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1. INTRODUCTION AND SUMMARY

Considerable attention has been given recently to the partial
autocorrelation functions (PACF's) of stationary, discrete pa-
rameter, time series having particular model structure. See
Box and Jenkins [3], for example. Barndorff-Nielsen and Schou
[2] provided a fundamental theorem which argues strongly in

favor of parameterizing autoregressive models by their parti-

al autocorrelations.

This paper extends the Barndorff-Nielsen and Schou result by
establishing a characterization of a stationary time series

from its PACF, wherein the structural restrictions of statio-

narity are easily understood. Some well known structural fea-

tures of stationary time series are discussed in terms of the

PACF and the likelihood function is presented.

Parameterization of a time series by its PACF, though it pro-

vides a useful view of the structure, does not unfortunately

facilitate the difficult inference problems.




2. PRELIMINARTIES

Let z = {o, *1, *2, ...} and z_ = {1,2, ...}. The discrete

parameter time series x =’{xt, t€z} is called a second order

time series if all second moments are finite. x is said to
be wide-sense stationary if it is a second order time series

whose first and second order moments are independent of car-

dinal time.

Let X be the set of all Gaussian, wide-sense stationary time
series with zero mean and unit variance. (It is convenient

to consider only ¥ but to think of an element xXEX as being a
typical member of a broad equivalence class of w.s. stationa-
ry series obtainable by location and scale changes and, pos-

sibly, distributional changes leaving the first and second or-

der moments fixed).

Let R be the set of all sequences p =‘{pt, t€Z} which satisfy
(i) oo = 13

(ii) Py = P_p» Vt, (symmetry);

-

and, for every n€Z,  and all choices of indices tg< eee <t

from Z and of real numbers S1s *++s 8po

n n
(iii) X bX Gid.@t P O (pos.semi-def.).
i=1 j=1 " 3 Fi7%;

It is convenient to consider
(2.1) R = B(R) + I(R),

where I(R) - the "interior"-consists of all sequences which
are strictly positive definite, while B(R) - the "boundary"-
consists of all sequences where equality in (iii) is achievab-

le for some non-trivial set'{éi}.



It is well known that there is a 1 - 1 mapping ¥: ¥ » R for
which ¥(x) = p if and only if P, = E{xtxo} for every t€Z.

Y(x) is called the autocorrelation function

The sequence p =

(ACF) for the time series X.

Definition: The partial autocorrelation function (PACF) for
t€Z} is the doubly infinite

the second order process x = {x

sequence {® s > s€Z} which has @ e+l the ordinary corre-
b !

lation between x_ and x and has, for t > s+1, ¢ being

s s+1 s, t

the partial autocorrelation between x, and X eliminating 1li-

near regressions on X eee $X. .
& s+1’ >Tt-1

The PACF of an XEX is determined by a singly 1nf1n1te sequen—
ce & = {0, t€Z } Where @ =0 for all s€Z and tEZ

t s, s+t
Supposing that pEI(R), the sequence ® can be determined by

solving the sequence of matrix equations

k -
(2.2) Ekf( ) By for k€Z+,
where
) * (k)w
oc(k)
R = 11 ' Pk-2 P20 L 2|
_:_k r, Bk rQ — - i
' (k)
kpk-l pk—z Tt 1 J \ka . k /

The PACF is the sequence given by

Kk -
(2.3) @k = mé ), for k€§+

Durbin [4] gave a method for sequentially solving (2.2). The

relevant equations are:

_ (D
(E. 1) @1 = 1 - p]_

2 2

(E.2) o] =1 - 9]
(£.3) o = <(K*D) _y 5 o) } /o2
. k+1 K+l 0 Pra1” jii i Pr+1-777%

L(kel) _ (k) _ (k) _

(B.4) < o Be1ka1ogs (3=1reeesB)



2 2 2
(E.5) 6k+1 = ok(1—®k+1).

The first two equations of E = {(E.1), ... ,(E.5)} give
starting values and the remaining three explain how to go

(k)
oc

from stage k to (k+l). Physically, may be interpreted

in one of two ways. It is the j-t;-l'—l coefficient in an autore-
gressive model of order k (AR(k)). It is also the coeffici-

gnt of x in the linear regression of X, .1 OO {X1’°"’Xk}'

k+1-]
The value of Oy is, physically, the variance of the residual
from that regression. Equation (E.5) can be used to show
further that
k .
_ i _ 2 . k+1-]
(2.4) |_Rk+1| = T @j) .

What seems to have been overlooked is the simple observation
that any sequence of constants & having l@kl < 1 also defines,
via E, a unique sequence P which is positive definite because

of (2.4). This is the essence of the proof for Theorem 1.



3. A REPRESENTATION OF ¥
The intention here is to describe an x€EX by its PACF; i.e. to

describe what sequences are PACF's for wide sense stationary

time series.

