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Preface

The work presented in this thesis is the result of my time spent as PhD student at
the Department of Mathematical Sciences of the University of Copenhagen, under the
supervision of Niklas Pfister and Jonas Peters. The thesis contains two manuscripts
investigating the importance of invariance in different statistical learning settings. Minor
differences may occur between each chapter and the corresponding manuscript. Any
typographical or mathematical errors are my own responsibility.
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Abstract

The concept of invariance plays a central role in robust statistics, serving as a model-
ing principle to isolate essential structure from variation induced by interventions, en-
vironmental heterogeneity, or time. This thesis investigates the advantages of leverag-
ing structural invariance to guide learning in evolving environments. The unifying idea
throughout this work is that the presence of invariance supports robust inference, facili-
tates dimension reduction, and enables adaptation. Chapter 1 elaborates on these ideas
and places them within the literature on prediction under distribution shifts. In particu-
lar, it highlights strengths and limitations of invariance-based approaches for distribution
generalization, thereby motivating the search for forms of invariance that remain useful
for adaptation to new environments. It then extends this perspective to online learning
and contextual bandits, and discusses limitations of the works presented in this thesis
together with future research directions.

Chapter 2 introduces a framework that separates invariant and time-varying effects in
the conditional mean of a response in a non-stationary linear system. The framework,
called invariant subspace decomposition (ISD), provides a unified approach to both zero-
shot prediction and time adaptation. We introduce a practical estimation procedure
for the proposed decomposition, establish finite-sample guarantees, and show empirically
that exploiting invariance can improve performance over methods that rely only on recent
observations or that use invariance without adaptation.

Chapter 3 extends this perspective to stochastic non-stationary contextual bandits.
Building on the ISD framework, it introduces an algorithm, ISD-linUCB, which uses
offline data to learn an invariant component of the reward model and then performs online
adaptation in a lower-dimensional residual subspace. This decomposition leads to regret
bounds that scale with the residual dimension rather than the full problem dimension. We
complement the theoretical analysis with simulation experiments showing that exploiting
invariance can substantially improve online performance, especially in rapidly changing
environments and when sufficient offline data is available.
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Sammenfatning

Begrebet invarians spiller en central rolle i robust statistik og fungerer som et model-
leringsprincip til at isolere essentiel struktur fra variation fremkaldt af interventioner,
miljgmaessig heterogenitet eller tid. Denne afhandling undersgger fordelene ved at ud-
nytte strukturel invarians til at vejlede leering i foranderlige miljger. Den gennemgaende
idé i dette arbejde er, at tilstedeveerelsen af invarians understgtter robust inferens, letter
dimensionsreduktion og muligggr tilpasning. Kapitel 1 uddyber disse idéer og placerer
dem inden for litteraturen om prediktion under fordelingsskift. Seerligt fremhaeves styrker
og begraensninger ved invariansbaserede tilgange til fordelingsgeneralisering, hvilket mo-
tiverer sggningen efter former for invarians, der forbliver nyttige ved tilpasning til nye
miljger. Derefter udvides perspektivet til online leering og “contextual bandits”, og be-
greensningerne ved de artikler, der praesenteres i denne afhandling, diskuteres sammen
med fremtidige forskningsretninger.

Kapitel 2 introducerer en metode, der adskiller invariante og tidsvarierende effekter i
det betingede gennemsnit af en responsvariabel i et ikke-stationaert linesert system. Meto-
den, kaldet “invariant subspace decomposition” (ISD), tilbyder en samlet tilgang til bade
“zero-shot” prediktion og tidstilpasning. Vi introducerer en praktisk estimeringsproce-
dure for den foreslaede dekomposition, etablerer garantier for endelige stikprgvestgrrelser
og viser empirisk, at udnyttelse af invarians kan forbedre ydeevnen sammenlignet med
metoder, der udelukkende baserer sig pa nylige observationer, eller som anvender invari-
ans uden tilpasning.

Kapitel 3 udvider dette perspektiv til stokastiske ikke-stationaere “contextual bandits”.
Med udgangspunkt i ISD-metoden introduceres algoritmen ISD-linUCB, som anvender
offline data til at leere en invariant komponent af belgnningsmodellen og derefter udfgrer
online tilpasning i et laveredimensionalt residualt underrum. Denne dekomponering fgrer
til fortrydelsesbegraensninger, der skalerer med residualdimensionen snarere end den fulde
problemdimension. Vi supplerer den teoretiske analyse med simuleringseksperimenter,
der viser, at udnyttelse af invarians kan forbedre onlineydeevnen veesentligt, iseer i hurtigt
skiftende miljger og nar tilstrackkeligt offline data er tilgaengelige.
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Contributions and Structure

This thesis is organized into three chapters. Chapter 1 is an introduction, which provides
a broad overview on the ideas of domain generalization and invariance, motivating the
work in the remainder of the thesis. It also discusses key limitations and future research
directions. Chapters 2 and 3 correspond to a paper each. A brief overview of their
content is given below.

Chapter 2 formulates a framework—Invariant Subspace Decomposition (ISD)—for sep-
arating invariant and time-varying effects in a non-stationary linear model and allowing
a sample-efficient adaptation of the invariant component of the system through time.
This chapter corresponds to the paper:

[ISD| [Lazzaretto et al., 2025]. M. Lazzaretto, J. Peters, and N. Pfister. Invariant sub-
space decomposition. Journal of Machine Learning Research, 26(95):1-56, 2025.

Chapter 3 proposes to extend the ISD framework to a stochastic contextual bandit
setting. In particular, it analyzes how exploiting invariance helps improving dynamic
regret bounds. It corresponds to the paper:

[IBCB| |Lazzaretto et al., 2026]. M. Lazzaretto, J. Peters, and N. Pfister. Invariance-based
dynamic regret minimization. arXiv preprint arXiv:2603.05843, 2026.
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1 Introduction

Often, predictive models are deployed in settings where the data-generating distribution
is not stable: observations may come from different environments, evolve through time, or
be collected under interventions and changing conditions. In such situations, standard
prediction methods optimized for a single training distribution may fail to generalize.
This raises the need for models that are robust to distribution shifts while remaining
informative for the target task. The central motivation of this thesis is to understand
how invariant structure can be isolated from heterogeneous data and exploited to obtain
safe predictions, while still retaining enough flexibility to adapt when partial information
about new environments becomes available.

The remainder of this introduction places the contributions of this thesis within the
broader literature. It is not intended as a comprehensive review, but rather as a focused
discussion of the main ideas and methodological perspectives that best contextualize the
presented works. Section 1.1 provides an overview on the problem of prediction under
distribution shifts. It focuses on the ideas of domain generalization and domain adap-
tation, and highlights the special role of time-varying heterogeneity. In Section 1.2 we
present invariance as a central organizing principle for robust prediction. We address
its relation to worst-case optimality and examine its limitations for adaptive prediction.
This discussion motivates the invariant subspace decomposition (ISD) framework studied
in [ISD]. Section 1.3 outlines the extension of these ideas to online learning and contex-
tual bandits. Finally, in Section 1.4 we discuss some limitations of the presented works
and possible future research directions.

1.1 Prediction under distribution shifts

Prediction is one of the core problems of statistics, aimed at generalizing knowledge from
an observed sample to a larger population. Statistical reasoning behind classic prediction
tasks builds on the assumption that the observed data and the target population come
from the same underlying distribution [Hastie et al.; 2009]. That is, suppose we observe

n samples (X, Yi)ie(1,...n} id Ptrain where PU8n denotes the joint (training) distribution
of a vector of covariates (or predictors) X € RP and a response variable Y € R. Then, we

can use these observations to learn a function f that predicts Y from X. For example,

f e argminE peain[(Y — £(X))?], (1)
feF

for some function class F. We would then like to predict an unobserved response Y¢St
from X't where (X't Ytst) ~ Pt for some joint distribution P! describing the
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target population. If P!t equals PY" using f to make such prediction is indeed a
sensible choice.

However, if the independent and identically distributed (i.i.d.) assumption is violated
or Ptest £ ptrain 4 golution to (1) may no longer capture the right statistical dependencies
for accurate prediction. Heterogeneity arises naturally when data are gathered across
different locations, experimental conditions, or time periods. For example, data may be
collected in several environments, indexed by e € £, each inducing a different distribution
Prain - and the distribution of the target population may itself differ from the observed
training distributions, i.e., P's* ¢ {(Pam) ..}, Under such distribution shifts, a more
appropriate learning objective than (1) is a function that minimizes the expected test
error,

arg min E pest [(Y — £(X))?]. (2)
ferF

Solving (2) can be particularly challenging if only complete samples from P'a" are
observed, while data from P' are fully or partially missing. In particular, if the dis-
crepancy between training and test distributions is entirely unrestricted, no meaningful
prediction guarantee on P*st is possible. For (2) to be tractable, one must therefore make
additional assumptions on how PY" relates to P'*'. The problem of learning a func-
tion on training data that performs well on test data coming from a different distribution
is widely studied in the literature in different forms under the names of distributional
robustness, domain generalization or out of distribution generalization [see, for example,

Huber, 1981, Ben-David et al., 2010, Christiansen et al., 2022].

1.1.1 Generalizing out of domain

We first consider the setting in which no observations from P'S' are available. In this
regime, successful generalization to unseen domains or future time points necessarily re-
lies on assumptions about which aspects of the training distribution P"®™ are preserved
under the test distribution P*st. Such generalization assumptions are generally not veri-
fiable using observational data alone, as they state something about the test distribution
without having access to samples from it. In particular, a generalization assumption
describes the type of shifts that may be expected between training and test, and that we
would like our model to be robust against. Thus, it often requires a trade-off: the more
general the allowed shifts are, the more conservative the learned model may become,
potentially at the expense of predictive accuracy.

A lot of effort in the literature has gone into designing assumptions that realistically
capture the mechanisms responsible for distribution shifts, with the goal of allowing for
generalization while maintaining as much predictive capability at test time as possible.

Unlike in the classical i.i.d. setting, observing data coming from different distributions
(Ptraine) o is beneficial for generalization purposes. If we only observe data from a
single distribution, inferring something about a different test distribution can be partic-
ularly hard unless strong prior knowledge about their discrepancy is available. Instead,
heterogeneity in the training data allows to hypothesize about the types of shifts that
one can expect in the test distribution in a more principled way. For example, if we can
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detect structured changes among training distributions, it may be reasonable to assume
that shifts in the test distribution will follow similar patterns.

In general, the exact test distribution P is unknown, but assuming that it shares
some properties with the distributions of the observed data is equivalent to restricting
our attention to a class of possible target distributions P that we expect to contain Pt
This means that in general it is not possible to find an exact solution to (2), and the
best we can aim for is minimizing a worst-case loss of the form

. 2
iy sup Ep[(Y — f(X))7]. (3)

Different works in the literature have considered different characterizations of the set
P. One of the earliest examples of distributional robustness [Huber, 1981] considers P
as a set of perturbations of the training distribution. This idea was later extended in
the distributionally robust optimization (DRO) field, where P is usually defined as a
neighbourhood of the training distribution i.e.,

P = {P|d(P™™" P) < ¢}, (4)

for some some € > 0 and a distance function d between distributions such as the Wasser-
stein distance [Mohajerin Esfahani and Kuhn, 2018] or other divergence metrics [Hu and
Hong, 2013, Duchi et al., 2021]. This formulation allows for shifts whose magnitude is
controlled by the value of € in (4), but it is in general designed to admit only moderate
deviations, or perturbations, between the training and test distributions.

Observing data from multiple training distributions makes it possible to loosen assump-
tions on how close the test distribution needs to be to the training one. In particular,
the more heterogeneous the observed data are, the broader the class of test-time dis-
tribution shifts one can hope to guard against is. For example, a natural extension of
(4) consists of assuming that P lies in the convex hull of the training distributions,
so P = Conv((P%"n¢) o). This is the case for example in group DRO [Sagawa et al.,
2020] or in the work by Meinshausen and Biithlmann [2015] on maximin effects.

A key contribution to domain generalization comes from causal approaches [Pearl,
2009, Peters et al., 2017], where distribution shifts are modeled as interventions on an
underlying causal system. Intervening on a variable usually refers to its active ma-
nipulation, and the corresponding interventional distribution reflects the effects of this
manipulation. For instance, in a randomized controlled trial, assigning different treat-
ments to different groups of subjects induces different interventional distributions. More
generally, data collected across multiple environments can be viewed as arising from dif-
ferent interventional settings in a shared causal system. Access to interventional data,
or data from different environments, makes it possible in particular to infer causal rela-
tionships among variables. In predictive settings, the main interest is in recovering the
local causal structure around the target variable Y, as recovering the full causal graph
is often too difficult [Peters et al., 2016]. To do so, it is commonly assumed that Y itself
is not subject to interventions and therefore that the causal mechanism relating Y to
X remains stable across environments. Under these assumptions, one can characterize
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P as the set of all distributions generated by interventions on X. Then, the invariant
causal function relating Y to its causal parents is robust to distribution shifts induced
by interventions on the covariates, and is in particular minimax optimal, i.e., it solves
(3), if such shifts can be of arbitrary magnitude [see, for example, Peters et al., 2016,
Meinshausen, 2018, Biithlmann, 2020, Christiansen et al., 2022].

1.1.2 Partial target information and domain adaptation

Domain generalization aims to learn a predictive function that works well in unseen test
domains. In some settings, however, partial information about the target distribution
may be available. Domain adaptation methods aim to leverage such information in order
to improve predictive accuracy at test time.

The nature of the adaptation depends on which aspects of the distribution shift. For
example, the covariate shift problem assumes Pt #£ PYn while the conditional dis-
tribution P}t,"‘gt( = P{,rf}i(n remains the same. Approaches to the covariate shift problem
are based on weighting strategies inspired by importance sampling [Shimodaira, 2000,
Sugivama et al., 2007], assuming the predictors X are observed both for the training and
the test distributions, while responses are available only for the training data. The same
setup is studied in more recent works on unsupervised domain adaptation, where a com-
mon approach is to match training and test distribution by including in the loss function
a term that minimizes distributional distance [Ben-David et al., 2010]. Baktashmotlagh
et al. [2013], Courty et al. [2017] build on this by learning a shared representation of
the covariates that minimizes a similar divergence, and use the available responses from
Ptrain t6 learn a predictive function on the aligned representation space. Magliacane
et al. [2018] use instead causal reasoning to select a subset of predictors that make the
conditional distribution of Y invariant across source and target domains.

A different scenario arises when test data are observed after training, or data with drift-
ing distribution is observed sequentially. In the problem of concept shift, the conditional
distribution may change, i.e., P;,ef}t( P;,rlé}i(n but the marginal covariate distribution re-
mains the same, Pt = Pt In this case, matching distributions is not sufficient as
the optimal predictive function changes, and adaptation necessarily requires observing
some responses in the target domain. Research on concept shifts has focused on drift-
detection and adaptive retraining methods based on gradual forgetting mechanisms or
sliding windows |Gama et al., 2014|, which downweight older observations as the distri-
bution evolves. We further elaborate on the setting of temporal shifts in the box Time
as domain below.

Finally, settings in which both covariate and target shifts may occur have been ana-
lyzed |e.g., by Zhang et al.,; 2013]. This is the case for example in anti-causal prediction
problems, where the predictors X are assumed to be causal effects of Y [Scholkopf et al.,
2012|. Under suitable assumptions, domain adaptation can then exploit the stability of
Px|y across domains, even though both Px and Py |x may change [Chen and Biithlmann,
2021]. In general, more unstructured changes between training and test distribution fall
under the broader transfer learning category, where the overall goal is transferring knowl-
edge acquired from a larger training dataset to a target domain where fewer observations
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are available [Weiss et al.; 2016, Rojas-Carulla et al., 2018|. Also in the case of do-
main adaptation, having access to observations from multiple sources allows to make less
restrictive assumptions on the unknown aspects of the target distribution. Again, an
example is the possibility of inferring the underlying causal structure, as done by Zhang
et al. [2015].

Time as domain  When considering heterogeneous data coming from different en-
vironments it is usually assumed that such environments are known and in a finite
number. This could be the case for example if the same variables are observed in
different geographical locations. Without knowing which data points come from which
environment, characterizing the structure of distribution shifts across them becomes
substantially harder. A special case comes from considering different time periods as
different environments, that is, shifts in distribution that occur through time. Indeed,
the sequential ordering of time points implies an additional structure in the data, as
nearby time points are likely to share similar distributions.

Despite the additional structure, comsidering time shifts can come with additional
challenges. The timing and abruptness of changes may be unknown, and data within
a single (approximately) stable regime may be scarce, precluding the collection of
additional observations from past time points. Sliding window and forgetting strategies
[Gama et al., 201/] are effective when shifts are slow and stable time periods are long,
but struggle when change is rapid or regime-specific data is limited.

At the same time, observing distributional variations through a history of observations
may be informative of additional structure in the data, which can be exploited for more
robust predictions at future time points. This is the case for example in the work by
Pfister et al. [2019a], where sequential observations generated by the same underlying
structural causal model are available, and the covariate distribution may shift through
time. Heterogeneity, together with the sequential structure, allows to identify the
causal parents of the response, which can then be used safely for prediction under
unobserved distribution shifts.

1.2 The role of invariance

A unifying idea behind many approaches for robust prediction in the presence of large
distribution shifts is the concept of invariance. To guard against changes in distribution
it is fundamental to both detect the source of such changes and, concurrently, what
remains invariant: it is precisely the invariant aspects across distributions that make
generalization possible. We discuss below different notions of invariance proposed in the
literature for distribution generalization.

Conditional invariance In the early covariate shift problem analyzed by Shimodaira
[2000], Sugivama et al. [2007], the key assumption is

the distribution of Y | X =z is invariant across domains.
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Under this assumption, a conditional model learned in any single environment generalizes
to any domain where only Px changes.

Causal invariance Assuming that the whole conditional distribution remains invariant
may be too restrictive. In particular, changes in the marginal distribution of some of
the predictors in X = (X*!,..., X?) may naturally influence changes in the conditional
distribution of Y given such predictors, due to structural properties among variables. For
example, if Y causes X, then changes in the distribution of X* are likely to be observed
simultaneously to changes in the distribution of Y | X*. If instead X’ causes Y, then
changes in the marginal distribution of X* do not affect the distribution of Y | X?, as
long as the structural mechanism relating Y to X does not change. This is sometimes
referred to as autonomy or modularity of the causal mechanisms, and motivates causal
approaches to look for a subset of predictors indexed by S C {1,...,p}, X°, such that

the distribution of Y | X =% is invariant across domains. (5)

By the autonomy of causal mechanisms, the set of direct causes XP2(Y) (causal parents)
of Y satisfies this invariance under arbitrary shifts in the marginal covariate distribution.
This is the target of invariant causal prediction (ICP) by Peters et al. [2016], whose
method guarantees to recover a set that is, with high probability, a subset of the causal
parents pa(Y'). The goal of ICP is oriented more towards causal discovery, so the method
is by construction conservative in the predictors selection and often results in a set of
predictors that is indeed robust under interventions but with limited predictive power.

Rojas-Carulla et al. [2018] propose to exploit the same idea of invariant conditionals
but with the goal of maximizing predictive performance. This results in selecting the
largest subset X Smax of predictors satisfying (5), under the assumption that the invariance
observed on training environments extends to the test domain. Thus, XSmax represents
the largest set of predictors that are both stable and informative given the observed
interventional settings.

Residual invariance Other more prediction-oriented works take inspiration from the in-
strumental variable setting and assume that distributional shifts across environments are
induced by (interventions on) exogenous variables E. Then, an invariant predictive func-
tion should remove all influence of E on Y, or equivalently make the residuals insensitive
to E. For example, anchor regression [Rothenhiusler et al.; 2021] considers a combined
loss function that trades off between predictive accuracy and stability of the residuals
with respect to E (called anchors), encouraging the minimization of E[(Y — f(X))E].
The resulting predictor is then guaranteed to be robust to shift interventions aligned with
directions induced by the anchors, in an amount proportional to the weight assigned to
the stability loss. An analogous moment condition is considered also by Christiansen
et al. [2022]. Another example is imposing independence between Y — f(X) and E
[Saengkyongam et al., 2022]. A more general notion of residual stability is proposed with
the boosted control function method by Gnecco et al. [2026], which seeks a function f
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such that
the distribution of Y — f(X) s invariant across domains.

A similar line of works does not consider environments as exogenous variables but also,
in some sense, encourages loss stability. For instance, the target of invariant risk mini-
mization (IRM) by Arjovsky et al. [2019] is a function ¢ : RP — H of the predictors, for
some H C RP, that allows to find a shared risk minimizer across all domains e € £, when
regressing the response on ¢(X), i.e., such that

there exists an invariant 5 : H — R such that, Ve € £, € argmin R(bo ¢(X,)), (6)
b:H—R

for some loss function R, where X, denotes the predictors in the environment e and o
denotes function composition. In practice, the original formulation and implementation
of IRM has limitations in terms of generalization capability [Rosenfeld et al., 2021],
and later methods have proposed adjustments to the training objective, for example to
minimize the complexity of the learned representation ¢ [Ahuja et al., 2021], to minimize
the variance of the risks across environments, encouraging constant loss [[Krueger et al.,
2021] or imposing that, given ¢(X), Y is independent of the environment [Li et al., 2022].

1.2.1 Worst-case optimality and the limits of invariance

All methods discussed above aim to learn a single predictor that remains stable across
environments under some notion of invariance. In several cases, this predictor can also be
interpreted as worst-case optimal over a suitable class of admissible distribution shifts.
This holds, for example, for causality-based approaches such as ICP [Peters et al., 2016],
the causal transfer-learning method by Rojas-Carulla et al. [2018], anchor regression
[Rothenhiusler et al., 2021] and the boosted control functions [Gnecco et al., 2026]. A
worst-case optimal predictor is however, in many cases, suboptimal. Although it guaran-
tees stable performance across environments, in each domain there may exist a predictor
with lower prediction error. Moreover, a pooled predictor often achieves stronger average
performance [Nastl and Hardt, 2024], and may be preferable when shifts in distribution
are mild and robustness is not the primary objective. This is not a contradiction, as
the purpose of invariant prediction is not to maximize performance in every domain, but
to provide safe predictions under uncertainty, especially when distribution shifts may be
severe. In the absence of observations from the target domain, a worst-case optimal pre-
dictor may indeed be the safest choice. This is the setting often referred to as zero-shot
generalization.

A natural limitation of this viewpoint is that, by design, invariance-based methods
ignore all information that is not stable across environments. As a consequence, they
generally do not offer a straightforward way to adapt the learned invariant predictor
to a specific—possibly unseen—target environment, without retraining or re-estimating
the model. This is the case for domain adaptation methods discussed in Section 1.1.2
as well, some of which also rely on invariance properties [for example, the methods by
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Shimodaira, 2000, Sugiyama et al., 2007, Zhang et al., 2015, Magliacane et al., 2018|. In
these works, the adaptation is usually done with respect to a specific target domain, and
the resulting solution is not generally reusable for a different target domain.

One final observation is that causality-inspired methods, that provide minimax guaran-
tees for their invariant predictor, in general assume stability of the structural mechanism
for the response across domains. This requires in particular the existence of a subset of
predictors that satisfy such stability. In contrast, methods such as IRM and its extensions
impose invariance indirectly through a training objective, which makes them less tied to
a specific shift model, possibly allowing for more general forms of distribution shifts.
However, these methods also come with weaker theoretical guarantees and a stronger
reliance on the success of the training heuristic. In particular, they do not explicitly look
for a worst-case optimal function, i.e., the one that is most predictive among all invariant
predictors.

The above observations raise the following question:

When and how can we define a predictive function that

(1) captures invariance under shifts both in Px and Py|x, without necessarily re-
quiring stable structural mechanisms or invariant predictors sets,

(2) allows for a minimaz characterization and

(3) can be efficiently adapted using environment-specific information, which may
become available after training?

These points are only partially or not simultaneously addressed by the methods discussed
so far, and motivate the work in [ISD], as we describe in the following section.

1.2.2 Partial and adaptable invariance

A natural setting in which the distribution we want to adapt to is still unseen during
training is when shifts in distribution happen in time (see the window Time as domain
in Section 1.1.2). The motivation behind [ISD] lies in unifying ideas from invariance and
adaptation when the latter happens sequentially, and only a small amount of observa-
tions is available for such adaptation. This problem is sometimes referred to as few-shot
generalization. The goal in [ISD] is to exploit information that is normally discarded
by invariance-based methods because it cannot be transferred across all domains—or,
in this case, time points—as it may still be relevant for prediction. In particular, [ISD]
proposes a definition of invariance that allows for sample-efficient adaptation once new
data become available after training time: a linear function B7(-) : RP — R is called
invariant if for all ¢t € N it satisfies that,

Cov(Y; — X, 8, X 8) = 0. (7)
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S X

Figure 1: Graphical representation of the separation considered in [ISD]. X[V and X}
correspond to the projections of X; onto the invariant subspace S™ and its
orthogonal complement S™*, respectively. ;" = X,' 8 and Y;* = X, §; are
the two components in the conditional mean decomposition in (8), and time
only enters directly through the latter.

The property in (7) guarantees that (i) X,' 8 has always positive (and stable, given X)
explained variance equal to Var(X," 8) and that (ii) the residuals can be used to adapt the
invariant prediction to shifts in the distribution. This addresses in particular questions
(1) and (3) above. Under linearity of E[Y; | X;], with time-varying linear relation and
covariate distribution, (7) can be interpreted as a partial invariance statement on the
conditional mean of Y, which for all ¢ € N is split into

ElY: | Xi] = X B+ X b, (8)

with Cov(X,' 3, X,/ 6;) = 0 at all times. As our interest is in prediction, the proposed
method looks for the most predictive linear function S™ among all linear functions
satisfying (7). This component £ is shown to lie in a subspace S™ (the invariant
subspace) of the originally observed space, RP, but it does not necessarily correspond to a
subset of the predictors (cf. question (1)). The invariance property in (7) requires that the
projection of the covariates onto S™ and onto its orthogonal complement (the residual
subspace, S™) remain uncorrelated at all time points. This allows to separately use the
orthogonal information to update the invariant predictor using varying, complementary
information (cf. question (3)). In particular, we do not explicitly have access to known
exogenous variables responsible for the shifts in distribution, but separate the sources of
variation in E[Y; | X;] exploiting observed hererogeneity in a historical sequence. Finally,
we mentioned that ™ is the most predictive invariant parameter. This means that, at all
time points, 3™V is the best linear predictor of Y given the projected covariates onto SV,
and that it is minimax optimal with respect to arbitrary changes of the linear parameter
in (S"™)L (cf. question (2)). A graphical representation of the setting considered in
[ISD] is shown in Figure 1.

Connections to invariance-based approaches The invariant part of the framework
presented in [ISD| can be seen as a middle ground between causal and IRM-based ap-
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proaches. Compared to causal approaches, it does not require invariance of the causal
mechanism or the existence of a subset of predictors with a stable conditional relationship
to Y. This flexibility comes at the cost that 3V is a stable predictive parameter rather
than a structural quantity, and it does not admit a straightforward causal interpretation.
At the same time, compared to IRM-based methods, the framework in [ISD] is more
structured in the linear setting. In particular, the invariant component S can be in-
terpreted as the most predictive invariant minimizer of the IRM objective in (6) under
squared loss, when the representation ¢ is taken to be the orthogonal projection onto
SV In addition, the framework in [ISD]| comes with an explicit worst-case robustness
guarantee and allows for a principled adaptation step.

1.3 Online learning problems and invariant policies

In [ISD| we are interested in adapting to a changing mechanism of the response given
the covariates when the observed data points are independent sequential observations.
Especially for time-evolving systems, this assumption can be too strong since dependence
through time often enters the equation. A naive extension, similarly to what proposed
by Pfister et al. [2019a], would be to include lagged observations into the predictors
vector X to take into account time dependencies up until some past time step. However,
more complex dependencies may arise, for example if data are collected as the result of a
decision process, and the response is a feedback signal for the quality of the decisions. In
such settings, past responses are used to gradually improve the decision policy over time,
breaking the independence assumption. In [IBCB|, we extend the framework proposed
in [ISD]| to an online learning setting.

One of the simplest models for an online decision making problem is given by contextual
bandits. In a bandit setting, at each time point a learner is given a decision set. From this
set, it selects an action that yields a response quantifying the goodness of such action,
namely a reward. The choice of the action may be facilitated by contextual information,
for example a vector of predictors observed before acting. Contextual bandits differ from
more complex online learning frameworks like reinforcement learning in that the effect
of the action is only realized through the response but does not affect the state (context)
of the environment.

In a standard bandit setting, learning a good policy requires learning something about
the mechanism that assigns a reward to each action. The optimal policy, that is, the one
that yields an optimal sequence of actions maximizing the cumulative reward through
time, is unknown but fixed, and the learner incrementally learns it by acting throughout
some time horizon.

Settings in which the optimal policy may differ across environments, or gradually shifts
through time, have been studied in the literature. An example for the former case can
be found in the work by Saengkyongam et al. [2023], who consider the problem of offline
policy learning using data from different environments. The proposed solution is to learn
an invariant policy that is optimal in the worst-case for the observed environments. This
corresponds to a policy that only employs a subset of the contextual predictors, whose
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influence on the reward through the action is independent of the environment. As in
the case of ICP [Peters et al., 2016], this selection of invariant predictors is in practice
often too conservative. Saengkyongam et al. [2024] relax this idea to allow for partial
invariance of the reward mechanism given a set of predictors, as long as the action only
affects the invariant part of the reward mechanism. Both works assume an offline setting,
where a treatment policy is learned in retrospect after having observed bandit data from
heterogeneous environments.

