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Abstract

In this thesis, we study mathematical aspects of topological order in two-dimensional
quantum spin systems. This is a phenomenon in models of quantum matter at very
low temperatures with extraordinary properties. Theoretically, we aim to establish
topological order as a well-defined feature of phases of matter, and to classify phases
according to different kinds of topological order. Central mathematical challenges
towards this aim are to give a definition of phases, to define topological order as an
invariant of a phase, and to compute the invariant. Recent years have seen much
progress on the former two challenges. In particular, superselection sector theory
adapted to spin systems in the thermodynamic limit has been shown to define an
invariant of topologically ordered phases with respect to quasi-local automorphism,
corresponding to local perturbations of the dynamics. In this thesis, we compute
this invariant for the class of Levin-Wen models which is widely regarded to be
an exhaustive set of models of gapped phases admitting a gapped boundary. The
invariant is a unitary modular tensor category, also known as a theory of anyons.

As a first case, we study the double semion state, the first example of a group-based
quantum double model with a cohomological twist studied using superselection
sector theory. This theory is shown to yield the representation category of the
twisted Drinfeld double algebra D?(Z,). The string operators of this model can be
defined by elementary constructions on the lattice and give a representation of the
anyon theory on the observable algebra.

This is no longer the case, when we proceed to study the Levin-Wen model based
on arbitrary unitary fusion categories C, with obstruction coming from K-theory.
Here, the analysis of the ground state and its excitation as well as the construction
of string operators requires a detailed understanding of the local Hilbert spaces of
the Levin-Wen model in terms of skein theory. This relies on the connection between
the Levin-Wen model and the Turaev-Viro topological quantum field theory, and
enables the construction of string operators producing anyon representations. The
main result is the unitary braided monoidal equivalence,

SSS; ~ Z(C),

between the full subcategory of superselection sectors of the Levin-Wen model with
finite-dimensional endomorphism spaces, and the Drinfeld center of the category C.



Sammenfatning

Denne afhandling omhandler matematiske aspekter af topologisk orden i kvante-
spin-systemer i to dimensioner. Dette er et faenomen i modeller for kvantematerie
ved meget lave temperaturer med ekstraordinsere egenskaber. Som teoretisk maél
sgger man at etablere topologisk orden som en veldefineret egenskab for faser af
materie og at klassificere faser alt efter forskellige typer af topologisk orden. Cen-
trale matematiske udfordringer for denne ambition omfatter definitionen af faser,
samt definitionen af topologisk orden som en invariant for faser, og ikke mindst
beregningen af denne invariant. I de senere ar har der veeret betydelig fremgang i
forhold til at lgse fgrstnzevnte udfordringer. Navnlig er superselektionsteori, adapte-
ret til spin systemer i den termodynamiske graense, blevet etableret som en invariant
for topologisk ordnede faser med hensyn til kvasilokale automorfier, svarende til lo-
kale perturbationer af dynamikken. I denne afhandling beregnes denne invariant
for klassen af Levin-Wen modeller, som er betragtet som veerende repraesentativ for
faser med et gab, og som tillader rand med gab. Invarianten er en unitzer moduleer
tensorkategori, ogsa kendt som en teori om anyoner.

Som et forste tilfzelde, studerer vi dobbel-semion modellen, det fgrste eksempel pa en
kvante-dobbel-model baseret pa en gruppe med et ikke-trivielt cohomologisk tvist
studeret ved brug a superselektions sektor teori. Denne teori svarer til repraesenta-
tionskategorien for kvante-dobbelalgebraen D?(Zs). Strenge-operatorerne for denne
model kan defineres ved elementaere betragtninger af lattice-modellen, og giver en
repraesentation af anyon teorien pa algebraen af observable.

Det samme ggr sig ikke leengere geeldende, nar vi gar videre til at studere Levin-
Wen modellen baseret pa en arbitraer unitaer fusionskategori C, hvor en obstruktion
er givet ved K-teori. Her afhsenger analysen af en detaljeret forstaelse af de lokale
frihedsgrader for modellen i form af fed-teori (skein theory) og muligggr konstruktio-
nen af strengeoperatorer, der producerer anyon repraesentationer. Hovedresultatet
er den uniteere flettede monoidale sckvivalens,

SSS; ~ Z(C),

mellem den fulde underkategori af superselektionssektorer for Levin-Wen modellen
med endelig-dimensionelle endomorfirum, og Drinfeld centeret af kategorien C.
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Introduction

This thesis is a development of mathematical theory that is aimed at describing the physical
world. As the main text is about mathematics, we give a brief account of how the theory is
founded in physics, followed by an outline of the thesis and an overview of its main results.

Statistical Physics

Statistical physics is a broad term for physical theories that use probabilistic methods to de-
scribe emergent macroscopic phenomena in systems composed of many constituent bodies or
components. Examples of such phenomena include temperature, pressure, magnetisation, (Bose-
Einstein) condensation, (super-) conductance, and many more. Under more or less simplistic
assumptions of the nature of constituent parts of a system, a statistical mechanical model is set
up to describe the microscopic kinematics and interactions among these parts, with the goal of
deriving quantities that describe the observable macroscopic behaviour.

Eager with excitement at first encounter with the subject, one could hope that our models
of nature are rich with detail down to the subatomic scale and give valid predictions about the
world as we see it. In practice, things are the other way round, with the most simplistic models
being those best studied. The wisdom lies in the idea of universality. In a loose sense, the idea
is that different microscopic models may give the same macroscopic predictions, and therefore
the study reduces to the study of universality classes of models. With this perspective, it is
advantageous to study the simplest possible model within a given universality class in order to
access physical predictions and understanding.

Spin systems

Spin systems are an important part of (quantum) statistical mechanics. In the most direct phys-
ical interpretation, a spin system may be regarded as a mathematical model for a configuration
of particles, say molecules, with fixed positions in space, each with some degree of freedom,
generically referred to as spin. In classical mechanics the spin degree of freedom is modelled by a
topological space - in many examples just a finite set. In quantum mechanics the spin degree of
freedom is a Hilbert space, often taken to be finite-dimensional. The notion of ‘spin’ is historical,
and refers to the relation between angular momentum and magnetic dipole moment of a charged
body. Usually, we think of the spins as representing the magnetic moment of the particle at
a particular point in space. In the famous Ising model, spins take values in the set with two
points sometimes referred to as 1,). As argued by Lenz, who originally introduced the model,
the structure of atoms in a crystal would have limited number of preferred orientations or spins
and energetically prefer alignment among neighbouring atoms [BR97].

Spin configurations are the possible states of the spin system, which in the case of the Ising
model, assigns the spin 1 or | to each point particle of the system. This is seen as a vanilla



model for a collection of mini-magnets whose collective alignment (or absence thereof) may (or
may not) produce a macroscopic magnetic field.

The Ising model describes the energy cost of misalignment of nearby spins. The statistical
mechanical approach is to assign for every fixed value of the total energy, a probability distri-
bution on the space of configurations that in expectation agrees with a fixed total amount of
energy. The total energy is proportional to the temperature of the system, a deeply rooted con-
cept in thermodynamics. The probability distribution assigned is the grand canonical ensemble,
also named as the Gibbs state, with the defining property that it maximizes the entropy of the
distribution. This is thought of as choosing, among the possible distributions that correspond
with the given energy level, the one that assumes the least about the configurations, or in other
words, pertains the highest degree of uncertainty about the concrete configuration in which we
encounter the system. This philosophy aligns with the idea of not relying on the microscopic
details when trying to understand the macroscopic behaviour.

Famously, the Ising model exhibits a phase transition in dimensions greater than one, which
is quantified in terms of the emergence of order - as the material cools down, there is not enough
energy to keep the spins pointing in all directions. They start to align.

This emergence of order is associated with a corresponding asymmetry. At the outset, there
is no preference between 1 or |, but the sudden alignment implies that there is a clear majority
of spins voting for either 1 or |. The symmetry is said to be broken in the cool phase. The
correspondence between phases of matter and symmetries has vast implications and is referred
to as the Landau paradigm.

Topological order

The microscopic nature of the world is better described by quantum mechanics at low energies,
so ever since the advent of quantum mechanics, it has been clear that we ought to study quantum
statistical mechanics. Nevertheless, classical statistical mechanics has ample application even in
quantum field theory, so there is no argument for its dismissal.’

Naturally, the quantum mechanical theory generalises the ideas that were sketched before.
But the discovery of topological phases of matter in quantum spin systems made it apparent
that the Landau paradigm is insufficient. There are ordered phases that are not characterised by
the breaking of symmetry in the sense of the Ising model - a group acting on every spin degree
of freedom acting simultaneously. After a number of years in the grave, the Landau paradigm
was only recently brought back to life with the only possible remedy - extending the notion of
symmetry. 1-form symmetries are represented by operations that only alter configurations of
the system along loop rather than everywhere at once. For this symmetry to detect non-trivial
topological order, the space in which the system is extended should be topologically non-trivial
meaning that it should have holes. Mathematically, this is easily described as a space that is not
simply connected. Owing their name to the breaking of this kind of 1-form symmetry, topologi-
cally ordered states of quantum spin systems in two spatial dimensions have been paradigmatic
examples for the development of the understanding of a generalised Landau paradigm.

In the simplest examples, the generalised symmetry object can be understood as a group
related to the representations of the fundamental group of the physical space of the model. But
the symmetry object can be more general, allowing in particular for non-invertible symmetries.
A modern slogan is that generalised symmetries can be described by a topological quantum field
theory in one dimension greater than the spatial dimension of the symmetric system.

!Quantum and statistical mechanics were more or less contemporary so the label ‘classical’ should
not be taken as in ‘the earlier theory’ but rather as the theory which disregards quantum mechanics for
the sake of simplicity.



This thesis is part of the research programme of understanding and classifying phases of mat-
ter. Specifically, we study topologically ordered spin systems in two dimensions by extracting the
generalised symmetry object which characterises the topological order. This is described by the
anyon content of the model, thought of as particle-like excitations of the zero-energy state which
satisfy fusion and braiding relations. These relations may be regarded as the transformations
under the action of the generalised symmetry.

Outline and main results

This thesis comprises three papers and a preliminary chapter, with a total of three individually
self-contained chapters. The papers, on which the thesis is based, were each prepared with equal
contribution from the respective authors.

Preliminaries The first chapter gives a brief review of notions in mathematical physics that
motivate and define phases of gapped quantum spin systems, paraphrasing results from the state
of the art. As one can expect, the review is somewhat superficial and fashioned to set the scene
for the forthcoming chapters.

The notion of topological order is introduced through the explicit example of lattice gauge
theory based on a finite group G, also known as (Kitaev) quantum double models. We give an
original proof of the key proposition that describes anyon sectors in this model as seen in finite
volume. The purpose is twofold. Stating the precise result gives a way of discussing sectors and
motivate their definition in thermodynamic limit. Second, the proof is elementary, in that it does
not appeal to constructions from topological quantum field theory or the language of unitary
fusion categories, which is heavily used in Chapter 3, where a more general proposition is proven.
As such, it serves as a gateway for the uninitiated reader to appreciate the topics being presented
in the thesis.

Finally, the section on superselection sector theory summarises the derivation of a braided
C*-tensor category from a gapped ground state taken as the definition of an anyon theory. The
role of Haag duality is emphasised, and weaker notions are discussed. We observe a sufficient
criterion for defining the fusion of anyon sectors which is weaker than those found in the literature.
While this observation may be original in its formulation, the techniques and results from which
it derives all follow the referenced literature.

Double semion The second chapter consists of the published paper [BKM24] in its entirety.
This work was the result of our early studies of the superselection sector approach to anyon theory
of topological order. As such, the main results are subset of those presented in later chapters.
Nonetheless, it was the first treatment of the superselection sector theory of a model beyond the
quantum double models based on finite groups as reviewed in Chapter 1. The departure from
the group case is, however, not very far, since the model is based on the group Z, but twisted
by a non-trival co-cycle ¢ € H3(Z?,U(1)). This makes it a good case study, in that there are
explicit constructions of string operators forming a group of automorphisms of the observable
algebra. The analysis of the infinite volume ground state as well as the computation of fusion
and braiding of string operators can be understood by direct calculations on the lattice.

The paper also constructs in detail a subcategory of the full category of localized and trans-
portable endomorphisms, which is shown to be a unitary braided fusion category. This does not
rely on the assumption of Haag duality or any weakening thereof, since the necessary property
of localized intertwiners can be proven directly.

10



The main result of the paper, is the braided equivalence of this subcategory of superselection
sectors with the category of finite-dimensional representations of the twisted Drinfeld double
algebra D?(G), which is established by the computation of F- and R-symbols of irreducible
objects.

Levin-Wen The final chapter is based on a draft which was presented in two parts on the
arXiv [BK25; BK26]. The content is largely identical to these manuscripts, except for a revised
introduction and [BK26, Sections 2 and 3] that are redundant, except for Section 2.2 which has
been turned into Appendix C of Chapter 3.

The Levin-Wen models [LWO05] are believed to exhaust the class of gapped ground state
phases that can be realised with a commuting projector Hamiltonian on a two-dimensional quan-
tum spin system. In Chapter 3, we analyse the superselection sectors of Levin-Wen model of an
arbitrary unitary fusion category C, deriving, as expected, a unitary braided equivalence with
the Drinfeld center of C,

SSS; ~ Z(C).

This comprises the largest class of phases for which the superselection sector theory has been
computed. Notably, it provides the first complete characterisation of the category of superse-
lection sectors for a class of two-dimensional lattice models supporting anyons with non-integer
quantum dimensions.

In order to achieve this, we first classify isomorphism classes of irreducible anyon sectors,
showing that they are in one-to-one correspondence with equivalence classes of simple objects
of the Drinfeld center Z(C). This is obtained by making explicit how the Levin-Wen Hamilto-
nian stabilizes subspaces isomorphic to state spaces of the corresponding Turaev-Viro topological
quantum field theory, and developing a detailed understanding of these state spaces on punc-
tured disks. In particular, we construct Drinfeld insertion operators on such spaces that can
move anyons between the punctures and can change their fusion channels. Using these Drinfeld
insertions, we construct explicit string operators that excite anyons above the ground state. By
constructing explicit isomorphisms between the fusion spaces of SSS and those of the Drinfeld
center Z(C), we show that these two categories have isomorphic F- and R-symbols and conclude
the equivalence of unitary braided fusion categories.

11






Chapter 1

Preliminaries

Contents
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This introduction describes the classification problem of gapped ground state phases of spin
systems in some detail. We emphasise two key bounds of the theory: The adiabatic theorem
and the Lieb-Robinson bound. By clever combination of these ideas Hastings and other authors
formed the notion of quasi-local automorphisms, which transform between equivalent gapped
ground states of spin systems. We review the notion of topological order and its relation to
ground state phases, and end this introduction with a review of the braided C*-tensor category
of superselection sectors as an invariant of gapped ground states up to quasi-local automorphism.

1 Quantum many-body systems and gapped phases

1.1 Quantum Dynamics

The instantaneous state space of a quantum mechanical system is described as (the set of rays
in) a complex Hilbert space H. The energy of the system is described by a densely defined

13



Chapter 1. Preliminaries

self-adjoint operator H : D — H, the Hamiltonian. This operator governs the dynamics via the
Schrodinger equation,
d
i—U(t) = HU(t
IS U() = HU(),
with initial condition U(0) = 14. The unique solution is given by U(t) = e~ "', and by Stone’s
theorem this is a strongly continuous unitary group, meaning that the evolution of any state

ven,

itH

t— U(t)y,

is continuous with respect to the Hilbert space norm, and U(¢t)U(s) = U(t + s).

For many purposes, it is reasonable to assume the Hamiltonian to vary over time, if for
example H depends on an external potential or represents an effective theory. We thus assume
that ¢ — H(t) is strongly (i.e. point-wise) continuous on some interval I where each H(t) is
defined on a time-independent dense domain D. Moreover, we assume that the variation to
bounded, that is, ||H(t) — H(s)|| < oo for all ¢,s € I.

In this setting, we can only guarantee a weak solution to the corresponding time-dependent
differential equation [NSY19, Proposition 2.4], namely

¢%<¢,U(t,s)w> — (H(t), U(t, 5)3)

for all ¢ € D and ¢ € H, with initial condition U(s, s) = 13;. The solution is a unique strongly
continuous unitary cocycle {U(t,s) € B(H)|t,s € I}, i.e.

U(r,s)U(s,t) =U(r,t) forallr <s<tel.

A notable difference between the dynamics of a Hamiltonian that depends on time and one
that does not, is that the evolution of a time-independent Hamiltonian preserves eigenspaces of
the Hamiltonian. This is no longer true in the time-dependent case. We can state this more
generally in terms of spectral projections of H(t) using the corresponding Heisenberg evolution.
This is the transformation of observables A € B(#H), defined for ¢, s € I, by

Ti,s(A) = Ad[U(t, 8)*](A) = U(t, s)* AU(t, s).

Spectral projections of H(t) are defined for isolated compact parts of the spectrum of H(t), or
equivalently, for any bounded S C o(H(t)) such that vyg(t) := dist(S,o(H(t)) \ §) > 0. One
may consider situations where S varies continuously with ¢, but this will not be necessary here.
Instead, we assume that the spectral projection for S is defined for all H(¢). Moreover, assume
the uniform gap condition: That vs(t) > ~ for some v > 0 independent of ¢. This defines a
strongly continuous family of projections ¢ +— P(t) € B(H). Generically, assuming that the
interaction does vary with time,
Tt,s(Ps) 7é Ptv

implying, for instance, that a gapped ground state at time s doesn’t evolve into a gapped ground
state at time ¢. But the evolved state could be close to a gapped ground state, and this issue is
addressed by the adiabatic theorem.

Under suitable regularity conditions on H inherited by P, we can define the adiabatic Hamil-
tonian

Ho(t) = H(t) +i[P'(¢), P(1)]. (1)
The Heisenberg evolution as defined for this Hamiltonian 7!, satisfies
Tis(P(s)) = P(1), (2)

14



Chapter 1. Preliminaries

and is called the adiabatic evolution or the spectral flow. The adiabatic theorem [Teu03, Theorem
1.2] gives a bound
|I7e,s(A) — 7 (A)]] < C(A + [t — s[)|| Al

for a constant C' which depends on . The crucial feature of the theorem is that by slowing down
the rate of change of H, considering instead the dynamics of ¢ — H (et), the constant C is found
to satisfy C' = O(e). Applied to A = P(s), the adiabatic theorem and Eq. (2) show that the
spectral projections are approximately mapped to one another as long as the interaction varies
slow enough.

For this application, the adiabatic evolution is a tool to establish a bound the for the original
dynamics. Later, in the study of gapped phases, we use the adiabatic theorem in the other
direction to approximate a spectral flow.

1.2 Quantum many-body systems

The kinematics of two quantum mechanical systems combined into one whole is described in
terms of H; ® Ha, where the Hilbert spaces Hi,Ho describe the two systems individually. The
(time-independet) energy of each individual system may be given by a Hamiltonian H;, resp.
H,, while the Hamiltonian H of the combined system may include an interaction energy His
between the two parts,

H = H; + Hy + Hys.

Here we use the notation Hy = H; ® 1y, and Hy = 1y, ® Hs. By extension, we define an
interaction on a collection of ‘bodies’ indexed by T, i.e. Hilbert spaces {H, }ver, to be a map
that assigns to each finite subset A C I" a self-adjoint operator,

(I)(A) S B(HA)s.aq where HA = ®Hv

veEA

Here we make the assumption that each interaction term is bounded, which in principle isn’t
necessary, but will be the case for our applications. The Hamiltonian associated to A is

HY = > o(X),

XCA

where again we interpret this sum using the inclusions B(Hx) C B(H,), for any X C A, given
by the tensor decomposition Hy = Hx ® Ha\x and the identification of A € B(Hx) with
A® IHX\A € B(Hy).

In principle, it would suffice to consider interactions on a finite number of bodies I". Indeed,
statistical mechanics aims to make statements about systems of a large but finite number of
bodies. Such statements are made with an explicit dependence on the number of bodies n or
in the thermodynamic limit as n — co. A standard example is to consider I',, = [-n,n]¢ C Z¢
with an interaction ®,, defining a many-body system for each n. Then a statistical mechanical
model associates an interaction energy ®,(A) on A C T',,, that is assumed to be independent
of n'. This implies that the interactions ®,, on I',, define an interaction ® on I' = 7% and vice
versa. When the interaction terms and corresponding local Hamiltonians depend on time ¢ € I,
we write ®(A,t) and Hy (t).

