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1. Introductibnandsummary. 

In the statistical theory for the multidimensional normal distribution 

symmetry hypotheses in the mean and the variance play a fundamental role. 

Andersson [1], Consul [7], James [9J, Wotaw [14J, and Olkin and Press [13J 

have investigated some special cases, but a general theory seems not to 

exist. (Compare however Maclaren [12]). In this paper we define a class 

of hypotheses, the general canonical hypotheses, which includes all (not 

necessary finite) symmetry hypotheses in the mean and the variance. It 

also includes the class of canonical hypotheses defined in Br~ns, Henningsen, 

and Jensen [6]. 

In the first part (section 2-6) we define what we shall call a real tensor

product of positive sesquelineary symmetric functionals and give some of 

its properties. 

In the second part (section 7-1l)we define a general canonical hypothesis 

and derive the maximum likelihood estimator of the mean and the variance 

and its distribution under this hypothesis. 

In the third part (section 12-14) we show that the class of general canon~

cal hypotheses include all symmetry hypotheses. The exposition in the 

second part leans heavily on the ideas and methods of [6]. The class of 

general canonical hypotheses is a generalization of the canonical hypo

theses in the sense of [6] and the derivation of the maximum likelihood 

estimator and its distribution ~s in principle the same. 

The idea to the present paper arose from the wrong conjecture in [6] that 

the class of canonical hypotheses defined therein contains all hypotheses 

given by finite symmetries. 

I am much indebted to one of the authors of [6], S.T. Jensen. Together we 

constructed a symmetry hypothesis not canonical in the sense of [6] and 
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I have also otherwise profited greatly from discussions with him. 

2. Notation. 

R is the real field. 

C ~s the complex field. 

K is the quaternion field. 
... 

D is a field isomorphic with R, C or K. 

There exists a unique conjugation ~n D ([2], chap, Ill, § 2, No. 4, prop. 4). 

This will be written d ~ d, d E D. 

We have Re.(d) = ! (d+d). Note that Re (d l d2) = Re (d2dl ) . 

E, F, H will denote left [right] vectorspaces over D. 

We use the abbreviation D-space for a finite dimensional vectorspace over D. 

The scalar multiplication in a left Erightl D-space E will be denoted 

(d,x) + dx [(d,x) + xdj, d E D, x E E. 

LD(E,F) denotes the linear operators from the left [right] D-space E to 

the left £right1 D-space F. 

For D commutative, LD(E,F) can in a natural way be organized as a D~space. 

LD(E,E) is an algebra over P. ([2]) 

GLD(E) are those elements in LD(E,E) which have an invers. 

CL (E) is .a,group. ([2"1) 
D 

lE is the. neutral element inGL1:f(E). 

G will denote a given fixed groUD. 
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3.I'ositive forms. 

Let E be a left fright] D-space. 

3.1. Definition: ([4], § 1, No. 2J A right LleftJ sesquilinear functional 

on E is a mapping B:E x E -+ D with the properties: 

B(x+x' ,y) B(x,y) + B(x',y). x,x',y E E. (1) 

B(x,y+y') = B(x,y) + B(x,y'). x,y,y' E E. (2) 

B(dx,y) dB(x,y). d E D, x,y E E. (3) 

[B(xd,y) = dB<~jy). d E D, x,y E E.] (3' ) 

B(x,dy) B(x,y)d. d E D. x,y E E. (4) 

[B(x,yd) B(x,y)d. d E D. x,y E E.] (4' ) 

We call a sesquilinear functional B symmetrical if 

B(x,y) B(y,x). x,y E E. (5 ) 

and positive if 

B(x,x) b O. v x E E. (6) 

and positive definite if 

v x E E:x # 0 ~ B(x,x) ~ O. (7) 



In the case D ~ R we call a sesquilinear, symmetrical, positive (definite) 

functional for a positive (definite) form. 

3.2. We shall use the following abbreviations: 

p.f. for positive form. 

p.d.f. for positive definite form. 

s.f. for sesquilinear functional. 

s.s.f. for symmetrical sesquilinear functional. 

p.s.f. for positive symmetrical sesquilinear functional. 

p.d.s.f. for positive definite symmetrical sesquilinear functional. 

3.3. For a s.f. B we set Q(x) B(x,x), x E E, and we have the identity 

2(B(x,y) + B(y,x» Q(x+y) - Q(x-y). x,y E E, 

which shows that a s.s.f. B on E ~s determined by its values on the 

diagonal in E x E. We have 

for D ~ R: B(x,y) 1 
4(Q(x+y) - Q(x-y». x~y E E. (8) 

for D ~ C (right):(d-d) B(x,y) 

= ~(dQ(x+y) - dQ(x-y) - Q(x+dy) + Q(x-dy». d E D. x?y E E.(9) 

(left):(d-d) B (x, y) 

= ~(dQ(x+y) - dQ(x-y) - Q(x+yd) + Q(x-yd». dEn.: x,y E E. (10) 
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for D ~ K (right): 2B(x,y)(d~- ~d) = Q(x-dey) - Q(x+dey) + dQ(x+ey) 

- dQ(x-ey) + Q(x+dy)~ - Q(x-dy)~ + dQ(x~y)~ 

- dQ(x+y)~. d,e E D. x,y E E. (11) 

(left): 2(d~-~d) B(y,x) = Q(x-yde) - Q(x+yde) + dQ(x+ye) 

- dQ(x-ye) + Q(x+yd)e - Q(x-yd)e + dQ(x-y)e 

- dQ(x+y)e. d,e E D. x,y E E. (12) 

The first fuee formulas are well-known and the last two are easily verified. 