-

Definition: Let the set S consist 6f all real valued sequen-

ces s ='{sk, k€Z+} which satisfy
(a) lskl < 1, for all k€Z+; and

1 1 3 = S
1 implies Sk+1 k*

—~
o'
~
7}
o
Il

Definition: Let S be decomposed as

-

(3.1) S ='B(S) + I(S),

-

where I(S) consists of all s€S for which (a) holds as a strict

-

inequality for all k. Thus B(S) consists of sequences which
have lskl = 1 for some k. It is convenient to refer here, as
before, to the components in (3.1) as, respectively, the

"boundary" and "interior" of S.

Theorem 1l: The real, discrete parameter, second order time
series x is wide sense stationary if and only if its PACF
{0 , t > s€Z} satisfies

s, t

(A) ®s,s+k = @k for all s€Z and k€Z+; and

{3 kez+}e§.

A
1]

(8) iy

Furthermore, @EI(é) if and only if ¥(x) = p€EI(R).

Equivalently

Theorem 1: There exists a one-to-one mapping &: R - S such
that if p = ¥Y(x) for x€X, then ® = E£(p) is the PACF of X,
Furthermore, pEI(R) if and only 1if E(p)EI(S).



Proof: Case I - Necessity for p€EI(R). E has a unique solu-

tion for @.
fined random variables and thus I@kl < 1. However (2.4) im-

Fach @k is the correlation between two well de-

plies strict inequality must hold so that 0€I(S).

Case ITI - Sufficiency for ®€I(S). E has a unique solution
for p. (2.4) implies ,Bkl is strictly positive for all k. So

for each N, all principal minorants of BN have positive deter-

-

minantsg, This implies BN is positive definite for every N€Z+

which implies that p is itself positive definite.

Note E only specifies P for k€Z+, but this uniquely determi-

nes p by extension using (i) and (ii) in the definition of R.

Case IITI - Necessity for pEB(R). There exists a positive in-
teger p for which lgkl = 0 for all k > p and ngl > 0 for all
k < p. E has a unique solution for'{él,...,Qp_l} where each

is strictly less than one in magnitude. There exists, since

R_ has rank (p-1), a vector A' = (Al,...,kp) whose direction

is unique, which has Xl + 0 and XP # 0 and for which

p v
MR A = Var{ £ A.x.} = 0,
B j.___'l J 1]

(where p = ¥(x)). Using stationarity of x, it follows that

for every t > s+p, the residuals from regressions of X and X,

are zero with probability one. Hence, in the

= & = +1 for

On X _ 15X g
sense that zero predicts zero perfectly, @S N t—s
E]

all t-s > p, where the sign is determined by whether Xl and

A have like or opposite signs. Clearly the resulting @ is

in B(S).
Case IV - Sufficiency for ®€B(S). There exists a p for which

|| = 1 for all k > p and [&, | < 1 for all k < p. E has a

unique solution for'{po,pl,...,pp} where o 1, ]Bkl > 0 for

k < p and |§P+1| = 0. Let'{xl,...,xp+l} be defined as having

a multivariate Gaussian distribution with means zero, varian-

ces one and covariance matrix §P+1 (of rank p). The residuals

from regressions of x, on {Xz,...,Xp+1} and of Xp+1 on



'{xl,...,x } are zero with probability one. That is, with

probability one,
P

(3.2) X, = .Z ﬁth+j (t = 1)
j=1

and
P

(3.3) x, = jilajxt_j (t = p+1).

Extend the sequence'{xl,...,xp+1} according to the difference
equation (3.2) for t = 0, -1, -2, ... and according to (3.3)
for t = p+2, p+3, ... . The result is a wide sense stationa-
ry time series for which & is the PACF. Clearly the corre-

sponding p, derivable from the series, is in B(R). q.e.d.

The advantage Theorem 1 enjoys over other ways of spééifying
the structure of wide sense stationary time series is that the
stationarity region for the structural parameters is so simple.
Whereas condition (iii) for ﬁ descr%bes complicated regions
for the individual correlations and whereas the stationarity
conditions for autoregression models describe very complica-
ted regions for the model parameters, the structure of g is
such that each partial autocorrelation is allowed to vary

over the open interval (-1, 1) independently of the others.

The time series x is called an autoregression of order p,
e e . o th . .
AR(p), if it satisfies a p—— order stochastic difference e-

quation with white noise "shocks"; di.e. if there exist real
numbers ¢d,, ..., 0_ such that
1 P
P .