!As long as n is large enough. In many examples, different choices of boundary conditions may be
considered in finite volumes. But the assumption is that the bulk interaction is independent of the
boundary condition.
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Chapter 1. Preliminaries

There is no direct generalisation of composite systems to infinitely many bodies. Instead,

we consider the convergence of the evolution T{’\f : B(Ha) — B(Hya) defined by HY () as A

increases. Note that for fixed Ag C A, the evolution of H,, under Tt/} -® considering B(Hy,) C

B(Ha), may be regarded as the evolution of an open system, since information is allowed to

dissipate from Ag into A. This illustrates the need for defining the quasi-local algebra for studying
AD . . .

the convergence of {7, ;" }o. For this we introduce the notation

Apr = B(Ha), A CT finite.

As already discussed, there are inclusions Ay C Ax, whenever A C A’. Thus, for any (infinite)
A C T, there is an algebra
Age = Aa,
ACA
since the set of finite subsets is directed with respect to the inclusion order, and all the inclusions
of algebras are compatible. The operator norm(s) induces a norm on AX® and the completion

in this norm is the quasi-local algebra A = AIAOC. The quasi-local algebra is a C*-algebra.
The natural inclusions moreover induce inclusions of quasi-local algebras Ax C Aas whenever
ACA.

One can show that for any A, there is a unique tensor product of C*-algebras Ax ® Aae
which is isomorphic to A = Arp. This implies that the local evolutions TtA ® may be interpreted
as automorphisms of A via 7% (A® z) = 7/ (A) ® 2. We say that an interaction ® defines an
evolution in the thermodynamic limit if there is a strongly continuous family of automorphisms
72 € Aut(A) such that
7 = lim th)’A,

ACT
where the limit is taken pointwise in norm over the net of finite subsets ordered by inclusion,
and the convergence is uniform for ¢ in compact intervals. A necessary condition is that there is
a derivation d defined on A'°° given by (see [BR97, Proposition 6.2.3] and following remark)

5F(A) =i [®(X,1),A]  forall Ae A
X

This condition is satisfied on the condition of finite energy,

S OlI®A )| < oo,  forallzel,tel.
TEA

Note that summands of 6 (A) vanish if A € Ay and X N A = (. There are several further
general conditions on time-independent interactions ® that are sufficient such that 6% generates
a strongly continuous family of automorphisms [BR97, Theorems 6.2.4, 6.2.6]. Here we shall
focus on certain geometric locality conditions that imply Lieb-Robinson bounds, sufficient for
the convergence of the thermodynamic evolution.

For that matter, assume that (I',d) is a countable metric space. Together with a quasi-
local algebra as described above in terms of on-site Hilbert spaces, this defines the kinematics
of what we refer to as a (quantum) spin system. We shall henceforth assume that the Hilbert
spaces H, are finite-dimensional for all v € I"'. We also use the metric notation for the distance
between subsets: d(X,Y) = inf{d(z,y)|z € X,y € Y}, and write the diameter as diam(X) =
sup{d(z,y)|z,y € X}.

An interaction @ is said to satisfy a Lieb-Robinson bound if there are constants vg,C > 0
such that for all finite A C I, and all disjoint X,Y C A,

I[72,(A), B|| < C||A]| ||B|] min(|X ], [Y|)e =57 4XY) for all A€ Ax,B € Ay,t,s € 1.
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Lieb-Robinson bounds are satisfied by suitably local interactions. These are interactions whose
terms decay with the size of X. For example ®; satisfies exponential decay if there are constants
a,C > 0 such that ||®;(X)|| < Ce~@dam(X) for all finite X C I'. As a special case, many
models are given by uniformly bounded and finite range interactions, meaning that ®(X) = 0 if
diam(X) > r for some fixed r > 0. A more sophisticated and general criterion on the decay of
an interaction is given in terms of F-functions, that are also used to formulate stronger forms
of Lieb-Robinson bounds [NSY19, Theorem 3.1]. We shall simply refer to interactions satisfying
this criterion as suitably local, and note that it is sufficient for defining an evolution in the
thermodynamic limit [NSY19, Theorem 3.5].

A Lieb-Robinson bound is often referred to as defining a light-cone in which the propagation
of information is effectively contained. Another point of view is that for fixed ¢, s, we get estimates
on the localisation of T&(A). A general map T : A — A is said to be quasi-local [NSY19,
Section 5.1] if there is a constant C' > 0 and a non-increasing function G : R* — RT with
lim, o G(z) = 0, such that for all finite X,Y C T,

T(A), BlIl < CIX|I[A[|[|B[|G(d(X,Y))  forall Ae Ax, B € Ay.

1.3 Gapped Phases

Having introduced quantum spin systems and their interactions defining time evolution in the
thermodynamic limit, we revisit the adiabatic theorem in this context. The discussion of the
adiabatic theorem in Section 1.1 was concerning a spectral flow between spectral projections of
a time-dependent Hamiltonian on a Hilbert space. For spin systems on an infinite lattice, there
are no spectral projections defined. However, we may consider spectral flows on finite volumes
and study their convergence to an evolution in the thermodynamic limit.

Recall that HY (t) € A, is a self-adjoint bounded local Hamiltonian. Denote by

ER(t) =mino(Hy (1)) € R,
the local ground state energy.

Definition 1.1 ([NSY19, Definition 7.1]). An interaction ®(t) on a quantum spin system (T',d, A)
is uniformly gapped with gap v > 0 if there is a non-increasing map that assigns e(A) > 0 to
finite subsets A C T' such that limpcr €(A) = 0, and the interval

(EX(t) +€(A), B (1) + 7 — €(A))
is disjoint from o(Hy (t)) for allt € I and A C T.

The adiabatic theorem motivates the definition of gapped phases, which we can now state in
the context of spin systems. The appropriate notion of spectral flow in this context is discussed
subsequently.

Definition 1.2 ([NSY19, Definition 7.2]). Gapped phases of a quantum spin system are the
equivalence classes of uniformly gapped suitably local time-independent interactions under the
equivalence relation that ®g ~ ®1 if there is a uniformly gapped suitably local time-dependent
interaction defined on [0,1] such that ®g = ®(0) and &, = (1).

That the relation of Definition 1.2 is transitive follows from considering suitably smooth non-
linear reparametrisations and concatenation. The remaining conditions for defining an equiva-
lence relation are satisfied rather obviously.
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We refer to the spectral projections of an interaction ®(¢) with a uniform gap corresponding
to the intervals [E} (t), EX(t) + €(A)] as the families of local ground state projections, denoted
P/‘%’ (t). These projections are defined for all large enough A by the gap condition.

Let us for simplicity consider time in the interval I = [0,1]. Recall that an evolution «; is a
spectral flow for a generic strongly continuous family of spectral projections P(t), if

a(P(0)) = P(t) foralltel. (3)

This is satisfied by the evolution of the adiabatic Hamiltion Eq. (1). Suppose the spectral flow
is generated by a derivation via the equation of motion

Su(A) = a(8(4)) = aD(1), 4] = iID(), ()]

then the spectral flow condition (3) implies

i[D(1), 0 P(O)] = i1D(1), P(1)] = 5P(1). (4)
Kato’s solution to this equation given by D¥(t) = [P'(t), P(t)], may be considered a generic
solution since it only depends on the family of projections. The solution H(s) + D(s) provides
a new solution for any given solution D(s), and the adiabatic Hamiltonian is constructed thus.
In [HWO05] Hastings and Wen considered an interaction with a uniform gapped ground state
and the spectral projections P (¢). They produced a solution DY (t) for each A C I' (assuming
€(A) small enough), whose evolution in the thermodynamic limit would be quasi-local. We will
not give the explicit formula, but refer to [NSY19] and adopt their terminology, referring to the
solution DY (t) as the Hastings generator”.

Theorem 1.3. [NSY19, Theorem 6.4] Given a suitably local interaction ®(t) on a quantum
spin system, the evolution of each of the Hastings generators D){\’(t) for finte A C T implement
a spectral flow for the family of local ground state projections Py (t). The Hastings generators
are themselves the local Hamiltonians of a suitably local interaction on the same quantum spin
system.

The implication of Theorem 1.3 is that the local evolutions of the Hastings generators con-
verge to a quasi-local evolution in the thermodynamic limit, that is, a family of quasi-local
automorphisms o.

The following definition is also adapted from [NSY19, Section 7.1].

Definition 1.4. For a uniformly bounded interaction ®(t), define the set of asymptotic ground
states at time t € I,

SP(t) = {w e S(A)| TNy : w(PL(t) =1 for all A D Ag}.
where S(A) denotes the set of states on A.

It is an easy consequence of the spectral flow properties and the convergence of the local
evolutions to oy, that the map w(0) — w(t) = wp o oy is an isomorphism S(0) — S(t) for every
tel.

2By considering the inverse flow a; ' generated by —d&;(A) = —[D(t), A], one finds that the condition
of Eq. (4) is in fact sufficient to define a spectral flow.
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Corollary 1.5. If (1) is a uniformly gapped suitably local interaction on a quantum spin system,
and there is a unique asymptotic ground state wg for ®(t) at t = 0, then there is a unique
asymptotic ground state wy at time t = 1 and a quasi-local automorphism « such that

W Ox = Wi.

Thus, if two interactions are equivalent ®3 >~ ®; and have unique gapped ground states then
these states are related by a quasi-local automorphism of A. Invariants of unique gapped ground
states under quasi-local automorphism then provide (partial) invariants of gapped phases. In
the Section 3, we introduce such an invariant.

Before the close of this section, we touch on the problem of whether the space of uniformly
gapped and suitably local interactions is locally convex, or in physics terms, whether the gap
of an interaction can be closed by an arbitrarily small perturbation. From the perspective of
physics, gap stability is a very desirable property of a theory of gapped phases, and as such
presents a problem to the stated definition. Several positive results are known describing classes
of interactions for which the gap is stable [BHM10; NSY20]. The guiding example for these
results, and of gapped phases in the first place, is given by models of topological order.

2 Topological order

The notion of topological order was coined by Wen already in [Wen90] where he argued, at a
physics level of rigour, that certain topological quantum field theories (TQFTS) could be realised
as describing the low-energy- or ground states of a Hamiltonian on a lattice. The degeneracy
of the ground state when putting the model on a torus is a hallmark of topological order. Wen
realised that the topological character of the TQFT implies a remarkable stability of the gap
above the ground state with respect to perturbation.

In this section we describe the spin models known as (Kitaev) quantum double models based
on a finite group G [Kit03], in order to be able to concretely discuss and motivate features
of topological order. We take a bottom-up approach, starting with the development of skein
modules based on discrete gauge theory on planar graphs. The quantum double model is then
introduced as a spin model whose ground state space is described by such skein modules.

The main feature of this description of the ground state space is Proposition 2.3, which is
an analogue of the key Proposition 4.6 of Chapter 3. We give detailed proof, staying within the
realm of graph, group, and representation theory. In particular, we avoid the notions of fusion
categories and topological quantum field theory that are used in Chapter 3. Yet, we attempt
at giving the unfamiliar reader a first impression of diagrammatic calculus and skein modules,
omitting the discussion of string operators. This makes our treatment differ from the standard,
notably [Kit03], but aligns with the more general approach taken in Chapter 3, where string
operators do not feature in their conventional form.

With an understanding of skein modules, the last part of this section gives a definition
of anyon sectors as certain finite dimensional representations. Discussing properties of these
representations, we introduce features of anyon sectors and conclude with remarks on ground
state degeneracy and gap stability.

All definitions and results in this section should be regarded as well-known, in particular, as
subset of results of [Kit03] and Chapter 3.
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2.1 Discrete gauge theory

Let G be a group. Let us represent the relation fg = h between group elements f,g,h € G, as
h

f 8.

The combination of relations fg = k and kh = [ to give the relation (fg)h = [ can be represented
by stacking diagrams. The law of associativity is reflected by the uniqueness of the top label [
in the two trees

l l
k m
fog h /s h
By decorating lines with orientations we can express relations more flexibly. Here,
AN
\ ()
h, 4

represents the relation 1 = hihohg 1h21. When labels and orientations match, these diagrams
may again be combined and used to derive new relations. This is the basic idea of a graphical
calculus, which is heavily used in the setting of fusion categories in Chapter 3. In this Chapter,
we stick to the group G and develop a form of lattice gauge theory setting up for the quantum
double model of [Kit03].

The relation implied on the product of edge labels (h;) in Eq. (5) is referred to as the Gauss
law. Note that the orientation of the plane defines the clockwise cyclic order of the product
around the vertex, and the Gauss law is preserved under cyclic permutation of the product. By
analogy, we may think of the product as a measure of the holonomy of a G-connection along
a closed path in the dual graph encircling the vertex in the middle. The Gauss law is then
instating flatness of the connection. Our object of interest will be (locally) flat G-connections,
referred to as string-nets or string diagrams, on an oriented finite connected embedded planar
graph I' = (V, E)). The set of leaves L C V are those vertices of degree at most one. As in the
diagrams above, the Gauss law is not enforced at leaves, so define

¥ ={o: F — G|o satisfies the Gauss law at every v € V1,

where the vertices are partitioned into V' = Vy U L. Every leaf defines a unique edge that is
incident to it, called the leaf edge. Since the value of a string-net is unconstrained at leaves, we
refer to b : L — G as a boundary condition.® Note that the orientation of the edges, as well as
the embedding into the plane, are used to define the Gauss law.

We refer to mo(R?\TI'), the set of connected components of I'¢, as the holes of ' (see Figure 1.1).
We say a hole is populated if there is at least one leaf contained it its boundary, partitioning
mo(I'¢) = O U F, where the set of populated holes is denoted by O, and the set of faces by F'.

There is a group action on ¥ which we refer to as the gauge action. We represent multipli-
cation by elements g € G at an edge by

th = }gfw hHg = }hg’ g+ = g#’ (6)

3For this reason, leaves correspond to sources as referred to in other parts of the literature [HKK25].
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By

X
s

Figure 1.1: A finite connected embedded planar graph. One populated hole is shaded
green and one face is shaded red. Leaves are marked with blue dots. An ‘open’ and a
‘closed’ ribbon are indicated with red lines and shade.

where the last relation is used to interpret the action when edges are oppositely aligned. It is
easy to verify that by acting on some edge, the Gauss law is restored by acting on the appropriate
neighbouring edges, as illustrated by

1= 010203_104_1 <— 1= 0197190203—104—1'

Starting with the action of g at a given edge, this determines a sequence of edges and g-actions on
those edges. The sequence of edges determines a path and an obvious notion of side of each of the
edges along the path. This determines a ribbon (see Figure 1.1), and fixing the counter-clockwise
orientation of the path, the g-action on each edge along the path agrees with the definitions in
Eq. (6). This determines an action o — g,o defining the gauge action of g € G at the ribbon
r € R, denoting the set of ribbons.

Note that the path of a ribbon follows the boundary of a hole, and either forms a closed
path around the edges of a face, or start and end at a leaf. Therefore, the set of ribbons R is
in bijection with L LI F', where a leaf is assigned to the unique ribbon starting at this leaf. The
total gauge group is then G = G¥ x G, whose action preserves ¥ C GF.

For connected subgraphs T, T, C T, we use the notation E, L, R, 3. for the obvious definitions
relative to the graph [, and E,, Ly, Ry, 2, ditto ;. A string-net 6 € ¥ extends canonically
to a string diagram on T, taking the value 1 on E'\ E, as long as L € L. With this notion we
consider the set of string-nets 3 C . Note that if E is empty, there is a single empty string-net
in ¥ which extends to the constant string-net on non-empty E.

Lemma 2.1. Any oriented finite connected embedded planar graph has connected subgraphs
I' ¢ T C T with inclusions of string-diagrams ¥ C %, and ¥, C ¥ that are equivariant
with respect to gauge-actions and induce bijections of orbits. The subgraph T, has the same faces
as T, but a unique leaf in every populated hole, while T is either empty or has no faces. The
equivariance of the inclusion is given by a homomorphism f : G — G such that

(go) = f(g)u(c) € X forallge GR GeX. (7)

Moreover, T is minimal with the stated property (up to vertices of degree two).
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Figure 1.2: Three examples of connected graphs T’ with no faces and a unique leaf in
each hole. The total numbers of holes are 1,2, and 4, respectively.

Proof : The equivariance of the inclusion can be understood as follows. A ribbon r follows
a path of edges, and we abuse notation and refer to r as the set of edges in the trace of this path.
There is a ribbon associated with either side of an edge. Given a ribbon r and an edge e € r, we
refer to ¢ as the ribbon on the other side of e.

Let e € FE and r € R with e € 7. Consider the graph I' = (V, E \ s(e)), where s(e) is the
‘stretch’ of e, the set of edges along a path of maximal length containing e and vertices of degree
two along the interior*. Any ribbon ' € R with 7/ # r,7¢, is identified with a ribbon in R since
no edges have been excised from 7. There is a unique 7 € R, such that # U {e} = r U r®. This
defines a map R — R sending r,7¢ — 7, which induces the homomorphism f : G® — Gf. This
clearly satisfies Eq. (7).

The induced map on orbits is injective since, if 5,6’ € ¥ and g € G satisfy 1(6") = gu(5),
then g, = gre since ¢(¢). = ¢(6")e = 1. Thus, g is in the range of f, so by Eq. (7), ¢’ and o
belong to the same orbit.

So far, we have not assumed that r¢ # r, which is indeed a possibility. That r¢ # r is
necessary and sufficient for the inclusion map on orbits to be surjective. To see this, note that
if 7¢ = r, the gauge action of the ribbon r is given by conjugation at the edge e. If ¢ # r, it
is given by multiplication from either the left or the right. So if o € ¥ and o, # 1, then o,
can be gauged away precisely if r¢ # r. Indeed, there is a gauge transformation g acting with
multiplication by g, = o, ! from the left or the right at e. Then & = go satisfies 6. = 1, and by
the Gauss law, d.» = 1 for all ¢’ € s(e). So indeed, & is obtained as the inclusion of a string-net
onT.

We complete the proof by induction using the preceding construction, and showing that if "
has faces, or multiple leaves in the same hole, they can be removed, one at a time, by removing
(stretches of) edges e with 7€ # r.

If e € r is a ‘leaf edge’, i.e. connecting to a leaf [ € L, then r¢ = r, if and only if, [ is the
unique leaf in the hole to which it belongs. To see this, it suffices to observe that r must start
and terminate at a leaf belonging to the same hole, and it can visit no more than two leaf edges.
One should care to remove isolated vertices after pruning the stretch of the leaf edge to obtain
a connected graph T',,. In doing so, we do not remove any I’ € L unless I’ = . In particular, the
line graph is reduced to a single vertex.

We can reduce the number of faces of I' by removing an edge of a face as long as it is not a
bridge. Indeed, if e is a bridge, then there is only one connected component of I'® which contains
e in its boundary, and so removing e does not change the number of connected components of

41t is tempting to assume that I' has no vertices of degree 2, but this is not a good alternative since
removing edges reduces the degree of vertices.
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T'¢. For the same reason it is clear that r¢ # r if e is not a bridge.

Note that the removal of s(e) may result in a new leaf. The stretch of the corresponding
leaf edge e; must also be removed along with any isolated vertices, except for vertices that were
leaves in I'. This does not affect the surjectivity of the map on orbits, because the Guass law
implies that 6., = 1 if, as above, & is the string-net obtained from gauging away the edge e.
In the resulting graph, the number of populated holes as well as the set of leaves are preserved,
while the number of faces is decreased by one.

Supposing that all edges of a face are bridges is absurd, since this would imply that the
boundary were a tree, in particular containing leaves. By definition, there are no leaves in the
boundary of a face.

Finally, as we have seen, it is not possible to get a surjective map on orbits from the subgraph
I’ where we remove an edge e for which 7¢ = 7. This shows minimality of T, if ' has no faces
and no multiple leaves (as long as all leaf edges have stretch of length one). O

Examples of minimal graphs I' of Lemma 2.1 are given in Figure 1.2. The set of orbits of the
gauge action on I' may be computed by considering the space ¥ on such graphs. By fixing the
gauge, every string-net in ¥ is equivalent to a string-net supported on a subtree of I' with the
same set of leaves. Such configurations correspond precisely to the kind of diagrams considered
at the beginning of this section. Reading off the values on leaf edges in such a configuration
defines an element in G©. This defines a map on the set of orbits of ¥ up to conjugation by the
diagonal in G°. Indeed, the remaining gauge freedom corresponds to the simultaneous gauge
transformation along all ribbons on the tree.

Details of this argument are omitted to avoid moving too far astray, but we note one con-
sequence that will be significant to us. Namely, that the stabiliser of the gauge action on a
string-net is realised as a subgroup of the diagonal in G conjugated by the gauge fixing just
described. In particular, the stabiliser involves gauge transformation on leaf edges unless there
are no leaves. In the case where I' has no leaves, I is in fact empty. Defining Fy = F, when-
ever I has leaves, and Fy to be the set of bounded faces (excluding the single unbounded face)
otherwise, the action of G* € G on ¥ is seen to be free.