Note that in cases D ~ C and D ~ K it is not necessary to assume symmetry. 

3.4. Let E be a left ~right] D-space. If E denotes the conjugated space, 

E is a right ~left} D-space. ([4], § 1, No. 2, def. 5). If B is a right 

[left} s.f. on E, then ~:K x i~ D defined by B(x,y) = B(y,x)is a left 

~rightl s.f. on i. B ~ i is a one to one correspondance between the right 

~left]. s.f. on E and the left [right] s.f. on i. 

4. The one to one correspondence between positive forms and positive 

symmetrical, sesquilinear functionals. 

Since D is an algebra over R, every left ~ighcl D-space E is also in a 

n~tural way a R-space, EO' If FO is an R-space and also has a structure 

as a D-space, such that the restriction to the reals 1n D precisely is 

the original structure on FO' we denote this D-space F. Remark: (i)O= EO' 

If B is a right [left} p.s.f. on the D-space E, the mapping BO:(X'y) ~ 

Re(B(x,y» is a p.f. on EO' Note that (i)O = BO' 
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4.1. Proposition: The mapplng from the set of right (left] p.s.f. on E 

to the set of p.f. on EO with the property 

(*) ~(dx,y) ~(x,dy), d E D, x,y E E 

~(xd,y) ~(x,yd), d E D, x,y E EJ 

where ~ is a p.f. on EO defined by B ~ BO,is a positive, homogeneous, 

semilinear one to one correspondence. 

B is definite if and only if BO is definite. 

Proof: The case D ~ R lS trivial. The case D ~ C follows from [4J} § 3, 

No. 3 prop. 1. TOLver:tiEy (* )in the case D ~ K use the fact Re (d l d2) = 

Re(d2dl ), dl ,d2 E D. (Note that for D ~ K we do not have the usual identi

ty B(dx,y) = B(x,dy~) 

From formula 11 (12) in § 3 it follows that there exists one and only one 

p.s.f. B on E with the property BO =~. The last assertion is trivial. 

4.2. Let E and F be two left [right] D-spaces. The two R-spaces 

(E $D F) 0 and EO eR F 0 are canonical isomorphic. Let A and B be two right 

(left) p.s.f. on E and F, respectively. Then 

4.3. When E is a left Eright} D-space the dual space, E* is a right 

E left} D-space. The mapping 8 :x* ~ ~(x*) gives a natural isomorphism 

-
between the R- spaces (E*)O and (EO)*' 
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. Let now B be a right [leftJ p. s. f. on E. The mapping f B: E ~ E* de.,... 

fined by i y ~ (x ~ B(x,y» [(x ~ B(y,x» 1 is "conjugating linear". The 

mapp1ng 1S a bijection if and only if B is definiet ([4]) § 7)No. 1, 
I 
prop. 2). In the same way we can define the R-linear mapping 

-1 4.4. Definition: Let B be definite. The left [right] p.d.s.f. B on the 
I 
! 
~ight [left] D-space E* defined by 
! 

-1 
B (x*,y*) 

( 
1S called the inverse to B. 

x* ,y* E E* 

t.s. Proposition: Let B be definite. Then (B-l)O= (BO)-l if we identify 

tE*)o and (EO)* through 8. 

l?roof: (BO) -1(8 (x*),8 (y*» 

, (-1 * .,...1, 
~O fB (x ), fB (y*» 

5. A generalization of the tensorproduct of positive forms. 

, 
rJ.et E be a right and F a left D-space. E ®D F is a Z-modul ([ 2] , chap.2 

~ 3). Because of the structure of D as an algebra over R, E ®D F can 
, 
ilso be considered as a R-space, (E ~D F)O' 

,T 



,.. 
_~jWe shall say that a mappl.ng w:E x F ~ H, where H is a R~space, has the 

~roperty (**) if w is R-bilinear and 

w(xd,y) w(x,dy) 

~his determinates one and only one R-linear mapping w' from (E ®D ~)o 
into H with the property w'(x ~ y) = w(x,y) ([2], chap, 2, § 3, No. 1, 

prop. 1). 

5.1. Let now A be a left and B a right p.s.f. on E and F, respectively. 
! ~ 
~he mapping 8:(E x F) x (E x F) ~ R defined by 

(x,y,u,v) ~ Re(A(x,u) B(y,v» 

~as the property 

: 8(xd,y,ue,v) 8(x,dy,u,ev), 

from ([2], chap. 2, § 3, No. 9, remarque 2) it follows that 8 determines 
, 
0ne and only one R-bilinear functional ~ on (E ~ F)O with the property 
; 

~(x en y, u ~ v) = 8(x,y,u,v). 

