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Abstract

If we are only given partial information about a probability distribution how much
about said distribution or its generating process can we recover? This broad question
of identifiability will be posed and answered in different ways throughout this thesis
using tools from algebraic geometry. The first chapter serves as an introduction to the
different types of identifiability in the thesis and how algebraic geometry can be used to
answer such questions.

The second chapter introduces the graphical discrete Lyapunov models which arise as
the steady-state distributions of first-order vector autoregressive models. It is a model
of cross-sectional observations from a dynamical system. A directed graph encodes the
sparsity pattern of the parameter matrix. Under the assumption of non-Gaussian error
terms the tensor equations for the higher-order cumulants are derived, the so-called
discrete Lyapunov equations. In this framework we prove generic identifiability of the
parameter matrix for any directed acyclic graph with all self-loops and no isolated nodes
and local identifiability for all directed graphs with all self-loops and no isolated nodes.

The third chapter introduces a different model of cross-sectional observations from
a dynamical system, the continuous Lyapunov model. They arise as the steady-state
distributions of a stochastic differential equation with a linear drift matrix whose sparsity
pattern is encoded by a directed graph. We derive the higher-order cumulant tensor
equations for the steady-state, a generalization of the continuous covariance Lyapunov
equation. We prove generic identifiability of the drift matrix for any connected graph
with all self-loops. We propose a new semiparametric estimator of the drift matrix and
derive its asymptotic distribution by utilizing the identifiability result.

The fourth chapter is on-going work, where we propose an observation noise on top of
the steady-state distributions in the previous chapter. First we discuss how to give the
models a causal interpretation and then show how the identifiability result from Chapter
3 translates to this set-up when the observation noise is Poisson.

The fifth chapter considers a different type of identifiability than the parameter identi-
fiability discussed in the previous chapters. Instead we consider the completion problem
for log-linear models. So we assume that we only observe some coordinates of a discrete
probability distribution and discuss when it can completed to a full probability distribu-
tion in a given log-linear model. In the case where there are finitely many completions
we show that there is either a one or two completions to the log-linear model.



Sammenfatning

Hvis vi kun har adgang til delvis information om en sandsynlighedsfordeling, hvor meget
information om denne fordeling eller dens underliggende genererende proces kan vi sa
genfinde? Dette brede identifikationsspgrgsmal vil blive stillet og besvaret pa forskellige
mader i denne afhandling ved brug af redskaber fra algebraisk geometri. Det fgrste
kapitel fungerer som en introduktion til de forskellige typer af identificerbarhed som
studeres i denne afhandling og hvordan algebraisk geometri kan bruges til at besvare
sadanne spgrgsmal.

I andet kapitel introducerer vi den grafiske diskrete Lyapunov model, der opstar
som stationsere fordelinger af fgrsteordens vektor-autoregressive modeller. Det er en
model af tvaersnitsobservationer fra et dynamisk system. En orienteret graf angiver
mgnstret af nulindgange i parametermatricen. Under antagelse af, at fejlledene ikke
er normalfordelte, udleder vi tensorligninger, der beskriver hgjere ordens kumulanterne
af fordelingerne, de sékaldte diskrete Lyapunov ligninger. Ved hjelp af disse ligninger
beviser vi generisk identificerbarhed af parametermatricen for en vilkarlig orienteret
acyklisk graf med alle lgkker og ingen isolerede knuder og lokal identificerbarhed for alle
orienterede grafer med alle lgkker og ingen isolerede knuder.

Tredje kapitel introducerer en anden model af tveersnitsobservationer fra et dynamisk
system, den kontinuerte Lyapunov model. Den opstar som stationsere fordelinger af en
stokastisk differential ligning med linesert driftled, hvis mgnster af nulindgange bliver
angivet af en orienteret graf. Vi udleder tensorligninger, der beskriver hgjere ordens ku-
mulanterne af fordelingerne. De er en generalisering af den kontinuerte Lyapunov ligning
for kovariansen. Vi beviser generisk identificerbarhed af driftmatricen for an vilkarlig
sammenhangende graf med alle lgkker. Vi foreslar en ny semiparametrisk estimator af
driftmatricen og udleder dens asymptotiske fordeling ved brug af identificerbarhedsre-
sultatet.

Det fjerde kapitel er igangveerende arbejde, hvor vi foreslar observationsstgj ovenpa
de stationzere sandsynlighedsfordelinger i forrige kapitel. Fgrst diskuterer vi, hvordan
disse modeller kan gives en kausal fortolkning og viser derefter, hvordan identifikation-
sresultatet fra kapitel 3 kan overfgres til modellen med Poisson stgj.

Det femte kapitel betragter et andet type identifikationsproblem end de tidligere
kapitler. Vi betragter i stedet fuldstezendigggrelsesproblemet for log-linesere modeller.
Vi antager, at vi kun observerer enkelte koordinater fra en diskret sandsynlighedsfordel-
ing og undersgger, hvornar sddan en partiel observation kan fuldsteendigggres til en fuld
sandsynlighedsfordeling i en given log-lineser model. Hvis der er et endeligt antal fuld-
steendigggrelser, viser vi, at der er en eller to fuldstaendigggrelser til den givne log-linesere
model.

vi



Contributions and Structure

Chapter 1 is an introduction which will provide an overview of the concepts which will
be present throughout the thesis. In it we will introduce and discuss what identifiability
is, the idea behind it and how algebraic geometry tools can be used to determine it. The
following four chapters each represent a paper. For the three papers already available
online, there are minor changes to formatting, typo corrections and references have been
updated if a preprint has been published.

Chapter 2 defines the graphical discrete Lyapunov models and proves generic and lo-
cal identifiability results using higher-order cumulants. It corresponds to the following

paper:
[IDLM] [Recke et al., 2026]. C. O. Recke, S. Lumpp, N. Kushnerchuk, J. Oldekop, J. Li,

J. I. Coons, and E. Robeva. Identifiability in graphical discrete Lyapunov models.
arXiv: 2601.21818, 2026.

Chapter 3 defines the continuous Lyapunov model and proves generic identifiability up
to scaling using the second-order and one higher-order cumulant. It also introduces the
singular value estimator and derives its asymptotic distribution by using the identifia-
bility result. Everything except the last Appendix 3.C corresponds to the paper:

[ICLM] [Recke and Hansen, 2026]. C. O. Recke and N. R. Hansen. Identifiability and
estimation in continuous Lyapunov models. arXiv: 2603.17142, 2026.

Chapter 4 gives the model from the previous chapter a causal interpretation and intro-
duces an observation noise model. It corresponds to the work in progress:

[LOSD] [Markham et al., 2026+]. A. Markham, C. O. Recke, and N. R. Hansen. Causal
inference with latent operator-selfdecomposable distributions. Working paper,
2026+

Chapter 5 studies the problem of completing a partial observation of a discrete proba-
bility distribution to a log-linear model and corresponds to the following paper:

[CLLM] [Cai et al., 2024]. M. Cai, C. O. Recke, and T. Yahl. Completions to discrete
probability distributions in log-linear models. Algebraic Statistics, 15(2):225-247,
Dec. 2024. ISSN 2693-2997. doi: 10.2140/astat.2024.15.225.
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1 Introduction

A common theme throughout all projects in this thesis is the idea of identifiability
if we think of it more broadly as: if we observe some information about a probability
distribution how much information about the entire distribution or its generating process
can we recover? We study a version of this question for different statistical models, both
discrete and continuous. The second unifying idea is using tools from algebraic geometry
to answer such questions. We first provide an example to illustrate the two different
identifiability problems explored in the thesis. We then focus on parameter identifiability
and use this as the main example of how to use tools from algebraic geometry to answer
questions in statistics. Lastly, we introduce and compare the different Lyapunov models
which are the focus points of three out of four chapters in the remainder of the thesis.

1.1 A Tale of Two ldentification Problems

We consider the independence model for two discrete random variables and how it can
yield two different identification problems see e.g. Drton et al. [2009], Sullivant [2018]
for background.

Example 1.1.1. Let X; and X5 be two discrete random variables with state spaces
[ni] ={1,...,n;} forn; € Nand ¢ = 1,2. Then X; and X, are independent if their joint
probability factors into the marginals,

P(X1 :xl,XQZxQ) :P(Xl :xl)P<X2:l‘2) (1)

for all 1 € [n1] and 2 € [n2]. A consequence of this is that the matrix with entries
equal to the joint probability distribution p;; = P(X1 =14, X =j) fori=1,...,n; and
j =1,...n; has rank equal to one if and only if it comes from the independence model
[Drton et al., 2009, Proposition 1.1.2]. Welet Ax_1 = {(p1,...,pr) | pi >0, Zle pi =1}
denote the probability simplex, the set of all possible distributions for a variable with k
possible outcomes. Then the definition of the discrete independence model can also be
written as exactly the set of matrices p = (p;;) which have rank 1

Mx, 1 x, ={p € Apin,—1 | rank(p) = 1}.

The above is an implicit description of the independence model, but it can also be
parametrized using (1) as

¢ : Anlfl X An271 — An1n2*17 (aaﬁ) = aBT>



1 Introduction

with @ and ( representing the marginal probability distributions, so im(¢) = Mx, 1 x,-
A natural question to ask now is: if we only know the joint probabilities p € Mx, i x,
can we recover the marginal probabilities, & and 87 In this case, the answer is yes. It is
easily seen that we can sum the rows or columns of p accordingly to obtain the marginals

no ni
o = E pij, Bi= E Dij-
= =1

Another way to phrase the question above is whether the map ¢ from the set of pa-
rameters (the marginals) to the statistical model (the joint distribution) is injective.
Injectivity of the map parameterizing a statistical model is what we generally mean by
parameter identifiability, see Definitions 1.2.1 and 1.2.5.

A different, and as it will turn out much harder, problem we could ask for the discrete
independence model is the completion problem. That is whether if we know some of the
entries of the joint distribution p = (p;;) but not all of them can we recover the rest? For
the independence model this is treated by Kubjas and Rosen [2017] by considering com-
pletions of partially observed matrices to rank one matrices in the probability simplex.
Let S denote the set of observed indices of p and let

TS : ./\/l)(leX2 —)]Rlsl

denote the projection from the independence model to the coordinates indexed by S. A
completion of a partially observed matrix of probabilities pg € RISl is any element in the
fiber of pg,
w5 (ps) = {p € Mx, 1 x, | 5" (ps) = p}-

The following three questions are the primary questions to ask about completions. For
what patterns of observed entries S does a completion exist? And what additional
semi-algebraic constraints need to be satisfied for pg to be in the completable region,
ms(Mx, 1 x,)? For example all the coordinates obviously have to be between 0 and
1 and no row or column can sum to more than 1, so this will result in semi-algebraic
constraints. Lastly, given that a completion exists, is it unique? This is a question of
injectivity of mg by characterizing the size of the fibers of a partially observed matrix
ps € RISI,

In Kubjas and Rosen [2017] these questions are answered for the independence model.
Firstly, they associate the sparsity pattern .S with a bipartite graph and show that
if all the observed entries are positive then the matrix is uniquely completable to the
independence model if and only if the graph is connected. They also provide an algorithm
that runs in polynomial time to decide completability of an observation pg also allowing
for zero entries by providing equality and inequality constraints that have to be satisfied.

They also consider the size of the fibers of mg and provide a characterization of the
size of the completable region divided into cases of when it is a single point, two points
or providing the dimension of the semi-algebraic set when there are infinitely many
completions. Thus, even though we refrain from writing all the exact conditions and
algorithms from Kubjas and Rosen [2017] it is clear that for the independence model the
completion problem is much more involved than the parameter identifiability problem.



1.2 Parameter Identifiability

Example 1.1.1 showcases two different areas of identification theory: parameter iden-
tifiability and completion of discrete probability distributions. In this thesis we will
explore these topics in the context of the followings papers. The paper [CLLM] ex-
plores the completion problem for a generalization of the independence model, namely
log-linear models, which will be defined in Chapter 5. The papers [ICLM] and [IDLM]
prove results about parameter identifiability for the models introduced in Section 1.4.

The completion problem as stated here is only well-defined in the case of discrete prob-
ability distributions whereas parameter identifiability can be asked for any parametrized
statistical model. For this reason we will now focus the discussion on parameter identifi-
ability. However, since both cases are essentially a question of injectivity of certain maps,
several of the ideas, for example genericity and finite-to-one, can just as well be applied
to the map in the completion question. The main difference is that for the completion
problem the first problem is determining for which subsets of the domain the fibers are
non-empty, which is typically a question answered directly by definition in the case of
parameter identifiability.

1.2 Parameter Identifiability

In one of the early papers explicitly studying (parameter) identification, Koopmans and
Reiersgl [1950], they write

”The study of identifiability is undertaken in order to explore the limitations
of statistical inference.”

Koopmans and Reiersgl write this to motivate the study of identifiability and explain its
relevance for statistical inference. The idea is that if a statistical model is not identifiable,
that is that we cannot even identify the parameters of interest when we have access to the
true probability distribution, it would be unrealistic to expect to be able to accurately
estimate the parameters given data. In this way identifiability is a crucial first question
to answer about a statistical model before trying to estimate the parameters.

Given Example 1.1.1 it might seem like parameter identifiability will always be a
simple question to answer. As we shall see, this will not be the case. As with the
completion problem, identifiability might only be feasible for a subset of the parameter
set and maybe not at all. See for example [Sullivant, 2018, Ch. 16], [Bollen, 1989, Ch.
4] for a discussion.

In this section we explore and discuss different notions of identifiability. First we
briefly introduce the modern definition of global identifiability, Definition 1.2.1. By
giving a historical context and considering some of the first models to prompt the study
of identifiability we explore examples wherein only weaker notions of identifiability can
be obtained. Ultimately, this leads to several definitions of weaker forms of identifiability
(Definition 1.2.5).

The strongest notion of parameter identifiability, as satisfied by the independence
model in Example 1.1.1, is that the map parameterizing the statistical model is injective
on the entire parameter space.
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To formally define this we let a statistical model, M, be a a family of probability mea-
sures on a measure space, or simply just a set of probability distributions. A parametrized
statistical model, M,, is defined as the image of a map v : ® — M, mapping the pa-
rameter space © to a set of probability distributions

M, = {v(0) | 6 € ©}.

Definition 1.2.1. A parametrized statistical model M, is said to be (globally) identifi-
able if the map v : © — M,, is injective.

In the majority of this thesis we will identify the parameters from the covariance or
some higher-order cumulants of the distributions. In this setting, the set M, will not
directly be a set of distributions but a set of cumulants satisfying a set of equations
which have to be satisfied for the set of distributions. Of course, identifiability from the
cumulants will imply identifiability from the corresponding distributions.

Historically, the first uses of the word identification to describe Definition 1.2.1 are
given in the works of Koopmans and Reiersgl around 1950 [Koopmans, 1949; Koopmans
and Reiersgl, 1950; Reiersgl, 1950]. What is common across all three papers is that
they study a system of (typically linear) equations in a set of stochastic variables, where
some are assumed observed and some are assumed unobserved. In this way they study
identifiability of what we would now mainly classify as linear structural equation models
both with independent and non-independent errors.

Furthermore, in all three papers they give a brief survey of the history of the study of
identifiability up until this point. They note that most of the study so far has been carried
out with different fields of application in mind. Some notable and early contributions,
albeit not a complete overview of the history, include the method of path coefficients
by Wright [1934] essentially studying identification in linear structural equation models
using treks and Thomson [1919] who demonstrates the lack of identifiability in some
factor analysis models by numerical examples.

The identifiability of all of these somewhat similar models, namely linear structural
equation models, factor analysis and principal components analysis have been the subject
of much study and is still an active area of research. See for example Brito and Pearl
[2002]; Foygel et al. [2012b]; Barber et al. [2022] for linear structural equation models,
Sturma et al. [2025] for factor analysis models and Comon [1994]; Mesters and Zwiernik
[2024] for components analysis models.

To illustrate different types of identifiability we will consider a linear structural equa-
tion model on two observed variables with latent confounding, see Figure 1 and Example
1.2.2. This is a restructuring of Example 1.2 in Koopmans and Reiersgl [1950] to the
standard way of writing a linear structural equation model where all observed variables
can be written as a linear combination of the other observed variables and error terms.
Koopmans and Reiersgl [1950] instead assume a linear relationship between unobserved
true variables and add a layer of measurement noise. It is possible to move between the
two set-ups by redefining what is seen as errors.

In a linear structural equation model the linear effects are encoded by a directed graph,
so a directed edge ¢ — j corresponds to there being a linear effect, \;;, of the parent X;



1.2 Parameter Identifiability

)

(a) Directed graph with a latent con- (b) A mixed graph representing non-zero
founder U. correlation between the errors.

Figure 1: Two different graphical representations of confounding of two variables.

on the child X, see Example 1.2.2. See for example Bollen [1989] and Drton [2018] for
background on linear structural equation models.

Example 1.2.2. We consider the linear structural equation model on two observed
variables X; and Xy and a single unobserved (or latent) variable U. The graph in
Figure la corresponds to the following system of linear equations

U=cey, X1 = aU +e¢€1, X2 = M2 X1 + AU + ea. (2)

where the assumption is that €, and €5 are all independent and Gaussian with mean
0. The parameter of interest to identify is Aqo, the effect of X7 on Xs.

If the latent variable, U, is not of specific interest the graph in Figure la is often
projected to the mixed graph in Figure 1b. To do this we redefine the errors associated
to X1 and X2 by € = &; + Ayiey for ¢ = 1,2 [Drton, 2018]. This results in the errors
being correlated, which is exactly what a bidirected edge between two variables encodes
in a mixed graph. In this set-up equation (2) will instead be represented as

X1 = €1, Xo = M9 X1 + €9. (3)

However, in this representation the correlation between the errors could result from
a more complicated latent structure as the latent structure is not specified. In this
parametrization we explicitly have four parameters, A12 and the unknown covariance
matrix of €1 and es.

Irrespective of the parametrization, the observed variables X; and X5 follow a Gaus-
sian distribution with mean 0. Thus, being able to identify the parameters from the
distribution of (X7, X2) corresponds to identifying them from the covariance matrix of
X 1 and Xg:

var(X1) = var(ep)
COV(Xl, XQ) = )\12V8,1"(61) + COV(61, 62)
var(Xs) = Myvar(e) + var(ep).
We only have three equations and four unknown parameters and therefore we conclude

that the model is not identifiable, as per Definition 1.2.5 (iv) introduced below. Further-
more, even just the parameter of interest, Ai2, is non-identifiable from the covariance.
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Example 1.2.2 illustrates one of the simplest ways for parameter identifiability to fail,
that there are more unknown parameters to identify than equations to identify them
from. Small variations of the assumptions made in Example 1.2.2 can yield identifiability.

Example 1.2.3 (Continuation of Example 1.2.2). We consider two different modifica-
tions to the assumptions in Example 1.2.2 which result in the parameter of interest Aio
being identifiable.

If we assumed there is no confounding, i.e., no U variable or mixed edge, so €; 1L €,
we are just in a classic linear regression set-up and we can recover the coefficient as

cov(X1, X3)

Ao =
2 var(X1)

The only condition is that var(Xj) is non-zero, which is just an assumption of the
distribution being non-degenerate, i.e., non-constant. We can use this to recover the
variance of the errors € as well. Thus, the model is (globally) identifiable.

Another option, also explored in Koopmans and Reiersgl [1950], where there is still
allowed to be confounding is to introduce some non-Gaussianity. Specifically, what they
do in Koopmans and Reiersgl [1950] is to assume that €, and €9 are Gaussian but
that €1 is non-Gaussian. This results in both X; and Xo being non-Gaussian. In this
case it is possible to utilize a higher-order cumulant of X to identify Aj2. Cumulants
are the higher-order version of the covariance, see McCullagh [2018] for background on
cumulants. The Gaussian distribution is the only distribution that has all cumulants
of order three and above equal to zero. Non-Gaussianity will turn out to be a useful
assumption to obtain identifiability where it is not possible from just the covariance, see
Remark 1.2.6 and the three projects [ICLM], [IDLM] and [LOSD)].

Since €1 is non-Gaussian at least one cumulant of order at least three is non-zero. For
notational purposes, we assume that the third-order cumulant x3 is non-zero. Then

k3(X1, X1, X2) = k3(e1 + Aui€u, €1 + Aui€u, M2(e1 + Auigw) + €2) = Aaks(er,€1,€1),

by linearity of cumulants and that the third-order cumulant of two independent stochas-
tic variables or any combination of only Gaussian stochastic variables is 0. Similarly, by
the linearity and that e, is Gaussian we obtain k3(X1, X1, X1) = kr3(e1,€1,£1). Thus,
we can recover the parameter of interest

k3(X1, X1, X2)

g = B2 A1 A2)
2 k3 (X1, X1, X1)’

(4)

and then recover the covariance of ¢, but not the latent edges and covariances.

Example 1.2.4. We consider a modification of Example 1.2.2 where we have one more
observed variable X with an incoming edge to X; with no latent confounding with the
other variables, see Figure 2. This is known as the instrumental variable set-up discussed
at length in the literature [Bowden et al., 1990]. It corresponds to changing the equation
for X in (2) and (3) to

X1 =201 X0+ AU + €1, X1 = o1 Xo + €1,
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(a) Directed graph representing an instru- (b) A mixed graph representing an instru-
mental variable and latent confounder U. mental variable model.

Figure 2: Two different graphical representations of an instrumental variable model.

respectively and adding the additional variable Xo = ¢g (or X = €p in (3)).

By assuming we have an extra observed variable, we obtain 6 distinct entries in the
covariance matrix of the observed variables, Xy, X1 and X5. If we consider the mixed
graph we also have exactly six unknowns in the form of two edges between observed
nodes and the variance of each ¢; and cov(e, e2). Thus, we are no longer in the case
of Example 1.2.2 where there are more unknowns than parameters. Furthermore, if we
write out the expression for the covariance matrix of (Xo, X1, X2) we obtain the solution

_ cov(Xp, Xy) cov(Xo, X2)

Ay = = e/
o1 var(Xo) 27 cov(Xo, X1) (5)

for the parameters of interest. Thereafter, we can find the covariance of the errors € as
in the previous example. However, there is one subtlety here compared to Example 1.2.3
and Example 1.1.1. The solution for A1s only exists if A\g; is non-zero. Heuristically, this
makes sense because if \g; was zero the model would be the same as Example 1.2.2 where
A12 was not identifiable. This model is therefore not globally identifiable, but what we
will call generically identifiable and furthermore rationally identifiable (see Definition
1.2.5), where we only have identifiability for a specific subset of the set of parameters.

With these different examples in mind we introduce the following definition of dif-
ferent types of identifiability for parametrized statistical models. They are ordered by
decreasing strength starting with globally identifiable and ending with non-identifiable.
This is Definition 2.2.5 from [IDLM] with the addition of point (ii) and the removal of
the assumption of the parametrization being rational.

Definition 1.2.5. Let f : © — My be a map from a finite dimensional parameter space
© C R* to a statistical model such that im(f) = My. The model is said to be

(i) globally identifiable if f=1(f(0)) =6 for all 6 € ©;

(ii) rationally identifiable if f=*(f(0)) = 0 for all & € © \ A where A is a proper
algebraic subset of © with f and f~1 both rational maps;

(iii) generically identifiable if f~1(f(0)) = 0 for all 6 € ©\ A where A is a proper
algebraic subset of O;

(iv) locally identifiable if | f ~1(f(0))] < oo for all§ € ©\ A where A is a proper algebraic
subset of ©;
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(v) non-identifiable if | f~(f(0))| = oo for generic 0.

Note that for the second, third and fourth notion of identifiability the Zariski closure ©
of © is assumed to be an irreducible variety.

Note that different notions of identifiability have different names in the literature
and some of the adjectives are also given different meanings. Definitions (i), (i), (iv)
and (v) are almost always given by the definitions above. Locally identifiable is also
sometimes known as finite-to-one or algebraically identifiable when f is a rational map.
Even though it seems misleading (given the usefulness of generic identifiability) non-
identifiable is sometimes used to denote anything which is not globally identifiable.

It is mainly the notion of generic identifiability which is used in many different ways.
It is always a notion of the parametrization being injective on the entire parameter set
except some exceptional subset A. In some instances A is simply assumed to be a null
set with respect to the Lebesgue measure. An algebraic subset (the vanishing set of
a set of polynomials) is a specific instance of a null set, which is more well-behaved
than general null sets. For example an algebraic subset cannot be dense in the ambient
space with respect to the standard Euclidean topology, which a general null set does
not exclude. Furthermore, in practice it is typically possible to prove the (stronger and
more insightful) definition of generic identifiability provided here and often even rational
identifiability, see Section 1.3 and the papers [ICLM] and [IDLM] where we provide
proofs of rational and local identifiability. As will be apparent global identifiability is
not possible in the models studied in these papers.

Furthermore for (v) the notion of 'generic’ is purposefully left more vague here than
in (i) to just specify that most of the parameter space is not-identifiable as would be
the case if (v) is true for all parameters except a null set.

The reason for assuming that the Zariski closure of the parameter set is irreducible is
to ensure that the algebraic subset A is of strictly lower dimension than the parameter
set ©. In practice a lot of parameter sets are open subsets of R¥ which is an instance of
a parameter set with irreducible Zariski closure.

Remark 1.2.6 (A Note on Structural Identifiability). Especially, in the context of graph-
ical models, like linear structural equation models, identifiability is sometimes taken to
mean what we will call structural identifiability. That is if we have a finite set of graphs
G1,...,G)p each defining a linear structural equation model on k observed variables is
it possible to distinguish between the models by the observed distributions? This is im-
portant in order to be able to learn the directed graph from observed data as is typically
the goal in causal discovery [Peters et al., 2017].

For example in the well-known case of two observed variables X; and Xo with a
directed edge between them (so Figure la without the confounding) the distribution of
(X1, X2) is the same no matter if the effect goes from X; to X3 or the other way if they
follow a joint Gaussian distribution. Thus, they are not structurally identifiable.

However, if the errors are assumed non-Gaussian the distributions for the two different
graphs can actually be distinguished. This is a consequence of the Darmois-Skitovich
theorem, see Comon and Jutten [2010]. It can also be seen by finding an equation which
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has to be true in the moments (or cumulants) for one graph but which is not true in the
other graph, see for example Améndola et al. [2023]. In Shimizu et al. [2006] they prove
structural identifiability for all directed acyclic graphs with no latent confounding (based
on the result of Comon [1994] for independent component analysis) and utilized it for
causal discovery, naming the models LINGAM (Linear Non-Gaussian Acyclic Model).

In IDLM] Section 2.6 we show some first results towards structural identifiability for
a certain class of discrete Lyapunov models.

1.3 Why Algebra in Statistics?

The idea of using algebraic geometry tools to answer statistical problems has seen rapid
development in the last 30 years, see Sullivant [2018]; Drton et al. [2009]; Casanellas et al.
[2019] for an overview of different research directions. Algebraic geometric methods are
mostly of relevance if the statistical model can at least in part be parametrized by a
rational map. Examples of this includes various discrete probability distributions such
as log-linear models as we study in [CLLM] and a wide collection of graphical models
including linear structural equation models [Drton, 2018] and graphical Lyapunov models
for example studied in [ICLM] and [IDLM] in this thesis.

Once a rational parametrization is given, computational algebra can in principal be
utilized to obtain polynomial equality and inequality constraints which must be satisfied
in the model. Such polynomials can for example be used to obtain results about condi-
tional independence implications, parameter and structural identifiability and sampling
from conditional distributions.

As identifiability is a main focus point of this thesis, we exemplify the application
of algebraic geometry to solve statistical problems by showing how to use it to study
parameter and structural identifiability of rationally parametrized statistical models.
Parameter identifiability using computational algebraic geometry was first discussed in
Garcia-Puente et al. [2010], we base the following on that as well as Foygel et al. [2012b]
and Barber et al. [2022]. A general background on polynomial ideals and affine varieties
used below can for example be found in Cox et al. [2015].

Let © C RF and f:©—=M;C RY denote a rational parametrization of a statistical

model M given by

91(0)" 7 ga(0)

where we adopt the convention that § = (6y,...,0;). We let the coordinates in R? be
denoted by p1, ..., P4

In order to study (rational) parameter identifiability we need to find polynomials
relating the coordinates of the probability distribution, p, and the parameters, . Using
algebraic geometry we can find what is called the vanishing ideal of the graph of f, Zy
(equation (8)). It is the largest set of polynomials h(,p) € R[f, p] that vanish on the
graph of f,

G(f)=1{(6,f(6)) |6 € ©} CR* x R,
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Or equivalently, the vanishing set of Zy is the smallest affine variety containing the graph
of f. Thus, if we cannot use the polynomials in Z; to obtain a rational expression for
¢; in terms of p1,...,pq, 0; is not rationally identifiable in the model M, see Theorem
1.3.1 below for the precise statement.

To define the vanishing ideal of the graph, we first define the ideal

JTr = (91(0)p1 — f1(0), -, 9a(0)pa — fa(0),1 — (g1~ 9a)y) (7)

in the polynomial ring R[f,p,y]. It is the smallest ideal containing the polynomials
in the brackets. The first d polynomials correspond to p; = f;(0)/gi(6), so exactly
that (6,p) € G(f). The variable y is an extra variable in order to ensure that the
denominators are never zero. If we knew that was never the case (for example if f was
a polynomial) we could remove the last polynomial in the generating set as it would be
trivial and Jy would already be the vanishing ideal of the graph of f. The vanishing
ideal of the graph is simply the elimination ideal of J; where the variable y has been
eliminated,

If:jfﬂR[Ql,...,gk,pl,...,pd], (8)

so it is all the polynomials in J; only involving ¢ and p.

Similarly, to be able to obtain results about structural identifiability we can use the
polynomials which characterize the image of f, so if these polynomials are different for
two models they are structurally identifiable from each other. Thus, we need to find the
vanishing ideal of the image of f, Z(My). It is the largest set of polynomials h(p) € R[p]
which vanish on the image of f. The vanishing ideal of the image can be obtained from
(7) by eliminating both 6 and y,

I(im(f)):I(Mf):jme[ph'"vpd]? (9)

as also specified by the implicitization theorem [Cox et al., 2015, p. 138].

The notion of the vanishing ideal of the image, Z(My) is also needed for the precise
statement of how to show identifiability for each parameter 6; as given below, as it is
used to formally write that a polynomial a(p) does not vanish on the model M.

Theorem 1.3.1. Let © C R be a subset such that its Zariski closure © is irreducible
and let f : © — R? define a rationally parametrized statistical model by (6). Define the
ideal Iy as in equation (8) then fori € {1...,k}, 6; is rationally identifiable if and only
if Iy contains a polynomial of the form a(p)6; + b(p) with a & T(My).

The proof of Theorem 1.3.1 follows by essentially the same proof as in Foygel et al.
[2012a] for linear structural equation models by applying the same arguments to general
rationally parametrized models.

As is explained in Garcia-Puente et al. [2010] Theorem 1.3.1 can easily be generalized
to show local identifiability by existence of a polynomial of the form a(p)6!+b(p) instead.
Of course in this case 6; might still be generically identifiable if only one of the roots of
the polynomial belongs to ©. Another option to prove local identifiability is by proving
that the Jacobian of f has full rank [Sullivant, 2018, Prop. 16.1.7]). This is done in
Section 2.5 of [IDLM].

10
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Theorem 1.3.1 can be made into an algorithm to determine rational identifiability by
obtaining a Grobner basis of Z¢, see Algorithm 1. The proof of correctness of Algorithm
1 follows by essentially the same proof as in Foygel et al. [2012a] for linear structural
equation models. The algorithm could start using either J; or Zy. It is essentially
equivalent, since the elimination ideal Z; is obtained from [J; by finding a Grobner basis
with respect to a monomial order where y is greater than the remaining indeterminates.
Thus, in practice it can be simpler to do it in one step to only find one Grobner basis.

Algorithm 1. Algebraic method to check rational identifiability

1 Choose a monomial ordering on the variables 6 and p such that for all indices
i,7 we have y > 0; > p;

2 Let J; be as given in equation (8) and compute a reduced Grobner basis T of
Jr with respect to the monomial order from step 1.

3 The model M is rationally identifiable if and only if for each @ = 1,...,k the
basis T contains an element whose leading term is a monomial in p times 6;.

Example 1.3.2 (Continuation of Example 1.2.4). We consider the instrumental variable
model from Example 1.2.4. Since it is a Gaussian model the model, My is a subset of
covariance matrices, so let ¥ denote the covariance matrix of (Xo, X1, X2). Then the
entries of 3 will correspond to the p variables in the definitions above.

Foygel et al. [2012a] present a modified version of Algorithm 1 specialized to linear
structural equation models by replacing Jy with an ideal which includes less equations
but aside from that the algorithm is the same. Using this modified algorithm we find
that the Grobner basis of Zy contains the following two polynomials,

A12X01 — Xo2, A01200 — 201,

when picking a lexicographic ordering with A\g; > Aj2. Clearly, 3) in Algorithm 1 is
satisfied so we rediscover that the model is rationally identifiable. Furthermore, since all
elements of Z; vanish on the model we can solve for A1 and Ag; in the equations above
by setting them equal to zero. In this way we recover exactly the identifying formulas
obtained in equation (5).

The Grobner basis calculation can be carried out using Buchberger’s algorithm [Cox
et al., 2015, p. 91], however even for small (in terms of dimensions &k and d) problems it
can be challenging in terms of running times and and can for example depend a lot on
the specific monomial order. Because of this it is typically worth it if the algorithm can
be tailored to the specific models classes (to reduce the generating set of Jr) [Barber
et al., 2022; Foygel et al., 2012a]). It is also still an active area of research to opti-
mize algorithms for computing Groébner bases, see for example Cummings and Hollering
[2026]. Implementations of Grobner bases algorithms exist in most computer algebra
programming languages such as Macaulay2, Oscar, SageMath, Maple and Mathematica.

In practice it is often most useful to use Grébner bases calculations to explore iden-
tifiability for low dimensional models (i.e. a graph on a small number of vertices) to

11
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obtain an idea about what could potentially be proven for arbitrary dimensions. This
is how computational algebra was used in both [ICLM] and [IDLM]. Furthermore, in
[IDLM] a Jacobian rank computation for all small graphs (< 5 nodes) carried out in
Maple is used as the base case of the induction proof of Theorem 2.5.6.

In this section the discussion has only focused on the (easier) task of finding polynomial
equalities which are true in the model. In practice it is also very relevant to try to
find semi-algebraic descriptions which contain both equality and inequality polynomial
constraints. However, this is a much more difficult task. In Boege and Solus [2024]
they show in the case of a (globally) rationally identifiable model how is it is possible to
exploit this to obtain both equality and inequality constraints in the statistical model.
In [CLLM] we provide semi-algebraic descriptions of the completable region in specific
examples.

1.4 Discrete and Continuous Lyapunov Models

In the three projects [ICLM], [LOSD] and [IDLM] we study the so-called Lyapunov
models with [ICLM] studying the continuous Lyapunov model, [LOSD] the continu-
ous one with a measurement noise model, and [IDLM] studying the discrete Lyapunov
model. As implied by their similar sounding names, the two models share certain char-
acteristics but deviate in other aspects. In this section we provide a short introduction
to both models with focus on how the they relate to each other. A summary of the two
models is provided by Table 1.

The main unifying idea of the two models is that both the discrete and continuous
Lyapunov models arise as distributions of the steady-state solution of a stochastic dy-
namical system. The difference between them is the type of stochastic dynamical system.
Namely, for the continuous model it is the steady-state of a stochastic differential equa-
tion with linear drift, so a continuous time system and for the discrete model it is the
steady-state of a first-order vector autoregressive model, so a discrete time system. The
definition of both dynamical systems is provided in Table 1. Both models are then con-
sidered to be models of cross-sectional data from the dynamical systems once they have
stabilized.

Historically, the covariance equations of the steady-state distributions first arose from
the study of stability theory for continuous-time and discrete-time linear systems, where
they can be used to verify whether such a system is stable [Gajic and Qureshi, 1995].
Stability theory was first studied in Russian mathematician Alexander Mikhailovitch
Lyapunov’s thesis in 1892 (first full English translation is from 1992, Lyapunov [1992])
whom these types of equations are named after. The equations are used in many other
aspects of mathematics for example control theory, differential equations and signal pro-
cessing [Gajic and Qureshi, 1995]. However, a key difference is that in the classical linear
stability set-up they study the opposite problem than the one relevant for statistical in-
ference. Namely, they assume that the parameter matrix, A or M, respectively is known
and seek to answer if the covariance equations are solvable for a positive definite ¥. The
answer to this is positive when the parameter matrices satisfy two different notions of

12
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Continuous

Discrete

M € R¥ Hurwitz Stable and

A € RE Schur Stable and

Parameters (Z;):>0 a Lévy process g¢ 1.i.d random variables
with C,, = cum,,(Z1) with Q) = cumy,(e1)
. X1 =ey,
Dynamics dX; = M X dt + dZ;
X, =AX; 1+ fort>1
Covariance MY +YXMT +Cy=0 Y = An AT + 0@
Cumulants K X M4 ...+ Ky Xy M+Cr=0 K, = Ky x14 -+ x, A + QW
Trek rule Yes (Prop. 3.B.11) Yes (equi-treks, Prop. 2.3.2)
Papers [(ICLM], [LOSD] IDLM]

Table 1: Comparison of discrete and continuous Lyapunov Models for a directed
graph G = ([d], E) on d nodes.

stability. For the discrete equation A needs to be Schur stable, i.e., have all eigenval-
ues with absolute value less than one and for the continuous equation M needs to be
Hurwitz stable, i.e., have the real part of all eigenvalues be negative [Gajic and Qureshi,
1995]. In statistics we seek to answer the opposite problem: if we observe the covariance
(and potentially higher-order cumulants) can we recover the parameter matrix, A or M,
respectively?

Even though the covariance equations of the steady-state distributions have been well-
known for a long time [Gajic and Qureshi, 1995] they have only recently been considered
to define a graphical model both in the continuous case [Fitch, 2020; Varando and
Hansen, 2020] and in the discrete case [Young et al., 2019]. In all previous work for the
continuous and discrete Lyapunov models only the covariance equations have been used.
In Varando and Hansen [2020]; Fitch [2020]; Dettling et al. [2024] they study estimation
of M, in Boege et al. [2025] they study conditional independence and in Dettling et al.
[2023]; Améndola et al. [2025] they study identifiability in the continuous Lyapunov
models. In Young et al. [2019] they study both estimation and identifiability in the
discrete Lyapunov model and Liu [2025] show results about structural identifiability.

The graphical models are defined by assuming that the parameter matrix has its
sparsity pattern encoded by a directed graph. Let G = ([d], E) be a directed graph on
d nodes. We define the set of d X d matrices with sparsity pattern according to G by

RY = {BeR™ | B;; =0if j —»i ¢ E},

as it is defined in [ICLM] and [IDLM]. For both models we assume that the parameter
matrix is in this set and satisfies the appropriate notion of stability. The suitable notion
of stability ensures that the steady-state distributions exist.

As opposed to the previous literature on graphical Lyapunov models, we study iden-
tifiability and estimation of M and A, respectively not only terms of the covariance
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but also the higher-order cumulants of the steady-state distribution, which are derived
in [ICLM] and [IDLM], respectively. Thus, we treat the matrices M and A as the
parameters of interest and the cumulants C,, and Q") as nuisance parameters. For this
reason we will sometimes refer to C,, and Q™ as the error cumulant tensors.

By the definition of mode products (X;, see definitions in [IDLM] or [ICLM]), we
see that the covariance equations are exactly the cumulant equations for n = 2 as is to
be expected. In order for the higher-order cumulants to be non-zero the steady-state
distributions need to be non-Gaussian. For the continuous Lyapunov model this implies
that the Lévy process, (Z¢)i>0, should not be a Brownian motion. For the discrete
Lyapunov model the errors g; should be non-Gaussian.

As can be seen in Table 1 the cumulant equations are not the same for the two models
even though a first-order vector autoregressive model can be seen as a discretization of
a stochastic differential equation with linear drift. One of the main differences is that
the continuous cumulant equations are linear in the entries of M whereas the discrete
equations are in general polynomial of order equal to the order of the cumulant in the
entries of A.

However, as explained in Chapter 3 in Gajic and Qureshi [1995] it is possible for a
given (A, Q(Q)) solving the second-order discrete Lyapunov equation for ¥ to find a pair
of parameters (M, Cy) solving the second-order continuous Lyapunov equation for the
same Y. We provide one example but Gajic and Qureshi [1995] actually provide two
different ways of doing this. If ¥ solves the second-order discrete Lyapunov equation for
(A,Q®) then the pair

Ma=(A-DA+D, (C)a=2A+D)ToPA+1)™!

will solve the second-order continuous Lyapunov equation for . However, it does not
appear possible to find a transformation such that the same M4 could be used for both
the covariance and a higher-order cumulant. Even though such a transformation is
possible at least in the second-order case it does not provide an obvious way to yield
information about parameter identifiability in one model based on the other one. This is
namely because the sparsity patterns of M4 and (C2) 4 will in general be different than
those of A and Q®3). Generally, M, will have more non-zero entries than A, and (Cz)
will generally not be diagonal even if Q) is assumed diagonal.

The identifiability results for either type of Lyapunov model in this thesis or elsewhere
either rely on a known error covariance matrix [Dettling et al., 2023; Young et al., 2019];
or a known higher-order cumulant error tensor ([ICLM] Proposition 3.B.12); or on using
more than one order of cumulant equation with diagonal error cumulants ([ICLM] and
[IDLM]). Therefore, the lack of preservation of diagonal error cumulants or of known
Q3 implying known (C2) o appears to make it impossible to transfer the results between
the two models in this way. However, it would be interesting if this correspondence
between the equations could be used for something, potentially to transfer results about
structural identifiability.

In [ICLM] the main identifiability result is rational identifiability of (M, Cs,C,) up to a
joint scaling factor from the second-order and r-th-order continuous Lyapunov equation
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when the error cumulants are assumed diagonal and the defining graph G is connected
and contains all self-loops. In [IDLM] the first main identifiability result is rational
identifiability of (4, Q3 QG) Q@) from the second-, third- and fourth-order cumulants
when the error cumulants are assumed diagonal and the graph is a directed acyclic graph
with all self-loops and no isolated nodes. The second main identifiability result is local
identifiability of (A,Q®, Q®)) from the second- and third-order cumulants when the
error cumulants are assumed diagonal and G is any graph with all self-loops and no
isolated nodes.

Thus, the similarities between the identification results are that they both assume some
order of the error cumulants to be diagonal, that the graph must contain all self-loops
and the use of a combination of the covariance with higher-order cumulants. Another
common factor is that the proofs in both papers rely heavily on the combinatorial de-
scription of the entries of the cumulants given by their respective trek rules. The main
difference is that for the continuous Lyapunov model we only have identifiability up to
common scaling factor. For this model this is the best possible result when we assume
that the the error of the cumulants are unknown. This is inherent to the system because
we can never determine the speed at which the solution developed. This also explains
why the graph has to be connected since otherwise there would be a separate scaling
factor for each connected component. This is not a problem for the discrete Lyapunov
model because the underlying dynamical system is discrete.

Both [ICLM] and [IDLM] focus on identification theory within the models, with
[ICLM] also including a semiparametric estimator of M based on said identifiability
results. However, the study of both models are motivated by potential application to
observing cross-sectional data from a dynamical system as for example seen in single cell
biology [Wang et al., 2023]. Furthermore, both models can be given a causal interpre-
tation, where the entries of the parameter matrices would correspond to direct causal
effects. An advantage of both models in this context is that because of the underlying
temporal nature both models naturally allow for feedback loops, encoded as cycles in the
graphs. In a classical causal graphical model, linear structural equations [Drton, 2018],
cycles are both mathematically and interpretationally more challenging to include.

The ongoing project [LOSD] focuses exactly on including a causal interpretation for
the continuous Lyapunov model. In [LOSD] we further introduce a measurement noise
model similar to Lorch et al. [2026] to make the setting more realistic.
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2 Identifiability in Graphical Discrete
Lyapunov Models

CECILIE OLESEN RECKE, SARAH LUMPP, NATALIIA KUSHNERCHUK, JANIKE
OLDEKOP, Jiavl Li, JANE Ivy COONS, AND ELINA ROBEVA

Abstract

In this paper, we study discrete Lyapunov models, which consist of steady-state
distributions of first-order vector autoregressive models. The parameter matrix of
such a model encodes a directed graph whose vertices correspond to the compo-
nents of the random vector. This combinatorial framework naturally allows for
cycles in the graph structure. We focus on the fundamental problem of identifying
the entries of the parameter matrix. In contrast to the classical setting, we assume
non-Gaussian error terms, which allows us to use the higher-order cumulants of
the model. In this setup, we show generic identifiability for directed acyclic graphs
with self-loops at each vertex and show how to express the parameters as a rational
function of the cumulants. Furthermore, we establish local identifiability for all di-
rected graphs containing self-loops at each vertex and no isolated vertices. Finally,
we provide first results on the defining equations of the models, showing model
equivalence for certain graphs and paving the way towards structure learning.

2.1 Introduction

Vector autoregressive models are widely used in control theory, the health sciences
[van der Krieke et al., 2017], and econometrics [Sims, 1980]. Furthermore, they are
applied to model gene regulatory networks in computational biology [Michailidis and
d’Alché Buc, 2013; Rajapakse and Mundra, 2011]. In particular, the first-order vector
autoregressive model, or VAR(1) model, is a common modeling choice. Its dynamics are
given by

X1 =¢q,

(2.1.1)
Xi=AX; 1+¢e fort> 1,

where X; is a p-dimensional random vector, A € RP*P is a parameter matrix encoding
the interactions among the components of X;, and &; is a p-dimensional random vector
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modeling independent errors with mean zero and diagonal covariance matrix D. Under
certain conditions on the eigenvalues of A, the system (2.1.1) has a unique stationary
solution. Our primary object of interest is the steady-state distribution of the stationary
solution. This is also called the equilibrium, limiting or simply stationary distribution in
the literature. The covariance matrix > of this steady-state distribution is parametrized
by the discrete Lyapunov equation

ASAT + D=3 (2.1.2)

If the errors are Gaussian, then the steady-state distribution is also Gaussian and equa-
tion (2.1.2) completely characterizes this distribution by its covariance. In the case
of non-Gaussian errors, which we study here, the steady-state distribution can further
be characterized by its higher-order cumulants which satisfy higher-order analogues of
equation (2.1.2). These equations are described in Section 2.2.1.

The VAR(1) model allows a natural graphical representation. Let G = (V, E) be a
directed graph whose vertices V' correspond to the p coordinates of the random process
X¢, and the edges F C V x V represent the sparsity pattern of the parameter matrix
A. In other words, aj; = 0 if i — j ¢ E. Note that this definition allows for self-
loops at each node. To simplify indexing later on, we usually number the vertices as
V = {0}U[p—1]. Parallel to the continuous setting [Recke and Hansen, 2026], we refer to
the set of centered distributions satisfying the discrete Lyapunov equations up to order
n as the nth order discrete Lyapunov model of the directed graph G (see Definition 2.2.3).

Unlike structural causal models in which the random vector X does not evolve with
time [Peters et al., 2017], VAR(1) models naturally allow for cycles, reflecting feedback
loops in many real-world processes (e.g., stability of control systems [Passino et al.,
2002], gene regulatory networks [Karlebach and Shamir, 2008; Young et al., 2019], and
macro-economic dynamics [Kozlov and Kozlova, 2009]). In particular, it is common to
allow the existence of self-loops where some of the variables depend on their own past,
capturing the temporal and cyclic nature of the model. An interpretation of cycles
in linear structural equation models is discussed in Hyttinen et al. [2012], where it
corresponds to the error in (2.1.1) not depending on time. The authors of Hyttinen
et al. [2012] discuss the limits of this deterministic view point and propose the set-up in
the current paper as a possible extension.

Since our primary interest lies in the steady-state distribution of the time series,
each of our samples corresponds to a single snapshot of cross-sectional data once the
process has stabilized. This perspective is critical in fields such as computational biology,
where measuring the same system at multiple time points may be infeasible due to the
destructive nature of RNA-sequencing technologies [Young et al., 2019]. Even though
only one time point is observed per sample, the underlying dynamic structure is preserved
by virtue of the model’s stationarity. Furthermore, by keeping the interpretation of the
data as arising from the steady-state, there is a natural interpretation of cycles.

Variations of this approach were recently established in Young et al. [2019] and
Varando and Hansen [2020]. While Young et al. [2019] focuses on the Gaussian sta-
tionary VAR(1) model, Varando and Hansen [2020] proposes the equivalent in a con-
tinuous setting — the graphical continuous Lyapunov model. This model parametrizes
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stationary distributions of diffusion processes, such as the Ornstein-Uhlenbeck process,
via the continuous Lyapunov equation. Recent results include advances in parameter
identifiability in the Gaussian and the non-Gaussian cases [Dettling et al., 2023; Recke
and Hansen, 2026], as well as new findings on structure identifiability and model equiv-
alence [Améndola et al., 2025]. Further work has addressed statistical estimation and
structure learning [Varando and Hansen, 2020; Dettling et al., 2024]. In more general
diffusion models with potentially nonlinear drift, recent contributions characterize the
model’s conditional independence structure [Boege et al., 2025] and propose intervention-
based learning procedures [Lorch et al., 2024].

While continuous Lyapunov models continue to be an active area of research, analo-
gous results for discrete-time models are limited. In the case of continuous Lyapunov
models with unknown errors, the strongest possible identifiability result can only ever
be up to a scaling of the parameter matrix [Dettling et al., 2023]. However, as we will
show, this is not the case for discrete Lyapunov models. To reliably estimate the graph G
from data in the discrete setting, it is crucial to first provide theoretical guarantees for
identifiability of the model parameters if the graph is known. This is precisely the ques-
tion we address in the present work. To do so, we use tools from algebraic geometry,
graph theory, and algebraic statistics.

In the case of Gaussian error terms, the resulting stationary distribution is Gaussian
as well, implying that all cumulants of order higher than two are zero. For general
graphs, however, the parameters are not identifiable from only the first and second-order
moments [Comon and Jutten, 2010] — for instance, flipping the sign of the parameter
matrix A already results in the same covariance matrix. Prior work by Young et al.
[2019] mitigates these issues by assuming that the error covariance D is known as well as
imposing a particular sparsity pattern on A and assuming the signs of all the diagonal
elements of A are known. In this specific setting, they are able to show identifiability of
the parameters in A from the covariance matrix as well as consistency and asymptotic
efficiency of the maximum likelihood estimator of A. Recent work by Liu [2025] presents
first results on structure identifiability from the covariance matrix. In particular, they
consider model distinguishability based on the Jacobian matroid of the parametrization
map. They provide sufficient conditions for generic structure distinguishability based on
model dimension and graphical structures in special cases.