Remark 2.2. For later use, observe that the gauge transformation g € G that relates 0 € ¥
to go = (&) may be taken to belong to GL when & € Y. of Lemma 2.1. This is a straightfor-
ward consequence of the procedure of gauging away o, for a leaf edge e, described in the proof.
Similarly, way may find g € G that relates o € 3, to go = (&) for G e 3.

2.2 Skein modules

For the remainder of this section, assume that G is finite. Consider an oriented finite connected

embedded planar graph T’ with subgraphs I' ¢ I, C T as given in Lemma 2.1. Consider the
space of (continuous) C-valued functions on X,

C(X) =span({|o) | o € £}),
regarded as a Hilbert space. There are natural inclusions C (¥) € C(Z,) € C(2) defining the
projections @), )y, onto C'(X), resp. C(X,). We consider the actions of the gauge groups GE,
resp. G, defined by linear extension from their action on the canonical basis, g|o) = |go). B

linear extension, this defines representations of the respective group algebras, C[GF] and C[G#].
We also consider projections onto boundary conditions b : L — G,

Qplo) = (H be, e, ) o).

leL

23



Chapter 1. Preliminaries

These projections generate a representation of the algebra of functions C'(G*) under pointwise
multiplication, identifying leaves with leaf edges. Define the algebra generated by the gauge-
actions and projections onto boundary conditions

T = C[GF) v C(GF) c B(C(%)).

The algebra T C B(C(X)) is the corresponding algebra, defined on the graph 3.
Let P be the projection onto the invariant subspace of the action of GF* C G, denoted

H = PC(X). P is given by
|GF0‘ Z g (®)

geGFo

Clearly gP = P = Pg for any g € G, and gP = Pg for all g € G, so P € Z(T). It follows
that T acts on H, generating the corner

S =PTP=TP = PT C B(C(X)). (9)

The subspace H is referred to as a skein module for the algebra S. The following result may
appear abstract, but it encodes the so-called topological properties of the spin model we describe
below. We elaborate on the notion of Morita equivalence after proving the result.

Proposition 2.3. The algebras S and T are Morita equivalent, and their representations on H,
resp. C(X), are equivalent.

Proof :  Observe that for any string-net o € C(X), we have (¢|Po) = |G |_1 since the action
of G is free. This shows that QPQ = ¢Q, where ¢ = |G|, Tt follows that QH = C(X). We
also observe that SC(X) = PTC(X) = H, since by Lemma 2.1, there is g € GF and & € %, such
that g6 = 0. These observations show that

(QTP)H =C(%),
(PTQ)C(E) = H.

As PTQ is an S-T bimodule and QTP a T-S bimodule, it remains to show that these bimodules
are mutually inverse. To see that

(QTP)(PTQ) =T, (10)

we show that T C QPTQ = QSQ, since the opposite inclusion is clear. By equivariance Eq.
(7), the homomorphism f : GF — GF, given by Lemma 2.1, extends the action of a gauge
transformation § € G¥ to act in C(X). If we identify g with its representation in T, f(§) with
its representation in 7', and T with the corner QB(C(X))Q, we get § = QjQ = f(j )Q Then we
see that § € QSQ, by computing

QPf(5)Q = QPQf(§)Q = cQf(3)Q =

Since any projection on boundary conditions commutes with Q, we have that the generators of
T belong to @SQ, showing the desired inclusion.
Next, we turn to

(PTQ)(QTP) = S, (11)

which follows from showing S C PT QTP = SQS, since the opposite inclusion is clear. It then
suffices to show P € SQS. First we show that PQP = ¢PQ,. By construction, I ¢ T, so
Q < Q.. It follows from PQ, = Q,P that ¢ 'PQP < PQ,. As Q, is diagonal in the string-net
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basis, we find the opposite relation by verifying that cP|o) = PQP |o), for arbitrary o € X that
satisfies Qy o) = [0), i.e. 0 € X,. By Lemma 2.1, there is a gauge transformation such that
go € ¥, and we may take g € G0, cf. Remark 2.2. Thus,

PQP|o) = PQP |go) = PQPQ|go) = cPQ|go) = cP|go) = cP|o).

Using Lemma 2.1 for [, C T, we see that for any o € ¥ with b = ol : L — G, there is a
gauge transformation on the leaves such that kyo € 3, where k, € G¥ by Remark 2.2. Writing
Qiyp = kabkljl, we have Qp,p < Qu Assume kj; to be defined for all boundary conditions b.
By resolving the identity with projections on boundary conditions, we find

P=P Y Q=Y Pk'Qupks= > k 'PQuQrusks=c"" >  k 'PQPQky € SQS.

beGL beGEL beGEL beGL

We have now established that the bimodules PTQ and QTP are inverse to one another, com-
pleting the proof of Morita equivalence. ([l

Recall that Morita equivalence is an equivalence of categories of representations. It was
announced that this Chapter would be light on category theory, so we state the concrete effects
of the invertible bimodule PT'Q constructed in the recent proof.

Just as H = (PTQ)C(X), we get an S-invariant subspace of (PTQ)V C H for any T-
invariant subspace V' C C(X). Since PTQ is invertible in the sense of Eq. (10) and (11), this in
fact gives a bijection between invariant subspaces of H and those of C/(X).

Moreover, this bijection respects isomorphism types of subrepresentations. Recall that min-
imal central projections of Z(S), resp. Z(T), label the irreducible representations up to isomor-
phism. We get an isomorphism Z(S) ~ Z(T) from identifying a minimal projection p € Z(T)
with the projection ¢ € Z(S) satisfying ¢(PTQ)V = (PTQ)V for an irreducible invariant sub-
space V = pV.

Recall the bijection R ~ L U F, and consider the partition L = | | ., L, where L, is the set
of leaves belonging to the boundary of 0 € O. As such we identify C[G*°] C C[GF], and consider
projections onto boundary conditions specified on L,, generating

Tuber, = C[G**] v O(G**) C B(H). (12)

Note that Tuber, is supported in a subalgebra corresponding to a certain collar region around
each hole. Define
T\llbep = ® T\llbepo, (13)
0€O
each of whose factors commute as subalgebras of B(H). Therefore, they generate a representation
of Tuber on H which preserves H and generates S C B(H).

Corollary 2.4. H decomposes into irreducible invariant subspaces,

H ~ EB C™ RV,
Vehr S

where each V € Irr S is given as V ~ ®O€O Vo for irreducible representations V,, € Irr Tuber, .

Moreover, if T is a finite connected embedded planar graph with populated holes O' and
S’-skein module H', an identification of O’ ~ O gives a Morita equivalence between S’ and S,
identifying H' and H, which in particular determines the multiplicities my .
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Proof :  The invariant subspaces of Tuber agree with the invariant subspaces of S. These
are semisimple algebras by the Artin-Wedderburn theorem, so H decomposes as a direct sum of
irreducible invariant subspaces. An irreducible representation V' of Tuber is of the form & ., Vo
for irreducible representations V,, of Tuber, .

Consider graphs T’ and I as given by Lemma 2.1. An identification O ~ O’ gives an identi-
fication of ribbons R’ ~ R and an isomorphism of ribbons string-net spaces %’ ~ ¥ (respecting
the gauge action). Hence, C'(Y) and C(X) are isomorphic skein modules, so the claim follows
by Proposition 2.3. O

Corollary 2.4 is comparable to Proposition 3.5 of Chapter 3, treating a string-net model
based on a unitary fusion category C. In Chapter 3, there is no mention of Morita equivalence,
but the multiplicity space is given explicitly as (with an isomorphism depending on data similar
to a labelling of O)

ZC)(1—-Vi®- Vo), (14)

where V; labels an irreducible representation of Tuber, for each o; € O, and a fixed graph T';.
This space is defined as a morphism space in the Drinfeld double category Z(C). There is a
well-known correspondence between Z(C) and the category of finite-dimensional representations
of D(@G), the Drinfeld double or quantum double algebra of G, when C = Vec,G is the category of
finite-dimensional G-graded vector spaces. As for the tensor product in Rep; D(G), one may in
fact take the point of view, that the multiplicity space of the corresponding irreducible subspace
of C(X) defines the fusion space of the tensor product in Eq. (14) (see [Kaw+24]). We expand
on the relation between Tuber, and D(G) below.

2.3 Spin model

Now we describe a spin model whose ground state space is H [Kit03]. Let I and G be as above,
and define a spin system from the set of unconstrained configurations

H= @M. ~span({jo) o+ E - G,
eckE

where have defined H, = C€ for all e € E. The Gauss law defines a condition for each vertex
v € Vp to be checked on incident edges {e¢ € E|v € e}. This defines a local projection A, €
B(®,c. He) onto the span of configurations satisfying the Gauss law at v. Clearly A, 4, =
A Ay, so if @ is the projection onto C'(X) C H, then

Q=] A
veV

The gauge action of g € GF is also defined on , and it preserves the Gauss law just as well the
failure of it, so g4, = A,g. We may also consider the projection P onto the subspace H C C(X)
to be defined on all of H. The projection onto the symmetric subspace of H, denoted P™, satisfies
the relation Eq. (8), which can be rewritten as

1 1
PHZ|@|F0 Zg:|G|F0 Hzgf:HBf’
geGro fEFy geG feF,

where we use the notation gy to represent the gauge action of g at the ribbon in the face f, and
define By = |G|} >_gec 9f- Then we define the commuting projector Hamiltonian,

HP =-> A, - Y By,

veV fEF,
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and observe that H is the ground state subspace, projected onto by P*Q = P.

A quantum spin-system is defined on the edges of an infinite graph in the sense of Section 1.1
by setting A, = B(CY) with the corresponding quasi-local algebra A. For concreteness, let us
consider the standard square lattice on vertices Z? C R?, fixing an arbitrary orientation of the
edges. Then the projections A,, By define the terms of an interaction on this quantum spin
system. The notions developed so far can be applied to finite connected graphs I', whose edges
are considered as a subset of the edges of the lattice.

Given such a graph I', recall the definition of the algebra Tuber in Egs. (12)(13). This
extends immediately to define a representation of Tuber on H. Under this representation, define

Bpuie = Tube N B(H) = {x € B(H) |zt = tx for all t € Tuber}.

Proposition 2.5. Consider the space Endrybe. (H) of intertwiners of the subrepresentation of
Tuber on H. Then

PBbulkP = End’I‘ubep (H)P
In particular, if ' has no more than one populated hole, then
PBy P = CP. (15)

Proof : The first part of the statement is clear.

If T has no more than one populated hole, it follows from Lemma 2.1 that the set of gauge
orbits of X is equivalent to the orbits of string-nets ¥ on a graph with no faces and at most one
leaf. Such a graph is either empty, or has at most one vertex and no edges. In particular, it has a
single orbit of the gauge action on 3. It follows that C (XNJ) is an irreducible representation of 7,
so by Proposition 2.3, the representation of S on H is irreducible. Recall that the representation
of Tuber on H generates the algebra S, so H is also irreducible as a representation of Tuber.
The result now follows by Schur’s lemma. O

Note that if e is not contained in the exterior boundary of T', then B(H.) C Bpuk. Equation
(15) is saying that all states given by density matrices supported on H, i.e. ground states, will
agree in the bulk. This is known as the local topological order condition (number 1) [BHM10].

Remark 2.6. By the Knill-Laflamme theorem, the local topological order condition Eq. (15) is
equivalent to saying that H is an error correcting code for syndromes in Byyy. This relation
plays is a key part in the overlap between theory of quantum computation and condensed matter.

We move on to analyse the case where I' has two populated holes which will be the basis for
the discussion of anyon sectors.

Let I'; an oriented connected embedded planar graph with three vertices, three edges, and
two populated holes, and let ¥; denote the set of string-nets. There is only one Gauss law
constraint, so any string net is of the form

8 X8

where g, 2 € G. That is, there is a bijection ¥ ~ G x G, taking o — (g, ). By composing with
(z,y) = 2 ®J, € C[G] ® C(G) and extending linearly, we get a linear isomorphism of C(%).
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Now consider the algebra Tube; := Tube(r,), corresponding to the inner hole o with a single
leaf edge labelled x above. As vector spaces Tube; ~ C[G] ® C(G), and under this isomorphism
the product in Tube; can be seen to satisfy

gdx = 5gmgflg-

This relation is defining for the Drinfeld double algebra, establishing isomorphism D(G) ~ Tube;.

A similar relation is satisfied for the algebra Tuber,) , acting on the outer hole, and one
verifies that the isomorphism Tube; ~ C(X;) intertwines the regular representation of Tube;
with the representation of Tuber,. Therefore,

C(%1) ~ Tuber, ~ P b vevs, (16)

V €lrr Tube; V &lrr Tube;

=
S
2

where Tube; = Tube(r,), and Tuber,) , act on either factor in the decomposition on the right.
This result underlies the definition of sectors.

2.4 Anyon sectors

Sectors The discussion will be somewhat less formal for the remainder of this section, as we
illustrate the concepts characteristic of topological order based on the results obtained up until
this point.

Consider a fixed (large) ambient graph A. Taking the subgraph A, of the square lattice
with vertices [—n,n]? N Z? is a typical example. For a subset E C E(A) of the edges of A, we
consider a graph I' = (V| E) in which an edge e € F is a leaf edge unless the neighbourhoods of
either vertex incident to e (as defined in A) are contained in E. We think of I as defined by the
intersection with a nice subset X C R? (see Figure 1.3)°. Most importantly, the definition of I is
such that the reduced density matrix of a state in H C H, is supported on Hr C C(Xr) C Hg.
Here, the subscript I' implies that the definitions given above apply to I'.

Figure 1.3: An example of a graph I" defined by a subset E C E(A). We consider T to
be obtained by the excision of a contractible subset D C R? in the middle of A.

Low-lying excitations are eigenstates of the Hamiltonian with small eigenvalues above the
ground state energy. Therefore, they violate few of the local projection terms A,, By, since these
are simultaneously diagonalized. From another point of view, disturbances of the vacuum should

5As such T' is not a subgraph of A. This technicality shows up because we want to apply the
formalism of string-nets on graphs. We will not address the issue of defining I' any further, as it is
obvious in examples of interest.
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4 N 4 N

\ J \ J

Figure 1.4: Considering anyon states on regions of the lattice corresponding to A with a
contractible subset D removed from the middle. Left: The same sector is detected along
all three blue loops. The vacuum sector is detected along the orange loop. Right: The
localization of an anyon state in the region D can be transported to become localized
in D’ by an operator supported a larger region containing D and D’.

be considered as local with respect to the scale of the system. Either way, we are led to consider
local excitations that violate the ground state projection terms only within a contractible region
D C R2

Let T" be given by the excision of D from A, and consider the excitations that satisfy the
ground state projection terms in I'. Such states define reduced density matrices supported on
Hyp. The graph I' has two populated holes and we refer to their boundaries as inner and outer,
respectively. By Proposition 2.3 and Eq. (16), we have

HF =~ @ Vvinn & Vouta (17)
V €lrr Tube;

for irreducible representations Vinn ® Vouty determined for each V' € Irr Tuber, by the Morita
equivalence of Proposition 2.3. Here, Vi, is an irreducible representation of Tuber, ., and there
is a corresponding minimal central projection P onto this representation. Similarly, there is
a projection PY . € Tubeyys, and the decomposition in Eq. (17) shows that these projections
agree when acting on Hr. We refer to the summands of the decomposition in Eq. (17) as
sectors, and conclude that the sector may be detected by observables supported along either
boundary component. This can be seen as a manifestation of long-range entanglement. Indeed,
the measurement of the sector on the inner boundary determines the outcome of the measurement
of the sector on the outer boundary and vice versa. This is a characteristic phenomenon of
topological order.

Non-triviality Note that by Proposition 2.5, Hy is an irreducible representation. The cor-
responding projection onto this representation is labelled 1, specifically PL, € Tubeyy. This is
referred to as the vacuum sector.

Consider a local excitation of a ground state on A. That is, a state on Hj acted upon by
an operator supported in a contractible region D, or more generally, by a channel with Krauss
operators supported in D, producing a state p. The reduced density matrix pr is supported on
Hr since the operators supported in D commute with all ground state projection terms defined
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on I'. Moreover, operators supported in D commute with PL  showing that pr belongs to the
vacuum sector. If we refer to states supported in sectors distinct from the vacuum as anyon
states, this shows that anyon states cannot be produced from the vacuum by local operations.
This is the property which in the thermodynamic limit leads to disjoint unitary equivalence
classes of anyon sectors referred to as non-trivial sector theory.

At the same time, a state p which restricts to an anyon state pr is said to be localised in D.
Indeed, it must violate some terms of the ground state projection, otherwise it would belong to

the vacuum sector, but these violations are limited to D.

Indistinguishability We learn from Eq. (15) of Proposition 2.5 that if an anyon state is
localised in the region D, and A is a region which is contractible in the complement of D, then the
state cannot be distinguished from the states of the vacuum sector on any observable supported
in A (see Figure 1.4). Indeed, if we associate a graph to the region I'(A) with a single populated
hole corresponding to the complement of A, then any state in Hp restricts to a density matrix
supported in Hp(4).

However, if A is corresponds to a deformation retract of X = By \ D, where By = [-n,n]? C
R?, then the restriction pr(a) of an anyon state pr belongs to the same sector in Hp(4) as the
state on Hp. One can see this by considering retracts that preserve one of the two boundaries,
say the inner boundary, observing that the projections PY  identify sectors on the two spaces.
If PV ., denotes the projection supported on the boundary of A, then this shows that the sector
may be detected by operators supported in non-trivial topological regions in the bulk of T', see
Figure 1.4.

The superselection criterion, stated precisely in the next section, is formulated with the
preceding two observations in mind.

Transportability Consider a pure anyon state p defined on A and localised in D. Since p is
pure and belongs to a definite sector, there is a minimal projection of p € Tuber, , satisfied by p,
i.e. pp = p = pp. Let T be defined by the excision of another contractible region D’. Then there
is a region A obtained by the excision of a contractible region C > D U D’, and corresponding
graph I'(A) (see Figure 1.4). Since the action of Tuber(4) is irreducible in the given sector of
Hr(ay, it follows that Tuber(a),,,, together with the algebra of operators supported strictly on
C, act transitively on the subspace of H, projected onto by the ground state projection onto
H¢ as well as the projection p on the outer boundary. Hence, there is an operator supported in
C that maps p to an anyon state localized in D’, belonging to the same sector.

Fusion and braiding Using the of the same configuration D, D’ C C, supposing D are D’
are suitably separated, it is conceivable that there exists a state in which a sector V is detected
on the boundary of D, and a sector V’ on the boundary of D’. If the state satisfies ground state
conditions everywhere else, we are led to consider the excision of both disks from A, producing
a graph with three populated holes. Referring again to Corollary 2.4, we may interpret the
invariant subspaces of H on this graph, as encoding the fusion of anyons (see also discussion
after Corollary 2.4).

We refrain from describing braiding of anyons in this formalism, postponing the treatment
for subsequent Chapters, but remark that it is implemented by transformations on the fusion
space described above, implemented by the transportation of anyons (see also [Shi20]).

String operators Lastly, we remark upon the absence of string operators from the present
discussion. Closed string operators are usually defined in a way that they generate the center
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Z(Tuber, ) for some I' with hole o. They have concrete descriptions, and aid the understanding
anyon of anyon states. But this presentation has been given without introducing them, in line
with the approach taken in Chapter 3. In Chapter 3, the analogue of Proposition 2.3 is used
to define a version of string operators suitable for the general treatment of anyon sectors given
therein.

2.5 Ground state degeneracy and gap stability

The fact that anyon sectors cannot be distinguished in contractible regions is often conceptualised
as degeneracy of the ground state. As a realization of this, consider the model defined on a graph
I'r embedded on a torus. By cutting the torus along a non-contractible loop in the dual graph,
we recover a planar graph I' with two populated holes. There is a basis of Hr, given by the
unique gauge-invariant state in each sector of Hr with respect to the action of the gauge group
on the torus. This action is non-local when realised on Hr, but it gives a convenient way to
eradicate the degrees of freedom associated with boundary conditions. Another way of doing so
is to simply trace away the degrees of freedom along the boundary. This defines the so-called
information convex set as studied in the entanglement bootstrap programme [SKK20]. Either
way, the degeneracy of the ground state refers to the existence of non-trivial anyon sectors.

