that the limit

5 £ e (® - fS+V’t(z))(u+v)—1 (2.11)

s s,t(z) =— 1lim (fs_

u¥y0,v+0

, where Nt . is awnull set.

exists for s € N
t’z b

Now define

i _ _ a1
Bs,u,v (fs—u,s+v e)(Dfs—u,s+v(1) 1) *oe (2.12)
From the inequality (1.12) it follows that gs u. v is a
H s
-probability generating function and it-is seen that.ngS u V(1)=
b s

2.

We then consider
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gs,t,u,v ='gfs,u,v‘ ) fS"‘V,t (2.13)
u+v -1 '
B (fs—u,t f's+v,t)(e D fs+v,t'
From (2.11) it follows that the limit
g (2) = lim 4 (z) = - 3 f_ (2) + £ (2) (2.14)
s,ﬁ w0, v40 s,t,u,v ? s,t s,t

exists for z rational and s € N =L1Nt Z‘Where the union 1is
b

taken over rational z. We now want to prove that (2.14)

exists for all z € [0,1].

Take thereforez' and z'' in [0,1] and use the convexity

of gfto obtain
I

/ ' - / e
lgs,t,u,v(z ) 8. t,u,v ? )|
5 j “" o1 _ Ty
< D;gs,t’u,v(l)lz z'"
[ T t-s r__t11
= 2Df (1) lz'-z'""[ < 2e [z'-z""].

s+v, t

Thus for fixed s and t the family

e u>0, v>0, u+v<th

'S, t,u,V,

is equicontinuous on [0,1] and hence the limit (2.14) exists

for all z € [0,1] and defines a continuous function gg ¢ on
/ ' ]

[0,1]. By Theorem 1.4‘3; c is a probability generating func-
9

tion and the convergence in (2.14) is uniform in z € [0,1].

[e¢]
Now choose a sequence t - ® and define N = U N. -
n n=1
For s € N we can find t = t >s and then
Igé,u,vr' fs+v,t - gs,u,v'. fs,tl
< Dgé,u,v(l)lfs+v,t - fs:,tI
1

< 2v(et-1)t”
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which proves that the limit

u¥0,v+y0 5>,V s, t

exists and hence that

gS = lim

g
uv0,vyO SsUsV

exists and defines a probability generating function‘gs.

If we define the intensity function
h =/gs - e
then (2.7) have been proved.

From the inequality

‘ -1 / /
(1-gy 4. o(2)) =2y~ < Dg (1) = 2

it follows for u + 0, v + O that
Dh (1) + 1 < 2

and hence that,hS is regular and that Dhs(l) is locally inte-

grable.

In order to prove (2.8) we consider again (2.6). By
dividing with u + v and letting u ¥+ 0 and v ¥+ 0 we get for

s € N that (2.8), (2.9), and (2.10) hold.

2.3, Proposition. Let'{fS t,0 < 8 < t < to} satisfy con-
,t20 = =

ditions (2.1), (2.3) and the equation (2.10) for some regular

intensity valued function hS such that Dh.(l) is locally in-

tegrable then

t
DE. (1) = expgDhl;I)du. (2.15)

Proof. From (2.10) we get

t
1 - Dfs’t(z) = - Dghu(fu,t(z))du. (2.16)
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Now

Ihu(fu’t(z})) - h (£ t(Z"))!

s

LA

Tt
Dhu(l) Dfu t(1)|z z""|

t V1
Dhu(l) e |lz'-2"'""]

IA

which implies that the differentiation and the integration in

(2.16) can be interchanged.

Thus

t
1 - Dfs’t(z) - iDhu(fu’t(z)pfu’t(z)du.

for z = 1 we get

t
- £Dhu(1)Dfu’t(1)du

1 - Dfs,t(l)

which proves (2.15).

2,4 . Corollary. The convergence in (2.7) and (2.8) is

strong.

Proof. Since (2.8) follows easily from (2.7) we shall

only prove (2.7). By Theorem 1.3 it is enough to p}éve that

Dh (1) = lim (Df (15}1)(u+v)_1

uv0,vy0 §Tu, s+V

but this clearly follows from (2.15).

3. The product integral.

We shall here give a short account of the product inte-

gral that exists in the semigroup C.