In this work, in contrast, we consider the non-Gaussian setting which allows us to
leverage higher-order cumulants as well. We show in Theorem 2.5.6 and following corol-
laries that the entries of the parameter matrix A together with the cumulants of the
error terms are locally identifiable through an algebraic characterization of the second-,
third-, and fourth-order cumulants for all graphs with all self-loops without an isolated
node. We also show in Theorem 2.4.3 that when the sparsity pattern of A specifies a
DAG where all self-loops are present, the model parameters are generically (rationally)
identifiable from second-, third- and fourth-order cumulants. Furthermore, we inves-
tigate model equivalence and the polynomial equations satisfied by the cumulants for
certain families of graphs.

The remainder of the paper is organized as follows. In Section 2.2, we derive the
discrete Lyapunov equations for higher-order cumulants and use them to define higher-

19



2 Identifiability in Graphical Discrete Lyapunov Models

order discrete Lyapunov models. In Section 2.3, we show how to parametrize the model
using a trek rule and how this trek rule can be restricted to base treks without self-loops
in a specific setting. Section 2.4 addresses the question of parameter identifiability when
the underlying graph is a DAG (with self-loops). In this case, we prove that the matrix A
and the cumulants of the error are generically identifiable from the second-, third-, and
fourth-order cumulants of the stationary distribution of X;. Section 2.5 extends these
results by proving local identifiability for arbitrary directed graphs that may contain
cycles while considering the Jacobian of only the second- and third-order cumulants. In
Section 2.6, we provide initial results on model equivalence as well as equations in the
ideal of the model.

2.2 Preliminaries

In this section, we provide preliminary results and definitions for discrete Lyapunov
models. In Section 2.2.1, we first derive the tensor equations for the cumulants of the
steady-state of a VAR(1) process; these equations are referred to as the discrete Lyapunov
equations. In Section 2.2.2, we define the nth-order discrete Lyapunov model for a given
directed graph G. Finally, in Section 2.2.3, we introduce different types of identifiability
and provide initial remarks on the types of identifiability that can be feasibly established
for discrete Lyapunov models.

2.2.1 Higher-Order Cumulants and the Discrete Lyapunov Equations

A steady-state distribution of a VAR(1) process as described in (2.1.1) exists in the
general setting if A is a Schur stable matrix, which is a matrix where all eigenvalues
have absolute values strictly less than 1, and that the e; are independent with mean 0
and have the same covariance. Under these condition, Example 8.4.1 of Brockwell and
Davis [Brockwell and Davis, 2016] (combined with Example 2.2.1) shows that there is a
unique stationary solution to (2.1.1), given by

Xy = > Aley (2.2.3)
j=0

Intuitively, requiring |\;(A)| < 1 ensures that the powers A7 decay as j — oo, making
the above series converge absolutely. Hence, for large ¢, the distribution of X; stabilizes
to a unique steady-state distribution, also sometimes called its limiting, equilibrium or
stationary distribution.

We aim to characterize steady-state distributions of VAR(1) processes by their higher-
order cumulants. Therefore, we will assume that the errors, e, are independent and
identically distributed so that all their higher-order cumulants are identical. We derive
equations that describe the cumulants of the steady-state based on the parameter matrix
A and the corresponding cumulant tensors of the errors ;. Denote by QM) = cumy, (&¢)
the nth-order cumulant tensor of the noise. Note that Q) = D as introduced in
(2.1.1). As shown in Young et al. [2019], the second-order cumulant of a stationary
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process X, i.e., Var(X;), is described by the discrete Lyapunov equation in (2.1.2) or
see remark after Proposition 2.2.1. We show that the higher-order cumulants of the
steady-state distribution of X; follow higher-order tensor equivalents of the discrete
Lyapunov equation.

In the following, we will denote the second-, third-, and fourth-order cumulants by
S =1T,, T = T3, and R = Ty, respectively. A notion of taking the product between a
tensor and a matrix is needed to write the higher-order discrete Lyapunov equations,
this is called the k-mode product. The definition of the k-mode product of a tensor
T € RII2xXIN with a matrix A € R7*/x denoted T xj, A,isa I} X - x I_1 x J X
Ijyq X - -+ X Iy tensor with element-wise entries

Iy,
(T Xp Aiyoiyrjisrin = O Tiveinvininssin Ajiy -

=1

When performing the multiplication along every mode at once (as in equation (2.2.4)),
this is also called the Tucker product.

Proposition 2.2.1 (nth-Order Cumulants). Let A € R™*? be a Schur stable matriz,
meaning it has all eigenvalues | \;(A)| < 1. Suppose e; has finite nth order cumulant Q™).
Then the steady-state distribution of the VAR(1) model (2.1.1) has finite nth cumulant
T,, and

o0
T =) QM 5y A' xg - xp, AL (2.2.4)
=0
where X denotes the k-mode product. Two other equivalent equations for T, are the
recursive formula
Tp = Tp X14 X9 A -+ x, A + QM (2.2.5)
and the vectorized product

vee(Tp) = (I —A®--- @ A) " tvec(Q™). (2.2.6)

n times

Proof. From (2.1.1), we can apply the properties of how cumulants behave under linear
and affine transformations (see, e.g., [McCullagh, 2018, Section 2.4]) and repeatedly
use the linear relation X;11 = AX; + £441. For nth-order cumulants, one obtains the
recursive identity

cumy, (Xpy1) = (Cumn(Xt)) X1 A X9 A o x, A+ Q. (2.2.7)

Under stationarity (and by (2.2.3)), X; converges in distribution to the limit X
whose nth order cumulant 7;, satisfies

T, = lim cum,(X;).
t—o00

21
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Unraveling the recursion yields the infinite series (2.2.4). Convergence follows because
A is Schur stable; so A® — 0 as i — oo sufficiently fast to guarantee that the infinite
sum is well-defined.

The vectorized equation (2.2.6) arises by vectorizing (2.2.4) and using properties of
the k-mode product and Kronecker product.

Equation (2.2.5) also follows from equation (2.2.7) since at stationarity the cumulant
cannot change from time step to time step, so the cumulant of the steady-state distribu-
tion has to satisfy (2.2.5). Alternatively, [Xu and Wang, 2022, Corollary 3.2] yields that,
when A is Schur stable, (2.2.4) is the unique solution to the recursive equation (2.2.5)
implying that the two equations are equivalent. ]

The recursive equation (2.2.5) is the generalization of what has classically been known
as the (second-order) discrete Lyapunov equation, (2.1.2). Since they are all equivalent,
we will refer to all the equations of the form (2.2.4), (2.2.5) and (2.2.6) as discrete
Lyapunov equations, to differentiate between them the order of the cumulant should be
specified.

Remark 2.2.2 (Gaussian special case). If in addition e; is Gaussian, one recovers the
standard result: in the limit, X; follows a multivariate Gaussian distribution with mean
0 and covariance matrix Y satisfying the discrete Lyapunov equation

Y = Ax AT + D,

where D is the noise covariance. Moreover,
e . .
S =Y ADATY = (I-A®A) " vec(D),
§=0

highlighting that the requirement |A;(A)| < 1 ensures invertibility of (I — A ® A).

2.2.2 Defining the Model via Cumulant Equations

A directed graph G is a pair (V, E), where V is the set of vertices, which we usually
denote as V = {0} U[p—1], and E C V x V is the set of edges, which are ordered pairs
(i,7), often denoted as i — j. We denote by pa(i) the set of parents of a node i € V,
ie,pa(i)={jeV:j—ickE}

Given a directed graph G = (V, E), we define the (graphical) discrete Lyapunov model
of order n as the set of all cumulant tensors satisfying the appropriate discrete Lyapunov
equations, where A is a stable matrix with sparsity pattern according to the edges of
G, that is aj; = 0 if i — j ¢ E. We denote this set by RE. Furthermore, as explained
in Section 2.2.1, the matrix A needs to be Schur stable in order for the steady-state
distribution to exist, so we will further assume that A € RSEtab, the Schur stable matrices
which have sparsity pattern according to G. In the following let Sym,,(R') denote the
set of symmetric tensor of order m on R’
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O—@

Figure 2.2.1: A directed graph on two nodes with a single self-loop at the source.

Definition 2.2.3. Let G = (V, E) be a directed graph. The nth-order discrete Lyapunov
cumulant model of G is the set

Mén:{(Tg,...,Tn) :Tm:ZQ(m) X1 Al X o X A" for all 2 < m < n,
=0
AeRE Q™ e Sym, (RV) diagonal for all 2 < m < n}.

The nth-order cumulant ideal of G is the ideal Z<™(G) of polynomials in the entries
Ty, ..., T, that vanish when (T, ..., T,) € Mén

Notice that Z<"(@) is a homogeneous ideal. Usually, we will focus on the case where
n = 3 or 4, corresponding to Lyapunov models of order at most four.

Example 2.2.4. Consider the third-order discrete Lyapunov cumulant model of the
graph on two nodes in Fig. 2.2.1. The graph gives rise to the following A matrix, and
the error cumulants are assumed to be diagonal:

_ (a0 O (2) _ (woo 0 @) _
A_<a10 0)’ f _(0 wi )’ QY = diag(wooo, w111)-

The second- and third-order cumulants are given by
S=ASAT + Q@ T =Tx; AxsAx3A+0®.
Writing these in entries yields

2 2
800 = GgpSo0 + wWoo, S01 = @p0A10500, S11 = a19S00 + w11,

3 2 2 3
tooo = aggtooo + wooo, too1 = agpgaiotooo, toi1 = @ooaiptooo, t111 = ajptooo + wi11-

Eliminating the parameters agg, a10,woo0 leads to the polynomial relation, 831%00 —
sgotgmtou = 0, which generates the third-order cumulant ideal

I=%(G) = (s41tdoo — Stotoortorr) -

2.2.3 ldentifiability

In this paper we study identifiability of the parameters in the discrete Lyapunov model
for a known graph G. Identifiability is about determining injectivity of the map from
the set of parameters of interest, A, and the noise parameters, Q™| to the model M(S;"
In this section we introduce different notions of identifiability. In Section 2.4 we prove
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generic identifiability of all DAGs (with self-loops) from second-, third- and some fourth-
order cumulants, and in Section 2.5 we prove local identifiability for most directed graphs
from only the second- and third-order cumulants.

If we let the error cumulants Q™ be represented by their non-zero diagonal entries,
then the parameters (A, 0@ Q) 9(4)) of the fourth-order discrete Lyapunov model lie
in the following set:

Oc.<a = Rijap X R x (R\ {0})” x RY.

The question of identifiability for the fourth-order discrete Lyapunov models is then
whether the (rational) map

dG.<4: Og.<s — PD, x Sym®(RP) x Sym*(RP), (4,03 0 QW) (5T, R)

is injective, where (S, T, R) are the solutions to the corresponding second-, third- and
fourth-order discrete Lyapunov equations. The identifiability results will initially be
stated as identifying A since it is clear by considering (2.2.5) that if A can be identified
from the cumulants (5,7, R) then we can also identify the error cumulants.

We provide definitions of several different types of identifiability for a parametrized
statistical model, see for example [Sullivant, 2018, Chapter 16| for an introduction. By
a statistical model we mean a set of probability measures or a representation of such a
set, e.g. via cumulants up to a certain order.

Definition 2.2.5. Let f : © — My be a rational map from a finite dimensional param-
eter space © C R¥ to a statistical model such that im(f) = My. The model is said to
be

(i) globally identifiable if f=(f(0)) = 0 for all § € O;

(ii) generically identifiable if f=1(f(0)) = 6 for all § € ©\ A where A is a proper
algebraic subset of ©;

(i) locally identifiable if | f~1(f(0))] < oo for all § € O\ A where A is a proper algebraic
subset of ©;

(iv) non-identifiable if |f~1(f(0))| = oo for generic 6.

Note that for the second and third notion of identifiability the Zariski closure © of © is
assumed to be an irreducible variety.

In some literature, generic (and local) identifiability is defined as identifiability away
from a null set. Definition 2.2.5 (ii) is more specific than this since an algebraic set
is also always a null set. Requiring the exceptional set to be algebraic has several
justifications; general null sets can behave pathologically (for example, they may be
dense in the ambient space) in ways algebraic sets cannot and in the following theorems
it is the stronger version (Definition 2.2.5 (ii)) that we are able to prove in all cases.
Local identifiability is also known as finite-to-one identifiability. In the case where M
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is generically identifiable and f~!(p) is a rational function of the entries of p for almost
all p € My, we say that My is generically rationally identifiable.

We seek to answer the question of identifiability for the discrete Lyapunov models
(primarily up to fourth-order) so we will apply the definitions to the map ¢g <4. The
parameter set O <4 is an open subset (in the standard Euclidean topology) so its Zariski
closure is therefore irreducible and Definition 2.2.5 (ii) and (iii) can be applied. If the
discrete Lyapunov model of a certain order corresponding to a graph G is identifiable it
is sometimes denote this as the graph G being identifiable.

Note that the discrete Lyapunov model with unknown errors can never be globally
identifiable no matter the order of the cumulants. This is because the subset of the
parameter space corresponding to isolating a node in the graph (or isolating all of them
by taking A to be diagonal) yields an under determined system (see Remark 2.4.4). In
the case where A is diagonal, the higher order cumulants in the model are diagonal as
well (see the treks rules in the following section) with entries only depending on the
corresponding diagonal entries of A and the respective error cumulants. This is why the
results of Section 2.4 and Section 2.5 focus on generic and local identifiability.

Furthermore, if one were to consider only the second-order discrete Lyapunov model
with unknown diagonal errors, it is not possible to prove generic identifiability without
imposing sign conditions on several entries of A. As discussed by Young et al. [2019],
this can be immediately seen for the second-order discrete Lyapunov model by observing
that flipping the signs of a parameter matrix A € Rgab to —A € Rgab yields the same
covariance matrix. This is why the results of Section 2.4 and Section 2.5 use third- and
fourth-order cumulants as well as the covariance.

2.3 Trek Parametrization

In this section we consider the individual entries of the cumulants 7;, and the expression
for each such entry in terms of the parameters A and Q") induced by the formulas in
equation (2.2.4). In Section 2.3.1 we give a combinatorial way, called the trek rule, to
read off these expressions directly from the graph. In Section 2.3.2 we show how in special
cases one can simplify the expressions for the entries of T;,. Finally, in Section 2.3.3 we
show how missing treks in the graph imply marginal independence between some of the
random variables.

2.3.1 Trek Rules

Trek rules are commonly used to express the entries of the moments and cumulants
in linear structural equation models [Sullivant et al., 2010; Robeva and Seby, 2021;
Améndola et al., 2023] and continuous Lyapunov models [Boege et al., 2025; Hansen,
2025]. We prove that similar rules hold for the expression of the entries of the cumulants
T, in our discrete Lyapunov models, with the only difference that the paths of the treks
need to have the same length. We call such treks equitreks. They are a specialization
of the treks introduced in Sullivant et al. [2010] and Robeva and Seby [2021] for linear
structural equation models.
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Definition 2.3.1. Let G = (V, E) be a directed graph. A k-equitrek between k vertices
i1,...,1k 18 an ordered set of directed paths (Pi,...,Py) of the same length | from a
common source v € V to sinks i1,...,1, respectively. We say that such a k-equitrek
has length 1. We let T (i1,...,1i) denote the set of all k-equitreks between the nodes

1155 2-

Rewriting the formula for 7;, obtained in Proposition 2.2.1 yields the following trek
rule with the proof given in Appendix 2.A. The cumulant Q™ of the noise vector &
is a diagonal tensor, so we only use its p diagonal entries denoted by wgn) Y ,w,(,n) to

simplify the notation.

Proposition 2.3.2. Let G = (V, E) be a directed graph on p nodes, where V.= {0} U
[p—1], and let the cumulant T,, satisfy the nth order discrete Lyapunov equation (2.2.4).
Then Ty, satisfies the trek rule

(T, = > wggg(ﬂaﬂ am,

T:(Tl7-"7777,)67—(2'1,...,1'”)
where a® denotes the path monomial associated to the path P given as a®” = Ha—>,BeP a5a-

Remark 2.3.3. If the error cumulant Q) is not assumed to be diagonal, the top of a
trek can be considered to be an n-fold blunt (or multidirected) edge corresponding to a
non-zero entry in Q. In this way each of the paths could potentially start at different
vertices. It is clear that the proof of Proposition 2.3.2 generalizes to this case. See, for
example, Varando and Hansen [2020]; Foygel et al. [2012b] for a trek rule of this nature
in the covariance case for linear structural equation models and continuous Lyapunov
models, respectively.

The entries of the second- and third-order cumulants in a discrete Lyapunov model
are then explicitly given by the following equations.

Corollary 2.3.4. Let G = ([p|, E) be a directed graph. For (S,T,...) € Mén with
n > 3, we obtain the following trek rules:

2 3
8ij = Z wEOI))(T)an aTz’ tijk — Z wt(O])’)(T) ala™aq™.
T:(Tl772)67—(i7j) T:(TI7T2573)6T(7;7j7k)
The following example illustrates the trek rule.

Example 2.3.5. Let G be the same graph on two nodes as in Example 2.2.4, shown in
Fig. 2.2.1. Then, by using the formulas from Corollary 2.3.4, we get

(@) wl) (@) wP agoa (2)
2) 2t 00 2 2t 0 “00¢10 2
S00 = E Wy Gy = 1 57, S01 = S10 = E Wy Apoa10Gag = 1 5 S11=wp .
t=0 ~ %o t=0 ~ %o
Analogously,
(3) (3) 2 (3) 2
_ Wy _ Wo "Gpo10 _ Wy "aooaig (3
tooo = T i too1 = I toir = T2 tinn = wy .
— Qg — Qg — Qqo
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An intuitive explanation of our trek rule is as follows. If we think about the VAR(1)
process, in order to calculate the cumulant for two or more variables from the same time
point, we would need to trace all possible tuples of paths that start at a common source
back in time and end at the variables of interest. Since the variables are at the same time
point, the paths will have the same length, which means they form an equitrek. This is
also why if there are no cycles (for example self-loops) there are very few equitreks in
the graph and many entries of the cumulants will be zero.

Remark 2.3.6. Liu [2025] introduce mazimal classes as the set of all nodes reachable from
a source strongly connected component. The concept of treks offers a complementary
viewpoint by interpreting these classes as sets of nodes connected by treks where all top
nodes belong to the same source strongly connected component. Our trek rule allows
us to reinterpret their structural identifiability results in the language of treks, as they
relate the notion of maximal classes to entries of ¥ being non-zero.

2.3.2 A Restricted Trek Rule for DAGs

Since the infinite sums in the general trek rule may be hard to compute, we derive a
trek rule for DAGs in a restriction of the model where we assume that the entries on the
diagonal of the parameter matrix A are constant, i.e., that a; = t for all ¢ € V. This
allows us to obtain a finite sum representation. Similar restrictions have been considered
by Boege et al. [2025] and Hansen [2025] in the continuous Lyapunov model based on
second-order cumulants.

To formulate the trek rule in a concise way, we define the following notation. Let
T*(i,7) be the set of base treks between ¢ and j, that is, the set of treks that visit each
node on the trek only once on each path of the trek (i.e., no self-loops and cycles). Note
that we do not require these treks to be equitreks. For a base trek 7 = (73, 7;) € T*(4, j),
let d(7;) be the edge-length of the path 7;, i.e., the distance measured in number of edges
between the top node, top(7), and the leaf i. Note that 7 does not contain self-loops, so
the path monomial a™ only contains off-diagonal entries of A.

The idea is to collect all terms that account for the edges of a base trek between 7 and
j (a monomial in the off-diagonal entries of A) as well as collect the terms that encode
the different ways of adding self-loops to this base trek to obtain all possible equitreks
between ¢ and j with this underlying base trek (a rational function in ¢). This rational
function in ¢ is the product of a power of ¢ balancing out the potentially different lengths
of both legs of a base trek and of a rational function whose numerator is a polynomial
pzy(t) and whose denominator is a power of (1 — 2) accounting for all combinations in
which arbitrary numbers of self-loops can be added along the trek while still obtaining
an equitrek. We derive the following finite sum representation for the entries of the
covariance matrix S.

Proposition 2.3.7. Let G be a DAG with constant self-loop parameter t and consider
the corresponding discrete Lyapunov model. Then the entries of the covariance matrices
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S in the model are parametrized by the following base trek rule

o (2
sj= . Cldn),drm)te avwl) . (2.3.8)
7=(73,75)ET*(4.5)

where for distances x,y > 0 along the trek, the rational function C(x,y;t) is defined as

Pay(l)

C(z,y;t) = t'H"W7

and the polynomial py ,(t) in the numerator for distances x,y > 0 is given by

mlil‘,y) max T y) I’Illn mlil’,y) t2 (—min(z.y)) y
Pay(t min(z,y) — 1 l 1)

=0 =

Note that for example when z < y, we can simplify

Pay(t) = ét% (x ! z> (glc>

The proof can be found in Appendix 2.A. This result is parallel to the restricted
trek rule for DAGs in the continuous Lyapunov model proposed by Boege et al. [2025].
However, while in the continuous setting the trek monomial is weighted by a binomial
coeflicient, here it is weighted by a sum of binomial coefficients together with a rational
term accounting for the equitrek parametrization of the model. The proof of Proposi-
tion 2.3.7 is based on induction by employing the recursive formula for the entries of S
and can be found in Section 2.A.2. The restricted trek rule simplifies significantly in the
case of a tree or a directed path as demonstrated in the following examples.

Example 2.3.8. In the case of a (poly)tree, two nodes i and j have at most one common
source in the graph. If ¢ and j have a common source, there is a base trek 7 = (7, 7;)
with this source node as its top node. Every base trek between ¢ and j is contained in
the trek 7' and has a common ancestor k of ¢ and j as its top node. We denote this base
trek by 7% (le, T; k). Consequently, the set of base treks between i and j can directly be
parametrized by the common ancestors of ¢ and j. Further let z = max(An(i) N An(j))
be the common ancestor closest to i and j where An(i) denotes the ancestors of a node

1 including ¢ itself. Then the trek rule simplifies further to

o dr Paehyaeh @)
o gld(7F)—d(75)] aFa T w®
835 =t J Z e Wy
keAn(nAn() (1 —12) A d(rs)
Example 2.3.9. The case of a directed path yields an even simpler formula. Assuming
a topological order, the distance between two nodes is given by the difference of their
indices. The trek rule is then
min(i,5)

gl Pi—k,j—k(t) ok ()
et kzo (1= )RR+ @7 W
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2.3 Trek Parametrization

This illustrates the role of each term in the formula: the first factor ¢/=7| adds the
minimum number of missing self-loops to turn a base trek into an equitrek. The index &
ranges over every possible top node of a trek between ¢ and j. The denominator accounts
for the infinite number of additional self-loops that can be added while maintaining equal
length on both sides. The numerator p;_j j—x(t) accounts for all possible ways the self-
loops can be positioned along the considered trek with top node k. For illustration,
we compute some of these entries for the directed path on four nodes. The appearing
polynomials pg ,(t) can be ordered into a symmetric square matrix for z,y € {0, 1,2, 3}
as follows:

1 1 1 1
Do (1)] _ |t 142 2 4 12 3+ t?
TY\2,y=0,...3 1 24t 14+2-22+¢4 3+2-3t2 4t
1 3412 3+2-3t24+t* 14+3-3t2+3-3t*+1¢6

Observe that the coefficients of t° correspond to Pascal’s triangle (as they are given by
(z) for > y) while the other coefficients are scaled and shifted versions thereof. Then
we can for example write out

t(3+6t2 +t4) 2) | t(2+12) 2 2
So3 = Wa%a%laggwé ) + m&%ﬂl?ﬁué ) + maiﬂwé )

The restricted trek rule for DAGs can be extended to higher-order cumulants as

(To)iy iy = 3 C(d(r1),....d(ma); t)a™ - - a™mw™

top(T)
T=(T1 ey ) ET* (11 510usm)

Pxy,....xn (t)
(1 — t")Z?:1 z+1°

where  C(x1,...,zp;t) = Fmax(@1,.@n) =3 1Ly 21

While the same induction strategy as for proving Proposition 2.3.7 can be applied,
indexing the terms and defining p become much more involved. We conjecture that
Pa,y(t) generalizes to higher n as

Yy zi—max(zy,..., Tp) 1 n
n(X" | x; —max(xzq,..., Ty )—1 l—k 1'1++.’,L‘1+1 mz+k
Peron () = 3 (ST @1 =D $ () ( o )H( : )

1=0 k=0 1=1

Intuition on this based on generating functions of known integer sequences is given in
Section 2.A.3.

2.3.3 Marginal Independence

Similar to Varando and Hansen [2020] and Boege et al. [2025] in the continuous set-
ting, we can derive marginal independencies from missing treks in the graph. The trek
parametrization allows us to infer the marginal independence properties of the distribu-
tions in the discrete Lyapunov model based on results connecting higher-order cumulants
and independence. Consider a multivariate distribution that is uniquely determined by
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2 Identifiability in Graphical Discrete Lyapunov Models

its moments. If all mixed higher-order cumulants of X; and X; of such a distribution
are zero, then X; and X; are marginally independent [McCullagh, 2018]. Combining
this result with the parametrization of the cumulants via equitreks, we obtain the fol-
lowing result on marginal independence in the discrete Lyapunov model. Note that this
statement can also be extended to a partition of the indices I UJ = V where there is no
equitrek between the two sets of nodes.

Lemma 2.3.10. Let G be a directed graph and consider a distribution in the discrete
Lyapunov model Mg that is uniquely determined by its moments. If there is no equitrek
between ¢ and j in G, then all mized higher-order cumulants of X; and X; are zero. In
particular, X; 1L X; holds in the considered distribution.

Proof. The trek rule allows us to write the ¢---4j---j-th entry of any higher order
cumulant as a sum over all equitreks between ¢ and j with the corresponding number of
leafs. If there is no equitrek between ¢ and j, then all corresponding mixed higher-order

cumulants are zero. As detailed above, this implies X; 1L X for all such distributions.
O

This is a more general statement than [Varando and Hansen, 2020, Cor. 2.3], as it
includes non-Gaussian distributions. However, as in the continuous time setting, we
can choose to restrict the error distributions of the underlying VAR(1) processes to be
Gaussian. Then all cumulants of order higher than two are zero, so it is enough to study
the covariance structure. To emphasize this, we use the notation from Remark 2.2.2.

Corollary 2.3.11. Let G be a directed graph and ¥ € MéQ restricted to Gaussian
distributions. If there is no equitrek between i and j in G, then

Zij = 0.
In particular, X; 1L X holds in all distributions in Mé2.

Let G = (V, E) be the bidirected equitrek graph derived from G defined by including
a bidirected edge between ¢ and j in FE if there is an equitrek between i and jin G. The
same argument as in Boege et al. [2025] allows us to describe the implied conditional
independencies that hold for all distributions in the model in the Gaussian case by means
of a graphical separation in G as follows.

Lemma 2.3.12. Let G be a directed graph with corresponding equitrek graph G’, and let
1,J, K CV be disjoint index sets. Then

V\ (IUJUK) separates I and J in G = Xy 1 X;| Xk

in the second-order discrete Lyapunov model ./\/lé2 restricted to Gaussian distributions.

Proof. See the argument in Boege et al. [2025] based on the connected set Markov
property for bidirected graphs [Drton and Richardson, 2008]. O
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2.3 Trek Parametrization

(a) Directed graph G on p = 4 nodes in- (b) Bidirected equitrek graph G.
cluding all self-loops.

Figure 2.3.2: Directed graph with corresponding equitrek graph.

Similar to the continuous case, this statement is a special case of a setup with more
general Markov processes. A general result in the case of discrete-time Markov processes
is given by the second statement of [Niemiro and Rajkowski, 2023, Theorem 3.4], where
it is shown that a certain graphical separation in the original graph implies a condi-
tional independence statement holding for the corresponding stationary distributions.
As conjectured in Niemiro and Rajkowski [2023], this graphical separation might also
be necessary for conditional independence, in the sense that if the separation does not
hold, there exists a stationary distribution of a discrete-time Markov process with spar-
sity pattern given by the graph G where the corresponding conditional independence
does not hold. Similar to the approach for the continuous case in Boege et al. [2025], it
might be possible to construct these counterexample distributions directly in the discrete
Lyapunov model as shown in the following example.

Example 2.3.13. Consider the second-order discrete Lyapunov model MéQ restricted
to Gaussian distributions for the graph on four nodes with all self-loops depicted in
Fig. 2.3.2. Since there is no (equi)trek between {0,1} and {2} in G, we conclude from
Corollary 2.3.11 that

holds for all distributions in MéQ. Based on the resulting separations in the correspond-
ing equitrek graph G, Lemma 2.3.12 further implies that

X1J_LX2|X0aHdXOJ_LX2|X1

hold in all distributions in the model. To show that no other conditional independencies
hold for all distributions in the model, we need to construct a distribution in the model

where, for example,
X1 U X3 X

does not hold. This is equivalent to the corresponding determinant

a10a30 (w(()Q))Z

—a3y)(1 — apoar1)(1 — agoass) (1l — ar1ass)

det Xy 01x 3,0y = i
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2 Identifiability in Graphical Discrete Lyapunov Models

being non-zero. It is clear that for almost all choices of the parameters of A and D, this
is fulfilled. Since we require the matrix A to be stable, an easy choice to construct such a
distribution is setting the edge weights to 1, the self-loop parameters to %, and the error
covariances to 1. Then we have det X1 0y (3,0} = %, so X1 U X3 | Xo in the corre-
sponding distribution. Even though this approach works in small dimensions, a general
way of constructing counterexample distributions to arbitrary conditional independence

statements is required to prove the conjecture.

Remark 2.3.14. Note that if all self-loops are present (or the graph is a DAG and at
least all source nodes of the graph have a self-loop), the equitrek graph coincides with
the trek graph known from the continuous setting. However, if some of the self-loops
at the source nodes are missing, the equitrek graph is a sub-graph of the trek graph,
thereby encoding additional independence statements.

2.4 Generic ldentifiability

In this section we study identifiability of the parameters in the discrete Lyapunov model
for a known graph G. Recall that the parameters (A, 02 Q6 9(4)) of the fourth-order
discrete Lyapunov model lie in the parameter space

Oc,<4 = RE,, x RY x (R\ {0})P x RE.

The question of identifiability for fourth-order discrete Lyapunov models is whether the
(rational) map

$G.<1:Og<s — PD, x Sym*(RP) x Sym*(RP), (4,03 0B W) (5,7 R)

is injective, where (S, T, R) denote the solutions to the corresponding second-, third- and
fourth-order discrete Lyapunov equations. All of the identifiability results will initially
be stated as identifying A since it is clear by considering (2.2.5) that if A can be identified
from the cumulants (S, 7T, R), then we can also identify the error cumulants.

In Section 2.4.1 we establish generic (rational) identifiability for DAGs which have a
self-loop at each vertex. In Section 2.4.2 we prove generic (rational) identifiability for
polytrees which have self-loops at each source node. Finally, in Section 2.4.3 we present
examples of some non-identifiable graphs.

2.4.1 Identifiability for DAGs With All Self-Loops

We first study generic identifiability for directed graphs G that have a self-loop at each
vertex and are otherwise acyclic. We refer to such graphs as DAGs with all self-loops.
Considering the definition of the VAR(1) process, the assumption of all the vertices
having a self-loop is a reasonable one to make as the it corresponds to the value of the
variable at time ¢ affecting its value at time ¢ + 1. This is why we initially consider this
case.
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2.4 Generic Identifiability

o

Figure 2.4.3: A graph on two vertices with two self-loops.

Example 2.4.1. Consider the graph G in Fig. 2.4.3 on two nodes, which serves as the
base case for the inductive proof of generic identifiability for DAGs with all self-loops in
Theorem 2.4.3.

By employing the trek rule, we obtain the following equations for the second-, third-
and fourth-order cumulants, denoted by s, ¢, and r with respective subscripts, and the
edge weight parameters agg, a1g and aii:

2
501 Qpoai1o loor  Gppa10 o001 ga10

- ) - ) - .
so0 1 —apoainn tooo 1 —adyan roooo 1 —adyan
These equations can be solved uniquely for agg, a19 and a11, yielding

—70001(So0too1 — S01t000)

a0 = s01(rooootoor — Tooo1tooo)’

a0 — —s31t001 (0000501 001 + 7‘0201800t001 — 270001501t000) (T0000%001 — 7"000175000)’
5001 (Sootoor — So1tooo)?

aqq = (rooootoo1 — T0001t000)331(7”000080015301 - 7“000180115300)_

(s00t001 — S01t000)373001

By employing the trek-rule once more, we see that the denominators above can never
be zero if we assume the following: A is Schur stable, agg # 0,a19 # 0, and w(()2) #+
O,w[()3) #* O,w(()4) # 0. Thus, we conclude that G is generically identifiable from the
second-, third- and fourth-order cumulants.

Alternatively, it is possible to replace the fourth-order equation by another third-order
equation involving g11/tooo. In this case, there are two solutions, implying that G is
locally identifiable from the second- and third-order discrete Lyapunov equations alone.
From experiments it furthermore seems to be the case that only one of these solutions
yields a Schur stable matrix A. If this could be proven, then A would also be generically
identifiable from just the second-and third-order cumulants.

Remark 2.4.2. In the proofs of this section, we encounter the situation where we have
several (potentially) different expressions for the same parameter a;; in terms of the
cumulants of the model. However, all these equations are directly derived from the model
definition and we further only obtain a single solution for a;; each time. Consequently,
they all have to agree since otherwise, the corresponding original equation would not
have been true in the model.

Theorem 2.4.3. Let G = (V, E) be a DAG with p > 2 nodes that has no isolated nodes
and a non-zero self-loop at each node. Consider the corresponding discrete Lyapunov
model with edge weight matriz A. If G is known (i.e., the zero pattern of A is known),
then A is generically identifiable.
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2 Identifiability in Graphical Discrete Lyapunov Models

The proof can be found in Appendix 2.B. Once we have identified the matrix A,
we can easily identify all cumulants of the noise, for instance by using the recursive
equation (2.2.5).

Remark 2.4.4. A graph which has an isolated node with a self-loop is neither generically
nor locally identifiable using any number of cumulants since then the isolated node would

itself have to be generically/locally identifiable. This, however, is not possible since there
will always be one more parameter than available equations.

Corollary 2.4.5. Let G = (V, E) be a DAG with p > 2 nodes that has no isolated nodes
and a non-zero self-loop at each node. Consider the corresponding discrete Lyapunov

model with edge weight matriz A. If G is known (i.e., the zero pattern of A is known),
then A, Q@ QG and QW are generically identifiable.

2.4.2 Other Types of DAGs

We now consider graphs which might not have all self-loops present but are otherwise
still acyclic. For a variable to not have a self-loop implies that its value at time ¢ does
not affect it at time ¢ 4 1, this could for example be the case of the time jumps are big
compared to the speed of the process.

Example 2.4.6. Consider the graph on two nodes that has a directed edge from the
source, 0, to the other node, 1, but only the source has a self-loop, as shown in Fig. 2.2.1.
By employing the trek rule, as well as directly considering the discrete Lyapunov equa-
tions, we obtain the following equations for the second- and third-order cumulants:

2 1 @ 1
500 = Wy 1 5 tooo = wy 1 3
— Qpo ~ %00
2
S01 = @po@10500, too1 = agoaiotooo,
2 (2) 3 3)
$11 = ajpSo0 + Wy, t111 = ajptooo +wy .

The third-order cumulant entry tg11 follows a similar pattern, but is not required for the
following computation. Combining these equations yields

2
a so0too1 " S01 $51t000
00 = ; 10 = = ,
501000 s00a00  S3ptoot
2 12 3 42 3 2 4 42
(@) _ 1 g2 — $90501t000 — Stotoor @ _ . 2 _ Sposittgor — So1tdoo
Wy~ = 800( CLOO) - 2 42 y Wy =811 — A10500 = 442 )
S01%000 S00l001
3 43 4 43 3 6 6 44
B) (1) = 500501t000 — S0otoo1 (3) _ 34 to01t111500 — S01t000
Wy~ = 000(1 — agy) = 3 13 y Wi~ = 1111 — G109l000 = 6 43 .
$01%000 S00%001

This example serves as the base case for the following theorem.

Theorem 2.4.7. Let G = (V, E) be a polytree with p > 2 nodes that has no isolated nodes
and non-zero self-loops at all sources. Consider the corresponding discrete Lyapunov
model with edge weight matriz A. If G is known (i.e., the zero pattern of A is known),
then A is generically identifiable.
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2.4 Generic Identifiability

Figure 2.4.4: A generically identifiable graph.

The proof can be found in Appendix 2.B. As in Theorem 2.4.3, it is easy to identify
the cumulants of the noise once A is identified.

Corollary 2.4.8. Let G = (V, E) be a polytree with p > 2 nodes that has no isolated
nodes and has a non-zero self-loop at all the sources. Consider the corresponding discrete

Lyapunov model with edge weight matriz A. If G is known (i.e. the zero pattern of A is
known), then A, Q2 Q6B and QW are generically identifiable.

Remark 2.4.9. The motivation behind Theorem 2.4.7 was to explore identifiability results
in less restrictive cases than those in Theorem 2.4.3. One natural generalization is to
consider graphs where some self-loops are missing. Note, that sources must still have self-
loops, see Example 2.4.11. However, merely requiring this is not sufficient to guarantee
identifiability, see Example 2.4.15.

In the proofs of Theorem 2.4.7 and Theorem 2.4.3, we rely on the following: in the
induction step, for each vertex, we are able to find linearly independent equations that
identify the incoming edges. Having all the self-loops in a graph, or assuming the graph
is a tree, ensures this property. However, there are alternative ways to formulate this
condition.

For example, the following statement could be proved using the same technique: Let
G = (V,E) be a DAG with p > 2 nodes, no isolated nodes, and self-loops at all sources.
Further, for each non-source node i with parents pa(i) = {v1,...,v4}, suppose there
exist d nodes {u,...,uq} that appear before i in the topological order, such that u; is
an ancestor of v; (possibly equal if v; has a self-loop), and u; is not an ancestor of v; for
i # j, and u; # v; for j # 4. Consider the corresponding discrete Lyapunov model with
edge weight matrix A. If G is known, then A is generically identifiable. In the proof, one
would need to consider equations for sy, ..., s;., to identify the edges a;y,, ..., @jy,-

Finally, note that there exist graphs not satisfying the conditions above that are still
identifiable, see Example 2.4.10. Thus, a natural direction for future research is to
completely characterize the class of generically identifiable graphs.

Example 2.4.10. The graph in Fig. 2.4.4 does not satisfy the conditions from Theo-
rem 2.4.3, Theorem 2.4.7, or Remark 2.4.9. Nevertheless, the parameters can still be
generically identified using so4, too4, S03, S43-
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2 Identifiability in Graphical Discrete Lyapunov Models

2.4.3 Nonidentifiable Graphs

In this subsection, we present examples of small graphs that are not identifiable.

2.4.3.1 Examples on Two Nodes

We consider graphs on two nodes with various edge configurations, including graphs in
which not all self-loops are present (in particular, the self-loop at the source) and graphs
that contain a cycle, as shown in Fig. 2.4.5.

OWBO

(a) A directed graph on two vertices with (b) A cyclic directed graph on two vertices
a single self-loop at the sink. with no self-loops.

Figure 2.4.5: Non-identifiable directed graphs on two nodes.

Example 2.4.11. We consider the graph in Fig. 2.4.5a. The unknown parameters are
aig, a1, and w(()z), wgm, . ,w(()n),wgn), when considering cumulants up to order n. We

obtain the following equations:

2 3

S00 = w(() ), tooo = w(() ), q0...00 = w(()n)>
toor = 0, qo..01 = 0,

S01 = 07
to11 = 0, qo1..1 =0,

o w[()z)afo + wgz) b wég)ai’o + wgg) B w(()n)a?o + wgn)

n=—=_32 N qai.1=——= 53
—an I —ayy I —ayy

where the last equations describe the nth order cumulants. Note that there are no
equitreks between 0 and 1, so the respective cumulant entries are zero. Consequently,
there are 2(n — 1) equations and 2(n — 1) + 2 unknowns. Therefore, the parameters
cannot be identified using these equations for any n. The same issue arises if the graph
has one edge and no self-loops.

Example 2.4.12. We consider the cyclic graph with two edges in Fig. 2.4.5b. The
(2 , (2 (n) , (n)

unknown parameters are a1g, ao1, and wy’,wy”’, ..., wy ', w, *, when considering cumu-
lants up to order n. We obtain the following equations:

(2) (2) 2 (3) (3) 3 (n) (n) n
_ W Twy Gy, Wo T W A _ W~ t+wy “ag
500 = 1 2 9 ) 000 — 1 3 3 ) e qo...0 = 1 n on )
— a70%01 — Q1pQ01 — A19Q01
(2) 2 (2) (3) 3 (3) (n) n (n)
sqp = Wy “ajg + wy frg = Wy “ajp + wy 0= Wy “ajg + wy
= 2 2 = 3 3 1= — nom
1 —ajpap 1 —ajgag 1 —ajpag;
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2.4 Generic Identifiability

where the last equations describe the nth order cumulants. Again, there are no equitreks
between 0 and 1, so the respective cumulant entries are zero. Consequently, there are
again 2(n — 1) equations and 2(n — 1) + 2 unknowns, making this graph non-identifiable
as well.

Remark 2.4.13. These examples illustrate a more general observation: The number of
nth order cumulants of a p-dimensional random vector is (p +271), so in the nth order
discrete Lyapunov model, we have at most » " , (H’;_l) = (7 :”) — (p+ 1) equations.
Thus, if the model is generically identifiable, we have that |E|+p(n—1) < (P7") —(p+1).
This bound can be further tightened by subtracting the number of zero cumulants due
to missing i-equitreks for ¢ = 2,...,n in the graph from the right-hand side (see, e.g.,
Dettling et al. [2023]). In the examples above, this yields |E| + 2(n — 1) < 2(n — 1).
If there are no or only few equitreks missing, however, this bound does not present a

notable restriction.

Figure 2.4.6: A cyclic graph on two vertices with one self-loop.

Example 2.4.14. We consider the cyclic graph with three edges in Fig. 2.4.6. The

2 2 S
unknown parameters are agg, @19, @g1, and w(() ) ,wg ), .. ,w(()n),wgn), when considering

the cumulants up to order n. For this edge configuration, the parameters are locally
identifiable from second- and third-order cumulants.

2.4.3.2 Diamond-type Graphs

There are also examples of non-identifiable graphs that do not arise from a lack of
equations compared to the number of parameters.

Example 2.4.15. We consider the graph on four vertices shown in Fig. 2.4.7.

Figure 2.4.7: A diamond-type graph.

Since the subgraph induced by 0, 1,2 satisfies the conditions of Theorem 2.4.7, the
parameters agg, aio and aog are identifiable from the second-, third- and fourth-order
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2 Identifiability in Graphical Discrete Lyapunov Models

cumulants (see Example 2.4.6). We also have

_ (2)610a31 1 G20a32
503 = Wy 1 2
— Qoo

Hence, the quantity y = aigasi + agpase is identifiable from these cumulants. Note
that this is a linear combination of the two unknown values a3; and azs with known
coefficients. However, we claim that ag; and ass are not identifiable from any cumulants,
regardless of how high the order is allowed to be.

Let qgrgqkigka3ks denote the ith order cumulant with k; copies of j in its subscript
for j = 0,...,3, where i« = kg + --- + k3. Note that az; or asy appears in the trek
parametrization of this cumulant if and only if k35 # 0. In this case, for the off-diagonal
cumulants (i.e., those with k3 # i), we have

(i) age? (aooa10)** (agoazo)*2

qoko1k12ka3ks = Wy 1— a60

yks

All ith order cumulants with k3 = 0 are rational functions only of agg, a1g and agyp.
Let A be any parameter matrix consistent with the prescribed cumulants of all orders,
and let A be any parameter matrix which satisfies

apo = ago, aip = a0, a0 = a0, a10a31 + a20a32 = ai10as1 + axpas.

Then A has the same prescribed cumulants as A. Therefore, there is a line of parameters
that give the same cumulants, yielding this model non-identifiable. Note that in the
context of the proof of Theorem 2.4.3, this property results in the product of submatrices
of the A and S in (2.B.2) having rank 1.

2.5 Local ldentifiability Using the Jacobian

If the Jacobian of the parametrization has full rank, then the parametrization is locally
identifiable [Sullivant, 2018, Section 16.1]. In this section, we derive an expression for the
Jacobian of both the second- and third-order cumulants of the discrete Lyapunov model.
We show that, for any graph where all connected components have at least size three
and all self-loops are present, the joint second- and third-order Jacobian has full rank.
This proves that all discrete Lyapunov models for such a graph are locally identifiable.
By further including the Jacobian of the fourth-order cumulant we can prove that any
graph with all self-loops and no isolated nodes are locally identifiable.

As was seen in Example 2.4.1, the graph on two nodes with both self-loops and an edge
from 0 to 2 is generically identifiable from second-, third-, and fourth-order cumulants.
However, it is already two-to-one identifiable (so locally identifiable) from the second-
and third-order cumulants alone. It is this phenomenon which we will generalize in the
section.

Fix a directed graph G on p vertices labeled from 0 to p — 1. Let ¢g <3 be the
map which sends a tuple of parameters (A4, w?@), w(3)) to the corresponding second- and
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third-order cumulants (S, 7T") under the discrete Lyapunov model specified by G, so the
third-order version of ¢g <4 from Section 2.4. Let Jac%(S,T) denote the Jacobian of
$G,<3-

We derive the following expression for the column of the Jacobian corresponding to
the parameter ag, using the Kronecker parametrization, equation (2.2.6). By applying
standard rules for differentiating a matrix inverse, which can be found for example in
[Petersen et al., 2008, Section 2.2], we obtain

vec < 05 > =—IT-A® A)_la(I_—A(X)A)(I — A® A) " tvec(?)
aaga 8a5a

—(I-A® A) Y (Ege @ A+ A® Ego)(I — A® A)lvec(Q?),  (2.5.9)

where Eg, is the matrix that is 1 at the (3, a)th position and 0 elsewhere. Note that the
product of the last two matrices in (2.5.9) is exactly vec(S) as given by the Kronecker
product parametrization.

(2)

The column corresponding to the parameter w;”’ is

2)
w; w;

(2

Similarly, we derive the following expression for the Jacobian of the third-order cu-
mulant with respect to the entries of A:

Ol -ARARA)
0agq

vm(aT):UA®A®m (I—A®A®A) vee(Q®)

Oagq
=I-ARAQA)  (Epa @ AR A+ AR Ega ® A

. X (2.5.10)
+AQ AR Eg)(I - A2 A® A) tvec(0®)

(3

and with respect to the w;

(3)
vec ((jg) =I-A®A® A)_lm(::(g))) =(I-A® A® A) tvec(Ey).
Wi Wi

From the above derivative computations, we observe that J(S,T) can be written as a
product of block matrices:

Jac®(8,T) = <U —AeA™ 0 ) (Jf(sv a) JE(8,w )

0
0 I-Asawa) ) USTa o Janwwﬁ-@5”>

We define the blocks of this second matrix as follows. The matrix J$(S, a) is a (p'QH) X
#FE matrix whose Sa-th column (i.e., the column corresponding to the edge o — f3) is

(Epa @ A4+ A® Ego)(I — A® A) tvec(Q?).
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Similarly, Jf(S, A) is the (p'§2) X #FE matrix whose Sa-th column is
(Bpa @AQ A+ AR Ega @ A+ A® A® Ego)(I — A® A® A)tvec(QB)).

The matrix J§(S,w®) is the (” 42'1) X p matrix whose i-th column is vec(E;;). Finally,
J;?(S’, w®) is the (png) X p matrix whose i-th column is vec(Fy;).
Remark 2.5.1. If we want the image of ¢ to contain cumulants of order higher than 3

as well, analogous formulas can be derived for the rows of the Jacobian corresponding
to these higher-order cumulants.

Definition 2.5.2. Let G be a directed graph and let A € RF. The modified Jacobian
of the second- and third-order cumulants of the discrete Lyapunov model, denoted by
JE(S,T), is defined by

G _ J2G(Sva> JQG(S7W(2)) 0
J (S’T"<J3G<T,a> 0 IS

as described in (2.5.11).

Since the original Jacobian is the modified Jacobian multiplied by an invertible block
matrix from the left, their ranks are equal. Since the entries of the modified Jacobian
will turn out to have a simpler description (see Proposition 2.5.3 and Proposition 2.5.4),
we will determine its rank instead.

We notice that the last 2p columns of the modified Jacobian are in fact unit vectors,
so by reordering the rows of the modified Jacobian its rank decomposes as

JQG(S, a)oﬁ 0
JZ?(Ta a)off 0
JZG(Sv a)diag p
JS(T,a)diag 0

rank(J%(S,T)) = rank

~

= 2p + rank ngs agzi) . (25.12)

<Y o oo

where we denote the submatrix whose rows correspond to diagonal entries of the cumu-
lants with ’diag’ and the submatrix whose rows correspond to off-diagonal entries of the
cumulants with ‘off’. Thus,

G a
7451 = (o). (25.13)

has full rank if and only if the modified Jacobian has full rank. We will refer to this
matrix as the off-diagonal modified Jacobian. In order to be able to show that the
modified Jacobian has full rank we first show the following two results describing its
entries, with proofs provided in Appendix 2.C.

Proposition 2.5.3. The entries of J$(S,a) are given by

J (S a)(z] ),a—B8 — 5 Z @il Sl + 5 )Z AjkSka-
k=
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2.5 Local Identifiability Using the Jacobian

Furthermore, the description can be given by employing treks in G:

J2G(Sv a)(ij),a—>6 = 5](5) Z mr + 52(&) Z mr,

TE€T(1,0) (i) T€T(1,0)(J,)

where Ty o) (1,7) denotes the set of treks between i and j where the path going to i is one
longer than the path going to j, and m, is the trek monomial for a trek T.

Proposition 2.5.4. The entries of J§'(T,a) are given by

p—1p-1 p—1p—1 p—1 p—1
J?,C:(T7 a)(ijk),a%ﬁ = 6%(6) Z Z ajmakntamn+6j (5) Z Z ailakntlan'i_(sk(B) Z Z ailajmtlma-
m=0n=0 =0 n=0 =0 m=0

Furthermore, the description can be given by employing treks in G:

J3G(T7 a)(ijk),a—>,8 = 52(5) Z mr + 5]' (ﬂ) Z mr + 5k(ﬂ) Z msr,

T€T(1,1,0) (4,k,x) T€T(1,1,0) (4,k, ) T€T(1,1,0) (4,5,2)

where T(1,1,0y(4,7, k) denotes the set of all treks between i,j and k where the paths going
to i and j are one longer than the path going to k, and m. is the trek monomial for a
trek T.