In addition to ground state degeneracy and local indistinguishability, there is a second con-
dition of topological order identified in [BHM10]. It can be interpreted as a converse to previous
observation, that the restriction of a ground state on A is a ground state on I'. For this discus-
sion, we need to assume that I' and A have the same topology, i.e. A also has two populated
holes. The condition is that such restriction must have full support on the corresponding sector
in Hp. While this is not saying that any given state in Hr is the restriction of a state in Hy, it
does imply that there are local operations that can transform a state that restricts to a density
matrix supported on Hr to a state in Hy. In this sense, it is a requirement of extendability of
local ground states. We omit the verification of this condition in the present model but note that
the property is verified for the more general models in Lemma 4.9 of Chapter 3, which is used to
show the existence (and uniqueness) of the frustration free ground state in the thermodynamic
limit. Also note that in [QW20], the second condition of local topological order has been directly
linked with the properties of Indistinguishability discussed in Section 2.4. These properties were
formalised as the disk axiom and the annulus axiom in [QW20].

The model considered here is trivially gapped in the sense of Theorem 1.1 with v > 1 since
the interaction consists of commuting projections. Stability of the gap was proven in [BHM10]
based on the second condition of topological order described before.

3 The category of superselection sectors

In the last section of this first chapter, we define an invariant of gapped phases in the ther-
modynamic limit which captures the notion of anyon sectors as objects of a braided C*-tensor
category. The construction builds on the approach of Doplicher, Haag, and Roberts to charges
and fields in the setting of algebraic quantum field theory [DHRG69]. The adaptation to quan-
tum spin systems was introduced in [Naall], and the invariant as defined in here, in [Oga22].
All definitions and results in this section are found in these references, with the exception of
Proposition 3.7 which is a generalisation of statements found in these references but whose proof
follows the same arguments. Chapter 3 contains a more detailed exposition of the category of
superselection sectors, treating in particular the assumption of bounded spread Haag duality.
Consider a quasi-local algebra A. Recall that a state w on A engenders a canonical GNS-
representation on a Hilbert space H with a cyclic vector encoding the state. Throughout this
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section we consider the GNS-representation 7' : A — B(H), of a fixed gapped ground state
referred to as the vacuum.

A physical interpretation from the perspective of quantum spin systems, is that H is gener-
ated from states that are produced by local operations from the vacuum. We can now formalise
the idea from Section 2.4 conceived in finite volume, that anyons states cannot be produced from
the vacuum by local operations, as follows. On an infinite spin system we say that the GNS
representation of an anyon state is unitarily inequivalent to the vacuum representation. The
characteristic features of localization, indistinguishability and transportability of anyon states
are encoded at the level of representations in the Definition 3.1 of the superselection criterion.

First, define a cone A C R? to be a subset of the plane of the form

A=A ={z€R?: (x—a) 9> |z—alcos(0/2)}

for some apex a € R?, a unit vector © € R? called the axis, and an opening angle 6 € (0,27).
The closure of a cone is also called a cone with the same apex, axis, and opening angle.

Definition 3.1. A representation © : A — B(H) is said to be localized in a cone A (with respect
to 7t ) if

n(x) = 7l (x) forall z € Ape.
The representation T satisfies the superselection criterion (with respect to ') if for any cone
A there is a unitarily equivalent representation localized in A. Representations satisfying the
superselection criterion are called anyon representations, and their unitary equivalence classes,
anyon sectors.

Anyon representations and intertwiners naturally form a unitary category. The solution to
defining fusion of anyons as a tensor product is to find a subcategory of the following form.

Definition 3.2. For a unital *-algebra B, the set End(B) of unital *-endomorphisms of B are
the objects of a monoidal dagger category with morphisms and tensor product

Hom(p — o) ={T € B : Tp(x) = o(x)T for all x € B},
pXxo=poo, p,o€ End(B)
SxT=S8p(T)=0(S)T, Se€Hom(p— o), TeHom(p — o).

The unitary structure is given by the *-operation on B.

This suggests finding 7' (A) C B C B(H) with the property that any anyon representation
7 may be implemented by a (unique) endomorphism p € End(B), in the sense that 7 = po 7l.
Intertwiners must also belong to B, so we make the following observation.

Given an anyon representation 7 and cones A1, Ao, there is a representation m; localized in
A; and an intertwiner V; : m — m; for i = 1,2. Then we have an intertwiner V = VoVj* : 1 — 7o,

and if z € Axe N Ay, then
Vrl(z) = Vi (z) = m(2)V = 7' (2)V. (18)

In particular, V € ﬂﬂ(AKC)’ for any cone A O Ay UAy. In fact, Eq. (18) shows that any
intertwiner V : m; — ma belongs to ! (Az.)
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Definition 3.3. For a unit vector f € R? and a cone A = Aas,0, we write A L f ifo-f >
cos(6/2). With an arbitrary fized choice of forbidden direction, say f: (0,1), we say a cone is
allowed if A L f. Define

~ Il — I

B=|Jn'(Ar) . B=[J (A"

ALf ALf

Since the set of allowed cones is directed under inclusion, both B and B are C*-algebras.
The latter is referred to as the allowed algebra. Since 7! (Apc) C 7 (A)’ for all A, we have

7'(A) c BCB.

Proposition 3.4. For every anyon representation w there is a unique representation B — B(H)
such that m = ponl. If p' : B — B(H) is another representation such that #' = p’ o 7l is
an anyon representation, then V is an intertwiner = — 7', if and only if, V is an intertwiner
p — p'. If moreover, m and 7' are both localized in allowed cones, then V € B if V :m — ', and

it holds that p(B) C B.

Proof : Let m be an anyon representation. For a given cone A, we construct an extension
pa s T (AN — B(H),

satisfying pp oml| 4, = 7|a,, by localizing 7 in A¢. By hypothesis indeed, there is a unitary V.
which localizes 7 in A€, that is,

Vaer(x) = wl(w)VAc for all x € Ay, (19)

which is equivalent to 7|4, = Ad[V}.]on!|4,. This determines py := Ad[V}.] |x1(4,)7, indepen-
dent on the choice of Vj. satisfying (19) since Ad[V}.] is WOT-continuous and 7'(A4,)" is the
WOT-closure of 7t(A,) by von Neumanns bi-commutant theorem. So for two cones A C A/,
the representation pa, extends the representation pp. Since the set of allowed cones is directed,
it follows that there is a unique extension p : B — B(H) of the representations p to B. Since
7t (A) C B, we also have

T=pon.

For any V € B(H), the map z — VzV* is WOT-continuous. Since 7!(A) C B is WOT-
dense, it is clear that V' is an intertwiner of anyon sectors if and only if it is an intertwiner of
the extension to B.

Assume now that 7 is localized in an allowed cone A’ and p is the unique extension to B.
Consider any allowed cone A. Since pp is determined, independent of the choice of unitary
satisfying (19), we fix an allowed cone A® C A€, and consider a unitary intertwiner Vja such that
Ad[Vpa] o is localized in A®. For an allowed cone A D A* U A, it was shown in (18) that

Vae € 7 (A5,) C B.

This shows that pa (7' (Ax)") = Vie (7' (Ar)")Vae C B, and the last part of the statement
follows. O

Definition 3.5. The representation ' : A — B(H) satisfies Haag duality for cones, if for all
cones A,

771(./4/\)// _ WH(AAC)I.
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It is clear from the definitions that Haag duality implies B = B. This also follows from the
weaker notion of approximate Haag duality [Oga22, Lemma 2.4].

Definition 3.6. Define SSS to be the full subcategory of End(B) whose objects p have the property
that p ol is an anyon representation localized in an allowed cone. Define SSSy to be the full
subcategory of SSS whose objects have finite-dimensional endomorphism algebras.

We refer to the objects of SSS as localized and transportable endomorphisms. It is eas-
ily verified that the product of localized endomorphisms is again localized, so it follows from
Proposition 3.4, that:

Proposition 3.7. Under the assumption that B = g, the category SSS is a monoidal category
whose underlying category is equivalent to the full subcategory of anyon representations localized
in allowed cones.

We remark that the assumption B = B may be regarded as a further weakening of Haag
duality, sufficient for defining the fusion of anyon sectors. It does not, however, appear sufficient
for the definition of the braiding.

The construction of the braiding of anyon sectors is due to [GF93]. The axis © of an allowed
cone A, 59 makes an angle ¢(0) € (0,2m) clockwise with the forbidden direction. We say a cone
Ao o o lies to the right of A, 4.0, if 0 < ¢(0) < #(9') < 27, and we refer to the clockwise order
of allowed cones.

Lemma 3.8. Assume Haag duality for cones. If p,p’ € ObSSS are localized in disjoint cones,
then p x p' = p' x p. If p,o € ObSSS and p is localized in A, and A’ is an allowed cone
disjoint from A, then there is o’ € ObSSS localized in A and an intertwiner V : o — o’'. The
composition,
idxV / / V*xid
pXo——=pxo =d xXp—"—0Xp,

is given by the intertwiner V*p(V). If V is unitary, then e (p,a) := V*p(V) only depends on
the clockwise order of A and A'. We let €™ denote the case when A’ lies to the right of A.

There is a braiding on SSS defined by
e =€ (p,0). (20)

We refer to the proofs of this statement and Lemma 3.8 in [GF93; Oga22; Naall] as well
as Chapter 3, remarking only on the role of Haag duality. We say an operator V € B(H) is
localized, if there is a region I' such that V € 7t(Ar)”. By Eq. (18), Haag duality implies that
intertwiners are localized. This is used to show that p x ¢/ = ¢/ x p in Lemma 3.8. Approximate
Haag duality demands approximation of intertwiners by localized operators (see also [Bha+25]
for the case of bounded spread Haag duality), and it turns out to be sufficient for defining the
braiding. Approximate Haag duality is also used in the construction of subobjects.

Theorem 3.9 ([Oga22]). Let 7l be the GNS representation of a pure gapped ground state wy
of a uniformly bounded finite range interaction on A, and assume that ©' satisfies approzimate
Haag duality for cones and has non-trivial sector theory. Then the category SSS is a braided
C*-tensor category.

Moreover, if w, is a pure gapped ground state with the same conditions as above, but for a
different interaction, and there is a quasi-local automorphism a € Aut(A) satisfying we = wroa,
then the SSS-category of the GNS representation of w, is equivalent to that of 7', as braided C*-
tensor categories.
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The braiding constructed in [Oga22] specialises to the braiding defined by Lemma 3.8 under
the stricter assumption of Haag duality. Although we refrain from repeating their definitions
here, this is obvious on inspection. In Chapter 3, we give a detailed account of the construction
of the category SSS based on the intermediate notion of bounded spread Haag duality.

In light of Corollary 1.5, Theorem 3.9 shows that SSS is an invariant of those phases that are
represented by a uniformly bounded finite range interaction with a unique asymptotic ground
state satisfying the conditions of Theorem 3.9. It is quite possible that several of these conditions
can be lifted or weakened extending the range of the invariant. The rest of this thesis is devoted
to computing the category SSS; up to braided monoidal equivalence.
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The Double Semion State in Infinite Volume

Alex Bols®, Boris Kjeer and Alvin Moon

Abstract. We describe in a simple setting how to extract a braided tensor
category from a collection of superselection sectors of a two-dimensional
quantum spin system, corresponding to abelian anyons. We extract from
this category its fusion ring as well as its F and R-symbols. We then con-
struct the double semion state in infinite volume and extract the braided
tensor category describing its semion, anti-semion, and bound state exci-
tations. We verify that this category is equivalent to the representation
category of the twisted quantum double D?(Zs).

1. Introduction

Gapped ground states of two-dimensional quantum lattice systems may sup-
port anyonic excitations. Paradigmatic examples include Kitaev’'s quantum
double models [15] and, more generally, the string-net models of Levin and
Wen [16]. It is widely believed that the types of anyons supported by a given
ground state are organised in a unitary braided fusion category, whose sim-
ple objects are the anyon types and whose structure is described by F and
R-matrices.

Recent years have seen a lot of progress towards justifying this belief, by
adapting the DHR analysis of superselection sectors in algebraic quantum field
theory [5,6,9-11] to the setting of microscopic lattice systems [3,19,21]. This
body of work manages to associate with a large class of gapped ground states a
strict braided C'*-tensor category whose objects are localised and transportable
endomorphisms of the observable algebra, and shows that this category is a
robust invariant for the gapped phase [1] to which the ground state belongs.

One can extract from any braided tensor category its fusion ring and
F-symbols, which encode the tensor structure of the category, as well as R-
symbols, which encode the braided sggucture of the category. This yields in
particular a microscopic definition of fusion rules, F-symbols, and R-symbols,
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which are commonly employed in the physics literature to describe anyon the-
ories. We note that a microscopic definition of F and R-symbols has been given
before in [14]. Extracting the F and R-symbols from the DHR-type analysis
has the advantage that it is clear that these data yield a robust invariant of
gapped phases [3,21].

In Sect. 2 of the paper, we review the construction of a braided tensor
category from a given ground state under some simplifying assumptions. We
assume in particular that the anyons we consider are abelian. By, moreover,
assuming that the set of anyon types is finite, and that each anyon has an
anti-particle, we show that corresponding fusion ring is group-like and abelian
and is equipped with F and R-symbols that satisfy the pentagon and hexagon
equations.

Section 3 is devoted to the construction and analysis of the double semion
state [16] in infinite volume. This is the simplest state that supports abelian
anyons whose braided tensor category has non-trivial F-symbols. We show that
the double semion ground state satisfies the assumptions of Sect. 2 with anyon
content consisting of the vacuum, the semion, the anti-semion, and a semion—
anti-semion bound state. We extract the fusion ring, F-symbols, and R-symbols
from the corresponding braided tensor category. Finally, we use a result from
[12] to conclude that the braided tensor category describing these anyons is
equivalent to the category Rep (D?(Zs)) of finite- dimensional representations
of the twisted quantum double algebra of Z5. Since the double semion model is
the string-net model defined by input fusion category F = Vec%2 with ¢ a non-
trivial 3-cocycle of Zs, this partially verifies the conjecture that the resulting
anyon theory is described by the Drinfeld centre Z (Vec%) = Rep;(D?(Z2)),
see [17].

In appendix, we show various properties of the double semion state that
are used in Sect. 3. In particular, we introduce a new technique based on results
from [13] to show that the double semion state we construct is pure. This
technique is applicable to the construction and proof of purity of ground states
and excited states of a large class of lattice spin models including all Levin—
Wen string-net models.

2. Braided Tensor Category for Abelian Anyons
2.1. Setup.

2.1.1. Algebra of Observables and State. Consider a countable set I' C R? of
sites in the plane. To each site z € T', we associate an algebra A, ~ End(C?) for
some fixed d > 2. For any finite X CT', we set Ax = @, cx Az f X CY are
finite subsets of I', then there is a natural norm-preserving inclusion Ax — Ay
by tensoring with the identity.

For any infinite subset Y C I', we then have a local net of algebras Ax
for finite X C Y, whose direct limit is Ay o, the algebra of local observables

supported in Y. Its norm completion jg Ay := AYJOCH"', the algebra of quasi-
local observables supported in Y, and we get inclusions Ax < Ay also for
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infinite X C Y. We write Ajoc = Aroc and A = Ar for the algebra of all
local and all quasi-local observables, respectively. The support of an observable
O € A is the smallest set X C I" such that O € Ax.

Similarly, the support of an automorphism w of A is the smallest set Y
such that w|4,. = ida,.. Any subset Z C R? of the plane determines a subset
Z = ZNT of T', and we denote Az := A.

A major role is played by cones. The cone with apex at a € R?, axis
© € R? of unit length, and opening angle 6 € (0, 27) is

Noso:={zr €R?*|(x—a) 0> |z —alcos(d/2)}. (1)

We will assume that A is infinite for any cone A. In particular, this holds if T
is a lattice.

We will consider a pure state w on .4 with GNS representation (71, #H, 2).
For any X C I', we put R(X) := (m1(Ax))”, the von Neumann algebra asso-
ciated with X. For Z C R?, we also write R(Z) = R(Z). We note that if A is
a cone, then R(A) is an infinite factor (Theorem 5.2 of [19]).

2.1.2. Superselection Sectors.

Definition 2.1. An irreducible representation (7, H) of A is said to satisfy the
superselection criterion with respect to 7 if for any cone A there is a unitary

U € B(H) such that
Un(O)U* =7m1(0) forall O € Ape (2)

If two representations 7, 7’ are unitarily equivalent, then we write w ~ 7’.

We assume that we have a finite set of irreducible representations O =
{ma|a € I} of Aindexed by a labelling set I. We assume moreover that m, ~
if and only if a = b, so all sectors in O are truly distinct. Moreover, 1 € I so
that m € O. We call 71 the vacuum sector.

We will now make some additional Assumptions (1-4) on these sectors
which will in particular imply that they satisfy the superselection criterion
with respect to 1. These assumptions are not generically satisfied by gapped
ground states, but Assumptions (1-3) and the first part of Assumption 4 are
verified for the Toric code model in [19] and for all abelian quantum double
models in [8]. The second part of Assumption 4 can be shown for these models
using similar methods. Below, we will verify these assumptions for the double
semion model. More generally, the authors expect that these assumptions hold
for all abelian string-net models [16].

Assumption 1. For any cone A and any a € I, there is an automorphism w, A
supported on A such that

g ™ M1 O Wy A- (3)

In particular, we take w; s = id for all cones A.
The following assumption says that the anyons we study are abelian.

Assumption 2. For any a,b € I there j§ a unique ¢ € I such that for any two
cones Ay, Ay we have . >~ m 0 wg A, © Wy A,. We write ¢ = a X b.
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The following assumption says that each anyon has an antiparticle.
Assumption 3. For each a € I, there is an a* € I such that a x a* = 1.

The final assumption is of a technical nature it plays an important role
in constructing a tensor category in Sect. 2.2.

Assumption 4. Assumption 1 implies that if A1, A; C A are cones, then m; o
Wq A, ™ T1 0 Wq A,. We assume that any unitary V' € B(H) implementing this
equivalence belongs to the von Neumann algebra R(A).

Similarly, it follows from Assumption 2 that mjowg 0wy A >~ T10Wexb,A-
We assume that any unitary V' € B(H) implementing this equivalence belongs
to the von Neumann algebra R(A).

This assumption is implied by Haag duality (cf. the discussion at the
end of Sect. 2.2.4) and can also often be proven directly if the automorphisms
wq, A are known explicitly, for example, for the abelian quantum double models
[8,19] and for the double semion model treated below.

Assumptions 1-3 have a few elementary but important consequences.

Lemma 2.2. The representations w,, a € I satisfy the superselection criterion
w.r.t. m.

Proof. Fix a cone A. By Assumption 1, there is an automorphism w, A sup-
ported in A such that 7 o wg A =~ 7,. i.e.there is a unitary U € B(H) such
that

Una(O)U* = m1(we,a(0)) (4)

for all O € A. Since w, A is supported in A, we have w(O) = O for O € Ape
and therefore

Una(O)U* = m1(0) for all O € Ape. (5)
U

Lemma 2.3. The binary operation X : I x I — I makes I into an abelian group
with unit 1 and inverse a= ' = a*.

Proof. We first show that x is abelian. Take a,b € I. Assumption 2 says
that for any two cones Aj, Ay there are automorphisms wg_ a,, wpy A, such that
Taxb = T1 O Wq A, © Wh A, Exchanging the roles of a and b and of A; and A,
we have Tpyxq o T 0 Wp A, © W, a,- If we now take Ay and Ay to be disjoint,
then certainly wg A, © Wp A, = Wh A, © Wa,a, and therefore mqyp ~ myy,. But
we assumed that two representations in O are unitarily equivalent only if they
are the same, so a x b =b X a.

We now show that 1 is the identity for the product x. Fix cones A; and
Ao. By Assumptions 1 and 2, there are automorphisms w; a, = id and wqa,
such that 71y, >~ m0idow, A, = T 0We A, ™~ T4, hence 1 X a = a. We already
know that x is abelian, so also a x 1 = a.

Finally, Assumption 3 states that a* is the inverse of a. O

42
We will often write ab = a x b for the product of elements a,b € I.
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2.2. Braided Tensor Category. It is well understood how to associate a braided
tensor category with a pure state on a quantum spin system [3,19,21]. In this
section, we recap this construction and use Assumptions 1-4 to identify a
braided fusion subcategory with abelian fusion rules.

2.2.1. Tensor Category of Localised and Transportable Endomorphisms. Fix
a unit vector f € R?, representing a ‘forbidden direction’. We say a cone
Aq 5,0 with axis 0 and opening angle 6 is forbidden if it contains the forbidden
direction f, i.e.if © - f > cos(f/2). A cone that is not forbidden is said to be
allowed. We define an allowed algebra by

8= | RO B, (6)

allowed A

This is a C*-algebra that contains 71 (.A) since any local observable is supported
in some allowed cone.