~t is easily seen that ~ is a p.f. on (E ®D F)O' 

5.2. Definition: The p.f. on the R-space (E ~ F)O defined above is calle~ 

the real tensorproduct of A and B. We donote it (A ~D B)O' 

;' ! 



,... 

~.~_~ __ ~_: 5.3. Remark: For n ~ R the above real tensorproduct is the usually tens6r~ 
[ 

product of positive forms. 

i !Remark: Let A be a left and B a right p.s.f. on the C~spaces E and F. 
, 

IIf we define~, resp. i, by I(x,y) = A(y,x), resp. i(x,y) = B(y,x), we 

:have (A ®cB)o = (A ®c i)O = (A ®c B)O' ([4], § 1, No. 9). 

* * 15.4. Let E and F be as above. For x* E E and y* E F we define the map~ 
~ j 

;ping 6l :E x F ~ R as 6l (x,y) = Re(y*(y) x*(x». 61 has the property (**;) 
I ~ 

iand therefore defines an R~linear mapping y* ® x*: (E ® F)O:-+ R;"i- .~ n ' 
'" !Y* ® x* is an element w «E ®n F) 0) • The map~ 

; * * * 
:ping 62 :F x E ~ «E @n F)O) defined by 62 (y*,x*) = y*® x* also have 

* * ithe property (**) and defines another R-linear mapping ~:(F ~nE )0 ~ 

: * i( (E ~ F) 0) . It is easy to see that ~ is an isomoprhism of R-spaces. 

p.5. Proposition: Let E,F,A,B be defined as in 5.1. Then (A ®n B)O 1S 

I 

definite if and only if AO [(A)] and BO [(B)] are definite. In that case 

i IV -1 -1 IV ~l * * * 
I(A @n B) 0 = (B @n A ) 0' if we identify «E ~n F) 0) and (F ~ E ) 0 
! 
~hrough the ~ defined above. 

* * l?roof: The mapping 63 : (E x F) ~ (F ®n E )0 defined by 63 (x, y) = ;~ 

fB (y) ®n fA (x) has the property (**) and defines an R-linear mapping 

~ * * fB ® fA from the R-space (E ~ F) 0 to the R-space (E €Jn E ) O· 
I 

Le tu€) v E E ~ F, then 

=(x ® y ~ Re(A(u,x) B(v,y»)) 

" 
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(x ® y ~ Re (fA (u) (x) fB (v)(y» 

(x ® y ~ Re(A(u,x) B(v,y»). 

From this follows the identity 

Now 

-1 -1 
Re(B (y*,v*)A (x*,u*» 

* * y*,v* E F . x*,u* E E . 

It ~s trivial to see the following 

Proposition: Let E be a right and Fl , Fl left D-spaces, and let A 

be a p.s.f. on E, Bl and Bl right If' s .£. on Fl and Fl , respectively. 



Then 

!if we identify (E ~D (F 1 ~DF 2) ) 0 and (E ®DF 1) 0 ~R (E ®DF 2) 0 through the 

inatural R-space isomorphism. 
! 

~. positive tensors. 

~et E be a right [left] D-space and B a right [left] p.s.f. on the 
~ !~ 

~eft [right] D-space E*. The bilinear mapping Ba:P x E* ~ Rr;O :E* x E'l' ~ IR 
~ 

has the property (**) and defines a unique R-linear form on 
'~ 

!(E*®DE*) a[ (E* ®DE*) 0]. TheD and R-isomorphisms P C:!. (E),*, E** C:!. E and 
; 

I«E* ®DE*) 0) * C:!. (E ~E) a[ «E* ~E*) 0) * C:!. (E @DE)aJ shows that the set o!f 

p.f. on Ed (see 4.3.) can be identified with PD(E), the semivectorspace 
/ 

pver R+ of positive tensors in (E €tE)at(E ~E)a]' i.e. the elements in 
i 

KE ~DE)aL'(E®DE)aJ, which can be written in the form ~(xV®Dx), Xv E E. 

~ote that PR(E) = P(E) where P(E) is defined in [6] for D C:!. R. Let E and 

¥"be two left (right) D-spaces. Each f E LD (E,E') gives a semilinear map-

(yompare ,[6]). In the case E = E'~GLD(E) will define a transitive, left 

action on PD(E) (= the definite elements in p~(En. The existence of a 
, r 

yLD(E)-invariant measure v on PD(E)r' unique up to a multiplicative 
I 

positive constant follows from [5], § 3, No. 3, ex. 8. 
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Let H be a right and F a left D-space, AO E PD(H) and BO E PD(F). 

resp. Ba can be written on the form 

resp. 

Ba = L (f ~Df ), f E F, 
P P P P 

then (B ®DA) O>:is determinated by the following equations: 

D C>! R: 

/ ' V d E C,With the property Re(d) a. 

;' 

DC>! K: 

(h ® ef )+I·I~12(h @df)@?(hki@Ddf)+(hk@Ddef)®R"'(hk@Ddefp») 
k D P k D pR. P P 

I 
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./ 

K with the properties Re(e) = Re(d) = Re(de) = 0, 

Let H'be a right, Fla left D~space, t E LD(H,H~~and s E LD(~>F'). 