The integral is a special case of the integral conside-
red by Neuberger [10] but we shall construct it here in the

context of generating functions and prove the properties we

" need for the imbedding problem.
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We shall use the notation

First we prove the basic lemma.

3.1. Lemma. Let h = h, + ...

1

+ hn be regul

ar

functions such that Dhi(o) > -1, i =1,...,n, then

n
1=

1(e+hi)

Progi. For n

(e +

nm™Ms

i=1

h,)| < (-Dh(0))Dh(1).

intensity

(3.1)

1 this is rather obvious and we assume

that it has been proved for n = k.

Then

k+1

k+1 -
a(z) = (.ﬂ (e+hi) - (e + X hi)é(z)

i=1

Il
3=

i=1

+
™M=

i=1

(hi(z + hk+1(2))

1=1

(e+h,) (z+h,  ,(2))

k
(e+ ¥ h.) (z+h
i=1 *t

- hi(z))s

since by assumption O < z + hk+1(z) < 1.

k+1

(2))

We now use the induction hypothesis and the convexity of

hi to obtain

la(z) ] <

+

and from (l.10)we get

mM=

k

k

(-.Z Dhi(O))(-Z Dhi(l))

i=1 i=1

thi(l)lh

k+1

k+1

(z) 1

k

la(z)] < (- X Dhi(O))( 3 Dhi(l))
i=1 i=1
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which proves the result for n £ k + 1.

We want to build the product integral of the regular in-

tegrable intensity valued function hu’ u € [s,t] which we shall

denote by
t
M(e + h du) (3.2)
s u
and we therefore let T ='{t1,..,,th} denote a partition of
[s,t],
s =t; < ...t =t
and let |T| = “max (t., .-t.).
Cl<i<p-1 YD
We then define
v
H(u,v) = fhxdx, s <u<v<t,
u
and
n-1
fT = izl(e + H(ti,ti+1)). (3.3)

The set of partitions T form a directed set under refine-
ment and we want to prove that lim fT exists, where the limit
is taken under refinements. The limit will then be denoted by
the symbol (3.2) and will be called the product integral of

h on the interval [s,t].
We shall first prove the following

3.2. Lemma. If Dh.(l) is integrable on [s,t]-then there

exists a function a(T) such that
a(T) - 0 as IT[ - 0
and such that for any refinement U of T we have

£ - £

u rl 2 oD,
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Proof. LetT='{ti, i=1,...,n} and let U = {u.,

j = 1,...,ni, i=1,...,0)} be a refinement of T such that

t., =, . < (.. < W, = t.

i il -— — Ting i+1°?

and define

]
(0]
+
™M
=
~
o
e
-
~
(SN}
+
[a
~
~

and

= jzl(e + H(ui.,u (J+1))

For |T| sufficiently small we can apply Lemma 3.1 and
we get
j Bi¥1 bieg
lfi-gilf;‘(— f Dh (0)du) { Dh (1)du.

ti ti

Using this evaluation we obtain

MRS

]
3
+h
I

k-1 n-1 ‘\ k- | ;
mfo e £ 1 g. -~ zf"r',_,gyk" m Fe.

i=1 * ko ok i

n-1
>
k=1

A

n-1, k-1 k- ‘
= > il f.o e f - m f.: . 3
k=1'i=1 * k- &

IA

k-1
k§1£ M DE. (1)/If - ‘

n-1 k-1  Ti+T a1 Fred 1

= T 1 (l+ Dh (1)du) ( J ph (1)du) (- [ ph (0)du)

k=1 i=1 ti tk tk
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bl n-1 bl ]
< sup (- f Dh (l)du)[ (1++ f Dh (1)du) - 1J.
l<k<n-1 ¢, bk=1 e, 0

Now the last factor converges as a product integral to
t

exp thu(l)du -1
s

and the first factor tends to zero since Dh.(l) is integrable
en [s,t].

3.3. Theorem. Let hu be a measurable intensity valued
Then the

function such that Dh.(l) is integrable on [s,t].

product integral of hu on [s,t] exists.