On the other hand, online settings in which the reward function gradually shifts
through time (non-stationary bandits) are approached in the literature with adaptive
re-training methods based on rolling windows or forgetting strategies [Russac et al.,
2019, Cheung et al., 2019], but do not explicitly exploit possible invariances in the data.

In [IBCB| we attempt again to unify ideas from invariance and adaptation, this time
in a sequential online learning setting, with the goal of gradually adapting online to
an invariant policy learned offline. In particular, we consider the online non-stationary
contextual bandit setting in the case of linear reward functions, and exploit the framework
developed in [ISD] to detect partial invariance in the time-varying reward function. In
this way, the policy we learn is split into (i) an invariant component which, in lack of
good adaptation data (e.g., if the reward function changes too fast), can be used to
take conservative—but safe—decisions and (ii) an adaptation component that adjusts
the decisions of (i) to time variations in the reward function. We show in particular that
finite sample guarantees introduced in [ISD] can be extended to the online setting to
improve on the regret of standard non-stationary methods.

1.4 Outlooks and limitations

Most of the work discussed in this thesis revolves around the invariant subspace decom-
position framework proposed in [ISD]. The starting motivation for such framework was
an interest in separating stable and changing mechanisms relating a response to some
covariates, e.g., to learn two functions f, g; : RP — R such that for all ¢

Y = f(Xy) + ge(Xe) + e,

without imposing strict invariance of marginal or conditional distributions. A core re-
quirement for these functions is that they should be learnable independently.

In [ISD|, we restrict our attention to the simpler case of linear functions. The frame-
work we propose first separates the covariate space into orthogonal subspaces, one related
to the invariant mechanism and one corresponding to the directions in which the observed
mechanism varies. It then relies on OLS solutions on the corresponding subspaces to sep-
arately learn the two linear functions. The choice of the linear model gives a tractable
framework with well defined theoretical guarantees, but may limit practical applicabil-
ity. When dealing with complex real world data, one could imagine that the stable and
changing parts of the relation between X and Y need not to be well described by lin-
ear functions, nor by a decomposition into linear subspaces. Likewise, the orthogonal
structure adopted in the subspace decomposition provides a clean interpretation and a

11
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convenient estimation strategy, but it is likely not the only meaningful way to separate
invariant from time-varying information. Studying a method, under looser assumptions
than linearity, to detach core stable information from varying mechanisms which are still
informative but time/environment specific (e.g., answering questions (1) to (3) in Sec-
tion 1.2.1) could be an interesting future research direction. In particular, incorporating
ideas from causality and representation learning could provide both structural guidance
and identifiability tools for such extension.

On a more practical level, the estimation of the subspaces is a central part of the [ISD]
framework. Although the theoretical framework is not intrinsically tied to a specific esti-
mation procedure, the proposed subspace estimation relies on methods for approximate
joint block diagonalization, applied to the estimated covariance matrices of the predic-
tors under the assumption that these matrices are approximately constant within local
windows. Thus, the quality of the estimated decomposition also depends on the qual-
ity of these estimates. It would be interesting to investigate alternative, more robust
procedures for recovering the relevant subspaces, or move toward joint objectives that
learn the decomposition and the predictive components simultaneously. Such directions
seem especially relevant for extending the framework to settings in which the underlying
structure is nonlinear.

These considerations naturally carry over to the contextual bandit setting studied in
[IBCB|. There, we build on the same structural idea and assume that the context-action
feature space admits an invariant subspace decomposition, so that offline historical data
can be used to estimate a stable component of the reward model while online learning
focuses on the lower-dimensional non-stationary part. This shows how invariance can be
exploited not only for prediction, but also for adaptive decision-making. At the same
time, the benefits of the approach still depend on the existence of a meaningful linear
subspace decomposition as well as on the quality of the learned decomposition and on
the amount of available offline data.

In this sense, the works in this thesis highlight the possible advantages of learning
invariances that support adaptation. At the same time, some of the modelling assump-
tions that facilitate the theoretical analysis may limit the practical applicability of the
presented methods, suggesting that the proposed framework could indeed benefit from
weaker modelling restrictions.

12



2 Invariant Subspace Decomposition

MARGHERITA LAZZARETTO, JONAS PETERS AND NIKLAS PFISTER

Abstract

We consider the task of predicting a response Y from a set of covariates X in set-
tings where the conditional distribution of Y given X changes over time. For this to
be feasible, assumptions on how the conditional distribution changes over time are
required. Existing approaches assume, for example, that changes occur smoothly
over time so that short-term prediction using only the recent past becomes feasi-
ble. To additionally exploit observations further in the past, we propose a novel
invariance-based framework for linear conditionals, called Invariant Subspace De-
composition (ISD), that splits the conditional distribution into a time-invariant
and a residual time-dependent component. As we show, this decomposition can be
utilized both for zero-shot and time-adaptation prediction tasks, that is, settings
where either no or a small amount of training data is available at the time points
we want to predict Y at, respectively. We propose a practical estimation proce-
dure, which automatically infers the decomposition using tools from approximate
joint matrix diagonalization. Furthermore, we provide finite sample guarantees for
the proposed estimator and demonstrate empirically that it indeed improves on
approaches that do not use the additional invariant structure.

2.1 Introduction

Many commonly studied systems evolve with time, giving rise to heterogeneous data.
Indeed, changes over time in the data generating process lead to shifts in the observed
data distribution, and make it in general impossible to find a fixed model that consistently
describes the system over time.

In this work, we analyze the problem of estimating the relation between a response Y;
and a set of covariates (or predictors) X, ¢t € N, both of which are observed over some
period of time, with the goal of predicting an unobserved response, when new observations
of the covariates become available. Two types of distribution shifts across time that can
arise are (i) variations in the mechanism relating the response to the covariates and (ii)
variations in the covariate distribution. Under distribution shifts, successfully predicting
an unobserved response from covariates requires assumptions on how the underlying data
generating model changes over time.

13
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In regression settings, varying-coefficients models [e.g., Hastie and Tibshirani, 1993,
Fan and Zhang, 2008] are a common approach to deal with dynamic system behaviours
related to changes in the functional relationship between a response and some covari-
ates. In these works, the model coefficients are usually assumed to change smoothly, and
smoothing methods are used in their estimation. Another approach for online estimation
of smoothly changing parameters uses state-space models and filtering solutions [see, for
example, Durbin and Koopman, 2012]. In general, smooth changes or other kinds of
structured variations such as, for example, step-wise changes, allow us to learn a regres-
sion function using previous time points from the recent past. To exploit information
further in the past, one can look for invariant patterns that persist through time. In
this spirit, Meinshausen and Bithlmann [2015] define the maximin effect as a worst case
optimal model that maintains good predictive properties at all observed times.

Distribution shifts in time-series models are conceptually similar to distribution shifts
across domains. In both cases a key problem is to find invariant parts of the observed
data distribution and transfer it to the new domain or time-point. Unsupervised do-
main adaptation methods aim to predict an unobserved response in the target domain:
for the problem to be tractable, they rely, for example, on the invariance of the con-
ditional distribution of the response given the covariates [Sun et al., 2017, Zhao et al.,
2019] or on independently changing factors of the joint distribution of the covariates and
the response [Zhang et al., 2015, Stojanov et al., 2021]. Solutions to the unsupervised
domain adaptation problem are often based on aligning the source and target domains
by minimizing the discrepancy either between the covariates’ distributions [Zhang et al.,
2015] or between the covariates’ second order moments [Sun et al., 2017], or by finding
low-dimensional invariant transformations of the variables whose distributions match in
the domains of interest [Zhao et al., 2019, Stojanov et al., 2021]. Other unsupervised
domain adaptation approaches such as the one proposed by Bousmalis et al. [2016] rely
on learning disentangled representations where disentangled mean that changes in one
representation do not affect the remaining ones. This approach is also explored in non-
stationary settings, when changes in the covariate distribution happen over time instead
of across different domains, for example in the works by Yao et al. [2022], Li et al. [2024].
The goal of these works is not prediction, but rather the identification of generalizable
latent states that could be used for arbitrary downstream tasks.

The field of causality widely explores the concept of invariant and independently chang-
ing mechanisms, too. In causal models, changes in the covariate distribution are modeled
as interventions, and different interventional settings represent different environments. In
this context, Peters et al. [2016] propose to look for a set of stable causal predictors, that
is, a set of covariates for which the conditional distribution of the response given such
covariates remains invariant across different environments. The same idea is extended by
Pfister et al. [2019a] to a sequential setting in which the different environments are im-
plicitly generated by changes of the covariate distribution over time. Such invariances can
then be used for prediction in previously unseen environments, too [e.g., Rojas-Carulla
et al., 2018, Magliacane et al., 2018, Pfister et al.; 2021]. Other works on causal discov-
ery from heterogeneous or nonstationary data, such as the ones by Huang et al. [2020],
Giunther et al. [2023], study settings in which the skeleton of the causal graph remains
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2.1 Introduction

invariant through different contexts or time points, but the causal mechanisms are also
allowed to change. Their goal is then to identify the causal graph on observed covariates.
To detect whether a mechanism changes, the context or time is included as an additional
variable in the graph. As the context or time can be assumed to be exogenous, this
often leads to additional identification of causal edges in the graphs. Feng et al. [2022]
develop and apply similar ideas in a reinforcement learning setting. Their interest is in
learning the causal graph and improving the efficiency of non-stationarity adaptation by
disentangling the system variations as latent parameters.

In this work, we build on invariance ideas both from the maximin framework proposed
by Meinshausen and Biithlmann [2015] and from the covariates shifts literature, and
exploit them for time adaptation. We propose an invariance-based framework, which we
call invariant subspace decomposition (ISD), to estimate time-varying regression models
in which both the covariate distribution and their relationship with a response can change.
In particular, we consider a sequence of independent random vectors (X, Y;)ieny € RP xR
satisfying for all time points ¢ € N a linear model of the form

Y = X, vo0: + e (2.1.1)

with E[e; | X¢] = 0, where 7o is the (unknown) true time-varying parameter. We allow
the covariance matrices Var(X;) to change over time, assuming that they are approx-
imately constant in small time windows. Regarding changes in 7y, we only need to
assume smoothness during test time (if there is more than one test point)—we provide
more details later in Remark 2.2.11. Having observed the X; and Y; up until some time
point n, our goal is to learn g ¢+ for some ¢t* > n, which we then use to predict Y;+ from
X+. We propose to do so by considering the explained variance, which, for all ¢, is given
for some function f by AVar,(f) := Var(Y;) — Var(Y; — f(X}:)). Using the explained vari-
ance as the objective function provides an intuitive evaluation of the predictive quality of
a function f: negative explained variance indicates in particular that using f for predic-
tion is harmful, in that it is worse than the best constant function. Under model (2.1.1),
f is a linear function fully characterized by a parameter 3 € RP, i.e., f(X;) = X, 3, and
the true time-varying parameter can always be expressed as

Y0, = arg max AVary(3). (2.1.2)
BERP

Key to ISD is the decomposition of the explained variance maximization into a time-
invariant and a time-dependent part: we show in Theorem 2.2.7 that, under some as-
sumptions, for all ¢ € N, 79 ; can be expressed as

70+ = arg max AVar(f) + arg max AVar,(53), (2.1.3)
BeSinv BESTes

=:finv =:05°8

where AVar(B) = 131  AVary(j3), and S, 8™ C RP are two orthogonal linear

T n
subspaces, with ™ @ 8™ = RP, assumed to be uniquely determined by the distribution
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of (X1,Y1),...,(Xn,Yn). The decomposition of RP into S and 8™ from observed
data is achieved by exploiting ideas from independent subspace analysis |e.g., Gutch
and Theis, 2012]. Unlike works on latent representations, we do not reduce the overall
dimensionality of the problem but partition the observed space into two lower dimensional
subspaces, S™ and S*. This in particular implies that the two sub-problems in (2.1.3)
each have less degrees of freedom than the original one. The first sub-problem can be
solved using all available heterogeneous observations, which we call historical data: its
solution 8™ is a time-invariant linear parameter that partially describes the dependence
of Y on X at all times. The second sub-problem is a time adaptation problem that
tunes the invariant component to a time point of interest: its solution 6;° explains the
residuals Y; — XtT BV the sum BV + 67 gives an estimator for the time-varying linear
parameter of interest 7 ;. In order to estimate the residual component §;*, we assume
the model is approximately stationary in a small time window preceding ¢ and use this
local subset of the data, which we call adaption data, for estimation. We distinguish two
tasks: (i) the zero-shot task, where adaption data is not available and we approximate
Yo,t by B and (ii) the time-adaption task, where adaption data is available and we solve
both sub-problems to approximate vp ¢ by S + 6. A two-dimensional example of g ¢
and its ISD estimates is shown in Figure 2.1.1. The same example is presented again
in more detail in Example 2.2.6 below and used as a running example throughout the
paper.

The fundamental assumption we make to apply the ISD framework to new data (As-
sumption 2) is that the decomposition inferred from available observations generalizes
to unseen time points. This guarantees that the estimated invariant component can be
meaningfully used for prediction at all new time points, either directly or as part of a
two-step estimation that is fine-tuned by solving the time adaptation sub-problem.

The ISD framework allows us to improve on naive methods that directly maximize
the explained variance on R? using only the most recent available observations and on
methods focusing on invariance across environments or time points such as the maximin
by Meinshausen and Biithlmann [2015], which do not account for time-adaptation. We
show in particular in Theorem 2.4.1 that isolating an invariant component and reducing
the dimensionality of the adaptation problem guarantees lower prediction error or, equiv-
alently, higher explained variance compared to naive methods. An example is provided
for a simulated setting in Figure 2.1.2, which shows on the left the average explained
variance by the invariant component computed at training time on historical data, and
on the right the cumulative explained variance by the invariant (zero-shot task) and the
adapted invariant component (time-adaptation task) at testing time when new observa-
tions become available. For the zero-shot task, we compare the ISD invariant component
with the standard OLS solution, computed on all training observations, and with the
maximin effect (8™™) by Meinshausen and Biihlmann [2015], which maximizes the worst
case explained variance over the available observations. For the time-adaptation task,
we compare the ISD with the standard OLS solution computed on a rolling window over
the latest new observations. For both tasks, the ISD estimates achieve higher cumulative
explained variance at new time-points.

The remainder of the paper is structured as follows. In Section 2.2 we introduce the
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Figure 2.1.1: Example of two-dimensional true parameter ~p; varying on a one-
dimensional subspace of R?, and its estimates using ISD (right) compared
to rolling window OLS (left). Time is visually encoded using a color map.
(Left) True parameter 7o (hexagons) on 350 test points and OLS esti-
mates 425 based on rolling windows of size 16. (Right) Same test data
and true parameters g ¢, but now we additionally use 1000 prior time-points
as historical data (not shown) to estimate the decomposition of R? into the
orthogonal subspaces S™ and S (dashed lines). Next, we estimate 3™V
using the historical data and S Then, using the same rolling windows
as in the left plot as adaption data, we estimate J;*® using S The ISD
estimates are then given by 4/ = Binv +c§§es. All details on the generative
model are provided in Example 2.2.6. The subspaces S™ and S™° do not
need to be axis aligned, so ISD is applicable even in cases where the con-
ditional of Y; given X; and all conditionals of Y; given subsets of X; vary
over time.

ISD framework, starting from the identification of the invariant and residual subspaces
for orthogonal covariates transformation and showing the explained variance separation
(2.1.3) in Theorem 2.2.7. In Sections 2.2.2 and 2.2.3 we define population estimators for
the invariant and residual components, solutions to the two sub-problems in (2.1.3). We
then describe, in Section 2.3, the two tasks that ISD solves, namely zero-shot prediction
and time-adaptation, and provide a characterization of the invariant component as a
worst-case optimal parameter. In Section 2.4 we propose an estimation method for ISD,
and provide finite sample generalization guarantees for the proposed estimator. Finally,
in Section 2.5, we illustrate ISD based on numerical experiments, both on simulated and
on real world data, and validate the theoretical results presented in the paper.
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Figure 2.1.2: For the data-generating model in Section 2.5.2, we plot (left) the average

explained variance (distribution over 20 runs) obtained at training time
(historical data) and (right) the cumulative explained variance obtained
testing time (adaptation data) (in one of the 20 runs); in this example, the
time-varying components in the historical and adaptation data have dis-
joint support. The example considers p = 10-dimensional predictors and
an invariant component of dimension 7. As baselines, we use (i) the true
time-varying parameter o, which maximizes the explained variance at all
observed time points ¢, and (ii) the oracle invariant component 3. 6000
historical observations are used to estimate: (iii) the invariant component
BV of the ISD framework, (iv) the OLS solution BOLS, (v) the maximin
effect Bmm. Starting from ¢t = 0 after the observed history, windows of
length 3p are used to estimate: (vi) the adaptation parameter S{es for Binv
to obtain the ISD estimate 475" and (vii) the rolling window OLS solution
f“ytOLS. While at training time on historical data the ISD invariant com-
ponent Bin" is the most conservative, with the lowest average explained
variance, after a distribution shift (adaptation data) the same component
can explain higher variance than other methods based on historical data
only (BOLS, Bmm), and can be tuned to new time points to improve on es-
timators based on adaptation data only (5°5).

2.2 Invariant subspace decomposition

We formalize the setup described in the introduction in the following setting.

Setting 2.2

A, Let (X4, Yy)en € RP x RY be a sequence of independent random vectors

satisfying for all t € N a linear model as in (2.1.1), with y0+ € RP and Ele; | Xy] = 0.
Assume that for all t € N the covariance matriz of the predictors ¥; = Var(Xy) is
strictly positive definite. Moreover, for all n € N, let [n] == {1,...,n} and assume we
observe n observations (Xi,Yy)iepn) from model (2.1.1), which we call historical data.

Additionally, let T2 C N be an interval of consecutive time points with m = \Iad\ >p
and min,cz.a t > n. Assume we observe a second set of observations (X, Y})iezaa from
the same model but succeeding the historical data, which we call adaptation data. Finally,
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Zero-shot task: observe (X¢,Yt)ic[n) and X predict Y«
Adaptation task: observe (X¢,Yt)ie[n), (X?dvnad)tezad and X;+ predict Y=
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Figure 2.2.3: Illustration of the historical and adaptation data and the zero-shot and
adaptation tasks.

denote by t* > max,czad @ time point of interest that occurs after the adaptation data
and assume that, for allt € T2 U{t*}, the quantities Yo, Yrand Var(e;) in model (2.1.1)
are constant (in practice, being approzimately constant is sufficient).

Our goal is to predict Y= from Xy=. A naive solution is to only consider the adaptation
data in 724 (see also the analysis in Section 2.3): we aim to improve on this approach
by additionally exploiting historical data in [n]. In particular, depending on whether we
only have access to the historical data or we additionally have access to the data in Z?9,
we can solve (i) the zero-shot task or (ii) the adaptation task, respectively. The full setup
including the different tasks is visualized in Figure 2.2.3. The two tasks correspond to the
two sub-problems in (2.1.3): the solution to (i) is a time-invariant parameter v € R?,
defined formally below in Section 2.2.2; the solution to (ii) is an adaptation parameter
65 formally defined in Section 2.2.3 that satisfies BV + 61 = g ;.

We start by defining what a time-invariant parameter is. To do so, we first consider
the explained variance for a parameter 5 € RP at time ¢ € N, defined by

AVary(B) = Var(Y;) — Var(Y; — X,/ ).
Under model (2.1.1), the explained variance can be equivalently expressed as

AVar(8) = 2 Cov(Y;, X' 8) — Var(X,' B)
=2Cov(Y; — X, B, X, B) + Var(X,' B). (2.2.4)

A desirable property for a non-varying parameter 5 € RP is to guarantee that its explained
variance remains non-negative at all time points. We call parameters § € RP never
harmful if, for all t € N, AVar,(8) > 0. Intuitively, parameters with this property at
least partially explain Y; at all time points t € N, and are therefore meaningful to use for
prediction.! In this paper, we consider the subset of never harmful parameters 8 € RP
that satisfy AVar,(3) = Var(X,' 8) or equivalently, using (2.2.4), Cov(Y; — X' 3, X,/ B) =

!Under an assumption similar to Assumption 2 below, the maximin framework by Meinshausen and
Biihlmann [2015] allows us to estimate never harmful parameters: we provide a more detailed comparison
between our approach and the maximin in Remark 2.3.2.
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2 Invariant Subspace Decomposition

0; thus, the explained variance of these parameters reflects changes of Var(X;) (over t)
but is independent of changes in 7.

Definition 2.2.2 (time-invariance). We call a parameter € RP time-invariant (over
[n]) if for all t € [n],
Cov(Y; — X,'3, X,/ B) = 0. (2.2.5)

We use this definition, in Section 2.2.1, to define the subspaces S™¥ and S™ that
allow us to obtain the separation of 7p; as in (2.1.3). In particular, as we show in
Proposition 2.2.10, the definition of the invariant subspace S™v guarantees that the
invariant component SV maximizing the pooled explained variance over S™V is always
a time-invariant parameter according to Definition 2.2.2.

While we consider the explained variance here, one can equivalently consider the mean
squared error (MSPE).

Remark 2.2.3 (Exchanging explained variance with MSPE). Under model (2.1.1) maz-
imizing the explained variance at time t € [n] is equivalent to minimizing the MSPE at
t, MSPE;(3) := E[(Y; — X, 8)2]. More precisely, assuming that all variables have mean
zero,

arg max AVar;(3) = arg min Var(Y; — X, 3)
BERP BERP
= Var(X,) ! Cov(X;, ;)

= arg min MSPE,(5).
BERP

The remaining part of this section is organized as follows. Section 2.2.1 explicitly
constructs the spaces S™ and 8™ and shows that they can be characterized by joint
block diagonalization. In Section 2.2.2 we then analyze the time-invariant part of (2.1.3),
leading to the optimal time-invariant parameter 3™, and show in Proposition 2.2.10 (4ii)
that its solution corresponds to the maximally predictive time-invariant parameter and
is an interesting target of inference in its own right. In Section 2.2.3 we analyze the

res

residual part of (2.1.3), leading to the optimal parameter o;

2.2.1 Invariant and residual subspaces

We now construct the two linear subspaces S™ and S™* that allow us to express the true
time-varying parameter as the solution to two separate optimizations as in (2.1.3). For
a linear subspace & C RP, denote by IIg€ RP*P the orthogonal projection matrix from
RP onto S, that is, a symmetric matrix such that H% = Ils and, for all vectors v € RP,
Isv € S and (v — IIsv) 'TIsv = 0. We call a collection of pairwise orthogonal linear
subspaces Si,...,S8; € RP with @?:1 Sj = R? an orthogonal and (Xi),c[n)-decorrelating
partition (of cardinality q) if for all 4, j € {1,...,q} with i # j, and for all ¢ € [n] it holds
that

COV(HSiXt, HSth) =0. (226)
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2.2 Invariant subspace decomposition

Moreover, we define an orthogonal and (X¢)c[,-decorrelating partition as irreducible if
there is no orthogon'al and (Xt)te[n}—decorrelating partition with strictly larger cardinality.
We will construct S™ and ™ from an irreducible orthogonal and (X;)e[,-decorrelating
partition.

Given a (not necessarily irreducible) orthogonal and (X¢),e[n-decorrelating partition
{S]-}‘?:1 the true time-varying parameter can be expressed as the sum of ¢ orthogonal
components each lying in one subspace of the partition. These components can be
expressed in terms of the covariates and of the response at time ¢ as shown by the
following lemma.

Lemma 2.2.4. Let {Sj}?zl be an orthogonal and (Xt),e|n)-decorrelating partition. Then
it holds for all t € [n] that o+ = 23:1 Is;v0, and for all j € {1,...,q} that

Ms,70, = Var (s, X;) ' Cov (15, Xy, V7) (2.2.7)

where (-) denotes the Moore-Penrose pseudoinverse.

Each component is in particular the projection of 79 on the corresponding subspace
S, as well as a maximizer of the explained variance in S;, as shown by Lemma 2.2.5.

Lemma 2.2.5. Let N C N and let {Sj}?zl be an orthogonal and (X¢)ienr-decorrelating
partition.” Then it holds for all j € {1,...,q} and for allt € N that

arg max AVar,(8) = Var(Ils, X;)! Cov(ILs, X3, V7). (2.2.8)
,BES]' ’

Combining Lemmas 2.2.4 and 2.2.5 implies that

q
Yot = Zarg max AVar(3). (2.2.9)
BESj

j=1
Therefore, any orthogonal and (Xt)te[n]—decorrelating partition allows us to split the
optimization (2.1.2) of the explained variance into separate optimizations over the indi-
vidual subspaces. In order to leverage all available observations in at least some of the
optimizations by pooling the explained variance as in (2.1.3), we need the optimizer to
remain constant over time. More formally, we call a linear subspace S C RP opt-invariant
(optimum invariant) on [n] if for all ¢, s € [n] it holds that

arg max AVar, () = arg max AVars (/). (2.2.10)
BES BeS

For all terms in (2.2.9) corresponding to an opt-invariant subspace, we can—by definition
of opt-invariance—use all time-points in the optimization. For an irreducible orthogonal

and (X¢);e[-decorrelating partition {Sj}j(:l, we therefore define the invariant subspace

2This is defined analogously to an orthogonal and (Xt)te[n)-decorrelating partition.
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2 Invariant Subspace Decomposition

S and the residual subspace S™ by

Sinv = @ je{1,....q}: Sj and S = @ je{l,....q}: Sj7 (2211)

S; opt-invariant on [n] Sj not opt-invariant on [n]

respectively. The invariant subspace S is opt-invariant (see Lemma 2.6.5). Moreover,

by definition, it holds that S™ = (Si“V)J', where (-)* denotes the orthogonal complement
in RP, and that {S"™, 8"} is an orthogonal and (X}),c[,-decorrelating partition (see
Lemma 2.6.4). To ensure that these two spaces do not depend on the chosen irreducible
orthogonal partition, we introduce the following assumption.

Assumption 1 (uniqueness of the subspace decomposition). Let {S;}i_; and {S_j}?zl
be two irreducible orthogonal and (Xt)te[n]—decorrelatmg partitions. Then, it holds that

@ g Si=®  ep.a  Si

S; opt-invariant on [n] S; opt-invariant on [n]

Assumption 1 is for example satisfied if an irreducible orthogonal and (X¢)¢e[,)-decor-
relating partition is unique. As we show in Appendix 2.A.1, the uniqueness does not
always hold (e.g., if for all ¢ € [n] the multiplicity of some eigenvalues of ¥; is larger than
one and shared across all such matrices). Assumption 1 is, however, a mild assumption;
for example, the uniqueness of an irreducible orthogonal and (Xt)te[n]-decorrelating par-
tition is satisfied if there exists at least one ¢ € [n] such that all eigenvalues of ¥, which
we have assumed to be non-zero, are distinct (see Lemma 2.6.6 and Proposition 2.2.8
below). Whenever Assumption 1 holds, the invariant and residual spaces S™ and S
do not depend on which irreducible orthogonal partition is used in their construction.

Example 2.2.6. This example describes the setting used to generate Figure 2.1.1. Con-
sider a 2-dimensional covariate X; € R?, and assume that model (2.1.1) is defined as
follows. We take, for allt € [n]

B 1.5vV3+1— \/§t/n] 1 [ 301t + 024 \/§(02,t —01¢)

= d ¥y =-
/YO,t t/n —1.5 + \/g an t 4 \/g(O'Q,t - Ul,t) 01t + 302,t

where 014 and o4 are two fized sequences sampled as two independent i.i.d. samples from
a uniform distribution on [0,1]. In this example, we have that an irreducible orthogonal
and (Xt)en)-decorrelating partition is given by the two spaces

si=("%] s =tosra)

Indeed, it holds for all t € [n] that Cov(Ils, X;, s, X;) = Ilg, X I1s, = O4xa. Moreover,
since o1 and o2 are the eigenvalues of ¥y, the irreducible orthogonal partition defined
by S1 and Sy is unique (i.e., Assumption 1 is satisfied by Lemma 2.6.6) if o1+ # 024 for
some t € [n]. It also holds that

1
HSQ’YO,t = |:\/§:| )
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2.2 Invariant subspace decomposition

which does not depend on t (it can be verified that the same does not hold for Ils, o ¢).
As shown in Lemmas 2.2./ and 2.2.5, it holds that

arg max AVar,(f) = arg max Var(Y;) — Var(Y; — XtTHSj B) = Ils;70,t-
BeS; Bes;

It follows that the subspace Sy is opt-invariant, whereas S is not, and therefore S™ = S,
and §*° = 81. The two spaces S and Sy also appear in Figure 2.1.1: the true time-
varying parameter o does not vary with t in the direction of the vector [0.5,0.5v/3] "
generating So; 81 can be visualized when connecting the circles.

In order for ™ and 5™ to be useful for prediction on future observations, we assume
that the subspace separations we consider remain fixed over time.

Assumption 2 (generalization). For all irreducible orthogonal and (X )yen)-decorrelating
partitions, S™V and S defined in (2.2.11) satisfy the following two conditions: (i) for
all t € N it holds that Cov(Ignv X¢, lsres X;) = 0 and (ii) S™ is opt-invariant on N.