(t ~Ds)OE LR,«H ~DF)O' (H'~DF'b) and 6.2 gives 

7. The regular normal distribution. 

* Let E be a R-space, A a 1ebesgue measure on E, B a pid.f. on E 

land I; E E. 

The function '%. I;:E -+ R defined by , 

= e 

:is continuous and A-integrable. We define 

a(B) J tpdA 
E B~; 

frhe measure 

is the regular normal distribution with mean-value I; and variance B. 

When B = B $ ... B and I; = 
1 R 2 1;1 E9 1;2 then 

T 
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special will 

'For f E GLR(E) we have 

Idet fl a(B) (compare (6). 

;S. The general canonical hypothesis. 

is .I . A general canonical hypothesis ~n the mean and the var~ance in a 

imultidimensional normal distribution is a decomposition 

iE = . r I(H. ®D (F. $D F!))O og E together with a parametrization 
~ ~. ~ . ~ 

~ ~ 

ii ~ I(Hi ~h.FP -+ E of the mean and the variance determinated by the 
~ 

:injections (Hi ®D.FPO -+ (Hi ®D. (F i ffiD.Fi»o and «Ai)O)i E I-+ 
~ ~ ~ 

;. t I«B. $D B!) ~ A·)O' where D. C>! R,C or K, (A·)O E PD (H.) , 
i~ ~ i ~ i ~ ~ ~ i ~ r 

j(B;)O E PD (F.) and (B!)O E PD (F!) . Here A. is unknown and B. and B! ' 
. ~ . ~ r ~ . ~ r ~ ~ ~ 
i ~ ~ 

lis known p.d.s.L (i E I) (cf. [6] section 4). 

1S.2. In the case D. ~ R for all i E I, we have the canonical hypothesis 
~ 

:from r 6] . 
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. Estimation. 

i 
19.1. In this section we shall find the maximum likelihood estimator for 
, 
Ithe mean and the variance in the problem defined in 8. We give a generali-
i [ 

Ization of [6J section 5. Since the problem spilts into a product of inde~ 
: , 
:pendent estimation problems, we can restrict ourselves to the simpel hypo-

! 
ithesis 

!I'he measure 

E = (H ~ (F ~F'» a 

" Aa ~ «B $DB',) ®DA) a where D Cl:! R, C or K. 

has the density 



mapplllg 8:(H x F) x (H x F) -+ (H~DH)O defined by o(hl ,fl ,h2,f2) 

hI ®DB~1(fl,f2)h2 determinates one and only one R~linear mapping 

It is obvious that (s(x),y) 1S a sufficient statistic for (AO'~)~ 

-1 ~ -1 -1 
«A eDB )O(x ®Rx) = AO (s(x»). 

D ~ R sex) is the unnormed empirical var1ance defined in [6]. 

sex) E PD(H) S1nce (H ®DF)O is R-isomorphic with (LD(F*,H»O ([2J, chap. 2, 

§ 4, No. 2) and a direct calculation shows that sex) = PD(X)(Bb1). 

If di~(H)~, di~(F) then the elements of (H ~F)O ~ (LD(F"!,H»oof full 

rank constitutes an open dense subset «H ®DF)O)r' So sex) E PD(H)r with 

probability 1 and s 1S a surjection from «H ~F)O)r to PD(H)r' 

lA direct calculation shows that s COTIll1lutes with the action of GLD(H) on 

,For 8 E PD(H)r' 8' denotes the p.d.s.f with the property 8 ReC 8 ') 
! 

i(see 4.1). 

I 
iLet the measure n on PD(H)r be the image by s of AI' The facts that s 

icoTIll1lutes with the actions of GLD(H) gives that the measure v on PD(H)r 

;defined by 

dv (8) 1 
dn(8), 



the Gh (H)~invariant measure on PD(H) (see [sJ 6.£ amd 6.3). 
D r 

following argument g1ves the distribution of sex) 

d(s~(B ® A) 0)(8) 
D 0' 

1 -!A;1(8) 
e 

'" a«B@DA)O) 

a «B ®D 8 I) 0) -!A;1(8) 
e 

'" a«B ®DA)O) 

,The measure 

dw(8) 
a«B ~De')O) 

a«B®DA)O) 

1 

dn (8) 

dv(8), 

dv (8) 

8 E PD(H\. 

~s called the D-Wishart distribution on PD(H)r with parameters (B,A) 
i 

Iccompare [6]). 

p.2. Theorem: The maximum likelihood estimator for (AO'~) 1S 

~roof: The natural R-linear surjection from HO ®RHO into (H ®DH)O defined 
, 

tn an obvious way an R-linear surj ec1ion from LR«H ®DCF $DF'»O' HO) 

~R'LR(CH @D(F G3DF'», HO) into LR«~ ®D(F Ef7DF'»O ®R(H ®D(F tB F'»O' 
-~···---·f I 

,____tH ~'nH) 0) • 
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. This shows that we can extend the linearity argument in the proof from [6] 
i 

! section 5. Now a direct calculation, using the formulas in 6.2, gives 

: that 

This finishes the proof. 

10. Matrixformulation. 

,-
'10.1. The case D ~ K. 