Proof. Take a sequence of partitions Tn such that

[T | s 0. Consider the family

n
’{fT Py n = 1,2,&00}. (304)
n
From the inequality
|£p(2") = £.(2"")| < DEL(D)[2" - 2"']
n-1 Fis1
= T (1 + f Dhﬂ(l)du)lz' -z'"|
i=1 t, ©
: i
it follows that the family (3.4) is equicontinuous. By Arze-

13-Ascolibs theorem this implies the existence of a probability
generating function f and a subsequence n' such that ’
1im £ = f,.
n'-w n
We want to prove
lim £, = f. (3.5)

Take € > 0. We want to prove that there exists a parti-

tion Tg,such that for any refinement T of Té we have

(&
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£ - £.1 < e. (3.6)

Now take n' so large that

| £ - f| < €/2 (3.7)
Tn' -

and such that a(Tn,) <g/2 and take T,k = Tn"
= )

From Lemma 3.2 we find that for any refinement T of TO

we have

IfT - fTPi' < oc(Tb)’ < e/2

which together with (3.7) gives (3.6).

3.4, Corollary. Let Dh.(l) be integrable on [s,t]; then

t t t t
M(e+h du) - e - Ihuduf g (—Jnhu(o)du);nhu(1)du. (3.8)
s s s s

Proof. We let T = {t.,...,t_} denote a partition of
e 1 n

[s,t] and define
L]
h, = h du.

t.
1

For |T| sufficiently small we can apply Lemma 3.1 and

taking the limit over T we obtain (3.8).

Let in particular hu = h, u € [s,t] where h is a regular

intensity function then we define

1
e(h) = M(e+hdu). (3.9)
0

The definition of the integral then immediately gives

the following results:

3.5 Corollary: Let hl,.;.,hm and h = hi+...+hn be regu-

lar intensity functions, then

lim (e+sh)™ —o(h) (3.10)
Nree n
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Me(h ) - e - h| < -Dh(0)Dh(1) (3.11)
i=1

and in particular

le(h) = e = hl < -Dh(0)Dh(1). (3.12)

We also have

t
e((t-s)h) = 171 (e+hdu) (3.13)
S
and
‘I
lim(;ﬂ e(h.k"1)>k = e(h). (3.14)
kowV\i=1 '

3.6, Theorem. Let ht be a regular measurable intensity

function such that Dh.(l) is locally integrable and let

t
fs,t = ﬂ(e+hudu).
s
Then
= I e | '15
fs,t fs,u fu,t’ 0<s<uc<t (3 )

and DfS t(1) is finite and continuous.
3

Further f ;t(z) is absolutely continuous and satisfies
." .

the backward Kemogorov equation

‘ = - e | ‘ | . ‘
9E, ¢ hy o £, s €N (3.16)

From this follows that

t ‘
Dfs’t(l) = exp £Dhu(1)du. (3.17)
Further fS is absolutely continuous and satisfies the
’ e

forward Kolmogorov equation.

3€€S,t(z) = Dfs,t(z)ht(z)’ t ¢ N. (3.18)
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Proof. The relation (3.15) follows immidiately from

the definition of the product integral. We find from (3.3)

that
] n-1 Ere1
1 < (1-2) "(l-f4(2)) < DE (1) = T (1 + [ Dh (1)du).
k-1 te

Taking limits over T and letting z 4 1 we get that

t
1§Dfs’t(1) < exp gDhu(l)du,

which proves that Dfs t(1) is finite and continuous.
s

In order to prove (3.16) we consider

s+v
(e + | hedx) £, - fs—u,tl
s—u
s+v
= [(e + [ h_dx - fs_u’s+v)!- fS+v’tl
s—u
( s+v ‘ \ s+v
< (- [ Dh_(0)dx} [ Dh_(1)dx.
- X } X
s—u s—u

Now choose N such that for s € N we have

_18*V
lim (u+v) f h_dx _ "
u¥0,v¥0 s-u * s
and
_18tV
lim (u+v) [ Dh_(0)dx = Dh_(0)
u¥y0,v$0 s-u
and
_18*V
lim (u+v) - J Dh_(1l)dx = Dh _(1).
u¥0,v¥O0 s-=u =
Then we get that
-1 s+v
lim u+v o+ h dx) . £ .- £ 4 = 0.
: u¢0,v¢0( ) [(e s!u X = s*v,t s—u,t}

(3.19)

(3.20)

(3.21)