Remark 2.5.5. Similar formulas for the modified Jacobian can be derived analogously
for higher-order cumulants.

We are now ready to state the main result of this section.

Theorem 2.5.6. Let G = (V, E) be any connected directed graph with all self-loops on
p > 3 nodes, then J%(S,T) has full rank (= |E|) generically. Therefore, the corre-
sponding discrete Lyapunov model is locally identifiable from its second- and third-order
cumulants.

The proof of Theorem 2.5.6 (and its modifications) proceed by using the local iden-
tifiability of models associated to subgraphs of G to recursively prove that the model
associated to G itself is locally identifiable. In particular, we consider subgraphs obtained
by edge-disconnecting G.

Definition 2.5.7. Let G = (V,E) be a connected graph. A subset F C E edge-
disconnects G if the graph (V,E \ F) is disconnected. The set Z(G) is the set of all
graphs of the form (V, E'\ F) with exactly two connected components.

Specifically, the proof of Theorem 2.5.6 proceeds by induction on the number of nodes,
where the induction step relies on being able to edge-disconnect the graph into two con-
nected components of size at least three. Therefore, the base case includes all connected
graphs on three, four or five nodes and all graphs on at least six nodes where it is not
possible to disconnect the graph into two connected components of at least size three.

Therefore, to understand the base, we must characterize the connected graphs where
no matter how the graph is edge-disconnected a connected component of size one or
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2 Identifiability in Graphical Discrete Lyapunov Models

two is always created. Note that the self-loops do not impact this property, so they
will be omitted in the following discussion. Furthermore, this property is completely
characterized by the skeleton of the graph and therefore the description will be given for
undirected graphs.

It is possible to describe the base cases by considering the intersections of paths in
the graph. For example, let G be a graph such that every graph in Z(G) has an isolated
node. Then every pair of paths in G of vertex length two intersect at a single vertex.
In other words, there is a vertex v that is in every edge, so the skeleton of GG is a star,
as pictured in Fig. 2.5.8. Similarly, consider the graphs such that every graph in Z(G)
has a connected component with exactly two vertices. In this case, every pair of paths
of vertex length three must intersect in at least one vertex. In Lemma 2.C.1, we show
that if G has six or more vertices, these graphs are the so-called generalized 2 stars.

Definition 2.5.8. Let G = (V, E) be a connected undirected graph with |V| > 6. Then
G is a generalized two star if all paths of vertex length 3 intersect in the same node. We
call this node the center of the graph.

A X

Figure 2.5.8: Examples of a star (left) and a generalized two star (right).

Due to the block structure of the Jacobian, the statement and proof of Theorem 2.5.6
can be adapted to directed graphs with several connected components. Furthermore,
connected components of size two are allowed as long as they are not the complete graph
on two nodes, since they are also locally identifiable from the second- and third-order
cumulants, see Example 2.4.1 or the calculations performed in Maple'.

Corollary 2.5.9. Let G = (V, E) be any directed graph with all self-loops. If all con-
nected components of G have at least size two and the components of size two are not
the two-cyle then G is generically locally identifiable from the second- and third-order
cumulants.

The restrictions on the size of the connected components of the graph are motivated
by non-identifiability of the one-node graph (with a self-loop) and the two-cycle on two
nodes (with two self-loops) from just the second- and third-order cumulants. A graph

Mttps://github.com/cecilie2424/Local-Identifiability-in-Non-Gaussian-Discrete-
Lyapunov-Models.

42


https://github.com/cecilie2424/Local-Identifiability-in-Non-Gaussian-Discrete-Lyapunov-Models
https://github.com/cecilie2424/Local-Identifiability-in-Non-Gaussian-Discrete-Lyapunov-Models

2.5 Local Identifiability Using the Jacobian

which has an isolated node with a self-loop is not locally identifiable using any number
of cumulants as discussed in Remark 2.4.4. The two-cycle can only be locally identified
by also employing some fourth-order cumulants.

Figure 2.5.9: The complete graph on two nodes.

Example 2.5.10. For the two-cycle on two nodes, the second- and third-order cumu-
lants are not enough to obtain full rank of the modified Jacobian, since there will be
one more parameter than there are equations. However, it is shown computationally
in Maple! that, by adding the two diagonal fourth-order cumulants, the two w®)’s and
one off-diagonal fourth-order cumulant (so in total using three fourth-order cumulants)
we can prove that the modified Jacobian of both the second-, third- and the three
fourth-order cumulants will have full rank. Therefore, the actual Jacobian will also have
full rank.

From Example 2.5.10 it follows that the proof of Theorem 2.5.6 could be modified to
also allow for the use of fourth-order cumulants which would then yield local identifia-
bility of discrete Lyapunov models for any graph which has all self-loops and no isolated
nodes. Thus, it includes the few graphs not covered by Corollary 2.5.9, i.e. the graphs
which have a connected component which is the complete graph on two nodes. However,
all other graphs were already included in Corollary 2.5.9. We make this distinction of
when the fourth-order cumulants are needed because in practice it is difficult to esti-
mate higher-order cumulants accurately, and the difficulty grows with the order of the
cumulant. Therefore, it is desirable to obtain the identifiability result from the lowest
possible order of cumulants

Corollary 2.5.11. Let G = (V, E) be any directed graph with all self-loops on p > 2
nodes with no isolated nodes, then JG(S,T) has full rank (= |E|) generically. It follows
that the corresponding discrete Lyapunov model is locally identifiable from its second-,
third-, and fourth-order cumulants.

Proof of Theorem 2.5.6. The proof proceeds by induction on the number of nodes. The
base case is any graph on three, four, or five nodes, and all graphs with |V| > 6 whose
skeleton is a star or generalized two star, as explained in the preceding paragraph. The
base cases are covered by Lemmas 2.C.2 and 2.C.4.

Let G = (V,E) be a graph on p > 6 nodes, where V. = {0} U[p—1]. If G is a
star or generalized two star, then G is covered by the base case. Therefore, we now
assume this is not the case. This implies that G can be edge-disconnected into exactly
two connected components where each component has at least three vertices. Let G’ =
(V, E') denote such an edge-disconnecting, and let G; = (V1, Eq) and G = (Va, E3) be
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2 Identifiability in Graphical Discrete Lyapunov Models

the two connected components of G'. Further, let |V;| = n; for i = 1,2, and write the
vertices as V; = {gi,... ,gfli}. We now let the sparsity pattern of A be given by G’.

Let jo%' (S,T) denote the columns of the modified Jacobian corresponding to G;. The
induction hypothesis then implies that jocf;fl(S, T) and jo(ng(S, T) both have full rank
generically.

We aim to show that jocf*}(S, T') has generically full rank. To simplify the notation,
we construct a matrix X that contains jO%(S, T) as a submatrix. The only difference is
that X will (potentially) include columns corresponding to edges that are missing in G.

The rows and columns of X will be partitioned into four groups. The first two groups
correspond to submatrices of jo(f;fl(S, T) and JOC&Q(S, T), respectively. The rows are
chosen so that the submatrix has full rank, which is possible by the induction hypothesis.
Specifically, the rows are

RGl = {(Y’aj) | ,Lv.] € m,l#]}U{(l,j,k) i7j7k € ‘/i’l 7£.] #k}v
Ra, ={(i,j) [ 4,7 € Va,i # i} U{(i,j, k) i, 5,k € Va,i # j # k},

and the columns correspond to the edges in each connected component
Co, ={a— B € E} and Ca, ={a — p € Es},

respectively. We denote these two matrices by J¢ and J%2. The remaining blocks
correspond to potential edges between the connected components. For j = 1,... no,
consider the rows and columns

11,2 1 2
RG1—>gJ2. = {(gkgkgj) |k=1,...,m}, CG1—>g32- = {(gx — gj) |k=1,....,m}.
Conversely, for j = 1,...,n1, consider the rows and columns
R = {(99i9;) | k=1 } C ={lgi = gj) k=1 }
Ga—g} 9k9k9; yeey T2y, Ga—rg} 9k — 9 yeeey 27

With this ordering of rows and columns, the matrix X has the following block structure:

Cq, Cg, CG1_>Q% . CG1—>9%2 CG2_>Q% . CG2_>g7111
Rg, J
Rg, T
RGl—)g% MGl—)g% O
RGlﬁg%Q MGlﬁg%Q
Ra, g1 0 Mgy g
RG2—>Q}H MG2—>g}L1

We see that X is block diagonal by using Propositions 2.5.3 and 2.5.4 to infer the zero
entries as follows. Generally, the zero entries arise either due to the sink of an edge not
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2.5 Local Identifiability Using the Jacobian

matching the indices of the considered row or due to the missing treks between the two
connected components.

Case 1: Zeros due to sinks not matching row indices.

First, in order for there to be a potential non-zero entry at position (Im),a — 5 or
(klm),a — [ in this matrix, S needs to equal either [ or m, or k,l or m, respectively.
This accounts for the zeros between rows Rg, and columns with sink in G2, namely
columns in Cg, and Cg, g The same argument holds for rows Rg, and columns in
Cg, and CGQ—)g]l‘

Now consider the columns Cg, —g? for j = 1,...,n2. For fixed j, entries in Cg, g2
can only be non-zero if they correspond to R, g2 indicated as blocks Mg, g2 in
the matrix. For all i # j, however, the entries of C¢, g2 in R, g2 Are zero, since

gJQ- ¢ V1 U{g?}. The same argument holds, if we flip the indices 1 and 2.

Case 2: Zeros due to missing treks.

We are now left with the cases where the sink £ of an edge a —  might match one
of the indices (Im) or (klm). Here we use the existence (or non-existence) of treks to
deduce the zero pattern. Specifically, we use the characterization of the entries of JQG (S)
and Jf (T') based on treks where the length of the legs differ by one. If there is no match
between § and (Im) or (klm), the first case applies.

Assume without loss of generality that 3 = m. For the corresponding entry in J§(S)
to be non-zero there needs to exist a base trek between [ and « (we can use self-loops to
obtain treks where the length of one of the legs is off by one). Since the two connected
components are disconnected in G’, this is only possible if [ and « are in the same
connected component. Similarly, J3G (T') can only be non-zero if, again without loss of
generality, 8 = m and there exists a base trek between k, [, and a. Thus, k, [, and « all
need to belong to the same connected component.

Consequently, the remaining entries in the columns Cg, gl for each j = 1,...,mn1
are zero in the rows Rg,, RGlﬁg%,...,Rglﬁg%Q, since a € V5 is never in the same
connected component as k,l € V;. The same argument holds for each j = 1,...,ny for
the remaining entries of the columns C¢;, g2 in the rows Rg, and Rg, ,.1,..., Rg, g1 K

The remaining entries to consider are in the columns in Cg, and Cg,. In the columns
in Cg,, again the entries in RGQ_W%, e ,RGQ_,Q}L1 are zero, since a € V1 and k,l € V5.
Similarly, in the columns in Cg,, the entries in Ry, g , Re, g2, A€ Zero, since
a € Vo and k,l € Vi. Further, for the columns Cg, and the rows RG1_>9J2_, the sink
B € V1 will always coincide with at least one index of the rows. However, since one of
the indices in (klm) will always be gj2-, there would have to be a trek between [, g]2- and
another element in GG for the entry to be non-zero, which is not the case. For all other
indices, the first case again applies. The argument is analogous for the columns in Cg,.

To show that X generically has full rank, it suffices to show that each block on the
diagonal generically has full rank. The matrices 7 and J2 generically have full rank
by the induction hypothesis. Employing Lemma 2.C.6, we further obtain that that each
of the M matrices generically has full rank as well. Since the generic choices ensuring
the M matrices have generically full rank do not depend on G, the submatrix jO%(S, T)
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2 Identifiability in Graphical Discrete Lyapunov Models

will also have full rank. O

2.6 Defining Equations

In this section, we explore the vanishing ideal of the discrete Lyapunov model for specific
families of graphs. First, in Section 2.6.1, we consider the case where the graph G is a
polytree with a single source and only one self-loop. In this setting, the vanishing ideal
is toric. In Section 2.6.2, we present several determinantal results which give rise to
polynomials in the vanishing ideal for other types of graphs. In Section 2.6.3 we explore
a different approach for obtaining polynomials in the vanishing ideal.

2.6.1 Polytrees With One Source

In this subsection, we focus on the case of G being a polytree with one source node (i.e.,
a directed tree) and a single self-loop at the source. For such a graph, the vanishing ideal
I="(@) is toric for any n > 2. The model admits a monomial parametrization given by
the shortest equitreks. In a directred tree with a single self-loop at the source, there is
a unique shortest equitrek between any set of nodes.

Let G = (V, E) be such a polytree, where V' = {0} U [p— 1] and 0 is the unique source
2 (3 (n)
Y;

node. For the nth order model, we introduce new parameters v;”",v;™, ..., for each

i € V, such that

) 2 A\ 9 A\
@ _ (@ (a) @ © (av) m) _ (m (a*)
v,” = wyg 1= ad v,” = wy 1= ol v = wg = an

where )\; is the unique shortest path from the source to vertex i, and a’ is the corre-
sponding path polynomial. This invertible change of parameters allows us to derive the
shortest equitrek rule.

For vertices i1, ...,1;, let 7(i1,...,4;) denote the unique shortest l-equitrek between
i1,...,1 consisting of paths 71,...,7. Let top(r) denote the top vertex of the trek 7.
Using the new v parameters, we can write the second- and third-order cumulants as

NN C) T1 472 N ) T1 T2 T3
Stz = Yiop(r(inig) @ bivsinsis = Vtop(r(iy g i) @ @ @
More generally,
. () T1 Tn
(Tn)u,...,zn - vtop(r(il,...,in))a Loaa .

Notice that the new parametrization is monomial, so the Zariski closure of its image
is a toric variety [Sullivant, 2018]. We can determine the associated parametrization
matrix P. Its rows are indexed by the parameters and its columns are indexed by the
cumulants of the model.

Example 2.6.1. Let G be the graph in Fig. 2.6.10.
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Figure 2.6.10: A polytree on four vertices with a single self-loop at the source.

For the third-order cumulant model, the parameters are v(()2), o ,v§2), v(()g), o ,U§3)
and aqo, - - .,a31. The associated parametrization matrix P is given by
111101 101O0O0O0O0O0O0DO0DO0ODO0ODO0ODO0ODOOOOOOOOO®OOO0ODQ
000010001 O0O0OO0OOOOOOOOOOOLOOLOOOOOOO
o0o000O0OO0OO0OT11TO0OO0OOOOOOOOODOODOOOOODODOOODODO
0o00O0OO0OO0OO0OOOT1TOOOOOOOOOOODOOOOOOOOODO
oo0oo0o0000O0O0O0OO0OT1T1T111111T1T10111110000
o00O0OO0OO0OOOOOOOOODODLOLODLOLOOILIOODODODOOTTL 1O
o0o00O0OO0OO0OOOOOOOOOODOODOODODODODODOODOOTL OO0OQO0
0o00O0OO0OO0OOOOOOOOODLOODODOODODODODODOODOOO®OTI1
01 220110000244 133222202211T1Q0O000
011102200O0O01112%2%2W2%2220333330000O0
0o01o001001O0O0OO0OI11O0O01O021TO0010210021SO0
o0oo0oo01o001010O0ODOO0O01IO0OO01TO0OI1I 2001012012@%¢0

The associated toric ideal lives in a polynomial ring with 30 variables s;; and ¢;; for
i,7,k € {0,1,2,3}, and has degree 1374. Its Grobner basis contains 640 generators.

Even though the ideal itself is intractable, we can still recover certain information
about the graph from the toric ideal.

Definition 2.6.2. Define the level of a vertex v in a directed tree to be the length of the
shortest path from the source node to v. For each ¢ > 0, define Vy(G) to be the set of all
vertices in G at level £.

The following result shows how the levels of vertices can be recovered from the van-
ishing ideal.

Proposition 2.6.3. Let G = (V,E) be a directed tree with a single self-loop at the
source, where V.= {0} U [p — 1], and let I="(G) be the vanishing ideal of the nth order
cumulant model associated to G for n > 3. Then,

1. ForieV, sg’jt?ﬁ — s3tiijtiji € I="(G) for all j € V if and only if i is the source
node.

2. Let 0 be the source node. Then, fori,j € V, soitooj — Sojtooi € I="(@) if and only
if i and j are on the same level.
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3. Fori,j € V on different levels, sijtoo; — sojtoij € Z="(G) if and only if the level
of j is greater than level of i (i.e., j is further from the source node than i).
The proof can be found in Appendix 2.D.

Example 2.6.4. For the polytree in Fig. 2.6.11, the polynomial sg2S34t224—S03S22t244 lies
in the vanishing ideal. Note that this polynomial does not satisfy any of the conditions
from Proposition 2.6.3. Here, vertex 2 is the top of the equitrek between vertices 3 and
4.

Figure 2.6.11: A polytree on five vertices with a single self-loop at the source.

The extra polynomial found in Example 2.6.4, corresponding to a trek which does not
have a top node equal to the source, is an instance of a more general result, as described
in Proposition 2.6.5 below.

Proposition 2.6.5. Let G = (V,E) be a directed tree with a single self-loop at the
source, where V.= {0} U [p — 1], and let I="(G) be the vanishing ideal of the kth order
cumulant model associated to G forn > 3. Leti,j,l € V. Then,

sosijtuj — soisutij; € I="(G)
if and only if | is the top of the shortest equitrek between i and j.

Consider two directed trees G and H with self-loops at their respective sources and
the same number of nodes. It follows from Proposition 2.6.3 and Proposition 2.6.5 that
if the levels of the graphs differ, or if there are two vertices for which the tops of the
shortest equitreks are different, then the ideals are different. It turns out that these are
also necessary conditions for the ideals to be different.

Theorem 2.6.6. Two directed trees G and H on the same vertex set with self-loops at
their respective sources define the same ideal if and only if

(i) for all £ > 0, the vertices at level ¢ in G are the same as the vertices at level ¢ in

H, i.e. Vi(G)=V,(H), and

(ii) for each pair of vertices, the tops of the shortest equitreks between them are the
same in G and H.
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This result will follow from Lemma 2.6.7 and Lemma 2.6.8, both of which are proven
in Appendix 2.D. The main idea is that if the graphs G and H satisfy the conditions of
Theorem 2.6.6, then their corresponding parametrization matrices are row-equivalent,
which implies that the vanishing ideal coincide.

Lemma 2.6.7. Let G = (V,E) be a directed tree with V.= {0} U [p — 1], where 0 is
the source with a self-loop. Let i and j be two vertices from the same level, each having
at most one outgoing edge. Suppose there is no vertex i’ such that the shortest equitrek
between i and i' or between j and i’ is shorter than the equitrek between i and j. Let H

be the graph constructed by swapping i and j in G. Then, for any order n of cumulants,
the vanishing ideals coincide: I<"(H) = I="(G).

Lemma 2.6.8. Let G and H be directed trees with self-loops at their respective sources,
and with the same number of vertices p, labeled from 0 to p—1. Then H can be constructed
from G using the swapping operations from Lemma 2.6.7 if and only if the following
conditions hold:

1. For all £ > 0, the vertices at level £ in G and H coincide, i.e., Vi(G) = V,(H).

2. For each pair of vertices i and j, the top vertices of the shortest equitreks are the
same in G and in H. (Equivalently, the first p rows of the base trek parametrization
matrix are the same.)

Lemma 2.6.8 immediately implies Theorem 2.6.6 and constructively shows that any
two graphs satisfying the conditions in the theorem have row-equivalent parametrization
matrices.

2.6.2 Defining Polynomials via the Vanishing of Determinants

In this section, we consider the problem of finding elements of the vanishing ideal of the
discrete Lyapunov model in cases where the defining graph is not a polytree with a single
source. We do this by showing that certain graphical structures imply the vanishing of
certain determinants. We further show that this is not a complete characterization and
it remains a topic for future research.

We now show that certain matrices have to drop rank under certain constraints on
the parents and ancestors of a set of vertices. The proofs are given in Appendix 2.D. To
state these results, we define the set of parents of a subset U = {v1,...,vx} CV by

k
pa(U) = | palvy).
=1

Proposition 2.6.9. Let G = (V, E) be a graph on p vertices, and let U = {v1, ..., v} be
a subset of V.. Denote by S’ the (p—k) x k submatriz of S, formed by columns vy, ..., v
and not containing any diagonal entries. Then,

rk(S") < |pa(U)]|.

The same result holds for all slices of the tensor T. Here, for a fixed i € V, a slice T; is
a p x p matriz Ty, for 0 < j,k <p—1.
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Furthermore, the statement of Proposition 2.6.9 holds for the matrix formed by gluing
S and all slices of T' below each other, forming a p x (p + p?) matrix.

Proposition 2.6.10. Let G = (V, E) be a graph on p vertices, and let U = {v1,...,v;}
be a subset of V.. Form a p(p+ 1) x p matriz by stacking S, and T;, i € {0} U [p — 1].
Denote by Q) the submatriz formed by the columns vi,...,vr and not containing any
diagonal entries s;; or ti;. Then,

rk(Q) < [pa(U)].

Note that this is a generalization of the previous proposition since S’ is a submatrix of
Q. It follows that if we have a subset of vertices whose total number of parents is small,
we can obtain polynomials in the vanishing ideal of the model by taking determinants
of submatrices of the matrix Q.

D—0—®

(a) Vertices 1 and 2 have one parent. (b) Vertices 1 and 2 have one grandparent.
Figure 2.6.12: Graphs with vanishing determinants.

Example 2.6.11. Let G be the graph in Fig. 2.6.12a, and let U = {1,2}. Note that
|pa(U)| = 1. Consider the matrix @ as defined in Proposition 2.6.10:

Qt_<501 toor torr toi2 toir tiiz toi2 75112)
so2  too2 toi2 tooz toiz tiza too2  to12

Observe that some columns of the matrix above repeat due to the symmetries of the
cumulant tensor. By the proposition, all 2 x 2 minors of ) must vanish. However, these
polynomials alone do not generate the whole ideal Ié?’.

Proposition 2.6.12. Let G = (V, E) be a graph on p vertices, and let U = {v1,..., vt}
be a subset of V.. Let ana(U) be the set of all grandparents of U, and sib(U) to be the
set of siblings:

ana(U) = U pa(w), sib(U) ={w €V : pa(w) € pa(U)}.
wepa(U)

Denote by S’ the (p — |sib(U)|) x k submatriz of S, formed by taking columns vy, ..., vy
and removing all rows containing entries s;; with i,j € sib(U). Then,

rk(S") < |ans(U)|.

The same statement holds for all slices of the tensor T as well. Moreover, the statement
holds for a matriz, formed by gluing S and all slices of T' below each other (to form a
p % (p + p?) matriz).
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Example 2.6.13. Let G be the graph in Fig. 2.6.12b, and let U = {1,2}. Here,
lana(U)| = 1, and |sib(U)| = 2. For the slice T3, consider the submatrix T4 introduced
in Proposition 2.6.12:

to1z  to23
T = t113 123
t123 t223
t133 1233

In this case, the matrix 73 has the same number of rows as T3, as none of them need to
be deleted. By Proposition 2.6.12, all 2 x 2 minors of T4 vanish.

Finally, we show that the problem of computing the vanishing ideal of the model can
be simplified by removing entries of the cumulants indexed only by a sink. Here we call
a vertex v a sink if it has no outgoing edges directed to other vertices.

Proposition 2.6.14. Let G = (V, E) be a directed graph, and consider the third-order
vanishing ideal Iég C Risij, tiji | 4,4,k € V] of the corresponding discrete Lyapunov
model. If v is a sink in G, then there exists a generating set of Iég such that the
variables Sy, and tyy, do not appear in any generator.

Proof. Suppose that f = Zf:o st f; belongs to a generating set, and assume that no
terms of f; can be divided by s,,. Using the trek rule, f can be written as an element of

R(aij, ), w® ¥ for alli, j € V and
(2)

i

, 1,7 € V). Now assign arbitrary values to a;; and w

tow,;” for all i € V'\{v} from the parameter space ©. Denote the resulting polynomial as

g€ R[wq(?)]. Note that g has degree k. Since f € Z5°, it must vanish for all assignments
of the variables a;;, w(2), w®, Thus, g(wgz)) = 0 for all w1(,2) € R. It follows that g = 0,

i i
and hence all its coefficients are 0. The coefficients are evaluations of f; or (1-{;#)“
depending on whether there is a self-loop at v. Thus, f; € Z(S;g, and we can add them to
the generating set instead of f. We can perform a similar process to get generators not

involving tyyy. O

Corollary 2.6.15. The elimination of Sy, and ty,, does not change the vanishing ideal
corresponding to G in case v is a sink of G.

2.6.3 Defining Polynomials via Birational Implicitization

In Boege and Solus [2024], the authors develop a strategy for efficiently computing the
polynomials and semialgebraic constraints that define a statistical model under strict
assumptions on its parametrization. In particular, their approach requires that the
parametrization be ambirational.

Definition 2.6.16. Let o : R™ — R™ be a rational function, ® C R™ a parameter
space, and M = «a(O) a parametric statistical model. If a admits a rational inverse
B :R™ --» R™ then M is ambirational.
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D)

Figure 2.6.13: A directed path with all self-loops

In particular, this means that ® and M are birationally equivalent, and the rational
functions realizing this equivalence are also isomorphisms of their respective ambient
spaces. In this setting, one can apply [Boege and Solus, 2024, Theorem 3.10] to use the
polynomial constraints on the parameter space © to derive polynomial constraints on
M. We have shown in Theorem 2.4.3 that when G is a DAG with all self-loops, the map
from the parameter space consisting of the matrix A and cumulants K5, K3 and K4 to
the space of 2nd, 3rd and 4th order cumulants admits a rational inverse. We have not
shown that this map is ambirational; indeed, Theorem 2.4.3 shows that for a DAG G
with all the self loops, for generic cumulants in /\/%4 the parameters A and Q"™ can be
found as a rational function of the cumulants. This does not rule out that possibility that
the map from parameter space to the cumulants is somewhere many-to-one; in general,
these models are generically identifiable but not globally identifiable. Nevertheless, we
can attempt to apply the methods of Boege and Solus [2024] to compute candidates for
defining polynomials of the model without the guarantee that the resulting polynomials
will actually belong to the vanishing ideal.

Consider the directed path G with all self-loops pictured in Fig. 2.6.13. Given generic
second-, third- and fourth-order cumulants in Méfl, Theorem 2.4.3 allows us to solve
for the adjacency matrix A as a rational function of these cumulants. This also gives an
expression for agy in terms of the cumulants; but since A is a weighted adjacency matrix
of G, the (2,0) entry of A should be zero. If the map which sends Mgl to the matrix A
were ambirational, then by [Boege and Solus, 2024, Theorem 3.10], the numerator of ag
as a function of the second-, third- and fourth-order cumulants belongs to the vanishing
ideal Z=%(@). Using Macaulay2, we compute that this numerator has two irreducible
factors, asg = fifs. If we assume that agy € Z5%(G), then since this ideal is prime,
one of fi or fo must belong to Z<%(G). By generating random cumulants in ./\/124 and
substituting them into these polynomials, we find that the one that vanishes on these
random cumulants is the following polynomial, f;:
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500501 502511001t00275000
+800881 80281215000153017"30007’0001
— 501502511 1800t001 1002500070001
—2500581 502511000t801t00278000 70001
+580551 512001 t0027500070001
+5005315025128500t 9017000075001
+S§)0801802 81275801 7"00007"8001
—2531 502300001 £0027000070001
42500501 502£000 5011002700007 3001
—501502t500t001 70001
—4530501502512t300t001 0001
—5015025118000t00270001
—2500 831 8121580015001150027“3001

3 2 3 3
—3500501512¢000¢001 200270001

—500501 5128010027500

4500501 502t0017300070001
+581512L800t501100278000 0001
+500501512£000801100278000 70001
—501502512800t5017000073001
—2s00 381 ngtoootéoﬂoooorgom
42501502511 t500t001£002700007 3001
+500501 502511 t500t50110027000073001
+580551512t000t801 0027000073001
+2500581 5025128800001 70001
+3530501 502512000301 78001
+501512t800t0027 5001

—500501 502300001 600270001

4 4 3
+500501512t001100270001

2.7 Discussion

4 2 4 .2
—501502t000%0017000070001
2 2 5 .2
—500501502512%0017000070001
5 3 2
+501502t000t001 0027500070001
4 4 2
—8005015028001%0027500070001
4 2,2 .3 2
+2501502t000%001 7000070001
2 2 4 2
—500501502512t000t001 7000070001
5 3 2
—3$01512%500t001t0027000070001
4 2 2 2
—500501512000t001 0027000070001
3 .2 4 2
—500501512%001t002700007H001
3 .2.,2 .3 3
+500501502%000t001 70001
4 5 3
—500502512100170001
5. s02t800t001 t00278
+8p1502t000t001%002705001

2 3 2 42 3
+4550501512t000t001%00270001

The fact that f; vanishes on cumulants in the model generated from random values of
the entries of A is strong evidence that fi; belongs to the vanishing ideal of the model.
Indeed, if f; were not in Z<%(G), then f; would be nonzero on almost all cumulants in
Mé4. We leave both a statistical interpretation of this polynomial and a proof that it
belongs to Z<4(G) as directions for future research. This computation also leads us to
the question: under what circumstances can the requirement of ambirationality in Boege
and Solus [2024] be relaxed?

2.7 Discussion

In this paper, we presented a first study of discrete Lyapunov models with non-Gaussian
errors. The non-Gaussianity gives rise to non-Gaussian equilibrium distributions, allow-
ing us to consider not only its covariance matrix but also its higher-order cumulants. We
showed that the entries of the cumulants of the equilibrium distribution can be expressed
combinatorially via equitreks in the graph.

This combinatorial interpretation allowed us to derive several parameter identifiabil-
ity results. In particular, we provided generic identifiability from second-, third-, and
fourth-order cumulants results for DAGs with self-loops at each node (Section 2.4). Fur-
thermore, we showed local identifiability for all directed graphs containing a self-loop
at each node and no isolated noted (Section 2.5). Finally, we described some of the
equations characterizing the implicit description of the model in Section 2.6.

This work is only the first study of such models, and numerous questions remain
open. Most notably, these models can be used in causal discovery, and, therefore, one
of the main problems is to design algorithms for learning the graph from samples of the
equilibrium distribution. One of the ways this could be approached is by discovering
more equations that vanish on the model for each graph, and then testing such equations
on the sample cumulants obtained from data. We here have only discovered some of the
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2 Identifiability in Graphical Discrete Lyapunov Models

equations that vanish on the model for some special graphs, and it is still an open
problem to characterize the full vanishing ideal of the model.
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2.7 Discussion

Appendix for ‘ldentifiability in Graphical Discrete Lyapunov
Models’

2.A. Proofs for Section 2.3
2.A.1 Proof of Proposition 2.3.2

Proof. Spelling out the I-th mode products from Proposition 2.2.1, we obtain

where in the second equality we used that Q™ is diagonal. Further note that
(A=Y a”,
PeP(j,i)

where Pj(j,7) denotes the set of all paths from j to @ of length [. Substituting this
representation yields

p o]
U T2 31 U0 DI I (N DR
r=1 =0 Plepl (rvil) PnEF)l(T,in)
— (n) T Tn
= Z Wiy @ Lo.o.a™. ]

7':(7'1 ----- T7L)€T(i1,---7in)

2.A.2 Proof of Proposition 2.3.7

The proof of Proposition 2.3.7 is based on induction by employing the recursive formula
for the entries of S. Induction then basically means adding an edge on one or both
sides of the considered base trek. Thus, the main challenge is to correctly account for
the added possibilities of adding self-loops along the the trek, which is expressed in the
following recursive properties of the rational coefficients C'(x,y;t) and the polynomials

Pay(t).

Lemma 2.A.1. Let 0 < z < vy. The polynomial p and the rational function C satisfy
the following recursive relations:

(i) Pat1y+1(t) = Payia (t) + (1+ (2 = 1)day)por1y(t) + (1 = 12)pay (1)

(i) C(z+ 1,y + 1;t) = 15 (((C(x,y + L;t) + Cla + 1,y;t)) + C(z, y; 1)).
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2 Identifiability in Graphical Discrete Lyapunov Models

Proof. (i) We prove this using a similar strategy as in the proof of the Chu-Vandermonde
identity by looking at coefficients in the expansion of the binomial formula.

First observe that p, ,(t) is equal to the coefficient of s* in the polynomial (1+s)¥(1+
st2)* by writing out the appropriate binomial expansion. Thus, if we can prove the
stronger claim of a corresponding recursive equality for these polynomials, it follows in
particular that the coefficients of s* are equal. This strategy works only when x < y, so
the proof is now split into the two cases © < y and x = y.

Case 1: For = < y, the recursive formula simplifies to

px+1,y+1(t) = t2px,y+1(t) +px+1,y(t) + (1 - t2)px,y(t)'

By the explained correspondence, p; ,+1(t) is the coefficient of s* in (1+s)¥*1(1+4-5t2)2,
Prt1,y(t) is the coefficient of s in (1 + s)¥(1 + st2)**1, p, ,(¢) is the coefficient of s*
n (1+5)Y(1+ st?)%, and pyy14+1(¢) is the coefficient of s* in (1 + s)¥T(1 + st?)2+L.
Therefore, it suffices to prove the polynomial identity

(148)YTH 1+ st%)" T = st (14+5)Y T (1 +8t2) 7+ (148)Y(1+5t2)" T 4 5(1—2) (145)Y(1 + st%)".
Rewriting the right-hand side yields
st?(1+ 8)Y (1 + st2)" + (L4 8)Y(1 + st2) T + s(1 — 2)(1 + 8)Y(1 + st?)”

(14 8)Y(1 + st?)*(st*(1 + s) + (1 + st*) + s(1 — %))
(1+8)Y(1 + st2)%(1 + 5 + st? + s%t2) = (1 4 s)Y T (1 + st?)* T,

which proves the required polynomial equality, concluding this case.
Case 2: For r = y, we write out the definition of p directly to prove the result. Since
Pz,y is symmetric in 2 and y, the recursive formula to prove becomes

px+1,m+1(t) = 2t2px,m+1(t) + (1 - tz)px,x(t)'

Using the definition to write out the right-hand side yields

2t2px z+1( ) (1 - t2>px,a; (t)

- (=) (0) - () 5
S5 () ()5
_Zt% ( (:c T 1>> (k:) - (kf1>2+ @2) A

by shifting the index of the first sum. Note that the last two terms outside of the sum
correspond to the extreme terms in py41,241(¢). In order to prove the recursive identity,
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2.7 Discussion
the only thing left to compute is

z+1 x z \? 2\ 2
2 - -

k k—1 kE—1 k
C(z+1\? 2k [(z+1\ k 2+ r+1\z+1-k]°
k) z+1 k )x+1 k r+1
B <x+1>2 [Qk(m—i—l) k2 (m+1—k)2]

k) @112 @+l (@rlip
(")

to obtain the formula for pyi1 441(t).
(73) Writing out the definitions on the right-hand side, we obtain

1
1—¢2
_ flo—(+1)+1_ Pay+1(t) L @)y Pat1,y(t) o gl (1= #*)pay(t)
(1 _ t2)a:+y+3 (1 _ t2)cc+y+3 (1 _ t2)x+y+3
A1) —(+1)]
= A (Ppeyr1(®) + (14 (8 = 1)duy)pas1y(t) + (1 = £2)pay (1))

t(C(x,y+ 1;t) + C(x + 1,y;t)) + C(x,y;t))

_ @+~ Pa+iy+1(t)
(1 — 2)@+D)+y+1)+1

=C(x+1,y+1;t).

In the second equality, we use that x < y, so we have
r<y+l,solze—(y+)|+1l=y+1l—-z+1=|z—y|l+2.

If we consider x + 1, the power of ¢t depends on whether x = y or not. In the case z < y,
we have

r+1<y sol(z+1)—yl+l=y—-(z+1)+1=|z—yl|
In the case x = y, however, we have,
z+1>y so|(z+1)—yl+l=ac—-—y+2=|z—yl+2,

inducing the factor (1+ (2 —1)d,y,) to account for both cases in the equation. The result
follows from the recursive property of the polynomial p, ,(t) shown in (i). O

Proof of Proposition 2.5.7. Writing out the recursive formula for s;;, we obtain

(2)

2 2 (2
Si5 = E Qi Aj1Skl + 61’]"%’ =178 + E Qi 51SEl + 5ijwi .

I;Gpa((i_)), ;cepa((?)),
€pa epa(y),
o (ED)#03)
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2 Identifiability in Graphical Discrete Lyapunov Models
Solving for s;; yields

1 1 2
sii= D g e Oy el
kEpa(i),
lepa(y),
(k1) #(4,9)
1

1
— Z mtajlsl‘l + Z mtdikSk‘j

lepa(i)\{s} kepa(i)\{i}

1 Le)

v gt e
kepa(i)\{i},
lepa(i)\{s}

This formula motivates an inductive proof similar to the proof of [Boege et al., 2025,
Prop. 4.3]. We assume that (2.3.8) holds for s;;, si;, and sy as the induction hypothesis.
Fix a topological ordering of the nodes and the induced lexicographic ordering of the
entries s;; of S, where s < s;; if and only if [ < j, or [ = j and k <.

The smallest S-entries are given by s;;, where 7 is a source node of G. In this case, we
have

el = (0,00,

S — 1_ t2wl

which corresponds to the sum over the empty trek in (2.3.8). Note that if i and j are
two distinct source nodes, we have s;; = 0 corresponding to the claim in (2.3.8) as well.

Now consider a non-empty base trek (i.e., with no cycles and self-loops) between two
nodes 7 and [, denoted by 7 € T*(i,1). Let k be the unique parent of i on this trek. Then
the trek 7 can be decomposed uniquely into the remaining trek 7 between k and [ and
the edge k — i. Hence, we have a bijection between 7*(i,1) and Ugepagip iy 77 (K, 1)
Moreover, d(7;) = d(7;) + 1 and a™ = a™ - a;,. A similar decomposition can be applied
to the path to the second leaf of the treak or to both at the same time. Applying the
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induction hypothesis together with these observations and Lemma 2.A.1, we obtain

1 ~ ~ 7. F 2
si= Y 3 T !Cd(F), (@) ) g o
lepa(i)\{i} #=(7i,7)E€T*(3,1)
1 N - P 7 (2
+ > > o ElClG), ) e ana el o)
kepa(i)\{i} 7=(7x.7;)€T* (k.j)
1 1
+ > T2 Cdm), d(n); t)a™ aia™ ajiwid) ) + 0 1= tQWEQ)
kepa(i)\{i}, 7=(7%,m1) ET *(k,1)
lepa(i)\{s}
1
= Y > — [H(C(d(7k) + 1,d(7);t) + C(d(7k), d(m) + 1;1))
kepa(i)\{i}, 7=(7%,11)ET *(k,1)
lepa(i)\{s}
. ) e
+ C(d(mk), d(n); 1)] - a™aira™ ajiwy g + 6ij T pvi
1
= > > Cld(re) +1,d(n) + 1; t)a““az-ka”ajzwt(i;(r) +o5 tQW’@)
kepa(i)\{i}, 7=(7%,71) ET *(k,1)
1epa(i)\{7}

Ti 4Tj 2
= Z C(d(;),d(;);t)a"a JwEOI)D(T).
T=(7i,7;)ET*(i,5)
In the case i = j, the last term 1jt2 wi@) accounts for the empty trek that does not
involve true parents of 7. ]

Remark 2.A.2. The proof of the restricted trek rule for third-order cumulant entries is
analogous to the argument above. However, it requires substantially more bookkeeping
of indices during the induction, as well as proving a more involved recursion for the
appearing polynomials p, , »(t).

2.A.3 Restricted trek rule for higher-order cumulants

The general form of an entry of the nth order cumulant in the discrete Lyapunov model
of a DAG is given as

(T0)iy..in = Z Cd(r1),...,d(ra);t)a™ - - a™aw™

top(r)’
T=(T1,eeesTn ) ET *(1,-00s0n)

where C' is the rational function in the edge lengths of all n components of the considered
base trek as well as the self-loop parameter ¢ given by

. _ n~max(331,..-,$n)—zn: x pxl,...,xn (t)
C’(acl,...,$n,t)—t =1 (1_tn)27:1xl+1'

For instance, in the case n = 3, the rational function is given as

4y — p3max(ag,)—(atytz) _ Prye(t)
C($ayazat) = (e A (1_t3)z+y+z+1'
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2 Identifiability in Graphical Discrete Lyapunov Models

While it is clear how to compute the powers of ¢t and (1 — %), the polynomial Pay,z(t) is
much less tractable.

In the case n = 2, the polynomial p, ,(t) seems simple, however it contains a more
intricate structure that allows us to extend the definition to higher n. First, observe
that in the case x = y, i.e., a base trek with equal length paths, the formula collapses to

z 2
pea(t) =Y ¢ (7) . (2.A.1)
=0
The coefficients appearing in p, ,(t) are the squared entries of the z-th row of Pascal’s
triangle. The resulting integer sequence is known as OEIS A008459. Combinatorially,
this sequence admits several interpretations; for example, it counts the lattice paths from
(0,0) to (z,z) with steps (1,0) and (0,1), having [ right turns.
In the case n = 3, the coefficients of the polynomial p, , ,(t) are given by a known
integer sequence as well, namely OEIS A181544. This sequence can be defined via the
row generating function of row x:

s = (2 (1) ¢ o= (e () (1) )

This representation allows us to infer the closed formula for each coefficient in that row,

yielding
2z l 3
_ w3z + 1\ (x+Ek
— 3(2z—1) 1k
=0 k=0
Interestingly, a similar formula can be derived from the row generating function for
n = 2, namely

T l 2
T— k22 +1 x+k
pestt) = 200 S (TN ()
=0 k=0

It can be shown that the coefficients of this polynomial coincide with the squared bino-
mial coefficients appearing in (2.A.1). Generalizing this to the product of two different
binomial coefficients reveals the underlying combinatorial pattern of the coefficients in

Pay(t) as
() ()= e

holds (by rewriting the binomial coefficients in the sum as a part independent of i and
a part dependent on ¢ that can further be rewritten as an application of the hypergeo-
metric function 3F'9 — which can be rewritten again in terms of a fraction of binomial
coefficients). When generalizing this pattern to the case n = 3, we obtain

z+y+z—max(z,y,z) 1
3(x z—max(z,y,z)— - $+y+2+1 z+k y+k z+k
ORI DR D W ( [~k )( k )( k k)

=0 k=0
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Consequently, we conjecture that this formula generalizes to higher n as

Y, zi—max(zq,..., Ty) 1 n
_ n(3 i z;—max(zy,..., Tp)—1) I—k[{Zx1+- -+ T+ 1 xi+k
Pzxzq,..., Ty (t) - Z t ! ! Z(_l) ( 1—k H k .

1=0 k=0

2.B. Proofs for Section 2.4

2.B.1 Proof of Theorem 2.4.3

Proof. Let the node set V' of G be topologically ordered as 0 < --- < p — 1. The proof
of generic identifiability proceeds by induction. At each step j, we show that we can
generically identify all parameters a corresponding to edges going into node j, i.e., aj;
for ¢ < 7.

Since G is a DAG, the first node 0 in the topological order is a source. If we consider
the subgraph of G consisting of 0 and its first child ¢ according to the topological order,
we are in the case of Example 2.4.1 and can generically identify agg.

We now proceed with the induction step. Assume we have generically identified all
edges going into the nodes up until j — 1, i.e., all az; such that K <j—1and ! <j— 1.
Now consider node j. There are two cases, either it is or is not a source. If it is a source
proceed similarly to the base case to identify a;;.

Otherwise, j is a non-source node. In that case, we obtain the following equations by
using the recursive formulas for S and T, when ¢ # j. Without loss of generality, we
assume that the first source in the topological order on G that is an ancestor of j is node
0. Then,

2
Sij = Z @ik ISkl tooj = Z apoajmtoom-
kepa(i),l€pa(j) mepa(s)
Let {i1,...,iq} denote the parents of j not including j itself in topological order. We
collect the equations for s;,;,...,s;,; together with the equation for oo, as follows:
Siij Qjiy
_ [AGiaxqoug- 0 ] [S<{0}u[j—u>x{n ..... it ] |
Siyg 0 ado| [tooi; -+ tooiy tooj aji,
toos jj
Qjiy
= |Atingiay < (030li=1)) - SHOYUL -1 linia)  Afiniabx (016 -1 SH0}UL-1)xs
apotooiy e agotooiy agotoo; Wi
Jtd
ajj
We denote the matrix above by P/ with rows indexed by {i1,...,i4,0} and columns

indexed by {i1,...,iq,7} in the indicated order. Our goal is to show that P7 is generically
invertible. This is‘equivalent to the upper left block Pgil,-..,id}X{il,--.,id} as well as its Schur
complement in P7 being generically invertible.

To show this, we pick a lower triangular matrix A with non-zero diagonal entries such
that there is only one path from 0 to j with non-zero edge weights. All other edge
weights that are not self-loops are set to zero. Without loss of generality, assume that
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2 Identifiability in Graphical Discrete Lyapunov Models

this path to j passes through the first parent ¢;. We denote the unique nodes on the
path by (0,k1,...,kp,41,5). As a consequence, we have that tg;, # 0 and tgo; # 0, while
t00is, - - - » tooi; = 0. Furthermore, we have in particular that so;, sk, ..., Sk, Si;j # 0,
while s;; = 0 for all nodes [ that are not on that path.

Computing the upper left block of P7, we obtain

© S0i, 0 N 0]
0 @ik, Qigig 0 Sk iy
. 0 0 0 Aigig 0 ’
J — .
P{il ,,,,, igyx{it,nigr = |-, : : : .. .. .. Skpiy .
. : : . . . Siviy 0 . 0
0 0 0 0 Qigig 0o - 0 Sigis 0 0
L 0 ce 0 Sigig 0_

Qi ky Skypiy T Qigig Sivig

Qiziz Sigig

QigigSiqiq

so it is generically invertible by taking the inverse of the diagonal elements. Note that
we depicted the rows and columns indexed by k., i1, ...,% to be adjacent in the matrix,
however they do not have to be consecutive nodes in the topological order. In that case,
there would be additional zero rows and columns in the respective matrices.

Its Schur complement in P? is of the form

. . —1 .
J 2 L 2 . 2 . 2 . J =Y
Py iy ..oty = Gootooj — [aotoois .- adotooi,  @dotoo;] (P{n ,,,,, i} X (i1, m) Pliiayxs

We further have

Pl s = Ainiapx(03uli-1) - Sqopu-1))x

*

Qi1 Skpj T Gigiy Siyj
Skr—lj O
= Afir i< {OUG-1) * | Skej | =

Combining these expressions yields

@y ky Skyj T Qiyiy Siyj

P] . . = anntooi — anntoos
. 00“007 0040021 .
0] {117 ,Zd} a’ilkrskri1 + a’ililsilil
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2.7 Discussion

Thus, we now have to choose the values of the non-zero edge weights in A such that

t00j (@iyky Skyiy + Qiviy Siviy) — to0iy (@iyk, Skoj + @igiy Siyg) 7 0. (2.B.1)
Note that )
P AapoQjiy .
005 — 1 2 t00%1,
— Qo Qjj

so the expression above simplifies to

00@inj (@isky Skyir + Gigiy Siviy) — (1 — o) (@isk, Sk, + Qigiy Sinj) 7 0-
Observe that not all terms in the above expression depend on w,flz), as there are, for
example, no treks between k, and either i1 or j starting at i;. The only terms that

2
depend on wi(l) are s;,;, and s;,j, and we have
_ 2_ 1
Sivin = T Wi 7T g
1171
1
Sij = 7o @ik @i Skoiy + Qirk, G Skej + Qiriy Qi Siai )
110177
-y w(2) Aiyiy Ajiy
- i1 2 .. ..
(1—- aml)(l — @iy Ojj)

)

due to the structure of the chosen A. Consequently, the coefficient of w;;” in the numer-

ator of the Schur complement (2.B.1) is

1 Qi i Qi

2 o (1= dad?a:a;. : Tt g

Ao Qi jAiyiy 1 — a2 (1 aOOGJJ)a’uZl (1 2 )(1 . )
@iy a4y Qiyiy Qg

ago(l - aililajj) - (1 - a%oajj)a‘ilil

= Qi Qi
117%e101 (1 _ a’%lil)(l - aililajj)

= Qj,7Qj,4 ago o '
P = ) (1 - aiagy)

Finally, if we set all non-zero entries of A to %, for instance, the coefficient evaluates to
1

—z #£0. O
5 7

2.B.2 Proof of Theorem 2.4.7

Proof. Let the node set V' of G be topologically ordered as 0 < ... < p — 1. The proof
proceeds by induction.

The base case of the induction is to identify the self-loop of the first source. We can
identify the self-loop of the source by Example 2.4.1 or Example 2.4.6, depending on
whether the child has a self-loop.

We now proceed with the induction step. Consider node j. If it is a source node,
repeat the base case. Otherwise, let i1,...,4i45 be the parents of j. There are two cases,
depending on whether j has a self-loop or not.
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2 Identifiability in Graphical Discrete Lyapunov Models

Assume first that j does not have a self-loop. In this case, we need to identify d
incoming edges at this step. For each parent iy, let e; denote one of it’s ancestors that
is a source. Notice that all eq, ..., eq are distinct; otherwise, G would not be a polytree.
Then, by collecting the recursive formulas for s, j, ... s¢,;, we have

Seyj Qjiq
= [Aferearxoyoi-1)] [Sqoyop-mx i) - | + |- (2.B.2)
Sedj ajid

Notice that, since eq,...,eq are sources, they have no incoming edges except for the
self-loops. Consequently, each row e; has only one non-zero entry in column e;. There-
fore, the product of the first two matrices above can be written as the product of two
square matrices:

[Afer.....cayx<{0yui-1)] [SUOUI-1)x fir,ia}] = [Alerncayxferreat] [Sterneayxfinmia}]

The product is diagonal, since s,;, = 0 unless [ = k. Hence, we can write

. QeqerSeriq ..
Seyj o 5. Ajiy
eseaSeaio

Pedi GegeqSeqiq ta
Now, let A satisfy ap; # O for all £ and aj;; # 0. Then, by the equitrek rule, we have
Sepip, 7 0 for all 1 < k < d, since there exists an equitrek between ey, and iy for each k.
For this choice of parameters, the matrix is invertible and therefore, the parameters are
generically identifiable.
Now assume that j has a self-loop. Without loss of generality, assume 0 = e;. It
follows that tgo;, # 0, while tgp;,, = 0 for all 2 < k < d. Consider the system

505 Qjiy
_ [Apesearxoyu-1 0 } [5({0}u[j—11>x{n,...,id,j} ]
Seyj I 0 ago) [ tooi, 0--- 0 too, i,
100, @jj
[ a0osoi, 0 0 aposo; | 0o
0 Qeyer Seqgiy - - - 0 QegesSeoj Ji
0 s 0 GegeqSeqiy  egeq Seqj aj.lt.i
_a%otooz‘l 0 e 0 agoto()j i 433

As before, let A satisfy ag # 0,1 for all k and aj;; # 0. Then, by the equitrek rule,
we have S, i, ,tepeni, 7 0 for all 1 < k < d and sgj,t00; # 0, since there is an equitrek
between e;, and i, for each k.