Let l,i,j,k be a basis for the R-space D with the properties 

i 2 /= k2= -1, ij=-ji;=k, jk=-kj:d~ andki=,.,.ik=j. Every element 

d E D can be written uniquely as d = p+qi+rj+sk, r,s,p,q E R. 

cl = p-qi-rj-sk. We have Re(d) = p, led) = q, J(d) = r, and K(d) = s. 

Let H,F,A, and B be as defined In 6.2 (and aSsume A and B definite), 

Formulas 11 and 12 in § 3 give (d = land e = j) 

A(x,u) 

B(y,v) 

* x,u E H 

* y, v E F. 

leA), J(A), K(A), I(B), J(B), and K(B) are all antisymmetric R-bilineary; 

forms. 
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Let f 1 , ... ,fn resp. h1 , ... hm be a basis for F resp. H, such that B = In 

(identity matrix of dimension n) with respect to f~, ... ,f~ (the dual basts 

to fl,· .. ,fn). Since the R-dua1 basis to R-basis hl,···,hm, h1i, ... ,hmi, I 
. h . h' h k k f . h* h* . h* . h* 'h* .,1.* i 1J ,·'" mJ , 1, .. ·,hm or HO 1.S 1'"'' m' -1. 1'''''-1. m' -J 1, .. ·,-J1t1' 

-khl,·.·,-kh~, and analog for Fa only, we have BO = l4n and 

Re(A) -1(A) -J(A) -K(A) 

+I('M Re (A) -K(A) +J(A) (A is the matrix of A with 
I 

Aa 
+J(A) +K(A) Re (A) -leA) respect to ht, ... , h~) 

+K(A) -J(A) +1(A) 

:with respect to the R-basis above. 

4nm columns and rows 

a 

... 
~ith respect to the R-basis 



- 2a ~ 

,I~ • 

I 
---'-'''-"*0 h*"· f*'" h*rf*&-~h*'" f*~ -~h* f*&-]'h*"" f*"" -]'h* f*6SI-kh*'" f*&-kh' * 

+1 D 1" 'l""D rn' l'D -'- 1" 1 D -'- m' l'D 1"'l''''D m' l'D 1" 1D 'm 

i 

1*"" h* f'*.o. h* f'*~ 'h*' f'*"" 'h* f'*..." 'h* f'*a "t.o* f'*~ kh*" f·*~_1"",hi* . ..,. ""'D 1"'" '""D' -~ l' ''', IOID-~ , IOD-] 1'~", 1O!D' - J n, - 1'--' , K in n m n n m n n ' m n n" m 
i 

tn the case D ~ C we get with an analogously notation Ba 

Aa= {ReCA)-l(A)} 

leA) Re (A) 

and for D ~ R 

B 

A A. 
D 

I 
n 

a 

A 

a 

2 nm columns and 
rows 

tim, columns and 
rows 

! 
! 
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i U. Estimation ~n the case of a fixe:d basis . 

. We firs·t take the case with meanvalue O. en ~ m). 

D ~ K. 

Let 
r r i i j j k k 

XII' ••. ,X ml ' XII' ... , ~ml ' XII' ... ,X ml ' XII' ... ,X ml 

Xr r ~ i j j k k 
1 ., .. , X ,Xl ,.,., X ,Xl' ... ,X ,Xl' ... , X 

n mu ID mu n mu n mu 

:be the coordinates with respect to the R-basis 

'We set 

, r 
:X 

. . k k 
eXr ) ,X~=ex~ ) -1 ,xJ=exJ ) _ ,X =eX .. ) _ •• 
~v v=l, ... ,n. ~v v- , ... ,n. ~v v-l,.",n. ~v v-l~h 

~=l, ... ,m. ~=l, ... ,m. ~=l, ... ,m. w=l-;m 

land the max~mum likelihood estimator for AO ~s g~ven by 

r ! 
...... 

XreXr) 
, 
+xieXi) 

, 
xkexj) 

, 
-xjexk) 

, 
xiexk) 

, 
-xkexi) 

I 

Xj(Xi ) 
, 
_XleXJ) 

, 
+ + + + 

XJ eXJ) 
, 
+xkexk) 

, 
xieXr) 

, 
_Xr exi) 

, 
xj eXr) 

, 
-XreXJ) 

, 
XkeXr) 

, 
_Xr(Xk) 

, 
. ., -

Xj exk) 
, 
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+ -XJ eX~) + 

xrexk) 
, 
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, 
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i 
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I 

+xiexi) 
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, 
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, 
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, 
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i ...J 
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rIn the case D ~ C we get with analog notation 

, 

{ Xr(X~< 'f\ 1 
AO 2n Xr(Xl) 

i 
'and for D ~ R 
I 
i 

, 
1 

2:. X(X) , 
n 

Xi (Xi) 
, 

Xi(Xr ) 
i X~(Xi): } + 

Xi(Xr ) 
, 

Xr(Xr) 
, 

+ Xl (Xl) 

trhe second estimation problem is well known (see [8], [10] and [11] ) 

'and the last one is a simpel canonical hypothesis in the sense of [6] 

,(compare also [1] ). 

l2~ Group representations. 

[2.1. Definition: A representation of a group G on R-space E lS a 

homomorphism TI of the group G into the group GL(E). 

E will be called the representations space for TI and we write E E . TI 

~he dimension of TI is the dimension of E. 