-21-

Since
_ . S*+V
lim  (u+v) fn 9 f dx = h_ « f
uy0,vVyO0 s-u ¥ s*tv,t s )t
we get that
3 f = lim (u+v) T(f -f )
s+v,t s-u,t

s s,t u¥0,vV¥O0

exists, and that

8 = — e
sfs,t hs fs,t’ s € N,
which proves (3.16).
Now consider
_ t+v
fs,t+v_fs,t—u’° (e + | thx)
t—u
. t+v
s, t-v " Frou,tev T fs,p-w o (0¥ J B dx)
t-u
t+v
< Dfs,t-u(l)lft-u,t+v - e - tiuhxdx
t+v t+v
< Df 1) (- Dh_ (0)dx Dh_(1)dx)
< pf, (D f Db (0)am) (] D
For t ¢ N we get that
1 t+v (
lim (u+v) (fs,t+v - fs,t—h e (e + t{uhxdx» = 0,

uy0,vy0

This is rewritten as follows:

() HCE L) - £ (2)
s alu, ) N () - f Grau,v) e, ) (wen) T
where
t+v
a(u,v) = f hX(z)dx.

t-u
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/
For each z < 1 the differentiation of fs t(:;;’) at z 1is

9
uniform in (s,t) and hence

1 _(z*a(u,v)) = DE_ (2).

lim a(u,v) ~(f -
b

_.(z) - £
uv0,vi0 u

s, t s, t

From (3.19) we get that |

lin  a(u,v) (u+v) "L = b (2)
uv0,vy0

and hence fS (z) is differentiable at t for z < 1 and
’.

3. fg,¢(2) = DE_  (2)h (2), t € N.

This relation clearly holds for z = 1 as well.

Notice that the relation (3.17) implies that the conver-

gence in (3.5) is strong, since
n-1 tivl
DfL (1) = T (1 + f Dh _(1)du)

k=1 t.
1

converges to

t
exp thu(l)du = Bf(1l).
s

3.7. Theorem. Let ht be a regular measurable intensity

function such that Dh.(l) is locally integrable.

Then the equation

t
z - f (z) = - fhu(fu ¢ (2))du (3.22)
S

s, t N

with initial conditions

(3.23)

has a unique solution given by the product integral (3.2)

Proof. This follows from Caratheéodory [1] p.674 since

the function hs(q)Asatisfies the Lipschitz condition



-23-

lhs(z) - hs(z')l < Dhs(l)lz'—zl

where Dh (1) is locally integrable.

3.8. Theorem. Let ht and hén), n =1,2,... denote regu-

lar measurable intensity valued functions such that

ph{™ (1) € ¢, n =1,2,... -

t
1
If for all real functions g, such that [|g(t)|dt <
0]
we have
1 (n) 1
lim [ h ™ g(t)dt = [ h_g(t)dt
) t t
n->c 0 0
then
1 (n) 1
lim T (e+h, "’dt) = T(e+h _dt) (3.24)
t t
n->° 0 0

Proof. Let us use the notation

1
fé?i = 2(e+hén)dt).

The product integral satisfies equation (3.16) and hence for
LI}

< ?"Dh(n)(l)dt < ( Tt
< ¢ < (s s'Je.

t

(n) (n)
BRGNS

Similarly

|£M ey - M e | e ayizr-ar

‘ 1
= |z'-z"'"| exp IDhEn)(l)dt < lz'-z"'| exp c.
s

Thus the family of functions

’{f(ni(.), no=1,2,...} f (3.25)

®

is equicontinuous, and by Arzelda-Ascoli's theorem there exists
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a probability generating function fs (.) and a subsequence

3
n' such that

lim f( )( ) = fS 1(Z)

s 1
n—)oo
uniformly in &8 € [0,1] and z € [0,1].

From (3.16) we get

f(“ )(z) - fh(n )(f(n )( ))de,

for n' - o get that f 1(z) satisfies the equation (3.22). By
Theorem 3.7 the solutlon is unique and given by the product
integral of ht on [€,1]. Thus any limit point of the set of
functions (3.25) must be the product integral and hence the

family converges,as was to be proven.

4. The imbedding probilem for Markov branching processes.

In order to formulate the results about the imbedding pro-

blem we shall define the mnotions of infinite factorizability

and triangular null array.

4.1. Definition. Let f be a regular function in C. Then

f is called infinitely factorizable if for all n there exist

fl,...,fn such that

Dfi(l) - 1__<_ 8, i = 1,;-.,:[1.
If for all n there exists fn such that

n
£ = (£)

then £ is called infinitely divisible.