(3.4) X, = jzldjxt_j + Vs for all teZ,

where y ='{yt, t€Z} is a sequence 6f independent N(O,Gz) ran-
dom variables. It is well known that (3.4) has a stationary

solution for x if and only if the roots of the characteristic
polynomial equation

- 1- - - P _
(3.5) o(x) =1 0y X" . apx 0

all lie outside the unit circle in the complex plane. Refe-



rence to the proof of this statement (see, e.g. Anderson [1])

shows that the unit circle itself, the boundary, may be inclu-

ded provided 02 = 0,

Definition: A second order time series x which is a stationa-

ry solution to the homogeneous (yt = 0) stochastic difference

equation (3.4) is called a degenerate autoregression of order

P, denoted DAR(p).

Definition: A stationary solution to (3.4) where 62 > 0 will

be called non-degenerate, or NAR(p).

The following statements are clear. First, if according to

the results above we decompose
(3.6) X = B(X) + I(X),

then x€B(X) if and only if x is DAR(p) for some p < ©, Se-
condly x is NAR(p) if and only if @k = 0 for all k > p. Fi-

nally,

Theorem 2: (Barndorff-Nielsen and Schou [2]). There exists
a l - 1 mapping of the feasible'{ul,...,up} region for a

NAR(p) onto the p-dimensional cube (9, ...,@P)E(—1,+1)P.



4, A STRUCTURAL COMMENT

Rewrite equation (E.5) as

N
(4.1) oy = 1;1 (1—<I>k).

In the Wold decomposition for stationmary time series, an x 1is

purely deterministic if and only if 0§ - 0 as. N -» o, Intui-

tively if we continue to gather information as more of the

series is observed, perfect prediction will ultimately be pos-

sible; 1i.e.
Lemma: If

(4.2) lim| 03| = w > O,
k
keT

then x is purely deterministic.

. L 2 . .
Proof: Consider an € in (0,0 ) to be given. (We may consider

®ET(S) since the boun&éry is obvious.) If 8 = 1—w2+€

choose M€ so that

Mo > (log€)/(logh).

Let/{ki, i€z } be a sequence of indices for which ]@k | » w

.

as 1 » o and let N€ be large enough to insure that thére are

M_. of the ki less than N€ which have

€
2 2
<I>k. > w €.
i
From (4.1),
M
0; < (1-w2+€) € < €. g.e.d.

As a result of the Lemma, we may consider @k > 0 in the fol-

lowing so that the right hand side of

2 2
log o = log(1-9. )
N k k

1

™M=



10.

will be dominated by

Therefore, we have

Theorem 3: X€¥ is purely deterministic if and only if
d = E(¥(x)) is such that

N 2
lim X @k = 4o,
Now k=1
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5. LIKELIHOOD FOR THE PACF

The results of Theorem 4 seem to be well known for the case
where x is NAR(p). It is, in our statement of it, appropri-

ate to consider the full parameterization for a stationary

Gaussian time series as being'{U,Yo,Q}.
Theorem 4: Let x =‘{xt, t€Z} be such that, for every t€Z,

1/2
X, S B+ YO/ Yo

where y =’{yt,t€Z} is in I(X). Then
(5.1) xp o~ N, )

and fer k = 1,2',.'..z and the conditional distribution of X141

given Kyseees Xy is Gaussian with mean .and variance given re-

spectively by

(5.2) E(X lx ) =Tu+ ; d(k)( -u)
: IS RES LRRRRES T o103 Terleg "
and
2 2
(5.3) Var(xk+1lx1,...,xk) = o (1-27) e (1-0)).

Here the a(k) coefficients are defined in (2.2)

Proof: The covariance matrix of x' = (xl,...,xk+1)
=75 =

NV Sad K § . . . . * . x1"
(x ,Xk+1) is simply YOBk+1° But if we define oF as the kX1,

vector whose elements are the same as in £y of (2.2) but in

reverse order, then in the exponent of the joint density for

x we find the quadratic form

R, ip* |71
,o-1 e
Qeyq = (x-u) Rk+1(§-u) = (x-Uu) -;""Ir"— (x-1)
L it
- 1 L1 o ! -1 2
* I *
(B ¥R pfef R ) /o (R Ek)/ck

I
~
:

b=
N’
|

|

|

|

|

|

|

1

|
|
|
I
1
|
1
|
|
|
|
|
wacd
|
|
1
|
|
|
|
|
|
I
I
S
™
|
je=
~
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= -2 _ 2
=Q *+ o, {Xk+1 E(xk+1|x1,...,xk)} R

. -1 . k . . .
since Bk Bi 1s the vector 5( ) with its elements reversed 1in
order. The rest is straightforward.