~f TI is a representation of G,E is in a natural way a left module over 

~he algebra f(G) over R. ([3] § ,,13 N) 1 Remarque) 

12.2. Let TI and p be two representations of G. 

:(:>efinition: 
! 

~ 1 

A representation-morphism from TI to .p lS a R-linear operator f 

with the property 

v g E G:f 0 TI(g) = peg) 0 f. 

~Crr,p) denotes the representations-morphism from TI to p • 

i(TI,p) is a i-space. In the case TI=p L(TI,TI) will be an algebra over i. 



-- (G) "(G) 
,~ __ " ,,;12.3. L (n, p) is the same as the R -modul homomorphism from the R -mo:dul 

E to the i(G)-modul E . 
'n p 

i 
This ensures the existence of the following ([3]): 

~somorphic representation. Sub- and quotient representation. 

~ernel, cokernel, image, 'and coimage for a representation morphism. 

i 
pirect sum and product. Irreducible (simple), reducible (semi-simple), 
i 

~sotropic and disjoint representations. 

! 
Note that: 

i 
~ and p disjoint ~s equivalent to L(n,p) = O. 

p isotrop ~s equivalent to P isomorphic with a direct sum of isomorphic 
! 

~rreducible representations. (Not necessarily in a unique way). 

i2.4. Proposition: Let nand P be two representations (of G). , 

for f E L(n,p) and f # 0 we have: 
! 

7f irreducible ~ f injectiv. 

P irreducible ~ f surjectiv. 

nand P irreducible ~ f ~s a isomorphism. 

the proof is trivial, see [3] § 4, No. 3, lemma 2. 

12.5. From 12.4 it follows that two irreducible representations are either 

cj.isjoint or isomorphic. Further if iT~'£.s irreducible, L(n,n) is a field 
, 

(or a division algebra over R). The ~ield L(n,n) is finite dimensional. 
'c I 
From this it follows that only the three cases below can occur. 

- ------_.- ~ 

T ~~, r-;-,·-T7::~.1.::;' .,
~ I' __ ~: __ 'J~ 



,.. '" 
1) L(TI, TI) 1S isom~rphic with R. L(TI, TI) =OlEJJ..ER}. 

2) L(TI,TI) 1S isomorphic with C. There exists I E L(TI,TI) with the 

2 / 
property I = -lE' so L(TI,TI) = {A1E+ 111 I A, 11 ER}, 

,.. i 
3) L(TI,TI) is isomorphic with K. There ixists I,J,K E L(TI,TI) with thel 

-1 IJ =~J~~K JK = -KJ = T and E' ,£, .1" 

'" 
KI -IK = J, so L(TI,TI) {A1E+ 111 + vJ + yK I A,l1~V~Y ER}. 

We shall say that a irreducible representation TI is' : type n, if L(TI,TI) 

fs isomorphic with n. 

12.6. Let TI be a finite dimensional irreducible representation on the 

R-space FO' The mapping (f,x) + f(x) from L(TI,TI) x Fa into FO gives FO a 

~-space structure, Cn = L(TI,TI». Note that the restriction to the rea1s 

in L(TI,TI) gives the original R-space structure on FO' Let H be a right 

~-space. The homomorphism 1H @n TI :G + GLJi «H ®nF) 0) defi~ed _ by 
,.. t + 1H ®n TI(g) gives a new representation on the R-space (H @nF)o' 

The representation 1H®nTI is TI-isotropic. The mapping (d,f) + f 0 d from! 

D x L(TI,lH ®nTI~ into L(TI,lH ®n TI ) gives L(TI,lH ®n TI ) a right n-space struc

Jure. The mapping a:H + L(TI,lH @nTI) defined by h+ (x + h €I x) is the ca

~onica1 n-space isomorphism between Hand L(TI,lH @n TI ). If both Hand H'-' 

"lre right n-spaces, the mapping S:Ln(H,H~) +L(1H ~n7T,lH"'®nTI) defined by 

f + f ® 1F is a R -space isomorphism. In the case H = H'-' it is also an 

~lgebra isomorphism. On the other hand, let p be a TI-isotrop representa-

tion on the R-space E. Again L(TI,P) lS a right n-space. The mapping 

~:L(TI,P) ®nF + E defined by f ® x + f(x) is the canonical representations: 

fsomorphism between 1L(TI,p) ®n TI and P. If both P and P' are-TI'-isotrop, 
, 

t~e mapping T:L(p,p 1 ) + Ln(L(TI,p), L(~,p'» defined by u + (f + U 0 f) is , 
1 
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. _ .... __ ._an R~space isomorphism. In the case p p', it ~s also an algebra isomorphism. , 

!For further details [3J § 1. 

~ 

~rom this and [3J § 3, No. 4, prop. 9 follows: 

a2.7. Proposition: If p is a reducible representation of G on the R-space 

~ then p is canonicatly isomorphic with a direct sum of disjoint isotopic 
! 
representation and each isotrop representation is canonically isomprphic 
! 

fith a representation of the form lH ®DTI on the R-space (H ~F)O' Here 
i 

TI is an irreducible representation on the R-space FO of type D. I~ p' isl 
~ . 