Hence, the upper-left d x d block of this matrix is invertible for this choice of A. To
prove that the entire matrix is invertible, it suffices to check that the Schur complement
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with respect to this block, which is a 1 x 1 matrix, is nonzero under these conditions.
The Schur complement is
2 ) .
aj0t00i, 50;
5011
For the sake of contradiction, suppose that the Schur complement is zero. Clearing
denominators and dividing through by agg, which is nonzero by assumption, yields

2
agotooj —

SOiltOOj — SOthOil =0. (2.B.3)
Since G is a polytree, the only path from 0 to j passes through i;. Therefore, we have

2
apo @iy L00is

0044, S0iy
505 1—a2.a..
Aoy

= and too' =
. J
1-— apoQy;j

Plugging these into (2.B.3), we obtain

2
. t . aooajil _ aooajil _ O
5041 L0041 2 =U.
1-— aooajj 1-— aooajj

Clearing denominators and dividing through by so;, t00i, , which is assumed to be nonzero,
gives
0=(1- NaZoai — (1 — a2oa.s g2 g g -1
= ( ap0ajj)agoaji; — ( agoQjj)a000ji; = AgoQji; — 0045 = Qjir Aoo(a00 )-

This contradicts our assumption that aj;; # 0 and ago # 0, 1. Hence, the Schur comple-
ment is nonzero, and the matrix is invertible, as required. ]

2.C. Proofs for Section 2.5

We provide the proof for the entries of the modified Jacobians, described in Proposi-
tion 2.5.3 and Proposition 2.5.4.

Proof of Proposition 2.5.3. By equation (2.5.9) and the fact that (I—A®A) 'vec(Q(?)) =
vec(S), the entry of the Jacobian indexed by (ij), (&« — ) is given by the following sum:

1p—1
IS5 (S, a)ij)amp = (A® Ega + Ega @ A)iptjip+k - Stk

b}
|
bS]
|

YT
L
1T
= o

stk (@itd (k) (B, @) + 80 (B, @)ajr)
0

Iy
o
bl
I
|
L

p—1
= (%(ﬁ) ;181 —f-(sz‘(ﬁ)zajkskav

l k=0

I
=)

as stated in the statement of the proposition. To get to the trek description, note that
Sla = ZTET(Z,Q) m., where the sum is over all equitreks between [ and « as given by
the trek rule (Proposition 2.3.2). Multiplying this by a;; corresponds to adding the edge
I — i to the trek and thereby transforming the equitrek between [ and a to a trek
between ¢ and o where the path going to ¢ is one longer than the path going to a. [
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2 Identifiability in Graphical Discrete Lyapunov Models

Proof of Proposition 2.5.4. By equation (2.5.10) and the fact that

(I-A®A®A) vec(QB)) = vec(T), the entry of the Jacobian indexed by (ijk), (a — )
is given by the following sum:

JZ’?(T7 a)(i]’k),a—)ﬁ
p—1 p—1 p—1
=3 3 Y (Bsa®A) @ A+ (AQ Epa) ® A+ (A® A) @ Ega)(ip+i)p+k,(p+myp-rntimn
=0 m=0n=0
p—1 p—1 p—1
- Z Z Z timn ((Eﬂa & A)ip+j,lp+makn + (A ® Eﬂa)ip+j,lp+makn + (A ® A)ip+j,lp+m6(k,n) (/37 a))
=0 m=0n=0
p—1p—1p-1

= Z Z Z timn ((5(@@(5, Q) Ajmakn + aiz5(j,m)(570é)akn + aizajm5(k,n)(ﬂ7 05))

=0 m=0n=0
p—1 p—1 p—1p—1 p—1 p—1
- 57,(6) Z Z ajmakntamn + 5j (ﬂ) Z Z ailakntlan + 5]6([3) Z Z ailajmtlmou
m=0n=0 =0 n=0 =0 m=0

which matches the formula stated in the proposition. Arriving at the trek description is
entirely analogous to the covariance case (Proposition 2.5.3). O

Below we provide the lemmas required for the main proof of local identifiability using
the Jacobian matrix. Lemma 2.C.1 provides a sufficient condition for a graph to be a
generalized two star. The base cases of Theorem 2.5.6 are covered by Lemma 2.C.2 and
Lemma 2.C.4.

Lemma 2.C.1. Let G = (V, E) be a connected undirected graph on at least siz nodes
where every pair of paths of verter length 3 intersect by at least one vertex. Then G is
a generalized two star.

Proof. Assume that there are at least three different vertex paths of length 3; otherwise
the statement is trivial.

Let n be the length of the longest path in G with no repeated vertices. The proof
proceeds by checking possible values for n, which are n = 3,4, or 5. If n was larger, this
path could be split into two non-intersecting paths of vertex length at least three.

If n = 3, any two paths must share the middle vertex. Indeed, if they shared only
the beginning or end vertex, this would result in a path of vertex length 4, which is a
contradiction. Thus, all distinct vertex paths must share the same center vertex. In this
case, the graph is a star.

If n = 4, consider a path of vertex length 4, 0 — 1 — 2 — 3 in the graph. Then any other
vertex in the graph cannot be connected to 0 or 3 in this path, since otherwise there
would be a path of vertex length 5. Thus, any remaining vertices in the graph have to be
connected to vertex 1 or 2. If there is a remaining vertex 4 that is connected to 1, there
cannot be another vertex 5 connected to 2, since otherwise 0 —1 —4 and 3 — 2 — 5 would
be two paths of vertex length 3 which do not intersect. Furthermore, the vertex 4 could
not be connected to both 1 and 2 because then there would be a path of vertex length 5.
Thus, any additional vertices in the graph have to be connected to 1 or 2 but only one
of them, making this one the center of the graph. The center is unique because in order
for the graph to have at least six vertices there must be at least two nodes aside from
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the given vertex path of length four. Without loss of generality, we let 1 be the center.
If 4 is connected to 1 then arguing as before any additional vertex can be connected to
1 or a single vertex can be connected to 4, but at most one since otherwise two vertex
disjoint paths of vertex length three are created.

If n = 5, consider a path of vertex length 5, 0 — 1 — 2 — 3 — 4. Arguing as in the
n = 4 case, it is only possible for any remaining vertices to be connected to the graph
by vertex 2 (so it is possible as above to add a single vertex or a path of two (potentially
connected) vertices going out from 2) since otherwise a path of length 6 is created or
two vertex disjoint paths of length 3 are created. Thus, any two paths of vertex length
three in this graph must intersect at node 2. O

The calculations for the following Lemma were carried out in Maple, with code avail-
able at: https://github.com/cecilie2424/Local-Identifiability-in-Non-Gaussian-
Discrete-Lyapunov-Models.

Lemma 2.C.2. Let G = (V,E) be any directed graph on three, four or five nodes
with all self-loops. Then, the matrix .70%(5, T) has full rank generically, so G is locally
identifiable.

Proof. We consider all connected polytrees on 3, 4 and 5 nodes. We show that when
A has the sparsity pattern of such a graph, the off-diagonal modified Jacobian for the
complete graph has full column rank (= p?). This shows that for any graph G’ on p
nodes which has a given polytree on p nodes as a subgraph, its off diagonal modified
Jacobian, jO%/(S, T), will have full column rank. Therefore, G’ is locally identifiable. To
see this, remove the columns from the complete graph which are not in G’. Since the off-
diagonal modified Jacobian of the entire graph had full column rank (= p?), it will just
drop by 1 in column rank when removing a column until we are only left with columns
corresponding to edges in G’, which then has full column rank equal to the number of
edges in E’. The chosen A is valid for any graph which has the specific polytree as a
subgraph. In this way we are guaranteed to check any connected graph if we check every
polytree since any connected graph has at least one polytree as a subgraph.

In order to ensure that all possible polytrees are checked (some possibly more than
once), we consider all undirected unlabeled trees on three, four and five nodes. There
are one, two and three respectively (consider Fig. 2.C.1 without labeling). Then all
unlabeled polytrees on three, four and fives nodes will be included in the polytrees
created by choosing all possible combinations of directions of the edges with skeleton
equal to the undirected trees. This creates 4,16 and 48 different A’s to check to make
sure that all possible directed trees are checked at least once. We choose a labeling,
see Fig. 2.C.1, to be able to pick specific A’s. The matrices are created and checked
in the maple code. They are all chosen such that they have a;; = 1/2, i = 1,...,p on
the diagonal and the off-diagonal entries corresponding to existing edges in the given
polytree set to one. See Example 2.C.5 to see such an A in the case of a graph on two
nodes. O
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Figure 2.C.1: The different structures for undirected trees (with labels) on three,
four and five nodes.

Lemma 2.C.3. Let G = ({0}U[p—1], E) be a directed graph on at least three nodes whose
undirected skeleton is a generalized two star. Furthermore, assume all nodes not equal
to the center either have an edge from it to the center node or is connected (direction
irrelevant) to another node that has an edge from it to the center. Then J$(S,T)
generically has full rank, and the graph is locally identifiable.

Proof. The proof proceeds by picking a matrix A and showing that the modified Jacobian
has full rank for this choice. We choose a zero pattern for A such that all outgoing edges
from 0 are set to 0. This implies that the only treks in the graph are between 0 and any
other node i € [p], between a node 7 and itself, and lastly in a generalized two star there
can exist an edge between a pair of non-center nodes 4, j as long as their only other edges
(other than the self-loops) are edges to the center node. Therefore, there can also exist
pairs i,j € [p], ,7 # 0, such that there is a trek between i and j, but no treks between
i (resp. j) with any other node not equal to 1, 7, 0.

Assume that there are k such pairs of nodes, and assume, without loss of generality,
that they are the first 1, ..., 2k nodes such that i is paired with i+ 1 for ¢ an odd number
less than 2k. We refer to these as the pair nodes. The remaining m = p — 1 — (2k) non-
center nodes are not connected to any other nodes except the center; we refer to these
as the pure star nodes.

We make the following partition of the rows and columns. For each odd integer i
between 1 and 2k — 1, let E; denote the set of edges involving at least one node from
the ¢th pair, that is,

E,={x—yeFE|z,yc{0,i,i+1}}\{0— 0}.
For every pair except the first, we select a subset of rows

R; ={(04), (0(i + 1)), (i(i + 1)),
(00), (00(i + 1)), (0id), (0i(i + 1)), (00 + 1) (i 4 1)), (i (i + 1)), (i(i + 1)(i + 1))}

68
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of cardinality |E;| such that the modified Jacobian on three nodes corresponding to the
three node graph on 0,4 and ¢ + 1 has full rank, as guaranteed to exist by Lemma 2.C.2.
The corresponding column set is

C'i:{x—>yEEi},

for ¢ taking odd values from 3 to 2k — 1.
For the first pair, we include the edge 0 — 0 in its columns and therefore need to
include one additional row. Thus, it will be a subset of

R; ={(01),(02), (12), (001), (002), (011), (012), (022), (112), (122)}

of cardinality |E;| + 1 such that the modified Jacobian on three nodes corresponding to
the three node graph on 0,1 and 2 has full rank, as guaranteed to exist by Lemma 2.C.2.
The corresponding column set is

Ci={z—>yeFE}U{0—0}.

For the pure star part, namely the nodes (p— 1) — (2k),...,p—1, we define a row and
column set for each node j as follows. We choose any subset of

Rj = {(05), (005), (054)},

of cardinality equal to the number of edges involving j (at least two and possibly three).
For the column set, we pick all the edges involving j. By assumption, this set always
includes the self-loop and the incoming edge to 0, and may additionaly include the
outgoing edge from 0. Thus,

Cy={j = juj = 0} U (BN {0 j}).

If there is at least one pair, then the specified submatrix of the modified Jacobian will
be block triangular:

Cp-1 e Cor11 Cor—1 Cor-3 ..o O
S
Rp_l JRp_l,Cp_l
S

Rok11 JR2k+1702k+1

Rop_1 Rop_1,Cor_1

Rok—3 Rop3,C2k—3

P
Iy JRLCI

The zero-pattern follows from Proposition 2.5.3 and Proposition 2.5.4 as in the proof
of Theorem 2.5.6. Moreover, above the diagonal, nonzero entries can occur only in
column C7. By Lemma 2.C.2, all the pair matrices J I];,Ci for ¢ all the odd numbers from
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1 to 2k — 1 have full rank. For all the pure star matrices J gi,C¢7 it follows by direct
computation in Example 2.C.5 that they have full rank, since each corresponds to a
specific submatrix (with at most three columns) of the joint Jacobian for a connected
graph on two nodes with both self-loops. This concludes the proof in the case where
there is at least one pair.

If there are no pairs, so that the graph has a star skeleton, we need to place the 0 — 0
column in one of the column sets corresponding to a single node, and correspondingly
add a row. We choose the nodes set, which now corresponds to node 1, since there were
no pairs. We select a subset of

Ry = {(01), (001), (011), (122)}

of cardinality equal to the number of edges involving node 1 (at least two and possibly
three) plus one, where at least one of the rows is (122). The corresponding column set
is

Cr={1-1,1-0,0-0}U(EN{0—j}).

In this case, the specified submatrix of the modified Jacobian will be block triangular
and takes the form

Cp—l . Cy &
Rpfl J}%p_l,cp_l

RQ 0 JEQ,Cz
Ry J R1,C1
Again, the zero-pattern follows from Proposition 2.5.3 and Proposition 2.5.4. All the

matrices on the block diagonal except for Jg, ¢, were already shown to have full rank
in the previous case. For Jg, ¢, notice that it is block triangular of the form

0—20 1—0 1—-1 0—1
(01)
(001) TG (S,T)
(011) :
(122) 0 J§(T, a)(122), (01

where G’ is the graph on nodes 0 and 1 with both self-loops and the edge 1 — 0.
This matrix has generically full rank because jO%’(S, T) has full rank, as G’ is locally
identifiable by Example 2.C.5, and J§ (T, a)(122),(0—1) is generically non-zero in the graph
G due to existence of equitreks between 0 and 2. O

Lemma 2.C.4. Let G = (V, E) be a directed graph on p > 3 nodes whose undirected
skeleton is a generalized two star. Then jo%(S, T) generically has full rank, and the
graph is locally identifiable.
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Proof. The proof proceeds by induction. The base case contains generalized two stars
(including the stars as a special case), which are covered by Lemma 2.C.3, as well as
generalized two stars on at most five nodes, which are handled by Lemma 2.C.2.

Now, let p > 6 and let G = ({0} U[p—1], E) be a generalized two star on p nodes, with
0 denoting the center. If G is a star or a generalized two star such that all non-center
nodes either have an edge from it to the center or is connected (direction irrelevant) to
another node that has an edge from it to the center, then it is covered by Lemma 2.C.3.
Therefore, assume that G is a graph not covered by the base case. This implies that one
of the five two- or three-node subgraphs in Fig. 2.C.2 is a subgraph of G; denote this
subgraph by H. Moreover, if we remove the nodes not equal to the center, the remaining
graph would have at least three nodes. By the induction hypothesis, if the subgraph H
is removed (except 0 and its self-loop), this remaining graph G’ is locally identifiable,
since it has p — 1 or p — 2 nodes.

(©0—0O (O—C 0O (O—0O—0O

Figure 2.C.2: Possible types of extensions from the center in the induction step,
shown without self-loops.

Since all edges involving 0 in the graphs from Figure 2.C.2 are outgoing, adding any of
these five subgraphs to G’ (to obtain ) will not change any of the treks among the nodes
in G’, and therefore does not affect the corresponding cumulants, Jacobian or modified
Jacobian. Consequently, by the induction hypothesis, all edges in the subgraph G’ are
indeed locally identifiable in G.

The final step is to conclude that the remaining edges are locally identifiable. There
are at least two and at most six such edges, depending on the case from Fig. 2.C.2
(including self-loops). Consider the Jacobian of the second- and third-order cumulants
involving only the center node 0 and the potential one or two extra nodes, denoted «
and 3. As before, it suffices to consider the non-diagonal cumulant rows of the modified
Jacobian. The relevant cumulants are indexed by

R = {(0), (08), (a3), (00x), (008), (0acx), (0a3), (083), (aexB)(aBB) },

or, in the case where only one node is added, only the ones involving o and 0. In
all cases, there are more cumulants than edges added. Furthermore, these cumulants
can be viewed as equations only in the new edges (those between 0, a and ), with
the remaining variables being either other cumulants or known a-parameters which are
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already identified. Here, we highlight that all the cumulants not involving combinations
of 0, « and 8 were not affected by adding « and 8. Thus, to estabilsh local identifiability
of the entire graph, it suffices to prove local identifiability of the edges between 0, o and
B, assuming the edges in G’ are already known.

Therefore, we consider the submatrix of the modified Jacobian indexed by rows in R
and columns corresponding to edges between 0, a and  (excluding 0 — 0), denoted
jocljf\G/ We wish to prove that this submatrix generically has full rank. Let us choose A
generically such that all edges not 1nv01v1ng only 0, @ and [ are set to zero. Then the
only treks will be among 0, a and 3, and j off ¢ will be exactly equal to the submatrix
of the modified Jacobian of H (on two or three nodes), JXk, with the column 0 — 0
removed. Since H is either a DAG or a graph on three nodes, jolé has full column rank
by Lemma 2.C.2 and Theorem 2.4.3. It will also have full column rank if the 0 — 0
column is removed. Therefore, jocf;f\G, generically has full column rank and the edges
among 0, @ and 8 (except 0 — 0) can be locally identified, assuming all edges in G’
had already been locally identified, as guaranteed by the induction hypothesis. This
completes the induction step. O

Example 2.C.5. Let G = ({0, 1}, E) be either the complete graph on two nodes or the
complete graph without the edge 1 — 0. Then any 3 x 3 submatrix of the 3 x | E| matrix
\70%(5, T') generically has rank 3. We see this by letting

(7 5)

and computing the rank for all 3 x 3 submatrices of J%(S,T) in Maple®.

Lemma 2.C.6. The matriz M, Lyl with i # j, 1,5 € {1,2}, which appears in the proof
Ik
of Theorem 2.5.6 as a submatrz:v of the modified Jacobian, generically has full rank.

Proof. Let A be diagonal. Then M, gl is also diagonal with generically non-zero
i 79k
diagonal entries: By Proposition 2.5.4, M, gl is an n; X n; matrix with rows indexed

by R, gl and columns indexed by C, Sl where the (I, m)-th entry is given by

) _ G
(MGiﬁgi)Lm - (J3 (T’ CL)))(gligl"gk gm—)gk) Z Z ag x g y gm:ry

zepa(gl) yepalg})

Thus, the only way for the above to be non-zero for diagonal A is exactly when gli ==
y = g.,, since A being diagonal implies that T is diagonal by the trek rule. Consequently,

MG gl is indeed diagonal, with diagonal entries azl it gigigi forl =1,...,n;. For A

dlagonal with non-zero diagonal entries (and Q®) non-zero diagonal), these diagonal
entries are non-zero by the trek rule. Therefore, M, gl generically has full rank. [
i Gk

*https://github.com/cecilie2424/Local-Identifiability-in-Non-Gaussian-Discrete-
Lyapunov-Models.
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2.7 Discussion

2.D. Proofs for Section 2.6

2.D.1 Proofs for Section 2.6.1

Proof of Proposition 2.6.5. For a vertex i € V, let |7;| denote the length of the shortest

path from 0 to ¢, and let a™ denote the corresponding path monomial. In the following,

we assume that vgz), vz-(g), and a;; do not vanish for all 4, 7 € V, since the equations hold

generically.
1. By the monomial parametrization,

@ 14 @
% = Yop(r(ign® ¢ ST

Since each a;; is nonzero, the polynomials s%t?ﬁ
(2 EENC))

top(r(i.j)) = Vi which is equivalent to ¢ being the source.

and only if for every j, v

2. By the monomial parametrization,

2) |l 3) 2ml 7
80i = U(() )ag(')"aﬂ, tooi = U(() )aogz‘an-

Then the polynomial becomes

2) Inl 7 (3) 2|71 2) Il w3 2lml
Vo Gpp @ -V g’ @ — vy agg a v ag, a’t = 0.

Since each a;;, 1)52) and vz-(g) is nonzero, this holds if and only if a‘JS' — al)TOj' =0,
which implies that |7;| = |7;].

3. Since 7 and j are on different levels, all equitreks between them must start at the

source. Therefore,

(2)

] Til—|75
55 = v amiamiglli =l

The polynomial becomes

@) 7 Amil=Imll o 3) 207l e (2) |l oz (3) ry gy max(|7l | )+l =l
v'aa’ ag vy agy” @ — vy agg a’l - vug T a a ayy =0
C . . . i ma; il,| 75
The nonvanishing of the parameters again implies that a|078| — Qg xlmillml) 0. So
we conclude that |7;] = max(|7], |7;]). O

Proof of Proposition 2.6.5. <: Suppose [ is the top of the shortest equitrek between
and j, and let 7; and 7; denote the paths from [ to 7 and j, respectively. By the monomial
parametrization, we have

.
pp— |75| 7 a’’
Sij = sya ‘a’’, Sp; = Sglaoé a’, tljj = tlj7|7i| .
Qoo
As a result,
t _ TiqTit |74 Ti gt a’ =0
SOZSijtllj — S0iSitllj; = Sorsua "a Uiy — S01Ggg @ St Il
Qa,
00
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2 Identifiability in Graphical Discrete Lyapunov Models

=: When writing the parametrization of variables, note that s;; = vl@). For the polyno-

(2)

mial to vanish, this parameter v;”" must appear in the first term with degree one. The
variables in the first terms are sq;, ¢;;; and s;;, so the parameter vl(z) might only appear
from the parametrization of s;;. That implies that [ is the top of the shortest equitrek

between i and j. O

Proof of Lemma 2.6.7. Let k denote the top vertex of the shortest equitrek between 4
and j. Let A and B be the weighted adjacency matrices of G and H, respectively.
Let p(i) and p(j) denote the parents of i and j in G, and let ¢(i) and c(j) denote the
children of ¢ and j in G, if they exist. The matrices A and B differ in eight entries. After
swapping the edges, the entries a;,(;), @jp(j), @e(i); and a.(j); become zero, while the new
edges bju(i), bip(j)» be(j)is be(i); appear in B. In the special case where p(i) = p(j), only
four elements change, since a;p(;) = bip(;j) and a;p(;) = bjp(;); however, this case is already
covered by the general one.

Figure 2.D.1: Swapping operation for vertices ¢ and j.

Let Pg and Py denote the (p + |E(G)|) x p(p72—1) shortest equitrek parametrization
matrices of the second-order cumulant models corresponding to G and H, respectively.
The first p rows are labeled by vgz) fori € {0}U[p—1], and the remaining rows are labeled
by edges. We will show that these matrices are row equivalent. A similar reasoning works
for higher-order cumulant models.

Notice that the first p rows of Pg and Py coincide, as the top vertices of all shortest

equitreks remain unchanged after the swapping operation. Indeed, consider two vertices
u,v € V(G).

e If u and v have different levels, then the top vertex of their shortest equitrek is 0.
Since the swap does not alter vertex levels, u and v still lie at different levels in
H, and their top vertex remains 0.

e If u and v have the same level and are located above 7 and j, then the top of their
shortest equitrek also does not change after the swap, since the equitrek between
them does not use any of the changed edges.

e Suppose u and v lie on the same level and are located below ¢ and j. If the shortest
equitrek in G passes through both 7 and j, then its top vertex must be k, which
remains unchanged after the swap. Both paths of the trek can not pass through
either ¢ or j, since these vertices have at most one child; such a trek would therefore
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not be the shortest. One of the paths might pass through i or j, but then there
exists a corresponding trek in H, which uses the swapped edges.

e The last case is when u and v lie on the same level as ¢ and j. If they do not coincide
with neither ¢ nor j, then the shortest equitrek between them in G does not use
any of the edges affected by the swap, and hence they have the same equitrek
in H. If the pair u,v coincides with ¢, j, then the top of the shortest equitrek
remains unchanged after swapping. Finally, suppose without loss of generality
that u = ¢ and v # j. Let &’ denote the top of the trek between i and v in G.
By the statement, &’ lies above k, and the path from %’ to i passes through k.
A corresponding shortest equitrek between ¢ and v in H can then be constructed
as follows: the path from k' to v remains unchanged, while the path from %’ to 4
follows the path from £’ to k, then to p(j), and finally uses the swapped edge to
reach 1.

Some rows of Py coincide with some rows of Pg. We now identify all such equal rows.
First, observe that (Pg)ag, = (PH)by,- For a column s, the corresponding entry in this
row corresponds to the number of self-loops used in a trek between u and v, which is
determined by the levels of the vertices.

A row corresponding to a,, in G is equal to a row corresponding to b,, in H if the
edge is not adjacent to either ¢ or j. This follows since for each column index s, the
entry (Pg)ay,,s., equals the number of times the edge ay, is used in the shortest equitrek
between x and y.

Finally, by the same reasoning, the following rows also coincide:

(PH)bc(i)j = (PG)ac(i)w (Pr )b = (PG)ac(j)j'

c(j)i

The only remaining rows that change correspond to edges leading to ¢ and j from their
parents. We claim that

(PH)blp(” = (PG)azp(z) - (PG)ac(z)z + (PG)ac(j)j'
We verify this equality column by column. Fix some column corresponding to Sy.

e First, suppose that (PH)bip(j):suv = 0. Then none of the paths of the equitrek
between u and v pass through ¢ in H. This implies that none of the paths of
the equitrek pass through c¢(j) in H, and therefore none pass through ¢(j) in G.
Hence, (Pa)a, ;500 = 0- Moreover, (Pq)a,, iy su0 = (PG )agy;,su, unless either u or
v coincides with i. But if u or v were ¢, then the corresponding entry (PH)bip(j),sw
would be nonzero, which contradicts the assumption. Therefore, the right-hand
side also evaluates to zero.

e Next, suppose that (Pp)p,, ;) ,s,, = 1. This means that one of the paths of the trek
between v and v crosses ¢ in H. This happens if, for example, the path of the trek
stops there, so one of v and v coincides with 7. In this case, (Pg)ac(j)j7 sup = U, since
none of the treks go through c(j). Moreover, (Pa)a,,)su0 = (P& )agyisun + 15 80
the claimed equality holds in this case.
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2 Identifiability in Graphical Discrete Lyapunov Models

In the other case, neither u nor v coincide with 7. Then one of the paths must pass
through ¢(j) in H. This implies that in G, one of the paths also passes though
c(5); 80 (PG)a, ;5w = 1. On the other hand, the entries of the rows () nd
(PG )a,yi are equal.

Qip(4) a

e Finally, suppose that (Pp) bip(ysue = 2. This means that both paths of the equitrek
pass through ¢ in H. By the same reasoning as above, equality holds.

We have verified that the claimed equality holds for all columns of (Pp) By an

analogous argument, the remaining changed row satisfies

bip(i) "

(PH)bjp(i) = (PG)ajp(j) - (PG)ac(j)j + (PG)ac(i)i'

This shows that P; and Py are row equivalent, and the explicit row equivalence has
been identified.

Now suppose that Pg and Py are the parametrization matrices for cumulants up to
order k. These matrices have kp + |E(G)| rows. Again, the first kp rows are equal, since
the top vertices of the equitreks remain unchanged after the edge swap. For the rows
corresponding to edges, we need to show that the same relations hold as in the second-
order case described above. This can be checked column by column in a similar way.
Indeed, in the new columns corresponding to cumulants of order three and higher, the
only difference is that we consider equitreks between i-tuples of vertices for 3 < i < k,
and the argument above still holds. O

Proof of Lemma 2.6.8. <: The swapping operation does not change the equitreks and
the levels, as shown in the previous lemma.

=: We proceed by induction on the number of levels. The base case covers graphs with
two levels. Such graphs define equivalent models if they have the same source and the
same number of vertices.

Assume the statement holds for graphs with & — 1 levels. Let G and H be graphs
with p vertices and k levels, satisfying the conditions from the statement. Let G’ and
H' be the graphs obtained from G and H, respectively, by removing all vertices in the
last level. Then G’ and H’ also satisfy the conditions, and by the induction hypothesis,
H’ can be obtained from G’ by a sequence of swapping operations.

We now explain why the same swapping operations can be applied to H. Observe
that the vertices at level k — 1 of G and H that have more than one child coincide, since
every vertex with at least two children is the top of an equitrek. Moreover, if u and v
are vertices at the last level of G whose equitrek has top w, then the equitrek between
pa(u) and pa(v) has also top w. Hence, if swapping vertices in H' preserves the tops of
equitreks, then the same swapping operations preserve equitrek tops in H as well.

Applying the same swapping operations to H, the resulting graph agrees with G on all
levels except possibly the last one, using the induction hypothesis. Finally, additional
swaps within the last level can be performed to make the two graph identical. This
completes the inductive step. O
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2.D.2 Proofs for Section 2.6.2

Proof of Proposition 2.6.9. The matrix S’ has size (p—k) x k, hence rk(S") < min(k,p—
k). Assume that [pa(U)| < min(k,p — k). We prove the desired rank inequality by
decomposing S’ as a product of two matrices of appropriate sizes. Let Siv; be an entry
of §’. Then i € V\ U. For any u € pa(U) such that u ¢ pa(v;), we have a,,, = 0. Since
Siv; 18 not a diagonal entry, we may write

Siv; = E g AujuQiwSwu = g Quju g QiwSwu = § Quju Kui,

u€pa(U) wepa(i) u€pa(U) wepa(t) uepa(U)

where K,; = Zwepa(i) QiwSwu- The quantities K; form a matrix K of size |pa(U)| x
(p — k). Let A’ be the k X |pa(U)| submatrix of A whose rows correspond to v1, ..., v
and whose columns correspond to vertices in pa(U). Then

S' = (AK)T,

and therefore rk(S") < |pa(U)|.

We now argue analogously for the Tensor T'. Fix ¢ and consider the slice T;. Let T}
be the submatrix of T; formed by the columns v1,...,v; and excluding diagonal entries
tjj;- If i € U, then T} has size (p — 1) x k; otherwise, it has size p x k. Assume that
lana(U)| is smaller than both dimensions of 7.

Let tij, be an entry of 77. Then

tijo, = E E E av]uazwa]mtuwm = E av]u ui s

uepa(U) wepa(i) z€pa(j) u€pa(U)

where K,; = Zwem(i) Zzepa(j) Qi @jetuwe. Again, the quantities K,; form a matrix
K with |pa(U)| rows. Let A’ be the k x |pa(U)| submatrix of A, with rows indexed by
v1,...,v; and columns indexed by pa(U). Then

Tz, — (A/K)T,
and consequently rk(T) < [pa(U)]. O

Proof of Proposition 2.6.10. By Proposition 2.6.9, we can decompose S’ and each slice
into a product of two matrices, A’ and K. Note that the first factor A’ is the same in
all such decompositions. Using these factorizations, we construct a decomposition of )
by taking A’ and stacking the corresponding matrices K in the appropriate order. [

Proof of Proposition 2.6.12. The matrix S’ has size (p — [sib(U)|) x k, hence rk(S’) <
min(k,p — |sib(U)]). Assume that |ana(U)| < min(k,p — |sib(U)]). We establish the
desired rank inequality by decomposing S’ as a product of two matrices of appropriate
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2 Identifiability in Graphical Discrete Lyapunov Models

sizes. Let s;,, be an entry of S’. Then i € V' \ sib(U). We compute
J

Siv; = 5 5 Au;uliwSwu

u€pa(U) wepa(i)

= 5 5 Ay juiw 5 E QygAuzSgx

u€pa(U) wepa(i) gepa(u) z€pa(w)
= g E AyjuGiw g E QygQuzSgx
u€pa(U) weEpa(i) g€ana(U) z€pa(w)

= 5 5 g 5 avJuazwaugawag:c

u€pa(U) wepa(i) geana(U) z€pa(w

= E E Ayulug § E Qi Qwz S g

g€ana(U) \u€pa(U) wepa(i) zEpa(w)
= Y By,Ky.
g€ana(U)

Here we define

ng g Au;ulug), Kgi = E § Qi Az Sga -

uepa(U) wepa(i) x€pa(w)

These quantities form matrices B of size k x |ana(U)| and K of size |ana(U) x p—|sib(U)|.
Consequently,
S' = (BK)T,
and therefore 7k(S") < |ana(U)|.
Now consider a slice T; of the tensor 7. Let 7] be the submatrix of T; formed by
the columns vy, ...,v; and obtained by removing all rows containing entries ¢;;; with
i,j,1 € sib(U). For an entry t,, of T}, we have

tilvj = § § § avjuaiwalxtwum

uepa(U) wepa(i) x€pa(l)

= E E E av]uazwalx E g E Oy gy Qa2 lgy

uepa(U) wepa(i) x€pa(l g€anz (U) yEpa(w) z€pa(x)
= g Bv]g gis
g€ana(U)
where
v]g E Au;ulug), E E E g Qi Az Qpy Az by z -
uepa(U) wepa(i) z€pa(l) yepa(w) z€pa(z)

78
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As before, these quantities form matrices B of size k X |any(U)| and K of compatible

dimensions, and we obtain
T/ = (BK)",

which implies 7k(T}) < |anz(U)|.

Finally, observe that both S” and each slices 7] admit a decomposition as a product of
two matrices B and K, where the first factor is the same in all cases. Using these decom-
positions, we construct a decomposition of ) by fixing B and stacking the corresponding
matrices K in the appropriate order. ]
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3 Identifiability and Estimation in
Continuous Lyapunov Models

CecCILIE OLESEN RECKE, NIELS RICHARD HANSEN

Abstract

Cross-sectional observations from a dynamical system can be modeled via steady-
state distributions of Markov processes. The major challenge is then to determine
whether the process parameters can be identified and estimated from the steady-
state distributions. We study this problem for continuous Lyapunov models that
arise as steady-state distributions of the solution to a multivariate stochastic dif-
ferential equation, whose linear drift matrix is parametrized by a directed graph.
We derive equations for the cumulant tensors of any order for this distribution,
which generalize the well-known covariance Lyapunov equation. Under a non-
Gaussianity assumption we prove generic identifiability of the drift matrix for any
connected graph using the equations for the higher-order cumulants. Based on the
identifiability result, we propose a new semiparametric estimator of the drift ma-
trix, and we derive its asymptotic distribution. A simulation study demonstrates
the asymptotic validity of the estimator but shows that it is only accurate for rela-
tively large sample sizes, illustrating the hardness of the unconstrained estimation
problem.

Some key words: Cross-Sectional Observations; Graphical Modeling; Higher-Order
Cumulants; Lyapunov Equations; Parameter Identifiability; Steady-State Distributions

3.1 Introduction

3.1.1 Background

The problem of estimating the parameters of a dynamical model from cross-sectional
data has recently received considerable attention [Varando and Hansen, 2020; Lorch
et al., 2024; Guan et al., 2024; Bleile et al., 2026]. An important application is learning
biological mechanisms from single cell data [Wang et al., 2023; Rohbeck et al., 2024;
Lorch et al., 2026], but this is challenging with access to only temporal snapshots rather
than dynamic trajectories. One largely outstanding question is to what extent the
parameters are identifiable from cross-sectional distributions. Partial results were given
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3 Identifiability and Estimation in Continuous Lyapunov Models

by Dettling et al. [2023] for a Gaussian Markov process, and they showed, in particular,
that the drift parameters of this process are only identifiable under strong assumptions.

We consider a similar but more general class of Markov processes and give the first
positive identifiability result regarding the drift parameters when the process is non-
Gaussian. This relies on a thorough treatment of the algebraic structures of higher-order
cumulants determined by the model. We use our results to propose a new semiparametric
estimator of the drift parameters and investigate its properties, asymptotically and in
simulations.

3.1.2 Main contributions

We consider the d-dimensional steady-state distribution of the stationary Markov process
that solves the stochastic differential equation (SDE)

dX; = MXdt + dZ,, (3.1.1)

where M is a stable d X d matrix and Z = (Z;)>0 is a Lévy process. Such a distribution
is known as an M-selfdecomposable distribution [Sato and Yamazato, 1984; Masuda,
2004], and we regard it as a model of a single cross-sectional observation from the
stationary process. The entries of the matrix M are the drift parameters of the process,
and following Varando and Hansen [2020] we associate with any directed graph G on
nodes {1,...,d} a sparsity pattern of M: only entries corresponding to a directed edge
in G can be non-zero, see Figure 3.2.1. For a given graph G, our focus is on identification
and estimation of M from cross-sectional observations.

We first derive, in Proposition 3.2.2, the equations that determine all cumulants of
the steady-state distribution from the matrix M and the cumulants Co,Cs,... of Zj.
Our main results are then Theorem 3.3.1 and Corollary 3.3.2. For those we effectively
assume that the Lévy process has independent coordinates and is not a Brownian motion.
If the graph G is also connected then (M,Csy,C,) is generically identifiable up to a
common scaling factor from the covariance matrix and the r-th-order cumulant tensor.
The possible exception set where identifiability fails is a proper algebraic subset of the
parameter set. We refer to Theorem 3.3.1 and Corollary 3.3.2 for the details, but note
that identifiability up to a scaling factor is the best possible result without additional
assumptions, such as assuming the cumulants of Z; known.

To prove Theorem 3.3.1 we derive trek rules of independent interest, collected in
Appendix 3.B.2, that express how the k-th-order cumulants depend on M and Ci. This
allows us to show that the equations from Proposition 3.2.2 can generically be solved
uniquely for the parameters in terms of the cumulants. These equations naturally suggest
an estimator of M, up to a scaling factor. We show consistency and asymptotic normality
of this estimator in Theorem 3.4.2;, with the most important contribution being the
explicit formula for the asymptotic covariance matrix. The Julia package https://
github.com/nielsrhansen/SteadyStateStatistics. j1l includes an implementation.
A simulation study shows that while the estimator behaves asymptotically according to
the theory, it has a notable finite sample bias and the sample size needs to be fairly large
for accurate estimation.
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3.1 Introduction

3.1.3 Relations to existing literature

It is well known that the covariance matrix X for an M-selfdecomposable distribution
solves the continuous Lyapunov equation

MY +XM' +Cy =0, (3.1.2)

where Cy is the covariance matrix of Z1. A proof is given by Jacobsen [1993] assuming the
Lévy process is a Brownian motion, and similar arguments apply in general once the SDE
(3.1.1) is known to have a unique stationary solution. In fact, it also follows rather easily
from Theorem 4.1 by Sato and Yamazato [1984] combined with their equations (2.15)
and (2.18). Our Proposition 3.2.2 generalizes this result and shows that the k-th-order
cumulant solves the k-th-order continuous Lyapunov equation. Though this equation
has been studied previously [Xu and Wang, 2022], its connection to the cumulants of
M-selfdecomposable distributions is new.

Estimation of M from cross-sectional observations, assuming a sparse graph and a
diagonal Cq, was investigated by Fitch [2020], Varando and Hansen [2020] and Dettling
et al. [2024] using lasso-type estimators. They only considered the covariance equation
(3.1.2), effectively assuming observations to be Gaussian. Dettling et al. [2023] showed
global identifiability from the second order equation (3.1.2) when Cs is known and the
graph is simple, but they also showed by example that there exist sparse graphs where
M is not even generically identifiable from (3.1.2). Still considering only the second
order Lyapunov equation (3.1.2), van Seeventer and Salehkaleybar [2026] derived results
on identification of just the signs of entries in M.

Young et al. [2019] and Recke et al. [2026] derived related identifiability results for
discrete Lyapunov models where the cumulant equations arise from the steady-state
distribution of a vector autoregressive model. Only Recke et al. [2026] considered the
non-Gaussian setting.

Lorch et al. [2024] and Bleile et al. [2026] considered a setup similar to ours with
cross-sectional observations from a stationary diffusion, that is, a stationary solution to
an SDE driven by Brownian motion. They proposed and investigated different estima-
tors of drift and diffusion parameters. Guan et al. [2024] also investigated estimation
via cross-sectional observations from a diffusion, but they relied on observations from
multiple time points from a process out of its steady-state to get identification. While
these developments are closely related to the problem we consider, they are not directly
applicable, because the solution to the SDE (3.1.1) is not a diffusion unless the Lévy
process is a Brownian motion.

Our contributions are more inspired by the literature on identifiability of the mixing
matrix in independent component analysis [Comon, 1994], and its applications to linear
non-Gaussian acyclic models [Shimizu et al., 2006]. Of particular relevance are the
recent contributions by Mesters and Zwiernik [2024] on identifiability and estimation
of the mixing matrix using higher-order moments and cumulants. While their overall
strategy is similar to ours, the algebraic techniques we use are quite different as the
fundamental equations we study are different.
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o §)e -

Figure 3.2.1: Example of a directed graph G = ([4], E) and corresponding zero-
pattern of M in R¥
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3.2 The Continuous Lyapunov Model

In this section we define the semiparametric continuous Lyapunov model. Then we
present the cumulant defining equations that we will use to show our main identifiability
results for the parameters of interest, and which form the basis of our estimator.

The model consists of d-dimensional steady-state distributions of solutions to the SDE
(3.1.1), parametrized by the drift matrix M and the distribution of the Lévy process
(Z¢)t>0. There is a unique such steady-state distribution when M is a stable matrix,
that is, all its eigenvalues have negative real part, and when the Lévy process satisfies
the weak integrability condition

E(log(1 + || Z1]) < oo. (3.2.3)

This follows from Theorem 4.1 by Sato and Yamazato [1984]. The steady-state distri-
bution is known as an M -selfdecomposable distribution.

The drift matrix is the parameter of primary interest, and we will allow for it to have
a particular sparsity structure according to a directed graph, see Figure 3.2.1. Formally,
with [d] ={1,...,d} and with G = ([d], E) a directed graph with node set [d] and edge
set E, we define the set

RE = {M e R | M;; =01if j —i ¢ E}.
We denote by Rgab the subset of R¥ where M is also stable.

Definition 3.2.1. Let G = ([d], E) be a directed graph. The continuous Lyapunov
model is the set of probability distributions Pg on R? that are steady-state distributions
of solutions to the SDE (3.1.1) for an M € RE | and a Lévy process (Z;)i>o that satisfies
the integrability condition (3.2.3).

We will parametrize the distribution of the Lévy process by the distribution of Z;. This
infinitely divisible distribution, which we denote @)1, uniquely determines the distribution
of the entire process. We denote by O the set of infinitely divisible distributions 1 on
R satisfying the integrability condition

/log(l F12))Q1(d2) < oo. (3.2.4)
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For any graph G, the model Pg is therefore a set of M-selfdecomposable distributions
parametrized by the finite dimensional parameter space RsEtab and the infinite dimen-
sional space of infinitely divisible distributions Q. We denote this parametrization by

v:RE % Q= Pg.

Provided that a distribution in Pg has finite k-th-order moment, we can derive a
simple generalization of the second-order Lyapunov equation (3.1.2) that determines
the k-th-order cumulant of the distribution. See McCullagh [2018] for background on
cumulants.

In order to write these higher-order cumulant equations we use the notion of the
n-mode product, also known as the Tucker product, between a tensor and a matrix.
The n-mode product of a tensor T € RIV¥*2XXIN with a matrix M € R7*!» denoted
TxpM,isan Iy X --- X I,_1 X J X I,11 X --- X Iy tensor with coordinate-wise entries

In
(T X0 M)y sjinsaoin = D Tivin viming1in Miin-
in=1
Proposition 3.2.2. Let M be a d x d stable matriz and let Z = (Z;)i>0 denote a
d-dimensional Lévy process with finite k-th-order moment. Then the corresponding M -
selfdecomposable distribution has finite k-th-order moment, and the k-th-order cumulant
tensor KC solves the equation

where C, = cumy(Zy) is the k-th-order cumulant tensor of Z1. Equation (3.2.5) will be
denoted the k-th-order continuous Lyapunov equation.

The k-th-order continuous Lyapunov equation is linear in both the parameters (M, Cy)
and the k-th-order cumulant . Furthermore, given a stable M and any k-th-order tensor
Ck, there exists a unique k-th-order tensor C solving (3.2.5). This follows from Corollary
3.1 by Xu and Wang [2022]. Appendix 3.A.1 includes the proof of Proposition 3.2.2 and
additional details related to equation (3.2.5), such as the statement of Corollary 3.1 by
Xu and Wang [2022] and an alternative proof of existence and uniqueness of the solution
to equation (3.2.5) that also applies to non-stable M.

For our identification results, we will focus on the combination of the covariance
equation and one additional r-th-order continuous Lyapunov equation. For estimation
it is in practice most relevant to consider r = 3 or r = 4, or a combination to possibly
achieve a more efficient estimator.

In order to show our identification results, we consider a subset of distributions in Pg
where the r-th-order cumulants exist, and where the second- and r-th-order cumulants
of the Lévy process are diagonal with non-zero entries on the diagonal entries.

Definition 3.2.3. Let G = ([d], E) be a directed graph on d nodes and let r > 3 be an
integer. Denote by Pé’r C Pg the subset of the continuous Lyapunov model for which
the Lévy process has finite r-th-order moment and with cumulant tensors Co and C, being
diagonal with non-zero diagonal entries.
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We let 92" denote the subset of Q consisting of distributions with finite r-th-order
moment and with the cumulant tensors Cy and C, being diagonal with non-zero diagonal
entries. Then

2, E )
7DGT = w(Rstab X QZT)?

that is, the submodel Pé’r is parametrized by Rgab x Q%" via the parametrization .

If the Lévy process has independent coordinates, that is, if ()1 is a product measure,
any cumulant tensor is diagonal, provided it exists. Since we only need that Cy and C,
are diagonal, we avoid making the stronger independence assumption in the definition
of ngr.

We also assume that the diagonal entries of Co and C, are non-zero. For Co this as-
sumption is a non-degeneracy condition, while for C, this is the specific non-Gaussianity
assumption we need to establish identifiability.

In addition to the abstract parameter and model spaces we will also introduce the
finite-dimensional spaces of cumulants resulting from the model spaces. Let Sym” (RY)
denote the set of k-th-order d x d x ... x d symmetric tensors, and let Symk(Rd)*
denote the subset of tensors whose diagonal entries are non-zero. For k = 2 we let
PD,; C Sym?(R%)* denote the subset of symmetric d x d-matrices that are also positive
definite.

Definition 3.2.4. Let G = ([d], E) be a directed graph with d nodes and let v > 3 be an
integer. The second- and r-th-order Lyapunov cumulant model is the set of second- and
r-th-order tensors in the set

MY +YMT +C, =0,
MZ" = (%,K) € (PD,, Sym"(RY)) | K x1 M+ -+ K x, M +C, =0,

M eRE., . and Cy € PDy,C, € Sym”(RY)* diagonal

Let cumy(P) € Sym*(RY) denote the k-th-order cumulant for a probability distribu-
tion P with finite k-th-order moment. Then for (M,Q;) € RsEtab x @ with @1 having
finite k-th-order moment,

cumg (Y(M, Q1)) = K

with K solving (3.2.5) for C, = cumy(Q1). Letting additionally
cumg ,(P) = (cumy(P), cum,(P)), we see that

cumy , : PZJT — Mér

maps the distribution P in the model ng to its corresponding pair (X, K) of second-
and r-th-order cumulants in Mér. See the commutative diagram in Figure 3.3.4 for an
overview of these maps and sets. While cums , may not be surjective for all r, we show
that it is for r odd, and for r even its image has full dimension, see Proposition 3.B.13
in Appendix 3.B.4 in combination with the commutative diagram in Figure 3.3.4.
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3.3 Identifiability

3.3 ldentifiability

3.3.1 Overview

Usually, the parameter M would be said to be identified from the probability measure
P € Pg if it were uniquely determined by P. Section 3.3.2 shows that this is not possible
and that we can only hope to identify M up to scaling in general. We give necessary
conditions, including that G is connected, for identification up to a global scaling factor.

Our main Theorem 3.3.1 shows that the conditions are generically essentially sufficient
as well and describes the precise injectivity properties of the parameterization of the
cumulants via the Lyapunov equations. The conclusion is rephrased in Corollary 3.3.2
as (M,Cs,C,) being generically identifiably, up to a joint scaling of these parameters,
from a combination of the covariance matrix and one r-th-order cumulant tensor.

The proof of Theorem 3.3.1 exploits the linearity of the continuous Lyapunov equa-
tions, which allows us to transfer the question of identifiability to rank questions for
certain matrices. We describe the necessary reorganization of the Lyapunov equations
in full detail in Section 3.3.4. Section 3.4 on estimation also relies heavily on the reorga-
nization. The non-trivial, but technical, arguments about rank properties are given in
Appendix 3.A.2. When G is not connected, Section 3.3.5 shows that identification up to
a global scaling factor fails, and that identification is only possible up to a scaling factor
for each connectivity component.

3.3.2 Limitations to identifiability

For the parametrized model Pg, the standard notion of identifiability is simply the
question of whether the map ¥ : Rgab X Q — Pg is injective. To see that ¢ is not
injective, we write (3.1.1) as a stochastic integral equation and do a change-of-variable
in the integration to get

t
Xct = X() + / (CM)XCSdS + th
0

for any ¢ > 0. This shows that (M, Q1) = ¢¥(cM,Q.) for all ¢ > 0, where Q. is the
distribution of Z., and 1 is thus not injective. The best possible identification result
would therefore be that ¢~ (¢ (M, Q1)) = {(cM,Q.) | ¢ > 0}, that is, that the parameter
(M, Q) is identifiable up to a common scaling factor.

From the Lévy-Khintchine representation of Q. it likewise follows that cumy(Z.) = ¢Cy,
for any k. We see that the lack of identifiability is also reflected in the cumulant equations
(3.2.5): if (M, Cy,) is a solution with M stable for given /C then (¢M, ¢Cy) is a solution with
cM stable for all ¢ > 0. This particular lack of identifiability is intuitively reasonable,
since we cannot identify the absolute speed of the stationary solution of (3.1.1) from
observations at a single time point.