Definition 2.4. We say an endomorphism p of B is localised on A if p(m1(0)) =
m1(0) for all O € Ape, and that p is localised if it is localised on some allowed
cone A. We say that an endomorphism p of B that is localised on an allowed
cone A is transportable if for any allowed cone A’ there is an endomorphism p’
of B, localised on A’, and a unitary U € B such that U p(71(0)) = p'(m(0))U

for all O € A and such that U € R(A) for any allowed cone A that contains
the cones A and A’. We denote by A the set of all localised and transportable

endomorphisms.

The localised and transportable endomorphisms of B are the objects of
a C-linear category with morphisms

(5,5) == {R € B : Rp(m1(0)) = 5(m (O))R for all O € A} (7)

for any p,a € A. Morphisms are referred to as intertwiners.

Direct sums of objects can be constructed as in Lemma 6.1 of [19]. Indeed,
for any cone A, Corollary 5.3 of [19] shows that there are isometries Vi, V5 €
R(A) such that V*V; = §,,;1 and V1V + WLV, = 1. If p,7 are localised
on A, then Ad[Vi] o p+ Ad[V2] 07 is a direct sum of p and & which is still
localised on A. Moreover, if p and @ are transportable, then for any allowed
cone A’ there are endomorphisms 7', 7’ localised on A’ and unitary morphisms
Uy € (p,7) and Uy € (7,5") such that Uy, U, € R(A) for any allowed cone
A D AUA’. Then take isometries V/,Vy € R(A’) as above and consider the
direct sum Ad[V{] o7’ + Ad[VJ] oG of p’ and &', which is localised on A’.
The unitary W = V/ Uy V;* + V4 Uy Vi € R(A) then intertwines the two direct
sums, showing that direct sums of localised and transportable endomorphisms
are again localised and transportable.

The category of localised and transportable endomorphisms of B can be
equipped with a monoidal structure. For any p,d € A, we define their tensor

product by
43
pRG =poa, (8)
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and for any intertwiners R € (p,p’) and S € (d,5’) we define the tensor
product by

R®S:=Rp(S)e(pea,p ®@d). (9)

2.2.2. Subcategory of Abelian Anyons. We use Assumptions 1-4 to obtain a
subcategory of A whose simple objects correspond to the anyon types a € I.

The following lemma shows that the automorphisms w, s of Assump-
tion 1 can be extended to localised and transportable endomorphisms of the
allowed algebra B, i.e.they yield objects in the category A.

Lemma 2.5 (Proposition 4.6 [19]). For each allowed cone A and each a € I,
the automorphism wg a of Assumption 1 has a unique extension to an endo-
morphism W, o of B that is weakly continuous on R(A") for any allowed cone
N If N D A, then Wa A(R(A)) = R(A"). Moreover, W, a is localised on A,
and is transportable. In particular, Wo A € A.

Proof. Let A’ D A be any allowed cone that contains A. From Assumption 1,
we have for any forbidden cone A” with A'NA” = ) that 1 ow, A =~ T 0w, Ax.
Let V € B(H) be a unitary implementing this equivalence. We have for any
O € Ay that

T (wa,A(O)) =Vm (wa,Au (O))V* =Vm(0O)V* (10)

where we used that w, o~ is supported on A", which is disjoint form A’. We
define the action of w, » on R(A’) by Ad(V), which is weakly continuous,
and is uniquely determined by the action of w, a on Aps. Clearly this action
on R(A’) does not depend on the choice of A”. It follows that the extensions
to R(A’) for different A’ are consistent with each other. Together with the
weak continuity, this shows that the extension w, s is well defined on all of
B. Moreover, we have w, A(Ap) = Ap and weak continuity then implies
Wa A(R(A)) = (waa(An))”" = R(A’) as required. This implies the inclusion
Wa,A(B) C B, so W, is indeed an endomorphism of 5.

The endomorphism w, A is localised on A by construction. To see that it
is transportable, let A’ be any allowed cone and let W, s/ be the extension of
the automorphism w, A’ to the allowed algebra B. By Assumption 4, there is
a unitary U € B(H) such that U € R(A”) for any allowed cone A” D AU A’
and

Um (wa,A(O)) = m1(wa,a (0))U (11)
for all O € A. It follows from this and the construction of w, o and W, s/ that
U € (Wa,n,Wa,n), showing that W, A is transportable. O

Lemma 2.6. The endomorphisms W, A are simple objects of A, and two such
objects wq a and wy A+ are isomorphic if and only if a = b. That is,

Cl ia=0b
_a ,_ 3 e . 12
(@, Do) {f‘é} otherwise. (12)



The Double Semion State in Infinite Volume

Proof. Suppose R € (W, A, Wy A ), i.€. the operator R € B satisfies
RwWa A (m1(0)) = wp pr (71(0))R (13)
for all O € A. By construction of @, A, this implies
R (1 0 wa,n)(0) = (m1 0wy a0 )(O) R (14)

for all O € A. By Assumption 1, we have 7 o wg A >~ 7, and m o wp A =~ 7,
so there are unitaries U,, U, € B(H) such that

RU, 7,(0)U* = U, mp(O) Uy R (15)

for all O € A. We see that Uy RU, intertwines the irreducible representations
7, and m,. By assumption, we have m, ~ m, if and only if a = b. Soif a = b
then we must have Uy RU, € C1 which holds if and only if R € CI, and if
a # b then we must have Uy RU, = 0 hence R = 0. U

Recall from Assumption 2 and Lemma 2.3 that the set of anyon types [
is equipped with an abelian product x.

Lemma 2.7. If A and A’ are allowed cones and a,b € I, then Wy A ® Wy pr
Waxp A for any allowed cone N". If A D AUAN UA", then the intertwiners
that realise this isomorphism are elements of R(A).

Proof. By Assumption 4, we have m o w, A =~ m o w, A~ implemented by
unitaries V' € R(A). It follows from this and Lemma 2.6 that (Wq A, We A7)
is spanned by a unitary U, € R(A). Similarly, (Wp A+, Wp ) is spanned by a

unitary U, € R(A).

Again by Assumption 4, we have 1 0 Wq A7 © Wy A7 = M1 © Wexp A With
unitary intertwiners all belonging to R(A”). It follows that W, A~ @y A~ is iso-
morphic to W xp A~ and is therefore simple. Moreover, (W, A7 @Wp A7, Waxb A7)

is spanned by a unitary V,«, € R(A”) C R(A).

We now find that V,x,(U, @ Up) € R(jN\) is a unitary intertwiner in
(Wa,A @ Wp A7, Waxb,A7). SINCE Waxp A 1S simple, s0 is We A ® Wy ar, and it
follows that (We A ® Wp A, Waxp,av) is actually spanned by Vaxp(Uy @ Up).
This proves the claim. 0

We now identify a full subcategory of A whose isomorphism classes cor-
respond to sums of anyons types a € I.

For any allowed cone A, we fix isometries Vi, Vo € R(A) such that V;*V; =
0i; 1 and V1 V¥ 4+ VoV = 1 (existence follows from Corollary 5.3 of [19]) and
define for any p,d € A the concrete direct sum p ®p o := Ad[Vi]op+Ad[V2]o5.

Definition 2.8. We let A be the full tensor subcategory of A generated by
the simple objects {wWq A }qcr using the tensor product ® and the direct sum
DA

By construction, all objects of Ké/[\ are localised on A. Moreover, the
category AJIX is semisimple as show in the following lemma.
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Lemma 2.9. Every object of AL is isomorphic to an object of the form
A

P1®A Py ©A -+ DA Py (16)

where the p; are tensor products of the simple objects W, o and the isomorphism
is given by a unitary in R(A).

(Note that the direct sum @, is not associative, so the expression (16)
is to be interpreted as being defined by some choice of bracketing. Different
bracketings are isomorphic through a unitary in R(A)).

Proof. For the duration of this proof, we write & = @&,. Denote by Vi, V5 €
R(A) the isometries used to construct the direct sum @4, and for any p € A
we write @5 for the direct sum constructed using the isometries p(V1), p(V2).

Suppose the claim is true for two objects p and & of AL, ie. p~p, @
--@p,and o >0 D - DT, with isomorphisms implemented by unitaries in
R(A), and where the p; and ; are finite tensor products of the simple objects
Wg,A- The claim then holds trivially for p@®@. Let us now show that the claim
holds for the tensor product p ® . We have

PRT~ (@ ®P,) D (1D BTrm)
n
=P (P.©71) &5, - S, (P ©Tm)
k=1

where the isomorphism is implemented by a unitary in R(A). Noting that the
direct sums @, _ are isomorphic to @ through a unitary in R(A) we obtain the
required equivalence of p ® @ to an object of the form (16). We have shown
that if p and @ both satisfy the claim, then so do p ® & and p ® 7. Since the
claim holds trivially for the simple objects {W, A }acs and the category A} is
by definition generated by these simple objects using ® and @, we conclude
that every object of Al is isomorphic to an object of the form (16) through a
unitary in R(A), as we wanted to show. O

Lemma 2.10. Let A be an allowed cone and Ay, Ay C A two allowed subcones.
For any two objects p € Aﬂl and & € A/I\Z, we have (p,7) C R(A).

Proof. Let py,p, € A}, and 71,72 € A} and suppose (p,7;) C R(A) for
k.l € {1,2}. We will show that (p; ®a, Ps, 01 Da, 02) C R(A). According to
Lemma 2.9, the result then follows by induction on the number of summands
in (16), since it holds for the simple objects {Wq A, }acr and {Wa A, tacr by
Lemma 2.6 and for finite tensor products of these by repeated application of
Lemma 2.7. ' '

For i € {1,2}, let Vl(z),VQ(Z) € R(A;) be the isometries used to define
®a,, and let pg) = V,ﬁ(l)(V,ﬂ(Z))* for k = 1,2. Then (Vk(l))*pl(z) = (5k7l(Vk(Z))* and
pg)‘/}(z) = 5;@,le(2). Suppose R € (p; Ba, Pa, 01 D, 02), then

R(AA[V;"] 075, (0) + Ad[V3 V] 0 5,(0))
— (Ad[V;P] o al(élgj + Ad[V;Y] 0 52(0)) R (17)
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\forbidden direction

FiGURE 1. Cones Ay, A;, and Ag used in the definition of the
braiding intertwiners €(p, o)

for all O € A. Multiplying from the left with (Vk@))* and from the right with
v yields

VY RV 5,(0) = 74 (0) (V) RV, (18)

forall O € A, so (V?)*RVY € (p,,5%). So then by hypothesis, (V*)*R V")
€ R(A) for all k,1 = 1,2, and also p”) Rp}") € R(A). Therefore, R =3, , p( )
Rp(l) € R(A) as required. O

2.2.3. Braided Structure. Fix an allowed cone Ay and consider two endomor-
phisms p,6 € A} . Pick allowed cones Ay and Ag as in Fig.1. i.e.the dis-
joint allowed cones Agr, Ay and Ay are arranged in a counterclockwise order
from the forbidden direction, and there are allowed cones A L DAL UAy and
Ar O Ag U A such that A NAp = Ag N AL = 0. We say Ay is to the left
of Ay, and AR is to the right of Ay. By transportability, there are endomor-
phisms py, € A} A, and o € Al Ap» and unitary intertwiners U € (p, pr) and

V € (7,05) such that U € R(AL) and V € R(AR).
Definition 2.11. The braiding intertwiner €(p,5) € (p ® 7,5 ® p) is given by
€(p,0) =V U)UV)=V"pV). (19)
To get the last equality, we use or(U) = U which holds because g is

localised on Ar while U € R(AL). Using pr, ® 0r = 6r® pr, one easily verifies
that €(p, o) is indeed an intertwiner from p ® ¢ to & ® p.

Lemma 2.12. The braiding e(ﬁ, ) is independent of the choice of cones Ap,, AR,
the choice of objects pr, € AA and 05376 AA and the choice of intertwiners
Ue(p,pr) andV € (7,0R).
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Proof. Choose different cones A}, and A’; to the left and to the right of Ay.
Then there are allowed cones A7 D Ap UA} and A% O Ar U A, that are
also to the left and to the right of Ag, respectively. Choose objects p} € Al 3

and o, € AII\,R, as well as morphisms U’ € (p,p}) and V' € (7,0%). Then
V'V* € (0r,0) C R(A%) by Lemma 2.10. The new choice p} , 5% leads to a
braiding intertwiner
¢(.0) = (V" @ UV © V) = V" p(V)
= VIV p((VVIV) = VIp(V)

= E(ﬁ, 6)
where we used p(V'V*) = V'V* since V'V* € R(A%) and p is supported in
Ao, which is disjoint from A%, O

Lemma 2.13. The braiding intertwiners satisfy the braid equations
ep®o,7)=(e(p,7) ®1,) (1, ® €(0,7))
(p.0®7) = (1 @ e(p, 7)) (elp,0) @ 1,)

where 1, =1 € (p, p).

Proof. Let us prove the first equation, the second is shown in the same way.
Choose pr,or supported in Az and morphisms U, € (p,pr), Uy € (0,0L).
Choose 7 supported in Ar and a morphism V. € (7,7g). Then

c(p@o,1)= (Ve U,2U,)) (U,2U,)aV,)
=Vip@a(Vy) = V(@ (Vr))
=V:o(Vo)p(V))p(@(V;))
= (e(p,7) ® L) (p(VFE (V7))

(.7 91, (1, e )
O

2.2.4. Relation to Previous Work. The state w is said to satisfy Haag duality
for cones if R(A) = R(A®)" for all cones A. Haag duality for cones has been
verified for abelian quantum double models in [8,20]. We believe that the
double semion state introduced below can also be shown to satisfy Haag duality
for cones using similar methods.

Under the assumption that the pure state w satisfies (approximate) Haag
duality for cones, it is shown in [21] that the category of localised and trans-
portable endomorphisms A is a braided C*-tensor category with isomorphism
classes of simple objects in one-to-one correspondence with (equivalence classes
of) irreducible representations of the observable algebra that satisfy the super-
selection criterion (Definition 2.1).

The braided tensor categories Af\ constructed above are full subcate-
gories of A. If w satisfies Haag duality for cones, then A is equipped with a
braiding given by Definition 4.11 of [Zl]. The restriction of this braiding to
Al agrees with the braiding defined in 2.11. It follows that the category A%
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completely describes the closed system of abelian anyons corresponding to the
irreducible representations {7, },cs in a way that is consistent with the theory
of [21]. These abelian anyons form a subset of all anyon types present in the
model (anyon types correspond to irreducible representations of the observ-
ables algebra that satisfy the superselection criterion). In contrast, the theory
of [21] captures all anyon types, in particular also all non-abelian anyons.

The reason that (approximate) Haag duality allows a description of all
anyon types is twofold. Most importantly, Haag duality allows one to construct
for any representation 7 that satisfies the superselection criterion with respect
to w1, and for any cone A, a transportable endomorphism p,. 5 localised on
A such that 7 ~ p, 5 o (Definition 2.13 and Lemma 2.14 of [21]). This
ensures that A contains objects corresponding to any superselection sector.
In our setting, we obtain localised and transportable endomorphisms for the
superselection sectors {7, },cs using Assumptions 1 and 4, see Lemma 2.5.

Haag duality also allows a braiding to be defined for the entire tensor
category A. Note that for the braiding of definition 2.11 to be well defined, we
must show that it is independent of the choice of intertwiners U and V used in
the definition. This is done in Lemma 2.12 using the fact that if p € AJI\I and
o € A}, then all morphisms in (p,5) are elements of R(A) for any allowed
cone A O AjUAs. In our setting, this follows from Assumption 4 (Lemma 2.10).
With Haag duality for cones, this locality property of morphisms follows im-
mediately. Indeed, suppose p and & are both localised on an allowed cone A,
and suppose R € (p,7). Then for any O € Ajc we have

p(m1(0)) =7 (m(0)) = m(0), (20)
and hence
Rﬂ'l(O) = Rﬁ(ﬂ'l (O)) = 5(71'1 (O))R = 7T1(O)R (21)

We see that R € m(Apc) = R(A°) = R(A) by Haag duality.
Using the same argument, one can use Haag duality for cones to prove
Assumption 4, as mentioned above.

2.3. Fusion Ring, F-Symbols, and R-Symbols.

2.3.1. Fusion Ring of Af&. To any semisimple tensor category, one may asso-
ciate its fusion ring, see Section 4.5 of [7] for details. For the category AL, the
construction goes as follows. First, note that the isomorphism classes of simple
objects of AII\ are labelled by the elements of I, they are precisely the classes
[W, ] for a € I. Since A} is semisimple, any object p of A is isomorphic to
a direct sum of simple objects W, a. The number of times that w, o appears
in such a direct sum decomposition is independent on the particular choice of
direct sum decomposition and is called the multiplicity of a in p, and denoted
by [p : a]. The fusion ring of Al is the free abelian group generated by the
isomorphism classes of simple objects {JWa,a]}acr, Which we can identify with
the elements of I. Addition in this group corresponds to the direct sum in the
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category. The isomorphism class of a general object p € AL corresponds to an
element of fusion ring given by

(o] ==Y [p: ala. (22)
acl
The multiplication of the fusion ring is given by the tensor product of the
category. It is sufficient to define the multiplication on the generators by

axb:= [wa,A & wa\] = [waxb,A] = ab, (23)

which corresponds precisely to the multiplication on I introduced in Assump-
tion 2 and Lemma 2.3. We see that the fusion ring of Af is given by Z[I], the
ring of polynomials over the abelian group I with integer coefficients.

Two tensor categories that are monoidally equivalent have isomorphic
fusion rings. The converse certainly does not hold; there are inequivalent tensor
categories that have isomorphic fusion rings (for example, all categories Vecg
for 3-cocycle w : G*3 — C* have fusion ring Z[G]). It turns out that the
fusion ring together with certain cohomological data is sufficient information
to characterise a tensor category up to monoidal equivalence, see, for example,
Proposition 1.1 of [23]. Below, we will describe these cohomological data for the
category AIIX in terms of ‘F-symbols’, a nomenclature common in the physics
literature. Since we are interested in braided tensor categories, the question
arises to what extent the fusion ring together with the F-symbols characterises
a braided tensor category. The braiding induces more structure on the fusion
ring in the form of ‘R-symbols’, which will be described for our Af\ below. To
the best of the authors’ knowledge, it is not known if a fusion ring together
with F and R-symbols is enough information to characterise a braided tensor
category completely. In the special case where the fusion ring takes the form
Z|G] for a finite abelian group G however, this does turn out to be the case,
see Proposition 7.5.2 of [12].

2.3.2. Fusion and F-Symbols. Fix an allowed cone Ay and write W, := Wq,a,-
Pick unitary intertwiners Q(a,b) € (W, ® Wp, Waxp) C R(Ag) called fusion
operators. Note that the {)(a,b) are unique up to phase. The unitaries
Q(ab, c)(2(a,b) ® 1.) = Q(ab, c)Q(a,b)
Q(a, be)(1a ® Q(b, ) = Q(a, be)wa (2(b, ¢))
are both intertwiners from W, ® W, ® W, t0 Wape. Since (W, @ Wy @ We, Wape )
is one-dimensional, there are phases F'(a,b,c) € U(1) such that
Q(ab, c)Q(a,b) = F(a,b,c) x Q(a,bc)w, (b, c)). (24)
These F'(a,b,c) are the F-symbols. Figure2 gives a graphical representation
of Eq. (24).
The F-symbols satisfy a pentagon equation, which in our setting of abelian
anyons takes the form of a cocycle relation.
Proposition 2.14. The F-symbols satisfy
F(a,b,eyF(a,bc,d)F(b,c,d)

(dF)(a,b,c,d) := F(ab,c,d)F(a. b, cd) =1. (25)
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abc abc

FIGURE 2. Graphical representation of Eq. (24), defining the
F-symbols F'(a,b,c). Each node represents a fusion operator.
The diagrams represent two different compositions of fusion
operators both yielding intertwiners from w, ® wy, @ w, to Wape

Proof. A graphical proof is shown in Fig. 3. In equations, we have
Q(abe, d)Q2(ab, c)2(a, b)
= F(ab,c,d) x Q(ab, cd)wab(Q ,d))Q(a,b)
F(ab,c,d) x Q(ab, cd)Q(a, b)w, (wy (e, d)))
= F(ab,c,d)F(a,b,cd) x Q(a, bcd) a(Q(b, cd))w, (Wy(Q2e, d)))
F(ab, c,d)F(a,b,cd) x Q(a, bed)w, (b, cd)wy(Qc, d)))

but also
Q(abe, d)Q2(ab, c)Q2(a, b)
= F(a,b,c) x Q(abe, d)Qa, be)w, (2(b, c))
= F(a,b,c)F(a,bc,d) x Q(a, bed)w, (Q2(be, d))w, (2(b, )
= F(a,b,c)F(a,be,d) x Qa, bed)w, (Q(be, d)Q(b, ¢))
= F(a,b,c)F(a,bc,d)F(b,c,d) x Q(a, bed)w, (Q(b, cd)w, (Q2(c, d))).
And the desired equality follows. [l

2.3.3. Braiding and R-Symbols. We simply set €(a,b) := €(w,,w;) for any
a,b € I. The unitaries (b, a)e(a,b) and Q(a,b) are both intertwiners from
Wy ® Wp t0 Wep. Since (W, @ Wy, Wep) is one-dimensional, there exist phases
R(a,b) € U(1) such that

Q(b,a)e(a,b) = R(a,b) x Q(a,b). (26)
The phases R(a, b) are the R-symbols. Figure 4 gives a graphical representation
of Eq. (26).