~nother reducible representation then L(P,P') is R-isomorphic with a di- ' 

fect sum of R-space. of the form LD(H,H~), where Hand H"- cornrning from the; 

tsotropic parts of P and pI respectively. 
I 

12.8. From this we conclude that it is enough to look at representations 

9f the form 

E Ett (H ®D F ) 0 
q q q q 

P ~ TI ) 
D q 

q 

i where H is a right D -space, D isomorphic with R, C or K, and TI 
q q q q 

irreducible representation of type D on the R-space (F )0' 
q q 

, 
12.9. Let E =EEi ( ~ E ) 

q t E T qt 
q 

P = Elt ( ~ TIqt ) 
q t E T 

q 

an 



be a decomposition of p in irreducible parts, such that IT ~ IT ~q=q~ qt q .... t'" i 

Hence dimn(Hq) = the number of elements in Tq . 

Definition: Let IT be a representation of G on the R-space E. The 

'" 
IT is a representation IT* of G on the R-space E* defined by 

: (IT*(g)(x*»(x) = x*(IT(g-l)x). x E E, x* E E*, g E G. 

,12.11. Remark: IT irreducible of type D # IT* irreducible of type D. 

13. Representation-invariant positive forms. 

i13.l. Definition: Let IT be a representation of G on the R-space E. A p.f! 

B on E is said to be IT-invariant if 

v g E G, V x,y E E: B(IT(g)x, IT(g)y) B(x,y). 

1l3.2. Remark: To ensure B IT-invariant it is enough that~t(g)x,i7T,~gJx) 

= B(x,x). B is IT-invariant if and only if fB E L(IT,IT*). 

i 
113.3. Lemma: The nullspace of a IT-invariant p.f. ~s IT-invariant, i.e. 

idefines a subrepresentation. 

~he proof is trivial. 

1"l3.4. Note that the subrepresentation defined by the nullspace may not 

have a complement. Therefore we shall YBually assume reducibility of 'fr. 

r 

gives Alse note that the existence of a 'IT-invariant p.d.£. automatically 

reducibility of IT. 



13.5. Proposition: Let ~ be a representation. There exists a ~~invariant! 

p.d.f. if and only if ~(G) £ GL(E~) is releatively compact. 

proof, see [5] § 3, No. 1, prop. 1. 

13.6. Proposition: Let ~ be an irreducible representation. Then either 

a) the nullform ~s the only ~~invariant p.f. 

or 

b) all ~-invariant p.f. different from the nullform are definite 

and proportional. 

Proof: a) and definiteness in b) follow from lemma 13.3. 

To prove all ~-invariante p.d.f. proportional let Bl and B2 be TI-invar~ant 

p.d.f .. Cho@se a basis for E such that Bl is the identity matrix and B2 ~s 

a diagonal matrix. It is easy to see that there exists a A f 0, such thkt 

·ABl - B2 is positive but: not definite. The result then follows from 

Lemma l3. 3. 

13.7. Let ~ be an irreducible representation on the R-space FO' Hence 

~ is then of type L(~,TI). If BO is a ~~invariant p.d.f. on FO' the adjoiht 

imapping with respect to BO in L(TI,~) has all properties of a conjugation! 

([2] chap. IU, § 2, No. 4, prop. 4) and therefore is the conjugation inl 

the field L(TI,~). BO has the property (*) with respect to L(TI,~). 

• ! 
13.8. Proposition: Let TIl and ~2 be two reducible disjoint representat~ons 

! 

on the R-spaces El and E2 , respecti~ely. Let B be a p.f. on the R-space i 

;E l @ E2 · Then B is ~l e ~2-invarian~ if and only if there exists TIl-in-

variant p.f. Bl on El and ~2-invari~nt p.f. B2 on E2 such that B 
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Proof: "if" is trivial. "only if": The subrepresentation defined by the 

I nullspace of B is a direct sum of two subrepresentations of TIl and TI2 

([2] § 3, No. 4, prop. 4). Therefore we can restrict ourselves to the 

case B definite. Then E2 is the orthogonal complement of El with respec~ 

to B ([3J § 3, No. 4, prop. 9). 

13.9. Proposition: Let p = lH~DTI be a TI-isotropic representation of G i 
I 

i 
on the R-space (H ~D:t) O. Here H H a right D-space and TI is an irreducibile 

representation of type D on the R-space FO' Let B be a p.f. on (H ~F)O' 

B is p-invariant if and only if there exists a left p.s.f. A on H, such 

I that B = (A ®D!)TI) 0' where BTI ~s a right p. s. f. on the left D-space F 

'constructed from a TI-invariant p.f. (BTI)O on FO' 

Proof: For every h E H the mapping x + B(h ® x, h ®x) is the diagonal 

I 

part of a TI-invariant p.f. on FO' If the only TI-invariant form is the 

I 
!trivial one, it follows that B = 0 and B (A ®DO)O' where A is a p.s.f., 

on H. Therefore assume (BTI)O be a non-zero (and therefore definite) 

TI-invariant p. f. on F O. l3. 6. b) and the above remark shows that V,h E H, 

:3!Q(h) ~ 0 : B(h @ x, h ® x) = Q(h) (BTI)O(x,x) V x E F. h + Q(h) is the 

-1 ! 
diagonal part of the p.f. AO:(hl ,h2) + B(hl ® x,h2 ® x)«BTI)O(x,x»~nl 

: -1 
'HO' KO has the property (*), for AO(hl d,h2) = B(hld @ x,h2 @ x)«BTI)O(X'~» = 

Illdr2B (hl @ dx,h2d ®dx)(BTI)O(X,x»-l B(hl ® dx,h2dd~dX)«~TI)0(dx,dxP-l 
'AO (hl ,h2d). x E F,hl ,h2 E HO' d E D, x .f 0, d .f O. This finishes the proof. 