Since M is our parameter of interest, we are primarily interested in whether there
exists a map

P=vy(M,Q1) — {cM|c>0} (3.3.6)
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a(§)e

Figure 3.3.2: Directed graph, G, such that the drift matrix, M, is not identifiable
up to scaling from the Gaussian model v (M, N (0, Cz)) for any diagonal Cy [Dettling
et al., 2023].

from P¢ to the equivalence classes in RSEtab of matrices identical up to scaling. Such a map
cannot exists in general either, because if GG has at least two connectivity components, we
can rescale the parameters for each component independently, see also Corollary 3.3.5.
Additionally, even if G is connected, but @1 = N(0,C2) is a Gaussian distribution with
diagonal covariance matrix Co, then M cannot always be identified up to a scaling from
P =¢(M,Q1). Indeed, Dettling et al. [2023] showed this by their Example 8.7 for the
graph in Figure 3.3.2 for any choice of diagonal Cs.

Our goal is to find a submodel of Pg such that we can establish the existence of the
map (3.3.6) defined on this submodel, provided that G is connected. A candidate for
such a submodel is Pé’r from Definition 3.2.3, which rules out all Gaussian distributions.
It turns out that we need to further remove an exception set from Pé’r, but we can
argue that this set is, in a certain sense, negligible. The precise way to phrase this is via
the finite-dimensional parametrization of the second- and r-th-order Lyapunov cumulant
model Mér in terms of (M, Cs,C,) of which the negligible set will be an algebraic subset.

3.3.3 Main results

To simplify notation, we identify diagonal Co and C, tensors with their diagonals as
elements in RY and (R \ {0})?, respectively, and we introduce the parameter set

Oc =Ry, x RY x (R {0})".

The set O¢ is an open set in standard Euclidean topology. Elements in ©¢ are denoted
0 = (M,Cy,C,). The question of identifiability is then settled in terms of the rational
parametrization

b Oc — My
<M7C27C7‘) — (27IC)7

where Y and K are the unique solutions to the corresponding second- and r-th-order
Lyapunov equation, as guaranteed to exist by Proposition 3.A.2. By Definition 3.2.4,
¢a,r is surjective.
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3.3 Identifiability

We can now state our main identifiability result pertaining to the injectivity properties
of ¢g -

Theorem 3.3.1. Let d > 2, r > 3 be integers and let G = ([d], E) be any connected
graph with all self-loops present. Then there exists a proper algebraic subset Ng C Og
such that for 0 € O\ Ng,

b (66 (0)) = {cb | ¢ > 0}. (3.3.7)

There are different notions in the literature of weak forms of identifiability. See Chap-
ter 16 by Sullivant [2018] for an overview. A result such as Theorem 3.3.1 can be phrased
as 0 being generically identifiable up to scaling. The term generic means that the possi-
ble exception set, where 6 cannot be identified, is negligible in some sense. In Theorem
3.3.1 the negligible set N is a proper algebraic subset, which means that it is a proper
subset and the vanishing set of a collection of polynomials, i.e., a variety. This makes
Ng a Lebesgue null set in the ambient Euclidean space, but more importantly, since
O¢ is open, N is a strictly lower-dimensional set, it is closed and ©5\Ng is open and
dense in O¢. For these reasons, (3.3.7) is regarded as holding for most points in O,
and it is reasonable to regard the exception set Ng as negligible. Using the conclusion
of Theorem 3.3.1 as the definition of what we mean by generic identifiability, we get the
following corollary.

Corollary 3.3.2. Let d > 2, r > 3 be integers and let G = ([d], E) be any connected
graph with all self-loops present. Then the drift matriz M and the diagonal and non-
zero cumulants Co and C, are jointly generically identifiable from the cumulant tensors
(X,K) € Mér up to a common scaling.

Remark 3..3. Theorem 3.3.1 and Corollary 3.3.2 make two assumptions about the graph;
that it is connected and that it contains all self-loops. Section 3.3.5 argues that the
connectedness assumption is necessary. If the graph is acyclic, the drift matrix can also
only be stable if it contains all self-loops, and our proof relies on the existence of an
acyclic subgraph corresponding to a stable M. The assumption that the graph contains
all self-loops is harmless from a practical perspective as it is almost always sensible to
assume that a variable affects itself. However, it is of theoretical interest to determine
if the assumption can be relaxed. We have by computation found examples of cyclic
graphs for which Theorem 3.3.1 remains true for r = 3 even though some self-loops are
removed, see Figure 3.3.3 for two examples on three nodes.

Theorem 3.3.1 and Corollary 3.3.2 do not explicitly answer to what extent the map
(3.3.6) exists. To do so we introduce the map

mo, REL x Q" — Og
(M, Q1) — (M, cuma(Q1), cum,(Q1)),

which makes the diagram in Figure 3.3.4 commute. Under the assumptions of Theorem
3.3.1, the map (3.3.6) can then be defined on ¥(RE = x QQ’T\ﬂii(Ng)) by composing
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o &%

Figure 3.3.3: Two directed graphs on three nodes with one and two self-loops
missing, respectively, for which M is still identifiable in the sense of Theorem 3.3.1

for r = 3.
RE, x Q7 s Pa" (M, Q1) —p
71'2,1/ qumg,r NQYTJ J/Cllmz,r
d)G,T 2 ¢G,r
O — % A (M, C2.C) 2575 (2,K)

Figure 3.3.4: Relations between model spaces and parametrizations as a commuta-
tive diagram.

qb&}r ocumg, with a projection onto the first coordinate. The extent to which Ty, } (Ng) is
negligible in Rgab x Q%7 is not entirely clear. We do, however, show Proposition 3.3.13
in Appendix 3.B.4 stating that m, is surjective if r is odd, and the image of my, is, at
least, of full dimension if r is even. Importantly, the image of 72, in O is therefore not
a lower dimensional set like NV, which justifies that generic identifiability in the sense

of Theorem 3.3.1 and Corollary 3.3.2 is of relevance.

3.3.4 Outline of the proof of Theorem 3.3.1 via reorganization of the
Lyapunov equations

In this section we reorganize the second- and r-th-order cumulant equations from Propo-
sition 3.2.2 so that they appear as a homogeneous system of linear equations in the
vectorization of the parameters M, Co and C,. For the vectorization we do not assume
that Co and C, are diagonal. Since the (non-zero) parameter vector is in the kernel of
the matrix that defines the linear equations, the conclusion of Theorem 3.3.1, equation
(3.3.7), is true whenever this kernel is one-dimensional. This reduces our question about
identifiability to a question about the rank of a matrix. To illustrate the idea behind
the general proof, Example 3.3.4 gives the proof in the case of the complete graph on
two nodes and with r = 3.

In order to vectorize the cumulant equations we use a so called symmetric, or unique,
vectorization operator. That is, it is a vectorization of only the unique entries of the
symmetric covariance matrix and the symmetric r-th-order cumulant tensor. We denote
the unique vectorization operator by vec, and the ordinary vectorization operator by
vec.

Since the k-th order Lyapunov equation is linear in M, its unique vectorization can
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be written as
A (K)vec(M) + vecy,(Ck) =0 (3.3.8)

for some matrix Ax(K) depending on the k-th-order cumulant K. To understand how
Ag(K) is organized, we first consider the case k = 2, where the equation is

Az(E)vec(M) + vecy,(C2) =0 (3.3.9)

with A3(X) a (d(d + 1)/2) x d? matrix. To write down the entries of this matrix,
we index the second-order Lyapunov equation and the unique vectorization of Cs by
{(i1i2) | i1 < i2}. We index the columns of Ay by the d? potential edges a — B of a
graph, corresponding to all possible entries of M. The expressions for the entries are
then

0 it B iy, in

2%, B =11 =12
Yisa B =11 #12
Yiia I B=1g #1y,

A2(X) (1140),(asB) = (3.3.10)

see also equation (4.3) by Dettling et al. [2023].
Similarly, the k-th-order Lyapunov equation and unique vectorization of Cy are indexed
by {(i1...ix) | i1 <--- <ir}. The matrix A;(K) has dimensions

<d+(Z_1)> x d?.

In general, the entry Ax(K)(gi,...i1),(a—p) 1S an integer multiple of Ky, iy, and likewise
for B equal to one of the other indices. The remaining entries are zero. To determine
the integer, one needs to count how many of the mode products in the equation will
contribute with the same term, which will depend on how many of the ¢-indices are
equal to 5. Thus, again written in the case 8 = i1, the general expression is given by

Ak(lc)(i1...ik),(a—>,8) = N((Zl s ik)v /8) ) ,CoéiQmikv (3'3'11)

where N ((i1...14),3) is the number of row indices i; < ... < i equal to .
Writing this out, we obtain a complete description of A3(K) by

(0 B # iv,ia, i3
3K inis B =iy =iy =13
2K, ais B =i1 =1y #1i3
A3(K) (11i2i3),(a—B) = § 2Kaisis B =1y =13 # 11 (3.3.12)
Kiriza B = i3, ia # i3
Kaisis B =i1,i1 # iz
iy ais B = ig,ia # 13,12 # i1.
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Again, letting r > 3 be a fixed integer, we can combine the second-order vectorized
equation, (3.3.9) and (3.3.8) for k = r to obtain the following linear system, still allowing
Cy and C, to be non-diagonal,

Al I 0 vec(M)
<Aiglcg d(darl)/2 I(d+(:1))) vecy,(C2) | =0. (3.3.13)

vecy (Cr)

The question of identifiability is now reduced to considering the rank of the matrix
above. Without any restrictions on the cumulants Co and C, there are as many unique
entries in these as there are unique equations. Therefore, it is impossible to establish
identifiability if we allow M, Cs and C, to be arbitrary. This would not change by adding
additional equations for other higher-order cumulants, since we would always be adding
the same number of equations as unknown parameters. Therefore, certain constraints
are necessary on the entries of M, Cy or C,.
For Cy and C, diagonal, (3.3.13) reduces to

As(X)og O vec(M)
Ar(K)og 0 0 diag(C2) | =0, (3:3.14)
A2(X)diag  La diag(C,)

Ar (K)diag 0 Id

where As(X)og and A,(K)og denote all the rows indexed by the off-diagonal tensor
entries of A2(X) and A,(K), respectively. That is, all the rows not indexed by (ii) or
(¢...7). Similarly, A2(X)diag and A, (KC)diag denote the rows indexed by the diagonal
entries. In the proof of Theorem 3.3.1 we establish that the upper left block of the

matrix in (3.3.14),
Az(z)off>
A — ’ 3.3.15
it (AT(IC)OH ( )

generically has rank d?> — 1. This shows the generic identifiability of M up to scaling,
and from the remaining equations in (3.3.14), the diagonal cumulants Cy and C, are also
identified up to scaling.

To prove that A.g generically has rank d?> — 1 it is enough to exhibit one choice of
§ = (M,Ca,C3) € Og such that Ayg has rank d? — 1. This is because the entries of the
cumulants, ¥ and K, can be written as rational functions in the parameters M, Co and
Cy, since the continuous Lyapunov equations are also linear in the respective cumulants,
see Proposition 3.A.1 in Appendix 3.A.1. Alternatively, this can also be seen using the
general trek rule in Appendix 3.B.2. Thus, any determinant of a submatrix of A will
also be a rational function in M, Co and C,. Therefore, the determinant of a submatrix
of A being non-zero corresponds to a polynomial in M, Cy and C, being non-zero, and
to show that a polynomial is not the zero polynomial it is enough to show that it is
non-zero in a single point.

Example 3.3.4. To illustrate by example how we prove Theorem 3.3.1, we consider the
smallest non-simple graph, the complete graph on d = 2 nodes, see Figure 3.3.5, and
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mi1 ma9o _(3<)_1 _(BC)_l
mi9 1

Figure 3.3.5: The complete graph on two nodes and four edges corresponding to
the parameters in M (left). Example 3.3.4 shows identifiability of M up to scaling
by computing the rank of A.g for a particular choice of parameters (right).

prove that (3.3.15) for » = 3 generically has rank d> — 1 = 3. For diagonal Cy and Cs,
the equation system in equation (3.3.13) can be written as

1—1 1—-2 221 2—2 (62)11 (62)22 (63)111 (63)222

(11) 2211 0 2212 0 1 0 0 0 %11
(12) Y19 Y1 Y9 Yo 0 0 0 0 M21
(22) 0 2%12 0 2599 0 1 0 0 M12
(111) 3’C111 0 3IC112 0 0 0 1 0 c 22 -0
(112) | 2K112 Kiin o 2Kq22 Kioe 0 0 0 0 (62)11
(122) | Ki22  2K112 Koo 2Kq22 0 0 0 0 (C2)22
(222) 0 3122 0 3Ka22 0 0 0 1 (C3)111
(C3)222

Because of the sparsity structure exhibited by the C columns, the matrix has full rank
minus one if the submatrix with row indices corresponding to three off-diagonal entries
of the tensors has rank three. These are rows two, five and six. Removing the four C
columns as well, we arrive at the 3 x 4 matrix

1—-1 1—-2 251 22
(12) / %12 X Z2 X2
(112) [ 2K112 K 2Ki122 Kz | = Aos,
(122) \ K122 2Ki12 Koz 2K122

which we need to show has rank 3 generically.

As argued right before the example, to prove this generic rank property we only need
to exhibit one choice of parameters where the matrix has rank 3. We use the specialized
trek rule in Corollary 3.A.4 and let

= (0 i)

see Figure 3.3.5. We take Co and Cs to be the identity matrix and tensor, respectively.
By Corollary 3.A.4 we obtain the following expression for the entries of ¥ and IC

3
E11 - §C ’Clll = C ’Clzg = 2C3
3\ 2 3 3\° 2 4
Yo = <2> ¢ Y= §C +2 <2> ¢? K112 =¢ Koz = ¢ +6¢".
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Plugging these into the matrix A.g, its determinant becomes 3/2¢" + 3/4¢*. This
is not the zero polynomial, so generically the determinant does not vanish. Thus, the
parameters are generically identifiable up to a joint scaling.

In this small example, the argument would work by picking just one value of (, for
example, ( = 1. However, in the full proof the number of terms in the general (-
polynomial grows rapidly, and the signs of some of the terms will be opposite. For that
reason, the strategy for proving that the determinant is non-zero in general is to prove
that the coefficient of the lowest degree term in ( is non-zero.

3.3.5 Identification when G is not connected

Theorem 3.3.1 gives rise to two natural questions: is the conclusion true if the graph is
not connected; and is the exception set Ng actually non-empty? We show the following
corollary that answers both questions with the proof provided in Appendix 3.A.2.

Corollary 3.3.5. Let d > 2, r > 3 be integers and let Gy = ([d], Eo) be a graph with m
connected components and all self-loops present. Then for (3,K) € MQGZ,

o AQ(E)Off
Aot = < A (K)OH> (3.3.16)

has rank at most d> —m, and generically in ©g, it has rank d*> —m.

If a graph Gg has m > 2 connected components, we can, of course, apply Theo-
rem 3.3.1 for each connected component separately, and conclude that the parameters
are generically identifiable up to component-dependent scaling factors. Corollary 3.3.5
shows that this is the best we can hope for, since the rank deficiency of A,g is at least
the number of connectivity components m. This result is intuitively reasonable since
each connectivity component corresponds to a subsystem of the d-dimensional stochastic
process, and these subsystems do not interact. Therefore, the processes can evolve at
different speeds independently of each other, and we cannot determine how fast any of
them move around from cross-sectional observations alone.

It also follows from Corollary 3.3.5 that if G is connected then Mg # (). To see this,
suppose that

b, (0) = (2,K) € M, C M

for Gy a subgraph of G having at least two connectivity components. Then the cor-
responding A,g matrix has rank at most d> — 2 by Corollary 3.3.5. This implies that
qSé}T(QSG,T(G)) is at least two-dimensional, and we conclude that qb&lr(./\/lég) C Ng. Since
¢51r is surjective, N is non-empty. This shows that 6 can never be globally identi-
fied up to scaling. It remains an open question whether N contains parameters not in
gb&lr(/\/lZGZ) for some disconnected subgraph Gy. That is, whether there exist exceptional
choices of parameters where identifiability up to scaling fails without disconnecting the
graph.
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3.4 Estimation

Our identification results are based on the linear equation (3.3.14). In this section we
turn such an identification equation into an estimator of the drift parameter M. To this
end, suppose A is any b x d? matrix, depending linearly on the cumulants, such that

ker(A) = span(vec(M)). (3.4.17)

By Theorem 3.3.1 and its proof we know that (3.4.17) holds for § = (M, Cs,C,) € Oc\Ng

when
o A2(E)oﬁ"
A= <AT(]C)OH) (3.4.18)

for (X,K) = ¢g,(#). This particular A-matrix has

b:d(d2_1)+<d+(:_1)>_d2d2_1

TOWS.

For a given connected graph G, it follows from the proof of Theorem 3.3.1 that (3.4.17)
holds if we choose A as a certain submatrix of (3.4.18) containing only d? — 1 of these
rows. On the other hand, we can also include additional rows from Ay (K)og for k & {2,7}
without violating (3.4.17). The choice of which rows to include involves a tradeoff
between computational complexity and statistical efficiency. For estimation purposes
with a known G we would usually also drop all columns of A that correspond to entries
of M that are zero according to G. This would reduce A to a b x |E| matrix. To keep the
notation simple, we will here only treat estimation of the entire matrix M corresponding
to the complete graph, with obvious modifications for any choice of subgraph. We will,
however, allow for any choice of A satisfying (3.4.17).

We will from hereon assume that M is normalized, that is, |M||p = 1 where || - ||F
denotes the Frobenius norm. For any specific choice of A satisfying (3.4.17) we define an
estimator of M, which we show is consistent and asymptotically normal as the sample
size tends to infinity. In practice we may choose A given by (3.4.18) with » = 3 or
r = 4, or possibly a combination. Including more rows from higher order cumulants
is computationally more costly but could potentially make the estimator more efficient.
We report on this tradeoff in Section 3.5.

Definition 3.4.1. Suppose A is an estimator of the b x d* matriz A with a unique
smallest singular value. Then the least singular value estimator of M is defined by

~

vec(M) = vmin(A), (3.4.19)

where vmin(/l) denotes the right singular vector for A corresponding to its smallest sin-
gular value and such that tr(M) < 0.

It is natural to think of span(vmin(A)) as an estimator of ker(A), see Figure 3.4.6.
Since the right singular vector vmin(A) is only determined up to a sign, we fix its sign
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4 span (Umin(A))
- M/ ’ ’ ’
NG
R ker(A)

\

Figure 3.4.6: With vmin(fl) a right singular vector of A corresponding to its smallest

singular value, the estimator M is a unit vector in span(vmin(4)).

in Definition 3.4.1 by requiring that tr(M) < 0. This is a sensible convention since M is
stable with tr(M) < 0, but it does not guarantee that M is stable.
We may also observe that

vec(M) = arg min || Av||? (3.4.20)

vilful=1

with the same convention as in Definition 3.4.1 for fixing the sign of the minimizer. Thus,
vmin(fl) is also an eigenvector of AT A corresponding to its smallest eigenvalue. Since
the eigenvalues of a matrix are roots of the characteristic polynomial, the estimator is
well-defined generically since the matrix AT A will generically have a unique smallest
eigenvalue. However, least singular value estimation can result in a non-stable M since
stability is not imposed as a constraint in the minimization problem (3.4.20).

All the estimators of A that we consider are linear maps of the form

A~

vec(A) = AR (3.4.21)

where A is a fixed matrix with b - d? rows, and & denotes a unique vectorization of the
empirical cumulants entering into A. The matrix 4 has integer entries and is generally
extremely sparse.

Whenever the M-selfdecomposable distribution has finite 2k-th-order moment,

Vi(fn — 1) 2 N (0,9) (3.4.22)

for some covariance matrix {2 by the central limit theorem. Therefore, we obtain the
following theorem giving the asymptotics of the estimator proven in Appendix 3.B.1.

Theorem 3.4.2. Let X1,..., X, be an i.i.d. sample from a distribution in Pg with finite
k-th-order moment, and suppose that A, whose entries are cumulants of order at most
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k, satisfies (3.4.17). Let A, denote the plug-in estimator of A based on the empirical
cumulants and let M, be the least singular value estimator given by (3.4.19) in terms of
A,,. Then

A, Boa B M (3.4.23)

for n = oco. If, additionally, the distribution has finite 2k-th-order moment,
Vn(vee(A, — A)) 2 N (0, AQAT)
Va(vee(M, — M)) 2 N (0, (vee(M)T © AT) AQAT (vec(M) ® (AT)T))
for n — oo, where A™ denotes the Moore-Penrose inverse of A.

To use these results in practice, we need to estimate the asymptotic covariance matrix,
and for this we can exploit the explicit formula above to modularize the estimation. The
matrix {2 can be estimated separately based on the empirical cumulants only.

The following corollary, proved in Appendix 3.B.1, provides a compact way of rep-
resenting the asymptotic covariance matrix, which avoids explicit usage of the large
matrices vec(M)T ® A* and A. The representation uses the matrices By (M), which are
defined by equation (3.A.3) in Appendix 3.A.1 and enter in the unique vectorizations of
the Lyapunov equations when written as linear equations in the cumulants instead of in
M.

Corollary 3.4.3. If A is given by equation (3.4.18), the asymptotic covariance matriz

~

of vec(My,) can be written as
(AT Bor (M) QA Bay (M)"
where By (M) is the block diagonal matriz with Ba(M) and B, (M) on the diagonal.

If not all rows in (3.4.18) are included in A, the matrix By, (M) should simply be
replaced by the submatrix of By, (M) only indexed by the same rows as the chosen A.

3.5 Numerical Experiments

The Julia package https://github.com/nielsrhansen/SteadyStateStatistics.jl
implements simulation from M-selfdecomposable distributions and computation of the
least singular value estimator of M, based on the multivariate cumulant estimators in
the Cumulants package [Domino et al., 2018].

To illustrate properties of the estimator, we ran a simulation study with the Lévy
process having independent and identically distributed coordinates, each of which is
a compound Poisson process with beta distributed jumps. We parametrize the Lévy
process by the three parameters

A > 0 : the rate parameter of the Poisson process
w € (0,1) : the mean parameter of the beta jump distribution

v > 0 : the size parameter of the beta jump distribution.
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The stable M-matrix is parametrized by the two parameters v € R and p € (—1/(d —
1),1). The parameter p is a correlation parameter, which means that with ¥ the covari-
ance matrix that solves the Lyapunov equation (3.1.2), then

P= T
Vi 2
for all 7 # j. The parameter 7y controls the asymmetry of M with v = 0 corresponding
to the symmetric M = —cX for some ¢ > 0. The details of this parametrization are
given in Appendix 3.B.5, which also describes how observations are sampled.

We show results for the settings given by the grid of the following simulation param-
eters:

:3,6,12

: 1000, 2000, 4000, 8000
:5.0,10.0,15.0
:0.2,0.8

T =2 S &

and with A = 0.5, p = 0.8 and v = 1.0. For each setting, N = 100 replications were
done, and for each replication we computed the estimate M () which by construction
is standardized to have Frobenius norm one, that is, ||M(l)||% = Z”(MZ(JZ))Q = 1. The
matrix M was also standardized to have Frobenius norm one, and the mean squared
error was computed as

N
1 N
_ = o 2
MSE = z§—1 MO — M|[%.

Due to the standardization, |M® — M|% = 2(1 — cos(?)), where () is the angle
between the subspaces spanned by MO and M, see Figure 3.4.6. The MSE of the
standardized estimator is thus equal to the mean of twice the cosine distance between
M® and M.

The MSE can be decomposed into a total variance term and a total squared bias term,

N
1 . _ _
MSE = 5 32 1410~ B+ 3 - M1}

According to Theorem 3.4.2, the y/n-scaled total bias, \/n|M — M| r, should vanish
with n tending to infinity, and the y/n-scaled root mean squared error should tend to
the square root of the asymptotic total variance, that is, the square root of the trace of
the asymptotic covariance matrix given by Theorem 3.4.2 or Corollary 3.4.3.

Figure 3.5.7 shows the scaled root mean squared error as well as the scaled total bias
as a function of the sample size for the different dimensions and different values of the
simulation parameters. The estimator is the least singular value estimator based on all
second- and third-order cumulants. We see that for several of the settings there is a
notable finite sample bias, in particular when the correlation is set to the high value
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Root mean squared error and total bias (dashed)
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Figure 3.5.7: Estimation errors for the least singular value estimator based on all
second- and third-order cumulants. Circles connected with full lines show the /n-
scaled root mean squared error, while the squares connected with dashed lines show
the /n-scaled total bias.

p = 0.8, but for large enough sample sizes the bias disappears and the scaled root mean
squared error stabilizes.

Figure 3.5.8 compares the scaled root mean squared error to the square root of the
asymptotic total variance obtained by Corollary 3.4.3. For all settings presented here,
the asymptotic total variance eventually concurs with the mean squared error when the
sample size is large enough. This is aligned with the observation that the total bias
vanishes.

We ran simulations for other parameter values (data not shown). For d = 24 or v = 0,
the estimation problem is harder, and even larger sample sizes are required for accurate
estimation. Other choices of parameters for the compound Poisson process were also
tried, e.g., A = 0.1,2.0, u = 0.2 and v = 0.1, 10. While the results differed quantitatively
from the results shown, the qualitative differences were minor.

In addition to the estimator based on second- and third-order cumulants only, we
implemented and tested the estimator that additionally included the fourth-order cu-
mulants. Figure 3.B.2 in Appendix 3.B.5 shows the results for this least singular value
estimator based on all second-, third- and fourth-order cumulants. For p = 0.8, inclu-
sion of fourth-order cumulants generally increased the estimation error. For p = 0.2, the
effect of including the fourth-order cumulants was mixed and depended on d and ~.
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Root mean sq d error pared to asymptotic root mean squared error (dashed)
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Figure 3.5.8: Root mean squared error scaled with y/n compared to the square root
of the total asymptotic variance (dashed).

3.6 Discussion

Our main identifiability result, Theorem 3.3.1, leaves two minor questions open. First,
it remains unknown to what extent the assumption that the graph contains all self-loops
can be relaxed. Our proof strategy relies on the self-loops to ensure the existence of a
sufficiently simple and stable M that allows for explicit computations, see also Remark
3..3. Second, it remains unknown whether the exceptional set, where identification fails,
corresponds only to parameter values that disconnect the graph. If we are willing to
make additional assumptions, stronger results can also be obtained. If we, for example,
additionally assume that the r-th-order cumulant of the Lévy process, for some r > 3, is
known and diagonal, Proposition 3.B.12 in Appendix 3.B.3 shows that the drift matrix
M is, in fact, generically identifiable for any directed graph with all self-loops present.
There are also natural generalizations and extensions of our results. One direction
of future research is to allow the cumulants of the Lévy process to be non-diagonal, as
encoded by blunt edges in Appendix 3.B.2. Following the arguments by Varando and
Hansen [2020], the marginalization of an M-selfdecomposable distribution is a distribu-
tion with cumulants solving continuous Lyapunov equations for a new M and a new
C, whose sparsity patterns are obtained by projecting the directed graph to a graph
with directed and blunt edges. This generalization would be a way of expanding the
model class to be able to handle latent variables. However, the marginalized M is not
guaranteed to be stable, and the marginalized Cs is, for example, not guaranteed to be
positive definite [Varando and Hansen, 2020]. The proof of Theorem 3.3.1 could, nev-
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ertheless, easily be modified to allow for specific r-th-order cumulants to be non-zero,
e.g., those whose indices do not correspond to the rows used to prove the generic rank
of Aog. Another direction of future research is to consider structural identifiability in-
stead. The results by Améndola et al. [2025] on structural identifiability are based on
the second order continuous Lyapunov equation only, and by expanding their approach
to take higher order cumulants into account, we could likely answer some of the open
questions by Améndola et al. [2025].

The present paper focuses on the identification theory and does not consider specific
applications, but the theory is motivated by the possible applications to cross-sectional
observations from single cell biology. The M-selfdecomposable distributions can, as
steady-state distributions of solutions to stochastic differential equations, be given nat-
ural causal interpretations [Sokol and Hansen, 2014; Varando and Hansen, 2020], which
was exploited by, for example, Wang et al. [2023] to learn gene regulatory networks
from temporal snapshots. The network is then encoded by the sparsity pattern of M,
and if the model has a causal interpretation, an edge represents a direct causal effect.
An alternative to M-selfdecomposable distributions is classical linear structural equa-
tions [Drton, 2018], but feedback loops present both mathematical and interpretational
challenges for such models. The implicit temporal nature of M-selfdecomposable dis-
tributions allows feedback loops to be naturally incorporated into the model, and the
interpretation and properties of the model do not depend on whether there are feedback
loops or not. However, a realistic application to single cell data requires a measurement
noise model, such as the zero-inflated Poisson model by Lorch et al. [2026], and this is
beyond the scope of the current paper.

Finally, as demonstrated by our simulation study, even when the drift matrix is
identifiable in the non-Gaussian case from the higher-order cumulants, estimation is
hard for small sample sizes. This is also seen in the general literature that uses non-
Gaussianity and higher-order cumulants for identification and estimation [Shimizu et al.,
2006; Schkoda et al., 2024; Tramontano et al., 2025], and Wang and Drton [2023] explic-
itly comments on the need for large sample sizes. An ongoing research project explores
how additional assumptions, e.g., sparsity of M or homogeneity of the Lévy process
across dimensions, can improve finite sample estimation accuracy.
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Appendix for ‘ldentifiability and Estimation in Continuous
Lyapunov Models’

3.A. Appendix — proofs of main results

3.A.1 The Lyapunov equations

Proof of Proposition 3.2.2. When M is a stable matrix and Z is a Lévy process satisfying
(3.2.3), the stochastic integral

X:/ esMaz, (3.A.1)
0

is well defined, and the distribution of X is the unique steady-state distribution in Pg
determined by M and the Lévy process. This was known by Sato and Yamazato [1984],
and stated indirectly in their introduction with reference to an abstract by Wolfe [1982].
It is a direct consequence of Theorem 5.2(i) by Sato and Yamazato [1983].

Using the integral representation (3.A.1) and multilinearity of the cumulant operator,

K = cumy (X)
oo oo
:/ cumg(dZs,,...,dZs,) x; M g 52 MLy M
0 0
oo
= Cp 1M xyeM ... xp eMds
0

where we have used that for a Lévy process, the k-th-order cumulant measure is “diag-
onal” and equals

cumg(dZs,, . ..,dZs) = Crls, . s H (ds1, ..., dsg)

-----

with H' the 1-dimensional Hausdorff measure. That K solves (3.2.5) follows from Propo-
sition 3.A.2. O

For the second order Lyapunov equation it is well-known that it can be vectorized as
(I ® M+ M ® Ivec(X) + vec(Cr) = 0,

which shows that it has a unique solution for ¥ if no pair of eigenvalues of M add up to
zero. This can be generalized to the continuous Lyapunov equation of any order.

Proposition 3.A.1. The vectorization of the k-th-order continuous Lyapunov equation,
(3.2.5), can be written as

k
0 = vec(Ck) + Z(Id R @IgOM @I ® Ig) | vec(K). (3.A.2)

i=1 k—i times i—1 times

As a consequence of this, the k-th-order continuous Lyapunov equation is uniquely solv-
able whenever no k eigenvalues (the same eigenvalue can be picked multiple times) add
up to zero.
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Proof. By rules of vectorizations and Kronecker products, see Chapter 2 by Magnus and
Neudecker [2019], we can write

vec(Kx; M) =13 ® - QLM Q@I;® - ® Ig)vec(K),
— —

k—i times i—1 times

for K € Sym*(RY) and M € R¥?, This yields equation (3.A.2).

Furthermore, since the eigenvalues of A ® B are equal to products of the eigenvalues
of A and B, it follows that no matter the place of the single M, the eigenvalues of any
tensor product, Iy ® - - @[3 @ M ® I;® --- ® 14, is just equal to the eigenvalues of M
(each with multiplicity d). Furthermore, since all the matrices of this form, I; ® - -- ®
I;,@MRI;®---® I, commute with each other (since all the M’s are placed in different
modes), the eigenvalues of the sum of them in equation (3.A.2) is the sum of the their
eigenvalues. Thus, any eigenvalue of the sum in (3.A.2) is a sum of k eigenvalues of M.
And if no k eigenvalues of M add up to zero, the sum is a matrix of full rank, and the
k-th-order continuous Lyapunov equation is uniquely solvable for I given M and C,. O

Equation (3.A.2) is the standard vectorization of the Lyapunov equation, and we could
instead do the unique vectorization of both the equation and of IC,

0 = vecy (Cr) + Br(M)vec, (K). (3.A.3)

The rows of By(M) can be obtained by adding the columns of the matrix in equation
(3.A.2) corresponding to the same cumulant, i.e., for an index set (i ...17) taking all
columns corresponding to an index of K which is a permutation of (i;...i). To also
have it be the unique vectorization of the equation we only keep the rows indexed by
(41 ...1) such that ¢; < --- < i, as was done for the unique vectorization isolating
vec(M ) instead in equation (3.3.8).

When M is stable, there is an explicit formula for the solution of the continuous
Lyapunov equation.

Proposition 3.A.2 (Corollary 3.1, Xu and Wang [2022]). Let M be a dxd stable matriz,
then the k-th-order continuous Lyapunov equation (3.2.5) has the unique solution

IC:/ Cp x1 €Mt xy Mty eMidt, (3.A.4)
0

Equation (3.A.4) is the key to deriving the so-called trek formulas for the entries of
the cumulants of the continuous Lyapunov equations. The general trek rules provide a
graphical description of the entries of the cumulants that can allow one to determine zeros
in the cumulants just from the absence of certain treks, corresponding to the absence of
several paths, in the graph. Additionally, a specialized version of the trek formulas is a
key ingredient in the proof of the main identifiability result, Theorem 3.3.1. The details
and proofs concerning treks and the trek representations for cumulants are provided in
Appendix 3.B.2.
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3.A.2 Proof of the main result and additional lemmas and corollaries

The proof of Theorem 3.3.1 uses a specific restricted trek rule for the second- and 7-
th-order cumulants, very similar to the restricted trek rule given in Proposition 4.3 by
Boege et al. [2025]. Such restricted trek rules can be seen as special cases of a more
general trek rule first published by Hansen [2025] in the covariance case. We provide the
extension of the general trek rule from the covariance case to cumulants of any order
in Appendix 3.B.2, where a definition of treks is also given. For the purpose of proving
Theorem 3.3.1, we give here a simple proof of the restricted trek rule for directed acyclic
graphs.

Lemma 3.A.3. Let G = ([d], E) be any directed acyclic graph (DAG) with all self-loops
and with the nodes ordered in a topological order. Let r > 3 be an integer and consider
the second- and r-th-order Lyapunov model with Co and C, equal to the identity matriz
and identity tensor, respectively, and M € R such that My = —1/(r¢). Then we have
the following specialized trek rules for the second- and r-th-order cumulants

Lig+lig+1 (. 4+ 0,
S S O R G EUE
TET(il,ig) n

v (0= 6y)!
IC'L' A Cijl EljJrl%w(M? T)?
' Z Hj:l(gij!)

TET (i1yeeesir)
where T (i1,i2) and T (i1,...,i,) denote all treks without self-loops between i1 and iy
and i1, ..., iy, respectively, and w(M, 1) denotes the trek monomial. That is, w(M,T) =

Ha—>ﬁ€7 Mpgq since Co and C, are the identity.

Proof. For notational convenience the proof is given for the case r = 3. It is, however,
easily seen from this proof how the general case follows by keeping track of » mode
products instead of 3, and replacing 3 by r everywhere.

Let Mpag = M —(—1/(3¢)Iixq) denote the strictly lower triangular part of M which
corresponds to all the edges in G which are not self-loops, by subtracting a scaling of
the d x d identity matrix, Ijxq. We decompose M as

M = Mpac — 31<Id><d-
Since Mpag is lower-triangular it has spectral radius 0, which is especially less than
1. We can use this decomposition of M instead of the (A — I3x4) used in Proposition
3.B.11, or in Proposition 2.4 by Hansen [2025] for the covariance case, and do exactly
the same proof with the identity instead of C and Mpag instead of A and the exponent
of e will be —2/(3() and —1/(, respectively. When letting I;xixq denote the identity
d x d x d tensor, writing out the derivation of the third-order trek formula in this special
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case becomes

(3]
K= / Id><d><d X1 €Mt X9 €Mt X3 eMtdt
0

_ /OO Tysdxd X1 eMpac—1/(30) Laxa)t X9 e(Mpac—1/(B3¢) Laxa)t X3 e(Mpac—1/(30) Laxa)t 4t

oo
1
-4
= / e < Tisaxa X1 eMpact x, eMpact oo cMpact gy
0

S 1, o0 n > tm > tk .
= / e ¢ IdXdXd X1 E jMSAG X9 E 7'M61AG X3 E jMDAGdt
0 n! m! k!
n=0 m=0 k=0

oo o0 ootn—&—m—l-ke*%t

=SS [ e i <1 Mibag o M xs Mt

Z Z Z Cn-i—m-‘rk-‘rlr(n Im4k+ 1)

n m k
Tl Tixdxd X1 Mpag X2 Mpag X3 Mpag-

n=0m=0 k=0

The (i, j, k) entry of the tensor Ijxgxaq X1 M{3aq X2 M{Aq X3 MSAG corresponds to the
sum of all treks in the acyclic part between ¢, j and k£ with a given top node with the
paths going to each of them having lengths n,m, k, respectively. To see this we write
out the (7,7, k) entry

d
= > (MBac)ia - (MBac)ja - (Mf5ac)kas

a=1

(Idxdxd X1 Mpaq X2 Mpag X3 M]]SAG>Z.].
and note that (M[,q)ia is exactly the sum of all directed walk polynomials of length n
from « to i in the directed acyclic part of G since Mpag is the adjacency matrix (with
weights) of the directed acyclic part of G. See also the proof of Proposition 3.B.7.
Because the graph is assumed to be a DAG, the sum above becomes finite, and for
the (7, j, k)-th entry we therefore obtain exactly the finite sum over all treks between i,
7 and k as given the statement of the proposition by inserting the above into the sum.
The proof is completely analogous for the covariance just with one term less and the
exponent of the exponential being (—2/(3(¢))t instead of (—1/()t. O

The specific trek rule above gives a finite sum representation of the entries of the
cumulants, as opposed to the potential infinite sums in the general trek rules in Appendix
3.B.2. The proof of Theorem 3.3.1 uses the special case given in the following corollary.

Corollary 3.A.4. If we further assume that Mg, = 1 for o — 8 € E with 8 # o, then
. X 7\ bin His +1 [ —|—€1'2
27;12'2 = Z Cezl+612+1 (7) < 1
TE€T (i1,i2) 2 621
Knn= Y (St 2z b))}
01y .
' [T5=1(6;Y)

TET (41,.--y0r)
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In addition to the specific trek rule, the proof of Theorem 3.3.1 also relies on the
following sum identity.

Lemma 3.A.5. Let d,q be non-negative integers such that ¢ < d —1 and r > 3 an

integer, then
d—1

> (g)d_l_i (—1)'e(d, q,1) = (g - l)d_l (=17, (3.A.5)

1=0

where the coefficients are

o(d, q,i) = zi:(r -1y (j) (d ;i; q)'

j=0
Proof. We first prove the following recursive identity for the coefficients
c(d,q,i) =c(dyqg—1,i) + (r —2)e(d—1,g—1,i — 1).

To prove this, note that c(d,q,4) is the coefficient in front of z* if you expand the
following polynomial in x using the binomial theorem, (1 + (7 —1)z)?(1+z)%"179. Thus,
c(d,q — 1,4) is the coefficient in front of z* in (1 + (r — 1)z)9~1(1 4+ 2)*1==1 and
c(d—1,q—1,i—1) is the coefficient in front of 2~ in (14 (r — 1)z)9~ 1 (1 4+ z)d—2- (a1,
Hence, ¢(d,q — 1,i) + c(d — 1,q — 1,7 — 1) will be the coefficient in front of x* in

(14 (r—1Da)! 1 +2)8 170D 4 (r — )21 + (r — 1)2)7 ' (1 4+ 2)4727 @Y
=1+ —-D2) 1 +2) 2700 4o+ (r - 2)2)
=1+ (r—1)z)?(1 + z)4179.
Thus, the recursion formula is true.
We now obtain the result about the summation by induction on (d, q), where we induct
over this set by what the sum d + ¢ is.

The base case is d = 2 and ¢ = 0. The proof is the same for any d, so we just prove
the formula for any d and ¢ = 0. When ¢ is 0 we obtain

wni=Ee () -(),

J

since the only non-zero contribution to the sum above is when j = 0. Inserting this into
the left hand side of equation (3.A.5) we can prove the base case by application of the
binomial formula

(O s £ () G

U
=
Q..
,_.

@
Il
=)
.
Il
=)
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We now consider the induction step, so consider the lefthand side in equation (3.A.5)
and apply the recursion formula to obtain

Q.

-1

> (5)" T 1ied.a

a1 dlz
:§:(> —1)'e(d,q — 1,i) + (r — 2)

1= 7

s
Il
o

IS
—

(g)diH (—1)ie(d—1,q —1,i — 1).

Il
=)

By the induction hypothesis the left sum is equal to (/2 — 1)*~! (=1)4=1. The rightmost
sum can be written as

QL

1

(g)d_l_i (—1)ie(d —1,q — 1,i — 1)

:_Z( ) Yyl d—1,g- 1,0 — 1)

I
o

o S
== di G)(d_m_i (—1)'c(d—1,q—1,i) — (%)d_l e(d—1,q—1,-1)
1=0

Gy

by using the induction hypothesis and that ¢(d — 1,q — 1, —1) = 0. Inserting the expres-
sions for the two sums we obtain

S () vt = (1) o - 2 (5 -) e
=0
- (g a 1>d_1 (=1)* <_1 + r;2_21)
_ <% - 1>d—1 (1) (—r/2r—/k21_—i—1r — 2)
G-y e
as we needed to show. O

In the proof of Theorem 3.3.1 we will only need the general expression for the rows
of A,(K) when precisely two distinct subscripts appear, namely the rows (ii2) and
(i1 ...1102) (and (i1d2...12)), when i1 # ia. The explicit expression for these rows is
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0 i # i1, 42
AT(,C)(i1...i1i2),(a—>,8) = (r—=1)Ki, iyisa =11 (3.A.6)
Kil...ila 1fﬁ == i2.

However, as discussed in Section 3.3.4, the general expressions can easily be obtained as
well.

Proof of Theorem 3.3.1. Since we only consider diagonal Cy and C,, the linear system
corresponding to the second and r-th-order Lyapunov equations from equation (3.3.13)

reduces to
A2 (E)of‘f 0 0

vec(M)
A(K)og 0 0 diag(Cs) | =0, (3.A.7)
A2(X)diag Lo O diag(C,)

Ar (K:)diag 0 Id

where A2(X)og and A, (K)og denote all the rows indexed by the off-diagonal tensor
entries of A3(X) and A,(K), respectively. That is all the rows not indexed by (i) or
(i...1), and A2(X)qiag and A, (K)giag denote the rows indexed by the diagonal entries.

Thus, the question of identifiability, i.e., whether this matrix in equation (3.A.7) has
full rank minus 1, reduces to the question of whether the matrix

<A2(2)03>

Ar (’C)off

has rank d? — 1. However, this matrix is in general not square, so we have to consider
the determinant of a (d? — 1) x (d? — 1) submatrix.

Any connected graph will have at least one polytree as a subgraph without the self-
loops, which is a connected directed acyclic graph with exactly d — 1 edges. Pick any
such subpolytree and let G’ = ([d], E’) be the subgraph of G where we have the edges in
the polytree as well as all the self-loops. Thus, G’ will be a connected directed acyclic
graph (disregarding the self-loops) with d — 1 non-self-loop edges and all self-loops and
be a subgraph of G. Firstly, we can without loss of generality assume that the nodes
of G’ are ordered according to a topological order, <. We order any possible edges on
d nodes according to a lexicographic ordering with the ordering on each coordinate the
topological order, thus (i — j) < (/' — j') if i <i' ori=14"and j < j'. According to this
order the first element is 1 — 1, this is the column we will omit from the (d?—1) x (d*—1)
submatrix we consider.

We pick the following rows. We pick all of As(X)eg and of A, (K).g we pick the rows
of the form (ij...7) with i < j and (i...ij) such that i — j € E’. By counting, these
three groups each contribute with d(d —1)/2, d(d —1)/2 and d — 1 rows, respectively, so
in total this is exactly d®> — 1 rows. We will denote this submatrix by A.

From now on when referring to rows of A they will be (ij), (ij...j) or (i...ij), which
will implicitly inform whether it is a row coming from the second- or r-th-order Lyapunov
equation. The rest of the proof consists of showing that A has full rank generically.
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As discussed in Section 3.3.4 we can prove that A has full rank generically, that is,
outside of a proper algebraic subset, by exhibiting a choice of parameters (M, Ca,C3)
where A has full rank, since the entries of A can be written as rational functions in M,
Co and C,.. Let C and C, be the identity matrix and identity d x - - - X d tensor, respectively
and let M € RE with diagonal M;; = —1/(r¢) and Mg, = 1 for &« — € E’ when
a # (. Since we picked E’ such that G’ (without the self-loops) is a polytree, this
implies that we can use the polynomial expressions in ( for the entries of > and K given
by Corollary 3.A.4.

Thus, det(A) will be a polynomial in ¢. The remaining idea of the proof is to show
that this polynomial is not the zero polynomial. This is done by using Leibniz’ formula
for determinants to achieve an expression for the lowest degree non-vanishing term of

det(A),

d?—1
det(A) = Z sgn(7) H Air(i)- (3.A.8)
i=0

Te€Spe 4

From Corollary 3.A.4 we see that a given non-zero entry of A will have lowest degree
in ¢ equal to the total length of the shortest trek in G’ between the nodes indexing
the entry of X or I plus 1. Thus, only entries of A equal to the diagonal entries >;;
and ;. ; will have low deg(%;;) = low deg(K; ;) = 1, the lowest possible lowest degree.
Similarly, the only way to obtain lowest degree equal to 2 is the case where ¢ # j and
i — j € E', then low deg(X;;) = low deg(K; ;) = 2, and low deg(kK;j.. ;) = r. For two
distinct nodes with no edge between them, the lowest degree of X;; or ;. ;; will be at
least three.

Equations (3.3.10) and (3.A.6) yield that in row (ij) there is a diagonal entry in the
columns (i — j) and (j — i), and in row (i...4j) there is a diagonal entry in column
(i — 7) and similarly for (ij...j) it will only be in column (j — ). Thus, there will
never be a diagonal entry in the self-loop columns in A since we do not have the (i7) or
(i...7) rows.

Now the claim is that it is possible to pick a permutation (there will be several) such
that all non self-loop columns correspond to a diagonal entry and all self-loop columns
will correspond to a ¥;; or K;._;; with an edge ¢ — j € E’. By the discussion of possible
lowest degrees for entries of ¥ and K this is the term of lowest possible degree of the
determinant of A by Leibniz’ formula (3.A.8). We now characterize precisely which
permutations m € S;2_; obtain this degree.

We subdivide the rows and columns into the following four sets

Ry ={(ij)[i<j, i—jeE} Ci={i—=jli=jekE}

Ry ={(i...ij) | i<j, i—j€E} Co={(i —i)|ield\{1}}

Ry ={(ij)|i<j, i—j¢FE} Cs={(i—=j)li<j i—j¢FE}
Ry ={(ij...5) |1 <j} Co={0 =9 li<J}

For the columns Cgs the only row where it is possible to obtain a diagonal entry for
(i — j) € Cs is exactly the matching row (ij) € R3. Thus, any permutation 7 € Sgp2_;
has to fix these rows to their corresponding columns.
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3 Identifiability and Estimation in Continuous Lyapunov Models

Furthermore, for the rows (ij...j) € Ry the only possible way to obtain either ; ;
or K;..4 is in columns (j — ) or (i — j), respectively. However, in column i — j it
will always be possible to pick 7 to obtain a diagonal entry from one of the other rows
instead. Therefore, any permutation 7 also has to fix the rows R4 to be mapped to the
set of columns going against the topological order, Cy.

By reordering the rows and columns (and only changing the determinant up to a sign)
we can assume 7 is just the identity permutation on R3URy4 to C3UCy. By considering
Leibniz’ formula they will always contribute with a factor of

2

to the lowest degree term of the determinant.

We are left to consider the 2(d—1) x 2(d—1) submatrix Ar,UR,),(c,uc,) With columns
indexed by the edges in the polytree, C1 and the self-loops except the one for the first
source node, Cy. Recalling the lexicographic ordering of the edges in E’, we will now
order each of the sets of rows individually according to this as well and order the self-loops
Cs not according to the topological order of the nodes but according to when a node first
appears in the lexicographically ordered edges £’ = {(e11 — €12, ..., €a—1)1 = €@d—1)2}
denote this {(ia — i2),...(iqg — iq)}. This is not guaranteed to coincide with the
topological order, but it is possible, for example if G’ is a path. Thus, it is guaranteed
that io = e12 and that ¢; will be at least e(;_1); or e(j_1)2. So the matrix will be indexed
like this:

(r)d(d—l)/Q—(d—l) Cd(d—l)—(d—l)

(e11 — e12) - (€(d71)1 - €(d71)2) (tg = d2) - (ta — ia)

(e11€12) * *

(6(471)16((171)2)

(e11...e11€12)

(€(d—1)1 cee €(d—1)1€(d—1)2)

To obtain the lowest possible degree, the first d — 1 columns should all contribute with
a diagonal entry in the product, and the last d — 1 columns should contribute with a >J;;
or K;_;j, potentially multiplied by (r — 1), with ¢ — j € E’. For example, for the first
row, the permutation has to map it to one of the columns marked with a ’x” above .

We number the rows and columns 1,...,2(d—1) in the order explained above. For the
first d — 1 columns to correspond to diagonal entries, the permutation 7 has to satisfy

r(@)=iif i=1,....,d—1 or wi)=i—(d—1) if i=d,...,2(d—1),

foralli=1,...,2(d — 1). In the first case we pick the possible diagonal entry in Ay (X)
and in the second case in A,(K) and there are always exactly these two choices. They
will contribute with (r/2)¢ and ¢ to the lowest degree term, respectively.
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Then for the (d—1) rows not picked out to have a diagonal entry, it has to be matched
with a self-loop column instead. This is done consecutively, so first we consider either
row 1, (ej1e12), or row 14 (d —1), (e11...e11e12), and whichever one was not picked for
the first column e;; — e19 has to be assigned column ej2 — e, since e;; — e1; was the
column removed from the matrix, and so on. Depending on which ¢ was picked above
the opposite happens now,

r@)=i+(d—1)if i=1,...,d—1  or  w(i)=iif i=d,...,2(d—1),

for all i = 1..2(d — 1). This will contribute with a factor (r/2)2¢? or ¢? (or (r — 1)¢?),
respectively.