2.3.4. Yang-Baxter Equation. The braidings €(a, b) and fusions {2(a, b) satisfy
the Yang—Baxter equations, see Fig. 5.

Proposition 2.15. We have
o1
w.(Q(a,b))e(a, c)w, (e(b, c)) = e(ab, ¢)Q(a, b) (27)
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abcvabcdv F(b,c,d)

abcd abed o b ¢ d
\V \ a b ¢ d /
abed F ab c, d F(a,b, Cd) abed
abed

FIGURE 3. A graphical proof of the Pentagon equation

ab ab

FIGURE 4. Graphical representation of Eq. (26), defining the
R-symbols R(a,b). The point where the a-line passes under
the b-line represents the braiding intertwiner e(a, b)

and
Q(b, c)wy (e(a, ¢))e(a, b) = e(a, be)w, (b, c)). (28)

Proof. We prove Eq. (27); the proof of Eq. (28) is similar. Choose a cone Ag, an
endomorphism WY € A}, and a unitpyy V € (W, wY) as in Definition 2.11.
Then
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KR

F1GURE 5. Graphical representation of the Yang—Baxter equations

b c a b ¢ a b c

a b c a
; \\g R(b,¢) p \QJ R(a,b)
R(a,c) . (b, c R(a,c) . a,b
%/ ach(a’C, ) abc \w <§C / (b, a,c) (;bc \G\Zj

abc\ abe abe \F (b,c,a)
F(c,a b)

abc
a b c / ¢
\/ F(a,b,c) \ be !
—_—
Yang-Baxter (ab () u bc
abc abc abc

FIGURE 6. Graphical representations of the first and second
hexagon equations

e(ab, c)Q(a,b) = €(Wap, we)2a, b)

I
L
=
S
=
5
Q
g
S

where we used Q(a,b) € (W, @ W wb, wab) to obtain the third line. We used the
fact that Q(a,b) € R(Ag) so w?(Q(a,b)) = Q(a,b) to obtain the fourth line.
The fifth line follows from V € (w,,w’) and the fact that V is unitary, and

the final line follows by the definition of the braidings €(a, c) and €(b,c). O

2.3.5. Hexagon Equation. Using the Yang-Baxter equation, we obtain the
Hexagon equation, see Fig. 6.

Proposition 2.16. The F and R-symbols satisfy the hexagon equations
F(a,b,c)F(c,a,b)  R(a,c)R(b,c)
F(a,c,b) ~ R(ab,c)

(29)

and
F(a,b,c)F(b,c,a)s3  R(a,bc)
F(b,a,c) ~ R(a,b)R(a,c)’

(30)
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Proof. The left diagram in Fig. 6 suggests the following two equalities of mor-
phisms:

Q(ca,b)Q(c,a)e(a, c)w,(e(b, c))
= R(a,c) x Q(ca,b)Q(a, c)w,(e(b, c))
= R(a,c)F(a,c,b) x Q(a,cb)w, (e, b))w,(e(b, c))
= R(a,c)F(a,c,b) x Q(a, cb)w, (Q(c, b)e(b, )
= R(a,¢)F(a, ¢, b)R(b; ¢) x Q(a, cb)wa (b, ¢))
and
Q(ca, b)Q(c, a)e(a, c)wa(e(d, c))
F(c,a,b) x Q(c,ab)w.(Q2(a,b))e(a, c)w,(e(b, c))
F(c,a,b) x Q(c,ab)e(ab, c)(a,b)
F(e,a,b)R(ab, c) x Q(ab, c)2(a, b)
= F(c,a,b)R(ab,c)F(a,b,c) x Q(a,bc)w,(£2(b, c))

where we used the Yang-Baxter equation to obtain the second line. The co-
efficients of the right-hand sides must be equal, yielding the first hexagon
equation.

The second hexagon equation is obtained in exactly the same way, fol-
lowing the right diagram in Fig. 6. U]

2.3.6. Dependence of F and R-Symbols on the Choice of Ay and the Phases of
Q(a,b). Suppose we chose different phases for the intertwiners (a, b), i.e. we
consider

'(a,b) = x(a,b)2(a,b) (31)
for phases x(a,b). This yields new F-symbols by
Q' (ab, c) (a,b) = F'(a,b,c) x Q' (a,bc)w, (2 (b, c)) (32)

which are related to the original F-symbols by
x(b, ¢)x(a, be)
x(ab, c)x(a,b)

i.e. F is related to F' by the coboundary dy. It follows that only the cohomol-
ogy class [F] € H3(I,U(1)) is well defined.
The R-symbols are also affected by the different choice of phases. Indeed,
the new R-symbols defined by
Q' (b,a)e(a,b) = R'(a,b) x Q' (a,b) (34)

are related to the old by

F'(a,b,c) = (dx)(a,b,c)F(a,b,c) = F(a,b,c). (33)

x(b,a)
x(a,b)

It follows that the self-statistics R(a, ajpand the double braidings R(a,b) R(b, a)
are invariants.

R'(a,b) =

R(a,b). (35)
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Next, we investigate the dependence of the F and R-symbols on the choice
of allowed cone Ag. We will find no additional ambiguity beyond the one just
discussed. B

Let Aj, be another allowed cone. Then there is an allowed cone Ay con-
taining Ao U Aj. Denote w;, = W, ;. Then there are unitaries W, € R(KO)
such that

W, € (Wa,w,). (36)

These unitaries are unique up to phase.
This leads to new fusion intertwiners ' (a,b) € (W, ® w,,w,,;) given by

' (a,b) = WapQ(a, b)(W, @ Wy)*. (37)
The new F-symbols are determined by
' (ab, ) (a,b) = F'(a,b,c) x Q(a,be)w., (2 (b, c)). (38)
Using Eq. 37, we compute
Q' (ab, ) (a,b) = WapcQ(ab, ¢)Qa, b)w, (0, (W)W )W (39)

and
Q' (a, be)w! (2 (b, ¢)) = WapeQ(a, be)wg (2(b, ¢))wg (wb(W:)WJ)W: (40)

It follows that F’(a,b,c) = F(a,b,c) for all a,b,c € I.

Recall that the braiding intertwiners e(a,b) are defined in terms of en-
domorphisms w, localised on Ag, W. localised on Az and W% localised on
AR as follows. Pick intertwiners (unique up to phase) U, € (W,,w.) and
Vo € (W, W), then

e(a,b) = (Vy @ Uy)(Ua @ Vp) = VyWa(V3). (41)
It is shown in Lemma 2.12 that this braiding intertwiner is independent of the
choice of cones A, Ar. Moreover, €(a,b) is independent of the choice of phase

for the intertwiners U, and V.
In order to make the comparison with the braiding on AL | let us choose

the left and right cones A, and Ag such that they are to the leoft and right of
both Ag and Ag.

With the new endomorphisms w/, related to the old w, by Eq. (36), we
get new intertwiners U = U,W* € (w),,w.) and V! = V,W} € (w,,w%) and
therefore new braiding intertwiners

€(a,b) = (V)" @ (Ua)") Uy ® Vi) = (V) wg (V3)- (42)
A short computation relates this to the braiding e(a,b) as
€ (a,b) = W Vi W, Vie(a, b)w, (W, )W (43)
The new R-symbol is determined by
Q' (b,a)é'(a,b) = R'(a,b) x Q' (a,b). (44)

Using Eqgs. (37) and (43), the left-hand side becomes
95
Q'(b,a)e (a,b) = Wy, (b, a)e(a, b)w, (W)W (45)
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FIGURE 7. Degrees of freedom of the double semion state live
on the edges of a hexagonal lattice

and
Q’(a, b) = WapQ(a, b)w,(Wy )W, (46)

so, noting that ab = ba, we find R'(a,b) = R(a,b).

We conclude that Eqs. (33) and (35) are the only ambiguities in the F
and R-symbols.

We call two sets of F and R-symbols (F, R) and (F’, R’) on the fusion
ring Z(I) gauge equivalent if they are related by (33) and (35) for some phases

x(a,b).

3. The Double Semion State

We construct an infinite volume version of the ground state of the double
semion model, first introduced in [16]. We identify superselection sectors cor-
responding to semion, anti-semion, and bound state anyons and find that the
braided fusion category describing these anyons corresponds to the represen-
tation category of a twisted quantum double algebra D?(Zs).

3.1. Construction of the Double Semion State. Let 'V C R? be the vertices
of the hexagonal lattice. We take I' = I'F' to be the (midpoints of the) edges
of the hexagonal lattice (Fig.7) and to each edge e € I' we associate a degree
of freedom A, ~ End(C?). We fix Pauli matrices 0,0, 07 in each A.. We
denote by T'F' = (I'V)* be the set of faces of the hexagonal lattice.

We say an edge e € I' belongs to a hexagon p € I''" and write e € p if e
is one of the six boundary edges of p. We write dp for the set of six edges that
belong to p. For any subset I1 C T we write II¥ = U,cdp for all edges that
belong to some hexagon in II and by OII = I1¥ N (I1¢)¥ the collection of edges
that belong to exactly one hexagon in II. That is, OII is the boundary of II.

We interpret 07 = —1 as the edge e being occupied by a string, while

Z =1 means that the edge is unoccupied.

Oc
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F1cURE 8. II is the set of edges of the hexagons shaded blue.
Acting with Ap; on the state wy yields a string configuration
with two connected components (color figure online)

FIGURE 9. Increasing sequence of balls II,, depicted in the
primal hexagonal lattice

For any hexagon p € I'Y, let
Ay, =[] o (47)
e€Op
and for any finite set II of hexagons, let
AH:HAp: Haf. (48)
pell ecoll

Note that Ay produces a string around the region II when it acts on wy, see
Fig. 8.

Let us fix a hexagon py € IIF" ag-an origin and define II,, = {p € II* :
dist(p, po) < n}, where dist(-,-) is the graph distance for II1¥, see Fig. 9.
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Let wp be the pure product state without any strings, i.e.wg(0?) = 1 for
all e € I. Let (mg, Ho, Qo) be the GNS triple for wg, and let

Q, =/ 2|§1n| S (—1)H AR (49)

IICII,,

where {II is the number of connected components of 1. i.e. €2,, is a superposition
of closed string configurations supported in IIZ, with phases determined by

n’
the parity of the number of components of the string configuration.

The vectors €2, determine a sequence of pure states w, on A. The fol-
lowing theorem is proved in Appendix A.

Theorem 3.1. The sequence w,, converges in the weak-* topology to a pure state
w.

We call this pure state w the double semion state and denote its GNS
triple by (71, H, ).

3.2. String Operators. An oriented edge is a pair (vg,v1) of neighbouring
vertices of I'V. We say vy (v1) is the initial (final) vertex of (vg,v1). A path
P is a collection of oriented edges such that there is a sequence of vertices
(+++ ,0i—1,05, Vi1 - - ) such that each oriented edge in P is of the form e =
(vi,v;41) for some i. Such a sequence is called a vertex sequence for P. The
set of vertices appearing in any vertex sequence for P is uniquely determined
by P and denoted by PY. We call PV the vertex set of P; it is the set of
vertices that are the initial or final vertex of some edge in P. We, moreover,
require paths to be self-avoiding in the sense that any vertex sequence for P
consists of distinct vertices, except for possibly the initial vertex, which may
be equal to the final vertex of the sequence, if these exist. In the latter case, we
say the path P is closed. Similarly, if a vertex sequence for P is bi-infinite, we
also say P is closed. If P has finite vertex sequence with all its vertices being
distinct, then the vertex sequence is uniquely determined by P and we denote
by 0g P the first vertex of the vertex sequence and by 0, P the final vertex of
the vertex sequence. We say an edge e belongs to P if P contains an oriented
edge corresponding to e. With slight abuse of notation, we write e € P if e
belongs to P.

Let P be a path. An edge e is said to be a leg of a path P at v € PV ife
is the unique edge with endpoint v such that e does not belong to P. If e is a
leg of P, then e either lies to the left or to the right of P w.r.t. the orientation
of P and the standard orientation of the plane. A leg that lies to the left is
called an L-leg of P, and a leg of P that lies to the right is called an R-leg of
P. Let PV be the vertex set of P. If v € PV is the endpoint of an L—leg of P,
then we say v is an L—vertex of P. Similarly, if v € PV is the endpoint of an
R-leg of P, then we say v is an R-Vertgg( of P, see Fig. 10.

Following [16], we define three types of non-trivial string operators.
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FIGURE 10. An oriented path P in solid blue with its L-
vertices fattened and its R-legs marked with dotted lines
(color figure online)

The semion string is given by

warl= (TL2) | T ) (10 o) oo

ecP R-legse L-vertices v

where s, = 1(1 —0Z)(1+0Z) and e, ¢’ are the edges of P that go in and out
of the vertex v, respectively.
The anti-semion string is given by

WelP] (HX) I o'+ ( I <—1>3v) 61

ecP R-legse L-vertices v

and the bound-state string is given by

Wg|P] := H oZ |. (52)

R-legse

We further define string operators for the vacuum sector W1 [P] = 1. We
set I = {1,5,5, B}, and we denote by w,[P] the automorphism defined by
conjugation with the (possibly formal) unitary W,[P]. We say W,[P] or w,[P]
is a closed string operator whenever P is a closed path.

One easily checks that Wg[P] = Wg[P]Wg[P] = Wg[P]Ws[P], and
Wg[P]? = 1. We will see later that this implies that the anyons 1, S, S and B
satisfy fusion rules S x B =S, 8 x B =8 and B x B = 1. The fusion rules
SxS =1and SxS =1 do not follow so simply. For example, Wg[P]? # 1, see
Eq. (54). This failure of the string operators to form a strict representation of
the fusion rules is the origin of the non-trivial F-symbols of the double semion
model, see Sect. 3.3.

59
These string operators have the following important property:
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FIGURE 11. A cone A with the oriented path 0I5, go-
ing around it in a counterclockwise direction. The paths

P/({;)L, Pj(\nz straddle the left and right side of A, respectively

Proposition 3.2. Closed string operators leave the ground state invariant. i.e. if
P is a closed string, then

wowy[P] =w (53)
foralla e I.

The proof is in Appendix B.

3.2.1. Definition of w, A. For any set Z C R2, let II; be the set of hexagons
(regarded as open subsets of R?) that have some overlap with the set Z. For
a cone A, we interpret the boundary JIl, as an infinite closed path oriented
counterclockwise around A. Assuming the opening angle of A is less than ,
the edges of 0I5, whose centre lies a distance further than n > 2 from the

apex of A form two half-infinite oriented paths Pj(xnj_ and PXQ, as shown in
Fig. 11.
Let A be a cone, and let A and A®) be its left- and right half-cones,

see Fig.12. Take n > 2 sufficiently large such that w, A = w, [P(n) | and

AR)
Vg, A = wa[Pj(;(lz) | are supported in A for all a € I. Denote Py := P/(((L})%) N

and Py := Pj(\@) .

3.2.2. Fusion Rules. In this section, we show the fusion rules for the string op-
erators wg_ a. In particular, we will show that w, A owy  is unitarily equivalent
to wep, A -

Let us begin with semion-semion fusion. For any oriented path P, the
automorphism wg[P] o wg[P] is given by conjugation with the formal unitary

Ws[P)? = Qg.5[P] == lgg o? T %27 ]. (54)
R-legs e

L-vertices
v=(e,e")
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FIGURE 12. A cone A divided into its left and right cones
AL and A The path P, is the largest part of 011, (r) such
that wy[Pa] is supported in A

Let e; and ey be the initial and final edges of the path P (if they exist)
and let u[P] be the automorphism given by conjugation with

U[P] := Qg 5[P] x 07207 (55)

er”
Lemma 3.3. We have w o u[P] = w for any path P.

Proof. We first take P finite and show that u[P] leaves any w,, invariant.
Recall that w,, is a vector state in the GNS representation of wg, given

by
/1
Icll,
We have
U[P]AnQo = AnQo. (57)

Indeed, Ap is a product of oX for all e € J11, a finite closed path. Now, any
such closed path supports an even number of factors o2 of the unitary U[P].
Indeed, if OII travels along P, then the two edges of P along an R-leg carry
no o?, while the two edges along an L-vertex both have a oZ. The closed
path OIl must enter/leave the path P an even number of times. If it enters
through an R-leg, it picks up a oZ from the R-leg. If it enters through an
L-vertex, then it picks up exactly one of the 0%’s of the two edges of P next
to the L-vertex. Finally, if OII enters P through an endpoint of P, then the
factors O'iZ , 0? at the initial/final edges ensure that a factor o2 is picked up.
In all, we see that U[P]Aq = AnU|[P], because the computation involves an
even number of commutations of a 0% with a 0Z. Obviously U[P]Qy = Qg so
U[P]AnQo = AnQy and U[P]Q,, = Q,. It follows that w,, o u[P] = w,, for any
n and hence w o u[P] = w for any finite P.

If P is infinite, then for any strictly local observable O we can find a finite
P’ such that u[P](O) = u[P'](O) so (é'i o u[P])(0) = (woul[P'])(0) = w(O).
Since the strictly local observables are dense in A, this proves the claim. [



A. Bols et al. Ann. Henri Poincaré

Lemma 3.4. If u[P] is supported in a cone A, then m o u[P] ~ 71, and the
unitary implementing this equivalence belongs to the von Neumann algebra

R(A).

Proof. The unitary equivalence m o u[P] ~ m follows immediately from
Lemma 3.3. Let U be the unitary implementing this equivalence, i.e.

UOU* = u[P](O) (58)

for all O € A, and UQ) = Q. (We identify A with its image under the faithful
representation 7y.)

If P is finite, then actually U € Ay C R(A). If P is infinite, let P, be the
path consisting of edges of P whose midpoints lie in II,,. Then U[P,] € Axp
has U[P,]|Q2 = Q for all n, and for any strictly local observables O, O’ we have

(00,U0'Q) = (09,u[P](0")UQ) = lim (09, ulP,)(0")9)
= lim (OQ, U[P,]0'Q). (59)

nToo

Since the vectors O, O'Q for O, O’ strictly local observables are dense in H,
this shows that the sequence U[P,| converges weakly to U. Since U[P,] € Ax
for all n, it follows that U € R(A). O

Lemma 3.5. For any cone A, we have that m o wg o ws A =~ m, and the
unitary Uy tmplementing this equivalence belongs to the von Neumann algebra

R(A).

Proof. By definition, wg ax = wg[Pa] s0 wga o wgp = Ad(a?) o u[Pp] where
es is the final edge of the half-infinite path P, (cf. Egs. (54) and (55)). From
Lemma 3.4, we find that there exists a unitary Uy € R(A) such that u[Py] =
Ad(Uy), hence

_ z
T O WA O WS A = T OAd(O’erA), (60)
proving the claim. 0

We can now easily show

Proposition 3.6. For each cone A, there are unitaries Q(a,b) € R(A) such
that

Ad(S2(a, b)) o wa,a © Wy, A = Waxp,A (61)

for alla,b €I ={1,5,S,B} and where x is an abelian product on I given by

0 »un '—‘|><
O L —|+—

vy — | »n
»n— T 0w
— Uy by I
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FIGURE 13. Axis of A; points to the right of the axis of As
relative to the cone A. The region Z has w,[0I1z] supported
in A. Moreover, the path JIl; differs from the union of the
paths Py, Py, by a finite number of edges

Proof. Lemma 3.5 shows that the claim holds for S x § = 1. The rest of the
claim follows from this case and

Wg A = Ws,A OWBA = WBAOWS,A, WBAOWREA = id. (62)
UJ

3.2.3. Transportability.

Lemma 3.7. If A1 and Ay are cones with axes W, and Wy, both contained in a
cone A and such that Wy points to the right of ws relative to A (see Fig. 13).
Then 1 0 Wq A, = T O v;}b and the unitary implementing this equivalence
belongs to the von Neumann algebra R(A).