4.2. Definition. A triamgular null array is a family

£ k = 1,...,Nn, n=1,2,...} of functions in C, such
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11mn Squ(Dfn,k(l)_l) = 0.
The marginal product is

1fn,k

h
Il
h
rh
=
I
n4ap

n n,l | n, s n: K
and the limit of the array is the strong limit of fn.

4.3 Definition. A Poisson generating function is of

the form e(h) where h is an extremal intemnsity function, see

(1.15).

The next theorem sums up the results about the imbedding

problem and presents various characterizations of the imbed-

dable functions in C.

4.4, Theorem. Let f be a regular function in C, then

the following statements are equivalent:

f is imbeddable (4.1)
f is infinitely factorizable (4.2)
f is the limit of a triangular null array (4.3)
f is the strong limit of a finite composition

of generating functions of the form e(h) (4.4)

f is the strong limit of a finite composition of

Poisson generating functions (4.5)
f has the representation
1
f = p(e+h_du) : (4.6)
o u

for some regular measurable intensity va-
lued function:;ht for which Dh.(l) is inte-
grable on [0,1].

There exist: absolutely continuous functions £.(4.7)
and £ and a regular measurable intensity
valued function ht for which Dh. (1) is in-
tegrable on [0,1] such that

d

ac = Df_ . h t ¢ N

£ t t?
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£, = e, £, =f
and
d = -
defe = The o £, t €N
£, = £, £, = e,
where N is a null set for Lebesgue measure.
Proof. (4.1) » (4.2). 1If f is imbeddable in the family
.{fs £ 0 < s <t < 1} then since Dfs t(1) is continuous and
s - - - ’
multiplicative we can choose a partition O = t, < ty < .. <

tn = 1 such that

th t {1) - 1 _<_ €, i = O,...,n_l
1’ "i¥l
and define
fi = ftr,tﬁf*’ 1 =0,...,0-1.
i’ i+l

This proves that f is infinitely factorizable.

(4.2) > (4.3). T1If f is infinitely factorizable then for

€ ¥ 0 we can choose

n
£ ese, £
n, 1, ’ n,Nn
such that
f =f . . £
n, 1l n,Nn
and

DE (D) = T <e, k= 1,00, N .

This proves that f is the limit of the triangular array
{fn,k}.

(4.3) » (4.4). ©Now let f be the limit of the triamgular
We want to replace it by the array’{e(fn k—e)}-

array {f }-
n,k ’
Now th 1 trick gi = -
e usua rick gives for gn’k fn,k e
N N
n n
m f -8
k=1 n,k k=1 n, k
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n|k-1 k-1

< z m . - nmf .

T g=1]i=1 Bs? n,k P21 n,1gn,k
Nn k-1

< Iz M Df i(1) fn,k - e(fn’k—e)

k=1 i=1 @

n k-1
< kzl ilefn,i(1)<Dfn,k(1)-1)(1_Dfn,k(o))
< supk(l—Dfn k(0))(Dfn(1)—1)

The assumptions imply that

11mann(1) = Df(l) < =

and that

11mn supk(l—Dfn,k(O)) =0

and hence that

N
g = M e(f e)

n,k_

converges uniformly to f. We want to prove strong convergen-—

ce, i.e. that limann(l) = Df (1) and we therefore evaluate
N N
n '/ n TN\
Dg (1) = T D (1) = exp{ ¥ (Df (1)-1)).
" k=1 Rk \k=1 mok
Now
N
0 <-1n Dg (1) - 1n Df_(1) = kzl - In Df (1) + DE_ (1) -1
N
< £t ) YoE L (1)-1)2
= k=1 n,k n,k '
N
n
< supk(ng’k(l)-l) kEl(Dfn,k(l)—l).
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The first factor converges to zero and the last factor 1is

bounded since for

SquDfn,k(l) < 2

we get that

N N

n -1 n
(Dfn,k(l)_l) < (ln 2) "1In W Dfn,k(l) (4.8)

>
= k=1

k=1

which is convergent.

Hence g  converges strongly to f and (4.4) is proved.

(4.4) - (4.5). Let h be an intensity function

oy k
h(z) = H® ak(z -z)

k=2
(o]

= ¥ a h (z),
k=2 k 'k

see (1.15).
n
Now define h (z) = X a,h (z) then it follows from the
n k=2 k'k

results in @orollary 3.5 that e(hn) converge strongly to e(h).