As shown in the following theorem, Assumption 2 ensures that the two sets satisfy
a separation of the form (2.1.3) for all observed and unobserved time points ¢t € N, as
desired. For unobserved time points ¢ € N\ [n], Assumption 2 does not require (2.2.6)
to hold for all 4,5 € {1,...,q}, but only for all 4,5 € {1,...,¢} such that S; C S™ and
S; C S,

Theorem 2.2.7. Assume Assumption 2 is satisfied. Let S™ and S be defined as
in (2.2.11) for an arbitrary irreducible orthogonal and (Xt)ic[n)-decorrelating partition.
Then, it holds for all t € N that

~o,t = arg max AVar(f) + arg max AVar.(53), (2.2.12)
Besinv Besres

where AVar(f3) = %Z?:l AVar,(B). Moreover, if Assumption 1 is satisfied, the sepa-
ration in (2.2.12) is independent of the considered irreducible orthogonal and (Xi)ien)-
decorrelating partition.

The proof of Theorem 2.2.7 can be found in Appendix 2.E.1 and relies on the fact
that, under Assumption 2, the invariant and residual subspace form an orthogonal and
(X¢)ten-decorrelating partition.

2.2.1.1 Identifying invariant and residual subspaces using joint block
diagonalization

We can characterize an irreducible orthogonal partition using joint block diagonalization
of the set of covariance matrices (3¢);e[n- Joint block diagonalization of (3;),e|,] consists
of finding an orthogonal matrix U € RP*? such that the matrices ¥y :== UT%,U, t € [n],
are block diagonal and we can choose ¢V blocks such that the indices of the corresponding
submatrices do not change with ¢ (the entries of the blocks may change with ¢ though).
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2 Invariant Subspace Decomposition

Let ¢V, be the largest number of such blocks and let (it,l)te[n}7 ce (it,qg‘ax)te[n} denote
the corresponding common blocks with dimensions py, ..., pw that are independent of
t. We call U a joint block diagonalizer of (Zt)te[n]' Moreover, we call U an irreducible
joint block diagonalizer if, in addition, for all other joint block diagonalizers U’ € RP*P
the resulting number of common blocks is at most ¢4,,. Joint block diagonalization has
been considered extensively in the literature [see, for example, Murota et al.; 2010, Nion,
2011, Tichavsky and Koldovsky, 2012] and various computationally feasible algorithms
have been proposed (see Section 2.A.3 for further details).

In our setting, joint block diagonalization can be used to identify the invariant and
residual subspaces, since an irreducible joint block diagonalizer U of the covariance ma-
trices (Et)te[n] corresponds to an irreducible orthogonal partition, as the following propo-
sition shows.

Proposition 2.2.8. (i) Let U € RP*P be a joint block diagonalizer of (Xt)iefn). For
allj € {1,...,qY..}, let S; C€{1,...,p} denote the subset of indices corresponding
to the j-th common block ¥ ;. Moreover, let u® denote the k-th column of U and,

forallj € {1,...,4Y..}, define

S; = span{u® | k € S;}.

U
Then, {Sj}giei" is an orthogonal and (Xi).e|n)-decorrelating partition. Moreover, if
the joint block diagonalizer is irreducible, then the corresponding orthogonal parti-
tion is irreducible.

(ii) The converse is also true. Let {Sj}?zl be an orthogonal and (Xy),e[y)-decorrelating
partition. Then, there exists a joint block diagonalizer U € RP*P of (2t)te[n} such
that for all t € [n] the matriz Xy = U'SU is block diagonal with q diagonal
blocks it,j = (U%)TU%, j € {1,...,q} of dimension |S;| = dim(S;), where
S; € {1,...,p} indexes a subset of the columns of U. If the orthogonal partition
is wrreducible, then U is an irreducible joint block diagonalizer. Moreover, Ils, =
USj(USj)T.

If Assumption 1 is satisfied, any irreducible joint block diagonalizer U, via its cor-
responding irreducible orthogonal and (Xt)te[n]—decorrelating partition constructed in
Proposition 2.2.8(i), leads to the same (unique) invariant and residual subspaces defined
in (2.2.11).

It is clear that Assumption 1 is automatically satisfied whenever the joint block diag-
onalization is unique up to trivial indeterminacies, that is, if for all orthogonal matrices
U,U’ € RP*P that jointly block diagonalize the set (X¢)scpy into ¢, irreducible com-
mon blocks, it holds that U is equal to U’ up to block permutations and block-wise
isometric transformations. Explicit conditions under which uniqueness of joint block
diagonalization is satisfied can be found, for example, in the works by De Lathauwer
[2008], Murota et al. [2010]. Intuitively, these conditions are satisfied whenever there is
sufficient variability across time in the covariance matrices (X)¢en)-
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2.2 Invariant subspace decomposition

Given an irreducible joint block diagonalizer U, the invariant and residual subspaces
can be identified using Proposition 2.2.8 and Lemma 2.2.4, by checking for all j €
{1,..., ¥} whether TIs v = U% (U%) g, remains constant (S; € S™) or not
(S; € 8™) on [n]. We denote by U™ and U™ the submatrices of U formed by the
columns that span the invariant and the residual subspace respectively.

Example 2.2.6 (Continued). In Ezample 2.2.6 so far, we expressed Sy and Sy in terms
of their generating vectors. These can be retrieved using Proposition 2.2.8 by joint block
diagonalizing the matrices (Xt)cpn)- In this specific example, an irreducible joint block

diagonalizer is given by
U= 0.5v3 05
| -05 0.5v3]°

which is a (clockwise) rotation matriz of 30 degrees (see Figure 2.1.1 and use Sy = {1}
and Sy = {2}). In particular, we have that Xy = UTS,U = diag(oy4,02¢): therefore,
V.. =2 and each block has dimension 1. Moreover, it holds for all t € [n] that

1.5v/3 —V/3t/n

s, y0,0 = U (U) Tho, = [ t/n— 15

1
] and Tls,y04 = US(U) Ty, = [\/g] :
and therefore S™ = Sy and S™ = S;.

2.2.2 Invariant component

In Theorem 2.2.7 we have shown that the true time-varying parameter vp: can be ex-
pressed as the result of two separate optimization problems over the two orthogonal
spaces S™ and S™. In this section we analyze the result of the first optimization step
over the invariant subspace S™. To ensure that the space S™ is unique, we assume
that Assumption 1 is satisfied throughout Section 2.2.2.

Definition 2.2.9 (Invariant component). We denote the parameter that mazimizes the
explained variance over the invariant subspace by

B = arg max AVar(3). (2.2.13)
Besinv

The parameter ™ corresponds to the pooled OLS solution obtained by regressing
Y; on the projected predictors Ilginv X;, and can be computed using all observations in
[n]. The whole procedure to find 5™, by first identifying S™ via joint block diagonal-
ization and then using Proposition 2.2.10 (i) below, is summarized in Algorithm 1 (see
Section 2.2.4). Proposition 2.2.10 summarizes some of the properties of 3™V,

Proposition 2.2.10 (Properties of 3™). Under Assumption 1, f' satisfies the follow-
g properties:

(i) For allt € [n], B™ = gm0, = gy, where Jo := = 577 4o,

(i) B™ is time-invariant over [n), see Definition 2.2.2.
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2 Invariant Subspace Decomposition

(iii) If, in addition, it holds for all 3 € RP time-invariant over [n] that B € S™ then
ﬂmv = arg MaxgecRe time-invariant Avar(ﬁ)

Definition 2.2.2 guarantees, for all ¢ € [n], that the explained variance for all g € RP
time-invariant over [n] is AVar;(8) = Var(X'B) = B'%;8. Point (i) of Proposi-
tion 2.2.10 therefore implies that, for all ¢ € [n], AVary(8™) = (8")T%,4™. Under
Assumption 2, we have that the same holds for all t € N: £V is therefore a never harm-
ful parameter and for all ¢ € N it is a solution to arg maxgeginv AVars(3). Moreover,
Proposition 2.2.10 (7i7) implies that, under an additional assumption, the parameter 5™
is optimal, i.e., maximizes the explained variance, among all time-invariant parameters.
In particular, 5™ represents an interesting target of inference: it can be used for zero-
shot prediction, if no adaptation data is available at time ¢ to solve the second part of
the optimization in (2.2.12) over §*. Using U™ as defined in Section 2.2.1.1, we can
express ™V as follows.

A = U™ (U™) T Var(X)U™)~H(U™) TCov(X,Y) (2.2.14)

where Var(X) := 2 31" | Var(X;) and Cov(X,Y) := 2 "' | Cov(Xy,Y;). We derive this

T n
expression in Lemma 2.6.8, and we later use it for estimation in Section 2.4.2.

Example 2.2.6 (Continued). Considering again Ezample 2.2.6, we have that S™ = Sy,
and therefore the invariant component is given by

. R 1
mv _ — Ny = .
B arﬂgelgax AVar(f) = Ils,7, [ \/g]

Moreover, we can express B™ under the basis for the irreducible subspaces using the
irreducible joint block diagonalizer U, obtaining U' g™ = [0, 2]T: the only mon-zero
component is indeed the one corresponding to the invariant subspace Ss.

2.2.3 Residual component and time adaptation

Under the generalization assumption (Assumption 2), Theorem 2.2.7 implies that we can
partially explain the variance of the response Y; at all—observed and unobserved—time
points t € N using 4. It also implies that for all ¢ € N we can reconstruct the true time-
varying parameter by adding to ™V a residual parameter that maximizes the explained
variance at time t over the residual subspace 8, i.e.,

Yot = B 4 arg max AVar;(5).
Besrcs

In this section we focus on the second optimization step over S™°. We assume that
Assumptions 1 and 2 hold, and for all £ € N we define the residual component §;* =
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2.2 Invariant subspace decomposition

arg maxge gres AVary (). Using (2.2.7), (2.2.8) and (2.2.11), we can express §;* as

67 = Var(ILgres X )T Cov(Igres Xy, Y7) (2.2.15)
= \/vaI'(l__[Sres)(t)T COV(HSreth, }/;g — X;Binv).

We can now reduce the number of parameters that need to be estimated by expressing
07 as an OLS solution with dim(S8™) parameters. To see this, we use that, under
Assumption 1, Proposition 2.2.8 allows us to express the space S™° in terms of an irre-
ducible joint block diagonalizer U corresponding to the irreducible orthogonal partition

U
{Sj}jmee as
S™ = span{u” | 3j € {1,...,q%.} : S; not opt-invariant and k € S;}.

Moreover, the orthogonal projection matrix onto S™ is given by Ilgres = U™S(U™) T,
Hence, using Lemma 2.6.3 we get that

5% = U™ Var((U™) T X) ™ Cov (U)X, Vi — X[ 5™), (2.2.16)

where Var((U™)" X;)~! Cov((U™)T X4, Y; — X, B") is the population ordinary least
squares solution obtained by regressing Y; — X, ™ on (U™)T X; € RIm(S™),

Example 2.2.6 (Continued). In Example 2.2.6, we have that for all t € [n] the residual
component 0;* is given by

[1.5\/5 - \/§t/n] .

0;% = argmax AVary(3) = Ils, v = tn—15

BES:

Moreover, we can express 0;°° under the irreducible orthogonal partition basis (given by
the two vectors generating S1 and Sa), obtaining U6 = [3 — 2t/n, O]T, which indeed
only has one degree of freedom in the first component. This component takes the following
values: for all t € [n] we have 3 —2t/n € [1,3].

2.2.4 Population ISD algorithm

We call the procedure to identify 3™ and 6 invariant subspace decomposition (ISD). By
construction, the result of ISD in its population version is equal to the true time-varying
parameter at time ¢ € N, i.e.,

Yo = B + 55, (2.2.17)

The full ISD procedure is summarized in Algorithm 1. In the algorithm, the invariant
and residual subspaces are identified through joint block diagoanlization as described at
the end of Section 2.2.1.1. The number of subspaces ¢ in the irreducible orthogonal and
(Xt)ien)-decorrelating partition is inferred by the joint block diagonalization algorithm.
If Assumption 1 is not satisfied, then the decomposition in (2.2.17) and therefore the
output of Algorithm 1 depends on the irreducible orthogonal and (X¢);c[,-decorrelating
partition used.
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2 Invariant Subspace Decomposition

Algorithm 1 Population ISD
Input: distributions of (X, Y2).e[n]
Output: g™, 6,
(Et)iern) < {Var(Xe) bep)
{70, }ten) = {Var(Xe) ™ Cov(Xy, Yy) e
U,{S;}i_, + irreducibleJointBlockDiagonalizer((%;);e[n]) > Prop. 2.2.8
> Find the opt-invariant subspaces to identify &™V, S
Sinv, Sres o @
for j=1,...,qdo
s, + Ui (U%)T
if Is, 70, constant in [n] then S™ + ™ U S > see Prop. 2.2.10
else 5™ « S US;

10: > Define estimators for the invariant and residual component of g ¢:
11: Hgine < UMY(U)T

12: B« LS Var(gin Xi) T Cov(Ilgine X¢, V) > see Prop. 2.2.10,
Lemmas 2.2.4,2.2.5
13: 01 < U Var((U™) T X,,) 7! Cov((U™) T X, Y, — X, p™Y) > see Eq. (2.2.16)

In Appendix 2.C we show that a decomposition of the true time-varying parameter
similar to (2.2.17) is also obtained when considering (X¢);c[,-decorrelating partitions
that are not orthogonal, i.e., such that (2.2.6) holds but the subspaces in the partition
are not necessarily pairwise orthogonal. In this case, in particular, we can still find
an invariant and residual parameter as in (2.2.14) and (2.2.16), respectively, where the
matrix U is now a non-orthogonal irreducible joint block diagonalizer.

Remark 2.2.11 (Changes of v, and ¥; over time). For the ISD procedure to work
in practice, we assume that the covariance matrices 3; are approximately constant in
small time windows (e.g., smoothly changing or piece-wise constant). This is required to
obtain accurate estimates of Xy, which we then (approximately) joint block diagonalize
(see Section 2.4.1.1). Similarly, we assume that o is approzimately constant in the
adaptation window, in order to perform the adaptation step (see Setting 2.2.1). In the
historical data, however, yo; can vary arbitrarily fast in the residual subspace (| v e
mains constant, of course). Intuitively, even if o+ does not change in a structured way,
its progection Ilginvyos on the invariant subspace remains constant across time points.

We provide an example in which vo ¢ is quickly varying in Appendiz 2.A.2.
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2.3 Analysis of the two ISD tasks: zero-shot generalization
and time adaptation

We now analyze the two prediction tasks that can be solved with the ISD framework
introduced in the previous sections, namely (i) the zero-shot task and (ii) the adaptation
task. We consider Setting 2.2.1 and assume for (i) that only the historical data is available,
while for (ii) we assume to also have access to the adaptation data. Throughout the
remainder of this section we assume that the invariant and residual subspaces are known
(they can be computed from the joint distributions), which simplifies the theoretical
analysis.

2.3.1 Zero-shot task

We start by analyzing the zero-shot task, in which no adaptation data are observed, but
only historical data and X;«. Under the generalization assumption (Assumption 2), Sinv
is opt-invariant on N and we can characterize all possible models defined as in (2.1.1) by
the possible variations of the true time-varying parameter in the residual space 8™, or,
equivalently, by all possible values of 7o — 8"V € S™. We then obtain that 5™ is worst
case optimal in the following sense.

Theorem 2.3.1. Under Assumptions 1 and 2 it holds for allt € N that

B = arg max inf AVar(f).
BERP 70,6 ERP:
'YO,t_BmVESreS

We further obtain from Proposition 2.2.10 (#4i) that, under an additional condition,
B™ is worst case optimal among all time-invariant parameters. This characterization
of A"V allows for a direct comparison with the maximin effect by Meinshausen and
Biihlmann [2015], which we report in more detail in Remark 2.3.2. In absence of further
information on §;¢°, Theorem 2.3.1 suggests to use an estimate of BV of BV to predict

Y, ie., Yo = X180,

Remark 2.3.2 (Relation to maximin). The mazimin framework introduced by Mein-
shausen and Bihlmann [2015] considers a linear regression model with varying coeffi-
cients, where the variations do not necessarily happen in a structured way, e.g., in time.
Translated to our notation and restricting to time-based changes, their model can be ex-
pressed for t € [n] as

Y, = Xt—l—pyo,t + €,

where Ele; | X¢] = 0 and the covariance matriz 2 = Var(Xy) does not vary with t. The
maximin estimator mazximizes the explained variance in the worst (most adversarial)
scenarto that is covered in the training data; it is defined as

S = arg max min AVar:(3).
BeRp  t€[n]
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The mazimin estimator guarantees that, for all t € [n], Cov(Y; — X, ™™, X, gmm) >
and therefore AVary (™) > 0 [see Meinshausen and Biihlmann, 2015, Equation (8)].
This means that the maximin relies on a weaker notion of invariance that only re-
quires the left-hand side of (2.2.5) to be non-negative instead of zero. This implies
that ™ is in general more conservative than ™™ in the sense that, for all t € [n],
AVary (™) > AVar,(8™). By finding the invariant and residual subspaces, we deter-
mine the domain in which oy varies and assume (Assumption 2) that this does not
change even at unobserved time points. The parameter ™ is then worst case opti-
mal over this domain, and guarantees that the explained variance remains positive even
for scenarios that are more adversarial than the ones observed in [n|, i.e., such that
AVar(8™") < minggp,) AVary(8™™) for some s € {n+1,n+2,...} (see, for evample,
the results of the experiment described in Section 2.5.1 cmd shown in Figure 2.1.2). Fur-
thermore, the decomposition allows for time adaptation (see Section 2.2.3), which would
not be possible starting from the mazimin effect.

2.3.2 Adaptation task

We now consider the adaptation task in which, additionally to the historical data, adap-
tation data are available. Adaptation data can be used to define an estimator for the
residual component §;2°, which we denote by 511{5?5. This, together with an estimator Binv
for 8™ fitted on the historical data gives us an estimator 5P = iy 4 Strfs for the true
time-varying parameter. We compare this estimator with a generic estimator 44+ for g ¢+
which uses only the adaptation data.

To do so, we consider the minimax lower bound provided by Mourtada [2022][Theorem
1] for the expected squared prediction error of an estimator 4 computed using n i.i.d.
observations of a random covariate vector X € RP and of the corresponding response Y.
It is given by

inf sup Ep[(X " (5 —7))?] > 02, (2.3.18)
7 Pep

where P is the class of distributions over (X,Y") such that Y = X Ty +¢ E[e | X] =0
and E[e? | X] < o2 It follows from (2.3.18) that, for a generic estimator 4= of ~g ¢
based on the adaptation data alone, we can expect at best to achieve a prediction error
of o2 42 where 02, is the variance of ¢ for t € 78 (which is assumed to be constant).
We can improve on this if we allow the estimator 44+ to also depend on the historical
data. To see this, observe that we can always decompose 4= = ﬁ + b4+ with ﬁ € S and
e € ST, Moreover, under Assumption 2 we can split the expected prediction error of
A= at t* accordingly as

E[(X (e = 040))°] = E[((Tgime Xo=) (8 = £™))?] + E[((Hsres Xp) T (8- — 615))7):

Then, B represents an estimator for 5™ and can be computed on historical data®, whereas

3In principle, an estimator for 8™ could be computed using both historical and adaptation data.
However, the ISD procedure is motivated by scenarios in which the size of historical data is very large
(and n > m): this means that it could be computationally costly to update the estimate for the invari-
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2.4 ISD estimator and its finite sample generalization guarantee
b+ estimates 0;*° and is based on adaptation data: by decomposing ¢ in this way, the
best prediction error we can hope for is of the order dlm(f )4 dlmgf ). In Section 2.4, we
prove that 4P indeed achieves this bound in Theorem 2.4.1. If the invariant subspace
is non-degenerate and therefore dim(S™) < p, and n is sufficiently large, this implies

that ’y%*SD has better finite sample performance than estimators based on the adaptation
data alone.

2.4 ISD estimator and its finite sample generalization
guarantee

We now construct an empirical estimation procedure for the ISD framework, based on
the results of Section 2.2.2 and on Algorithm 1 described in Section 2.2.3. Throughout
this section, we assume that Assumptions 1 and 2 are satisfied.

We assume that we observe both historical and adaptation data as in the adaptation
task. We use the historical data to first estimate the decomposition of R? into S™
and 8™ employing a joint block diagonalization algorithm (Section 2.4.1). We then
use the resulting decomposition to estimate S™. Finally, we use the adaptation data
to construct an estimator for 6;* in Section 2.4.2. In Section 2.4.3 we then show the
advantage of separating the optimization as in (2.1.3) to estimate 7o+ at the previously
unobserved time point t*, by providing finite sample guarantees for the ISD estimator.

2.4.1 Estimating the subspace decomposition
2.4.1.1 Approximate joint block diagonalization

We first need to find a good estimator for the covariance matrices ¥;. Since only one
observation (X, Y;) is available at each time step t € [n], some further assumptions are
needed about how 3; varies over time. Here, we assume that ¥; varies smoothly with
t € [n] and is therefore approximately constant in small time windows. We can then
consider a rolling window approach, i.e., consider K windows in [n] of length w < n
over which the constant approximation is deemed valid, and for the k-th time window,
k € {1,...,K}, take the sample covariance f]k as an estimator for X; in such time
window.

Given the set of estimated covariance matrices {ik}szl, we now need to estimate an
orthogonal transformation U that approximately joint block diagonalizes them. We pro-
vide an overview of joint block diagonalization methods in Section 2.A.3 in the appendix.
In our simulated settings, we solve the approximate joint block diagonalization (AJBD)
problem via approximate joint diagonalization (AJD), since we found this approach to
represent a good trade off between computational complexity and accuracy. More in
detail, similarly to what is proposed by Tichavsky and Koldovsky [2012], we start from
the output matrix V' € RP*P of the uwedge algorithm by Tichavsky and Yeredor [2008],

ant component every time new adaptation data are available, without a significant gain in estimation
accuracy. For this reason, we only consider estimators for ™ that use historical data.
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2 Invariant Subspace Decomposition

which solves AJD for the set {3}/, i.e., it is such that for all k € {1,..., K} the
matrix V',V is approximately diagonal. We then use the off-diagonal elements of the
approximately diagonalized covariance matrices to identify the common diagonal blocks.
As described more in detail in Section 2.A.3, this is achieved by finding an appropriate
permutation matrix P € RP*P for the columns of V' such that for all k € {1,..., K} the
matrix (VP)T 3, (V P) is approximately joint block diagonal. The estimated irreducible

joint block diagonalizer is then given by U = VP. We denote by qunaX the number

of estimated diagonal blocks and by {3‘ }?Eﬁ" the estimated irreducible orthogonal and
(Xt)e[n)-decorrelating partition.

2.4.1.2 Estimating the invariant and residual subspaces

We now estimate the invariant and residual subspaces using the estimated irreducible
joint block diagonalizer U. To do so, we first estimate the true time-varying parameter
Yo0,t using similar considerations as the ones made in Section 2.4.1.1. We assume for
example that 70+ is approximately constant in small windows (for simplicity, we con-
sider the same K windows defined in Section 2.4.1.1). This assumption is helpful to
define the estimation procedure, but is not strictly necessary for the ISD framework to
work. We show in Appendix 2.A.2 that the procedure can still work if this assump-
tion is violated. We then compute the regression coefficient 4 of Y on Xy, where
Y, € R¥*! and X;, € RY*P are the observations in the k-th time window?. We use
the estimates 9y to determine which of the subspaces identified by U are opt-invariant.
For all j € {1,...,4Y,.}, we take the sets of indices S; as defined in Proposition 2.2.8,
and consider the estimated orthogonal projection matrices ng =U SJ'(f] Si)T from RP

onto the j-th subspace $’| of the estimated irreducible orthogonal partition. It follows
from Lemma 2.2.4 that we can find the opt-invariant subspaces by checking for all
j e {1,...,4Y,.} whether HSAJ_% remains approximately constant for k € {1,..., K}.

To do so, let 4 = (Eszl Var(4) 1)~} Zszl Var(4;) !4, be the average of the esti-
mated regression coeflicients inversely weighted by their variance. We further use that,
by Lemma 2.6.7, if Sj is opt-invariant on [n] then the weighted average of the (ap-
proximately constant) projected regression coefficient ng%, ie., ngfy, approximately
satisfies the time-invariance constraint (2.2.5). This approach is motivated by Propo-
sition 2.2.10 (7i7). If the corresponding assumption cannot be assumed to hold, other
methods can alternatively be used to determine whether II s, A is constant, e.g., checking
its gradient or variance. In (2.2.5), we can equivalently consider the correlation in place
of the covariance, that is, corr(Y; — X,'3, X, 3) = 0: an estimate of this correlation
allows us to obtain a normalized measure of (2.2.5) that is comparable across different

4We have so far omitted the intercept in our linear model, but it can be included by adding a constant
term to X; when estimating the linear parameters. We explicitly show how to take the intercept into
account in Section 2.B in the appendix.
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2.4 ISD estimator and its finite sample generalization guarantee

experiments. Formally, we consider for all k£ € {1,..., K} and for all j € {1,... ,qgax}
é]i = Corr(Yy — Xk(ng’?),Xk(ng’AY))

and check, for all j € {1,...,q¥. .}, whether
K
1
2
k=1

for some small threshold A € [0,1]. The threshold A can be chosen, for example, us-
ing cross-validation (more details are provided in Section 2.A.4 in the appendix). An
estimator of the invariant and residual subspaces is then given by

SV = &y Sj, S = &y Sj, (2.4.20)

je{]‘?"'?ql["{"[ax}: je{17"'7QIléaX}:
(2.4.19) is satisfied (2.4.19) is not satisfied

&

<A (2.4.19)

where we approximate opt-invariance with the inequality (2.4.19) being satisfied.

2.4.2 Estimating the invariant and residual components

Let U™ and U™ be the submatrices of U whose columns span S and Sres, respectively.
We propose to estimate 3™ using the following plug-in estimator for (2.2.14)

Binv — Uinv((Uinv)TXTXUinv)—l(Uinv)TXTY‘ (2421)

We consider now the new observation of the covariates Xy at time t* and the adap-
tation data (X, Y:),ezea introduced in Setting 2.2.1, and denote by X! € R™*P and
Y2l ¢ R™*! the matrices containing this adaptation data. Similarly to Bi“", using
(2.2.16) we obtain the following plug-in estimator for §;°

Sl{fs — UreS((UreS)T(Xad)TXadUreS)—l(ﬁreS)T(Xad)T(Yad _ XadBmV)‘ (2.4.22)
We can now define the ISD estimator for the true time-varying parameter at t* as
48D .= pinv 4 gres, (2.4.23)

A prediction of the response Y- is then given by Y;- = X LAD,
We provide the pseudocode summarizing the whole ISD estimation procedure in the

Appendix 2.B.

Example 2.2.6 (Continued). Assume that in Example 2.2.6 the true time-varying pa-
rameter at time pointst € {n+ 1,n+2,...} is given by

ad _ [140.5v3 = 1.5V3 % sin? (L2 + 1)

n

Y0471 VB =05+ 15422 sin?(4=2 4 1)
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2 Invariant Subspace Decomposition

for some T € N. We can verify that HSQ'YOt = Is,v0,t = B, and therefore the invariant
and residual subspaces defined on [n] generalize to {n+1,n+2,...} and Assumption 2 is
satisfied. Moreover, we obtain that fort € {n+1,...} the residual component expressed
under the irreducible orthogonal partition basis is

U — 1 — 342 sin? (A2 + 1)

0
The first entry now takes values in [—1.5,1], which is disjoint from the range of values
of the first coordinate observed in [n] (which was [1,3]).

We now take T = 350 and consider an online setup in which we sequentially observe
X[ at a new time point t* € {n+1,...}, and assume that Y; is observed until t = t* — 1.
We take as historical data the observations on [n], and consider as adaptation data the
observations in windows T = {t* —m, — 1} of length m = 16. After estimating
B on historical data, we use the adaptatwn data to estimate 0;° and the OLS solution
'yt*LS. We repeat this online step 350 times (each time increasing t* by one). Figure 2.1.1
shows the results of this experiment.

2.4.3 Finite sample generalization guarantee

Considering the setting described in Section 2.2.3, we now compare the ISD estimator in
(2.4.23) with the OLS estimator computed on Z2¢ | i.e., 4255 = ((X2d) TxXad)~1(xad)Tyad,
We assume that we are given the (oracle) subspaces S and 8™, and consider the ex-
pected explained variance at t* of WISD and &SLS. More in detail, the expected explained
variance at t* of an arbitrary estimator 4 of v is given by

E[AVary ()] = E[Var(Y;) — Var(Yy — X145 | 9)]. (2.4.24)

Evaluating (2.4.24) allows us to obtain a measure of the prediction accuracy of 4: the
higher the expected explained variance, the more predictive the estimator is. This also
becomes clear by isolating in (2.4.24) the term E[Var(Y; — X,14 | 4)], which represents
the mean square prediction error obtained by using 4 (see Remark 2.2.3). Our goal is
to show that the explained variance by 4P is always greater than that of the OLS
estimator.

Theorem 2.4.1. Assume Assumption 2 and that, in model (2.1.1), 7o+ and the variances
of Xt and € do not change with respect tot € 724 Ut*, and denote them by o+, X+ and
o2 respectively. Moreover, let c, o2 ‘max > 0 be constants such that for all n € N it holds
that 02 . > maxer, Var(e) and for all m € N with m > p, Amin (£ (X2d) Txad) >
almost surely, where Amin(-) denotes the smallest eigenvalue. Further assume that the
invariant and residual subspaces S™ and S* are known. Then, there exist Ciny, Cres > 0
constants such that for all n,m € N with n,m > p it holds that

MSPE(F2P) = E[(Xi (3P — 70.4))?] < 02 o 2E) Oy + 02, 825D 0

€,max
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2.5 Experiments

Furthermore, for all n,m € N with n,m > p it holds that

MSPE(§O1S) — MSPE(§{SP) > 2, dm(S™) _ 52 dim(S™) ¢y .