If there is only one source in G’ each row with indices equal to those of edge e¢;; —
eia € E', (es1€i2) or (ei1...e1€2) will be matched with the self-loop corresponding to
the child, e;2, when paired with a self-loop column because e;; — eq1 is the only column
not in the matrix.

If there are multiple sources, then for all descendants of the first source ey, the rows
corresponding to the edge e;1 — ;0 € E’, (e;1€52) or (€41 ... ej1e2) will again always be
matched with the child when matched with a self-loop column. However, for the nodes
which are not descendants of the first source (so descendants of a different source and not
also a descendant of the first source) the rows corresponding to the edge e;1 — e;2 € F,
(ei1€52) or (€1 ...e51€42) are matched with the self-loop of the parent e;1, when matched
up with a self-loop column.

The paths starting at different sources in the graph than e;; all have to converge with
the path starting at e;; because G’ is a tree. So the parent node is picked until you
hit the spot where this path converges with the path which started at e;;. After the
convergence point you then again always have to match a row with the child’s self-loop
as stated above. Such a convergence point must exist because E’ is a tree. However,
the main point is that once it is decided which rows will be mapped to the first d — 1
columns by 7 everything else about 7 is decided by going down the remaining rows in
order.

By the ordering of the rows and columns it further follows that 7 will be a product of
2-cycles. Since for each i = 1,...,d — 1 either both

(i) =1 and 7(i+(d—1)) =i+ (d—1)
or they result in a two cycle where the two are flipped
w(i) =i+ (d—1) and i+ (d—1)) =1.

Thus, if k is the number of the first (d — 1) first rows that are mapped to the first
(d—1) columns, then 7 will be a product of (d — 1) — k two-cycles. Since we do not care
about the sign of the determinant, the main point is that the permutations with even k
will always have the same sign and all the permutations with odd k£ will always have the
same sign, since a 2-cycle has sign —1.

One problem remains before the formula for the lowest degree term of the determinant
of A, up to its sign, can be written. In the equation (3.A.6) for A,(K) there can be a
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3 Identifiability and Estimation in Continuous Lyapunov Models

factor r —1 in front of IC; _;;. This will happen exactly when in row (e;1 ... ej1€52) we pick
the self-loop corresponding to the parent, i.e., ¢;;1 — e;1. Let ¢ =0,...,d — 2 denote the
number of non-self-loop edges on the paths starting at a different source node than the
first source node, e11, until the convergence points with the path starting at e;;. Then
for each permutation 7 such that we are in the first case above where (ij) (so A3(X))
contributes a diagonal entry and i or j is not a descendant of the first source node (so
it is a descendant of another source before the convergence point) there will be a factor
r — 1 contributed by A,(K) from the (i...4j) row. So ¢ is the largest possible number
of rows, which can contribute a (r — 1) factor.

Thus, we can obtain the following expression for the lowest degree term using Leibniz
rule by going through the permutations by how many indices ¢ where the first (d — 1)
rows are mapped to the first (d — 1) columns. In other words, how many of the Ay(X)
rows are picked to contribute the diagonal entries. Thus, the sum over permutations can
be written as a sum over i:

[

d— d—1—1

_ _ T\ [ /72 i .
low deg term(det(A(w, uma).(c,u0s)) = (VD YT (T) <(2) ) (=1)'e(d, g,9),

=0

where

-5

o
i=0 J

For a given number i of Ay(X)-rows picked for diagonal entries, the sum ¢(d, g, ) counts
the added contribution by potentially having to pick a factor (r — 1), depending on the
graph, in the r-th-order rows. The summation index j counts the number of columns
picked where an (r — 1) is included, and the binomial coefficient product counts the
number of ways, potentially zero, that the columns can be picked such that exactly j
columns with a factor (r — 1) are picked. By Lemma 3.A.5

d—1

3 B i d—1 r\d—1—i ; _
low deg term(det(Am, o) ca00:)) = CICD (TN (5) T ()il
d—1 d—1
_ p2(d=1) ~(d-1) (T r_ _1)¢
N VAN CRD NN

Thus, the coefficient in front of the smallest degree term in the determinant of all of

A is not zero, it is
(g>d—1 (g - 1>d_1 1y (g)d(d—l)ﬂ—(d—l)'

The determinant of A is therefore not the zero polynomial in ¢, and there will exist a
(-value such that the corresponding M, Co and C, result in the determinant of A being
non-zero. O

Remark 3.A.6. In the proof we show that the rank of A4 is d> — 1 by removing the column
corresponding to the self-loop of the first node in the topological ordering and showing
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this matrix has rank d? — 1. However, the proof will work by removing any of the self-
loop columns. The only thing this will change is how to determine ¢, which counts the
columns where it is possible to obtain a factor (r — 1).

Remark 3.A.7. From the matrix A we could also remove columns corresponding to the
zero entries of M and only solve for the non-zero entries. This would not change the proof
in any substantial way. It would only make the set of rows R3 and R4, and corresponding
column sets Cg and Cy4, smaller, and their fixed contribution to the determinant later
in the proof would be smaller as well. But no arguments change or depend on how many
of the rows or columns in these sets are included as long as the only deleted rows and
columns correspond to zero entries in M given by the graph.

Proof of Corollary 3.53.5. Let Si,..., S, be the connected components of G. Let Cg,
and Rg, denote all columns and rows, respectively where all indices belong to the con-
nected component S;. Let Chix and Ry denote the rows and columns with indices
in more than one component. By definition of Ay and A,, see equations (3.3.10) and
(3.3.11), we see that A.g exhibits the following block structure if we organize the rows
and columns by connected components

C,S'l T CSm Cmix
Rs, (A% 0 -+ 0
. 0 .
Aoff = .
Rs,, : Agg” 0.
Roix\ 0 - 0  Amix

The zero-pattern is explained as follows: if we consider a — 8 € \S; then A2(¥)(1j).0—8 =
0if k€ S; or j &€ S;. Similarly, for the r-th-order Lyapunov equation rows. Explicitly,
by equation (3.3.11) we have that A,(K);, . i..a—p is given as some integer multiple of
Kais.,...i, given that 8 = 41, and similarly if 8 was equal to one of the other indices.
Thus, an entry can only be non-zero if 5 overlaps with (i1,...4,), and there is a trek
between o and the remaining ¢’s, so a and the remaining ¢’s need to belong to the same
connected component.
By the block diagonal structure

rank (Aog) = Zrank (Aff}) + rank (AZFY) . (3.A.9)
i=1

Each block, Aff_'f can have at most rank |S;| — 1 showing the first part of the Corollary,
rank (Aog) < d —m.

By Theorem 3.3.1, rank(Aff"f) = |Si| — 1 generically. This would be enough for the
m-dimensional identifiability of the graph with m connected components. However, it is
not enough in terms of understanding the exceptional set for the connected graphs.

To show that A?&X has full rank we notice that the square submatrix only indexed
by the r-th-order off-diagonal rows of the form (i...i5) and all columns in Cyix has
full rank. This is seen by noting that this matrix exhibits a block diagonal structure.
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3 Identifiability and Estimation in Continuous Lyapunov Models

For each connected component S; and each s € S; group the columns ¢ — s and rows
(t...ts) for t € [d] \ S;. The argument for the zero-pattern is completely analogous to
that for A.g by either using no overlap in the sink and indices of the rows or when there
is a matching a lack of trek between the source and the remaining indices.

Let s € S; for a given connected component and number the elements in tq,...% €
[d] \ S;, then the block on the diagonal corresponding to s has the form

(DS)(ti...tiS),(tj—)S) = Icti...titj .

Thus, if we pick M to be diagonal, each D, will become diagonal with Ky, 4,,..., Ky 4,
showing that each Dy generically has full rank. Thus, the entire square matrix generically

mix

has full rank, as does Ajg*. Combing this we obtain by equation (3.A.9)
rank(Aog) = d? — m,

so the rank drops by exactly the number of connected components generically. O

3.B. Appendix — additional proofs and supplementary material

3.B.1 Proofs about the estimator

Proof of Theorem 3./.2. By the law of large numbers, the empirical moments up to order
k converge in probability to the true moments. Since the cumulants can be obtained
by a continuous, and smooth, transformation of the moments, see, e.g., Section 2.4.3 by
McCullagh [2018] for an explicit formula we can apply the continuous mapping theorem,
Theorem 2.3 by Vaart [1998], to obtain that the empirical cumulants also converge in
probability to the true cumulants. As the matrix A is assumed to have entries equal to
cumulants, up to scaling by a real number, it follows by another use of the continuous
mapping theorem that

;P
A, — A for n — oco.

By definition, Vmin(M ) can be found as the unit eigenvector of AT A corresponding
to the smallest eigenvalue of AT A picked such that tr(M ) < 0. Let G denote this
function. Then G is continuous and smooth in an open neighborhood of the true A.
This holds since G is the composition of two maps, which are smooth in a neighborhood
of A. Clearly, the map X — X7 X is smooth. The unit eigenvector map for a simple
eigenvalue of a real symmetric matrix, Xg, is also smooth in a neighborhood of Xj,
see Theorem 1 by Magnus [1985]. To apply this result for AT A we note that we have
assumed ker(A) = span(vec(M)), so the smallest eigenvalue of A7 A is 0, and since the
kernel is one-dimensional it is a simple eigenvalue. Thus, we can apply the continuous
mapping theorem to conclude that

~ P
M, — M for n — oo.

If the distribution, additionally, has finite 2k-th-order moment, asymptotic normality
follow by an application of the delta method. By the central limit theorem, the empirical
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moments up to order k will be asymptotically normally distributed. Thus, since the
cumulants can be obtained by a differentiable function of the moments it follows by the
delta method that the empirical cumulants are also asymptotically normally distributed,
as written in equation (3.4.22). As A = Ak for A a fixed matrix, we obtain

Vi(vee(A, — A)) 2 N (0, 40A7)

for n — oo by use of the delta method.

As argued above M and M are obtained by applying the function G to A and A,
respectively, and since G is smooth in a neighborhood of the true A, it follows by the
delta method that

Vn(vee(M, — M)) 25 N (0, DG(A)AQAT (DG (A))T)

for n — oo, where DG(A) denotes the Jacobian evaluated in A. By Lemma 3.B.1, we
have

DG(A) = —vee(M)T @ AY,
and we obtain the asymptotic covariance matrix specified in the theorem. ]

We derive the Jacobian of a vectorized version of a map of matrices. This is done
using notation and conventions from Chapter 6 by Magnus and Neudecker [2019].

Lemma 3.B.1. Let G : R 5 R denote the function mapping a matric X to
Umin(X), the right unit singular vector of the smallest singular value of X. Consider a
matriz A € R* whose smallest singular value is simple and equal to zero with right
singular vector denoted vec(M). Then in a neighborhood of A, G is a smooth function
with Jacobian evaluated in A given by

DG(A) = m e —vee(M)T ® A*, (3.B.1)

where AT denotes the Moore-Penrose inverse.

Proof. We first note that the smallest singular value and its corresponding right singular
vector of a matrix X can be found as the corresponding smallest eigenvalue and eigen-
vector of XTX. Thus, G can be viewed as the composition of maps eig,;, o F, where
F maps a matrix X to X7 X and eig,;, maps a matrix to the unit eigenvector of its
smallest eigenvalue. We compute the Jacobian of each of these maps. Theorem 1 by
Magnus [1985] gives that the Jacobian of eig,,;, at AT A is given as

aeigmin

Deig,. (AT A) = —Z8min__
A = Svec(X))T | gy

= —vec(M)T @ (AT A)T,

since the smallest eigenvalue is zero with eigenvector vec(M).
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By letting € > 0 and Y any matrix of the same dimension as X we can write

vec(F(X +¢eY)) = vec (X +eY)T(X +¢Y))
= vec(XTX) + evec (YTX + XTY) + e?vec(Y'Y)
=vec(XTX) +e(XT @)K +T® X" )vec(Y) + e’vec(Y'Y),

by using rules of vectorization and Kronecker products, see Chapter 2 by Magnus and
Neudecker [2019], and where K denotes the commutation matrix that switches the vec-
torization of a matrix with the vectorization of its transpose. From this we can conclude

that
oF

O(vec(X)) [x_4

Thus, by the chain rule we obtain the following expression for the Jacobian of G at A

DF(A) = =AT® K +I® AT

_ Ovec(G) o T
= —vec(M)T @ (ATAT (AT @ K + I @ AT)
= —(vec(M)TAT @ (ATA)NK — vec(M)T @ (AT A)TAT
= —vec(M)T @ (ATA)TAT = —vec(M)T ® AT,
by using that Avec(M) = 0. O

Proof of Corollary 5.4.3. We rewrite
(vec(M)T ®AT) A

in a way to avoid forming the large matrices vec(M)” @ A* and A. The columns of
A are indexed by the unique vectorizations of the second- and r-th-order cumulants
Y11, .00, 24d, K11, - .o, Kg..q- We let the second- and r-th-order cumulants jointly be
given by  and let j index this set. If we consider column j of A, A, ; as being written
as the vectorization of a D x d? matrix. Then this matrix can be seen to be A evaluated
at the point where every cumulant except j is equal to zero and j = 1. If we let x; =1
denote the vector of second- and r-th-order cumulants where the j-th is set to one and
the remaining to zero, we obtain that

A, j = vec(A(kj =1)).

Then
(vec(M)T ® A%) A, j = AT A(kj = 1)vec(M),

and therefore,

(vee(M)T @ AT) A= AT [A(k1 = 1)vec(M) - - - A(rq = 1)vec(M)].
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Each column A(x; = 1)vec(M) is by definition of A the off-diagonal Lyapunov equation,
of order 2 and r combined, evaluated at M, and the cumulant x; for which the j-th-
order cumulant is one and the rest are zero. Thus, this matrix is just equal to the block
diagonal matrix

Bo(M 0
(Al = 1)vec(M) -+ Ay = D)vec(M)] = By, (M) = < t BT(M>> |
with By (M) defined by equation (3.A.3), so we obtain that
(vec(M)T ® AY) A= AT By, (M),

which finishes the proof. O

3.B.2 General Lyapunov models and trek formulas

For our main results we assume that the continuous Lyapunov model has diagonal cu-
mulants of the driving Lévy process. To encode a more general sparsity pattern of
the cumulant we introduce graphs with blunt edges, as was done in covariance case by
Varando and Hansen [2020]. In this appendix we will provide this definition for any
order cumulant of a continuous Lyapunov model and derive general trek formulas in this
setup.

Definition 3.B.2. Let G = ([d], E, B) be a k-th-order mized graph with E denoting the
set of directed edges (—) and B denoting the k-fold blunt edges (—). Let
RY = (M e R | M;; =0if j — i & F}
Sym*(RME = {C € Sym"(RY) | Cy, . i, = 0if (4,...,iy) & B}.

If (M,Cy,) € R4 x SymF(R?) satisfy that M € RF and C;, € Sym*(R%)E we will say
that they are compatible with the mized graph G.

In Figure 3.B.1 there is an example of a second-order mixed graph and corresponding
zero-pattern of (M,Cz). The directed edges are directed and drawn in black and the
blunt edges are drawn in blue and undirected, so the order the nodes are written in is
irrelevant.

Co =

.
- (1> M
NE=o =4

Figure 3.B.1: Example of a second-order mixed graph G = ([4], E, B) and corre-
sponding zero-pattern of pair (M,Cs) compatible with G.
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Since the steady-state solution to equation (3.1.1) only exists if the drift matrix M is
stable, we let Rgab denote the subset of R” that consists of stable matrices as in the main
paper. Furthermore, some cumulants, e.g., the covariance, satisfy positive definiteness,
so when such further positivity constraints are applicable, this should also be included
in the model definitions. As in the main paper, we will always assume that the directed
part of the graph G = ([d], E') contains all self-loops.

We can define the continuous Lyapunov model of a certain order k£ by the set of
distributions in P, where G represents only the directed part of the mixed graph, and
where the Lévy process has finite k-th-order moment and the k-th-order cumulant of
the Lévy process is compatible with the blunt edges in G, i.e., C; € Sym" (RHB. As in
the main paper, we will also consider the finite-dimensional set of cumulants of order k,
which can arise in this way, as solutions to the k-th-order continuous Lyapunov equation
with (M, Cy) corresponding to a mixed graph.

Definition 3.B.3. Let G = ([d], E, B) be a k-th-order mized graph on d nodes. Then
the continuous k-th-order Lyapunov cumulant model is the set of k-th-order tensors in
the set

ME = {K € Sym"(RY) | K x1 M +---K x M +C, =0 for M € RE,, and C}, € Sym"(R%)B}.

In the following we will derive two different general trek rules for the k-th-order Lya-
punov equation.

When considering the integral equation (3.A.4) for the solution to the k-th-order
Lyapunov equation there are at least two different options of how to derive a trek formula
from it. It depends upon whether you are willing to make an assumption on the spectral
radius of M or not. The first option is to consider

]C(S) = / Ck X1 eMt X9 eMt o Xk €Mtdt, (3.B.2)
0

which clearly satisfies lims_,,o/C(s) = K, and then obtain a trek formula expression for
K(s) as is done in the case k = 2 by Varando and Hansen [2020]. The other option
requires an assumption which allows one to exchange integration and sums, as is done
for k = 2 by Hansen [2025]. Before we proceed with either, we will first give a general
definition of a k-trek.

Definition 3.B.4. Let G = ([d], E, B) be a k-th-order mized graph. A k-trek T between
the nodes i1, ...,y consists of the following: a k-fold blunt edge ((j1)1,--.,(Jx)1) in the
graph G and k directed walks in G

m (i) = ()2 =i

T - (Jn)l — (Jn)2 cee = g

Let ¢;, (T) denote the length of the walk going to iy, and T (i1,...,ix) denote the set-up
of all treks between the nodes i1, ..., k.
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Note that each of the walks is allowed to have length 0. If the blunt part of the graph
only contains the self-loop blunt edges (corresponding to the C being diagonal) we can
also define the trek from only a directed graph, because in this case the top nodes have
to be the same in all the paths constituting the trek.

Example 3.B.5. We can compare the 2-treks in the graph in Figure 3.2.1 and Figure
3.B.1, where the directed part of the graph is the same, but the blunt edges are different.
In Figure 3.2.1 there are not drawn, which corresponds there only being the self-loop
blunt edges and Cy diagonal. We only consider the simple 2-treks meaning the ones
without directed loops, since otherwise there are infinitely many but they all have to
arise from adding loops to one of the simple treks. We provide two examples of pairs of
nodes and the treks between them. If the top of the trek is a self-loop blunt edge v — v
we do by convention not write the blunt edge but just the given node in the middle of
the trek as < v —.

Treks between 1 and 2: In Figure 3.2.1 there are none, in Figure 3.B.1 there are
two simple treks

1—2 1—=3— 2.
Treks between 2 and 4: In Figure 3.2.1 we have
24, 2—-3—4,23—>4,2<3+1—-3—=>4.
In Figure 3.B.1 there are all the same as in Figure 3.2.1 as well as all the following

24,

2—1—=3—-4,23+1—2—3—4,
243—H1—-3—-4,2+4+3+1—3—42+3—1—3—4,
24+3—~1—-3—>4

234,24 3—42<4—3—=4.

In order to prove the trek formulas, we provide the definition of a trek polynomial.

Definition 3.B.6. Let G = ([d], E, B) be a k-th-order mized graph and let (M,C) be a
pair of a d x d stable matrix and k-th-order tensor that is compatible with G then for T
a k-trek with the blunt edge ((j1)1,...,(Jn)1) as its center, we define

k
w(M,C,1) = C(j1)17~~~,(jk)1 H H Mga.-

m=1 a—BEmm,
This is called the trek polynomial corresponding to the trek T.

We will prove two different trek rules. In both cases, we write the proof for £k = 3 for
notational convenience, it is easy to see from the proof how it generalizes to general k
and we will write this result as well.
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3 Identifiability and Estimation in Continuous Lyapunov Models

Proposition 3.B.7. Let G = ([d], E, B) be a third-order mized graph and let (M,C) be
a pair of a d x d stable matriz and C third-order tensor that is compatible with G then
for K(s) as defined by equation (3.B.2) (for k = 3) we obtain

Szil (T)+€i2 (7’)-%-(“3 (T)+1

(KDiwiis = D g (W (1) + () F () 5 1)

TET (i1,i2,i3)

w(M,C,T).

Proof. First we consider the general expression for (s). We obtain the following by
using the series expansion for the matrix exponential and using that we can exchange
the sum and the integral since M is stable so the infinite sum is convergent.

=0m=0 k=0
. 0 oo tn+m+k
ZZZ/ P20 sy M o M™ xg M
nlm!k!
n=0m=0 k=0
0 0 gnhtm+k+1 .
n m
;;Zn'm'k'n+m+k+1)cle e M7 X3 M

To derive an expression for the (i1igi3)-th entry we need an expression for the (i;i2iz)-th
entry of C x1 M"™ x9 M"™ X3 MF. By definition

(C X1 Mn X2 Mm X3 M 111213 Z ZZCO‘BW z1a : (Mm)fm,@ (Mk>i3'y-
a=1p=1~=1

Since M is an adjacency matrix (M");,o is the sum of all walk polynomials of directed
walks in G from « to i1 of length n. Thus, the sum above will be the sum of the trek
polynomials over all treks between 41,79 and ¢3 where the three walks going to i1, 2
and i3 have lengths n, m and k, respectively. Combining this with the expression above
where we sum over all n,m and k we obtain

0; (T)+€Z (T)+£i (T)+1
sti1 2 3
(K(S))i1i2i3 = Z OJ(M,C,T),

€T (i1 yinsi: Zh (T)!EiQ (T)!Ei:; (7_)'(611 (7_) + Eiz (T) + €i3 (T) + 1)
T 11,92,13)

as we wanted to prove. O

Proposition 3.B.8. Let G = ([d], E, B) be a k-th-order mized graph and let (M,C) be
a pair of a d X d stable matriz and C k-th-order tensor that is compatible with G then
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3.6 Discussion

for K(s) as defined by equation (3.B.2) we obtain

Syl ()41

K it = Y. = w(M,C,7).

reTtiviain) [t iy (M (1 £, (1) +1)

Remark 3.B.9. The primary usefulness of this result is that the k-th-order cumulant
(K(5))iy...i), = 0 if there is no k-trek between i1, ...,4; and by taking the limit this also
applies to K.

If we make additional assumptions on M we will be allowed to interchange the sum
and limit operation to obtain a trek formula for the cumulant directly as is done for
= 2 by Hansen [2025]. For any M we can decompose it by subtracting a scaled version

of the identity matrix, Ijxq,
M=A—s 144 (3.B.3)

One way to choose s would be to choose it such that s - I« equals one or more of the
diagonal elements of M. Then there is one less non-zero entry in A than in M, which
might make the trek formulas simpler, because there will be fewer treks. Another choice
would be s = 1. Then as long as M;; # —1, A and M would have the same zero-patterns
and therefore the same treks. We will let w(A,C,7) denote the trek polynomial for A
independently of whether it will be the same as for M. In the case of s = 1, this yields
the following trek rule.

Proposition 3.B.10. Let G = ([d], E, B) be a third-order mized graph and let (M,C)
be a pair of a d x d stable matriz and a k-th-order tensor that is compatible with G, and
let A be defined by equation (3.B.3). If A has spectral radius strictly less than 1, then
for K € M2,

37000 DTN (G (1) + iy (7) + iy (1) +1)
Eil (7’)'&2 (7’)'&3 (7’)' ’

(K)i1i2i3 = Z W(Avc’T)

TET (31,12 ,ig)

Proof. We obtain the following using the definition of A, the matrix exponential and the
gamma distribution, and that we can interchange the sum and integral because of the
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spectral radius assumption.
o0
IC:/ C><1 €Mt X9 eMt X3 eMtdt
0
o0
- / C x1 e —laxa)t ) o(A=laxa)t o o o(A=Taxa)tqy
0

o
:/ e 3. C x4 Mt X9 et X3 eMdt
0

00 2 o0 mn o0 tm 0 tk X
= e 2. C x — A" % —A™ % —A"dt
/0 ! Z_: 72 Z::O ml 5 kzo k!

o © 00 yntm+k o —
—ZZZ/ B T ey A o AT x5 AR
nlmlk!
n=0m=0 k=0

oo o0 o0

—n—m—k—1p k41
222323 '(”fm* 1) o) A xp AT x5 AT,
nlm!k!
n=0m=0 k=0

We take the (i1i2i3)-th entry and use the same derivation as in the proof of Proposition
3.B.7 to obtain an expression for C x; A™ x5 A™ x3 AF by 3-treks to obtain that

3=t (D=t (=g M=IT (4, (1) + €3, (1) + Ly (T) + 1)
o A = Y =
(Kiviais = Y, wh,C1) Uiy (7)1, (7)1, (7)) ’

as we wanted to prove. ]

T€T(i1 112 77,'3)

The above calculation can easily be carried out for a general decomposition of M as
given in equation (3.B.3) to obtain a trek rule that might be more useful in specific
cases. An example of this is Lemma 3.A.3. The trickiest part in terms of using this trek
rule is to ensure that A has spectral radius strictly less than 1, which is something that
can be more easily ensured when M is lower-triangular, i.e., the graph is a DAG with
self-loops, as in Lemma 3.A.3. Below is the generalization for higher-order k.

Proposition 3.B.11. Let G = ([d], E, B) be a k-th-order mized graph and let (M,C)
be a pair of a d x d stable matriz and a k-th-order tensor that is compatible with G, and
let A be defined by equation (3.B.3). If A has spectral radius strictly less than 1, then
for K e M]é

-3k ;. (1)—1
o~ Zi=1 4 (7) 1“(2’?_ eij(r)+1)

=1

Kii iy = Z w(A,C, 1) ]_[k e
TET(Z'l,’L'Q,...,ik) j=1"%%; .

3.B.3 Additional identifiability results

In this section we provide an additional identifiability result for continuous Lyapunov
models. Contrary to Theorem 3.3.1, we assume that a given cumulant of order at least
three of the Lévy process is known, as explored by Dettling et al. [2023] in the covariance
case. In this case we show generic identifiability of M for any graph with all self-loops.
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3.6 Discussion

Proposition 3.B.12. Let G = ([d], E) be any directed graph with all self-loops and r > 3
an integer then the r-th-order continuous Lyapunov model My, where C, is assumed
known and diagonal with non-zero diagonal is generically identifiable.

Proof. To show generic identifiability, we exhibit a choice of M in Rgab such that a
suitable submatrix of A, (K) as defined by equation (3.3.8) has rank |E|, so that we can
solve the system in equation (3.3.8) for the non-zero entries of M.

We let M be any stable diagonal matrix (so it has negative values on the diagonal).
This choice of M will be in Riab for any directed graph with all self-loops, which we have
assumed the graph to have. When M is diagonal (with all diagonal elements non-zero)
it follows by the general trek-rule that exactly IC; ; # 0 for all ¢ but all other entries of
K are zero since C, is assumed diagonal.

Consider the submatrix A of A,(K) with the columns indexed by i — j € E and rows
indexed by (i...ij) for i — j € E. This especially includes the diagonal rows (i...1)
for all 7 € [d]).

By equation (3.A.6) we see that see that A,(K);..ij),i—j) = Ki.ifori# jandi — j €
E and that A,(K)(;...ij),(a—p) Is never equal to a diagonal entry of K if (a« — ) # (i — j)
by equation (3.A.6).

Furthermore, A;(K);. s)iwi = rKi_i and for any other column A,(K)(. 4) (ap) 18
never equal to a diagonal entry of K.

Thus, we conclude that the submatrix A has diagonal entries of K (upto multiplication
by r) on its diagonal and all off-diagonal entries equal to off-diagonal entries of C. Thus,
by picking M to be diagonal with negative diagonal the determinant of A is just a
product of diagonal entries of IC

det(A) = H Ki...i H rli. i
i—jEFRiF#] 1€[d]

which are all non-zero by choice of M and the diagonal of C, being non-zero . Therefore,
det(A) # 0 for this choice of M, which completes the proof. O

3.B.4 Auxiliary results when the Lévy process is a compound Poisson
process

Since Z; is infinitely divisible, its characteristic function is of the form E(eiszl) =)
where ¥ is the Lévy exponent. Its k-th-order cumulants can then be expressed as

C, = (—i)"DFw(0) (3.B.4)

provided that ¥ is k times differentiable in 0. If the Lévy process is a compound Poisson
process, its Lévy exponent is of the form

U(z) = A / e “P(du),

where A > 0 is the rate parameter of the homogeneous Poisson process, and the prob-
ability measure P is the jump distribution. Using (3.B.4) we find that for a compound
Poisson process, the k-th-order cumulant for k£ > 2 equals
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3 Identifiability and Estimation in Continuous Lyapunov Models

Ck—)\/u®u®...®uP(du). (3.B.5)
—_———

k factors
Suppose next that the coordinates of Z are, in fact, independent univariate compound
Poisson processes. The i-th coordinate, denoted Z¥, has Lévy measure \;P;, where
A\; > 0 and P; is the univariate probability distribution of the jumps of Z(®). Then Z is
a compound Poisson process with A = A1 + ...+ A, and

d
i
P=2 3P

where the probability measure P; on R? is given by

/f( - (du) /f 0,50, . 0)P(dluy).

From this it follows that Cj is diagonal with

diag(Cp,) = <)\1/uk Pl(du),...,)\p/uk Pp(du)> . (3.B.6)

Note that for a compound Poisson process with independent coordinates, it is with
probability one always only one coordinate that jumps at a time.

We can use specific compound Poisson processes to prove the following about the
surjectivity of ma ..

Proposition 3.B.13. Let r be an integer such that r > 3.
(1) If r is odd the map o, is surjective.

(i1) if r is even the map w2, is not surjective but does map onto a fully dimensional
subset of O¢.

Proof. The proof is constructive and only focuses on the part of the map @ — (C2,C,),
since 7y, is the identity on the M coordinate.

Furthermore, since Co and C,) are assumed diagonal, we can construct the example
by considering a Lévy process, and corresponding infinitely divisible distribution, with
independent coordinates. For this reason, it is enough to construct a univariate Lévy
process with a given covariance co and r-th-order cumulant c,.

We let the Lévy process be a compound Poisson process. By equation (3.B.6) the
cumulants of the compound Poisson can be found as the rate parameter multiplied by
the raw moments of the jump distribution, P,

Cr = )\/uk P(du).

Thus, (i) and (ii) follow by (i) and (ii) in Lemma 3.B.14. O
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3.6 Discussion

Lemma 3.B.14. Let r be an integer such that r > 3 and (c2,¢,) € R2 with ¢3 > 0 and

cr # 0.

(i) Ifr is odd there exists a probability distribution P such that E[X?] = ¢y and E[X"] =
¢ for X ~ P.

1) if r 18 even and |c,| > ¢’ there exists a probability distribution P such that =
i) ifri d o2 1, : bability distribution P such that E[X2
co and E[X"] = ¢, for X ~ P.

Proof. The proof is constructive. We provide an example of 2-point distribution P such
that E[X?] = ¢ and E[X"] = ¢, if X ~ P, with the extra condition |¢,| > 02/2 if r is
even. Let

P(X =a) =p, P(X=b=1-p

for a,b € R and p € [0,1]. Then the condition E[X?] = ¢y and E[X"] = ¢, is equivalent
to being able to solve the following system of two polynomial equations

co = a’p + b*(1 — p), e =ap+b(l—p) (3.B.7)

for a, b and p.
If |ep| > 02/2 then

1/(r-2)
, D=20C

e |2/ 72)

b=0, a=sign(c)- ’T
C2

(a

/

is a solution to the polynomial equations (3.B.7), and the assumption |c,| > c; 2 guaran-
tees that p € (0,1]. If |¢,| = 02/2 we have p = 1, and the distribution becomes a 1-point
distribution. This proves (ii) and acts as the first case of (i).

If e < 62/2 and 7 is odd then

1 r
b=—c2, a=e, p=2<1+ f/2>
Ca

is a solution to the polynomial equations (3.B.7). The assumption that |c,| < cg/ 2

guarantees that p € (0,1). If r were even, a” = b", and it follows that a, b and p is only
a solution for odd r. This concludes the proof of (i). O

Remark 3.B.15. The inequality for even r in (ii) is necessary in the sense that it can be
seen by Jensen’s inequality that E[X"] > E[X?]"/2 for any probability distribution when
r is even.
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3.B.5 Details regarding the numerical experiments and additional results

Simulations from the steady-state distribution are obtained by using the representa-
tion (3.A.1). Supposing that M can be diagonalized as M = QDQ™', where D =

diag(d,...,d4) is a diagonal matrix of complex eigenvalues, we get that
oo 00 fOoo 6518d25(1)
X:/ M%@:/ QePQ 'z, = Q : (3.B.8)

where Z{V = (Q1Z,);.
Our numerical experiments use simulations from M-selfdecomposable distributions
given in terms of:

1. A Lévy process Z with independent coordinates, each being a compound Poisson
process with beta distributed jumps.

2. A stable M-matrix parametrized by a correlation parameter p and a parameter =y
controlling the asymmetry of M.

The ¢-th compound Poisson process is
N
z =3 g9,
j=1
(@) 5(0)

where N is a homogeneous Poisson process with rate \; > 0 and Ji7,J5 7, are did.
beta distributed jumps. In this case, each univariate stochastic integral in (3.B.8) is an

)

infinite sum over jumps of ZS ,

/gﬁmzzyw% (3.B.9)
0

Jj=1

with the exponential factor decaying rapidly due to stability of M. Simulations of X
are implemented via truncation of the infinite series (3.B.9).

The i-th Poisson process has rate A; > 0, and all d independent compound Poisson
processes have beta distributed jumps sharing the parameters v > 0 and p € (0,1),
known as the mean and size parameters, respectively, of a beta distribution. The shape
parameters are given as («, 8) = (uv, (1 — p)v) in terms of these parameters.

Since the k-th raw moment of a beta distribution is

k-1
/ukP(du) = MV+T,

[ T
r=0 T

the diagonal k-th-order cumulants are by (3.B.6) given as C;; = E(Z{i)) = Ap and

Cr . '_)\k_l,uy—l—fr’_,uu—l—k—l o
kyi...i — 14 vtr - v+ k—1 k—1,i...3
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Root mean squared error and total bias (dashed)
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Figure 3.B.2: Estimation errors for the least singular value estimator based on all
second-, third- and fourth-order cumulants. Circles connected with full lines show
the y/n-scaled root mean squared error, while the squares connected with dashed
lines show the y/n-scaled total bias.

fork>2andi¢=1,...,d. The d X d matrix M is parametrized as

—-d v ... 7 l—-n —m ... =

-y —d ... 7 -n 1l=-n ... —q
M= (yE**Y —dI)(I—nE)=| . . | . . o .

-y =y ... —d -n -n ... 1—n

where [ is the identity matrix, E is the matrix with E;; = 1, and F5kev s the skew
symmetric matrix with Efjkow =1 for i < j. The parameters are v € R and n < 1/d. If
Al =...= Ag = A, then with

_ Au(pr +1)

- 2d(v+1)
we have Co 4 = 2dc, and it is straightforward to see that the positive definite matrix

Y =c(I- T]E)fl solves the second-nd order Lyapunov equation for the choice of M
above. By the Sherman-Morrison formula

Z:c(InE)1:c<I+1_77dn >

The variance of all coordinates is

o214 :Cl+(1—d)n’
1—dn 1—dn
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and the correlation between any two coordinates is

_ 1 _ 1
14+ (-dnp g+ (1-d)

p

The correlation is thus entirely determined by 7, it increases monotonically with 7, it is
positive for n € (0,1/d), tending to 1 for n — 1/d, it is 0 for n = 0, and it is negative
for n < 0, tending to —1/(d — 1) for n — —oo. The parameter v does not affect the
covariance matrix but determines the asymmetry of M. For the numerical experiments,
M is parametrized by the correlation parameter p via

P

T= 15 pd—-1)

for pe (=1/(d—1),1).

3.C. Linear Shrinkage estimator

As an alternative to the singular value estimator from Definition 3.4.1 one could also
a imagine an estimator where Avec(M) is minimized under a linear constraint instead.
To this end let w € R denote a vector which is linearly independent of the rows of A.

Then the matrix defined by
Ay = < AT> , (3.C.1)

w

will have full rank (= d?) for the true (3,K) € Mér. Thus, A,, determines a unique
element vec(M,,) € ker(A) characterized by being the unique solution to

Ayvec(M) = epy1,

where epy1 € R is the vector which is 0 for all the first b entries and with the last
entry equal to 1. So vec(M,,) is the unique element in the kernel of A satisfying the
linear constraint w’vec(M,) = 1. Throughout we assume w is picked such that M, is
stable. Since A, has full rank, we can write

vec(My) = (AL A) 1AL ey .

So a sensible estimator of vec(M,,) would be

vee(My) = (AL A,) 1A ey, ). (3.C.2)

In practice when we estimate A by its sample version A it will typically already have full
rank, so by adding a linear constraint, the sample version Ay yields an overdetermined
system. Thus, the estimator defined by equation (3.C.2) will not satisfy the constraint
wTvec(Mw) = 1 exactly but instead shrink towards it. It will only satisfy the constraint
exactly in the limit.
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We explore how the asymptotics of M, and the singular value estimator M compare.
To this end we note that A, is given as an affine map in the cumulants of the form

A

vec(Aw) = Aok + vec(0,...,0,w), (3.C.3)

where Ay is given by the block matrix with A as defined in equation (3.4.21) above an
additional p? rows of zeros corresponding to the last row of A,, which doesn’t depend on
the cumulants. We let & denote the unique vectorizations of the empirical cumulants. By
essentially the same proof as that of Theorem 3.4.2 we obtain the following asymptotic
result about the estimator Mw.

Theorem 3.C.1. Let X4,...,X,, be an i.i.d. sample from a distribution in Pg with
finite k-th order moments, and suppose that Ay, is a matriz whose entries are linearly

dependent on the cumulants with full rank of the form (3.C.1). Let (Ay)n denote the plug-
in estimator of Ay based on the empirical cumulants and let vec(M,y,) be the estimator
defined by equation (3.C.2). Then

(Aw)n i Ay, (Mw)n i My, (3.C.4)

for n — oco. If, additionally, the distribution has finite 2k-th order moments,

Vi(vee((Ay)n — Aw)) 2 N (0, AsQAY)
Vivee((My)n — M) 25 N (0, (vee(Ma)T © Af) AgQAT (vec(M,) @ (A5)7))

for n — oo, where A}, denotes the Moore-Penrose inverse of Ay, My, is the element in
ker(A) such that w'vec(M,) =1 and ) is defined by equation (3.4.22).

Proof. The proof proceeds exactly as the proof of Theorem 3.4.2 by using the continuous
mapping theorem and the delta method with Lemma 3.C.4 at the end of the section
providing the needed derivative. O

As was the case for Theorem 3.4.2 we can obtain a corollary where the asymptotic
covariance is rewritten slightly.

Corollary 3.C.2. If A is defined by equation (3.4.18) and A, by equation (3.C.1) the
asymptotic covariance of vec(My,) can also be written as

1M |12 [((I = vee(My)w™) AT) By (M)] Q [((I = vee(My)w™) AT) By, (M)]"

where By (M) is the block diagonal matriz with Bo(M) and B, (M) on the diagonal, M
denotes the stable matriz of Frobenius norm one such that vec(M) € ker(A), and || - ||
denotes the Frobenius norm of a matrix.

If w = vec(M) then the asymptotic covariance of vec(My,) simplifies to

(AT By, (M))Q(AT By .(M))T.
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Proof. The first part of the proof is almost identical to the proof of Corollary 3.4.3 if
we replace M by M,, A by A, and A by Ag. As in that proof, we let the second-
and r-th-order cumulants jointly be given by « and let j index this set. Doing the same
argument as in Corollary 3.4.3 we can write

(Ao)s,; = vec(Ao(k; = 1)),
where Ag is defined as A, with w = 0. We then obtain
(Vec(Mw)T ® A;Z) Ao = A [Ao(k1 = 1)vec(My,) - - - Ag(kg = 1)vec(M,)] .

Each column Ay (x; = 1)vec(M,,) is by definition the off-diagonal Lyapunov equation
of order 2 and r combined with an additional zero entry at the end, evaluated at M,
where x; = 1 and the rest of the cumulants are equal to zero. Thus, this matrix is just
equal to the block diagonal matrix

By (M) 0
[Ag(k1 = 1)vec(My) - - - Ag(kq = 1)vec(My)] = Boyo(My) = 0 B,.(My) |,
0 0

So we obtain that
(vee(My)" @ AY) Ao = Al Bayo(My). (3.C.5)

Let vec(M) denote the element in ker(A) which has norm 1 with M stable, then
we can write M,, = ||[My||[M. Since B, is linear in M we can write By, o(My) =
| My [ B o (M).

To obtain the expression given in the Corollary we need an expression for the Moore-
Penrose inverse of A, in terms of A and w. Since it is given by the block structure,

A
()

we obtain by the Greville formula [Greville, 1960] for the Moore-Penrose inverse that

+ _ +  TwTat T
Ap= (4t - i),
where ¢ = w? (I — AAT) under the assumption that w? is not in the rowspace of A,
which is a consequence of the assumption that w is such that A, has full rank.
Because of the zero row in By, (M) the product of A7 and Ba,o(M) is simply the
the left-most block in A, multiplied by Ba (M), so we obtain that equation (3.C.5) can
be written as
Twl AT
]|

Af Boyo(Ma) = [ M| (A+ _ ) B (M), (3.0.6)

by also using BQ’T70(Mw) = ||Mw||B2,r,0(M)-
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To obtain the formula given in the corollary we observe that (I — AA™) is the orthog-
onal projection onto the kernel of A. Therefore, if we let vec(M) denote the element in
the kernel of A which has norm 1 with M stable, (I — AA™") = vec(M)vec(M)T, so

¢ = wlvec(M)vec(M)T,

and
lell* = (w”vee(M))?.

Thus, if we use that M,, = || M,,||M and w? M,, = 1 we obtain that ¢’ /(||c||?) = vec(M,,).
Inserting this into equation (3.C.6) yields the expression given in the corollary.

In the case w = vec(M), the constraint w’vec(M) = 1 results in M = M,,. Fur-
thermore, for w equal to any element in ker(A) (so a multiple of vec(M)) the product
w? At is 0. To see this we first rewrite it as (AT)Tw. By definition of the Moore-Penrose
inverse the kernel of (A1)7 is equal to the kernel of A, so if w € ker(A), (AT)Tw = 0.
Inserting this and M = M,, into the expression for the covariance we obtain the special
case for w = vec(M). O

~

Thus, if we could pick w = vec(M) the asymptotic covariance of vec(M,,) and the

singular value estimator, vec(M ), would be the same. However, vec(M,,) will generally

~

not have norm one like the singular value estimator, vec(M). With the current definition

of vec(M,,) the asymptotic covariance scales with the norm of vec(M,,) which is only 1
if we pick w = vec(M). Thus, to be able to make a more sensible comparison of the
asymptotic covariances of two estimators we normalize the linear shrinkage estimator.
Define the following estimator

vec(M,) = W, (3.C.7)

as vec(M,,) rescaled by its norm. Thus, vec(M,,) will always have norm equal to one just
as the singular value estimator does. Furthermore, by the continuous mapping theorem
it will converge in probability to vec(M) which is the element in the kernel of A which
is stable and of norm one. That it converges to the stable matrix (and not the negation
of it) is ensured by picking the correct sign of w. It converges to the same value as the
singular value estimator, so it is sensible to compare their asymptotic covariances. We

show in Theorem 3.C.3 that vec(M,,) and vec(M) actually have the same asymptotic
covariance for any w such that A, has full rank and M, is stable.

Theorem 3.C.3. Let w € R be any vector such that Ay, has full rank and wlvec(M,,) =

1 for M, stable and M, € ker(A). Let vec(M,) be defined by equation (3.C.7) and
vec(M) be the singular value estimator defined by Definition 3.4.1. Then the two esti-

~ ~

mators vec(M) and vec(M,,) have the same asymptotic covariance.

Proof. We will show that the asymptotic covariance of vec(M,,) is equal to the expression

given for the asymptotic covariance of vec(M) in Corollary 3.4.3.
Let g : R — R? denote the map that normalizes a vector, g(z) = z/||z]|. Then

~ ~

vec(My,) = g(vec(My)). Thus, we can obtain the asymptotic distribution of M,, by

131
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application of the delta method and using the expression for the asymptotic covariance
of vec(M,,) provided in Corollary 3.C.2.

The Jacobian of g is Dg(x) = (I — zz”/|z||?)/||z||. Thus, the asymptotic covariance
of Mw is

Dg (vec(My)) WDg (vec(My)), (3.C.8)

for ¥ equal to the covariance of M, given in Corollary 3.C.2.

Thus, the asymptotic covariances of the normed linear shrinkage estimator and the
singular value estimator are equal if

Dy (vec(My)) || Myl| ((I — vee(My)w") At) = AT, (3.C.9)

by comparison of Corollary 3.4.3 and Corollary 3.C.2.

Inserting the expression for Dg and observing that the Frobenius norm of a matrix is
the same as the 2-norm of the vectorization of that matrix we obtain that the left hand
side equals

vec( M, )vec(My,)T
(o ) sy

B _vec(Mw)vec(Mw)T + _vec(Mw)vec(Mw)T vec Wl A+
‘(I [vec(M,) 2 >A (I [vec(M,) 2 ) (MyJw” A

The second term vanishes since

(1 )

is equal to the projection onto the orthogonal complement of vec(M,,) Therefore, when
it is multiplied onto vec(M,,) it is equal to zero.

To see that the first term is just equal to AT we use the same argument as in the last
part of the proof of Corollary 3.C.2, which yields that vec(M,,)T AT = (A1) vec(M,) =
0 since the kernel of (A1)7 is equal to the kernel of A and vec(M,,) € ker(A) by definition.
Thus, we have shown that (3.C.9) is true, which completes the proof. ]

Lemma 3.C.4. Let G : R™™ — R™ denote the map G(X) = (XTX)~1XTb forb € R".
If A € R™™ 4s a matrix of full column rank such that Av = b for v € R™, then the
Jacobian of G, evaluated at A is given by

_ Ovec(G) __,T T -1 4T _ T o A+
DG(A)_avec(X)T M v @ (ATA)TTAT = vt @ AT

Proof. We calculate the derivative of G' as in Magnus and Neudecker [2019] and then
vectorize at the end to obtain the Jacobian. If we let H = X7 X we obtain

dG =d(H YXTb+ H 'a(XT)b, (3.C.10)
by the product rule. We find
dHY=-H Y dH)H™', dH)=dX")X + XTd(X),
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and inserting this into equation (3.C.10) we obtain the differential of G

dG = —H ' d(XT)X + XTa(XxX)H ' XTo + H1d(XT)b
= H'd(XT")(b - XG(X)) - H'XTd(X)G(X).

Vectorizing the equation and using rules of vectorization of products, see Chapter 2
in Magnus and Neudecker [2019] we obtain

vec(dG) = (b — XG(X))T @ H™ ') vec(d(XT)) — (G(X)" @ H'XT) vec(d(X))
=((b-XGX)'eoH YK - (GX)" @ H'XT)) vec(d(X)),

where K denotes the commutation matrix changing the vectorization of a matrix to the
vectorization of its transpose. Thus, the Jacobian of vec(G) with respect to vec(X) is
the matrix multiplied onto vec(d(X)). Evaluating at X = A we obtain

DG(A) = (((b— A)' @ (ATA) ) K — (vT ® (ATA)AT)) = — (vT ® (4T 4)~ AT,

since A has full rank and G(A) = v and Av = b. O
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4 Causal Inference with Latent Operator
Selfdecomposable Distributions

ALEX MARKHAM, CECILIE OLESEN RECKE, NIELS RICHARD HANSEN

Abstract

This manuscript represents work in progress. The goal of the final version is
to describe a complete workflow for learning latent operator-selfdecomposable dis-
tributions (latent OSDs) from single cell biology data. The OSD distributions
are multivariate distributions, which can be interpreted as cross-sectional steady-
state distributions from a stochastic dynamical system. The final workflow will
be able to integrate observational and interventional data. The current version
of the paper outlines the theoretical foundation. That is, it describes the OSD
distributions, their causal semantics, the observation noise model, and the cumu-
lant equations that will be central for the learning algorithms. Leveraging recent
identification results for OSD distributions, we show a generic identification result
for latent OSD distributions when the observation noise is Poisson.

4.1 Introduction

Cross-sectional observations from dynamical systems with feedback loops is a challenge
for conventional structural causal models. A prime example is single cell data, where the
cell is destroyed during measurement, making it impossible to follow the dynamics of any
individual cell. Data thus consists of mere snapshots of the cell constituents determined
by the cell’s intricate regulatory feedback mechanisms. The ambition is, nevertheless,
to reverse engineer the gene regulatory network from the cross-sectional distributions.
Sethuraman et al. [2023] presented a method for learning such a network, that allows
for feedback loops, in terms of conventional structural causal models with cycles.

Contrary to the literature based on structural causal models, recent approaches by
Wang et al. [2023]; Rohbeck et al. [2024]; Guan et al. [2024, 2025]; Lorch et al. [2026] are
based on dynamic process models of chemical reactions in the cell. A related approach
to model single cell constituents via dynamical marginal models was given by Gorin
et al. [2022]. Tt is characteristic of these approaches that they do not posit a structural
equation of the cross-sectionally observed variables but rather of the underlying dynam-
ical process. Such a model specification then implicitly defines models of cross-sectional
observations.
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Figure 4.1.1: Scatter plots of single cell count data for three highly correlated genes
and n = 5892 cells. The integer data points are jittered to avoid overplotting.

The ultimate purpose of learning a gene regulatory network model is to be able to
reason about effects of interventions, e.g., gene knockout. We argue that the causal
semantics of conventional structural causal models is inappropriate for this purpose, and
we introduce an alternative causal semantics specifically for cross-sectional distributions
of dynamical systems in steady-state. We do this in terms of the class of distributions
known as operator-selfdecomposable distributions that arise as steady-state distributions
of linear stochastic differential equations driven by Lévy process noise.

The models should be able to realistically replicate single cell data. Figure 4.1.1 shows
an example of such data in terms of scatter plots and corresponding correlations from
n = 5892 single cell gene expression measurements for a subset of d = 3 genes. The data
is characteristically non-Gaussian, and the methods we propose exploit this and use
information beyond correlations for inference. Additionally, single cell data are typically
counts, and thus integer valued, and the measurement process itself adds noise to the
observations.