Proof. Fix points x1,xo on the central axes of the cones A1, Ao such that the
region Z bounded by the half-infinite parts of these axes starting at xq,zs,
and the line between z; and x5 is convex and has w, a1, supported in A, see
Fig. 13.

By construction, wg grr, differs from wg A, © v4 A, by the action of a
local unitary W supported on A. Since 0Il; is a closed path, it follows from
Proposition 3.2 that there exists a unitary V' € B(#) such that m1 o w, am1, =
Ad(V) om; and VQ = ; hence,

1 0 Wa A, = Ad(VW)om o v;}\Q. (63)

This shows the required unitary equjwalence. It remains to show that V' €
R(A).
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Let Z,, = Z N B,, where B,, is the disk of radius n centred at the ori-
gin of R%. Then Ollz, are closed paths and the automorphisms Worn,, =
Ad(W,[011g,]) leave the ground state invariant, and are supported in A. In par-
ticular, there exist phases ¢,, such that V,, := ¢,,W,[01l, | satisfies V,,Q2 = Q.
For any strictly local observables O, 0" € 71 (.A) we have

(09,V0'9) = (02 wa o, (0)VQ) = Iim (0, waom, (0)Va)
= lim (09, V,,0'Q). (64)

nToo
Since the vectors O, O'Q) are dense in H, this shows that V,, converges weakly
to V. Since each V,, is in A, we conclude that V € R(A). O

Proposition 3.8. If Ay and Ay are cones both contained in a cone A, then
M O W A, = T1 O Wy A, and the unitary tmplementing this equivalence belongs
to the von Neumann algebra R(A).

Proof. Let w1, ws be the axes of the cones A1, Ay and take a cone A3 C A such
that its axis w3 points to the right of both w; and w, relative to A. Then,
Lemma 3.7 implies that there are unitaries V1, V5 € R(A) such that

1 0 Wg A, = Ad(Vi) om0 v;}\?), 1 0 Wq A, = Ad(V2) om0 v;}\s, (65)
hence

1 0 wa A, = Ad(V5' V1) o1 0wy p,. (66)

Since V5V; € R(A), this proves the claim. O

3.2.4. Distinct Sectors. Fix a cone Ay with axis (0,1) and let 7, := T 0 wg A,
for a € 1.

Proposition 3.9. For all a,b € I, we have w, ~ m, if and only if a = b.

Proof. For any n large enough such that the endpoint of Py, is contained in
II,,_o, consider the S-matrix

Sap 1= %(w 0 Wq A, ) (Wp[011,,]). (67)

An easy calculation shows that these quantities are independent of n and
given by

1 1 1
-1 1 -1
1 -1 -1
-1 -1 1

(68)

nn
I
|
— e

It follows that for any a # b there is a ¢ such that (wowg a, )(W,[0IL,]) =
—(w o wp A, ) (W[OIL,]) for all n sufficjgntly large. Corollary 2.6.11 of [2] then
implies that 7, and 7, are disjoint. O
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TABLE 1. Fusion intertwiners €2(a,b) for the double semion

state
Q(a, b) 1 S S B
1 1 1 1 1
S 1 UUer UO'er 1
S 1 Uaezf Uaezf 1
B 1 1 1 1

3.2.5. Verification of Assumptions. The four faithful irreducible representa-
tions 7y, mg, g, 7 defined by m, = m 0wy a, for a € {1, 5, S, B} =1 are
pairwise disjoint by Proposition 3.9.

For any cone A and any a € I, we defined an automorphism w, o sup-
ported in A. This collection of automorphisms satisfies Assumption 1 by Propo-
sition 3.8. Assumptions 2 and 3 are verified by Proposition 3.6. Finally, As-
sumption 4 holds by Propositions 3.6 and 3.8.

3.3. Computation of F-Symbols. Having fixed the cone Ay with axis (0,1),
we use for all @ € I the shorthand notations w, := wg,a, and W, := Wy a,,
where the latter are the extensions of w, to the allowed algebra B constructed
in Lemma 2.5.

Let e be the final edge of the path Py, and let U € R(A) be the unitary
such that m o u[Py,] = Ad(U) oy and U2 = ) provided by Lemma 3.4. The
proof of Lemma 3.5 shows that

Ad(92(S,S)) o (Wg owWwg) = W (69)
with ©(S,5) = aezf U.
Using
wg = wp owg =wsowp, wpgowpg = id, (70)
we find that
Ad(2(a,b)) o (wq 0 wp) = Waxy (71)

for all a,b € I with fusion intertwiners (a, b) given in Table 1. It follows that
Q(a,b) € (W, @ Wy, Waxp) for all a,b € I.
In order to compute the F-symbols, we first show

Lemma 3.10.
@s(Uanf):—Uanf, (UO'Z)_UO'ef, (UO'Z)_— O'er. (72)
) =

z
Tey
Z.) = oZ,. Tt remains to show that Ws(U) = (U) wp(U) =

Proof. Since ey is the final edge of the path Py, we have ws(a ) =wg(o
—O'er and wp (o w
U.

Since U is the weak limit of the sequence U, = U|[P,] where P, is the
path consisting of edges of Py, whosgsmidpoints lie in II,, (cf. the proof of
Lemma 3.4), it is sufficient to show wg(U, ) = wg(U,) = wp(U,) = U,. This
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follows similar to the argument in the proof of Lemma 3.4. Since U, is a
product of 0Z’s, we have that wg(U,) = U, and

zwwm:wduJ:<H@{>W<Ildj. (73)

EePn SEPn

By design, the unitary U,, has an even number of ¢%’s on the path P, . Indeed,

there are two factors of 0Z for every L-vertex, zero for every R-leg, and another

two for the endpoints. We conclude that wg(U,,) = Wg(U,,) = U, for all n.
O

We can now start computing the F-symbols. If in Eq. (24) we take a = 1,
then

Qb, c)Q(1,b) = F(1,b,c)Q(1,be)B, O). (74)

Since Q(1,b) = Q(1,bc) = 1, we find that F(1,b,¢) =1 for all b, c.

Similarly we find F(a,1,¢) = F(a,b,1) =1 for all a, b, c.

Let us now consider F-symbols that involve the bound state B, for ex-
ample,

Q(Bb, c)QXB,b) = F(B,b,c)Q(B,bc)wp(2(b, ). (75)
Since Q(B,b) = Q(B, bc) = 1, this reduces to
Q(Bb,c) = F(B,b,c)wp(§2(b,c)). (76)

If b = B or ¢ = B, then then Q(Bb,b) = Q(b,c) = 1 so F(B,b,c) = 1.
If b,c € {S, S}, then Q(Bb,c) = Q(b,c) = Uanf, so using Lemma 3.10 we find
again F(B,b,c) =1 for all b, c.

Similar considerations show that F(B,b,c) = F(a,B,c) = F(a,b,B) =1
for all a, b, c.

Finally, we consider the case where a,b,c € {S,S}. Then since ab,bc €
{1, B} we have Q(ab,c) = Q(a,bc) = 1 so

UaZf = F(a,b, C)EG(UJer). (77)

e

Using Lemma 3.10, we conclude that F(a,b,c) = —1 for a,b,c € {S, S}.

3.4. Computation of R-Symbols. Choose cones Ay with axis (—1,0) and Agr
with axis (1,0), both disjoint from Ag as in Fig. 14. Let Az D AgUAL and
/N\R O Ag U AR be allowed cones such that IN\L NAgr = /N\R NAr = 0.

To compute the braiding intertwiners e(a,b) = e(wq, W), set 72 = v,
[AL]7Y of = 5,[Ag] ™! as well as Wh = W, A, and WE = W, A, for all a =
1,5,S5, B. (Recall that the automorphisms v, o are defined in Sect. 3.2.1.)

It follows from Lemma 3.7 that there are unitaries U, € (W,,v.) and
Vi, € (wWy, D) such that U, € R(AL) and V, € R(Ag). By the same lemma,
there are unitaries U, € (0%, wk) and ) € (o4, wf) such that U] € R(Ap)

and V; € R(Ag). We therefore have unitary morphisms U.U, € (w,,w:) and
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iforbidden direction

FI1GURE 14. Cones Ay, A, and Ag used to define the braiding
intertwiners

V/Vy € (Wy, wf) with U/U, € R(Ar) and V'V, € R(Ag). By definition 2.11
and the fact that w,(V})) = V), we have

E(a7 b) - VI;'< W (VE) (78)

In order to compute w,(V}), let us realise V, as the weak limit of a
sequence of strictly local unitaries.

Let K be the cone whose legs coincide with the central axes of Ay and
AR, see Fig.15. Then the path Ollx contains P,, and ?AR and the path
Q = Ol \(Pp, U Pp,,) is finite. For each n, let K,, = K N B,, where B,, C R?
is the disk of radius n centred at the origin of R%. Consider the sequence of
paths P, = 0llk, \ @ and set Vb(n) = Wy [P

Lemma 3.11. There are phases ¢, such that the sequence <anb(n) converges
weakly to V.

Proof. Consider first the sequence of finite closed paths Jllx, = P, U@ and
corresponding string operators W;[0Ilk |. By Proposition 3.2, the unitaries
Wy 011k, | leave the ground state invariant up to a phase, so there are phases
¢n such that W™ := ¢, W, [0l | satisfy W(™Q = Q.

Since Ollk is a closed path, the automorphism w [01 x| leaves the grounds
state invariant by Proposition 3.2. It follows that there is a unique unitary
W e B(H) such that WQ =Q and widdll | = Ad(W) (as automorphisms on
m1(A)).
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iforbidden direction

F1GURE 15. Sets K, and the paths P, and @) used in the

construction of the sequence of unitaries Vb(n) that converge
weakly to the intertwiner V}

Now, for any strictly local observable O we have w, [0k |(O) = wy, [0l |
(O) for all n large enough. Thus, for any strictly local operators O, O’ we have

(09, W O'Q) = (09, wy[0T1](0") W)
= hTm <OQ, Wy [8HKH] (O/) Q>
= 1lim (0Q, W™ 0'Q),

ntoo

showing that the sequence w® converges weakly to W,

Now note that the paths 0llg, and P, = 0llk, \Q differ by the same
path @ = Jllk, \ P, for all n. It follows that the corresponding string operators

W, [0k, ] and V™ = W, [P,] satisfy V™ (W,[B,])* = W for a unitary W that
is independent of n and is supported on the path ) and edges adjacent to Q).
(In fact, W is equal to W;,[Q]* up local operators supported near the endpoints

of the path @.) Therefore, V;(n) = WW,[0llk, ] and anVb(n) = Wwm),

Since W™ converges weakly to W, it follows that the sequence ¢, Vb(") =
WW ™ converges weakly to WW. By construction, Ad(WW) = wyo(wit)~! =
Ad(V4) so WW = 1Vp for some phase ;. We then find that the sequence
,u*¢nV,En) converges weakly to V3. This proves Lemma. 0

We can now compute the braiding intertwiners.
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FIGURE 16. Edges e and €’ playing a role in the computation
of €(S,9)

Obviously wy; = id and V; = I so €(1,a) = €(a,1) = 1 for all a € I. It is
also easy to see that

wp (VM) = V™ (79)

for any a € {1, 5,5, B}, so ¢(B,a) = 1 for all a, while
ws (V") = ws (V") = V5", (80)
because the path P,, contains a single R-leg of the path P,. So ¢(S,B) =

e(S,B) = —1.

Let us now compute €(S,S). Note that the path P, enters the path Py,
at an L-vertex of Pp,. Let (e,e’) be the edges of Py, before and after this
L-vertex, see Fig. 16. We find

(V&) ws (VM)

— <0§ (11202)> (cXol (—1)°1) ((11;5)*05) (~1)*10XoX) =11,

which implies €(5,5) =11.
We now use the braid equations (Lemma 2.13)
e(pyo @) = (Lo @e(p, 7)) (e(p,0) @ 1r)
e(p@o,7) = (elp,7) © 15)(1,) @ €(0,7))
(where I,, denotes the identity intertwiner from p to itself) to compute
€(S,9) =¢€(S x B,S) =¢€(S,9)ws(e(B,S)) =il
€(S,8) = ¢€(S,S x B) =wg(e(S, B))e(S,8) = —il
€(S,5) =¢€(S x B,S) = ¢(S,S)ws(e(B,S)) = —i1.

Thus, we have computed all braiding intertwiners,see Table 2 for a summary.
The R-symbols are defined (26) by

Q(b,a)e(a,b) = R(a,b) x Q(a,b). (81)

Since Q(a,b) = (b, a) for all a, fygwe find that the R-symbols are shown
in Table 3.
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TABLE 2. Braiding intertwiners €(a, b) for the double semion

state
e(a,b) 1 S S B
1 1 1 1 1
S 1 il —il -1
S 1 il —il -1
B 1 1 1 1
TABLE 3. R-symbols R(a,b) for the double semion state
R(a,b) 1 S S B
1 1 1 1 1
S 1 i —i -1
S 1 i —i -1
B 1 1 1 1

One can verify that the F' and R-symbols indeed satisfy the pentagon
and hexagon equations.

8.5. Anyons are Described by Rep;D?(Z3). In Sect. 3.2.5, we verified As-
sumptions 1-4 for the superselection sectors m, with a € I = {1,5,S, B}
of the double semion state. Let us denote by AII\O the corresponding braided
tensor category constructed in Sect. 2.2.

In this section, we show that Afxo is braided monoidal equivalent to the
representation category Rep fD¢ (Zs3), where ¢ is a non-trivial 3-cocycle on Z.
We will do this by showing that both categories have equivalent fusion rings,
F-symbols, and R-symbols, and appealing to Proposition 7.5.2 of [12].

This identification is relevant, because it partially verifies a conjecture
about string-net models [16]. A given string-net model is defined by an input
fusion category F, and the topological order of the model is conjectured [17]
to correspond to the Drinfeld centre Z(F) of F. In the case where F = Vec(é
for a finite group G and a 3-cocycle ¢ of G, we have Z(F) = Rep;D?(G)
(cf.[18]), where D?(G) is the twisted quantum double algebra first described
in [4].

3.5.1. The Braided Fusion Ring of Aio. We have extracted from the braided

tensor category A/IX its fusion ring, generated by the elements of I = {1, S, S, B}
with abelian fusion rules given by the group structure on I described in Propo-
sition 3.6. In other words, the fusion ring of Afxo is isomorphic to Z(I). In
Sect. 3.3, we obtained the F-symbols, and in Sect. 3.4 we obtained the R-
symbols, Cf. Table 3 derived from the braided tensor category A{\O- It follows
from Proposition 7.5.2 of [12] that thege data completely determine the cate-
gory AII\O up to braided monoidal equivalence.
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3.5.2. Description of Rep ; D?(Zz). We describe the quasi Hopf algebra D?(Z5)
first introduced in [4]. We follow the presentation in [22].

Let ¢ : (Z3)®> — U(1) be the normalised representative of the non-trivial
class in H3(Zo,U(1)):

¢(—,—,—) =—1, all other components equal to 1. (82)

Let

é(z, f,9)0(f, 9, )
o(f,x,9)

for all =, f, g € Zso. For each x € Zy the map ¢, : (Z2)? — U(1) is a 2-cocycle,
it satisfies

cz(f,9) = (ta®)(f,9) = (83)

cz(f,9)ex(fg, h) = cu(f, gh)ez(g, h). (84)

The quasi-quantum double D?(Zy) is an algebra spanned by { Py f }+.fez,
with multiplication

(Pxf)(Pyg) = 6m,y(Pxfg) Cac(fag)' (85)

The unit for this multiplication is ) ., (P1).
The quasi-quantum double is, moreover, equipped with a coproduct A :
D?(Zs) — D?(Z2) @ D?(Zs) given by

APf) =Y ci(y,2)(Pyf) @ (P.f). (86)

Yyz=x

Associativity and quasicoassociativity follow readily from Eq. (84), in
particular

(ld® A)A(Pf) = ¢ (ARId)A(Pf) ¢ (87)

with o =37, ez, ¢ (f,9,0) (Prl) ® (Py1) @ (Py1). That A is an algebra
morphism follows from the identity

co(f,9)ey(f,9) | cr(z.y)eg(a,y) _
cer(7,9) o@my) (83)

There is a counit € : D?(Zy) — C and an antipode S : D?(Zy) — D?(Zs)
given by

G(chf) = 5:v,17 S(Pxf) = (Pac—lf—l) Cm_l(fa f_l)—lcf(x’x—l)_l'
(89)

These give D?(Zs) the structure of a quasi Hopf algebra. This quasi-Hopf
algebra is, moreover, quasitriangular with universal R-matrix

R=Y (P} ® (Pz). (90)
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3.5.3. Category of Representations and Its Fusion Ring. Since D?(Z;) is a
quasitriangular Hopf algebra, its category of finite-dimensional representa-
tions Repr¢(Z2) is a braided tensor category. We extract the fusion ring,
F-symbols, and R-symbols of this braided tensor category. See [18] for a more
in depth analysis of this category of representations.

There are four irreducible representations of D?(Zy), labelled by pairs
(x,X) € Zo x Z3. (Z3 consists of the characters of Zy, namely 1 and sgn.) They
are given by

(a0 (Pyf) = 0z 2(S)x(f) (91)
with
i

eol1) 1= oxp (G lal 1)) (92)

where [z], [f] are the additive representation of x and f.i.e.e_(—) =1 and all
other components are equal to one. €, is a cocycle and

cz(f,9) = (de2)(f, 9) = %.

Since we have a coproduct, we have the following tensor product of rep-
resentations:

(I @ o) (P, f) := ((Ih @ a) 0 A)(Pef) = Y ¢y, 2) L (P, f) @ a(P.f).

Yyz=1x

(93)

(94)
One easily verifies that

iz @ Uiyo) = Hzy,xo)- (95)

The representation IL(; 1) is an identity for this tensor product (with trivial left
and right unitors). In particular, the fusion ring of the representation category
is Z(G) with G the abelian group with elements {(, X) }(z,x)ez, xz; and group
multiplication given by (z,x) - (y,0) = (zy, x0).

With this tensor product, the representations of D?(Zy) form a tensor

category with simple objects Il ,) and associators between simple objects

Uz,x), (.00, (2m) - My @ y,0)) @Iz ry = Hig ) @ (Hy,0) @ I, 1)
(96)

given by multiplication with ¢(z,y, z). This shows that the F-symbols of the
representation category Rep fD¢ (Z3) are given by the 3-cocycle a on G given

by a((z,x), (y,0),(2,7)) = ¢(z,y, 2).
The braiding €(z,x),(y,0) ° H(:c,x) & H(yﬂ) — H(yﬂ) ® H(a:,x) of simple
objects of D?(Zs) is given by multiplication with

Mz, ) © y0))(R) = gy(2)0 (), (97)

where R is the universal R-matrix given in Eq. (90). These braidings are sum-
marised in Table 4, and it follows frony{95) that the R-symbols of D?(Zs) are
given by the same table.
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TABLE 4. Braiding isomorphisms of Rep fD¢ (Z3) for simple

objects
€(,x),(y,0) (1,1) (—1,1) (—1,sgn) (1,sgn)
(1,1) 1 1 1 1
(—1,1) 1 i —i -1
(—1,sgn) 1 i —i -1
(1,sgn) 1 1 1 1

3.5.4. Braided Monoidal Equivalence of A} and Rep; D?(Zs). By the iden-
tification

(1,1) « 1, (=1,1)« S, (—1,sgn) < S, (1,sgn) <> B. (98)

we see that the groups G' and I and therefore the fusion rings Z(G) and Z(1)
of RepD?(Z,) and A} are isomorphic.

Under this identification, the F-symbols of A{xo computed in Sect. 3.3
match precisely with the F-symbols « of the representation category. Further-
more, comparing Tables 3 and 4 we see that also the R-symbols match pre-
cisely. Thus, the braided tensor category A/IXO and the representation category
Rep ;D?(Z;) have the same fusion rings Z(G) ~ Z(I), the same F-symbols,
and the same R-symbols. It follows from Proposition 7.5.2 of [12] that Af
and Rep fD¢(Zg) are isomorphic as braided monoidal categories.
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Appendix A. Purity of the Double Semion State

In appendix, we prove Theorem 3.1, stating that the double semion state w
constructed in Sect. 3.1 is pure.

A.1. Restrictions of w to finite regions. Denote by I1Z the set of edges belong-
ing to some hexagon of II,, and set M,, = Apr. We investigate the restrictions

Wlp == w|m,, -
Lemma A.1. For any m > n, we have that w|, = wp|n-

Proof. 1t is sufficient to note that w,, has the same expectation value for any
operator in M,, as w does. Indeed, for any A € M,, we have w(A) = limw,,(A),
and the latter sequence becomes constant as soon as II,, contains all hexagons
containing edges in the support of A. i.e.w;,(A) = w(A) for all m > n + 1.