From the proof of Theorem 2.4.1 it follows that Cyes can be chosen close to 1 if we
only consider sufficiently large m. Moreover, because MSPE(42M5) — MSPE(5/5P) =
E[AVar (4°P)] — E[AVar (32"9)], Theorem 2.4.1 implies that if dim(S™) > 1 and n
sufficiently large then

E[AVary (%{?D)] > E[AVar (%QLS)]'

The first term in the difference between the expected explained variances (or MSPEs)
depends on the dimensions of the invariant subspace and of the time-adaptation window
724 there is a higher gain in using 45 instead of 42 if the dimension of S™ is large
and only a small amount of time-points are available are available in the adaptation data.

2.5 Experiments

To show the effectiveness of the ISD framework we report the results of two simulation
experiments and one real data experiment. The first simulation experiment evaluates the
estimation accuracy of the invariant component Binv for increasing sample size n of the
historical data. The second simulation experiment compares the predictive accuracy of
AP and 4P for different sizes m of the adaptation dataset, to empirically investigate
the dependence of the MSPE difference on the size of the adaptation data shown in
Theorem 2.4.1.

In both simulation experiments we let the dimension of the covariates be p = 10,
and dim(S™) = 7, dim(S8**) = 3, and generate data as follows. We sample a random
orthogonal matrix U, and sample the covariates X; from a normal distribution with
zero mean and covariance matrix US,U T, where 3 is a block-diagonal matrix with
four blocks of dimensions 2,4,3 and 1, and random entries that change 10 times in the
observed time horizon n. We take as true time-varying parameter the rotation by U of
the parameter with constant entries equal to 0.2 (we set these entries all to the same
value for simplicity, but they need not to be equal in general) corresponding to the blocks
of sizes 4 and 3, and time-varying entries—corresponding to the blocks of sizes 2 and
1-—equal to (1 — 1.5¢sin?(it/n +1))/n, where i € {2, ...,8} is the entry index (the values
of these coefficients range between —0.25 and 1). The noise terms €; are sampled i.i.d.
from a normal distribution with zero mean and variance 0 = 0.64. The dimensions
of the subspaces, S™ and 8™, and the true time-varying parameter Yo+ are chosen
to ensure that, in the historical data, X, 8™ and X, 67° explain approximately half
of the variance of Y; each. This choice allows for better visualization in the described

experiments.
In Section 2.5.3 we repeat the same experiments on real data coming from a controlled
physical system (light tunnel) developed by Gamella et al. [2025]. The data used in this

experiment is available at https://github.com/juangamella/causal-chamber. The
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Figure 2.5.4: MSE of 3™ for increasing size of the historical data n (see Section 2.5.1).
For larger values of n, the estimation of the invariant subspace decompo-
sition becomes more precise and leads to smaller errors in the estimated
invariant component Bi“".

code for the presented experiments is available at https://github.com/mlazzaretto/
Invariant-Subspace-Decomposition. The implementation of the uwedge algorithm
is taken from the Python package https://github.com/sweichwald/coroICA-python
developed by Pfister et al. [2019D].

2.5.1 Invariant decomposition and zero-shot prediction

We first estimate the time invariant parameter 8™ for different sample sizes n of the
historical data. We consider n € {500, 1000, 2500, 4000, 6000}, and repeat the experiment
20 times for each n. To compute Bi“", we use K = 25 equally distributed windows of
length n/8 (see Section 2.4). Figure 2.5.4 shows that the mean squared error (MSE)
| 8™ — 3inv||2 converges to zero for increasing values of n.

We then consider a separate time window of 250 observations in which the value of
the time-varying coefficients (before the transformation using U) is set to —1. We use
these observations to test the zero-shot predictive capability of the estimated invariant
component, i.e., they can be seen as realizations of the variable X« introduced in Set-
ting 2.2.1 (we refer to this window as test data). We compare the predictive performance
of the parameter Binv on the historical and test data with that of the oracle invariant pa-
rameter A, the maximin effect 3mm [computed using the magging estimator proposed
by Biihlmann and Meinshausen, 2016], and the OLS solution BOLS, both computed using
the historical data. We show in Figure 2.5.5 the results in terms of the R? coefficient,
Sry (Var(Yy) —Var(Yi— X, §))

>t Var(Yr)

Figure 2.5.5 shows that the R? coefficient of the oracle invariant component 5™ re-

mains positive even for values of g, in the test data that lie outside of the observed

given by R? =

support in the historical data; for increasing n the same holds for the estimated Bin".
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Figure 2.5.5: Normalized explained variance (R?) by BV and comparison with gV, gmm
and BOLS: training (historical data, left) and zero-shot generalization (test
data, right), for different sizes n of the historical data (see Section 2.5.1).
The dashed line indicates the population value of the (normalized) explained
variance by BV,

Using 3OLS or Bmm leads instead to negative explained variance in this experiment.

The main limitation of the ISD method lies in the estimation of the invariant and
residual subspaces. As outlined in Section 2.4, this process consists of two main steps,
approximate joint block diagonalization and selection of the invariant blocks, both of
which are in practice sensitive to noise. In both steps, we implement our estimator to
be as conservative as possible, that is, such that it does not on average overestimate the
number of common diagonal blocks or the dimension of S™, to avoid including part of
the residual subspace into S This behavior is however hard to avoid if the size of the
historical dataset is not sufficiently large, therefore requiring large values of n for the ISD
framework to work effectively, see Figures 2.5.4 and 2.5.5.

2.5.2 Time adaptation

In the same setting, we now fix the size of the historical dataset to n = 6000, which we
use to estimate Bin", and consider a test dataset in which the time-varying coefficients
(before the transformation using U) undergo two shifts and take values —0.5 and —2
on two consecutive time windows, each containing 1000 observations. We assume that
the test data are observed sequentially, and take as adaptation data a rolling window
of length m contained in the test data and shifting by one time point at the time. We
use these sequential adaptation datasets to estimate the residual parameter S,fes and the

OLS solution 425, We then compute the squared prediction error of 4P = ﬁinv + Sies

and 4°™ on the next data point X;, 1, i.e., (Xt—_r,’_l(’yo’t+1 — 4))? and approximate the

corresponding MSPE using a Monte-Carlo approximation with 1000 draws from X
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2 Invariant Subspace Decomposition

(these correspond to the 1000 sequential observations in each of the two windows of the
test data). We repeat the simulation 20 times for different sizes of the adaptation window,
m € {1.5p, 2p, 5p, 10p}, and plot the obtained MSPE values for 4°™ against 4/5P. The
result is shown in Figure 2.5.6, and empirically supports Theorem 2.4.1, in particular that
the difference in the MSPEs of the OLS and ISD estimators is proportional to the ratio
% and is therefore larger for small values of m and shrinks for increasing size of the
adaptation data (additional details on this simulation are provided in Section 2.A.5 in

the Appendix). The ISD framework is particularly helpful in scenarios in which the size

m=1.5p m=2p m=bp m=10p
. 1 »® 1 1 1
] 109 3 E 3 E
5. 3 -
i 101 ] - i -
o 1073 1
=2 1 1 1 1
= 102 4 E E E
hALL B ELRLLLL B ELLLLLL B -""I ALY BEELELELLLLLL B -""I MELLRALLL BEELELELLLLLL B -""I AL BLELELRLLLL B
10-2 10~! 100 10-2 101! 100 10-2 10~! 109 10-2 10~! 100
® MSPE(5°P) MSPE(B™ + o)

Figure 2.5.6: MSPE comparison: %ISD (blue dots) vs. ,%OLS for p = 10 and various adap-
tation window lengths m (see Section 2.5.2). The ISD estimator achieves
lower MSPE than the OLS for smaller sizes m of the adaptation window,
while the two estimators become comparable for increasing m. The orange
dots show the MSPE of 5 (oracle) + 5{63 vs. 4258 if the subspace de-
composition is known, then the ISD always achieves lower MSPE than the
OLS.

of the available adaptation window is small (two first plots from the left in Figure 2.5.6).
Indeed, from Theorem 2.4.1 it also follows that the larger the dimension of the invariant
subspace the greater the advantage in using the ISD framework for prediction rather
than a naive OLS approach. A further benefit of the ISD estimator is that it allows us
to estimate 6/ for small lengths m of the adaptation window where dim(S™) < m < p
and OLS is not feasible.

We run a similar experiment to show (Figure 2.5.7) the average cumulative explained
variance on the adaptation data over 20 runs, both by estimators computed only on the
historical data and estimators that use the adaptation data. For visualization purposes,
we now consider the time-varying coefficients (before the transformation using U) equal
to (0.5 — tsin?(it/n 4 14))/n, where i € {2, ...,8} is the coefficient index, in the historical
data, and constantly equal to —0.3, —0.65 and —1 in three consecutive time windows
of size 150 on the time points after the historical data. We estimate 6/° and 4°S on
a rolling adaptation window of size m = 3p. The plot in Figure 2.5.7 shows that, on
average, the ISD framework, by exploiting invariance properties in the observed data,
allows us to accurately explain the variance of the response by using small windows for
time adaptation, significantly improving on the OLS solution in the same time windows.

38



2.5 Experiments

Ground truth
..... Yot

Time adaptation estimators
'AY1|§SD :Binv_i_(g;es

~ 0L
_,ytOS

Zero-shot prediction

Binv
—_— BOLS
T T T T T o Bmm
0 100 200 300 400
t

Figure 2.5.7: Average cumulative explained variance on the adaptation data and one stan-
dard deviation intervals (over 20 runs) by the true time-varying parameter
70+ and various estimators (see Section 2.5.2). When few data points are
available for adaptation at time ¢, the explained variance of the ISD es-
timator is significantly higher than that of the rolling window OLS, and
improves on invariance-based estimators such as the invariant component
A or the maximin 4™, Due to a shift of Y0t in the residual subspace, the
OLS computed on historical data can perform worse than the zero function.

2.5.3 Real data example

We now present a toy example that applies ISD to real data. The data used for this
experiment are collected using a controlled physical system developed by Gamella et al.
[2025]. The system, shown in Figure 2.5.8, consists of a light tunnel with a light source
XRrap whose emitted light passes through two polarizers with relative angle 6 between
them and is captured by a sensor placed at the end of the tunnel, behind the polarizers.
At the end of the tunnel there are two additional LED light sources, Xr,, and Xp,,,
whose emitted light is unaffected by the polarizers. The sensor Y := I3 measures the
overall infrared light at the end of the tunnel, which is affected by the intensity of the
RGB source and by the two LEDs. As described by Gamella et al. [2025], the effect of
Xrgp on Y is linear and depends on 6, more precisely, it holds that Y o< cos?(0) Xran
The dependence of Y on the two LEDs is instead independent of 6. We take Y as our
response, consider the covariates vector [XraB, Xrs,, X1s] | € R? and assume that the
angle € is unknown. Since we control the three light sources independently, and we expect
the dependence of the infrared light Y on the two LEDs to remain the same across time,
we hope to detect a nontrivial invariant subspace related to the two LED covariates.

The available dataset contains 8000 observations, collected under changing values of
the angle 6. The historical dataset contains the first 7000 observations, and the test
dataset the remaining 1000. Figure 2.5.9 shows the dependence of the response on the
three covariates, as well as the values of the response and of cos?(6) through time.

We apply ISD on the historical data to find an invariant component ﬁin". For compari-
son, we also compute the maximin Bmm [Biithlmann and Meinshausen, 2016] and the OLS
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Figure 2.5.8: Illustration of the light tunnel, see Section 2.5.3. The figure is taken from
Gamella et al. [2025] (published under a Creative Commons Attribution
4.0 International License (https://creativecommons.org/licenses/by/
4.0/)). The variables of interest in our experiment are the RGB values of
the light source, the LEDs intensities L3; and L3z, and the measurement
of the light sensor at the end of the tunnel Is.

R? ‘ historical data ‘ test data (zero-shot prediction)

[y 0.019 0.062
[FOLS 0.558 -10.703
[frm 0.477 -2.194

Table 2.5.1: Normalized explained variance (R?) by Binv and comparison with BOLS and
g™ training (historical data) and zero-shot generalization (test data); see
Section 2.5.3.

solution BOLS on historical data. We then use these estimated parameters for zero-shot
prediction on test data. Table 2.5.1 shows the R? _coefficient, defined as in Section 2.5.1
iy (Var(vy) —Var(Yi— X, §))
2= Var(Yy)
test data. The invariant component Bin" is the only estimator that achieves positive
explained variance on test data. This is because Bin" only captures the parts of the vari-
ance that can be transferred to the test data, as can be seen from the lower explained
variance compared to BOLS on the historical data. The estimated invariant subspace
S™ = span{[—0.13910168, —0.95836843, —0.24936055] ' } has dimension 1 and shows in
particular that most of the invariant information is encoded in the two LEDs, with high-
est weight given to X, . This is expected since the LEDs intensities are not affected
by the changing angle between the two polarizers. Also the relatively small R? is ex-

, on historical and

as the fraction of explained variance R? =
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2.5 Experiments
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Figure 2.5.9: Dataset of the experiment discussed in Section 2.5.3. The top four figures
from the left show the dependence of the infrared measurement Y on the
covariates and on time ¢ (encoded by the colormap) for historical data.
The angle of the polarizers changes over time (top right) and thus has an
influence on the linear relationship between Y and Xrgp (top left). For
this experiment we assume that the angle 6 is unknown. The second row
shows the same quantities during test time, where the polarization angle
is much smaller (bottom right). The dependence between Y and the two
LEDs is small but significant (testing a reduced linear model without either
L3y or Lag against the full model results in p-values smaller than 10~%, both
for historical and test data).
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Figure 2.5.10: Cumulative explained variance on the adaptation data by the time adap-
tation estimators 5P and 495 and by the zero-shot predictors ™ and

BOLS; see Section 2.5.3.

pected: since the RGB light source is stronger than the two LEDs at the end of the
tunnel, most of the variance in Y is explained by the non-invariant component Xrap
(see Figure 2.5.9). However, it is not the case that the whole subspace spanned by the
two covariates corresponding to the LEDs is invariant, as we would have assumed from
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2 Invariant Subspace Decomposition

the knowledge of the physical system. An explanation is that due to the data collection
process there is nonzero observed correlation between Xrgp and Xr,,, but not between
Xrap and X1,, (on the historical data, we have corr(Xgrap, Xr,,) = 0.004 with p-value
0.723 and corr(XgraB, XLs,) = —0.107 with p-value smaller than 10717).

We also run the adaptation step considering as adaptation data a rolling window of size
m = 8 shifting through the test data. We show in Figure 2.5.10 the cumulative explained
variance obtained by ISD, by the OLS solution computed on the same adaptation data
and by the OLS solution and the invariant component computed on historical data. The
plot shows that 479 achieves the highest explained variance, with a small improvement
on the rolling window OLS 49L9. Indeed, in this particular example the size of the
invariant subspace is small (dim(S™) = 1) and by Theorem 2.4.1, we expect only a
small improvement.

2.6 Summary

We propose Invariant Subspace Decomposition (ISD), a framework for invariance-based
time adaptation. Our method relies on the orthogonal decomposition of the parame-
ter space into an invariant subspace S™ and a residual subspace S, such that the
maximizer of the explained variance over S™V is time-invariant. The estimation of the
invariant component 8™ on a large historical dataset and the reduced dimensionality
of 8™ with respect to the original parameter space RP allow the ISD estimator to im-
prove on the prediction accuracy of existing estimation techniques. We provide finite
sample guarantees for the proposed estimation method and additionally support the va-
lidity of our theoretical results through simulated experiments and one real world data
experiment.

Future developments of this work may investigate the presented problem in the case
of nonlinear time-varying models, and study how to incorporate the ISD framework in
specific applied settings such as contextual bandits.
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2.6 Summary

Supplement to ‘Invariant Subspace Decomposition’

2.A. Supporting examples and remarks

2.A.1 Example of non-uniqueness of an irreducible orthogonal partition

Assume that for all ¢ € [n] the covariance matrix 3; of X; takes one of the following two
values (and each value is taken at least once in [n])

2 0 0 300
=10 2 0o|,¥2=10 3 0
00 1 00 2

Define for all j € {1,2,3} the linear spaces S; = (e;), where e; is the j-th vector of the
canonical basis. Then since X! and X2 are (block) diagonal the partition S, Ss, S is an
irreducible orthogonal and (Xt)te[n]—decorrelating partition. Consider now the orthonor-
mal matrix

1/vV2 1/v/2 0
U= |-1/vV2 1/v/2 0
0 0 1

It holds that

U'siy =3t
U™y =2

Therefore, the spaces

i 1/v2 ) 1/v2 0
St=(|-1/vV2|), S=(|1/vV2|), S3=(|0])
0 0 1

also form an irreducible orthogonal and (X¢);c[,-decorrelating partition (this follows, for
example, from Proposition 2.2.8) but {Sy, S, Ss} # {S1, S2, S5}

Then, if we assume for example that ~o; = [1, t, 1}T, given the first partition
we obtain S™ = &1 @ S3, whereas given the second partition it holds that HSﬂO,t =

[%, %, O]T and HSQ’YO,t = [%, %, O]T and therefore SV = S, leading to

Assumption 1 not being satisfied.

2.A.2 Example of quickly varying 7y, and zero-shot generalization

We repeat the same simulation described in Section 2.5.1 but now consider non-smooth
variations of 79 ;. More specifically, the only difference from the simulation described in
Section 2.5.1 is that we let the 3 time-varying entries of 4o+ (prior to its rotation by U)
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2 Invariant Subspace Decomposition

Figure 2.A.1: MSE of B for increasing size of the historical data n. For larger values of
n, the estimation of the invariant subspace decomposition becomes more
precise and leads to smaller errors in the estimated invariant component
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Figure 2.A.2: Normalized explained variance (R?) by Bm" and comparison with gV, Bmm
and BOLS: training (historical data, left) and zero-shot generalization (test
data, right), for different sizes n of the historical data. The dashed line
indicates the population value of the (normalized) explained variance by

vary quickly with ¢. More specifically, at each time point each one of the 3 entries is
sampled uniformly in an interval of width 1 centered around a value which changes 20
times in the observed time horizon n. These centers are randomly sampled in [0, 1.2].
These choices of the sampling intervals ensure that the experiments are comparable
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2.6 Summary

for different sizes n of the historical data and that there is a shift in vp; outside of
the observed support in the test data (which is generated as in Section 2.5.1). This
experiment supports Remark 2.2.11, showing that we do not need assumptions on the
type of changes in 7o in the historical data.

In particular, Figure 2.A.1 shows that the MSE of Binv converges to zero for increasing
values of n, that is, we are able to estimate the invariant component even when vy is
quickly varying in the historical data.

Moreover, Figure 2.A.2 shows the results in terms of the R? coefficient. In particular,
for n large enough, the R? coefficient of the estimated invariant component ﬁinv remains
positive even for values of the test data that lie outside of the observed support.

2.A.3 Methods and computational complexity of joint block
diagonalization

In the context of joint block diagonalization, we can differentiate between methods that
solve the exact problem (JBD), i.e., are such that the transformed matrices have exactly
zero off-block diagonal entries, and approximate methods (AJBD), which assume the
presence of noise and aim to minimize the off-block diagonal entries, without necessarily
setting them to zero.

JBD is in general an easier problem, and algorithms that solve it have been shown
to achieve polynomial complexity [see, e.g., Murota et al., 2010, Tichavsky et al., 2012].
Many of these methods, e.g., the one presented by Murota et al. [2010], are based on
eigenvalue decompositions. Alternatively, as shown by Tichavsky et al. [2012], some
algorithms that solve the problem of approximate joint diagonalization (AJD) of a set of
matrices, such as uwedge developed by Tichavsky and Yeredor [2008], can also be used for
JBD. More in detail, a solution to AJD is a matrix that maximally jointly diagonalizes a
set of matrices by minimizing the average value of the off-diagonal entries; if the matrices
in the set cannot be exactly jointly diagonalized, the transformed matrices will have some
non-zero off-diagonal elements. Adding an appropriate permutation of the columns of
the joint diagonalizer allows to reorganize the non-zero off-diagonal elements into blocks,
leading to jointly block diagonal matrices: in Section 4.3 of their work Gutch and Theis
[2012] argue that if the matrices to be block diagonalized are symmetric, then the solution
found in this way is also an optimal JBD solution.

However, in general, methods for JBD cannot be directly applied to solve AJBD. Algo-
rithms that solve AJBD directly—based on the iterative optimization of a cost function
via matrix rotations—have been developed, for example, by Tichavsky and Koldovsky
[2012] and Févotte and Theis [2007], but require the number of diagonal blocks to be
known in advance. Alternatively and similarly to how JBD can be solved by AJD meth-
ods, one can also, with some slight modifications, use AJD methods to solve AJBD. More
specifically, some heuristics need to be used to determine the size of the blocks: these can
consist, for example, in setting a threshold for the non-zero off-block-diagonal elements
in the transformed matrices.

In the (orthogonal) settings considered here, we have found the last approach to work
effectively. More specifically, in Section 2.4.1.1, we have denoted by V' the AJD solution
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2 Invariant Subspace Decomposition

for the set of estimated covariance matrices {3} . Similarly to how Tichavsky and
Koldovsky [2012] suggest to determine a permutation of the AJD result, we proceed
in the following way. To discriminate the non-zero off-block-diagonal entries in these
matrices, we start by computing the following auxiliary matrix using V'

Y= MaXge(1,... K} |VT2A:I<;V|,

where the maximum is taken element-wise. The matrix ¥ captures in its off-diagonal
entries the residual correlation among the components identified by AJD, for all the K
jointly diagonalized matrices. For all thresholds 7 € R, we let P(7) € RP*P denote one
of the permutation matrices satisfying that P(7) "X P(7) is a block diagonal matrix if all
entries smaller than 7 are considered zero. We then define the optimal threshold 7* by

Pua(T)
p2

K
T € arngin % Z OBD,(|(VP(1))"Sp(VP()|) + v
k=1

where OBD,(-) denotes the average value of off-block-diagonal entries (determined by
the threshold 7) of a matrix, pyq(7) is the total number of entries in the blocks induced
by 7 and v € R is a regularization parameter. The penalization term pbd—,@ is introduced
to avoid always selecting a zero threshold, and the regularization parameter is set to
v = % Zszl )\min(ik) where Apin(-) denotes the minimum eigenvalue. The optimal
permutation is then P* := P(7*) and the estimated irreducible joint block diagonalizer

is U =VP*.

2.A.4 Threshold selection for opt-invariant subspaces

In the simulations, we select the threshold A in (2.4.19) by cross-validation. More in
detail, we define the grid of possible thresholds A by

U
A= {o,;(zi; EINES r}

where, forall j € {1,...,¢%, Yandk € {1,..., K}, & = &H(Yk—xk(nsj@),xk(ngﬁ)).
We then split the historical data into L = 10 disjoint blocks of observations, and for all
jeA{l,...,J} denote by X; and Y, the observations in the ¢-th block and by X_, and
Y _; the remaining historical data. For all possible thresholds A € A we proceed in the
following way. For all folds ¢ € {1,...,L}, we compute an estimate for the invariant
component as in (2.4.20) using X_; and Y_,, which we denote by ™~£(\). Inside the
left-out /-th block of observations, we then consider a rolling window of length d = 2p
and the observation at t* immediately following the rolling window: we compute the
residual parameter 6°5()) as in (2.4.22) using the d observations in the rolling window,
and evaluate the empirical explained variance by ™ ¢(\) 4 6X%(\) on the observation
at t*, i.e., -
AVar- (A) = (Yie)? — (Ve — XL (™7 (0) + 6525(0)2.
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2.6 Summary

We repeat this computation for all possible t* € Z,, where Z, denotes the time points
in the /-th block of observations excluding the first d observations, and define AVarz\ =
ﬁ Zt*GIg AVarg(A). For all A € A, we denote the average explained variance over

the L folds by AVar = %Zle AVarz\ and the standard error (across the L folds)
of such explained variance as Se(AVar)\) = %\/ ZKL:l(AVarZ\ — AVar)\)? Moreover, let

)\max

= argmax,c, AVar”. Then, we choose the optimal threshold as

ma.

: A Ammax oA
A* == min {/\ €A ‘ AVar” > AVar — te se(AVar )} ,
which is the most conservative (lowest) threshold such that the corresponding explained
variance is within tge (in our simulations, we choose tge = 1) standard errors (computed
across the folds) of the maximal explained variance.

2.A.5 Further simulation details: MSPE comparison

In Section 2.5.2 we present a simulated experiment in which we compare the ISD esti-
mator and the OLS estimator on the time adaptation task. Figure 2.5.6 shows that the
difference in the MSPE for 4°™5 and 4/°P is positive and decreases for increasing val-
ues of m. To further support the statement of Theorem 2.4.1, we show in Figure 2.A.3
the value of such difference against agdw, when computing 'AytISD both with the
estimated and oracle invariant component. The figure shows that the difference in the
MSPEs indeed satisfies the bound stated in Theorem 2.4.1, i.e., it is always greater than
Ugd%. Moreover, it shows that for small values of m the gain in using the ISD
estimator over the OLS is even higher than what the theoretical bound suggests, indi-
cating that it is not sharp for small m. We further show in Figure 2.A.4 the MSPE of

418D (again computed both with the estimated and oracle invariant component) against

agd%, obtaining in this case an empirical confirmation of the first bound presented

in Theorem 2.4.1.
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2 Invariant Subspace Decomposition

Figure 2.A.3: Difference in the MSPE of 4°™ and 4/°P (and an oracle version of 4;
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based on the true 8"V) with respect to Ugd%sim) for different values of
m. The computed difference is larger than agdw for all values of m
(in the oracle case), empirically confirming the lower bound obtained in
Theorem 2.4.1. The filled dots in the boxplots show the mean over 20 runs

(while the empty dots represent the outliers).
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Figure 2.A.4: MSPE of 4/°P (and an oracle version of 4/°° based on the true ") with
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respect to Ugd% for different values of m. The computed MSPE is

smaller than agd% for all values of m (in the oracle case), empirically
confirming the upper bound obtained in Theorem 2.4.1. The filled dots in
the boxplots show the mean over 20 runs (while the empty dots represent

the outliers).



2.6 Summary

2.B. ISD estimation algorithm

We provide here the pseudocode summarizing the ISD procedure described in Section 2.4.
The algorithm includes the estimation of the intercept, that is, it considers for all ¢ € N
the model

Y, =10 + X 0 + € (2.B.1)

satisfying the assumptions of Setting 2.2.1 but with the addition of 78715 € R. In the

Algorithm 2 ISD: estimation
Input: observations (Xt7Y;)tE[n]UIad7 X+, number of windows K, A € [0,1]
Output: 37, 5;?5, A, A

1:

k)kelK] ([X<k}1>n,---,an Dkelx]
2 (Yi)relr) < ([YwKnn,---,Ykn Dkelx]

(X
(Y
(Ek)rerr) — {Var(Xe) beex]

20
s {[’Y’c” “ {OLS(Yk, [1% Xk])}

Yk ke[K] kelK]
e

K k=1 'S/k

U,{S;}4 jo1 apprOXIrreduc1bleJomtBlocleagonahzer((Zt)te[n]) > see Sec. 2.4.1.1

3:

> Find the opt-invariant subspaces to estimate S™, S*®S:
Svinv Svres —
for j=1,...,9do
10: HS‘~ — Usj(USj)T
J
1 (&)ker] < (COH(Yk —Xk(HA ), Xi (g 4)))kel k]
12: if L3N «— Sy S, > see Eq. (2.4.19)
13: else S Sres U Sj

14: > Invariant component estimation:

15: X+ [X1... X, Y« [V1...Y,)"

16: Y Uin"\//'a}(XUA'mV)_l(TC)\V(XUiHV,Y) > see Eq. (2.4.21)
17: > Adaptation step:

18 X [(X0)yeqnal T Y o [(V)yegua] T

19: (iffs — 0res\//zﬁ"(XadUres)_10/(;7(Xad[7res,Yad — XadBinV) > see Eq. (2.4.22)
20: > Intercept estimation:

21: if {’72}%[1(] approximately constant then 4. « 4°

22: else AP « R[Yad — Xadginv] _ E[Xad]3§58

23: Ypr Binv + 5,1;*65 > see Eq. (2.4.23)
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2 Invariant Subspace Decomposition

estimation of the intercept, the algorithm distinguishes between two cases: (a) the in-
tercept remains approximately constant in [n] UZ,q and (b) the intercept changes with
time but is assumed to be approximately constant in Z,q. In case (a), the computation
of 49 in line 21 of Algorithm 2 is done by averaging the estimated values of the (ap-
proximately constant) intercept on historical data. Alternatively, in case (a) we could
estimate the intercept simultaneously to the invariant component 5™: the whole vector
(including the intercept) can be computed by taking the OLS solution of regressing Y on
[1n XU i“V] and premultiplying it by [el U inv] (where e; is the p-dimensional vector
with the first entry equal to 1 and the remaining equal to zero) in place of lines 16 and
21 of Algorithm 2 (see Remark 2.6.1). In case (b), the intercept can instead be esti-
mated simultaneously to the residual component 5%65: the computation in line 22 of the
algorithm is equivalent to taking the first component of the OLS solution of regressing
yad — Xadginv op [1m XadUreS], premultiplied by [el (A]reﬂ.