Our proposal is to model single cell data via latent operator-selfdecomposable dis-
tributions, where the causal semantics is among the latent variables via a stochastic
process model, while the model for the actual observations includes an observation noise
model. The causal semantics of the latent distributions allows us to derive a collection of
coherent distributions that can model both observational data and interventional data,
where, e.g., one or more genes have been knocked out.
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4.2 Lévy processes and OSD distributions

The objective is to build causal models of d-dimensional cross-sectional observations
from a dynamical system in steady-state. For a model to be causal, it needs to capture
both the observational steady-state distribution and the interventional steady-state dis-
tributions, and thus we need to specify families of multivariate distributions that enable
us to do precisely that.

The operator-selfdecomposable (OSD) distributions on R?, see Definition 4.2.1, will
serve this purpose. The OSD distributions form a subset of the set of multivariate
infinitely divisible distributions, and they can be be equipped with a causal seman-
tics. They include well-known elliptical distributions, such as the Gaussian and t-
distributions, but they also include a range of other distributions with properties quite
different from elliptical distributions.

We define the OSD distributions constructively via a stochastic integral representation.
The representation leads directly to a generative model of observations from an OSD
distribution. The causal semantics of OSD distributions is, however, defined by their
implicit representation as steady-state distributions for a class of Markov processes, see
Proposition 4.2.2, which allows us to define interventional distributions.

The definition of OSD distributions may appear technical at first, but in Section 4.2.4
we argue how they can be seen as temporal extensions of distributions defined via linear
structural equations. For the case of independent errors (IE), we additionally argue how
the stochastic integral representation of resulting IE-OSD distributions is closely related
to Independent Component Analysis (ICA).

4.2.1 OSD distributions

The operator-selfdecomposable distributions are defined via a stochastic integral w.r.t.
a Lévy process. A continuous time stochastic process Z = (Z;);>0 with Z; € R? is a
Lévy process if: Zy = 0; if the increments of Z are independent and stationary; and
if Z is continuous in probability [Sato, 2013]. Throughout, Z denotes a Lévy process
satisfying the mild integrability condition

E(log(1+ || Z1]])) < oc. (4.2.1)

Recall that a matrix M is a stable matriz if all eigenvalues of M have strictly negative
real part.

Definition 4.2.1 (OSD distributions). Let M be a d x d stable matriz and let Z =
(Z4)t>0 denote a d-dimensional Lévy process satisfying (4.2.1). The distribution of

X:/ eMaz, (4.2.2)
0

is called M -selfdecomposable. A distribution is operator-selfdecomposable, or OSD, if it
18 M -selfdecomposable for some stable M and some Lévy process Z.
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4 Causal Inference with Latent Operator Selfdecomposable Distributions

The Lévy process Z; = (Zt(l), e Zt(d)) in the representation (4.2.2) is a d-dimensional
process, which we refer to as the driving Lévy process or the error process. Its i-th
coordinate, Z(| is itself a Lévy process. In our general definition we do not assume that
these marginal Lévy processes are independent, but if they are, the resulting distribution
is referred to as being independent-error-OSD or TE-OSD.

Stability of M combined with the integrability condition (4.2.1) guarantees that the
integral (4.2.2) is well defined [Zbigniew and David, 1993, Section 3.6, specifically identi-
ties (3.6.17) and (3.6.18)]. The stochastic integral (4.2.2) is an integral of a deterministic,
but matrix-valued, integrand e*™ with respect to the vector-valued stochastic process
Zs. It can be defined in several equivalent ways. By partial integration we can express
X as the standard integral

oo
X = —M/ eMZ.ds (4.2.3)
0

of the vector-valued integrand e*™ Z [Zbigniew and David, 1993, formula (3.6.3)], and
we could use (4.2.3) as an equivalent definition of M-selfdecomposable distributions.

While (4.2.2) and (4.2.3) are useful generative representations of an OSD distribution
— for simulations as well as for theoretical derivations — they do not reveal why OSD
distributions are models of cross-sectional data from dynamical systems. The following
proposition shows how these distributions arise naturally as steady-state distributions
of Markov processes.

Proposition 4.2.2 (Sato and Yamazato [1984, Theorem 4.1]). Let M be a d x d stable
matriz and let Z = (Z;)1>0 denote a d-dimensional Lévy process satisfying (4.2.1). The
M -selfdecomposable distribution given by (4.2.2) is the unique steady-state distribution
of the stationary Markov process solving the stochastic differential equation (SDE)

dX, = MX,dt + dZ,. (4.2.4)

4.2.2 Interventional distributions

Our main motivation for studying OSD distributions is their interesting causal semantics.
Following Lauritzen and Richardson [2002]; Sokol and Hansen [2014], the SDE can be
given a causal interpretation’ with interventions defined by substitution. That is, we
define the intervention on a coordinate by substituting that coordinate with a fixed
value in the SDE. Interventions may, of course, be defined for any subset of coordinates
similarly, and we can also define more general interventions where coordinates are not
just fixed [Sokol and Hansen, 2014].

Here we consider intervening on a block of coordinates, so we write Z; = (Zt(l), Zt(Q))
and X; = (Xt(l),Xlt(Q))7 and we let

M1 Mo
M=
< Moy Moo >

1This is a structural interpretation; the structure of the SDE is assumed invariant to interventions, and
the SDE is interpreted as an infinitesimal structural causal model [Sokol and Hansen, 2014].
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4.2 Lévy processes and OSD distributions

denote the corresponding block partition of M. Intervening by fixing Xt(l) =z for all
t > 0, as defined by Lauritzen and Richardson [2002]; Sokol and Hansen [2014], gives
the SDE

Ax? = (M X + MyaM)dt + dz?
= My XPdt + d(2? + MyuzWt). (4.2.5)

A process Xt(2) solving (4.2.5) is generally different from the second block of a process
X = (Xt(l), Xt(z)) solving (4.2.4). To make this explicit, we could choose to annotate the
variable Xt(2) by, e.g., do(X(l) = x(l)). This becomes a cumbersome notation, and we
prefer to push intervention-annotations to the probability measure, formally by replacing
(4.2.5) with the SDE

dxX® = MypxPdt +dz?, (4.2.6)

where Z() is a Lévy process defined on a probability space (Q, F,Pdo(X <1):5‘”(1))) with
AN (Zt(Q) + Mglx(l)t)tzo. See Appendix 4.B for elaborations on the notation. We
show that the interventional distributions obtained by fixing coordinates are operator-
selfdecomposable.

Proposition 4.2.3. The process Z? 2 (Zt(Q) + Mglx(l)t)tzo is a Lévy process fulfilling

(4.2.1), and if Mas is stable there exists a unique stationary solution to the SDE (4.2.6).
Moreover,

X® = / h e*M22q 7 (4.2.7)
0

has an Mog-selfdecomposable distribution, which is the steady-state distribution of the
solution to (4.2.6).

The proof of Proposition 4.2.3 is given in Appendix 4.C. Since fooo e*Iids = Iy; for
111 the identity matrix corresponding to the block x(l), it also follows that when Mss is

stable, "
T 1 & T 175 ~ -1 11 0
<X(2)>:/0 eMdZ, MZ( 0 Moy >

where Z, = (x(l)s, Z§2)). Thus, when Mo is stable, Proposition 4.2.3 implies that the
fixing-intervention defined by (4.2.6) results in a stationary solution to the SDE, and
the distributions of X®) as well as (1), X(?)) are OSD. If My, is not stable, there is no
stationary solution to (4.2.6) unless Z§2) lies in the subspace corresponding to the stable
eigenvalues of Mas. In the above sense, we can consider the class of OSD distributions to
be closed under fixing-interventions whenever fixing defines a steady-state distribution.

To better understand the nature of the interventional distributions, observe that
(4.2.7) implies

) g/ M2 qz(2) | </ estdS) Morz® = X0 _ (Map) " Moy z®. (4.2.8)
0 0

X(2),0 —(Ma2)~1
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With ple(XW=z1) — x(2) (IP’dO(X(l):””U))) denoting the interventional distribution of
X @ it follows from (4.2.8) that X 20 has distribution PdO(X(l)ZO), and that the map
REOININ Pdo(X(l):a:(l))
is an affine location transformation of Pdo(X V=0)

have

EdO(X(l):z(l))(X(Q)) — /X(Q)d]P)do(X(l):m(l)) - (X(2),0> . (MQQ)_IMQ]_.’E(D. (429)

. If Z; has finite expectation, we also

The map z(1) s Edo(X (l)zz(l))(X (2)) is therefore an affine map, whose parameters are
linked to the observational distribution of X via the matrix M and the distribution of
Z. We elaborate on this map in Section 4.5, where we derive equations for all cumulants
of the interventional distributions.

4.2.3 Graphical representations

Given the causal interpretation of OSD distributions by fixed-interventions provided
above, we introduce the notion of a directed graph encoding the sparsity pattern of M
as a summary of the causal effects in the model. Let G = ([d], E) denote a directed
graph on d nodes where [d] = {1,...,d} and the set of directed edges is E. We will say
that a matrix M has sparsity pattern according to the directed graph G if M;; = 0 if
i — j € FE and denote the set of matrices satisfying this as R¥. As only a stable M
defines an OSD distribution, we will denote the subset of stable matrices with sparsity
pattern encoded by G as ]RSEtab. We will typically assume that the graph G contains all
self-loops, corresponding to assuming that all variables affect themselves. See Figure
4.2.2 for an example of a directed graph and the corresponding sparsity pattern of M.

We will also represent the dependency structure between the coordinates of the driving
Lévy process by a type of graph. We will draw a hyperedge between a set of k coor-
dinates i1, ..., 1 if they are allowed to be non-independent. Thus, the hyperedges will
represent sets (of varying sizes) of coordinates of the Lévy process, which are allowed to
be dependent on each other, so two coordinates that do not belong to the same hyper-
edge are independent. Thus, if all the coordinates are independent there is a hyperedge
for every node that only contains that node.

The hypergraph in Figure 4.2.2 contains three hyperedges {1,2,3},{4,5} and {6},
which are drawn using blunt edges in green. Therefore, for this graph the first three
coordinates of the Lévy process can be dependent and are independent of the last three.
Similarly, the fourth and fifth coordinates are allowed to be dependent and the sixth
coordinate is assumed independent of all the other coordinates. We combine the directed
graph and the hypergraph, as shown in Figure 4.2.2, into a single mixed graph G =
([d], E, H) where E is the set of directed edges and H is the set of hyperedges.

4.2.4 Connections to linear structural causal models and ICA

Equation (4.2.4) is the fundamental causal model that implicitly defines an OSD and its
causal semantics, similarly to how a conventional linear structural causal model defines
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P

Figure 4.2.2: A mixed graph G = ([6], E, H) with the directed edges E drawn in
black and the hyperedges H drawn in green. On the right is the sparsity pattern
of M encoded by the directed graph on the left.
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the causal semantics through the equation X = BX + ¢. The solution of this linear
equation is
X =(I-DB) e (4.2.10)

where (I — B)~! is a linear operator that transforms the noise term ¢ into the observation
vector X. The mixing matrix, (I — B)~!, is parametrized by the coefficient matrix B,
whose entries can be interpreted as direct causal effects via the causal interpretation of
the linear structural causal model.

The explicit representation (4.2.2) of the steady-state distribution of the solution to the
SDE (4.2.4) is similar to the representation of the solution to the linear structural causal
model given by (4.2.10). It represents the steady-state OSD distribution as a mixing of
the noise components in the Lévy process that drives the SDE. The particular mixing
operator is still linear and reflects the time-dynamic nature of the noise; the exponential
matrix factor e represents time-dependent mixing weights — and due to stability of
M this gives a built-in discounting of more distant values of Z. The parametrization of
this mixing operator is in terms of the matrix M, whose entries can be interpreted as
direct causal effects via the causal interpretation of the SDE.

The increments of the Lévy process are by definition independent, but we do not
assume that the coordinates of the process are independent. Similarly, the noise vector
€ can have dependent coordinates in general. However, if € has independent coordinates,
(4.2.10) is an ICA representation of X as a linear mixing of independent components.
Similarly, if the coordinates of the driving Lévy process in (4.2.2) are independent,
the IE-OSD distribution of X, as given by (4.2.2), is a linear mixture of independent
components.

4.2.5 The landscape of multivariate distributions

The operator-selfdecomposable distributions have mostly been studied in probability
theory. Appendix 4.A covers a selection of well-known facts about these distributions
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Infinitely
divisible

Operator
selfdecomposable

stable

Figure 4.2.3: The OSD distributions form a subset of the infinitely divisible distri-
butions. It includes, but is larger than, the selfdecomposable distributions. The
subset of operator stable distributions includes all stable distributions, such as the
well known Cauchy and Gaussian distributions. These are also both examples of
elliptical distributions, and there is some overlap between the OSD distributions
and the elliptical distributions, including the multivariate ¢-distributions.

and how they are related to other classes of multivariate distributions. The illustration
in Figure 4.2.3 provides a summary.

Many classical multivariate distributions, such as Gaussian and t-distributions, are
OSD, and so are multivariate generalized hyperbolic distributions [Masuda, 2004, Sec-
tion 5]. The multivariate stable distributions [Sato and Yamazato, 1984, Example 4.1]
are also OSD. However, since OSD distributions are infinitely divisible, there are also
many distributions that are not OSD, e.g., non-degenerate distributions with compact
support. The OSD distributions are, nevertheless, a lot more flexible than the few clas-
sical distributions mentioned here, and their full power as either descriptive or causal
models is not well understood.

We want to make one particular comparison to the elliptical distributions, see also Ap-
pendix 4.A.4. The Gaussian and t¢-distributions are elliptical, and one of the properties
of elliptical distributions is that they are closed under marginalization and conditioning.
Additionally, the (observational) conditional expectation z(1) — E(X?) | X(1) = z(1))
is affine in (). This is, however, not the case for general OSD distributions. The fact
that interventional expectations are affine, as demonstrated by (4.2.9), cannot be seen
directly from their observational conditional distributions. This illustrates that simple
regression models using observational data can misrepresent the causal semantics of the
model in a very fundamental way.

4.3 Latent OSD models and Poisson observation noise

To more accurately represent real data such as integer counts, we introduce an obser-
vation noise model on top of an OSD model. If Y € N¢ denotes the d-dimensional
observation vector of counts, our latent OSD model makes the following three assump-
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tions.
1. X € R?is a random variable with an OSD distribution.
2. The coordinates of Y are independent given X, that is, Y7 1L ... 1L Y| X.
3. The conditional distribution of Y; | X depends only on Xj.

We refer to the distribution of Y; | X; as the observation noise model. As a first
example of an observation noise model, which will result in integer observations, we
introduce a Poisson observation noise. In this model, each coordinate follows a Poisson
distribution conditioned on an underlying OSD distribution. The conditional mean of
each coordinate will be the corresponding coordinate of the OSD distribution.

Definition 4.3.1 (Poisson observation noise). Let M be a d x d stable matriz and let
Z = (Zt)1>0 denote a d-dimensional Lévy process satisfying (4.2.1) and let X follow the
d-dimensional M -selfdecomposable distribution given by (4.2.2) such that all coordinates
of X are non-negative almost surely. The distribution of Y € Ng satisfying

Vi| X = ~Pois(z;), Y1 Il ... 1 Yy|X, (4.3.11)

foralli =1,...d is denoted the Poisson observation noise model of an M -selfdecomposable
distribution.

The M-selfdecomposable distribution is assumed to have non-negative values for all
coordinates almost surely for the definition of a Poisson observation noise model to be
well-defined. A more general model would allow for

Y| X = x ~ Pois(u(z;))

for a mean value function p : R — [0,00). Any affine u can be absorbed into the latent
OSD distribution, and would thus be non-identifiable. However, nonlinear functions such
as the ReLU, p(z) = x4, the exponential or the softplus could be practically relevant.

We will, however, derive identification results and estimation procedures based on the
cumulants of the observations, and we can only push the cumulant computations through
the Poisson noise model when the latent variables enter linearly in the mean. Therefore,
an important question to consider is whether there even exists a stable M such that
the coordinates of the corresponding M-selfdecomposable distribution are non-negative
almost surely.

An example of such matrices, is the set of all stable Metzler matrices. A Metzler matrix
is a matrix M that has unconstrained diagonal and all off-diagonal entries greater than
or equal to zero, M;; > 0 for i # j. If M is a Metzler matrix, the matrix exponential
e*M is non-negative for all ¢ > 0. Thus, if the driving Lévy process is a non-decreasing
process, the M-selfdecomposable distribution defined by equation (4.2.2) for such an
M and Z have all coordinates non-negative almost surely. A necessary condition for
a Metzler matrix M to also be stable is that all elements on the diagonal of M are
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negative. However, this is not a sufficient condition. Enforcing that M is also diagonally
dominant is enough to ensure that it is both stable and Metzler.

Clearly, Metzler matrices come with the restriction that all feedback loops among the
variables have to be positive feedback loops. However, the main reason for introducing
Metzler matrices is not that we imagine this is the only sensible example, but instead
to introduce a class of matrices for which the conditions of Definition 4.3.1 are satisfied.
The definition will also be satisfied for other stable M’s. Furthermore, one could also
imagine M’s where all the coordinates of X are not necessarily non-negative almost
surely, but where they are with very high probability. If such an M was generating
the latent process, one could still imagine that the Poisson observation noise model is
sensible in practice.

In practice, gene regulatory networks appear to have more zeros than if it were to
follow a Poisson distribution. For this reason it has been suggested in the literature
to instead assume a measurement noise model corresponding to a zero-inflated Poisson
[Lorch et al., 2026]. If there are only slightly more zeros we imagine that Definition
4.3.1 could still be able to approximate such a distribution in practice. The reason for
introducing the Poisson observation noise model instead of the zero-inflated Poisson is
that we are able to prove identifiability from the cumulants for the Poisson observation
model, see Section 4.4. It would be interesting to study whether identifiability can be
extended to the zero-inflated Poisson noise instead.

Figure 4.3.4 presents scatterplots for count data simulated from a latent OSD model
with Poisson observation noise (see Appendix 4.D for the details behind the simulation).
From this it is clear that such a distribution is highly non-Gaussian. Furthermore, if we
compare this to Figure 4.1.1 which shows a similar scatterplot but for real single cell
count data, these two plots do not look completely dissimilar. We take this is a positive
indication that latent OSD models with Poisson observation noise could be a good choice
to model such single cell count data.

4.4 Cumulants and identifiability

Recke and Hansen [2026] derived the general continuous Lyapunov tensor equation for
k-th-order cumulants of OSD distributions, which for & = 2 gives the continuous Lya-
punov equation, well known for Gaussian distributions. For Gaussian distributions, all
higher-order cumulants are zero, but for non-Gaussian OSD distributions they provide
constraints, which can be used to prove identifiability in OSD distributions, as done by
Recke and Hansen [2026].

We first present the higher-order Lyapunov equations. Then we show how the cumu-
lants of the underlying OSD distributions and the Poisson observation model are related.
This allows us to transfer identifiability results from OSD distributions to latent OSD
distributions with Poisson observation noise.

We recall the notion of an r-mode product between a tensor and a matrix. The r-mode
product of a tensor K € RI*2XxIk with a matrix A € R7*!, denoted K x, A, is a

144



4.4 Cumulants and identifiability

X2 || X3

400

X1
corr: Corr:
i ‘l 0.7417* 0.742%*
] II IIIIII--- -
1504
Corr:
| ‘l 0.729**
I IIIll.._._ _

P “
I| IIIII.II--_ -
T T
0 100

T T T T
50 100 150 0 5

o

X

201

S

o

X

X

T T — T
0 50 100 150 0 150

Figure 4.3.4: Scatter plots of count data from the Latent OSD model with Poisson
observation noise.

I x -+ X Iy X J X I 41 X -+ X I} tensor with elementwise entries
Ir
(K X A)il...inljiTJrl...ik = Z Kil..‘iTiliirJrl.A.ikAji. (4.4.12)
=1

Proposition 4.4.1 (Proposition 1, Recke and Hansen [2026]). Let M be a d x d stable
matriz and let Z = (Zi)i>0 denote a Lévy process with finite k-th moment. Then the
corresponding M -selfdecomposable distribution given by (4.2.2) has finite k-th moment,
and the k-th order cumulant tensor K = cumy(X) solves the equation

]CXlM—F...—{—ICXkM—}—Ck:O (4.4.13)
where C, = cumy(Z1) is the k-th-order cumulant tensor of Z.

A proof of Proposition 4.4.1 is given by Recke and Hansen [2026], but we provide an
alternative derivation of (4.4.13) in Appendix 4.A.2.

Since independent variables have joint cumulants equal to 0, the allowed sparsity
patterns of the cumulants of the driving Lévy process are determined by the hyperedges,
H, in the mixed graph. If there is a hyperedge between i1,...,7, all cumulants using
any subset of i1, ..., of the driving Lévy process would be allowed to be non-zero.

This is not exactly the same notion as the blunt edges introduced by Recke and Hansen
[2026, Definition B1], where a blunt edge of order (i,...,i;) between k nodes only
denotes that the specific k-th-order cumulant (Cy);,,... 4, of the driving Lévy is allowed
to be non-zero.
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4 Causal Inference with Latent Operator Selfdecomposable Distributions

We are able to prove that the cumulants of the latent OSD model with Poisson obser-
vation noise can be obtained as linear combinations of the cumulants of the underlying
OSD distribution and vice versa. The proof is in Appendix 4.C. The result does not
depend on the latent distribution being OSD — it is only a consequence of the Pois-
son observation noise as defined by equation (4.3.11). Thus, it would also be possible
to study the Poisson observation noise with a different latent distribution, and then it
would still be possible to transfer results about identifiability from the cumulants of the
latent process to identifiability from observations with Poisson noise.

Proposition 4.4.2. Let X have an M -selfdecomposable distribution given by (4.2.2) and
suppose the Lévy process has finite k-th moment. If Y follows the Poisson observation
noise model as defined in Definition 4.5.1, then' Y also has finite k-th moment. Further-
more, the k-th-order cumulant of X (resp. Y ') can be obtained as a linear transformation
of the up to k-th-order cumulant of Y (resp. X ).

A direct consequence of Proposition 4.4.2 is that any result about identifiability for
M-selfdecomposable distributions obtained via its cumulants can be transferred to iden-
tifiability results about the Poisson observation noise model from its cumulants. As
explained by Recke and Hansen [2026], we can never identify the parameter M up to
more than a scaling, for an M-selfdecomposable distribution, unless we assume that the
cumulants of the driving Lévy process are known. Heuristically, this is reasonable as we
should not be able to learn the speed at which the system evolves from observations at
a single time point. This can easily be seen from the k-th-order cumulant equation. If
(M, Cy) is a solution of the k-th-order Lyapunov equation for K then (c¢M, cCy) is also a
solution with ¢M stable for ¢ > 0. By Proposition 4.4.2 the Poisson observation model
will therefore also, at most, allow us to identify M up to scaling.

By Theorem 1 and Corollary 1 by Recke and Hansen [2026] we see that we also obtain
the best case scenario for the Poisson observation noise model of generic identifiability
of M and diagonal error cumulants (Co,C,) up to a joint scaling from the up to r-th-
order cumulants. The notion of generic will be taken to mean; for all parameters in
the parameter set, except a smaller dimensional set defined by the vanishing of a set of
polynomials, see Recke and Hansen [2026] for more details and an explanation of why
this assumption is necessary.

Corollary 4.4.3. Let d > 2 and r > 3 be integers and G = ([d], E) a connected graph
with all self-loops. Let M € Rgab define a M -selfdecomposable distribution with the
driving Lévy process having diagonal cumulants, Co and C, of order 2 and r, respectively.
Then (M,Cs,C,) is generically identifiable up to a joint scaling by a positive real number

from the first r cumulants of the Poisson observation noise model, Definition 4.5.1.

The assumptions about the cumulants Co and C, being diagonal is, for example, sat-
isfied if all the coordinates of the driving Lévy process are independent. Thus, in the
mixed graph representation, a way to satisfy the conditions of the corollary would be that
G = ([d], E, H), where ([d], E) represents a connected directed graph with all self-loops,
and the set of hyperedges would be the set of all singletons H = {{1},...,{d}}.
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4.5 Interventional Cumulants

If the directed graph is not connected, we only have identifiability up to separate
scaling for each connected component [Recke and Hansen, 2026, Corollary 2]. Intuitively,
this is sensible, since if the graph is disconnected, each separate subsystem corresponding
to a connected component will not interact with any other subsystem, and the process
could therefore have developed at different speeds in each of them.

4.5 Interventional Cumulants

By combining Propositions 4.2.3 and 4.4.1 we can show that all cumulants of the steady-
state interventional distributions also satisfy a continuous Lyapunov equation.

Proposition 4.5.1. If Mas is a stable matrix, the steady-state interventional distribution
of X s Moy-selfdecomposable, and if ZP has finite k-th order moment then the k-
th order cumulant tensor K@ of X® having distribution plo(XW=a(1) satisfies the
equation

K:(Q) X1 Moo + ...+ ]C(2) X Moo + Cl?) =0 (4514)

where C,(CQ) = cumk(Zf)) and Zt@) 2 Zt(2) + MoyzMWt.  Specifically, if Z§2) has finite
second moment then

BT = (X)) = —(Map) T (B(2(Y) + Marz) (4.5.15)

VardO(X(l):x(l))(X(z)) =x®@ = /OO eSMzsz)eSMZTZdS (4.5.16)
0

where CéQ) = Var(Zg)).

Remark 4..2. The Lyapunov equation for the interventional covariance matrix (2 can
also be written as
My2® 4 5@ ML 4 e = o,

and the integral representation (4.5.16) is thus solving this equation.

Note that if My is not stable, the intervened SDE (4.2.5) will generally not have a
steady-state distribution and the interventional distribution is undefined.

When My, is stable, the formulas (4.5.15) and (4.5.16) are superficially similar to the
formulas for the (observational) conditional mean and covariance in the multivariate
Gaussian distribution. The interventional mean is, e.g., an affine function of (") and
the interventional covariance is independent of z(). There are, however, important
differences. In the non-Gaussian case, the first two interventional moments (4.5.15)
and (4.5.16) do not characterize the entire interventional distribution. Additionally,
even in the Gaussian case, the interventional mean and covariance only coincide with
the observational conditional mean and covariance in special cases, see Proposition 5 by
Lauritzen and Richardson [2002].
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4 Causal Inference with Latent Operator Selfdecomposable Distributions

Appendix for ‘Causal inference with latent
operator-selfdecomposable distributions’

4.A. Operator-selfdecomposable distributions

This appendix includes historical and probabilistic facts about operator-selfdecomposable
(OSD) distributions. We first recall some classical terminology. A random variable X €

R? is said to be decomposable if X 2 X' 4 X" for independent X’ and X”. If it is possible
to take X’ = pX in this additive decomposition for any p € (0,1), the distribution of X
is said to be selfdecomposable. These distributions appear in classical probability theory
as limits of centered and rescaled sums of independent random variables.

OSD distributions can be defined similarly with the number p replaced by an operator
(a matrix) of the form e/ for t > 0. The condition log(p) < 0 translates into M being
a stable matrix, that is, all its eigenvalues have strictly negative real part. We then say
that X has an M-selfdecomposable distribution if there for all ¢ > 0 exists a random
variable X; independent of X such that

X BeMx 4 X, (4.A.1)
If we take M = —I with I the d x d identity matrix, (4.A.1) reduces to
XZ2etx 1 X,

for all ¢ > 0, and we see that all seldecomposable distributions are OSD.

The class of OSD distributions were first studied by Urbanik [1972] under the name
“Lévy’s probability measures”. Independently, Jurek [1982] and Wolfe [1982] showed
that the distributional property (4.A.1) is equivalent to the stochastic integral represen-
tation (4.2.2) for some Lévy process Z. Sato and Yamazato [1984] gave several different
characterizations of OSD distributions, including their representation as steady-state dis-
tributions of a Markov process as stated in Proposition 4.2.2. The book by Zbigniew and
David [1993] collects many of the known probabilistic results about OSD distributions.

4.A.1 OSD distributions and infinite divisibility

The property of being (operator) selfdecomposable is closely linked to the property of
being infinitely divisible. For once because the stochastic integral representation (4.2.2)
is in terms of a Lévy process Z with the distribution of Z; being infinitely divisible.
By the Lévy-Khintchine representation of the infinitely divisible distribution of Z1, its
characteristic function is given as ¢z, (2) = E(eiszl) = ¢¥(®) with the Lévy exponent

1 .
U(z) =izl — §ZTAZ + /e”T“ — 1 —iz"ulp(u) v(du)

= izTy — %ZTAZ + /g(z,u) v(du).
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4.5 Interventional Cumulants

Here, g(z,u) = ¢ * — 1 —izTulp(u), and D = {u € R? | |lu|| < 1} denotes the unit
ball.

Theorem 4.1 by Sato and Yamazato [1984] gives that if X is given by the stochastic
integral (4.2.2), then the characteristic function of X has the form

ox(2) = exp < /0 h ‘IJ(eSMTz)dS> . (4.A.2)

We can write out the exponent as

[o.¢] 1 o oo
Ux(z2) = izT/ eSMdS'y—QzT/ eSMAeSMTdsz—I—// g(z, eMu)dsv(du)
0 0 0

Y A

1 e
=275 — izTAz + /g(z, w)v(du),
where v is the Lévy measure given by
oo
v(B) = // 1p(e*Mu)dsv(du). (4.A.3)
0
This shows that OSD distributions are infinitely divisible, see Figure 4.2.3.

4.A.2 Cumulants of infinitely divisible distributions

If X is infinitely divisible with characteristic function ¢x(z) = E(e?*' X) = ¢¥x(2) and
thus Lévy exponent Wx, the cumulants can be defined as

Ky = (—i)*D* WU x (0) (4.A.4)
provided that ¥x is k times differentiable in 0. Using the Lévy-Khintchine representa-

tion, we get the following formulas, given appropriate integrability conditions w.r.t. the
Lévy measure, for the cumulants:

K1 =E(X) :7+/u1Dc(u)u(du)
IngE:A+/u®uv(du)

ng/u®u®u v(du)

Kk—/u®u®...®uy(du).
—_—

k factors
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4 Causal Inference with Latent Operator Selfdecomposable Distributions

Using the representation of the Lévy measure o given by (4.A.3) for an OSD distri-
bution and the mode product notation defined by (4.4.12), we find that the k-th order
cumulant tensor for OSD distributions for £ > 3 has the integral representation

o0
K :/ /(eSMu)®(eSMu)®...®(e$Mu)1/(du)ds
OOO
:/ /u@u@...@uu(du)XleSMXQGSM...XkGSMds
OOO
:/ Ck X1 €SM XQ@SM...XkBSMdS,
0

provided that the k-th order cumulant, Ci, of Z; is finite.
For k = 2, the covariance matrix of X is given as

o
Y= / M AesM" 4 eSM/u ®Ru V(du)eSMTds
0

:/ esM <A+/u®u V(du)> eSMTds:/ eMCyesM g,
0 0

=Cs

where Cy is the covariance matrix of Z;. Finally, for k =1,
(0.)
E(X) :/ eSMfy+eSM/uchy(du)d
OOO
= / eMAsE(Z)) = —M'E(Zy).
0

With reference to Corollary 3.1 by Xu and Wang [2022], the above integral representation
of K shows that it solves equation (4.4.13). Thus, the above derivation provides an
alternative proof of Proposition 4.4.1.

4.A.3 Operator-stable distributions

The set of operator-stable distributions is a subset of the OSD distributions with multiple
different characterizations. We give one in this appendix that is easy to state in the
context of the present paper.

Suppose that X has an infinitely divisible distribution and satisfies (4.2.1), then X =
X for a Lévy process (X¢)i>0. Corollary 4.4.4 by Zbigniew and David [1993] then gives
that the distribution of X is M-stable if and only if

[e.9]
x2 / eMAX, + (4.A.5)
0
for some x € R An infinitely divisible distribution fulfilling (4.2.1) is then called
operator-stable if it is M-stable for some M. It follows from (4.A.5) that all operator-

stable distributions are OSD. The (—I)-stable distributions are what is classically known
as the set of stable distributions [Zbigniew and David, 1993, Section 4.14].
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4.5 Interventional Cumulants

Two well known examples of (operator) stable distributions are the Gaussian and
Cauchy distributions. The Lévy exponent for the Gaussian distribution N (p, ) is the
quadratic function

1
\I/Gauss(z) - ’iZT/j, - §ZT2Z

The Lévy exponent for the Cauchy distribution with location parameter p and scale
matrix X is

\I/Cauchy(z) - iZTM —V2T¥z.

Neither of these are of particular interest for this paper. For the Gaussian distributions,
all cumulants beyond the covariance matrix are zero, while the Lévy exponent for the
Cauchy distributions is non-differentiable in 0, reflecting that none of the cumulants
exist. In fact, except for the Gaussian case, the operator-stable distributions have a
limited number of finite moments [Zbigniew and David, 1993, Section 4.12].

4.A.4 Elliptical distributions

Some OSD distributions are also elliptical, which gives them additional properties. These
distributions are, for example, straightforward to simulate from.
The distribution of X is elliptical if its characteristic function is of the form

ox(z) = eizT’%ﬂ(zTEz), zeRY,

for a location parameter i € R?, a positive semi-definite matrix ¥ and a scalar function
¥ : R = C. The Gaussian and Cauchy distributions are seen to be elliptical directly
from this definition. The definition is equivalent to X having the representation

X=p+AV

where A is d x k, ¥ = AAT (with rank k < d) and V € R* has a spherical distribution
with characteristic function

ov(z) =¢(lzl3),  =€R~
Considering in the following k& = d, V is spherical if and only if it has the representation
V =RU

with R and U independent, with U uniformly distributed on the unit sphere S¢~1, and
R > 0 having some distribution . See Theorem 1 by Cambanis et al. [1981]. The
Gaussian distribution corresponds to 1(t) = e~%/2, and R? having a x2(p)-distribution.
The multivariate ¢t-distribution with v > 0 degrees of freedom is elliptical as well, and it
admits the representation p+ RAU with R?/p being F(p, v)-distributed. The expression
for the characteristic function is a bit complicated.

Masuda [2004] showed in their Proposition 5.2 that the symmetric generalized hyper-
bolic distributions are OSD, and it follows from their characteristic function that they
are also elliptical. The multivariate ¢t-distribution is a special case.
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4 Causal Inference with Latent Operator Selfdecomposable Distributions

Marginal and conditional distributions of an elliptical distribution are again elliptical,
and if the conditional distribution has finite mean,

E(X® | xO = zM) = @ 4 535 (51) Ha® — M)

just as for the Gaussian distribution, see Corollary 5 by Cambanis et al. [1981]. Note
that even if ¥ is the covariance matrix of X and if the conditional distribution has
finite variance, the conditional covariance matrix does not generally coincide with the
conditional covariance in the Gaussian distribution.

4.B. Interventional notation

This section elaborates on the choice of notation for the interventional distributions.
The driving Lévy process Z = (Z;)t>0 is formally defined on a probability space
(Q, F,P). The solution of (4.2.4) can be written explicitly as

t
X; = e™MXy+ / et=Mqz.. (4.B.1)
0

By stability of M, e Xy — 0 for t — oo, and since Z is a Lévy process, specifically
that it has independent and stationary increments,

t D t ')
/ et=sIMaz =2 / eMAz, - X = / eMaz,
0 0 0

for t — oco. Therefore, we have that X; B X Ttis fairly straightforward to show that
the distribution of X is a unique steady-state distribution. Thus, we can represent the
stochastic process as well as its steady-state distribution in terms of transformations of
the Lévy process and thus as random variables defined on the probability space (€2, F,P).

The interventional distributions defined in Section 4.2.2 are defined via manipulation
of the stochastic differential equation. If Mag in (4.2.5) is stable, the solution of (4.2.5)
has a limiting steady-state distribution that could be represented as

X(2)7dO(X(1>:x(1)) _ /OO o5M22 (dZS(Q) + Mgl.’IJ(l)d3>.
0

This is likewise a transformation of the Lévy process, though depending only on Z(2) (and
the value iL'(l)), and the interventional variable is again defined on the probability space
(©, F,P). This notation is a potential outcome notation defined via manipulations of the
SDE when regarded as a structural causal model. In this notation we distinguish different
interventional distributions via the annotations on the different random variables, which
are all defined on a common probability space.

In a stochastic process context, annotation of all the random variables becomes heavy
notationally. For this reason we prefer to use the same random variable to denote
the (steady-state) outcome under multiple different interventions, and to let the context
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4.5 Interventional Cumulants

determine the considered interventional distribution. To achieve this formally, we modify
and annotate the probability space according to the intervention. Thus we let Z denote

a Lévy process defined on a probability space (Q, F,pdo(X (1):w(1))) such that Z 2 (Zt(z) +
Mglx(l)t)tzo. In terms of Z we define, if Moo is stable, the random variable

X0 = [" oz,
0

whose OSD distribution is the unique steady-state distribution of the solution to the
intervened SDE (4.2.5). One standard construction of P4o(X M=21) i5 as the distribution

of (Zt(z) + Mle(l)t)tZO on its sample space, but its construction is immaterial as long as
such a construction exists. This notation is purely distributional and akin to notation
used with causal graphical models.

Distributionally, the notations are equivalent. We write, for example,

Pdo(X(l)::v(l))(X@) e A)

for the probability that X(®) falls in A when we fix Xt(l) =z for all t > 0. In the
potential outcome notation, we would denote this probability as

P(x @doX M=) ¢ 4),

Likewise,
Edo(X(l)::p(l)) (X(2))

is the expectation under the fixing-intervention, while in the potential outcome notation

this would be
E<X(2),do(x(1>:x<1))>.

(2),do(x M =2(1))

In either case, the interventional distribution, P , is given as a push-forward

measure
P(2),d0(X(1):r(1)) _ X(2),d0(X(1):r(1))([P)) _ X(2) (Pdo(X(U:m(l)))

in slightly different ways depending on which notation we use.

4.C. Proofs

Proof of Proposition /.2.3. Since the deterministic process t — Myz(Vt is a Lévy pro-
cess, independent of Z@) the sum Zt(2) + Mo1zWt is again a Lévy process. We then
show that Z() fulfills (4.2.1). By the triangle inequality

(2 D 2 9
1ZP) 2122 + Moz W | < 122 + | Moi 2D,
and using monotonicity and sub-additivity of x — log(1 + x), we get that

E(log(1 + | Z2])) < E(log(1 + | 22])) + log(1 + | My 2D )
< E(log(1 + || Z1])) + log(1 + || Moz |)) < oo.
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4 Causal Inference with Latent Operator Selfdecomposable Distributions

When Moy is stable, the conclusion of the proposition is now a direct consequence of
Definition 4.2.1 and Proposition 4.2.2. O

Proof of Proposition /./.2. The result is essentially just a direct application of the law
of total cumulance [Brillinger, 1969]. To exemplify how it will work for higher-order
cumulants we obtain first that the mean values of X; and Y; are equal

E[Y)] = E[Y; | X] = E[Xi].

Furthermore, by the law of total variance (the law of total cumulance for two variables),
the covariance of Y; and Y is

E(X; X; ifi =j
cov(¥,, ;) = Eleov(¥;,¥; | X)] + cov(E[Y; [X],E[Y; [X]) = ¢ v+ e =g

cov (X, X;) ifi#y
since if ¥; and Yj are distinct they are independent given X according to the Poisson
observation model.

If we let k(Y7,...,Y},,) denote the joint cumulant of n random variables, then the law
of total cumulance for the k-th-order cumulants of k£ coordinates of Y (potentially with
repetitions) is

k(Yiy, ... Yi,) =Y _k(s(Y;, 1i; € B| X):Bem), (4.C.1)

™

where the sum runs over all partitions 7 of {1,...,k} and B € m means that the term
for each 7 is a product of k(Y; :i € B | X) where B runs over all blocks of the given
partition 7.

For any order cumulant, x(Y;,,...,Y; | X) = 0 whenever at least two of the indices
i1,...,% are different, because the Poisson observation model implies that two distinct
coordinates of Y are conditionally independent given X. Using this and that all cumu-
lants in the Poisson distribution are equal to the mean, the law of total cumulance can
be simplified as

K(Yi, o Yi) =) R( Xy s Xiy ) (4.C.2)
s
where the sum is over partitions m; of 41,...,4; where no block Bj; in m; contains two

indices that are different, 7;(j) denotes the index to which all elements in the j-th block,
Bj, are equal, and b is the number of blocks in partition the m;. The sum is never
empty because it will always contain the partition where each block only contains a
single element.

Thus, the k-th-order cumulant of Y can be written as a linear combination of the
up to k-th-order cumulant of X. The equations for the cumulants of Y can easily be
solved for the cumulants of X, yielding that the cumulants of X are also given as a linear
combination of the cumulants of Y.

O
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The proof contains the explicit formulas for going back and forth in the mean and
covariance case. For the sake of implementation we write out equation (4.C.2) for the
case k = 3 as well

E(X“) -+ 3V&I‘(Xi1) + /iS(XipXipXil) if ’il = ig = i3
k3 (Yiy, Yiy, Yiy) = ¢ cov(Xyy, Xiy) + w3 (Xiys Xiy, Xiy) if iy =ip # i3
w3 (X s Xiy, Xig) if i1 # 2,12 # 3,11 # i3,

where k; denotes the j-th-order cumulant. Since the cumulants are symmetric the second
case above covers any combination of two of the indices being equal but not equal to the
last one.

Proof of Proposition 4.5.1. The first part of the proof follows directly from a combina-
tion of Proposition 4.2.3 and Proposition 4.4.1.

When Mss is stable, the steady-state distribution of the solution to the interventional
SDE (4.2.5) gives that the interventional distribution of X () is represented by

X(?)E/ eM2d(Z® 4 MyaWs) (4.C.3)
0

_ /OO 68M22dZ§2) + /OO 65M22d5M21x(1)
0 0

s

— / e*M22q47(2) — (Moy) ™ Moy, (4.C.4)
0

where we have used that when Mss is stable,

T (M)

o
/ e*M22ds = (Mag) ' M2
0 0

When Z®) has finite first moment, the expectation of (4.C.4) gives

EdO(X(l):z(l))(X(Q)) _ /OO 68M22a(2)d8 - (M22)71M21.T(1)
0

= —(MQQ)_l(a(Q) + MQliL'(l)).
If Z( has finite second moment, the matrix

2® _ 5@ _ / T M) M g
0

is seen to solve Lyapunov equation for the 2-nd order cumulant, that is, the covariance
matrix, whence VardO(X(l):‘”(l))(X(Q)) = %@, O
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4.D. Numerical details

4.D.1 Data example

The scatter plots in Figure 4.1.1 are of data from https://doi.org/10.5281/zenodo.
7262328, made available as supporting data for the paper by Gorin et al. [2022]. The
specific data used is from the file allen FO8_Glutamatergic.loom in the loom folder.
The files were read into R with the loomR package. We used only the count data
available in this file for the spliced genes. The file contains single cell count data for 80
genes, selected by Gorin et al. [2022], from 5892 cells.

For the plot in Figure 4.1.1 we selected the three genes for which the count data had
the largest Pearson correlation.

4.D.2 Simulation of OSD distributions

Observations from an OSD distribution can be simulated via the stochastic integral
representation (4.2.2). Suppose that M can be diagonalized as M = QDQ~!, where

D = diag(dy,...,0q) is a diagonal matrix of complex eigenvalues, then
00 %) fOOO eélSdZS(l)
X = / eMaz, = / Qe*PQ'dZ, = Q : (4.D.1)
0 0 fooo e5dsd2§d)

where Zgi) = (Q7'Z,);. Note that for s1 < s3,
282 - 251 = Qil(ZSQ - ZSl)'

If we can simulate the increments Ay Z = Z,, — Z, | for a grid so =0 < s1 < ... < sp,
we can compute the approximations

fe's) n
/ Azl = Y e QT ALZ),
0 k=1
for : = 1,...,d. We make the following remarks about simulations based on the above

approximation.

o [f the Lévy process Z is a pure jump process, we can choose the grid to be the
jump times. Then AgZ is the k-th jump.

e We do not need to simulate the entire sample path of Z, only the increments ApZ,
which are independent. For some Lévy processes, the increments have a well known
distribution that is easy to simulate from.

e For the IE-OSD distributions, where the coordinates of the Lévy process are inde-
pendent, we can simulate each coordinate (AgZ)1, ..., (AxZ)q independently.
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4.5 Interventional Cumulants

The simulated data for d = 3 presented in Figure 4.3.4 were generated with the fol-
lowing settings: The three coordinates of the Lévy process Z were independent and
identically distributed compound Poisson processes. Their rate parameters were 5. The
jump distributions were Gamma distributions with shape parameter 0.1 and scale pa-
rameter 10. The matrix M was symmetric and chosen so that all three coordinates of the
OSD distributed had correlation 0.8. Given the observation x; for the i-th coordinate,
the count data were generated as

Y| Xi =x; ~ Pois((3-x; —10)4).
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5 Completions to discrete probability
distributions in log-linear models
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Abstract
Completion problems, of recovering a point from a set of observed coordinates,
are abundant in applications to image reconstruction, phylogenetics, and data
science. We consider a completion problem coming from algebraic statistics: to
describe the completions of a point to a probability distribution lying in a given
log-linear model. When there are finitely many completions, we show that these
points either have a unique completion or two completions to the log-linear model

depending on the set of observed coordinates.

Keywords: Log-linear model, toric variety, completion, algebraic moment map,
semialgebraic set, algebraic boundary
MSC2020 subject classification: Primary: 62R01, Secondary: 14M25, 14P10,

5.1 Introduction

We consider the problem of recovering a probability distribution from partial informa-
tion. This may occur as an imperfect sampling method may prevent one from observing
or distinguishing certain outcomes and thus, it may be that probabilities are only known
for certain outcomes. With a priori knowledge that the probability distribution belongs
to a specified statistical model, the known probabilities may be used to compute the
probability of each outcome. In this case, we say the original probability distribution
may be recovered, or completed.

A problem of this form is known as a probability completion problem. We describe
the general setting more precisely. We consider discrete probability distributions with
outcome states [n] = {1,...,n} for a fixed positive integer n. Such a probability dis-
tribution may be represented by a tuple (p1,...,pn) € R™, whose i-th coordinate p; is
the probability of outcome i € [n]. The probability simplex A, _; C R" is the set of
these discrete probability distributions and a statistical model M C A, _1 is a subset
of the probability simplex. A fixed subset of the states E C [n] will index the proba-
bilities which are to be known or observed, and we consider the coordinate projection
7 : M — RF to the coordinates indexed by E. A point pp € R¥ is called a partial
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5 Completions to discrete probability distributions in log-linear models

observation and a probability distribution in the fiber p € ng(pE) is a completion of
the partial observation pgp to the model M. One looks to describe the fiber wgl(pE),
which is the set of completions of the partial observation pg to M. In addition to enu-
merating the completions of a partial observation, one may look to explicitly describe
the completable region mr(M)—the set of partial observations which may be completed
to M.

Probability completion problems were first considered in Kahle et al. [2017]; Kubjas
and Rosen [2017], where they study completions to the independence model of two or
more random variables. As the independence model is the intersection of the space of
rank one tensors and the probability simplex, this may be regarded as a type of low
rank tensor completion problem as in [Singer and Cucuringu, 2010; Kirély et al., 2012,
2015; Bernstein et al., 2020]. More generally, probability completion problems may be
understood as problems in compressed sensing as described in Breiding et al. [2023].

We demonstrate an example of a probability completion problem: the Hardy-Weinberg
curve used in genetics is a statistical model whose probability distributions represent the
probabilities of passing on certain traits from parents to their offspring. In the case of
a trait with a dominant gene X and a recessive gene Y, there are three genotypes
that can be passed on—these are the homozygous combinations XX and Y'Y, and the
heterozygous combination XY. Using the variables x and y for the probabilities of
passing on the homozygous combinations X X and Y'Y respectively, and the variable z
for the probability of passing on the heterozygous combination XY, the Hardy-Weinberg
model M of possible probability distributions is defined by the equations 2 — 4zy = 0
and ¢ 4+ y + z = 1, where all coordinates are non-negative. This curve is depicted in
Figure 5.1.1.
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5.1 Introduction

Figure 5.1.1: The Hardy-Weinberg curve

The projections onto either the first coordinate or the second coordinate are injective
and the image in both cases is the interval [0, 1]. That is, a point on the Hardy-Weinberg
curve is uniquely completable from its first coordinate or its second coordinate. Equiva-
lently, if the probability of either homozygous combination XX or Y'Y being passed on
is known, all probabilities can be determined. However, the projection onto the third
coordinate is a 2-to-1 mapping for 0 < z < 1/2 and the image of the projection is [0, 1/2].
Thus, from a known z coordinate less than 1/2, there are two completions to a point of
the Hardy-Weinberg curve. Equivalently, given that the probability of the heterozygous
combination XY being passed on is known and less than 1/2 there are two possible
probabilities for the homozygous combinations X X and Y'Y to be passed on.

We are concerned with probability completion problems where the statistical model
M is a log-linear model, the restriction of a toric variety to the probability simplex.
The class of log-linear models encompasses many well-studied discrete models such as
discrete graphical models, hierarchical models, and staged-tree models [Hogten and Sul-
livant, 2002; Hosten and Sullivant, 2007; Gorgen et al., 2022]. Log-linear models are also
useful as their Markov bases are understood and may be used in sampling algorithms as
described in Diaconis and Sturmfels [1998]; Sullivant [2018].

Our main contributions are in showing that the behaviour demonstrated for the Hardy-
Weinberg curve is typical. Precisely, we prove that for a log-linear model M and suitable
set of observed outcomes E C [n], there is either a unique completion or there are two
completions for every point with non-zero coordinates in the completable region. This
highlights a remarkable property of our probability completion problems—the number of
solutions to the semi-algebraic problem is bounded by two, whereas the number of com-
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5 Completions to discrete probability distributions in log-linear models

plex solutions may be arbitrarily large. We use the relationship between toric varieties
and polyhedral geometry to identify precisely when there is one completion and when
there are two completions. These results are given in Theorem 5.4.13 and Theorem
5.4.16.

In addition, we give a description of the boundary and interior of the completable
region in Theorem 5.4.11. We use this result to provide an algorithm for computing the
defining equations for the boundary of the completable region. These defining equations
often allow one to compute an explicit semialgebraic description of the completable
region, as discussed in Section 5. We illustrate these results with several examples, some
of which are relevant for applications.

We begin by giving background on toric varieties and log-linear models in Section 5.2.
In Section 5.3, we describe the completion problem to a given toric variety and include
necessary results for future sections. We present our completion results to a given log-
linear model in Section 5.4. Last, in Section 5.5, we give a procedure for describing the
algebraic boundary of the completable region, as well as provide explicit semialgebraic
descriptions for certain models.
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5.2 Toric Varieties

We discuss the necessary background on toric varieties for the completion problem.

Given a vector of non-negative integers v = (vi,...,v) € Z’;O and variables 0 =
(01,...,0), a monomial is an expression of the form 0¥ = 91’1_---92’“. The vector v
is the exponent vector of the monomial 6.