From (3.14) it follows that
/ n -1 m
m e(m akhk)

converge strongly to e(hn) as m tends to infinify. This pro-

ves (4.5).

(4.5) > (4.3). This follows easily using the infinite

divisibility of the Poisson generating functioms.

(4.3) » (4.6). Let f be the 1limit of a triangular null

array. Then it can be- approximated by the array'{gn X
s

e(fn,k—e)}. If we define
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N
n
g = N g ’
n k=1 n,k
and N
] n -1
.and
k
t =
n,k jElpn,;j
then
0 = 1:n’0 < tn,1 < . < tn:Nn =1,
and 1
e(fn’k—e) = U (e + (fn’k-e)dt).
o
Therefore
g = % (e + 1™ ae)
n e t
(¢]
where

(n) _ a1
ht (fn,k e)Pn,k’ te [tm,k-l,tm,k['
We know that g, converges strongly to f and we have to

extract a convergent subsequence of the family
™ n - 12,0000
and then use Theorem 3.8 to prove the representation of f.

Let us first evaluate

N
n

(n) - -
Dh. 7 (1) = k§1 (Df | L (1)-1) (4.9)

which by (4.8) is bounded by some constant c¢ uniformly in
t € [0,1]. and n, since £ converges strongly to f.
In order to apply Theorem 1.4 we define the probability

generating functions

fén)(z) - c—l(hén)(z) + e2)

(o)
hX p(kgn,t)zk.

k=1
Notice that by (4.9) we have
N
(n) G YA A
th (1) = ¢ > (Df (1)-1) + &} < 2. (4.10)
k=1 n,k - v
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In order to find a convergent subsequence we consider

first the functions

{p(l,n,.), n = 1,2,...},
These functions belong to the unit ball K of L_[0,1] which

is compact in the L [O 1] topology. Thus there exists a

function p(l,.) € K,_and a subsequence'{nli} such that for

all g € H[O,l] we have

1 1
lim fg(t)p(l,n,t)dt = [g(t)p(l,t)dt
0 0

where the limit is taken over the subsequence’{nl.}.
i

The functions

{P(«,n ,.), i=1,2,-..-}

are also in K and hence there exists a function p(2,.) € K

and a subsequence'{nz,} such that for g ¢ L1[0,1] we have
i

1 | 1
lim [g(t) p(2,n,t¥dt = [g(t)p(2,t)dt
0 0

where the limit is taken over the subsequence'{nzi}{ Continu-
k = 1,2,...}

ing this way we find a family of functions {p(k,

< K such that

1 1
lim fg(t)p(k,n,t)dt = [fg(t)p(k,t)dt
0 0

T,

where the limit is taken over the diagonal sequence';{'rnii

There clearly exists a null set N such that for t ¢ N,
we have p(k,t) > 0, k = 1,2,
From the inequality (4.10) we get
(=]

2 p(kyn,t) < m_1
=m k

kp(k,n,t) < om~ !

1

n™M8

k

which implies that for t € N we get

(s}
Y p(k,t) = 1.

k=1
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Now define the probability generating function

ft(z) = X p(k,t)zk, t ¢ N.

k=1

We want to prove that for g € Ll[O,l] we have

1 () 1
lim [g(t)f . "dt = [g(t)f _dt
t t
0 0
where the limit is taken over the subsequence'{n,i}.
i
1
If g(t) > 0 and [g(t)dt = 1 then
0
1 () 1
lim fg(t)f (z)dt = fg(t)f (z)dt
t t
0] 0
for each fixed z € [0,1]. But the functions are probability

generating functions and hence by Theorem 1.4 the convergen-

ce is uniform in z € [0,1].

This result can easily be extended to all g € Ll[O,l]

and if we define

ht(z) = c(ft(z)-z)

then we get that for all g € Ll[O,l]

1 (n) 1
lim jg(t)ht“ de = [g(t)h dt
0 0

where the limit is along the sequence'{nii} and hence the

assumptions of Theorem 3.8 are satisfied and we conclude

that
1 (n) 1
f = 1lim £ = lim M(e + h "’dt) = (e +h_dt),
n t t
0 0
where the limit is along the sequence'{nii} . This proves
(4.6).

(4.6) % (4.7). This follows from the properties of the

product integral given in Theorem 3.6. We define
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£
E(e + hudu)

Fh
L[}

and
1
];:T(e + hudu) .