Remark 2.6.1. Recall that the population OLS solution for the linear model (2.B.1) at
time t can be found by adding a 1 to the vector Xy and solving

0712
arg min [Y} 1 X/ [7 ” .
70y v

The problem has closed form solution

-l 22 - P

2.C. Extension to non-orthogonal subspaces

In Section 2.2.1 we have defined an orthogonal and (Xt)te[n]—decorrelating partition as a
collection {S;}jeq1,...q1 of pairwise orthogonal linear subspaces of R satisfying (2.2.6).
Finding the orthogonal subspaces that form the partition means in particular finding
a rotation of the original X-space such that each subspace is spanned by a subset of
the rotated axes, and the coordinates of the projected predictors onto one subspace
are uncorrelated with the ones in the remaining subspaces. In this section, we show
that orthogonality of the subspaces in the partition is not strictly required to obtain a
separation of the true time-varying parameter of the form (2.2.7), that is, more general
invertible linear transformations can be considered besides rotations. In particular, we
briefly present results similar to the ones obtained throughout Section 2.2 but where the
subspaces in the partition are not necessarily orthogonal. To do so, we define a collection
of (not necessarily orthogonal) linear subspaces Sy, ...,S; C RP with @?:1 S; =RP and
satisfying (2.2.6) a (Xi)¢e[n)-decorrelating partition (of cardinality q), and further call it
irreducible if it is of maximal cardinality. A (X;);g[,-decorrelating partition can still
be identified through a joint block diagonalization of the covariance matrices (¥¢)icn)
as described in Section 2.2.1.1 but with an adjustment. More specifically, instead of
assuming that the joint diagonalizer U is an orthogonal matrix, we only assume it is
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invertible and for all j € {1,...,q}, the columns of U% are orthonormal vectors. A
version of Proposition 2.2.8 in which the resulting partition is not necessarily orthogonal
follows with the same proof. Moreover, similarly to the orthogonal case, the uniqueness
of an irreducible (X;)ycpnj-decorrelating partition is implied by the uniqueness of an
irreducible non-orthogonal joint block diagonalizer for (3¢),c,); explicit conditions under
which such uniqueness holds can be found for example in the work by Nion [2011]. In the
results presented in the remainder of this section we adopt the same notation introduced
in Section 2.2.1.1, and we additionally define the matrix W :=U"".

A (Xt)te[n]-decorrelating partition of cardinality ¢ allows us to decompose the true
time-varying parameter into the sum of ¢ components. To obtain such a decomposition
via non-orthogonal subspaces, oblique projections need to be considered in place of or-
thogonal ones. Oblique projections are defined [see, e.g., Schott, 2016] for two subspaces
81,82 C RP such that S; @ Sy = RP and a vector z € RP as the vectors x; € S and
To € Sy such that x = x1 + x9: x1 is called the projection of z onto &1 along Ss, and
T3 the projection of x onto Sz along ;. For a (X);e|n-decorrelating partition {Sj}?zl,
we denote by Ps;|s_, the oblique projection matrix onto S; along eaie{l,.‘.,q}\{j} S;: this
can be expressed in terms of a (non-orthogonal) joint block diagonalizer U corresponding
to the partition as Ps s, = U% (W5 T. Orthogonal and (Xt)te[n)-decorrelating parti-
tions {S; }?:1 are a special case of (Xt),c|,-decorrelating partitions. In particular, if the
subspaces are pairwise orthogonal, it holds for all j € {1,...,q} that Ps,s-i = ls;.

By definition of oblique projections, for all ¢ € [n], we can express o+ as

q
Yo,t = Z Ps;|1s_;70,-
j=1

Similarly to how we define opt-invariance on [n| for orthogonal subspaces in Section 2.2.1,
we say that a subspace S; in a (X)se[nj-decorrelating partition is proj-invariant on [n]
if it satisfies for all ¢, s € [n] that

Ps;is_ ;704 = Ps;js_;7%0,s-

By Lemma 2.2.4 it follows that for orthogonal partitions proj-invariance is equivalent
to opt-invariance. For an irreducible (X¢);¢|,-decorrelating partition, we now define the
invariant subspace S™ and residual subspace S™° as

Sinv = @ j€{1,...,q}: Sj and &' = @ j€{1,...,q}: Sj'

S; proj-invariant on [n] Sj not proj-invariant on [n]

It follows directly by the definition of partitions that {S™,8™} is a (Xi)iep-
decorrelating partition. Moreover, S™ is proj-invariant on [n] since Pginv|gresY0t =
> JE{1,q): Ps;|s_;70,t- We finally define the invariant and residual components
S; proj-invariant on [n]
by
51nv = PSinv'Sres'?O a.nd (5;68 = Psres‘sinvﬁyoi-

o1
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We show in the following proposition that the expressions (2.2.14) and (2.2.16) used
to construct our estimators for the invariant and residual component in the case of
orthogonal partitions, remain valid in the case of non-orthogonal partitions.

Proposition 2.6.1. Let {Sj}?zl be a (Xt)ieln)-decorrelating partition and let U be a
joint block diagonalizer corresponding to that partition. Then, the following results hold.

(i) For allt € [n] and for all j € {1,...,q}

Ps,s ;700 = U% Var((U5) T X;) ™! Cov((U%) T Xy, V7). (2.C.1)

(ii) BV is time-invariant over [n] and

Binv — Uinv((Uinv)T@(X)Uinv)—l(Uinv)—l—ﬁ()g Y)

(iii) .
5;68 _ Ures((Ures)T Var(Xt)Ures)_l(UreS)TCOV(Xt, Y, — XtTBIHV)-

Proposition 2.6.1 implies in particular that, apart from the joint block diagonalization
differences, estimating 3™ and 8} in the non-orthogonal case can be done as described
in Section 2.4. Moreover, it holds that the parameter 8™ defined for non-orthogonal
(Xt)te[n)-decorrelating partitions is still a time—i.nvariant parameter. Under a generaliza-
tion assumption analogous to Assumption 2, ™ has positive explained variance at all
time points ¢ € N and can be used to at least partially predict vo (we have not added
this result explicitly). In addition, also in the non-orthogonal case the estimation of the
residual component only requires to estimate a reduced number of parameters, that is,
dim(8™) .

In the case of non-orthogonal partitions, however, we cannot directly interpret ISD
as separating the true time-varying parameter into two separate optimizations of the
explained variance over S™ and S™S.

Example 2.6.2 (non-orthogonal irreducible partition). Let X; € R? with covariance
matriz ¥, that for all t € [n] takes one of the following values

1 -05 0 4 -2 0
-0.5 1 0 or -2 7/2 0
0 0 1 0 0 1

These matrices are in block diagonal form and in particular the 2 X 2 submatrices forming
the first diagonal block do not commute. This implies that an irreducible (orthogonal)
joint block diagonalizer for these matrices is the three-dimensional identity matriz I3,
and the diagonal blocks cannot be further reduced into smaller blocks using an orthogonal
transformation. It also implies that an irreducible orthogonal and (Xt)te[n]—decorrelating
partition is given by {Sj}?zl with S = (e1,e2) and Sy = (e3), where e; is the j-th vector
of the canonical basis for R3.
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There exists, however, a non-orthogonal joint diagonalizer for these matrices, i.e., a
non-orthogonal matriz U such that ¥y = U S,U is diagonal. It is given by

1/vV/5 1 0
U=12/V/5 0 0
0 01

U induces an irreducible (Xt)te[n]—decorrelating partition by

1/V5 1 0
Su=(|2/VE|) = (U), S=(|0])=(U%), S:={(]0|)=U).
0 0 1

Let S™ and S™ be the invariant subspaces associated with the irreducible orthogonal
partition {Sj}?zl and the irreducible partition {Sj}gle, respectively. As any irreducible
orthogonal and (Xt),e|n)-decorrelating partition is also a (Xt)ye[n)-decorrelating partition,
1t in general holds that

dim(S™) < dim(S™).

Moreover, as in the explicit example above, the inequality can be strict.

2.D. Auxiliary results

Lemma 2.6.1. Let B € R™*™ be a symmetric invertible matriz, U € R™*™ an orthog-
onal block diagonalizer of B and Sy,...,S; C{1,...,m} disjoint subsets satisfying

(UsSHTBUST 0 .- 0
U'BU = 0
: " " 0
0 <o 0 (US)TBU®

Then it holds for all j € {1,...,q} that
~1
(s, BILs,)" = s, B~ 'L,
where Ils, = U (U%)7.

Proof. The pseudo-inverse A" of a matrix A is defined as the unique matrix satisfying:
(1) AATA = A, (ii) ATAAT = AT, (iil) (AAT)T = AAT and (iv) (ATA)T = ATA.

Fix j € {1...,¢} and define A := IIs; Blls; and Al = ngBfll'ISj. Moreover, define
B:=UTBU and for all k € {1,...,q}, By == (US)TBUS:. We now verify that condi-
tions (i)-(iv) hold for A and A" and hence A' is indeed the pseudo-inverse. Conditions
(ii) and (iv) hold by symmetry of B and Ilg. For (i) and (iii), first observe that by the
properties of orthogonal matrices it holds that Bl =UTB U , and, due to the block
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2 Invariant Subspace Decomposition

diagonal structure of B )
B! ()T
Bl = - : Bl [US ... U%. (2.D.1)

B;l (USq>T

Hence we get that Ej_l = (U%)TB~'U%. For (i), we now get

Is, Blls,I1s, B 1 115, BIls, = U% (U) T BU® (U%) T B~'US (U®) T BU® (US)T
= U%B;B; 'B;(U%)"
= Ils, BIls,.

Similarly, for (iii) we get

(HSjBHSj HSjB_ll_ISj)T USj (US]‘)TBUSj (USj)TB—lUSj (USJ‘)T)T
USjEjE;l(USj)T)T

- (HSj)T

~ Tis,.

=
=

This completes the proof of Lemma 2.6.1.
O

Lemma 2.6.2. Let N C N and let {Sj}gzl be an orthogonal and (Xy)ien -decorrelating
partition. Then, there exists a joint block diagonalizer of (X¢)ienr. More precisely, there
exists an orthonormal matriz U € RPXP such that for all t € N the matriz f]t =U"S,U
is block diagonal with q diagonal blocks it,j = (US)TS,U%, j € {1,...,q¢} and of
dimension |S;| = dim(S;), where S; C {1,...,p} indexes a subset of the columns of U.
Moreover, Ils; = Ui (USi)T.

Proof. Let U = (u1,...,u,) € RP*P be an orthonormal matrix with columns w1, ..., u,
such that for all j € {1,...,q} there exists S; C {1,...,p} such that S; = span({uy |
k € S;}). Such a matrix U can be constructed by selecting an orthonormal basis for
each of the disjoint subspaces {S; };?:1. Furthermore, assume that the columns of U are
ordered in such a way that for all 4,5 € {1,...,q} with ¢ < j it holds for all k € S; and
¢ € S; that k < ¢. As the matrix U is orthogonal, it holds for all j € {1,..., ¢} that
the projection matrix Ils; can be expressed as Ils;, = USi(U%)7 and hence using the
definition of orthogonal partition (see (2.2.6)) it holds that, for all ¢t € N,

f}t’l O --- 0
S=vuTsw=| % ]

L. .0

0 0 Sig
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2.6 Summary

where for all j € {1,...,q} we defined it,j = (U%)Tx,U% . O

Lemma 2.6.3. Let {Sj}?zl be an orthogonal and (Xt).e|n)-decorrelating partition. Then
it holds for all t € [n] and, for all j € {1,...,q}, that

Var (s, X;) " = TIs, Var (X,) ™' T, (2.D.2)

Proof. Let U € RP*P be an orthonormal matrix such that, for all ¢ € [n], S =U"%,U is
block diagonal with ¢ diagonal blocks ¥ 1,...,%;, of dimensions dim(Sy),. .., dim(S,).
Such a matrix exists by Lemma 2.6.2 and each diagonal block is given by flt,j =
(U®)T£U% and the projection matrix IIs; can be expressed as Ils; = USi(US)T,
The statement then follows from Lemma 2.6.1. O

Proof of Lemma 2.2.4

Proof. Let U € RP*P be an orthonormal matrix such that, for all t € [n], ¥ == U %,U is
block diagonal with ¢ diagonal blocks it,l, cee ityq of dimensions dim(Sy), ..., dim(S,).
Such a matrix exists by Lemma 2.6.2 and each diagonal block is given by itu’ =
(U9%)T2,U% and the projection matrix IIs; can be expressed as Ils; = USi(USi)T.

Now, for an arbitrary ¢ € [n] it holds using the linear model (2.1.1) that vo; =
X, L Cov(Xy,Y;) and hence we use U to get the following expansion

Yo, = X5 ' Cov(Xy, V3)
= U 'UT Cov(Xy, Yr)
St
=U U Cov(X,,Y;)

—1
L Zt,q

31 (US)T Cov(Xy, V7)

|54 (U%)T Cov(Xy, Y7)

By the properties of orthogonal matrices it holds that i;l = UTE;IU, and, due to the
block diagonal structure of >,

S (U’
5t = = Lot oS L U, (2.D.3)
E;ql (USq)T

)
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2 Invariant Subspace Decomposition

This implies that it_ jl = (U%) T2 'U% and therefore

(USHTEtUS (US)T Cov(Xy, Vi)
Yot =U :
(USa) "5 US(US) T Cov(Xy, Yy)
(U TS (US)T Cov(Xy, V)
— [Usl Usq]
(USa) TS U (US) T Cov(Xy,Yy)

Ui (U T 1 USH(USH) T Cov(Xy, V)

I
M=

<.
I
—

I
M=

Ils, 3 s, Cov(Xy, V)

<.
I
—

I
M=

Ils, 3 s, I1s, Cov(Xy,Yy)

.
Il
-

I
M=

Var(Ils, X;)" Cov(Ils, X¢, V7).

<.
Il
—

In the second to last equality, we have used that ILs; is a projection matrix and thus
idempotent. In the last equality we have used that Var(ngXt)T = s, %) 1H5j, by
Lemma 2.6.3. It now suffices to show that Ils;70, = Var(Ils, X))t Cov(Ils; X¢, Y:), which
follows from the following computation

q
s,04 = s; > T, Var(X;) ™ 'Ts, Cov(Ils, X¢, V7)
i=1
= IIs, Var(X;) 'IIs, Cov(Ils, X;,Y;)
= Var(Ils, X;)! Cov(Ils, X¢, Y2),
where the first equality follows from the first part of this proof and the third equality
follows from Lemma 2.6.3. O

Proof of Lemma 2.2.5
Proof. For all j € {1,...,q}, for all § € S; and for all ¢t € A it holds that

AVar(B) = 2 Cov(Yy, X;)B — B Var(X;)p
=2Cov(V;, O_f_ s, Xy))s, B — B I, Var(3_7_, Ils, Xi)1ls, 3
= 2 Cov(Y;, (s, X;))Is, 8 — B Is, Var(Ils, X )Is, 8
= 2Cov(Yy, (s, X4))B — B Var(Ils, X¢) B, (2.D.4)
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2.6 Summary

where the first equality follows by (2.2.4) and the third equality follows from the definition
of an orthogonal partition. It follows that

V(AVary)(8) = 2 Cov(Ils; Xy, Y3) — 2 Var(Ils, X) 3,

where V denotes the gradient. The equation V(AVar;)(/3) = 0 has a unique solution in
S;j given by Var(Ils, X Cov(Ils,; Xt, Y:). To see this, observe that all other solutions in
R? are given, for an arbitrary vector w € RP, by

Var(Ils, X;)" Cov(Ils, X, Y;) + (I, — Var(Ils, X¢)' Var(Ils, X;) )w (2.D.5)

where I, denotes the identity matrix. Let U € RP*P and (3¢)ien be defined for the
orthogonal and (X}):cp-decorrelating partition as in Lemma 2.6.2. We now observe that
\/'ar(l'ISth)T Var(Ils; X;) = Ils, E;IHSjHSjEtHSj (2.D.6)
— USj (US]‘)TEt—lUS]‘ (USj)TZtUSj (USj )T
=U> i;jlit»j(USj)T
= Is;.

where the first equality follows from Lemma 2.6.1, since U jointly block diagonalizes the
matrices (X¢)ien by Lemma 2.6.2. We can therefore rewrite (2.D.5) as

Var(Ils, X;) Cov(Ils, X, ;) + (I, — s, )w.

For all w € §;, this expression equals \/'ar(l_ISth)T Cov(Ils; Xt,Y;). Forall w ¢ Sj, it is
not in §;. This concludes the proof of Lemma 2.2.5. O

Lemma 2.6.4. {S™,8"} is an orthogonal and (Xy)iejn)-decorrelating partition.

Proof. Let {S; }321 be a fixed irreducible orthogonal and (X;);c[,-decorrelating partition

according to which S™¥ and S* are defined. By orthogonality of the subspaces in the
partition and by definition of S™ and S, S = (S™)L. Moreover, by definition of
orthogonal and (X;);[n-decorrelating partition, it holds that

Cov(ILgin Xy, Igres X;) = Cov( > Is, Xy, > Is, X;) = 0.
Je{l,...q}: Je{l,...q}:
S opt-invariant on [n] S, not opt-invariant on [n]
O

Lemma 2.6.5. S™ is opt-invariant on [n)].

Proof. That S™ is opt-invariant on [n] can be seen from the following computations. It
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2 Invariant Subspace Decomposition

holds for all ¢, s € [n] that

arg max AVar, () = Var(Ilgiw X;)' Cov(Iginv Xz, Y7)

ﬂesinv
= > Var(Ils, X¢)' Cov(Ils, X¢, Y7)
JE{1,....a}:
S; opt-invariant on [n]
= Z arg max AVar: (/)
JE(L, . PESi
S; opt-invariant on [n]
= Z arg max AVarg ()
JE{l Pes;
S; opt-invariant on [n]
= arg max AVar(f).
Besinv

The first equality holds by Lemma 2.2.5, since {S™, §**} is indeed an orthogonal and
(Xt)te[n]—decorrelating partition, see Lemma 2.6.4. The second equality follows from the
definition of S™ and can be proved by Lemma 2.2.4 and observing that the set of sub-
spaces {S; | j € {1,...,q} : S; opt-invariant on [n]} is an orthogonal and (ILginv Xt);e[n)-
decorrelating partition. The third equality holds by Lemma 2.2.5 and the fourth by
definition of an opt-invariant subspace on [n]. O

Lemma 2.6.6. Let {A;}}, be a set of n symmetric strictly positive definite matri-
ces. If there exists a matriv A € {A;}}, that has all distinct eigenvalues, then any
two irreducible joint block diagonalizers U, U for the set {A:}}_, are equal up to block
permutations and block-wise isometric transformations.

Proof. We start by observing that if a matrix is symmetric and has all distinct eigen-
values, then its eigenvectors are orthogonal to each other and unique up to scaling. We
define Q € RP*P as the orthonormal matrix whose columns are eigenvectors for A: @ is
then uniquely defined up to permutations of its columns.

We now exploit the results by Murota et al. [2010] used in the construction of an
irreducible orthogonal joint block diagonalizer for a set of symmetric matrices {A;}7
(not necessarily containing a matrix with all distinct eigenvalues). In the following, we
translate all the useful results by Murota et al. [2010] in our notation introduced for
joint block diagonalizers in Section 2.2.1.1. Murota et al. [2010] show in Theorem 1
that there exists an irreducible orthogonal joint block diagonalizer U such that, for
all t € [n], UTAU = gzl(fm]. ® At j), where ¢,m; € N, 0 < ¢,m; < p are such
that ¢V, = 25:1 mj, and A;; are square matrices (common diagonal blocks). Here
@ denotes the direct sum operator for matrices and ® the Kronecker product. They
further propose to partition the columns of the matrix U into ¢ subsets, each denoted by
U%, with j € {1,...,q} indexing the diagonal blocks and S; C{1,...,p} denoting the
subset of indexes corresponding to the selected columns in U®i, such that, for all ¢t € [n],
(USH)TAU% = I, ® Ay j. They then argue that, as a consequence of Theorem 1, the
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2.6 Summary

spaces spanned by such subsets of columns, i.e.,
U; = span{u® | k € S;}

are uniquely defined. We therefore only need to prove that, if at least one matrix in
the set {A;};~, has all distinct eigenvalues, then for all j € {1,...,q}, m; = 1. Such
condition implies that the diagonal blocks indexed by S;, j € {1,...,q}, are irreducible,
and ¢y = ¢-

The uniqueness of the spaces U/; then implies the uniqueness of the irreducible joint
block diagonalizer U up to block permutations and block-wise isometric transformations.
To show this result, we now use Murota et al. [2010, Proposition 1]. In particular, if
the set {A:}}", contains at least one matrix A with all distinct eigenvalues then the
assumptions of Proposition 1 are satisfied. Let {Q1,..., Q,} be the set of eigenspaces of
A and for all i € {1,...,p} let m; := dim(Q;) = 1. The proposition then implies that
for all i € {1,...,p} there exists j € {1,...,q} such that Q; C U;. Moreover, for all i
such that Q; C U; it holds that m; = m;. As a consequence, we obtain that, since the
eigenvalues of A are distinct, m; = --- = m, = 1 and therefore for all j € {1,...,q},
m; = 1. This concludes the proof for Lemma 2.6.6. ]

Lemma 2.6.7. Let {S;}_, be an irreducible orthogonal and (X¢)yc|n)-decorrelating par-
tition. Then, for all j € {1,...,q} it holds that

n T n
arg max AVar(f) = <le ZVar(ngXt)> ! ZCOV(HSth,Yt).

BES; =1 i

In addition, for all j € {1,...,q} such that S; is opt-invariant on [n], it holds for all
t € [n] that

arg max AVar(3) = Ils;70,t = s, 50.
BES;

Moreover, I1s,%o is time-invariant on [n].

Proof. Let U € RP*P and (St)te[n] be defined for the orthogonal and (X)se[n-
decorrelating partition as in Lemma 2.6.2. For all j € {1,...,¢} and for all § € S;
it follows from (2.D.4) that

AVar(8) = % S Cov(¥, Tls, X,)6 — BT% S Var(ILs, X,)3
t=1 t=1

which has gradient

V(AVar)(8) = % 3" Cov(Ils, Xi, i) — % S Var(Ils, X,)8.
t=1 t=1
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2 Invariant Subspace Decomposition

The equation V(AVar)(S) = 0 has solution equal to

. fon
1 1
gt = <n ZVaI"(HSth)> n Z Cov(ILs; X¢, 7).

t=1 t=1

By Lemma 2.6.1, it holds that (>}, Var(ngXt))T = s, (2 >0, Var(Xt))_lﬂgj
and therefore 5* € S;. In order to apply Lemma 2.6.1, we in particular use that U is
such that, for all ¢ € [n], ¥, = U'S,U is block diagonal with diagonal blocks given,
for all j € {1,...,q}, by ¥; = (U%)TX,U%. This implies that U (37, 8 U is
also block diagonal with diagonal blocks (U%)T (3}, %) USi. Moreover, its inverse
is block diagonal and, by the properties of orthogonal matrices, its diagonal blocks are
(USHT (0, 3) "' USi. It now remains to show that this is also the only solution in
S;. All other solutions in R? are given, for an arbitrary vector w € RP, by

n T n
. 1 1
B+ | I, — (n ZVar(ngXt)> (n ZVar(HSth)> w
t=1 t=1
=0" + (Ip — ng) w.
The equality follows from the following computation

n T n
(:L > Var(ngXt)> (712 > Var(ngXt)>

t=1 t=1

n -1 n
= Il (Z Var(Xt)) Is,11s, (Z Var(Xt)> IIs,
t=1

t=1

n -1 n
_ USj(USj)T (Z Et) USj (USj)T (Z Et) USj(USj)T
t=1 t=1
n -1 n
= U5 (Z it) (Z it) U=)"
t=1 t=1

= Ig,.

J

The first equality follows again from Lemma 2.6.1. For all w € §;, 8* + (I, — Ils;)w
equals §*. For all w € S;, B* + (I — Ils; )w is not in S;.
For all S; opt-invariant on [n] and for all ¢ € [n] it holds that

arg max AVar([3)
ﬁGSj

1 n
= arg max — AVar, (B
gm > (8)

s=1

60



2.6 Summary

= argmax AVar. (/)
,BESj

= Var(Ils, X;)" Cov(Ils, Xy, V;)
= Ils;v0.t,
where we used the definition of opt-invariance on [n] for the second equality, Lemma 2.2.5

for the third equality and Lemma 2.2.4 for the fourth equality. Since the result holds for
all ¢ € [n], it also follows that

HSj Yo,t = HSj ’_YO .

We now need to prove for all ¢ € [n] that Cov(Y; — X;HSjﬁ/o,X;ng%) = 0. To see
this, fix t € [n]. Then

Cov(Y; — X,/ TIs,90, X/ Is,70) = Cov(X, (70,0 — s, v0,6), X, s, v0,t)

q
= COV(X:(Z s, 70, — s, v0,0), Xy ILs,0,2)

=1
=Cov(X, > Tsr0s X, s, v0.)
i€{l,...,q}it)
= > 70, Cov(Ils, X¢, s, Xi)0,
1€{1,...,q}:i#j

=0.

The last equality follows from the definition of an orthogonal and (X¢).e[,-decorrelating
partition.
O

Lemma 2.6.8. Let {Sj}‘;:l be an irreducible orthogonal and (Xt),c|n)-decorrelating par-
tition and let S™ be the corresponding invariant subspace. Moreover, let Var(X) =
LS~ Var(X,) and Cov(X,Y) == 1377 | Cov(X,,Y;). Finally, let U™ be the subma-
triz of an arbitrary irreducible joint block diagonalizer U corresponding to the irreducible
orthogonal and (Xt)te[n}-decorrelatz‘ng partition whose columns span S™. Then,

Binv — UiHV((UiHV)TW(X)UiHV)*l (UinV)Tm(X7 Y) )
Proof. Expanding the definition of AV, we obtain that

™ = arg max AVar(S)
ﬁesinv

1 n
= argmax — E AVar(3)
Besinv n i—

n

1
= argmax — 2(2 Cov(Y;, Igine X;) 3 — B Var(Ilginv X;)3)
Igesinv n o—1
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2 Invariant Subspace Decomposition

1 — T1 "~
= - V Hian - C Hian,Y
(z (Tl a) DI

= M ginw Var(X) Mg Cov(X,Y)

— Uinv((Uinv)Tm(X)Uinv)—l(Uinv)T@(X’ Y)
The fourth equality follows from Lemma 2.6.7. The fifth equality follows by Lemma 2.6.1
(see the proof of Lemma 2.6.7). In the last equality we used that (U™) Var(X)~ U™ =
((U™) TVar(X)U™ )=, which follows from the properties of orthogonal matrices and

the block diagonal structure of U'Var(X)U: these imply that (U' Var(X)U)™! =
UTVar(X)~'U and

(US) TVar(X)U=)~!

((U®) " Var(X)U%)~!
(Usl)TW(X)—IUsl

(U%)TVar(X) US4

2.E. Proofs

2.E.1 Proof of Theorem 2.2.7

Proof. Let {S; }3:1 be an irreducible orthogonal and (X¢)[,-decorrelating partition and
define S and 8™ as in (2.2.11). By Assumption 2, {S™, 8"} form an orthogonal
and (X;);en-decorrelating partition and S™V is opt-invariant on N. Therefore, using
Lemma 2.2.4 and Lemma 2.2.5, we get for all ¢t € N that

v0,+ = arg max AVar(f3) + argmax AVar.(5).
Besinv ﬁesres

Furthermore, S™ opt-invariant on N implies that the first term, arg max geginv AVar(3),
does not depend on t and hence it holds for all ¢ € N that

~o.t = arg max AVar(f) + arg max AVar.(3).
ﬂesinv Besres

Moreover, Assumption 1 ensures that the invariant and residual subspaces can be
uniquely identified from an arbitrary irreducible orthogonal and (X¢).e[,-decorrelating
partition, and therefore all the above results do not depend on the considered partition.
This concludes the proof of Theorem 2.2.7. ]
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2.E.2 Proof of Proposition 2.2.8

Proof. (i) For all j € {1,...,¢U,.}, let U denote the submatrix of U formed by the
columns indexed by S;. Then, the orthogonal projection matrix onto the subspace S;
can be expressed as Ils, = U (U%)". It follows for all ¢ € [n] that

COV(HSZ.)Q7 HSth) = HSiZtHSj
— USi(USi)TEtUSj(USj)T
= 0’

where the last equality holds since (U)T%,U% is the (i, j)-th (off-diagonal) block of
it .= U'"%,U, which is zero due to the block diagonal structure of it. Irreducibility
of the orthogonal partition follows from the irreducibility of the joint block diagonal
decomposition.