Let A € Z%" be an integer matrix with columns aj,...,a, € Z’;O. We make the

assumption that the column sums of A are equal to a positive integer N > 0. This is the
case for many meaningful statistical models in applications, such as discrete graphical
models, hierarchical models, and staged-tree models [Hogten and Sullivant, 2002; Hosten
and Sullivant, 2007; Gorgen et al., 2022]. We define a map ¢4 : CF — C™ by

o 0) = (07,...,6%).
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5.2 Toric Varieties

The coordinate functions of $* are monomials, and the exponent vector of each monomial
is a column of A. Thus, the map ¢* is homogeneous in that ¢4 (Ap) = AN¢4(p) and its
image is a cone.

The toric variety X 4 associated to the integer matrix A € Z%" is the Zariski closure

of the image X4 = im ¢4. The toric variety X, is an irreducible variety of dimension
dim X4 = rank A. We remark that in the more general language of Cox et al. [2011],
the set ¢ ((C*)*) is a dense torus which acts on the toric variety X 4 by coordinate-wise
multiplication. Precisely, if p € X4 lies in the toric variety and 6 € (C*)*, then the
coordinate-wise product p¢?(6) € X4 also lies in the toric variety. This is the origin of
the term “toric variety”—the variety X 4 contains a dense open set which is isomorphic
to an algebraic torus and whose action on itself extends to the variety X4.
The toric ideal 14 is the defining ideal of a toric variety X 4,

In=I1(X4)={fe€Clx1,...,xn): f(x) =0 forall z € Xa}.

The toric ideal I4 is a prime ideal generated by pure binomials and generators for this
ideal may be computed explicitly from the matrix A, as described in [Sullivant, 2018,
Proposition 6.2.4] restated here for convenience.

Proposition 5.2.1. If A € Z?é" is an integer matriz, then
Ipn= (" —p"|u,veN" and Au = Av).
Further, since the column sums of A are equal, the ideal I4 is a homogeneous ideal.

There are software such as 4ti2 [4ti2 team| and Macaulay2 [Grayson and Stillman)]
that contain methods used to effectively compute Grobner bases for toric ideals. This
allows one to make several computations with toric ideals, such as determining contain-
ment of points in a toric variety and computing elimination ideals.

We write RY, and RZ, for the set of points in R" with non-negative coordinates and
positive coordinates respectively. The probability simplex

n
A77,—1 = {(plv ce. 7pn) S RTZLO : sz - ]-}
i=1

is the set of probability distributions in R™. Our statistical models of interest are inter-
sections of toric varieties with the probability simplex.

Definition 5.2.2. The log-linear model defined by an integer matriz A € Z%” s the
set

Ma=X2NA,_1.

The set Mio is the set of points in the log-linear model M 4 with non-zero coordinates.
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5 Completions to discrete probability distributions in log-linear models

Our definition of log-linear model differs from that found in [Sullivant, 2018, Chapter
6]. Indeed, we allow for probability distributions having zero coordinates, lying in the
boundary of the probability simplex. The name “log-linear” originates as for those
points p € /\/ljo with non-zero coordinates, the coordinate-wise logarithm log(p) lies in
the linear space im A”. Many familiar discrete probability models are in fact log-linear
models, such as the independence model, undirected graphical models, and hierarchical
models. We describe the topology of the statistical model M 4 via the real structure of
the toric variety X 4.

Given a matrix A € Z%", the non-negative toric variety X%O = XANRY is the set of
points in X 4 with non-negative real coordinates. Similarly, we write on = X4 NRY,
for the set of points in X4 with positive real coordinates. If A € Z%” is such that
(1,...,1) € im AT then the log-linear model M 4 may be considered the projectivization
of the non-negative toric variety XEO. Indeed, since I4 is homogeneous, XEO is a cone
and we may scale each nonzero point so that the sum of the coordinates is equal to
one. The algebraic moment map provides a way to understand the topology of the
projectivization of the non-negative toric variety and hence, of our log-linear model
May.

The algebraic moment map is defined on the projectivization of a non-negative toric
variety in Fulton [1993]; Sottile [2003]. With the identification of the projectivization
of the non-negative toric variety with the log-linear model M 4, the algebraic moment
map is defined as follows.

Definition 5.2.3. The algebraic moment map pa : Mg — R™ is defined by pua(p) = Ap.

For p € M4, the image p(p) is a convex combination of the columns of A. Hence, if
P4 denotes the polytope which is the convex hull of the columns of A, then the image
of the algebraic moment map is contained in P4. In fact, the algebraic moment map is
a homeomorphism of M 4 with P4 as seen in [Sottile, 2003, Theorem 8.5]. Further, this
map restricts to a homeomorphism of ./\/ljo with the interior of the polytope int(P,4) as
described in [Fulton, 1993, Chapter 4.2].

Theorem 5.2.4 (Fulton [1993]; Sottile [2003]). If A € Z%” is such that (1,...,1) €
im AT, then the algebraic moment map pia : My — Pa is a homeomorphism. Further,
the restriction pa : M7° — int(Pa) is a homeomorphism.

Thus, the topology of the log-linear model M 4 is equivalent to that of the polytope
P4, and similarly for the topology of Mjo and int(P4). Hence, both M4 and Mjo
are contractible spaces and in particular, they are connected. Further, the set Mjo,
consisting of points of the log-linear model with non-zero coordinates, is the interior of
the log-linear model M 4 and is dense in M 4. We will make use of this connection in
Section 4.

5.3 Completion to the Toric Variety

We first consider the completion problem to a toric variety. Fix an integer matrix
A€ Z%" and the corresponding toric variety X 4. Write [n] = {1,...,n} for the set
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5.3 Completion to the Toric Variety

indexing the coordinates of C™. A subset E C [n]| determines a coordinate projection
g : C* = CF to those coordinates indexed by E. We say a partial observation is a
point pr € CF, and a completion of a partial observation pg to the toric variety X 4 is
a point p € X4 that projects to pg, 7g(p) = pE.

Our goal in this section is to determine the completable region mg(X4), of partial
observations which can be completed to the toric variety X 4. We accomplish this by
first describing the image of the monomial map ¢? and determining when a partial
observation pg is completable to the image im ¢*.

5.3.1 The Image of the Monomial Map

For a point p = (p1,...,pn) € C", the support of p is the set

supp(p) = {i € [n] : p; # 0},

consisting of the indices of non-zero coordinates of p. The following definition, taken
from Geiger et al. [2006], provides a necessary condition for a point to lie in the image
im ¢4,

Definition 5.3.1 (Geiger et al. [2006]). Let A € ZEX™ be a matriz with column vectors

ai,...,a, € ZF. A point p € C" is A-feasible if for every j € [n] \ supp(p), the support
supp(a;) is not contained in the union Jcgpp(p) SUPP(ar).-

We note that A-feasibility is equivalent to the notion of zero-consistency in [Kahle
et al., 2017, Definition 2.1]. For points lying in the toric variety p € X4, A-feasibility is
both necessary and sufficient for p to lie in the image im ¢*. This was proved in [Geiger
et al., 2006, Theorem 3.1] for the non-negative toric variety, and we extend their result
for the complex toric variety.

Proposition 5.3.2. If A € Z?é" is an integer matriz, then the image of the map ¢ is
given by the set

im¢? = {p e X, :pis A-feasible}.

Proof. Write ay, ..., ay, for the columns of A and a;; for the (i, j)-entry of A. If p € im o4,
then p € im ¢4 = X 4. Similarly, if p = ¢(6) then for j € [n] \ supp(p), there is an
i € [k] such that a;; > 0 and 6; = 0 so that i € supp(a;). However, i ¢ supp(q;) for
each [ € supp(p) since otherwise p; = 0. Therefore, p is A-feasible. Thus, the inclusion
im ¢4 C {p € X4 : pis A-feasible} holds.

For the reverse inclusion, let p € X 4 be A-feasible. Without loss of generality we may
assume that p only has non-zero entries. Indeed, since p is A-feasible, we may restrict
¢ to the coordinate subspace of C* such that 6; = 0 for i € [n] \UZESupp(p) supp(a;). We
compute a preimage of this restriction by discarding all zero entries of p, and reinserting
them in the appropriate places afterwards.

Let p € X4 have non-zero coordinates. From Proposition 5.2.1, for any u € Z"
such that Au = 0, we must have that p* = 1. By taking the logarithm and writing
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5 Completions to discrete probability distributions in log-linear models

log(p) for the coordinate-wise logarithm of p, one finds that u” log(p) = 0. Thus, log(p)
annihilates the kernel of A, or equivalently, lies in the image of A”. Writing log(p) = ATv
for some vector v € R¥ and applying coordinate-wise exponentiation, one finds that
p = ¢A(e?) € im ¢4, O

If Ap denotes the submatrix of A whose columns are indexed by F, then there is an
equality ¢4% = 7 o 4. Thus, there is an equality of the images 7x(im ¢4) = im ¢pA7,
and the defining ideal of the image mx(im ¢?) is the toric ideal given by

I(mp(im ¢?)) = I(im ¢*F) = [(Xa,) = Ia,.

This ideal may be computed via Proposition 5.2.1, or as an elimination ideal of [4.
Indeed, 14, is obtained from I4 by eliminating the variables z; for i € [n] \ E. We
obtain the following corollary of Proposition 5.3.2 describing when a partial observation
is completable to the image im ¢*.

Corollary 5.3.3. Let pp € CF be a partial observation.

1. pg is completable to a point of the image im ¢ if and only if pp € X4, and pg
is Ap-feasible.

2. If pgp € Rgo has non-negative real coordinates, then pg is completable to im ¢? if
and only if there is a completion p € im ¢ with non-negative real coordinates.

Proof. The first portion follows from the equality im ¢*# = 7p(im ¢4). A partial ob-
servation pg € CF is completable to the image im ¢ if and only if it lies in the image
im 7. By Proposition 5.3.2, this is exactly when pg € X4, and pg is Ap-feasible.
For the second portion, if pg € REO is a partial observation which has non-negative
real coordinates and is completable to a point p € im¢*, then the point |p| € im ¢4
obtained by taking the coordinate-wise absolute value of p is a completion of pgp with
non-negative real coordinates. O

5.3.2 Completing to the Toric Variety

We now determine the set of partial observations which are completable to the toric
variety X 4. We utilize the polyhedral structure of the polytope P4, which is the convex
hull of the columns of the matrix A. We note that as the column sums of A are equal
to N > 0, the polytope P, is contained in the hyperplane determined by the equation
> iy pi = N and has dimension rank A — 1.

Definition 5.3.4. A facial set of A is a subset F' C [n] such that there is a vector v € R¥
satisfying via; = 0 for i € F and vT'a; > 0 for i € [n]\ F. The vector v is a inner
normal vector for the face F.

Additionally, a facet is a proper face which is not contained in any strictly larger
proper face. Geometrically, a facial set indexes the columns of A that lie in a face of
the polytope P4. Further, an inner normal vector v of a facial set F' is an inner normal
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vector of a face of P4. More on the relationship between polytopes and their faces can
be found in Ewald [1996].

The following result from [Geiger et al., 2006, Lemma A.2| classifies the support of a
point in X 4 via the facial sets of A.

Lemma 5.3.5 (Geiger et al. [2006]). Let A € Z%” be a matriz whose columns are the
vectors ai,...,a, € RF. If p € X4, then supp(p) is a facial set of A.

If F' C [n] is a facial set of A € Z%", we define the characteristic vector xr by
(xr)i = 1ifi € F and (xp); = 0if i € [n]\ F. By [Geiger et al., 2006, A.2], xr € X4.
Thus, for every facial set F' of A, there is a point of X 4 with support F.

Lemma 5.3.5 and Corollary 5.3.3 allow us to determine when a partial observation
pE € Xa, is completable to the toric variety X 4. As the subset E C [n] indexes the

coordinates of C¥, we may write supp(7g(p)) = supp(p) N E for a point p € C".
Theorem 5.3.6. Let pp € CF be a partial observation.

1. prp € CF is completable to a point p € X4 if and only if pp € Xa, and there is a
facial set F' of A such that supp(pg) = FNE.

2. If pp € Rgo has non-negative real coordinates, then pg is completable to X%O if
and only if pg is completable to X 4.

Proof. If pp = m(p) € mp(X4) for some p € X4, then by Lemma 5.3.5 supp(p) is a
facial set of A and supp(pg) = supp(p) N E.

Conversely, if pp € X 4, and F' is a facial set of A such that supp(pg) = ENF, then pg
is Apnp-feasible since pg has non-zero coordinates (pg); for every i € ENF = supp(pg).
By Corollary 5.3.3, this implies there exists § € C* such that the i-th coordinates
(¢4(0)); = (pE); are equal for every i € E N F. Consider the coordinate-wise product
¢2(0)xr € Xa. If i € ENF, then the i-th coordinates (¢(0)xr); = (pg); are equal.
Similarly, if i € E\ F, then (¢4(0)xr); = (pr); = 0. Thus, ¢*(@)xr € X4 is a
completion of pg to X 4.

For the second portion, if pg € REO is a partial observation with completion p € X4

to X4, then the coordinate-wise absolute value |p| € XEO is a completion to XEO. ]

Given a partial observation pr € CF, Lemma 5.3.5 and Theorem 5.3.6 allow us to

quickly determine properties of completions to X 4 by studying the facial sets of A. If
F1 and Fy are facial sets, then their intersection £ N F5 is a facial set. In particular, for
any set E C [n], there is a minimal facial set F' containing F, which is the intersection
of all facial sets containing F.

Corollary 5.3.7. Let A € Z’;é" be an integer matriz, E C [n] be a subset of the

coordinates, pp € CF be a partial observation, and p € X4 be a completion of pg. If
F C [n] is the smallest facial set containing supp(pg), then F C supp(p).
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1

Figure 5.3.2: An example polytope P4. The point corresponding to the 4-th column
of A lies in the relative interior of the polytope.

Example 5.3.8. Consider an integer matrix A € Z';ff such that the polytope P, is as
in Figure 5.3.2. If E = {4} then the smallest face containing E is the whole polytope
P,. Thus, the smallest facial set containing E is F' = {1,2,3,4}. By Corollary 5.3.7, for
any non-zero partial observation pr € CF, any completion to X 4 must have all non-zero
coordinates. If pp = 0, then any completion has support given by one of the proper
facial sets, 0, {1,2}, {1,3}, or {2,3}.

5.4 Completion to the Log-Linear Model

Let E C [n] be a subset indexing some of the coordinates of R” and 7 : R — R¥ be the

corresponding coordinate projection. Given an integer matrix A € Z’;ﬁ", we consider the

completions of a partial observation pp € R¥ to the log-linear model M 4. Our analysis
of the problem relies on our ability to understand completions to the non-negative toric
variety X%O as described in the previous section.

We provide a description of the interior and the boundary of the completable region
mp(Ma), which consists of partial observations which can be completed to a point
in My: see Theorem 5.4.11. This is accomplished in Section 5.4.1 by analyzing the
singular locus of the projection 7g : ./\/lf‘0 — RE, which is the locus of points where the
differential (drg), drops rank. For a point p € M7° that does not lie in the singular
locus, the image 7g(p) lies in the interior of the completable region 75 (M 4). Thus, the
problem of determining the interior and the boundary of the completable region rests
on understanding the image of the singular locus and the image of the boundary of the
log-linear model OM 4 = M4\ M3°.

In addition, we enumerate the completions for a partial observation with non-zero
coordinates lying in the completable region. It will be shown that when there are finitely
many completions, a partial observation can have either one or two completions to the
log-linear model M 4 depending on the subset E' C [n] chosen and whether the partial
observation lies in the interior or the boundary of the completable region—see Theorem
5.4.13 and Theorem 5.4.16. Our results determine the number of completions of a partial
observation to M 4, but produce no general algorithm for computing these completions.

We work under the mild assumption that our subset E C [n] satisfies |E| = rank Ap =
rank A — 1 = dim M 4. The assumption that |E| = rank Ap < dim M 4 guarantees that
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the image 7 : M4 — RF is full-dimensional—see Corollary 5.4.7. Further, we assume
that |E| = dim M4 so that one expects only finitely many completions to the log-
linear model M4 for a general partial observation. If |E| < dim My, then any partial
observation lying in the completable region has infinitely many completions to M 4 and
we leave it as an open problem to describe the variety of completions in this case.

5.4.1 The Singular Locus of a Coordinate Projection

We note that for a map of varieties 7 : X — Y, there is a maximal rank of the differential
dmy : T, X — T,Y for p € X. Further, there is a Zariski open set (dense, open, path-
connected set whose complement is a subvariety) U C X for which this maximal rank is
attained. The complement of this open set is the subvariety of X where the rank of the
differential drops.

Definition 5.4.1. The singular locus of a map of varieties m : X — Y is the subvariety
X consisting of points p € X such that the differential dm, : T,X — T,,Y has rank less
than the maximal rank.

We begin by computing the tangent space at a point of Mjo considered as an open
subset of a variety. Let A € Z%” have entries a;; for 1 <i < kand 1 < j < n. By

differentiating the monomial map ¢4 : R’;O — R%, at 0 € R’;O, we obtain the map

d¢‘94 : R¥ — R™ on tangent spaces defined by
1
(deg )i = ajig-¢;' (6)-
J
By writing p = ¢“(), the image of the differential may be written as

imalgzﬁgx = {(p1v1, ..., pavn) €ER" 1 v €im AT},

Since this image has dimension rank A = dim on, it follows that the image im dqﬁgl
coincides with the tangent space of the image XZO at p. Thus, XEO is smooth at each
point and the tangent space is given by

T,X3° =imdpy = {(pv1, ..., ppvn) €R™ : v € im AT},

Write H C R™ for the hyperplane defined by the equation ), x; = 1 so that T,H =
{z € R": Y, z; = 0}. Since (1,...,1) € im AT, it follows that (p1,...,pn) € TpX73°
so that Tpon + T,H = R"—that is, XXO intersects H transversally at each point.
Thus, we may regard M3% = X7°N H as a smooth manifold of dimension dim M7° =
dim on — 1 =rank A — 1. Further, we write its tangent space as

TpMjO ={(p1v1,...,pavn) €R" v € irnAT, va = 0}.

We now fix a subset E C [n] such that |E| = rank A = rank A — 1 and consider the
corresponding coordinate projection 7g : R® — R¥ and its restriction to ./\/ljo. We show
that its differential (dmp| Mio)p is an isomorphism for most points p € Mio, and give an
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5 Completions to discrete probability distributions in log-linear models

explicit description of the set of points where this differential is not an isomorphism, or
equivalently, of the singular locus of 7. The following proposition will aid in identifying
whether the differential (drg| Mio)p is an isomorphism. As a linear map, we identify the

differential (drg), with the map 7g itself.

Proposition 5.4.2. Let E C [n] is such that |E| = rank Ap = rank A — 1. Then
dim(im AT Nker7g) = 1. That is, every vector in im AT Nker ng is a scalar multiple of
any non-zero vector v € im AT Nker7p.

Proof. The map 7g : (im AT + ker7g) — im A% gives an isomorphism of the space
(im AT + ker 7)/ ker 7 with im AL so that

dim(im AT + ker 7g) = dimim AL 4+ dim ker 7
=rank Ap +n — |E|

=n.
Thus, we may compute dim(im AT Nker 7g) = dimim A” + dimker g —n = 1. O

Corollary 5.4.3. Let E C [n] be such that |E| = rank Ag = rank A—1 and v € im AT N
ker i be a non-zero vector. For p € M3°, the differential (dﬂ'E’Mio)p : oMY — RE

is an isomorphism if and only if vTp # 0.

Proof. Since dim 7T, M7 and |E| are equal to rank A — 1, the differential is an isomor-
phism if and only if it is injective. We use the description of the tangent space T, pMjo
found above,

TPM?&O = {(plvh s apnvn) eR":ve imAT, va = O}

Aspe Mjo, a non-zero tangent vector (pjvi,...,pntn) € Tp/\/lflO lies in ker(dﬂE|MZo)p
if and only if v € im AT Nker 7 and v*p = 0. Equivalently, the kernel ker(dwE|Mio)p
is trivial if and only if vTp # 0. O

Corollary 5.4.3 effectively describes the singular locus of 7g as the set of points p €
./\/lfl0 such that vTp = 0 for a non-zero vector v € im AT N ker 7. We demonstrate
that this locus is a proper subset of Mio. Recall that the algebraic moment map
A s Mg — Py is a homeomorphism as described in Theorem 5.2.4.

Proposition 5.4.4. Let E C [n] be such that |E| = rank Ap = rank A — 1 and let
v € im AT Nker g be a non-zero vector. A point p € M4 satisfies vIp = 0 if and only
if pa(p) € im Ag N Py.

Proof. Note that ¢ € im Ag if and only if v7q = 0 for all v € ker Ag—that is, q lies
in the span of the columns of A indexed by E exactly when every hyperplane equation
which vanishes on the columns of A indexed by E also vanish on g. Thus, for p € M4,
one has pa(p) € im Ag N Py if and only if vTpua(p) = (ATv)Tp = 0 for all v € ker AZL.
However, the equality A7 (ker A%) = im AT Nker 75 holds so that the result follows. [
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5.4 Completion to the Log-Linear Model

The intersection im Ag N P4 is the set of points in P4 spanned by the columns of A
indexed by F. Since rank Ap = rank A — 1, this is a proper subset of P4 and the locus of
points p € M 4 such that vTp = 0 is a proper subset of M 4. Thus, the maximal rank of
the differential (dwE]Mio)p is dim M7? = |E| = rank A — 1 and this rank drops exactly
on the locus of points in ./\/lj‘0 lying on the hyperplane defined by vTp = 0. Combining
these results, we’ve proved the following.

Corollary 5.4.5. Let E C [n]| be such that |E| = rank Ap = rank A — 1 and v €
im AT Nker mg any non-zero vector. The singular locus of the projection TElm, is the
set of points

Bap={peM;":vTp=0}.

We note that with this terminology, Proposition 5.4.4 states that the image of the
algebraic moment map applied to the singular locus B4 g is given by p4(Ba,g) = im AgN
P,. That is, the image p14(Ba,g) is the points of P4 that are spanned by the columns
of A indexed by E. In addition, the equality im AT Nkermp = AT (ker AL) gives an
effective method of computing a vector v. This is illustrated in Example 5.4.6.

Example 5.4.6. Let

4
A= 1|0
0

S = O

02 1
3

0 1 2| ez

411

and £ = {4,5}. The polytope P4 and the image p14(Ba ) are illustrated in Figure
5.4.3. Since |E| = rank Ap = rank A — 1 = 2, the result of Proposition 5.4.4 applies.
The kernel ker AL is generated by the vector w = (1,1, —3), so we may let v = %ATw =
(1,1,-3,0,0) € AT (ker AL). Thus, the singular locus of the projection 7 : ./\/lfl0 — RE
is given by the hyperplane section

Bap={peM3":pi+ps—3ps =0}

A(Ba, . .
N( E) 1 5 \

1 2

Figure 5.4.3: The polytope P4 and the image p14(Ba,g) for Example 5.4.6.
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5 Completions to discrete probability distributions in log-linear models

We end by showing that a point p € MA?O \ B4,g not in the singular locus maps to
the interior of the completable region.

Corollary 5.4.7. Let E C [n] be such that |E| = rank Ap = rank A — 1 and let p €
MZO\ Bag. There is an open subset U C RE such that ng(p) € U and U C wp(Ma).
In particular, the completable image is full-dimensional and g (p) € int(rp(My)) lies
in the interior of the completable region.

Proof. For any point p € Mio \ Ba, g, the differential (dﬂ'E’Mio)p : Tp./\/li0 — R¥ is an
isomorphism. By the implicit function theorem, 7g restricts to a diffeomorphism of an
open neighborhood of p € Mjo to an open neighborhood of 7g(p). O

5.4.2 The Interior and Boundary of the Completable Region

Corollary 5.4.7 shows that for p € MY\ By g, the image 7g(p) lies in the interior of
the completable region mg(M4). We will show that the boundary of the completable
region consists of the image of the boundary of the model 7g(0M 4) and the image of
the singular locus 7g(Ba ), which completely classifies the interior and the boundary
of the completable region. We accomplish this by better understanding the completions
of a partial observation to the non-negative toric variety Xfo.

Proposition 5.4.8. Let E C [n] be such that |E| = rank Ap = rank A — 1 and let
v € im AT Nkernwg be a non-zero vector. If pp € Rgo 18 a partial observation with
non-zero coordinates, then for any completions p,q € X%O of pg, there exists a € R
such that

Vi

pi = qie™"  for all i € supp(p) Nsupp(q).

Proof. We note that for any point p € X4, by projecting the coordinates indexed by
supp(p), there is a completion to qﬁA(R’;O) which agrees with p on its support. Thus,
we may write p = Xsupp(p)qﬁA(H) for some 6 € R’;O. Thus, we write p = xr,¢*(f1) and
q = X, ¢ (02) where F| = supp(p) and F» = supp(q) are facial sets that contain F, and
01,05 € R’;O. Then by taking the coordinate-wise logarithm, we have

0 = log(pr) — log(qr) = AL (log(61) — log(62)).

Therefore log(61) —log(62) € ker AL so that log(p) —log(q) = av € AT (ker AL) for some
o € R. Exponentiating, we have that for ¢4 (61) = ¢ (62)e®”. Then for i € F; N Fy, we
have that p; = ¢;e*":. O

We now leverage this proposition to show that the boundary of the completable region
Ong(M4) is given by the image of the boundary of the model 7 (OMy4) and the image
of the singular locus 7g(Ba, g). Equivalently, we show no point of the boundary OM 4
or the singular locus B4 g map into the interior int(7g(M4)). We start by showing a
point p € M 4 is such that either 7g(p) has some coordinate equal to zero or for any
€ >0, (1+ €)mp(p) is not completable the log-linear model M 4.
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5.4 Completion to the Log-Linear Model

Lemma 5.4.9. Let E C [n] be such that |[E| = rank Ap = rank A — 1. The boundary
of the model OM s maps by g into the boundary of the completable region Ong(M4).
That is, there is an inclusion wg(OMy) C Ong(May).

Proof. Let p € M4 and pg = wg(p). If p € OMy4, then some coordinate of p is equal
to zero and supp(p) C [n] is a proper facial set. There are two cases to consider. If FE
is not contained in supp(p), then pg € R contains some zero coordinate and any open
ball around pg contains points with negative coordinates. Those points with negative
coordinates have no completion to M4 so that pg € Org(Ma4).

Assume that E C supp(p). Since rank Ap = rank A — 1 and supp(p) is a proper facial
set, it follows that supp(p) is a facet and supp(p) is the smallest facial set containing
E. Without loss of generality, we may let w € ker Ag be an inner normal vector of
the facet supp(p) so that v = ATw satisfies v; = 0 for all i € supp(p) and v; > 0 for
i € [n] \ supp(p).

Let ¢ > 0 and qg = (1 + ¢)pg € RF. Then (14 ¢€)p € X%O is a completion of g and
by Proposition 5.4.8, any other completion ¢ € X%O of qg satisfies

¢ = (14 €)pie™”

for all i € supp(p) Nsupp(q). Since E C supp(q) and supp(p) is the smallest facial set
containing E, we have that supp(p) C supp(q). Further, since v; = 0 for all i € supp(p)
and ¢; = (1 + €)p; for i € supp(p). We compute

Zqiz Z g =(1+¢) Z pi=1+e>1.
i )

i€supp(p) i€supp(p

Any open set around pg then contains points which are not completable to M 4 so that

PE Eaﬂ'E(MA). O

Lemma 5.4.9 extends to the singular locus B4 g as well. We show that if p € Ba g,
then the coordinates of mg(p) cannot be increased while remaining completable to the
log-linear model M 4. Thus, the image mg(Ba g) is contained in the boundary of the
completable region as well.

Lemma 5.4.10. Let E C [n] be such that |E| = rank A = rank A — 1. The singular
locus Ba,p maps by g into the boundary of the completable region Omp(Ma). That is,
there is an inclusion Tp(Bag) C Orp(Ma).

Proof. We may assume F is not contained in a proper facial set, since otherwise B4 g is
empty as can be seen by Proposition 5.4.4. Thus, by Corollary 5.3.7, if pp € R has non-
zero coordinates, any completion p € Xfo has non-zero coordinates. Let p € B4 g and
pe =7gr(p). If e >0 and qg = (1 + €)pg as above, then (1+¢€)p € XEO is a completion.
For any other completion ¢ € Xfo, there exists o € R such that ¢; = (1 + €)p;e™ for
all i € [n] since p and ¢ have all non-zero coordinates. Since v”p = 0, one computes

Z% = (14_6)2]%60% > (1+E)Zpi(1+owi) =1+e>1.

1
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5 Completions to discrete probability distributions in log-linear models
Again one finds that any open set around pg contains points which are not completable
to M4 so that pp € Org(May). O

We combine Lemma 5.4.9 and Lemma 5.4.10 to describe the boundary and the interior
of the completable region.

Theorem 5.4.11. Let E C [n] be such that |E| = rank A = rank A — 1. The boundary
of the completable region is equal to the image by mg of the union of the boundary of the
model OM 4 and the singular locus Ba g. Precisely,

orp(My) =mp(OMa) U WE(BA,E).
Equivalently, the interior of the completable region is equal to the image
int(7p(Ma)) = 1e(M3°\ Bag).

Proof. For p € ./\/lfl0 \ Ba,g, the differential (drg), is an isomorphism so that m(p) €
int(7(My)). By taking the relative complement with 75 (M 4), the inclusion Org(My) C
TE(OMa) U (B A, p) follows. The reverse inclusion is an immediate consequence of
Lemma 5.4.9 and Lemma 5.4.10. ]

We illustrate Theorem 5.4.11 in Example 5.4.12.

Example 5.4.12. Let
2110
A=(0 1 0 1|ez
0 011

and E = {1,4}. The polytope Py, the image pua(Ba ), and the completable region
(M) are illustrated in Figure 5.4.4. Using coordinates z,y,z,w for R*, the log-
linear model is given by

My = {(z,y,2,w) GRégzmw—yz:m—&-y—i—z—i—w—l = 0}.
As (0,1, -1) € ker AL, we may take v = (0,1, —1,0) so that
BA,E = {(xayaz7w) € Mjo Yy —z= O}

As the subset E' is not contained in a proper facial set, the boundary M 4, of points
where some coordinate is equal to zero, maps to the coordinate axes of REO. Contrary to
this, the singular locus B4 g maps to the curved boundary of Figure 5.4.4. The defining
equation for this curve can be obtained via elimination. Indeed, the defining ideal of the
singular locus is the prime ideal

I(Bog)=(zw—yz,o+y+z+w—1,y—2).
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5.4 Completion to the Log-Linear Model

Using Macaulay?2 [Grayson and Stillman] to eliminate the variables y and z, we find that
the eliminant of I(B4 ) is generated by the single polynomial

flz,w) = 2? — 20w — w? — 22 — 2w + 1.

Thus, f(x,w) = 0 is the defining equation of the Zariski closure of the projection
TE(BAE).

We note that the image 7g(Ba,g) is a semialgebraic set and the zero set {(z,w) €
R? : f(z,w) = 0} is its Zariski closure. In general, it is difficult to obtain a semialgebraic
description of the image 7mg(Ba g) or of the completable region mp(My).

0.6

pa(Bak)

0.4

0.2

Figure 5.4.4: (Left) The polytope P4 and image pua(Ba,g) for Example 5.4.12.
(Right) The completable region mg(M4) for Example 5.4.12.

5.4.3 Enumerating Completions to the Log-Linear Model

Given a matrix A € ZEX™ and a subset E C [n] such that |E| = rank Ap = rank A — 1,
we discuss the possible number of completions of a partial observation with non-zero
coordinates in the completable region pgp € mp(M4) to the log-linear model M 4. By
elementary methods, we conclude that such a partial observation has either 0, 1, or 2
completions to M 4 depending on whether the subset E' C [n] lies in a proper facial set
and whether pg lies in the boundary or the interior of the completable region.

We first consider the case that a partial observation with non-zero coordinates lies in
the boundary of the completable region pg € Org(Ma4).

Theorem 5.4.13. Let E C [n] be such that |E| = rank Ay = rank A — 1. If pp €
Orp(May) is a partial observation with non-zero coordinates lying in the boundary of the
completable region, then pg has a unique completion to the log-linear model M 4.
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5 Completions to discrete probability distributions in log-linear models

1. If E is contained in a proper facial set, then this completion lies in the boundary
of the model OM 4.

2. If E is not contained in a proper facial set, then this completion lies in the singular
locus B .

Proof. Let pp € Org(My) be a partial observation with non-zero coordinates in the
boundary of the completable region. By Theorem 5.4.11, we may express the boundary
of the completable region as

87TE(MA) = WE(aMA) U WE(BAJE).

If E is contained in a proper facial set, then B4 g is empty by Proposition 5.4.4 so that
pg has a completion p € M 4. Similarly, if E is not contained in a proper facial set,
then any completion of pr has all non-zero coordinates so that pg necessarily has a
completion p € By g. We separate the proof into these cases:

If F is contained in a proper facial set, then pgp has a completion p € OM 4. Similar
to Lemma 5.4.9, since rank Ap = rank A — 1 and supp(p) is a proper facial set, it follows
that supp(p) is a facet and the smallest face containing E. We may let w € ker Ag be
an inner normal vector of the facial set supp(p) so that v = ATw satisfies v; = 0 for
i € supp(p) and v; > 0 for i € [n] \ supp(p).

If ¢ € M 4 is any other completion of pg, then by Proposition 5.4.8 there exists o € R
such that

¢ = pie™”"

for i € supp(p) Nsupp(q). Since E C supp(q) and supp(p) is the smallest facial set
containing F, we have supp(p) C supp(q). Further, since v; = 0 for ¢ € supp(p), we have
that ¢; = p; for i € supp(p). Since p,q € M4, we see

0=> (@G-p)= >  a
i€[n] i€[n]\supp(p)

Since ¢; > 0 for each 4, this implies that ¢; = 0 for i € [n] \ supp(p) so that ¢ = p.

If F is not contained in a proper facial set, then pr has a completion p € By g.
If ¢ € My is any other completion, then ¢ also has non-zero coordinates. Let v €
im AT Nker 75 be a non-zero vector. By Proposition 5.4.8, there exists & € R such that

¢ = pie™”

for all i € [n]. Recall that since p € B4 g we have vTp =0 by Corollary 5.4.5. Observe
that

> pie® —avi—1)=> (g —pi) —av'p=0.
i€[n]

1€[n]
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5.4 Completion to the Log-Linear Model

As each term of this summand is non-negative, this implies each summand is equal to
zero. Since p has non-zero coordinates and v is a non-zero vector, there is some index
such that p; # 0 and v; # 0, but p;(e** — av; — 1) = 0. Therefore it must be that a = 0
and g = p.

O

We turn our attention now to partial observations lying in the interior of the com-
pletable region pg € int(mg(My)). Completions in this case may not be unique, however
it can be seen that there are at most two.

Proposition 5.4.14. Let E C [n] be such that |E| = rank Ay = rank A — 1 and let
v €im AT Nker g be a non-zero vector. If pp € int(rp(Ma)) is a partial observation
in the interior of the completable region, then any two distinct completions p,q € My
are such that vTp and vTq are non-zero and have opposite signs.

Proof. By Theorem 5.4.11, pg has a completion p € Mio \ Ba,r and any other com-
pletion also lies in Mjo \ Ba g. By Proposition 5.4.8, if p,q € Mjo \ Ba g are any two
completions, there exists o € R such that

¢ = pie™”"

for all ¢ € [n]. Without loss of generality by interchanging p and ¢, we may assume that
a > 0. Observe

0= Z(% —pi) = Zpi(ea”i -1) > az vipi = av'’ p.
- ,

A 7

Since o > 0 and vT'p # 0, this implies that v”p < 0. By the same process reversing the
roles of p and q and by replacing o by —a, one finds that v7q > 0. 0

Corollary 5.4.15. Let E C [n] be such that |E| = rank Ap = rank A — 1, and let
pep € int(rp(May)) be a partial observation in the interior of the completable region.
Then pg has at most two completions to M 4.

The number of completions to M4 for a partial observation in the interior of the
completable region may vary. Indeed, the number of completions is depends on whether
the set £ C [n] is contained in a proper facial set.

Theorem 5.4.16. Let E C [n]| be such that |E| = rank Ap = rank A — 1 and let
pE € int(mg(Ma)) be a partial observation lying in the interior of the completable region.

1. If E is contained in a proper facial set, then pg has a unique completion to M 4.

2. If E is not contained in a proper facial set, then pg has two distinct completions

to My.
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5 Completions to discrete probability distributions in log-linear models

Proof. 1. If E C [n] is contained in a proper facial set F', we may let w € ker AE be an
inner normal vector for F. Then v = ATw is such that v; = 0 for i € F and v; > 0 for
i € [n]\ F. Thus, v"p > 0 for all p € M. From Proposition 5.4.14, it follows that pp
must have a unique completion to M 4.

2. Assume E C [n] is not contained in a proper facial set. If pp € int(mrg(My)) is a
partial observation with non-zero coordinates in the interior of the completable region,
then by Theorem 5.4.11, pg has a completion p € Mio \ Ba,r. By Corollary 5.3.7 and
Proposition 5.4.8, any completion q € Xfo must have all non-zero coordinates and there
must exist o € R satisfying

¢ = pie™”

for all i € [n]. Setting x = e®, the completion ¢ € X%O lies in the log-linear model M 4
exactly when z is a root of the (Laurent) polynomial

flx) = Zpi:c”i —1.

Conversely, any positive root of this polynomial yields a completion of pg lying in the
log-linear model M 4. From Corollary 5.4.15, the polynomial f has at most two positive
roots. We use continuity arguments to show that f always has two positive roots.

Note that since F is not contained in a proper facial set, the vector v must have
positive and negative coordinates corresponding to terms of f with positive and nega-
tive exponents. As these terms of f have positive coefficients, f(z) can then be made
arbitrarily large for z > 1 sufficiently large and for 0 < x < 1 sufficiently small. Note
that = 1 is a root of f and f/(1) = vTp. Thus, if v"p > 0, then for 0 < z < 1
sufficiently close to x = 1, f(x) is negative. Thus f(z) has a root in the open interval
(0,1). Similarly, if #Tp < 0, then for 2 > 1 sufficiently close to x = 1, f(z) is negative
and f(z) has a root in the open interval (1,00). Thus, f always has two distinct positive
roots yielding two completions of pg. O

Remark 5..17. The upper bound of two completions to M 4 can be seen by applying
Descartes’ rule of signs to the polynomial f(z) in the argument above. Since f(z) is a
Laurent polynomial with only one negative coefficient and we assume there is at least one
positive zero, then there are two sign changes and hence, two positive zeros. However,
Descartes’ rule of signs does not guarantee that these zeros are distinct.

Example 5.4.18 demonstrates how the proof of Theorem 5.4.16 may be used to recover
all completions of a partial observation pg € int(75(M.4)) from a single completion.

Example 5.4.18. As in Example 5.4.12, let

110
A= 10 1]ezt
011

S O N
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5.5 Describing the Completable Region

and E = {1,4}. Recall that the log-linear model is given by
My ={(z,y, z,w) GRéO rxw—yz=xz+y+z+w—1=0}
and the singular locus is the hyperplane section of ./\/lflO defined by

BA,E — {('xaya va) € Mio Yy —z= O}

Consider the partial observation (%, %) € Rgo and a completion p = (%, %, %, %) €

./\/lfl0 \ Ba,g. Since vIp = % > 0, there is another completion ¢ € Mio such that
vTq < 0. This completion can be obtained by computing positive roots of the Laurent
polynomial

1
= 7 Vi —1 = -4 — = -~
f(z) % pi 37 5 + -

One finds that « = £ is a root of f(z) so that

\OL0 1
q:p<2> = (6’6’373> € M7°\ Bag

is the other completion. Theorem 5.4.16 implies that these are the only completions of
the partial observation pg to the log-linear model M 4.

5.5 Describing the Completable Region

Given a subset E C [n] and an integer matrix A € Z%”, the completable region mp(M 4)

is a full-dimensional semialgebraic set—it is defined by polynomial inequalities. A semi-
algebraic description of the completable region mp(My) is such a description of the
completable region by polynomial inequalities. Obtaining a semialgebraic description of
the completable region is difficult in general. However, in this section we will provide
examples where obtaining the complete semialgebraic description of the completable re-
gion is possible by elementary methods. From Theorem 5.4.11, the algebraic boundary
of the completable region (M y4) is the union of the Zariski closure of the image of the
boundary mg(0M 4) and the Zariski closure of the image of the singular locus 7 (B4 ).
In both cases, the defining ideal can be computed explicitly via elimination as long as
the defining ideal of the boundary M 4 and the defining ideal of the singular locus B4 g
are known. But first we consider the simpler problem of computing defining equations
for the boundary of the completable region as in Example 5.4.12.

Definition 5.5.1. The algebraic boundary of the completable region wg(My) is the
Zariski closure of the Euclidean boundary Ong(Ma).

The defining ideal of the boundary O.M 4 is generated by the product of the coordinates
[L; zi, the hyperplane . x; — 1, and I4. However, the defining ideal of B4 g my be
difficult to obtain. For instance, given v € im AT Nker g, the hyperplane section defined
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5 Completions to discrete probability distributions in log-linear models

by vTp = 0 may intersect the Zariski closure of the log-linear model M 4 in more than one
component. However, from Proposition 5.4.4, at most one of these components intersects
the model M 4. Techniques from real algebraic geometry such as the Positivestellensatz
and its variants produce methods of choosing this component in general. See Lombardi
et al. [2020]; Goharshady et al. [2022] for more information on these techniques and their
use in applications.

We provide pseudo-code for computing the defining ideal of the algebraic boundary.
We note the reliance on several methods which we consider as black-boxes: one for
computing the toric ideal 4, one for producing the minimal primes of an ideal, one for
determining whether an ideal has a positive zero, and one for computing elimination
ideals.

Pseudo—Code (Defining Ideal of the Algebraic Boundary).

Input  A: An integer matrix in Z%"

E: A subset such that |E| = rank Ap =rank A — 1

Output I: The defining ideal of the algebraic boundary.

1. Find a non-zero vector v € AT (ker AL).
2. Compute the minimal primes of the ideal J = I + (3, x; — 1,v7x).

3. Compute I(Ba,g) as the minimal prime of J whose corresponding variety intersects
the log-linear model M 4.

4. Set Iy as the ideal obtained by eliminating the variables x; for i € [n]\ E from the
defining ideal of the singular locus I(Ba g).

5. Compute I(OM ) as the ideal To + (3, x; — 1,1]; xi).

6. Set I as the ideal obtained by eliminating the variables x; for i € [n]\ E from the
defining ideal of the boundary of the model I(OM 4).

7. Return I as the radical of the ideal I115.

We note that in general, inequalities obtained from the defining equations of the
algebraic boundary do not give a semialgebraic description of the completable region.
This is demonstrated in Example 5.5.2.

Example 5.5.2. Let

3403 2
A=10 1 2 1 1|ezlp
2 031 2
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5.5 Describing the Completable Region

and E = {4,5}. We use coordinates z, y, z, u, v for R520~ The polytope P, is a triangle
containing two interior points as illustrated in Figure 5.5.5 and the defining ideal 14 is
generated by three binomials,

3

Iy = (u? —yv, 03 — zzu, w? — zy2).

We first consider the portion of the algebraic boundary which is the image of the
singular locus. The kernel ker AL is generated by the single vector w = (1, —4,1) so that
we may write v = (5,0, —5,0,0) and

Bag = {(z,y,2,u,v) € M3%: x — 2 =0}.

0.8

0.4+

024

Figure 5.5.5: (Left) The polytope P4 for Example 5.5.2. (Right) The completable
region and curves defined by f(u,v) =0 and g(u,v) = 0.

As the ideal

3

I(Bag) = <u2—yv,v —xzu,uv2—xyz,x+y+z+u+v—1,x—z),

is prime, it is the defining ideal of the singular locus. Using Macaulay2 to eliminate the
variables z, y, and z from the ideal I(B4 g), the eliminant is generated by the single
polynomial

fu,v) = u’ 4+ 2utv + 3030 4 20203 + wvt — 40° — 2030 — 2u%0? — 203 + W

Thus, the algebraic boundary of the completable region (M 4) is defined by the single
polynomial equation f(u,v) = 0.

Note if p € M 4, then some coordinate is equal to zero so that supp(p) is a proper
facial set. Since the only facial set intersecting E is the set [5] = {1, 2, 3,4, 5}, it follows
that supp(p) N E = (0 and wg(p) = (0,0). That is, ng(0Ma4) = {(0,0)}. Thus, the
algebraic boundary is defined by the single equation f(u,v) = 0.
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5 Completions to discrete probability distributions in log-linear models

Contrary to this, the completable region is not described by either inequality f(u,v) >
0 or f(u,v) < 0. Indeed, the completable region is illustrated in Figure 5.5.5. The red
curve is the algebraic boundary defined by the equation f(u,v) = 0, but only the shaded
area is the completable region.

To obtain a semialgebraic description of the completable region, consider a partial
observation (u,v) € mg(M 4) with non-zero coordinates and a completion (x,y, z,u,v) €
M. Multiplying through the equation x +y + 2z + v 4+ v = 1 by zuv and using the
generators of the toric ideal 14, one finds that z satisfies the quadratic equation

2 —ww)z +ot=0.

wvz? + (ud + v?v + ww
Conversely, using the generators of 14, any solution to this quadratic yields a completion
of (u,v) to the log-linear model M 4. Thus, this quadratic has all non-negative solutions
and the sum of these solutions

%(u3+u2v+uv2—uv) >0

must also be non-negative. Since v and v are non-zero, this implies that

g(u,v) = —u? —uv —v? + v >0.

The blue curve in Figure 5.5.5 is defined by the equation g(u,v) = 0 and together
the inequalities f(u,v) > 0 and g(u,v) > 0 provide a semialgebraic description of the

completable region. Precisely,
TE(Ma) = {(u,v) € REy: f(u,v) >0, g(u,v) > 0}.

As in Example 5.5.2, it is often the case that the ideal I4 + (3", z; — 1,vT ) is prime,
in which case it is equal to the defining ideal of the singular locus I(B4,g). The following
example demonstrates a situation in which the boundary of the log-linear model M4
maps onto the boundary of the completable region.

Example 5.5.3. A hierarchical model is a log-linear model determined by the data of a
simplicial complex with positive integer weights given at each of the vertices. Each vertex
corresponds to a random variable with the weight of the vertex being the number of
outcome states of the variable. The faces of the simplicial structure encode dependencies
among these variables. We consider the hierarchical model associated to the length two
segment with each vertex weight equal to two. This corresponds to three binary random
variables X1, X9, and X3 with the probability of their outcomes related by certain
relations determined by the dependencies.

& — 0

X3 Xs X3

Figure 5.5.6: The length two line segment
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5.5 Describing the Completable Region

The model has coordinates p;;, given by the probability that X; =i, Xo = j, and
X3 = k. As described in Chapter 9 of Sullivant [2018], a hierarchical model is a log-
linear model and so can be described by an integer matrix A € Z%”. For the hierarchical
model associated to Figure 5.5.6 and all weights equal to two, the matrix A is given by

11000000
001 100O00O0
000O0OT1T1TO0ODO0
AZOOOOOOII
1000100 O0}|”
01 00O0T1TO00QO0
00100O010
0001O0O0O0T1

where the columns of A index the coordinates p;;, in lexicographical order. One finds
that rank A = 6 and the toric ideal 4 is generated by the following binomials

Iy = <p112p211 — P111P212, P122P211 —p121p222>-

We demonstrate two subsets £ C [n] for which a semialgebraic description of the
completable region mp(M4) can be easily computed and show how a semialgebraic
description can be obtained in general for this model.

Let £ = {1,2,3,4,5} C [8] so that |E| = rank A = rank A — 1 = 5. In other words,
we will observe the coordinates pi11, p112, P121, P122, and po11. Macaulay?2 can be used
to verify that F is contained in the proper facial set {1,2,3,4,5,6}. Thus, the singular
locus B4 g is empty and the algebraic boundary can be obtained by eliminating pai2,
Pao1, and poog from the ideal T4 + <Zi,j,kpijk -1, H”k pijk)- We find that the algebraic
boundary is given by the single polynomial

f(plnap112,P121,P122,P211) = —p%u — P111P121 — P111P122 — P111P211 — P112P211 + P111-

Further, a semialgebraic description of the completable region is given by

mE(Ma) = {pE € RBZO : f(p111, pr12, p121, p122, p211) > 0},

Indeed, given a partial observation pgp € mp(M4) with non-zero coordinates, the re-
maining coordinates can be computed in rational functions of the observed coordinates
P111, P112, P121, P122, and po11 as

_ bizpann
B P11

_ p121f(P111,P112,p121>p1227p211)
B p111(p121 + p122)

_ p122f(P111,P112,p121,p1227p211)
B p111(p121 + p122) ‘

D212

D221

D222
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5 Completions to discrete probability distributions in log-linear models

As our partial observation has non-zero coordinates, this completion lies in the log-linear
model My exactly when f(p111,p112, P121, P122, P211) > 0.

We note that for any subset £ C [n] which is contained in a proper facial set, the
above analysis can be carried out to obtain a semialgebraic description of the completable
region. Indeed, for the hierarchical model My, if E C [n] is contained in a proper facial
set, then the coordinates p; for i € [n]\ F can be explicitly computed in rational functions
in the coordinates p; for ¢ € F via the generators of the toric ideal 14 and the relation
2.ipi=1.

For a subset £ C [n] such that |E| = rank A = rank A — 1 that is not contained in
a proper facial set, then by choosing a coordinate p;;, not indexed by F, the remaining
coordinates are rational functions in p;;; and the coordinates indexed by E. Indeed, by
observing the generators of the toric ideal 4, each of these rational functions has the
form f(pe)piji or f(pE)p;ﬂl~C where f(pg) is a (Laurent) monomial in the coordinates
indexed by E. Subsituting these values into the relation Zijk pijk = 1, one finds that
piji satisfies a quadratic relation. As in Example 5.5.2, this quadratic has all non-
negative roots for pp € mg(M4) and one obtains an additional polynomial inequality
that the partial observation pp must satisfy. Since the remaining coordinates are given
as rational functions with positive coefficients in p;;; and the coordinates indexed by
FE, any solution of this quadratic corresponds to a completion in M 4 of pg. Thus, one
obtains a semialgebraic description of the completable region.

In either of the cases above, given a subset E C [n] satisfying |F| = rank Ap =
rank A—1, one can obtain a semialgebraic description of the completable region w5 (M 4)
for this hierarchical model.
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