I 

13.10. Theorem: Let p be a reducible representation of G on the R-space ~. 

If we identify p with its canonical pecomposition p ~ E9 (lH !2lD TI ) 
q E Q q q q 

(12.6), then a p.f. B on E is p-inva:riant 
! 

if and only if there for every 



q E Q exists a left p.s.f. A on H , such that B = ~ (A ~D B )0' 
q q q E Q q q ITq 

where BIT 1S a p.s.f. constructed from a IT -invariant p.f. (BIT )0 on 
q q q 

Proof: 12.6, 12.7, 13.6, 13.8, and 13.9. 

13.11. Corollary: If p is multiplicity free (di~ (H ) = 1 for every 
q q 

q E Q), then B is p-invariant if and only if for every q E Q there exists 
I 

I a > 0, such that B = $ (a B )A' 
q q E Q q ITq V 

13.12. Proposition: Let p be a representation of G on the R-space E. 

If there exists a p-invariant p.d.f. on E, then p is reducible 

(p ~ $ (lH ~D IT )) and for all q E Q there exists IT -invariant p.d.f. 
qEQ q qq ",q i 

(B )0 on (F )0' The mapping (A) E Q -4 B= ~ (A ~ B )0 from the i 
IT q q q q q E Q q D q IT q. ; 

fami~ies of left p.s.f. on H to the p-invariant p.f. on E~ $ (H ®D:F)O 
q qEQq qq 

is;on.eto one ;fThenl.lll'spacie. of Bis E& ' (N'®F:) .', 'wheFe'N is the 
q E Q q D q 0' q 

q 
nullspace of:Aq.Ndt$ thatB is definite if and only if Aq is definite for 

: every qE Q., 

The proof 1S trivial. 

13.13. Corollary: Let the situation be as 1n 13.10. Define P = {q E Ql rr : 
q 

has only a trivial IT -invariant p.f.}. The nullspace of B is then 
q 

( $ (H ®D F )0) $ (ES (N ®D F )0)' where N is the nullspace of 
q E P q q q q E Q/p q q q q 

A , q E Q/P. 
q 

The proof is trivial. 
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... t4. Symmetry hypothesis in the mean and the variance. 

in this section we shall show that all symmetry hypotheses are general 

qanonica1 (§ 8) and describe their form. Further we shall investigate the 

l;te1ationships between symmetry hypotheses, canonical hypotheses (r ti]) and· 

the general canonical hypotheses defined in § 5. 

~et E be a R-space and ~ a representation on E. 

~4.1. Theorem: Let a hypothesis in the mean-value ~ E E and the variance 

BE P(E) be given by ~(g)(~) = ~ and B regular and ~*-invariant. If there 

exists ~* ( or ~)-invariant p.d.f. (else the model is empty) we have two 

possibilities: 

1) ~*(or ~) do not have the identity representation as a subrepresentatiort. 
I 

~his gives the general canonical hypothesis with F~ = 0 for all i E I. 
I ~ 

<isee 8.1). 
~ 

bl) ~* (or ~) have the identity representation as a subrepresentation. This 

Jives the canonical hypothesis with F' = 0 for all i E I except one 
~ 

i! E I, where F. O. 
iD ~O 

Proof: The remarks about the mean-value ~s trivial and the rest follows 

f;rom 13 .12. 

14.2. In the case of regular estimation (dim F. ~ dim H.,V i E I) the 
~ - ~ 

m~ltip1icity of the identity representation in b) above is 1. (di~H. = ~). 
! ~ ~O 
S~nce the identity representation has dimension 1 and is of type R, the 

m~an-va1ue must belong to a one dimen iona1 subspace in E! 
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There exist canonical hypotheses not given by symmetry. 

iThere exist symmetry hypotheses which are not canonical. 

JAIl canonical - and all symmetry hypotheses are in the class of general 

~anonical hypotheses. 

iThere exist general canonical hypotheses not canonical and not given by 

:symmetry. In a general canonical hypothesis the maximum likelihood estim~-

itor for the mean and the variance is sufficient and its distribution can I 
be obtained (§ 9). A symmetry hypothesis is canonical ([6]) if and only ~f 
! ,.. 
all irreducible subrepresentations in the symmetry not of type Rare multi-
i 

plicity free. (13.11) 

Could a general canonical hypothesis be described by a symmetry? This is , 

~asily seen to be a question of existence of a group with a finite familY: 

of inequiiralent irreducible representations with prescribed dimensions 

and ~types. 

The above seems to be the road to the development of a theory about gener~l 

canonical subhypotheses. 
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