Hh
|

(4.7) » (4.1). 1If we denote by fs ¢ the integral
9

t

fs,t = Z(e + hudu)

then this family imbeds f. ©Notice that by (3.17) we have

that Dfs t(1) is finite and continuous.
9

This completes the proof of Theorem 4.4,

The previous results are all: for non-homogeneous chains

but we can clearly prove the following theorem using the same

techniques:

4.5. Theorem. Let f be a regular function in C, then

the following statements are equivalent:

f is imbeddable in a homogeneous chain. (4.11)
f is infinitely divisible. (4.12)
f is the limit of a triangular null array (4.13)

with identical components in each row.

f is of the form e(h) for some regular inten- (4.14)
sity function h.

f is the strong limit of a finite composition (4.15)
of Poisson generating functions.

There exists a regular intensity function h (4.16)
and absolutely continuous functions f.

E3
and f. such that

d
dcie = DEy h
£, = e, £, = f

and
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Proof. Omitted.
Karlin and McGregor [8] studied the imbedding problem

for homogeneous chains and gave various criteria for non-im-

beddability using complex function theory. They proved that
at large class of distributions including the Poisson and Bi-

nomial distribution could not be imbedded.

One may still ask whether these distributions ecan be im-

bedded in non-homogeneous chains.

We shall now give a very simple necessary condition for

imbeddability which can be used to exclude certain distribu-

tions.
¢ k
4.6, Theorem. If f(z) = X Py 2 is imbeddable then
k=1
Df(0)DE(L) > 1 (4.17)
or - '
[
P, X kp, >1 (4.18)
1k=1 k

Proof. It is easily seen that the set of functions in
C satisfying (4.17) is a semigroup and that it is closed un-
der strong convergens. By (4.5), (Theorem 4.4) it is there-

fore enough to prove (4.17) for the Poisson generating fune-

tions.
Let therefore
h(z) = X(Zk'z),
for some k = 2,... and A > O then

Df(0) = exp Dh(0) = exp(-2)
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Df(1l) = exp Dh(l) = exp A(k-1)

which proves (4.17). If h = O then f(z) = z which also satis-
fies (4.17).

4.7. Corollary. The truncated binomial distribution gi-

ven by

£,(2) = (((1-m)z+m)®=r™) (1-7") 7

0 <m<1l, 0<iz <1 is not imbeddable. The truncated Poisson

distribution given by
£,(2) = (exp(-p(1-2)) - exp(-P)(l-exp(- Q)
0 < p<foy 0 <z <1 is not imbeddable.

Proof. We find

Dfl(O)Dfl(l) =

Now

n n-1 n-1 n
%t%é = % 5 ﬂk > ( m ﬂk> = T

=R

which proves that
Dfl(O) Dfl(l) <1

and hence f1 is not imbeddable. The corresponding result

for f2 follows by setting m™ = 1 - pn_1 and letting n > «,

The results in Corollary 4.7 are about the truncated
distributions because we have only investigated distributions

on N = {1,2,...}.

The results can, however, be interpreted in the context

of supercritical branching processes on S = {0,1,2,...} as

follows.
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[o=] =]
Let f(z) = X pkzk and assume Df(l) = X kpk > 1 then f
k=0 k=0

is called supercritical. For any supercritical f there exists

a unique point o € [0,1[ such that
f(a) = a.
We shall call d the fixed point of f.

We shall then call such an f with fixed point o imbeddable

if there exists a family {f 0 <s<t< td} of supercriti-

s,t’
cal functions such that (1.6), (1.7), (1.8), and (1.9) holds

together with the condition (4.19)
f t(oc) =0, 0 <s < t. (4.19)
?

)

Now define

and

~ o~

It is easily seen that f is in C and that if f is imbed-
dable then f is imbeddable in the sense of definition 1.3

Hence by Theorem 4.6 we get
DE(O)D;(l) >1
but this is equivalent to
Df (a)DE(1) > 1.
Thus we have proved.

4,8, Theorem. In order that a supercritical probability

generating function f with fixed point o be imbeddable in a
family of supercritical functions with fixed point d it has

to satisfy the condition
Df(a)DE(L) > 1.

In this sence Corollary 4.7 implies that the Poisson di-
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stribution with A > 1 and the binomial distribution with np >

1 are not imbeddable.