(ii) The statement follows from Lemma 2.6.2, taking N = [n]. Irreducibility of the
joint block diagonalizer follows from the irreducibility of the orthogonal partition. O

2.E.3 Proof of Proposition 2.2.10

Proof. (i) First, observe that, by Lemma 2.6.4, {S™, §} is an orthogonal and (X;);ef,)-
decorrelating partition and that, by Lemma 2.6.5, S™ is opt-invariant on [n]. Then, by
definition of 4 and by Lemma 2.6.7 we get for all ¢ € [n] that

B = arg max AVar(3) = ginwyo,s = ginvTo-
Besinv

(ii) We need to prove for all ¢ € [n] that Cov(Y; — X' 8™, X, 8"V) = 0. To see this,
fix t € [n]. Then
Cov(Y, — X,/ 8™, X ™) = Cov(X' (vo — B™), X, ™)
= COV()(;r (Hsinv’}/o,t + HSres’)/O’t — Binv)’ XtT (Hsinv,@inv))
= COV(X;HSres’Yoyt, XtTHvaﬁinv)
= ’Y(It COV(HSreth, Hsiant)BinV
=0,
where the third equality uses ™V = I ginvyo, by Proposition 2.2.10 (i) and the last
equality follows from the fact that S™, S are an orthogonal and (Xt)tefn-decorrelating
partition by Lemma 2.6.4.
(iii) Let B™ denote the set of all time-invariant parameters over [n]. By assumption,
we have that B" C SV, Moreover, by point (i), we have that 3™ € B". Therefore, by

definition of ™ we obtain that /Y = arg maxgen AVar(f3).
This completes the proof of Proposition 2.2.10. O
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2 Invariant Subspace Decomposition

2.E.4 Proof of Theorem 2.3.1

Proof. Under Assumptions 1 and 2 and using the definitions of 4™ and 0}°, we can
write the explained variance of 8 € RP at time ¢t € N for the true time varying parameter
Yo,t € RP as

AVar(8) = 27(—{,5 Var(X,)3 — 8" Var(X;)
= 2(8" 4 ') T Var((ILginv 4 Ilgres) X;) B3 — 87 Var(X,)8
2(8™) T Var (I gine X¢ ) ILgine B + 2(65%) T Var(Ilgres Xy )IIgres 3 — B Var(X;)5.

Using this expansion, we get, since 6;* = 7o — BV for all B ¢ S™ that

inf AVar(f3) = —oc.
’Y(),;ERP:
’YO,t*Bmv cSres

Therefore,

arg max inf AVar(f8) = arg max inf AVar(3)

BERP Yo,t ERP: Besinv Y0,t ERP:
Vo!t_ﬂanGSreS ,yo!t_ﬂlnvesres
= arg max AVar;(3).
Besinv

Since by assumption it holds that SV is opt-invariant on N, it further holds that for all
teN

arg max AVar, () = arg max AVar(p).
ﬂesinv 6€Sinv

The claim follows from the definition of 5™V, O

2.E.5 Proof of Theorem 2.4.1

Proof. We assume without loss of generality that the observed predictors X; have zero
mean in ¢ € Z24Ut*. Alternatively, as mentioned in Section 2.4.1.2, a constant term could
be added to X; to account for the mean. We also observe that 4255 and 615 are both

unbiased estimators for g+ and §;¢°%, respectively (this can be checked using standard

OLS analysis). We now start by computing the out-of-sample MSPE for %*SD.

MSPE(3;2") = E[(X, (%" — 704:))”]
— B[] (Mg + Tgees) (3™ + 3355 — g — 536%))?
= trace(E[(A™ — g™)(5™ — 5™) ] Var(Ilgin X;-))
+ trace(E[(87° — 679%) (87 — 61%°) T Var (ILgres X+ ))
= trace(E[Var(8™ | X)] Var(Ilginy X;-))
+ trace(E[Var(8¢ | X29)] Var(ITgres X))
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= trace(E[Var(f™ | X)] Var(Ilgin X;+))
+ %4 trace(ITgre E[(£(X™) TX*) ! TLgres Var(ITgees Xpv)),

1

m
where we have used that Var(d | X2d) = 02 Igres ((X24) TX2) "I gres.  We further
observe that

Var(8™ | X) = Hgin (X X)) Hgine X T Var(e) X g (X T X)L ginv,

where Var(e) is a n x n diagonal matrix whose diagonal elements are the error variances
at each observed time steps, (Var(e;))sepn)- Let Ug’min ‘= minepy) Var(e) and o2, >
maxef, Var(e;). Then,
U?,minHSinV (XTX)_lnsinV = Var(BinV | X) = Uez,maxHSi“V (XTX)_lnsinV?

where =< denotes the Loewner order, and it follows from diagn(azmin) =< Var(e) =
diag,, (02 ,ax), With diag,(-) denoting an n-dimensional diagonal matrix with diagonal
elements all equal. We have used in particular that for two symmetric matrices 4, B €
R™ " guch that A > B and a matrix S € R™*" it holds that ST AS = STBS [see, for
example, Theorem 7.7.2. by Horn and Johnson, 2012]. Using this relation and Jensen’s
inequality, we obtain that the first term in MSPE(4/SP) is lower bounded by

trace(E[Var(5™ | X)] Var(Iginv X))
>o2 . trace(Ilgin E[(X T X) ™ ginv Var(Iginv X))

—“€,min

2
Ue,

> =i trace(gine X Tgine Spe Mginy ),
where ¥ := E[2XTX]. Using now that, by assumption, {S™", 8™} is an orthogonal
and (X¢)ten-decorrelating partition, let U € RP*P be defined for such a partition as in
Lemma 2.6.2 and let U™ € RP*dm(S™) he the submatrix of U whose columns form
an orthonormal basis for S™, such that Mg = U™ (U™)T. Moreover, let TV :=
(UM TEU™ and ¥V .= (U™) T8 U™ denote, as in Lemma 2.6.2, the diagonal block
corresponding to S™ of the block diagonal matrices U ' XU and U X;+U, respectively.
By the properties of orthogonal matrices, (X™)~! = (U™)T2~-1y™v, For all i
{1,...,dim(8™)}, let \; denote the i-th eigenvalue in decreasing order. Then, we can
further express the above lower bound as

2
0'6’

min trace(Hsinv 271 ]._.[Sinv Et* ]._.[Sinv )

n
2

:U&:in tI'aCG(UiHV(UinV)TE_lUinv(Uinv)TEt* Uinv(Uinv)T)
:062,;:1i1’1 trace(Uinv(iiHV)—liitEV(UinV)T)
2 dim(Si“") Amln(ig«v)

Zae,min n )\max(iinv)
2 dim(S™v)
Y e€,min n Cinv,
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2 Invariant Subspace Decomposition

where we define ¢iny = Amin(Z2)/ Amax (™). The same term in MSPE(5/5P) is upper
bounded by

trace(E[Var(6™ | X)] Var(Igin X))
<02 . trace(gin E[(X T X) ™ TLginy Var(Iginw X¢+))

— 7 €,/mnax
2 dim(S™)
— Y e, max n mv,

where Ciny == 1+ trace(ILgum (E[(2 X TX)71] — Y2 M gine Var(Hgine X)), Proceeding in

a similar way, we can express the second term in MSPE(%/°P) as

2 2
% trace(HSresE[(%(Xad)TXad)_l]HSres Var(HSreth* )) = %hres(m),

where hyes(m) = trace(ILgresE[(:L (X24) TX )~ I gres Var(ILgres X;+)). Since we have
assumed that for all t € 724 U {t*} the distribution of X; does not change, by Jensen’s
inequality and by the fact that HSrcsEt_*IHSrcsZt*HSrcs = Ilgres (see Lemma 2.6.4 and
(2.D.6)) we have that hpes(m) > dim(S™), and limy,;, o0 Ares(m) = dim(S™®). Moreover,
we can find an upper bound for hyes(m) in the following way.

hres(m) —trace(HSrcsE[(%(Xad)TXad) N gres Var (T gres Xg+))
— trace(E[(L (X*) TX™)~1] Var (ILgee X;-))
< trace(E[(L (X1) TX) ™) trace(Var (I gres X4+ ) )
<||E[(—(Xad)TXa )" lop trace(Var (Tl gres X+ ) )
<E[||( (xad)Txad)y=1|| T trace(Var(Ilgres Xp+))
¢ Nmax (Zg+ ) dim(S™5).

Summarizing, we obtain that

MSPE( ISD) > Uz,min dlm(f )Clnv + Uzmd dlm(s )

and

MSPE( ISD) < 0_2 dlrn(Sm")Cymv gd dim(S7e®)

Vex €,max m res;
where Cles = cfl)\maX(Et*) is the constant introduced in the theorem statement.
We now compute the MSPE of VOLS
MSPE(% OLS) E[(Xt* (’Yt* ’Yo,t*))2]
= trace(E[(Y2"° — v0,-) (32" — Y0.+) " Xp= X))
= trace(E[(§2"° — y0.) (32" — Y04+) '] Var(Xe))
= trace(E[Var(72M | X24)]5))
= aﬁd trace(E[((Xad)TXad) ]Et*))
2
= Uﬁdtrace(E[(%(Xad)TXad)_l]Et*)).
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2.6 Summary

We can further express MSPE(52%%) as

2

Zad trace(E[(%(Xad)TXad)*l]Zt*)

=% trace((Mginv + Mgres)E[(:L (X)) TX*) ] (T gine + Mgres) Var((Tgine + Mgres) Xy+))
=74 trace(Igm E[(L (X)) T X)) "N ginv Var(ILgine X¢+))

(X24) TX ) = gres Var(ILgres X )).

s 3

L3

o

2
+ Zad trace(ILgresE[(

1
m
In particular, the second term in the above sum also appears in MSPE(’%*SD ). Taking

now the difference between the MSPE of 425 and 4/°P, we obtain that

2
MSPE(y2%) — MSPE(7;2P) = 24 trace(I g E[(4 (X)) TX) "I ginw Var (g X¢+))

1
m

— trace(E[Var(™ | X)] Var(ILgiw X))

We have already obtained an upper bound for the second term in the difference, namely

2 dim(S™) o For the first term, we can make the same considerations made above

€,max n mv-
2
for U(ﬁd traCG(HSrCSE[(%(Xad)TXad)il}HSrcs Var(ngcht*)) and hres(m). In particular,

2

2
Zad trace(ILginv E[( (X2 XA T gine Var(Iginy X)) = 224 R iy ()

1
m m

where
had inv(m) = trace(HsinvE[(%(Xad)TXad)_l]Hva Var(ILginv X4+ ))

satisfies had iny(m) > dim(S™) and had iny (M) < ¢ Amax (Sex) dim(S™) (as for hyes(m),
we observe that limy, oo Rad inv(m) = dim(S™)). Therefore, we obtain that

MSPE(hQ55) — MSPE(y/SP) > o2, ™) _ 52 dim(S™) o

€,max n

and

MSPE(%io*LS) - MSPE(’Y%*SD) < Ugdwcad,inv - 02 dim(SIHV)CinVa

€,min n

where Cadiny = ¢ Amax(E¢«). In particular, this difference is always positive if n is

sufficiently large. Finally, we can observe that the expected explained variance (2.4.24)

for 4, where 4 = 4I5P or 4 = 48 is

E[AVar(7)]
= E[Var(Y;-) — Var(Ye- — X257 | 9)]
= Var(X,\y0.+ + €+) — E[Var(X,: (Yo, — %) + & | §)]
= 70, Var(Xe« )0, + 02 — E[(y0,- —4) " Var(Xe=) (0, — §)] — 02
= %T’t* Var(X )04+ — Eltrace((yo,+ — 5) (Yo,4+ — AT Var(X))]
= 70,4+ ZexYor — MSPE(H)
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2 Invariant Subspace Decomposition

and therefore the same inequalities found for the MSPEs difference equivalently hold for
E[AVar: (3°P)] — E[AVar (5259)]. O

2.E.6 Proof of Proposition 2.6.1

Proof. (i) By definition of a (non-orthogonal) joint block diagonalizer, it holds for all
t € [n] that the matrix ¥y := UT3,U is block diagonal with ¢ diagonal blocks it,j =
(US)TxU%, j € {1,...,q}. Define now the matrix W := U~ T, and observe that the
following relations hold

S =WEWT, 27 =US7UT and

ST =WTS'W block diagonal with blocks i;jl = (W) Ty twsi,
The last relation is obtained by observing that

S (w7
5l = = : s wS L W]

Moreover, igjl = Var((U%)T X;)~1. We observe that, because W U = I,,, it holds for all
i,7 € {1,...,q} that (W9)TUS = 0, that is, the space spanned by the columns of Wi is
orthogonal to the space spanned by the columns of U, Moreover, the matrix Ui (W55) T
is an oblique prOJ:ection matri.x onto §; along EBZ.E{L._',Q}\{]-} S;. Fixje{1,...,q}. Then,
using these relations we obtain that

Ps;s_00 = U (W5) TS Cov(Xy, Vy)
= USI(W) TS ' WUT Cov(Xy,Yy)
(Usl)T
=USi (W) et ws o W) : Cov(Xy,Y))
(U5)"
= USI (W) T, "W (U%)T Cov(X, V)
= U%S, ] Cov((U%) X, Y7)
= US Var((U) T X)L Cov((US) T X, V).
The fourth equality follows from the block diagonal structure of WTE; YW, which implies
that, for all j # 1, (W) TS TWS = 0.

(ii) By definition of 8™ and using point (i) of this proposition and that {S™, S}
form a (X);c[n)-decorrelating partition, we obtain that, for all ¢ € [n],

Binv — Uinv Var((USi“V)TXt)—l(Uinv)T COV(Xt, }/t)

We now observe that f™ := Var((US"™) 7 X,)"H(U™)T Cov(X;,Y;) is the OLS solution
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2.6 Summary

of regressing Y; onto (U™) T X; (as we assume all variables have zero mean). Moreover,
this quantity is constant by proj-invariance of S™V. In particular, this means that g™ =
Arg MiN g _p gim(sinv) E[L >0, (Y; — X, U™ B)?], which implies that

Binv — ((Uinv)TW(X)Uinv)—l(Uinv)Tm(X’ Y)

Therefore, B = U™ ((U™) T Var(X)U™)~1(U™) TCov(X,Y).
(iii) The claim follows from the definition of 6;®, from the fact that {S™, S} forms
a (X¢)ie[n-decorrelating partition and from point (i) of this proposition. O
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3 Invariance-based dynamic regret
minimization

MARGHERITA LAZZARETTO, JONAS PETERS AND NIKLAS PFISTER

Abstract

We consider stochastic non-stationary linear bandits where the linear parameter
connecting contexts to the reward changes over time. Existing algorithms in this
setting localize the policy by gradually discarding or down-weighting past data,
effectively shrinking the time horizon over which learning can occur. However,
in many settings historical data may still carry partial information about the re-
ward model. We propose to leverage such data while adapting to changes, by
assuming the reward model decomposes into stationary and non-stationary com-
ponents. Based on this assumption, we introduce ISD-linUCB, an algorithm that
uses past data to learn invariances in the reward model and subsequently exploits
them to improve online performance. We show both theoretically and empirically
that leveraging invariance reduces the problem dimensionality, yielding significant
regret improvements in fast-changing environments when sufficient historical data
is available.

3.1 Introduction

A stochastic contextual bandit models an online decision-making process in which an
agent, over T' € N rounds, sequentially selects actions based on contextual information
[see, e.g., Lattimore and Szepesvari, 2020]. The agent’s objective is to learn a decision
policy that selects actions in a way that maximizes a cumulative reward, by balancing
exploration of new actions and exploitation of acquired knowledge. Bandit algorithms
provide the simplest framework for decision problems under uncertainty, where the ac-
tions of the agent do not affect the environment, often serving as a starting point for
more complex models such as reinforcement learning. The design of stochastic contex-
tual bandit algorithms relies on assumptions that specify the class of possible reward
distributions over which the agent learns. We consider the case of linear time-varying
reward functions, where the expected reward is assumed to depend linearly on some
p-dimensional context-action feature.

Regret is the main performance measure of bandit algorithms. It corresponds to the
difference between the cumulative reward of an optimal (oracle) sequence of actions and
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3 Invariance-based dynamic regret minimization

the action selected by the bandit algorithm. The analysis of linear bandit algorithms
involves studying finite sample upper and lower bounds for the regret in terms of the
time horizon T and the dimensionality p. The standard setup assumes that the environ-
ment in which the agent acts is stationary, and is widely studied in the literature [see,
for example, Lattimore and Szepesvari, 2020, a detailed review of the bandit literature is
provided in Appendix 3.A.]. Dani et al. [2008] show a lower bound for the regret of the
stationary stochastic linear bandit problem of Q(pv/T). Different algorithms have been
proposed in the literature achieving an upper bound that match this lower bound up to
logarithmic factors, e.g., based on strategies using upper confidence bound (UCB) [Auer,
2002, Dani et al., 2008, Abbasi-yadkori et al., 2011]. Recent works relax the stationarity
assumption. In such settings, the evaluation of non-stationary bandit algorithms addi-
tionally takes into account a variation budget By, measuring how much the environment
changes through the T rounds. When the underlying reward function changes through
time, learning and updating a reliable policy can be challenging since the algorithm needs
to continually explore the context-action space to detect and adapt to changes. Cheung
et al. [2019] deal with non-stationarity by using a sliding window regularized least squares
estimator, Russac et al. [2019] weight, instead, past observations by a discounting factor;
Zhao et al. [2020] propose to periodically restart a standard linear bandit algorithm,
where the restarting interval depends on Bp. All these algorithms achieve the same

regret upper bound in terms of p,T and Br given by O(p%T%Bé). The approach of
Zhao et al. [2020] implies in particular that the excess regret compared to the stationary
case arises from assuming a fixed linear parameter, and incurring an additional loss that
depends on its variation between restarts.

With the overall goal of adapting more rapidly to environment changes, we investi-
gate whether parts of the non-stationary reward function remain invariant through all
rounds, so that the data collected further in the past can be exploited rather than being
discounted or fully discarded. Invariant information allows, for example, to learn policies
that select worst-case optimal actions [e.g., Saengkyongam et al., 2023]. Since purely in-
variant policies can be sub-optimal at specific time points, we are interested in learning an
invariant policy that can be updated online. To do so, we rely on the invariant subspace
decomposition (ISD) framework proposed by Lazzaretto et al. [2025] for regression in
linear non-stationary settings. ISD splits the learning of the time-varying parameter into
two lower-dimensional components, one of which is time-invariant of dimension p™¥ < p:
this allows us to use all available data for the invariant component estimation and thus to
reduce prediction error. A schematic representation of the proposed algorithm is shown
in Figure 3.1.1.

Our contributions are as follows.

(i) We propose a practical novel linear contextual bandit algorithm (ISD-linUCB) that
reduces online adaptation to a lower-dimensional residual subspace by exploiting
the ISD framework to estimate the invariant component from historical data.

(ii) We establish regret bounds scaling with the residual dimension (p — p™") rather
than p, yielding significant improvements in rapidly changing environments when
sufficient historical data is available.
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offline data

(optional) invariagt ISD-linUCB
7 == rewar:
prediction 1 .
£ ucs

residual
reward

prediction

Figure 3.1.1: ISD-linUCB exploits historical data to improve reward predictions used by
the UCB policy.

3.1.1 Notation

For all n € N, we define [n] := {1,...,n} and [-n| := {—n,...,—1}. For all linear
subspaces S C RP, we denote by II® € RP*P the orthogonal projection matrix onto S
and by ST the orthogonal complement of S in RP. For all z € RP and for all positive semi-
definite matrices A € RP*P| we define the norm ||z||4 := Vo T Axz. We further denote by
Amin(A4) and Apax(A) the minimum and maximum eigenvalues of A, respectively. For all
p € N, we denote by I, the p-dimensional identity matrix. We write O(-) for asymptotic
bounds up to polylogarithmic factors, i.e., b, = O(an) if there exist constants ¢ > 0 and
k > 0 such that b, < ca, log(n)* for sufficiently large n.

3.2 Problem setting

In a linear stochastic contextual bandit, an agent sequentially observes context X; € X C
RP? for rounds t € [T], where each X; is drawn independently from previous contexts and
has distribution Py,. Given X}, the agent selects an action a; € A = [K] and receives a
noisy reward Ry*. The reward for all a € A is assumed to satisfy

P =o(Xi,a) o +e (3.2.1)

where ¢ : & x A — RP is a known context-action feature map, € is a condition-
ally zero mean o-sub-Gaussian noise variable with respect to the o-algebra F; =
o((p(Xr,ar), R ) repp—1), P(Xt,ar)), and o € RP is an unknown linear parameter.
As in the standard linear bandit setup [e.g., Lattimore and Szepesvari, 2020, we as-
sume that the context-action features and the linear parameter are bounded, and define
L := maxen supge 4 ||p(Xt, a)l|2 and M = maxen ||70.¢||2-

Linear bandit algorithms sequentially estimate the linear parameter vp; and use it to
select the optimal action given the observed context X;. The quality of the algorithm
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3 Invariance-based dynamic regret minimization

can then be assessed by considering the dynamic regret defined by

T

SR - R

t=1

Regy :=E (3.2.2)

where af = argmax, 4 ©(X¢, a)Tfyo,t is the unknown optimal action. We call the regret
at time t, reg, = E(R?: — R}"), instantaneous regret.

We consider a non-stationary setup in which both the parameter 7o ; and the context
distribution Py, may vary across rounds. To be able to effectively estimate v in the non-
stationary setting, we make two assumptions: (1) We assume 7o+ can be decomposed into
a varying and an invariant part and (2) we assume that the varying part changes slowly so
it can be seen as approximately constant within short time-intervals. To formalize (1), we
introduce Assumption 1 below, which is based on the invariant subspace decomposition
framework proposed by Lazzaretto et al. [2025] adapted to the linear bandit setup.

Assumption 1 (Invariant subspace decomposition (ISD)). There exists a non-degenerate
invariant subspace decomposition of RP for the time-varying linear bandit model (3.2.1),
that is, a partition of RP into two linear subspaces (S™,S*) such that dim(S™) =
P < p and dim(S™) = p = p — p'V, satisfying

i) Sinv — (Sres)J_’.

i) Vt € N, Vz € X, Va € A: Cov(II®" p(z,a), I p(z,a)) = 0;
i) Vt € N, I € SV J51% € ST gy = B + 675
w) Y partitions (S, S™) of RP satisfying (i)—(ii): dim(S™) < dim(S™).

The spaces S™ and S* are called invariant and residual subspace, and B™ and 0}
are called invariant and residual component of g, respectively. Lazzaretto et al. [2025]
show that both the invariant and the residual component can be expressed as the least
squares solution to the regression problem in the corresponding subspace.

Using Assumption 1, we can now formalize the bandit setting. We decompose the
problem into an offline phase followed by a shorter online phase.

Setting 3.2.1. We have access to Ty € N offline observations (o(Xy, ar), ar, Ri")ie(-m),
collected by a bandit agent interacting with a changing environment satisfying model
(3.2.1).  The online time horizon T € N is such that, for all t € [T], the parameter
Yo,t in model (3.2.1) is constant and Assumption 1 holds.

The constant 7o assumption simplifies the analysis and is motivated by settings of
other non-stationary bandit algorithms, where T" may represent a single epoch in restart-
ing algorithms [Zhao et al.; 2020] or a sliding window [Russac et al., 2019]. In practice,
our proposed algorithm sequentially moves previously seen observations to the offline
data. This framing also facilitates comparison with stationary linear bandit algorithms.

While for stationary bandits the time horizon T tends to dominate the bounds, for
non-stationary bandits the p term becomes more dominant because time horizons are
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short due to the shifting distributions. By leveraging the offline data, we are able to
reduce the upper bound from O(pvT) to O(p™*v/T) where p™ is the dimension of the
residual subspace (in Appendix 3.D we show that under Assumption 1 the lower bound
for the regret of a linear bandit algorithm is Q(p™sv/T)).

We begin by recalling some concepts for stationary linear bandits relevant for our work
in Section 3.2.1. We then introduce our method (Section 3.3) and analyze it in two steps:
first assuming the decomposition (S™V, S*) is known (Section 3.4.1.2), then extending
the analysis to the case where it is estimated from data (Section 3.4.2).

3.2.1 Regret analysis for stationary linear bandits

In a linear contextual bandit algorithm, the exploration is normally based on the uncer-
tainty in the linear parameter estimation. More specifically, let 4; denote an estimate of
v0,: obtained as the solution to ridge regression with regularization parameter A > 0, us-
ing observations (X, Rﬁf)t;:ll. The instantaneous regret is usually upper bounded with
high probability by a term proportional to the product of the estimation error on the
linear parameter, [|4; —yo0,t/[s;, |, and the context-action features norm, [l¢(Xy, at)Hitilﬁ
normalized by 3, ;1 and its inverse, respectively, where for all ¢ € [T] we define the
regularized sample covariance matrix

t
it = AIp + ZW(XTuaT)SO(XTaaT)T' <323)

T=1

This is the case, for example, both for the upper confidence bound based algorithm
by Abbasi-yadkori et al. [2011] (LinUCB) and for the Thompson sampling based algo-
rithm by Agrawal and Goyal [2013] (LinTS). Using the explicit expression for the linear
parameter estimator and the triangle inequality, it holds that

t—1
|i)t_1 <|l Z (X7, aT)TET

T=1

1% — Y0,¢ o1+ VAloll2- (3.2.4)

A result that plays a key role in bounding the linear parameter estimation error is given
by the following lemma by Abbasi-yadkori et al. [2011].

Lemma 3.2.2 (Abbasi-yadkori et al. [2011], Theorem 1). Let {F;}?2, be a filtration. Let
{et};2, be a real-valued stochastic process such that € is Fy-measurable and sub-Gaussian
conditionally on Fy_1 with parameter o > 0. Let {¢o(X¢, at)}52, be an RP-valued stochastic
process such that o(Xy, ar) is Fy—1-measurable. Let A € R be a strictly positive constant.
Then, for all n € (0,1), it holds with probability at least 1 —n that, for all t € N,

2 2 1 [ det(S)
5t < 207 log <n \ det(Mp)> :

t
| ZQO(XT,GT)ET

T=1
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3 Invariance-based dynamic regret minimization
Moreover, if, for all t € [T, ||¢p(Xt, at)||2 < L, then

log <%) < plog <1 + %) .

Lemma 3.2.2 implies that |9 — 0. 5, , 18 O(\/f)), where the dependence on p is

determined by the dimensionality of the matrix 3. The sum over the time horizon of

the squared norm of the context-action features, Zthl lo( X, ar) é is also shown to be

sv—1
t—1

O(p), depending again on the context-action features dimensionality. This term appears
under square root when bounding the cumulative regret, leading to an additional ON(\/;B)
term in the final bound. Our goal is to show that, in Setting 3.2.1, we can reduce the
regret to depend on p**® rather than p, up to some term that becomes negligible for large
enough Tp. In the following, we focus on the LinUCB analysis, but a similar reasoning
could apply for other linear bandit algorithms based on least squares estimation.

3.3 ISD-1linUCB algorithm

Assuming Setting 3.2.1, we propose an algorithm that is split into an offline phase for
the estimation of (S™,S™) and B™, followed by an online bandit phase adapting to
the non-stationarity.

The offline phase relies on the Tj historical observations from Setting 3.2.1. To estimate
(SV, 8™) | Lazzaretto et al. [2025] estimate an orthonormal matrix U that jointly block
diagonalizes the covariance matrices (Var(¢(Xt,at)))ie[~7,)- U can be partitioned into
two submatrices U™ € RPXP™ and U™ € RP*P"™ whose columns form a basis for S
and 8, respectively. Then, the orthogonal projection matrices onto S and S are
s = g™ (U™)T and IS = Urs(U***)T. Under Assumption 1, for all ¢t € [T] we
can rewrite (3.2.1) as

inv

R% = o(Xy, a0) TIIS™ ™ 4 (X, a0) TIIS 61 + ¢y, (3.3.5)

where Cov(IIS™ ¢(Xy, ar), 15" p(X;, a;)) = 0. The subspace decomposition therefore
allows to estimate f™V and ;% separately. For any index set T C [—Tp] U [T], we define
the sample covariance matrix

zA:"I' = Z SO(XW aT)(P(XTy aT)T'
TET

We make the following assumption to ensure that XA][_TO}, is strictly positive definite.

Assumption 2. The policy used to collect the Ty observations is such that Ay > 0 such
that /\miH(TLOE[*TO]) > Ao almost surely.

This means in particular that the policy used in the collection of the offline data has
explored the context-action feature space sufficiently well in all directions. This is also
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3.4 Regret analysis

required to be able to estimate the invariant subspace decomposition in the first place
[see Lazzaretto et al., 2025].

We denote an estimate of U by U= [U inv U 5], Under Assumption 2, we can estimate
the invariant component 3™ as the OLS solution in the invariant subspace, using the
estimated U™ and the offline observations, that is,

Binv — Uinv(~i[1i\fro])fl Z (Uinv)T(p(that)Rgt7 (336)
te[—To)

where f]i[li"m = (U inV)Ti][_TO]ﬁ v We define a confidence set around /™ by

éﬁ — {ﬁ ESmV ’ HBinv_ﬁ

1%, 4y, < P8 (0, L M)}, (3.3.7)

where ﬁiﬁ)v(n, L, M) is defined in (3.C.15) in Appendix 3.C.3 such that the set contains

s™ MV with probability at least 1 — 1. As new observations become available, the
estimate 8™ and the confidence set in in (3.3.7) may be recomputed online.
At round t € [T of the online ISD-linUCB algorithm, we estimate the residual com-

ponent as
t—1

Sllges — U—res(ige_sl)—l Z(Ures)TgoTu{gr _ QPIBinv)

=1

where ¢, = ¢(X;,a,) and for all ¢ € [T], £ = (U") T,0" and 3, is defined as in
(3.2.3). We then define a confidence set around ;* by

Cl={6 € 8™ | [|o5™ — 6

5 S, L M)},

where p;*(n, L, M) is defined in (3.C.20) in Appendix 3.C.3 such that the set contains
s 0;°® with probability at least 1 —7, and choose an action based on cP 69(?? . Assump-
tion 1 ensures that there is no bias introduced due to omitting the context-action features
in the residual subspace when estimating 3™ (and vice versa for 6;°) and therefore that
CP and (ff have the desired coverage.