Two comments are in order at this point. First, it is even
fairly clear how to determine the likelihood function when
@EB(g). Secondly, (E.4) shows that though E(xk+1|x1,...,xk)
is a linear function in each of the parameters @1,...,®k, it
is a complicated function of all of them. In fact the entire
joint distribution of XpseeesX g depends only upon @1,...,®k
for each k, so that conditional inferences given Xl,...,Xp

p+q using the Theorem 4 likelihood are uncondi-
tionally valid.

about ®p,...,®

In the usual parameterization for NAR(p) it is customary to

follow Mann and Wald [5] and to condition on Xl,...,Xp when

constructing inference procedures. In that situation, where

such conditioning is not technically justified for inferences

the effect of the conditioning is to great-

on ¢ sesesd
p+l p+q
ly simplify the likelihood. When parameterizing a NAR(p) by

its PACF, where conditioning is appropriate, the resulting

likelihood is, alas, a nightmare.

One may nevertheless draw some (well known) conclusions from

it. With the sample X seees Xy write L as the total 1likeli-

hood and
N
(5.4) 2 = -log L = X & ,

where zn comes from the conditional distribution of X given

its predecessotrs. That is, ignoring irrelevant constants,
N .
1 1 2
bai1 T 7080y X 1ea (17T
n n
’ : _ 2 -1. _ _ (n) _ 2
+{zvojr=11(1 q>j)} A 7w jzlocj (%413 Wi,

Straightforward calculation gives



9 2 n (1-9.)
E( ;+1) - Ygl T T+5.)
n . +O0 .
ou j=1 J
2 2
E 9 £n+1 E 3 2n+1 0. Vk
ayoau 3®k8u ’ :
2
978 _
(5.5) E( 2n+1> = (ZYg) L
3y
0 ‘
2
278
n+l) _ _. - _x2
E(3®k3YO) = -0, /iy, (1-82))
and
59
3 a1\ 20, o Q_(h,k)
Eys7—=% = +
CEREW, 20 2 n
bk (1-0,) (1-0,) T (1-02)
=1
In the last expression
n n aafn) 3a§“)
Q (h,k) = = = > Lo, ..
n i=1 j=1 8®h 3®k i-j

Though these are difficult to

allow certain reductions.

(5.6) Q_(n,k)

(5.7) Q (n,n)

and if both k and h are less

evaluate,

0,

n-1
m (1-@?)
j=1

than n,

the equations in E

for k < n.

i-]

. 2 -
(5.8) Q, (h,k) = {1+0-}q _,(h,k)-20 P _,(h,k),
where
n n Bd(n) Ba(n)
i +1-3
(5.9) P (h,k) = * % = L
" i=1 j=1% 9% "
Now

Pn(n,k) = 0, for k € n
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and
Pn(n,n) = -@n-lqn(n’n)’

but for k and 4 less than n, (5.9) is a mess. However,

(5.6 & 8) imply that when @n = 0 for n > p, then

2

572

E(—B*1) _ 0 uhen k # %,
\aéha@k

if either h or k exceeds p. And if k > p, then

2

A
B(—5t) -
50

k-

In summary, the total information matrix for the parameter

vector §' = (U’YO’Ql""’Qp’@p+1"'"®p+q) under the hypothe-

sis of a NAR(p) is given by

. ! | 1
iy : |
______ 2 T
| | g y
‘ : 1N (YO) : -].'N(QYO’) :
------ r--------T------*-1-—----‘---f
: lN (Yo?') : & :
I L i
"""" A
{ 1 i ] D ),
where '
-1P~1 n 1-9, -1 P 1-9,
e = vy = Tigg, |+ =2)vy T 1537,
n=1 j=1 j j=1 J

iglry)= N/(zvg)
iy (grk) = —(N—k—l)@kY{Yo(l—Qi)}, For K = 1,ee.,pe

G is a horrible p X p matrix, but D is a diagonal g X q ma-

. . t .
trix with k«-—-}l element on the diagonal

iN(®p+k) = (N-p-k).



REFERENCES

[1]

[2]

[3]

[4]

[5]

Anderson,

Barndorff-Nielsen, 0. and G. Schou.

T.W.

15.

The Statistical Analysis of Time Series.

John Wiley & Sons, Inc. New York, 1972.

"On the Parameti-
zation of Autoregressive Models by Parti-
al Autocorrellations.'" RESEARCH REPORT
No. 2, Dept. of Theoretical Stat., Aar-

hus University, Aarhus, Denmark. Septem-—

ber, 1972.

Box, G.E.P. and G.M. Jenkins. Time Series Analysis:
Forecasting and Control. Holden Day.
San Franeisco, 1970.

Durbin, J. '"The Fitting of Time Series Models". Rev.
Int. Stat. Inst. 28, 1960, pp. 233-244.

Mann H.B. and A. Wald. "On the Statistical Treatment

of Linear Stochastic Difference Equati=us

ons". Econometrica, 11, 1943, pp. 173-

220.



	forside 1, 73
	Preprint 1973 - No 1 Ramsey, fred L. - On the Partial Autocorrelation Function for Time Series