5., Applications to processes with independent increments.

In this section we shall sketch some applications of the

results in section 4 to processes with independent increments.

Let us first note that the set of stochastic matrices on
N' = N U {»} is a convex compact set in the topology of entry-
wise convergence.The extreme points E are the stochastic matri-
ces with entries equal to O or 1 and since each row must con-
tain a 1 this is the same as the set of functions mapping N'

]
into N', i.e. (NN .

A simple application of Chogquet's theorem on integral re-

presentation of points in convex compact sets then gives the

following theorem.

5.1. Theorem. Any stochastic matrix on N' has a repre-

sentation

P = [Ep(dt)
E

where Y 1s a probability measure on E and the integration is

to be understood as entrywise integration.

It is easily seen that if P is a stochastic matrix on N
then U 1is concentrated on the set of extreme stochastic ma-

trices on N or on the set of mappings from N into N.

Now observe that E is a semigroup under matrixmultipli-

cation or equivalently that NNis a semigroup under compositi-

on.
It is easily seen that for

P(u) = [EU(dE)
E

we get
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P(u*v) = P(u)P(V)
where * denote convolution of the measures on E.

We are therefore led to consider the set of probability

N . . . . .
measures on N , i.e. stochastic processes with discrete time

N and state: space N.

5.2, Theorem. Let Y denote a random walk on N then

P(nu) € B, i.e. P(n) is the transition probability matrix of

a branching process.

Proof. Let Xl""’Xn"" be independent random variable

with values in N and with common distribution

P{Xl = k} =
Let u be the distribution of the random walk

n
S = T X.,n=1,2,00. .

n k=1 1
Then U is a probability measure on NN or on E and we

therefore compute

P(uY;; = JE; u(dE)
E
= H{EIEij = 1}

=uls, =3} =p 77 (D)

Thus the i'th row of P(ﬁ) is the i-fold convolution of

the first row which means that P(u) € B.

Notice that this relation between random walks on N
and branching processes is omne to one and just reflects the
fact that given a probability measure p on N one can either

construct a random walk or a branching process from p.

Thus there is a relation between the imbedding problem

for branching processes and the imbedding problem for proces-
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ses with increments that are independent and take values in

the set of random walks on N. We shall not rewrite theorems

4.4, 4.5, and 4.6 in this new formulation.

To illustrate the connection further we notice that the

semigroup operation in N is that of composition or subordi-

nation, but that is exactly the one used in branching proces-

ses. Consider the following array
/{Xij, i €N, i € N}.

of independent random variables with values in N. For each i

the variables'{Xij, j € N} have the same distribution P .
Now construct the measures ui, i € N as the random walk

on N corresponding to p;, that is induced by the mapping

n «
s. = X X.., n €N,
=1 1]

Let Si’ i € N denote the sample path
,{Sin’ n € N},

and consider the stochastic process

where the composition is that of subordination. Thus

Tk(n) =_Sk(Sk_1(...(Sl(n))...)

is the random variable that determines the size of the k'th

generation when the zero'th generation had n individuals.

5.3, Theorem. The process

'{Tk(n), n € N}
is for fixed k a random walk on N, and the process

{r (n), k € N}
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is for fixed n a Galton-Watson process starting with n indi-

viduals.

Proof. Obvious from the above remarks and the constructi-

On.

Let us finally conclude that we have had four different

representations of the semigroup we are working in.

(5.1) The set of probability measures on N with a convo-
lution * given by
k
(k) (1)

p,(k)p
e’ 1

"M g

(2y*pp) () =

corresponding to taking a sum of a random number of random va-

riebles.

(5.2) The set of probability generating functions with

composition as the semigroup operation.

(5.3) The set of stochastic matrices satisfying condi-

tion (l.1) with matrix multiplication.

(5.4) The set of random walk measures on the semigroup

NN with convolution.

Notice that (5.1) and (5.2) are connected with a linear

mapping and so is (5.3) and (5.4). 1In (5.3) and (5.4) we have

a non-convex semigroup with a bilinear semigroup operation

and in (5.1) and (5.2) we have a convex semigroup with a se-

migroup operation which is not bilinear. In (5.1) and (5.2)
we obtain the infinitessimal generators by just subtracting

the identity and this is not the case in (5.3) and (5.4).
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