The full ISD-linUCB algorithm for a single online step, with and without updating the
invariant component, is provided in Algorithm 1. Since Setting 3.2.1 assumes 7o is fixed
in [T, ISD-linUCB acts in §* as a standard LinUCB algorithm. When this assumption
fails, Algorithm 1 can be modified to act in §™° as existing non-stationary algorithms
(e.g., using a sliding window), to improve their performance in terms of dimensionality.

3.4 Regret analysis
To motivate our approach, in Section 3.4.1 we first analyze the regret of a simplified

algorithm having oracle knowledge of the subspace decomposition (S™, S*). We then
discuss the complete regret analysis in Section 3.4.3.
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3 Invariance-based dynamic regret minimization

Algorithm 1 ISD-linUCB (iteration at time t)

Input: (‘p(XTa aT)7 Qr, R?T)Te[t—l]u[—Toy Xt
Parameters: A, \, n, L, M, recompute

X+ [p(X1,01), .., (X1, a1)] T
R; « [R},...,R{""T
if recompute or ¢ = 1 then
T« [-To]U [t — 1]
X [p(X 1y a-m), -5 p(Xio,a0-1)]
compute U™ and U™ using joint block diagonalization
X" X0
Bimv o frinv ( (XinV)TXiHV) -1 (Xin")Tﬁ
CF (B e S™ | [I5™ — BlIE_ < piy(n, L, M)}
else

load ﬁinv, U and CP from previous iteration
Rges + Ry — XtBinV
Xges - XtUres
Si‘es — Ures ()\Ipres + (XgeS)TX£es) -1 (Xges)TRges
G {5.€ 8 | = — 812 < (L, M)

t—1

Gt <~ argmaxgec 4 maxryeéB@éf (P(Xtv a>T’Y
return a;

3.4.1 Motivation: oracle ISD-linUCB

We study Algorithm 1 assuming the matrix U = [U™Y, U] is known. For simplicity,
we keep the notation introduced in the previous section to denote the same quantities
with known U. We define (B, d;) := arg MaXg o5 seés ©(Xt,a4) " (B + ) the parameters
at which the upper confidence bound for the chosen action at time ¢ is achieved.

Using the decomposition of the reward from (3.3.5) and the standard LinUCB analysis
[see, for example, Lattimore and Szepesvari, 2020, Section 19.3|, we obtain that at time
t € [T], with high probability, the instantaneous regret is upper bounded by

reg, < SO(Xt; a/t)TUiHV(UiHV)T(Bt o ﬁin\/) +30(Xt> at)TUres(Ures)T(d_t - 5;65) ] (3.4.8)
I.eg%nv reges

Intuitively, for larger Tp the confidence set CP shrinks and §; — v gets close to zero.
Therefore, for Tp > T, regi™ becomes negligible with respect to reg;®*. Removing
the uncertainty on the invariant component implies that, in the regret analysis, the

dependence on the dimension p of the bandit parameter is reduced to the dimension

78



3.4 Regret analysis

p'® of the residual parameter. We first study the regret assuming to also have oracle

knowledge of the invariant component 3™ (Section 3.4.1.1). Then, we include in the
regret analysis the estimation of the invariant component (Section 3.4.1.2).

3.4.1.1 Regret analysis for oracle (S™V,S™s), ginv

If we know 8™V, then CP = {B™} and regi™ = 0. Therefore, Algorithm 1 only performs
the exploration in the residual subspace. As shown in Theorem 3.4.1, its regret only
depends on the uncertainty on 6;, which lies on a p"**-dimensional space.

Theorem 3.4.1. Consider Setting 3.2.1, assume (S™,8™) and B™ are known and
consider the oracle version of Algorithm 1 that uses ™, U™ and U™ instead of f™,
U™ and U™S. Then, the regret of this oracle algorithm over a time horizon T with

n=1/T is O(p'VT).

The proof of Theorem 3.4.1 uses that, under oracle knowledge, reg, = reg;®, where the

dimension of (U™*) T (X;, a;) and of (U*®) T (6, —65°) is p™s. It then follows similar steps
as the regret analysis for the standard LinUCB algorithm introduced in Section 3.2.1. A
detailed proof is provided in Appendix 3.C.1.

3.4.1.2 Estimating the invariant component from offline data

When also considering the uncertainty on the invariant component estimated using Tj
observations, we can upper bound the regret of Algorithm 1 as follows.

Theorem 3.4.2. Consider Setting 5.2.1, assume Assumption 2 holds and that (S™, S*9)
is known, and consider the oracle version of Algorithm 1 that uses U™ and U™ instead
of U™ and U™. Then, the regret of this oracle algorithm over a time horizon T with

n=1/T is O (ﬁ <pres+ (Vi + ;0),/;;)).
Theorem 3.4.2 implies that, whenever Ty is sufficiently larger than 7', we have an
advantage in using offline data to estimate invariant information in the regret function

over only relying on online data. Indeed, the larger Tj is, the closer we get to the oracle
bound shown in Section 3.4.1.1 of O(p"*V/T).

Proof sketch of Theorem 5.4.2. To bound regi™ we choose ﬁij%"(n,L,M) such that C#

contains A with probability at least 1 — 7. By Assumption 2, we have that i][_TO] >
XoToI, (with > denoting the Loewner order between two matrices) which implies that

S = AoTolyne. 1t follows that, for all § € CP,

||Binv _ B

2 _ || /vinv % inv\T /pinv 2
L SIS O TE - Bl

> (VA To(U™) T (8™ — )3
=X To[l(U™) T (3™ — B)|3. (3.4.9)
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3 Invariance-based dynamic regret minimization

Finally, this implies that

(U™ T(B™ — B)|13 < mf)iﬁf(n, L, M).

Therefore, with probability at least 1 — 7,

. : Py (n, L, M)
reg™ < 2[/(U™) Tp(Xy, a2 TO)\T-

By Lemma 3.2.2 and Assumption 2, we can define , /ﬁiﬁ)"(n, L, M) to be O(\/p™ + /\—10)
The analysis of reg;® is similar to Theorem 3.4.1, with the addition of a term due to the

introduction of 3™ which is ON(\/TpAiﬁ)V(n, L,M)/(AoTp)). This implies, summing over

t € [T], that the cumulative regret is O (\/T (pres + \/e\iZVTZ + %o’ / %;)) For the full
]

proof, see Appendix 3.C.2.

3.4.2 Accounting for errors in the subspace decomposition

When estimating (S™, S™) using the available T observations, we need to consider
two sources of errors. Lazzaretto et al. [2025] propose to estimate the subspaces via joint
block diagonalization, in our case of the sample covariance matrices of the context-action
features through time. The procedure first finds an irreducible joint decomposition of
the features into orthogonal lower dimensional subspaces such that the projections of the
features onto the subspaces are pairwise uncorrelated. Then, it groups together subspaces
in which the linear relationship between the reward and the features is invariant, defining
S™ and the remaining ones in which the linear relationship is time-varying, defining
SI‘GS.

The first source of error can occur when some directions in R? are wrongly identified as
invariant or time-varying. Labeling directions as time-varying when they are invariant is
less problematic, as it leads to a suboptimal but not incorrect algorithm: in this case, p™v
is underestimated, preventing the decomposition from achieving its maximum benefit.
Overestimating p'™, i.e., assuming invariance of time-varying directions, implies instead
that in such directions the algorithm uses the pooled estimated parameter from the Tj
historical observations to predict the reward, while the true parameter may have changed.
Then, intuitively, ISD-linUCB suffers an additional loss scaling with how different the
true parameter is in [T compared to its average in [—7| in the wrongly labeled subspace.

The second source of error is the estimation error due to finite sample approximation.
To estimate the matrix U we first estimate (Var(¢(X¢,at)))ie—7y); in practice, it is
sufficient to split [~Tp] into m windows and compute Y, defined as in (3.3) with
M; = {—%To,...,—%To —1}, i € {1,...,m}. Then, U is an estimated joint block
diagonalizer for (iMi)iE{l,...,m}' The matrix U then enters in the estimation of both
B and 67, Let 4P = piov 4 5{‘35 be an estimator for 7p; obtained using the ISD
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framework. For all ¢ € [T], we can express the estimation error as

,Y%SD = Binv _ ﬁinv + Sies _ 5£es
_ (Binv - ﬂSianinV) + (ﬂSinV - HSi“")Binv
+ (5{65 - ﬁSrCS5;‘eS) + (ﬁSmS _ H‘Srcs)(sies' (3.4.1())

The first and third term correspond to the estimation error for the invariant and residual
component on the estimated subspaces. The second and fourth term only depend on the
subspaces estimation error. When bounding the regret of Algorithm 1, we assume that
the subspace decomposition is correctly estimated and only take into account the finite
sample error in estimating (S, S™), starting from the decomposition in (3.4.10).

3.4.3 Complete regret analysis

To analyze the terms in (3.4.10) we need to quantify the subspace estimation error. A
common way to do this is to consider the distance between the true and the estimated
subspace, which can be described through the notion of principal angles. Let US € RP*F
be the submatrix of U whose columns span the subspace S of RP, and let US be its
estimate obtained through U, whose columns span S. The principal angles between
S and S are characterized as the inverse cosine of the nonzero singular values of the
matrix (U S)TUS (intuitively, the cosine of the angle between two vectors is given by
their normalized inner product). Let ©° denote the diagonal matrix with the principal
angles between S and S on the diagonal. Then, we measure the distance between S and S
by || sin ©Fop, i.e., the largest principal angle between S and S [see for example Theorem
4.5 by Stewart and Sun, 1990], which also equals ||[TTS — II||op [Stewart and Sun, 1990,
Corollary 4.6]. We denote by AII such distance for the invariant and residual subspaces
(this must be the same for both subspaces, see Stewart and Sun [1990, Preliminaries—
Corollary 5.4]), and introduce the following assumption for the subspace decomposition
error.

Assumption 3. For all n € (0,1), it holds with probability at least 1 — n that AII is
O(/log(p/n)/To).

Assumption 3 can be justified using the Davis-Kahan theorem [see, for example, Yu
et al., 2015] and by concentration results for sample covariance matrices [see, for example,
Vershynin, 2018, Sections 5.4 and 5.6]. In more detail, the Davis-Kahan theorem provides
an upper bound for || sin ©F ||y, in terms of estimation error on a matrix M € RP*? such
that the columns of U are eigenvectors for M. In our case, U jointly block diagonalizes
(Var(o(X¢, ar)))te[—my], and for all ¢ € [~Tp)] the span of the columns of U™ and U™ co
incide with the union of subsets of eigenspaces of Var(¢(Xy, a;)). We estimate U through
the matrices (ZA]MZ.)i:LMm, each computed using Tj/m observations. As Var(o(Xy,ar))
is not constant with ¢, we cannot use exact concentration results; with Assumption 3,
we assume that Al scales as the finite-sample error for estimating a fixed p-dimensional
covariance matrix from 7Tj observations (we verify it empirically in Appendix 3.B.1).
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3 Invariance-based dynamic regret minimization

The sum of the second and fourth term in (3.4.10) equals Allvg ;. Under Assumption 3,

this quantity is, with probability at least 1 — n, O(\/log(p/n)/Tv). Moreover, under
Assumption 3, we can show the following high probability bound for the estimation error

on ™ in the estimated invariant subspace.

Lemma 3.4.3. Consider Setting 5.2.1 and assume Assumpéions 2 and 3 hold. Then,
for all m € (0,1) it holds with probability at least 1 —n that ||f™ — H‘vaﬁin"Hi[ o S
—40

]
) (\/pin" log(pi%/\o) + log(%)> + 0 < pinv 10g(%)) +0 <\/%0Tg(%)) .

Proof sketch. We can decompose the error into three terms as follows

||Binv B HvaBinV”i[_TO] SH(UinV)TE[—TO] (Hva . Hsmv)ﬁinvn(fﬁ[‘l"Tol)*l
-1
+||(Uinv)—|— Z @(Xta a/t)SO(XM at)T(SieSH(ii[T,T ])71
t=—To ’
-1

HIO™T S e anal s, o
t=—Tp

The last term can be analyzed as in the oracle case (Theorem 3.4.2). The first two terms
are introduced due to the misalignment between the true and the estimated subspaces.
Under Assumption 3, for all n € (0,1), with probability at least 1 — n, the first is

O(,/p™v log(%)) and the second is O( 4/ %0 log(%)). For the full proof, see Appendix 3.C.3.
O

We can further obtain an upper bound for || pinv _ 8™ S|l by multiplying all the

factors in Lemma 3.4.3 by \/AtiTo (see (3.4.9)).

For the residual component, we can similarly bound [|§}*s — f[‘srescs,fengt_l using As-
sumption 3 as follows.

Lemma 3.4.4. Consider Setting 5.2.1 and assume Assumptions 2 and 3 hold. Then,
for all t € [T] and for all n € (0,1) it holds with probability at least 1 — n that ||0;° —
8™ 67|, s

O (\/pres log(l + 1%) + 10g(%)> L0 < prest (, /% + Héinv o BinVHQ)) )

The first term is the same that appears in the case of oracle subspaces. The second
term is instead due to the error in the estimation of the subspaces.
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Proof sketch. We can upper bound ||§r° — ﬂsreséieSHitil by the sum of the following
components

t—1

Héies o I-I‘SYGS(S;engF1 SH Z(UreS)T(PT(PI (HSres _ Hsres)&l&ﬂesu(iiiﬂ)*l
T=1
t—1

I (0 Tprod (B = B™)l| gy 1

T=1
t—1

I 2T ererl g - + VIS
T=1

where ¢; == ¢(Xr,a;). The analysis of the last two terms is the same as in Theo-
rem 3.4.1 and results in such terms being, for all n € (0,1), with probability at least

1-n,0 (\/log(%) + pres log(#)). The first two terms are introduced due to the sub-
space estimation error. Under Assumption 3, the first term is, for all n € (0,1), with
probability at least 1 —n, O ( p;st log(%)) and the second is O (\/]WH@HV - 5inv||2).
For the full proof, see Appendix 3.C.3. O

Lemma 3.4.3 and Lemma 3.4.4 imply the following regret bound for the ISD-linUCB
algorithm.

Theorem 3.4.5. Consider Setting 5.2.1 and assume Assumptions 2 and 3 hold. If CP is
defined to contain I1S™ 8™ with probability at least 1 —4/Ty and éf is defined to contain
II5™° 61 with probability at least 1 — (%+ %)7 then, with probability at least 1 — (2 + T%)
the regret of ISD-linUCB is

O <ﬁ <pres +p“’s\/g (\/W+ \/M))) .

Theorem 3.4.5 shows in particular that, for Ty sufficiently larger than T (e.g., Ty =
Q(T'+¢) for some € > 0), the regret bound for ISD-linUCB is dominated by p™sv/T.

3.5 Simulation experiments

To support our theoretical results, we present several simulation experiments. We first
apply the ISD-linUCB algorithm with oracle subspace knowledge in Section 3.5.1, and
show that the regret indeed scales as p™*v/T, supporting the result that if Ty grows
faster than T, the regret indeed scales as p™+/T. We then include the estimation of the
subspace decomposition in the algorithm (Section 3.5.2), and show that for increasing Ty
its performance gets closer to the one of ISD-linUCB with oracle knowledge on subspaces.
In all simulations, we provide a comparison with the standard LinUCB algorithm since,
in Setting 3.2.1 we assume 7o+ to be fixed in [T] (in this setting, the performance of other
non-stationary algorithms is comparable to the one of LinUCB, see Appendix 3.B.2). The
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3 Invariance-based dynamic regret minimization

code for the presented experiments is available at https://github.com/mlazzaretto/
ISD-1inUCB.git.

3.5.1 Oracle subspace decomposition

We consider a setting with Ty = 2000, 7' = 100 and |A| = 5 and with known U™, U,
The matrix U is sampled as a random orthonormal matrix, and we generate the covari-
ance matrix of context-action features as U f/tU T where f/t is a block diagonal matrix
with two blocks of dimensions p™Y, p*. The entries of (U™)T 8™ are sampled uniformly
in (0.5,1.5). The same is done for the initial values of (U*) "6/, to which for t € [~Tp]
we add —1.5(t/T0) sin?(0.25it/T0 +1), with i € {1,...,p"} being the entry index. The
data in [—Tp], used to estimate B is the output of a bandit algorithm using a policy
that chooses the actions uniformly at random. For ¢ € [T7], the entries of (U™) 765 are
sampled uniformly in (0.5,1.5). We set A\ = 0.1 and we use n = 1/T. We then run two
experiments (in both, BV is not updated online).

First, for a fixed dimension p = 10 of the context-action features we consider values
of p" € {2,4,6,8}. Figure 3.5.2 shows that the regret of ISD-linUCB (with oracle
subspace information) grows sublinearly in 7" (left) and (approximately) linearly in p"®
(right), empirically supporting the result obtained in Theorems 3.4.2. To further support
these results, we run a second experiment where we consider context-action features of
dimension p varying between 3 and 10, while keeping the dimension of S&™° fixed to
p'® = 2. The results are shown in Figure 3.5.3, which compares the cumulative regret
to the one of the standard LinUCB algorithm. While the latter increases linearly with
p, the regret of ISD-linUCB remains approximately constant as p* is fixed.

=1 €8¢
=

Pyl

8
o—
—a—

(') 2'5 5'0 7'5 1(')0

t
—%— |inUCB ISD-linUCB(oracle S™v, Ses): peE=2 —Ah— p"
—— pe=4 4 p

o
e _ g
Figure 3.5.2: Regret of ISD-linUCB with oracle (S™,8™) over T = 100 rounds for
P € {2,4,6,8}. For each p* the experiment is repeated 20 times. The
left plot shows the average performance and the standard deviation over
the 20 repetitions, the right plot shows the distribution of the regret over

the 20 repetitions.
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3.5 Simulation experiments

04 ® linucs
ISD-linUCB (oracle (S, S™), p'e = 2)
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Figure 3.5.3: Cumulative regret of standard LinUCB and ISD-linUCB with oracle
(S Sres) for T = 100 and increasing values of context-action feature
dimension p. For ISD-linUCB, the invariant component ™ is estimated
using Tp = 2000 observations. p™ varies from 3 to 10, while the p™® is
fixed to 2. For each p the experiment is repeated 20 times.

3.5.2 Estimated subspace decomposition

We consider the same data-generating process as in Section 3.5.1, but now include the
subspace estimation using the T observations. We set T' = 500 and consider Ty €
{1000, 3500, 8000}. Moreover, we fix the dimensions of the subspaces to p™ = 7 and
p'® = 3. Figure 3.5.4 shows the cumulative regret for increasing Ty for the standard
LinUCB algorithm (unaffected by Tj) and for the algorithms studied in Sections 3.4.1.1,
3.4.1.2 and 3.4.2, supporting the presented theoretical results. Indeed, for increasing
Ty, the regret of the ISD-linUCB algorithm estimating (S™V, 8™) and B using the Tp
observations gets closer to the one of an algorithm with oracle knowledge. Moreover, the
regret of the algorithm using the estimated ISD is lower than the standard LinUCB one
for all considered values of Tj.

o3 # linUCB

2

I ISD-linUCB

& 24 (oracle S™, Sr)
o~ ISD-linUCB

EH L { L 2 (oracle S™, Sres, g
)
) } } } A ISD-linUCB

0 L T T T
1000 3500 8000
Ty

Figure 3.5.4: Cumulative regret for Ty € {1000,3500,8000} (20 repetitions) for ISD-
linUCB, in comparison with the same algorithm having oracle information
and with the standard linUCB algorithm (unaffected by Tp). For increasing
Ty, the regret of ISD-linUCB gets closer to the one of the oracle version.
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3.6 Conclusions

Exploiting invariances in non-stationary environments allows linear contextual bandit
algorithms to adapt more efficiently to changes in the reward model. We propose ISD-
linUCB, a novel algorithm that learns such invariances from offline bandit data by de-
composing the context-action feature space into two orthogonal subspaces: in one of the
two subspaces, which has dimension p™", the relationship between reward and context-
action features remains stationary. When sufficient offline data are available, the regret
of ISD-linUCB scales with (p — p™) rather than p, leading to a substantial performance
gain in environments that are subject to rapid changes.
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Supplement to ‘Invariance-based dynamic regret
minimization’

3.A. Further related works

Linear contextual bandits The stochastic linear bandit problem is extensively studied
in the literature. It is commonly assumed [see, for example, Lattimore and Szepesvari,
2020] that there exists an unknown linear parameter of dimension p that is shared among
all context-action features: this allows in particular to deal with arbitrarily large action
spaces, and to obtain regret bounds that do not depend on the cardinality K of the
action space. Two standard algorithms proposed in the literature to solve this problem
are LinUCB (linear upper confidence bound), and LinTS$ (linear Thompson sampling). In
UCB-based algorithms, at all rounds the agent chooses the action maximizing an upper
confidence bound on the estimated regret. Li et al. [2010] consider finite action spaces
and build such confidence bound directly on the estimated regret for each possible action.
Chu et al. [2011] show a regret bound for this version of LinUCB of O(yv/pKT). Abbasi-
vadkori et al. [2011] propose a more general UCB algorithm that allows for infinitely
large action spaces, by constructing a confidence set for the estimated linear parameter
rather than for the reward, and show a regret bound of O(pﬁ ). Linear bandits based
on Thompson sampling [Agrawal and Goyal, 2013] at all rounds sample from the rewards
posterior distribution for all possible arms, and then choose the action maximizing the
sampled reward. LinTS is shown to achieve a regret of O(p% VT).

In these algorithms, no assumptions (besides boundedness of the context-action fea-
tures and of the bandit parameter) are made on the nature of the observed contexts.
Papini et al. [2021] review different diversity conditions on the context-action features
space that allow to improve the regret bounds, leading to either logarithmic or constant
regret in 7. One example is when the variance of the optimal context-action features is
a positive definite matrix, meaning that all directions in RP are potentially optimal for
some context.

Linear latent contextual bandits To deal with heterogeneity in the reward function,
Kausik et al. [2025] consider a latent linear contextual bandits framework, where a latent
linear parameter 8 € RP!, with p; < p, is shared across all heterogeneous observations.
They assume the reward is of the form R = ¢(X;, a;)"v0 + €, with 49 = U6 and
U € RP*Pt is a unitary matrix. They propose to learn the matrix U from offline data,
and use this to obtain a regret bound that depends on the dimension p; of the latent
parameter rather than the context dimension p.

Bilaj et al. [2024] assume that the agent sequentially interacts with different tasks such
that, for each task, the parameter g is independently drawn from the same distribution.
They assume there exists an orthogonal projection matrix P with rank p; such that
Eoofl(1 = P)(30 — ERaDlI2] < Espl[P(20 — ERo]) 2] < Esylllvo — Elo] 2], namely the
variance of the distribution of g is very low along p — p; orthogonal directions. They
show a regret bound that depends on p; rather than p.
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Qin et al. [2022] consider a multi-task sequential linear bandit model where the agent
plays a sequence of S bandit tasks (drawn from m different environments) for N rounds
each. They model the reward as R}"* = (X, at)T’yS(t) +¢€; and assume that there exists a
shared latent parameter § € RP! such that for all s € [S] there exists a matrix Uy € RP*P
such that s = Ug#. They propose an algorithm that sequentially learns the latent
representation and achieves a regret of O(pp;vV/mSN + p;SvV/N).

Trella et al. [2025] consider a non-stationary reward model governed by an underlying
latent variable evolving as an AR process of order /. They show a regret bound of

O(t/pT).

Non-stationary linear bandits Cheung et al. [2019] and Russac et al. [2019] consider the
linear bandit problem under non-stationarity of the environment, and in particular allow
for the linear bandit parameter to change through time, so that the reward model is of
the form R} = o( X4, CL)T'YO,t—i-et. They define the variation budget Bt as a constant such
that 327" |N0.e01 — Y0.ll2 < Br. Cheung et al. [2019] propose an algorithm based on a
sliding window regularized least squares estimator, Russac et al. [2019] propose instead
to weight past observations by a discounting factor. Both achieve a regret bound of

O(pgT%B%). As shown by Zhao et al. [2020], this same regret is achieved by periodically
restarting the standard LinUCB algorithm, where the optimal number of rounds to be
played before each restart depends on Br. This means that the excess regret compared
to the stationary case is due to applying the standard LinUCB algorithm assuming that
the linear parameter is fixed, and incurring an additional loss that depends on how much
the parameter is changing in the time period between two restarts. Cheung et al. [2019]

1
also show a lower bound for this setting of Q(p%T%B%).

3.B. Additional experiments

3.B.1 Projection error

The key role of Assumption 3 is to ensure that the projection error on S™ and S
decreases with the sample size Tp used to estimate the matrix U (and thus the projection
matrices onto the subspaces). Within the same experiment described in Section 3.5.2,
we evaluate such error, i.c., |[IIS" — II™|op, and show (Figure 3.B.1) that it indeed
decreases approximately as /Ty, as assumed in Assumption 3.

3.B.2 Other non-stationary algorithms

Within the same setting of the second experiment described in Section 3.5.1, we add an
additional comparison with two non-stationary algorithms: one using a sliding window
(SW-1inUCB) by Cheung et al. [2019] and one using a discounting factor (D-linUCB) by
Russac et al. [2019]. In this setting, the linear parameter 7o, is fixed in the time horizon
[T], so the dimension of the window for SW-1inUCB is set to 7" and the discounting
factor for D-linUCB is set to 0.999, and Figure 3.B.2 shows that these two algorithms
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Figure 3.B.1: Projection error for Ty € {1000, 3500,8000}. The plot on the left shows
the same values multiplied by /T, confirming our assumption.
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Figure 3.B.2: Cumulative regret of standard LinUCB, SW-linUCB, D-linUCB and ISD-
linUCB with oracle (S™,8™) for T = 100 and increasing values of
context-action feature dimension p. For ISD-linUCB, the invariant compo-
nent A is estimated using Tp = 2000 observations. p™ varies from 3 to
10, while the p**® is fixed to 2.

indeed have a comparable performance to LinUCB. In particular, we keep ~o; fixed be-
cause our focus is on the reduction of the dimensionality (for the non-stationary part
of the problem). When this assumption fails, we could still integrate the ISD frame-
work within existing non-stationary algorithms to improve their performance in terms of
dimensionality, as we do in the presented experiments with LinUCB.

The same happens for the simulation experiments presented in Section 3.5.2, as shown
in Figure 3.B.3.
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Figure 3.B.3: Cumulative regret for 7y € {1000, 3500,8000} for ISD-linUCB, in com-
parison with the same algorithm having oracle information and with the
standard linUCB alogorithm, with SW-linUCB and D-linUCB (unaffected
by Tp). For each Ty the experiment is repeated 20 times.

3.C. Regret analysis: proofs

3.C.1 Oracle &, Sres, ginv

P’roof of Theorem 3.4.1. We start by proving that the estimated confidence set é? around
5res contains 0;* with high probability.

Let Zres and 3 be deﬁned as in Section 3.3 and (3.2.3), respectively, and let 5{65 =
(Adpres + (X7o8) [ X5os) ™ (Xg‘*)TRIreb For all ¢t € [T], we have that

||5‘{€S _ 5{es||it,1 — ||Sres _ (Ures)—l—(sresnires

zﬁle“ (X, a7 (P(Xr, ) T2 4 €7) = (U°) 67 gy

t—1

_ |’(~§isl)71 Z(Ures)TSD(XT’aT) €r A(Eres )71(Ures>T5£esHi§le
T=1
= ” Z Ures X’T7 aT) €r — )‘(Ures)—régesu(igejl)*l

< ” Z Ures XTja/’T)eTH Zres ) 1 + H)\(UI‘GS)T(SFGS”(EreS —

<||Z (U) T o(Xr, ar)er |l spes -1 + VG |2- (3.C.1)
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From Lemma 3.2.2, we obtain that, for all n € (0,1), with probability at least 1 — 7,

tre re 1 det(iiefsl) res
||6t S 5t s”ilt_l S o 210g <7’]> + log (det()\lpres) + \f)\||5t ||2

Assuming that L and M where chosen sufficiently large in Algorithm 1 such that they
indeed bound the context-action features and the linear parameter respectively, we get
that, with probability at least 1 —n,

. 1 tL?
155 = 61, , < ¢ 2iog (1) ot (14 5 ) + VAV = (o)

Assumption 1 allows us to estimate 4o, by separately estimating 5™V and 6:° on the
invariant and residual subspace respectively. This implies that the full regret consists of
the sum of regret on the invariant and residual subspace, as follows

reg, = (0(Xp,a}) — p(Xt,ar) Yo

< o(Xt,a)" (% — 704
= (X, a0) T (B — B™) + o( X, ar) ' (8¢ — 67%)
= regl®, (3.C.2)

where 7, = arg MAX, 65409 o( Xy, a0) Ty, (Bi,0;) = arg MaXge o5 5e8 (X, a0) (B + 0)
and we have that by construction 44 = ; + d;. The first inequality holds because, by
definition, 44 maximizes the upper confidence bound at time t. The last equality follows
from the assumption that we have oracle knowledge of 8, therefore €8 = {B"v} and
regi™ = 0 and we only need to consider the regret on the residual subspace. Then, for
all ¢ € [T], the residual instantaneous regret is such that

regi®® = o(Xp,a) (5, — 51%)
< 1O (X, ) gy | 0T B = 67 s

< 2[(U™) T p(Xe, ar)ll spes y-14/ A1 (0, L, M), (3.C.3)

The first inequality follows from Cauchy-Schwarz. The last inequality is obtained by
adding and subtracting 5,{65 inside the second norm and using that &; € éf by definition
and that, with probability at least 1 —n, §;* € éf . Moreover, we have that for all ¢t € [T7,
reg, <2LM and for n = 1/T, with T > 2, that p;*(n, L, M) > 1. Together with (3.C.3),
it implies that

rogl® < min{2LM, 2/ (n, L M)|(U™) (X, )| e 1}
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< 2max{ LM, 1}\/7i= (n, L, M) min{L, | (0"%) T (X, )| e 1}

< ¢\ /pres(n, L, M) min{1, H(UreS) (p(Xuat)H(iggsl)—J

where C™ := 2max{LM,1}. Using that, for all z > 0, min{1, 2z} < 2log(1 + x), we can
upper bound the cumulative full regret as

Regr = Z regr> < [T Z (regi®s)?
te[T) te(T)

< (e \/ P, L M) Y log(L+ (U™ To(Xe, )Py, ). (3.04)
te[T)

As a final step, we use the following Lemma by Lattimore and Szepesvari [2020], with
notation adapted to our problem.

Lemma 3.6.1 (Lattimore and Szepesvari [2020], Lemma 19.4). Consider the same as-
sumptions of Theorem 3.4.1. Let A >0 and L < oo. Then,

TL?
> og(L+ [[(U™) To( X, an)[Fgpes ) 1) < p*log ( 1+ :
ot (355%)) Apres

Lemma 3.6.1 implies that

TL? 1 T
RegT S Cres \/Tpres log (]- + )\ res> (O-\/2 log () _|_pres log ( )\ res> + fM)
p n

Finally, choosing n = 1/T implies that Regy is ( res.\ /T T). ]

3.C.2 Oracle subspaces

Proof of Theorem 5.4.2. We start by showing that, under oracle knowledge of the sub-
spaces, the radius y/pnv (77, L, M) for the confidence set C? introduced in (3.3.7) can be

defined to be O(\/Apm" +4/ )\—O . To do so, we consider the estimation error on ﬁm" defined
n (3.3.6), where U™ is replaced by U™ .

sl (3.C.5)
—1
_ ||U1nV( 1an])71 Z (Ulnv)Ttp(Xtaat)Rgt _UIHV(UmV)Tﬁ1nv”2[7TO]
=—To
-1

— H(~i[EVTO})_1 Z (Uinv)TQO(Xt,at)R?t _ (UiHV)TIBianii[nv

—T
N ol
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-1

= H(Ni[ring})il Z (Uinv)TgD(Xt,at)(QO(Xt,at)T(ﬂinv + 5}1;es> + ﬁt) N (UinV)T/BinVHiinv

=T, [=To]
~ _1 .
= IEPm) ™ D (Umv)TSO(Xt,at)(@(Xt,at)TUres(Ures)T(S{es+6t)Hii[gvTO]
=T
~ _1 .
< ||( tIlVTO})—l Z (UIHV)TSO(XMat)SD(Xtaat)TUreS(UreS)T(S;esHii[rivTO]
=—Ty
~ _1 .
HIER) ™ D (Umv)TSD(Xtaat)EtHii[rlvT]
t=—Tp 0
— || Z Uan Xt,at) (Xt’at)TUreS(UreS)T(Sllges||(ii[llVTO])_1 (306)
+||(X V) GTOH(iiﬂVTO])_I (3.C.7)

where f]i[ri"TO} = (UinV)Tfl[_TO]UinV, XiTr:)" = [(U™) T o(X_1,a-71,), ., (U™)Tp(X_1,a_1)]" €

RT0xP™ and er, = [e_1y,.--,€-1]" € RT0. For the term in (3.C.6), it holds that
|| Z Ull’lV Xt,at) (Xt’at)TUreS(UreS)T(;;es||(ii[l:VTO])_1
<) 2 lopll Z U™) "X, an)p(Xp, a0) U™ (U) 6|2
1 -1
< 3.C.8
Viml 3 il (3.C3)
t=—To

where ap = (UinV)T(p(Xt, at)SD(Xta at)TUres(Ures)T(S;es c Rplnv We bound

ol using the matrix Hoeffding inequality [see, for example, Tropp, 2012, The-
t=—Tp
orem 1.3, which we report below]|.

Lemma 3.6.2 (Matrix Hoeffding inequality). Let {My} (k) @ finite sequence of inde-
pendent, random, self-adjoint matrices of dimension p and let {Ak}ke[K} be a sequence
of fized self-adjoint matrices of dimension p. Assume that, for all k € [K]|, E[My] =0
and Mz =< Ay almost surely. Then, for all £ > 0, it holds that

2
P | Amax ZMk > € §pexp<—8i2> where o2 = ZA%

ke[K]

By definition of ISD, it holds that, for all ¢t € [-Tp], E[a] = 0. Using Cauchy-Schwarz,
we also have that |lay|lo < L2M. Moreover, we can construct the self-adjoint dilation
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[see Tropp, 2012, Section 2.6] for oy as

S o) = [OZT Og] c RE™HDX @™+

which is such that ||ogll2 = || ()]lop = Amax (-7 (cw)) and

Fo)? = [ataj 0 ]

0 o oyl

Hoeftding inequality can be now applied to the sequence of self-adjoint matrices

(F(@)ielmy Let 02 = | Srermy 200 %lop € Srermy 17 (@0)l2, < To(L2M)?.
Then, for all £ > 0 it holds by Hoeffding’s inequality that

. _ &
Pl dmax | D>, Flew) | 26| < (™ +1)e *2.
te[—To]
, _&
Using the definition of .%(ay) and defining n := (p"™ + 1)e 4, the above is equivalent

to
inv 1
P Z all2 §2L2M\/2T010g <p i ) 21-n.

te[—To) n

Therefore, with probability at least 1 — 1, \/ﬁH Zt_:l_TO atll2 is O ( % log (p‘;")>.

We now need to bound the term H(X%V)TETOH@i[nv )1 in (3.C.7). By Assumption 2,
7T0~ )

we have that Xj_7) = AogTolp, which implies that Zl[n

A T(oTh Loy + El[‘iVTO]). This implies that,

= MoTolynv and therefore

Vi T Vi T
KR enlls, -+ < VIRE) €m0

Lemma 3.2.2 implies that, for all n € (0,1), with probability at least 1 — 7,

. 1 1 det(f)inVT )
inv [ 0}
~ . < o — _|_ — - E— .
H( To ) €To ||(/\0 OIPiI‘V+El[r:VT0])71 - log (’I’]) 2 log < jet()\OjOIpinv)

By the arithmetic mean—geometric mean inequality, it holds that

inv

. . p
det(S,) < (1 trace(Z‘[T’To})> < <
p

T0L2 plIlV
pinv

where the last inequality follows from trace(ii[ll‘épo]) = trace((xiﬁv)TXiﬁ") < ToL?. More-
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over, det(AoTplpyinv) = (AoTp)?™ . Therefore, with probability at least 1 — 1,

1\ = pv Ty L2
inv - < Z 0= C.
I )ERWM%%mﬂﬁ%ﬂl_g¢ngJ+‘2l%<ﬂmMﬂ) 3C9

and, with probability at least 1 — 2n,

pinv R
16— Bls,_,
1 . L? 9 2 Py + 1 iy
Sa\/2log (77> + p'™log (pinv)\[)) +2L°M )\Olog( 7 = pin 7o (0, L, M).
(3.C.10)
Using Assumption 2, we further obtain that, with probability at least 1 — 27,
- J (0, L, M)

IB™ — Blla < 4/ . (3.C.11)

AoTh

Consider_noYv Algorithm 1. For alla € A, let UCBf’(S (a) = MaXge s e (X, a) " (B+6)
and let (B¢, 0y) = argmax,_ps secs ©(Xt,at) T (B+0) . Then, as in (3.C.2), for all t € [T],

inv res

the instantaneous regret is such that reg, < reg} . We upper bound the regi™"

as follows

I,eginv — ((Uinv)T(p(Xt,at))T(Uinv)T(,Bt o IBiHV)
< [U™) To(X, an) 2| (U™) T (Be = B™)2

oL 1 . L2 2 pinv 4 |
< oq/2log | — | +p2V1o ( - > +2L2M ] —1lo ( >
VAoTo ( \/ g (77) PO o NP n

where the first inequality holds with probability 1 — 2n and follows from the definition
of CP and from Cauchy-Schwarz inequality.

For regi®, the analysis from Theorem 3.4.1 remains valid, with an additional term to
be considered due to using the estimated invariant component instead of the oracle one.
In particular, following the same steps as in (3.C.1), we have that, for all t € [T],

+reg;

”W—WM—JZW% (X ar)er gy -1 + VAL

™)) = ™ g
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We analyzed the first two terms in Theorem 3.4.1. For the last term, we have that
|| Z Ures )(7_7 aT) (X‘ra aT)T(ﬁinV N ﬁinv)H(iiefl)_l

< HopHZ (U)X o (X 07) U™ o[ (U™) (5™ — B

Using matrix Hoeffding inequality (see Lemma 3.6.2) and following the same steps used
to bound (3.C.6) that, for all n € (0,1), with probability at least 1 — 7,

. 1
HZ U)Xy, ar)g <XT,aT>TUmV\opszﬁwu—lﬂog ()

Therefore, with probability at least 1 — 3n,
H Z )T (X, ar)p(Xrsar) (B = 5 | gy

1 p+1\ [P (n, L, M)
<—2r2%/2(t —1lo < ) 0 )
v \/ ( ) log n MoTh

The right-hand side of the inequality can be added to +/p;®(n, L, M) obtained in the
proof of Theorem 3.4.1, so that, with probability at least 1 — 4n

T2
> regi® < O \/ Tprlog (1 + Apres)

te|T)
1 TL?
X |oy/2log| — ) +plog |1+ —
n Ap

+ fAM2L2\/2TﬁI7%V("’ LM e <p ki 1))

AoTo U]

Finally, this implies that the cumulative regret can be upper bounded, for all n € (0, %)
with probability at least 1 — 57 as

Regy = Z reg, = Z reg™ + Z reg®

te[T] te[T] te(T]

9LT 1 . L2 P pinv 4 1
< oq/2log | — | +p™lo < - ) +2L2M ] —1lo (>
AoTo ( \/ & <77 > PR g N8 U
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TL?
+ Cres \/Tpres IOg (1 + )\pres)
1 TL?
X | oy/2log| — ) +pslog |1+
n Apres

2T pin (n, L, M
+\F)\M+2L2\/ Pty (n )log <p+1>>'

AoTo n
Choosing ' = 1/T, where ' := 57, implies that Regy is, with probability at least 1 — 7/

~ res ian
O<\/T<p +\/§0To+xlow/%;>)~ O

3.C.3 Accounting for subspace decomposition errors

Proof of Lemma 5.4.5. We want to bound the fl[,TO]—norm of the estimation er-
ror forA the i{lvariant component in the estimatedA inva{iant Asubspace S
ie, [ - MTAM[g o Let B U™) TSy U™, Xq =
[o(X_1y,a-1,),- .-, o(X_1,a-1)]T € RIOP. Ry = [RE;°,... R']T € R™ and

er, = le_1y,...,€-1)] € RT0. Then, we have that

-1
Ainv SV Hinv _ | 7rinv//sinv -1 Arinvy T a rinvy T pinvy ||
|5 =TS 5™l = 0™ (E0,) tZT(U ) o(Xe, a) Rt = (U™)TB™)]lg,
=—"1o
< ”(~i[rivTO])fl(UinV)TX%)XTO/Binv _ ([Ajinv)Tﬁianii[‘l"TO
—1

ISR )X e (X000 g,
t=—To

i ~1(frinvy Ty T
) ™ O™ Xyl

]

]

]

— || (Uinv)TX;O XTO (Uinv(Uinv)T _ Uinv(UinV)T)Binv || (2}11\%0])71

(3.C.12)
—1
+ ” Z (UmV)TSO(Xtvat)SO(Xt’at)T5£e5||(ii[T’To])‘1 (3C13)
=T,
+ O™ Xy enll o y-1- (3.C.14)
[—To]

The term in (3.C.14) can be upper bounded exactly as in Section 3.C.2 (see Equa-
tion (3.C.9)), since the presence of U™ in place of U™ does not influence its analysis.
The terms in (3.C.12) and (3.C.13) appear because of the misalignment between the true
and the estimated invariant subspace: the former represents how much of the invariant
parameter we are not able to estimate due to the difference between S™ and S™V, the
latter quantifies how much of the true residual parameter enters in the estimation of the
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invariant component due to the intersection between S™ and S*. For (3.C.12), we have
that

I(T) TR g, X (15 = 1157) 8| (Siny, )
~ . 1 A~ . inv inv
=[|(S[,) 2 (O™) T X, X, (15 = TI7) 51

Z Elnv %(Uinv) (Xy, ar) |2 Z (X, ap) T (IIS™ — [I5™)ginv)2

te[—To] te[—To]

<V P/ ToL2M2(AIT)2 = pi.

The first inequality uses Cauchy-Schwarz inequality. The second inequality follows from
the fact that

i -1 inv
SIS T T (X, a2
tE[—To}
= > Xy an) U™ ERL) O™ To(Xy, ar)
tE[—To]

= trace [ Y (U™) T o(Xt, ar)p(Xe, ar) U™ (S 7"
te[—To]

= trace (Ipinv)

— pinv
and by singling out the norm of the individual factors under the second square root.
Finally, under Assumption 3 we obtain that, for all n € (0, 1), it holds with probability
at least 1= that [[(0) X, X, (15" = F1™)5 | s, 15 O™ og(2)).

We now need to upper bound the term in (3.C.13), that is

1nv T gres|| _.
| Z U™) (X, a)p( X, ar) "6 legime, )1

_H Z Ull’lV UIIIV(UIHV) + Ures(Ures)T)(p(Xt’ at)@(Xn at)TUres(Ures)TéiesH(ii[]lVTO])il
1 . . .
SH Z (UIHV)TUIHV(UIHV)TQO(Xt, at)SD(Xta at)TUreS(Ures)T(S;esH(ii[llvTO])fl

t=—To

-1
Y O TUSO) (X a)o(Xera) U O) 6 g o
t=—Tp
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For the second term, it holds that
-1

|| Z (Uinv)TUres(UreS)TQD(Xt,at)gD(Xt,at) UreS(Ures>T6resH Emv ] _1
t=—Tp

Sinv -1 Frinv res
<|I( [—TO]) 2 lop | (T™) TU™[lopTo L M

<\ ——ANTyL*M
\ /\OT0 0
AHL2M _ AlIlV
\/ Ao

Under Assumption 3, for all n € (0, 1), this quantity is, with probability at least 1 — 7,

0 (\ / bgf\’;/”)). For the first term, we obtain

-1
H Z (UIHV)TUIHV(UIHV)T(P(tha/t)SO(that)TUres(Ures)T(S;es||(Si[r:VT])—1
t=—Tp 0
~. 1 . . —1 .
<) "2 lop lT™) TT™ [lopll D (U™) To(Xi, ar)p( Xy, ar) U™ (U) T 65|
t=—To

1 —1
m” Z ol
t=—Tp

where a; = (U™) T (X, ar) (X, ar) TU™S(U™) T61e € RP™ and in the last inequality
we have used that ||(U™)TU™||,, < 1 since both matrices have orthonormal columns.
This is the same quantity that appears in (3.C.8) in the oracle subspaces case (to-
gether with (3.C.14), this forms the full oracle bound given in (3.C.10), which we denote
here by pV). We have shown (3.C.8) to be, for all n € (0,1), with probability at

least 1 — 7, O< %Olog (pi:;v

inv

)) For the same choice of 7, this term is dominated by

O < )%O log (g)) Hence, the expression in (3.C.13) is, with probability at least 1 — 27,

o\t (5))

Let

PRV (1, L, M) Z Himv (3.C.15)

1 . L? 2 nv 4 ]
=o04/2log () + p"V log ( - > +2L2M | —log (p * >
U P™ Ao Ao U
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: T
+ VPVTHATILM + 4 /)\—OAHL2M
0

By the union bound we have that, with probability at least 1 — 4n,

3
Hinv SV Hinv Aan _ Aan
|5 IS E™ 2_: = iy (1. L, M)

is

1 . 1 . 1
0] (log <> + P log < - )) + O PV log <p> + O — log (p) .

n P Ao n Ao n
This concludes the proof of the lemma. O

Proof of Lemma 3.4.4. We want to bound the estimation error for the residual compo-
nent in the residual subspace, that is, |6 — ‘Sr%é{es”zt_l. Recall that we have defined

Eies = (U reS)TEtUmS. We start by stating explicitly the expression for S,fes, obtaining
that

167" — 67|, |

=TT (EE) T Y (U)X, an)(RE = o(Xr,ar) A1) = U™ (U™) 6|5,

TE[t—1]
=[I(Si=) 7 Y () e(Xr, an) (RE — o(Xr,ar) TB™) = (U7) T 67| es,
TEt—1]

SH Z (UreS)T(p(XT, aT)@(XTu aT)T(UreS(UreS)T _ UreS(UreS)T)éges _ )\(UreS)T(s;esH(ige_sﬁ_l
TE[t—1]

H Y (O e(Xrar)p(Xr,ar) T(B™ = ™) g )
TEt—1]

+|| [Zl](Ures)Tgp(XTaaT)ETH(i;esl)1
TE[t—

SH Z (UreS)TQO(XT,aT)(,O(XT,aT)T(UreS(UreS)T . UreS(UreS)T)égeSH(ige_sl)_l (3016)
TEt—1]

_,'_H Z (UreS)T(p(XT,aT)(p(XT,CLT)T(ﬁinV - Binv)H(ii‘iﬁrl (3.C.17)
TE[t—1]

+l [Zl](Ufes)Tso(XT,af)eTH@;esl)1 + V|87 2. (3.C.18)
TE[t—

The analysis of the terms in (3.C.18) follows the same steps as the one for (3.C.1) in
the oracle case. In particular, from Theorem 3.4.1 we have that for all n € (0, 1), with
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probability at least 1 — n,

Y O To(Xr an)er sy 1 + VAL

TEt—1]

1 tL
SU\/Qlog <7]> + pres ]0g< 3 res) + \fM . Ares.

For the term in (3.C.16), we have that

|2 @) o(Xr ar)p(Xr,an) (15 = )5 500 0

TE[t—1]
> lSE) )2 (07) T (X, ar)|2 > (@(Xr,ar)T(IIS™ — I157) 65es)?
relt—1] T€t—1]
§\/ﬁ\/t max (X, ar)|[3]|05|3]|TES™ — 115712,
<LM APt = ps. (3.C.19)

The first inequality follows from Cauchy-Schwarz inequality. The second inequality uses
the fact that

- 1 ~res
STOEE) (O T o(Xy, a3
TE[t—1]

= Y o(Xrar) TS THO) Tp(X, ar)
TEt—1]

=trace Z (UreS)TQD(Xr, ar)p(Xs, GT)TUTQS( > ie—sl)_l
TEt—1]

< trace Z (U) To(Xr, ar)p( Xy, ar) TU 4 Mpres | (3095) 71
TE[t—1]
= traCG(IpreS)
:pres.
Under Assumption 3, for all n € (0,1), with probability at least 1 — 7, (3.C.19) is
O %f(p/n) . To bound the term in (3.C.17) we use the result in Lemma 3.4.3 on
the estimation error for the invariant component, since

H Z (UreS)T(p<XT,aT)cp(XT,aT)T<,BinV N Binv)H(fjiejl)*l

TE[t—1]
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=[|(Z5) 72 S (0) To(Xr, ar) (X, ar) T (6™ — B)

TE[t—1]

D2 M=) 2 (@) To(Xran)l3, | D7 (6(Xr,ar) (B — fin))?

TEt—1] TElt—1]
<Vpes, [t max, (X, ar)|I3]18™ — B3
SLHﬁinv ﬁanHZ\/[)r? Ares

Taking the union bound, we have that, with probability at least 1 — 27,

3
HS;GS _ ﬂsrcsdgesHit71 S Z Ares . AI‘GS 7]7 L M) (3C20>

To conclude the proof of the lemma it is sufficient to replace n with ' :== 7/2 in all above
terms. O

Proof of Theorem 5.4.5. We start by considering a decomposition of the instantaneous
regret similar to the one in (3.4.8). Now, the true subspace decomposition is unknown,
so CP and (f? are confidence sets containing, with probability at least 1 —7, s B™ and
s 65°, respectively. As before, we denote by (5, 6;) = arg MaX g 65 565 o( Xy, a¢) T (B+
§), and by 4 = B¢ + 0; the parameter at which the upper confidence bound for the
predicted reward at time ¢ is achieved. Moreover, recall that iges = (U reS)TitU‘"eS and

El[n" To] = (Um")TZ[ T ]Umv Then, at time ¢ € [T], reg, is such that
reg; == (p(X¢, a7) — o(Xe,ar)) "oz
< (X, at)T(ft —Y0,¢)
= @o(Xp,a0) " (B — B™) + (Xy, a) T (8¢ — 65°%)
_ QO(Xt, at)T(Bt ﬂva,BmV + ﬂSm"Binv . /Binv)

+ QO(Xt, a T((st ﬂSreS 5;‘65 + ﬂSres(S{es _ 5;65)

< Uinv)TSD(Xt’ at)H2||(Uinv)TBt _ (Uinv)T/BianZ

+ H(UreS)T (Xt7 at)H((Ures Titilﬁres)flu(Ures)Tat - (UreS)T(S;eSH(ﬁres)Titilljres
(Xi

+ (X, ar)

Amv rinvy T 2 Frinvy T pinv| _
< [[(U™) (P(Xtva't)HQ\/mH(U ) B —(U™) B Hzl[gvTO]
H10) "o X, a) | spen, y-1 [ (T7) T8¢ — (07 76| g
+ [lo(Xe, ar) 2

Frinv PRy (n,L,M) rres res
< 2/ (™) T (X, )l ™ + 2 (07) T (X, 1)l s,y /P, L M)
+ (X, ar) 2
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3.6 Conclusions

Lemma 3.4.3 implies that we can define C? to contain s™ ™ with probability at least

1 — 7 so that 4/ Am"(n,L M) is
O <\/pin" log ( ‘“VAo) + log( )) +0 ( pinv log(%)) +0 < %log(%)) :

Lemma 3.4.4 implies instead that we can define € to contain IIS™6 so that
V5 (n, L, M) is, for all 5 € (0, 5) with probability at least 1 — 27

I'CS an LM
O(\/preslog(l—l—ﬁ)+log(%)> ( t(\/logip Py (1,5, M) 77 )) (3.C.21)

Moreover, by Assumption 3, we have that, for all n € (0,1), with probability at least
1- m,

llo(Xt, at)l[2AH][v0,¢][2 < LMAII

is O(y/log(p/n)/Tp). Taking now the sum over the time horizon T" we obtain that

T
Regy — 3 e,
t=1

T ,
. piBv (n,L, M)
< Z (2II(U1n ) To( X ar) [\ "o — + ||<p(Xt,at)H2||707tH2AH>

= Z 20| (7)o (X, ) sy 1/
We consider these two sums separately. For the first, we obtain that
T Ainv( L M)
1 P 4L,
> (QH(UmV)T(P(Xt,Gt)H2 o + ||90(Xt7at)H2”70,tH2AH>
t=1

ﬁinv(n7L7M)
T <2L S+ LMAH) :

From the results above, we obtain that this term is, for all n € (0, %), with probability
at least 1 — 5,

O (ks /r™ +108(})) + O (ks /™ 08 (2)) + O 7k /max{Mo, 55 og(2) )
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3 Invariance-based dynamic regret minimization

For the remaining part of the cumulative regret, we have that

T

S 2(07%) oK) sy /50, L. M)

t=1

T
<2 1—1,01'@s n,L M Z UTGS Xt’at)||(2risl)7l‘

As in the oracle case (see the proof of Lemma 3.4.4), we can use (3.C.4) and Lemma 3.6.1
and obtain

Z2H Ures Xtaat)H Ereb B reS(T},L M) Cres\/ res n’L M)Tpres log (1 + )\preq>-

Using (3.C.21), we have that the above term is, for all n € (0, %), with probability at

least 1 — 27,
O (pres\/T log (1 + —flﬁi) <log(1 + res) + 10%(%)))

o ( VT \/1o8 (1 + ,\prcs> ( v log(7}) i n’L M)>> .

As a result, up to logarithmic terms, we obtain that the cumulative regret for the ISD-
linUCB algorithm is, for all 5 € (0, &), with probability at least 1 — 117

0 <ﬁ <p + s (V™ + | fmax{ o, ;})>> .

3.D. Lower bound

3.D.1 Lower bound for LinUCB

Lattimore and Szepesvari [2020] show the lower bound Q(pyv/T) for the LinUCB algo-
rithm. In the linear model, they consider Gaussian noise with unit variance. Then, for a
context-action space X x A and a linear parameter v € RP| the regret of a policy is

T
at
>R
t=1

where the expectation is taken with respect to the measure on the rewards induced by
the interaction of the policy with the bandit parametrized by ~. The idea is to find

Reg (X x A, T E,
egr( v) = @gygAw v -
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a worst case instance of the bandit problem, which is characterized by the context-
action space and by the parameter v, with cumulative regret at least of the order of
pVT. Lattimore and Szepesvari [2020] show the result for two different choices of the
context-action space. The first is the hypercube, where X x A = [—1,1]P. The second
choice is the unit sphere, namely X x A = {x € RP | ||z]]2 < 1}. In the first case,
the proof is simpler because the value of the context-action feature in one direction is
not constrained by the values in the remaining directions: we focus on this proof for

now. More in detail, the proof for X x A = [—1, 1]P shows that there exists a parameter
vyel = {iﬁ}p such that Regp (X x A,v) is Q(pv/T). The proof starts by considering

the relative entropy (or KL-divergence) between the probability measures P, P,/ on the
rewards, induced by the interaction of a fixed policy, i.e., a fixed sequence of context-
action features {((X¢, a;)};, with two bandits parametrized by v,7" € T respectively
(with noise e, ~ N(0,1)), that is,

T

DB, By) = 3 B l(0(Xea)T(y 7))

t=1

Denoting with the subscript ¢ the i-th component of a vector, they then define for i € [p]
and vy e

T
Gy, =Py <Z 1{sign(p;(X¢, ar) # sign(v:)} = g) ;
t=1

that is, the probability that the number of times that the sign of the i-th component
of the selected context-action feature is not optimal exceeds half of the total learning
horizon. For a fixed i € [p] and v € T, they further fix 4" as the parameter that equals
7 in all its components except for the i-th, which is set to 7/ = —7;. Then, it holds by a
property of the relative entropy (Bretangolle-Huber inequality) that

p(_2)’

N)\»a

1
GyiHdy; 2 5 exp (=D(P,,Py)) = exp ( ZE o(Xp,ar) (v — ’Y’))Q]> =

where the last inequality follows from the definition of the spaces Ax X and I'. Averaging
over all possible parameters v € I, this implies that

qu%— ZZ %—‘ Zml -2)= %eXp(_m'
'yGF i€[p] ze [p] vel’ i€(p]

Finally, this implies that there exists at least one parameter v € I' such that Zie[p] Qv >

2 exp(—2). For this choice of v, the regret is

T »p
Regr(X x A7) =E, | D> (sign(v) — @i Xs, a0)i
t=1 i=1

105



3 Invariance-based dynamic regret minimization

Y

T
E, [Z 1{sign(pi(Xt, ar)) # sign(%)}]

t=1

v

M- 11

d T
Py (Z 1{sign(pi(X¢, ar)) # sign(v;)} > 2)

=1 t=1

NI

M-

.
Il
—

q%‘

The first equality follows from the fact that max,c(_1 1 0" = sign()79. The first
inequality follows from the definition of the space I' and a case-based analysis on the
value of the summation terms. The second inequality uses Markov’s inequality. The last
equality follows from the choice of . This concludes the proof for the lower bound.

3.D.2 Lower bound for ISD with oracle subspaces and oracle invariant
component

Consider now the case in which we have oracle access to the invariant subspace decom-
position (8™, S™) and the invariant parameter 5™V, We can modify the proof for the
standard linear case above by considering a parameter space where the parameters only
differ in their residual components, that is, their projection onto §™°, while the invariant
component remains fixed. Under this additional constraint, the effective dimension of I"
is reduced from p to p™*, leading to the lower bound Q(p'Sv/T).

More in detail, we consider again the context-action space X x A = [—1,1]P. We now
define the parameter space as I' := {'y ERP |y = gV 4 gres (UTes) Tomes ¢ {:l:\/lf}pres}.
Then, we have that for two parameters v,7 € T,

1 X
D(Py,Py) = 5 Y Eql(e(Xear) T (87 = 6""))?].
t=1

For all ¢t € [T] let ¢"(Xy, a;) = (U™*)T p(Xy, ar) and 6™ := (U™)T 5. As above, we
can define for i € [p**] and v € T

T . T
¢y =Py <Z 1{sign(p;**(X¢, ar)) # sign(6;*°)} > 2) '

t=1
For a fixed i € [pres] and v € T', define 7/ € T" as the parameter obtained from v by
setting ;™ = —0* (and otherwise equal to 7). Then,

1
Qv Ty, > 5 €XP < ZE o(Xp,ar) ' (8" — 5/res))2]> Z 5 exp (—2)
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which again follows from the definition of the spaces X x A and I'. Taking the average
over all possible parameters v € I'; we obtain

F 1 reseX _2
|F|Z Z %_|F| Z Ufexp( 2) =p pi)7

€L ig[pres] ig[pres]
meaning that there exists v € I' such that Zie[pres] G > pres%(_z), The last part of the

proof follows exactly the same steps as the one in the standard case, leading this time to
a regret that is Q(p™sv/T).
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