O

Thus, we can restrict our attention to states wy,|,. Recall that w,, is
given by the expectation value in the vector state

0 =g 30 (DA = 3 (Pm (99)

IICIL,y, IIcIL,,

where 011 is the number of closed loops in the loop soup O1I, and we chose
to write Ay instead of mo(A) because the representation 7 is faithful, and
|OIT) is the product state with all degrees of freedom spin up, except those on
the edges along the path OII, which are spin down.

Note that every closed path o supported on Hﬁ is of the form OII for a
unique II C II,,, so we have written (2,,, as a uniform superposition over all
closed-loop soups supported on H,En. Moreover, for closed paths o and 8 we
have |a) = |B) if and only if & = 3, and these states are orthogonal otherwise.

We will show that w,,|, is a mixed state which is an equal-weight convex
combination of pure states 7, (b) where b is a boundary condition, namely an
assignment of up-or down to each out edge of the region II,, such that an even
number of edges are up, see Fig. 17

The state 7, (b) is then given by a uniform superposition of all loop soups
that satisfy the boundary condition b, weighed by +1 depending on whether
a fixed ‘closure’ of the boundary condition has an even or an odd number of
closed loops.

Lemma A.2. There are 2| such loop soups for each boundary condition b.

Proof. For the boundary condition with all spins up, this is obvious, because
then the loop soups are precisely closed-loop soups in ITZ.

To obtain loop soups for an arbitrary boundary condition b, act on any
closed-loop soup with A, on the hexagons between pairs of boundary edges
where b forces a loop to end (choose one of two possible pairings). This yields
a loop soup that satisfies the boundary condition, and two different closed-
loop soups give two different loop sopps satisfying the boundary condition.
Conversely, every loop soup satisfying the boundary condition arises in this



The Double Semion State in Infinite Volume

.......

..............

.......

FIGURE 17. A loop soup a € Pib) with boundary condition b
corresponding to the red edges. The dotted red paths indicate
one of two ways of pairing neighbouring red edges, resulting
in a closed-loop soup (color figure online)

way, because acting on loop soups satisfying b with A,’s on the vertices between
pairs of boundary edges where b forces a loop to end yields a closed-loop soup.
O

Write Pﬁb) for the loop soups in I1Z that satisfy the boundary condition b.
For a given boundary condition b, any o € P can be ‘closed up’ in precisely
two ways by connecting nelghbourmg marked edges using edges in 11, +1\Hf,
see Fig. 17. Pick one such ‘pairing’ of marked boundary edges, and let fa be
the number of loops of a closed up with the chosen pairing. Then we have

normalised vectors
ﬁa
=4/ 2|1‘1 ). (100)

aGP(b)

We have (777(11)), n,gb )) = 0p,, 1.€. these vectors form an orthonormal set. Denote

by 177(1”) the pure state on M,, corresponding to the vector |771(1b)>'

Proposition A.3. Form >n > 1,

wm|n = 2677, 1 Zn(b) (101)

Since the |177(zb)> form an orthonormal set, this is a Schmidt decomposition
of W |n-

Here, is the number of beyndary conditions b. Indeed, there are
6n outer edges where the boundary condition either forces or does not force a

26n—1
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string to pass, and the number of edges where a string is forced to end must be
even. There are as many even boundary conditions as there are odd boundary
conditions. Indeed, flipping a fixed edge gives a bijection.

Proof. By Lemma A.1, it is sufficient to consider m = n+1. The state w11 on
e 1 is a uniform superposition of closed-loop soups in e +1- Any such loop
soup « defines a boundary condition b(«) by the outer edges of II,, that are
occupied by strings of . We can therefore organise the a according to which
boundary condition they induce:

Qng1) = \/ 2|Hn+1| Z Z 1)ﬁa|04 (102)

b ab(a)=

The states |a) are orthonormal product states. If O is supported on ITZ | then
the matrix elements (5, Oa) only depend on the configuration of « and £ on
I1Z. This information still allows us to deduce the boundary conditions b(c)
and b(). Moreover, the matrix element vanishes if b(«) # b(3), hence

wn+1(0) = <Qn+1,0Qn+1> 2|1‘I I Z( 1 ﬂ04+ﬁ,3<5 OOé>

2|Hn+1| Z Z ﬁoﬁLW (8, 0q)
2|Hn+1| Z Z ﬁa e <6 OOK>

o 6/ P(b)

1 o’ ! /
~ 96n—1 Z 2\nn| Z (—1)F 43" Oa')
b

o’ ,B'eP)
= g 2m(0)

The factor of 2 appearing in the third line is the number of choices of complet-
ing a loop soup o’ in Hf with boundary condition b to a closed-loop soup « in
I1Z, ,. The phase (=)t 48" does not depend on which (common) completion
is chosen. Indeed, changing the completion changes both o’ and 8’ by an
odd amount if the number of marked edges is a multiple of 4, and both by
an even amount otherwise (Lemma A.4). To get the fourth line, we used that
IL,41| — |IL,| = 6 — 1. l

Lemma A.4. Given o € PT(Lb), denote by 1 and s the number of loops in
the two possible completions. Then #1a — s is odd if the number of marked
points for b is a multiple of 4, and even otherwise.

Proof. Assume first that « has no closed loops. Let the number of marked
points be 2n. The following construction is illustrated in Fig. 18. Abstract the
region 11, to a disk with the marked pgints sitting on the boundary. Then the
two completions correspond to two sets of n intervals that ‘interlace’ along the
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F1GURE 18. Red dotted paths completing o to a closed-loop
soup are marked with vertices (black), and so are the closed
regions (green) resulting from this completion. The white re-
gions correspond one-to-one to faces of the black graph. Each
such white region corresponds to a loop of the alternative
completion of « to a closed-loop soup (color figure online)

boundary of the disk. Choose one of them. The loop soup « connects these n
intervals into groups. The number of groups ¢ is the number of closed loops in
this completion, say i = g. Put a vertex on each interval for this completion,
and add a vertex in each group. Connect this vertex by edges to the vertices
of the intervals in the group. Finally, connect the vertices on the intervals
by edges along the boundary of the disk. This gives a connected graph with
V = n + g vertices and F = 2n edges. By the Euler formula, this graph has
F=1-V+FE =1+n— g internal faces. The number of internal faces
corresponds precisely to floa, and we find

fia—fha=g—(1+n—g)=29—n—1, (103)

which is odd if n is even and vice versa.
Any closed loops of a remain connected components of both completions,
so internal loops do not contribute to f1a = fsa.
O

We further show

E

Lemma A.5. For any boundary condition b and any O supported on I/,

have 777(11))(0) = w(0).

we

Proof. From Lemma A.1, it is sufficies to show that nr(lb)(O) = w,(0). Note
that w, = n?, where () stand for the trivial boundary condition.
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For any other boundary condition b, let A, be the product of A, operators
over hexagons between pairs of marked edges of b. Clearly, A; is supported out-
side ITE_, | so A;OA, = O, and since Ay, bijectively maps loop soups satisfying

n—1
b to closed-loop soups, we find
1 (0) = 0P (A;04) = nh(0) = wa(0) = w(O). (104)

O

A.2. Purity of the Limit State. We will now show that w is a pure state by
making use of the following lemma, which is a special case of Lemma 2.1. of
[13].

Lemma A.6 (Lemma 2.1 of [13]). A state w on a UHF algebra realised as the
inductive limit of a sequence of finite matriz algebras { M.} is pure if the
following holds:
For each n, there exists m > n such that if p is a linear functional on
M., that satisfies
wlm,, = p >0, (105)
then

plm, = Awlm, (106)

for some X € R.
In applying this theorem to our setting, we take M, to be the algebra
supported on I1Z.

Fix n and take m > n+ 1. Let p be a linear functional on M,,, such that
Eq. (105) is satisfied. From Proposition A.3 and Lemma A.1, we have

1
W|m - wm—|—1|m = 96m—1 2775,2); (107)
b

which is a Schmidt decomposition for w|,,. The assumption wl|,, > p > 0

implies that p is a mixture of pure states in the span of the 777(72) 's (Lemma A.7).
It then follows from Lemma A.5 and m > n that

Pln = Awln (108)

for some 0 < X\ < 1.
We conclude by Lemma A.6 that w is pure.
We have used the following lemma:

Lemma A.7. Let w and p be linear functionals on a finite matrixz algebra such
that w > p > 0. Suppose

W = Zpa|¢a><¢a| (109)

18 a Schmidt decomposition of w. Then any Schmidt decomposition

p= auds)(dsl (110)
5
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satisfies

span{|¢g) ;s C span{[ta) ta- (111)

i.e. the Schmadt states of p span a subspace of the space spanned by the Schmidt
states of w.

Proof. Suppose the conclusion is false, so one of the ¢z, say ¢1, lies outside
of V = span{#,}. Then there is a vector x orthogonal to V and such that

c= <¢)1> X> 7A 0.
Consider now the positive operator P = |x)(x|. We have w(P) = 0 and

= qsl{dp.\)* >0 (112)
E

where all terms are non-negative and at least the term g = 1 is strictly positive.
It follows that (w — p)(P) < 0, violating the assumption. O

Appendix B. Properties of String Operators

For each vertex v, let

= % (1 +1] af) (113)

where the product runs over the three edges connected to v. For each hexagon
p, regarded as a closed loop with counterclockwise orientation, let

B, = ;(1+W58p (HA) (114)

vep

The operators B, and A, are orthogonal projections, and they all commute
with each other.

Let II,, be a finite set of hexagons as in Fig.9. Let IIV be the set of
vertices belonging to some hexagon in II,,. We set

Hy, =Y (1-A)+ Y B, (115)
vellY pell,
Let us also introduce terms imposing boundary conditions:
1
Hom, = ) 5 (1-07). (116)
ecoll,,

This is also a sum of orthogonal projections, and they all commute with each
other and with the B, and A, appearing in Hyy,,.
We now consider the commuting projection Hamiltonians

H, = Hnn + Hann. (117)
Let ﬁ be the collection of edges that have an endpoint in IIV. Then

H, € A~ Moreover, the state w,, restricts to A as a pure state. Let us
continue to denote this restriction by Y- We have
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Lemma B.1. The state w, on Aﬁn 1s the unique ground state of H,,.

Proof. The state w,, is defined by the expectation in the vector state

1
Q=15 3 (—1F Any (118)

IICIL,

where Qg has all 0Z = 1.
The state €2,, is a superposition of closed string configurations in II,,.
Each such closed string configuration satisfies

1
(1= 4,)AnQ% =0, (1 0Z)AnQo = 0 (119)

for all v € IV, all e € 911, and all II C II,,.
To see that 2, is a ground state of H,, it remains to show that it is in
the kernel of all B, for p € II,,. One can check that

Ws[0p] AnQo = ¢(p, 1) ApanQo (120)

where ¢(p,I1) = —1 if pAIl has the same parity of connected components as
I1, and ¢(p,II) = 1 otherwise. i.e.

(b(p, H) _ (_1>ﬁH—Hi(pAH)+1 (121)

It follows that Wg[dp|€2, = —,, for any p € II,,, hence B,(,, = 0.

To see that €2, is the unique ground state, observe that any ground state
must be in the kernel of all the 1 — A, for v € I} and all the (1 — ) for
e € 01l,,. The space of states that are simultaneously in the kernels of all these
projections is spanned by the closed string states

A]‘[Qo, II C IL,,. (122)

We must find in this space a state that is in the kernel of all the B),, equivalently
a -1 eigenstate of all the Wg[0p] for p € II,,. Consider a general state

U= ) (I)AnQ (123)
11CII,
where ¢ (II) € C are arbitrary. Then
Ws[opl® = > (M) (p, ) Apan o, (124)
IICIIL,

so Wg[0p]¥ = —¥ only if
Y(I) (=1 — p(pAI)(~1)FPAT, (125)

If any of the ¢ (II) is non-zero (which must be the case, otherwise ¥ = 0), then
this enforces

Y(IT') = (~1)FHH (1) (126)

for all II’ C II,. Indeed, and II can be related to any II' by a sequence of
symmetric differences with elementary hexagons p. This shows that ¥ ~ (,,,
so (1, is indeed the unique ground statd of H, on ‘Aﬁn' O
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Lemma B.2. If P is a closed path entirely contained in 11,,, then W,[P] com-
mutes with H,,.

Proof. This is shown for the string operators of any Levin—Wen model using a
graphical representation of the string operators in [16]. In our case of the double
semion model, we can also show it by brute force. That Wg[P] commutes with
the star operators A, and with the boundary terms in Hpry, is obvious. Let
us show that Wg[P] commutes with B, for p € II,,.

To this end, note simply that if () is the path, possibly consisting of
multiple components, made up of edges of P that are also edges or R-legs of
p, oriented with the same orientation as P, then

Ws[PIWs[0p|Ws[P]" = Ws[0p|U[Q] (127)

where the string operators U|[Q] are defined in Eq. (55). Since U[Q|(I[,¢, 4v) =
[I,ep Avs and all A,’s commute with Ws[P] we find
Ws[P] (Ws[ap]( HAU)> Ws[P]" = Ws[0plU[Q] <H Av)
VEP vep
— Wlop) (H Av> NEES
vep

The claim for semion string operators Wg[P] follows.

The required result is easy to verify for bound state strings Wg|[P], and
since Wg[P|] = Wg[P|Wpg|[P], the claim also holds for the anti-semion string
operators. (]

Lemma B.3. If P is a finite closed string, then

w o w,[P] = w (129)
for any a € {1, 5,5, B}.
Proof. By Lemmas B.1 and B.2, we have

Wo[P]Qy, ~ Qy, (130)

for n sufficiently large. Hence, w,, o w,[P] = w, for n sufficiently large. The
double semion state w is by definition the weak-* limit of the sequence w,, so

wowy|[P] = liTm Wn 0 We[P] = liTm Wn = W. (131)

O
We are now ready to give the

Proposition 3.2. Let O be a strictly local observable. Then we can find a finite
closed loop P’ such that w,[P](O) = w,[P’](O). From Lemma B.3, we then
find (wow,[P])(0) = (wowy[P'])(0) = w(0). Since the strictly local operators
are dense in A, it follows that w o w, ﬁ;] = w.
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Chapter 3. Sector Theory of Levin-Wen Models

1 Introduction

The ambition to understand gapped phases of quantum spin systems has generated a vast liter-
ature. Within mathematical physics, this program is cast as a classification problem; we want to
establish a complete set of invariants of gapped phases so that if two gapped ground states have
the same invariant, then they belong to the same gapped phase. An important invariant for this
classification problem in two dimensions is the anyon content of a gapped ground state, or more
generally, the topological defects admitted by the ground state. It has become clear over the
past decade that these topological defects, together with their fusion and braiding properties,
can be captured rigorously using sector theory [Naall; Oga22; Bha+25; Jon24; KVW24; RO24].

In this paper we study the sector theory of Levin-Wen models on the infinite square lattice
based on a unitary fusion category (UFC) C. These models are believed to represent all gapped
phases in two spatial dimensions that admit a gapped boundary.

The first main result is the classification of the irreducible anyon sectors of Levin-Wen models,
namely the unitary equivalence classes of irreducible representations of the observable algebra A
that satisfy the superselection criterion with respect to the GNS-representation 7' of the unique
Levin-Wen ground state w®. Concretely, for each simple object X € Irr Z(C) of the Drinfeld
center of C we construct an endomorphism p* € End(A) so that {7~ := 7' o p*}xecrz(c) is a
complete set of disjoint irreducible anyon representations.

These anyon representations are the objects of the category SSS of superselection sectors
associated to w!. Under the assumption of (approximate) Haag duality, SSS is a braided C*-
tensor category [Naall; FN15; Oga22]. This construction is an adaptation of the sector theory
of algebraic quantum field theory [DHR69; DHR71; BF82; FGM90] to the setting of lattice
spin systems. The category SSS rigorously captures the anyon content of the theory, describing
the fusion and braiding of anyons, and establishes these data as an invariant of gapped phases
[NSY19; Oga22].

The classification of irreducible anyon sectors imply that SSSy, the full semisimple subcat-
egory of SSS generated by its simple objects, is linearly equivalent to Z(C). The fusion and
braiding properties are captured by constructing isomorphisms

DLy Z(C)NX RY — Z) = SSS;(p~ @ p¥ — p?),

and showing that these isomorphisms preserve F- and R-symbols. In Appendix D, we review
the details of the familiar statement that the F- and R-symbols determine semisimple braided
monoidal categories up to equivalence.

Under the assumption of bounded spread Haag duality for the ground state of the Levin-Wen
model (Assumption 2.3 below), we obtain:

Theorem 1.1. There is a unitary braided monoidal equivalence
Z(C) ~SSSy.

The proof appears in Section 11. Note that this equivalence pushes the unitary modular
tensor category (UMTC) structure of Z(C) forward to SSSy, showing in particular that anyons
of the Levin-Wen model have conjugates (antiparticles).

A similar result has recently been obtained [BV25; Bol+426] for Kitaev’s quantum double
models [Kit03] on the plane. For these models one can explicitly construct localized and trans-
portable amplimorphisms, originally introduced in [Naal5], representing all equivalence classes of
objects in SSS;. The arguments in [Bol+26] rely crucially on the fact that these amplimorphisms
moreover provide an action of the model’s anyon theory, namely the representation category of
the quantum double D(G) of the gauge group, on the observable algebra. It follows from the
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discussion in [Che+22, Section 5.1] that the analogous property cannot hold for string operators
of the Levin-Wen models covered here (indeed, Z(C) may have non-integer quantum dimensions).
Our methods for computing the braided monoidal structure of SSS; for Levin-Wen models there-
fore necessarily differ significantly from the strategy pursued in [Bol+26]. We believe that the
strategy presented here can be used to compute the sector theory of representative ground states
of all gapped phases of two dimensional spin systems [Sop23].

The chapter is organised as follows. In section 2, we describe the Levin-Wen model based
on a unitary fusion category C in infinite volume. In Section 3, we introduce and analyse skein
modules and various algebras acting on them, in particular the Tube-algebras. These skein
modules are the state spaces of a Turaev-Viro TQFT. Section 4 makes explicit how the Levin-
Wen Hamiltonian stabilizes skein subspaces isomorphic to the skein modules of Section 3. In
Section 5, with a good understanding of skein subspaces in hand, we construct, for every simple
object X of the Drinfeld center Z(C) and any edge e of the lattice, a pure state wX interpreted
as an anyon excitation of type X sitting near e. We construct string operators in Section 6, and
show in Section 7 that these string operators yield the GNS representations 72X of the anyon
states wX, when composed with the vacuum representation of the model. We use these string
operators to show that the 7 satisfy the superselection criterion. In Section 8, we show that any
irreducible anyon representation is equivalent to one of the 7X, concluding that the irreducible
anyon sectors of the model are in one-to-one correspondence with equivalence classes of simple
objects of Z(C). In Section 9, we construct the isomorphisms ®%,. of fusion spaces and show
that they preserve F-symbols. In Section 10, we establish that they also preserve R-symbols.
Finally, we summarise the results in Section 11, assembling the proof of the main Theorem 1.1.
Here we appeal to the result of Appendix D, which reviews how the maps ®%, can be used to
construct a unitary braided monoidal equivalence between Z(C) and SSSy. Appendices A and B
contain proofs of certain basic properties of skein modules and skein subspaces, and Appendix
C gives a general exposition of the category SSS.
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2 The Levin-Wen model and its anyon sectors

2.1 Local degrees of freedom

Fix a unitary fusion category (UFC) C with a representative set of simple objects IrrC. (See
Section 3.1 below for details.) To each site v € Z? C R? of the square lattice we associate a local
degree of freedom

Ho= P Clab—cad).

a,b,c,delrr C

An element ¢ € H, in the subspace C(a ® b — ¢ ® d) will be represented graphically by
c
a0l O
b

where the morphism ¢ is associated to the site v € Z2, and the diagram is read from bottom left
to top right.

Following [Konl14; Chr+23; Gre+24], the degrees of freedom H,, are equipped with the skein
inner product given for ¢,9 € C(a® b — ¢ ® d) by

 Vd dydody  dudydedy

tr{o’ o9} 1 @
(¢, 9) = = : (2)
oy

For any v € Z* we put A, = End(#,), and for finite V' CC Z? we put Hy = Rpey Ho
and Ay = @,cy Av ~ End(Hy). If V.C W is an inclusion of finite subsets of Z? then there
is a natural embedding Ay < Aw by tensoring with the identity of Ay~ . For any, possibly

infinite, X C Z? these inclusions make {Ay }y ccx into a directed system of matrix algebras. We
denote its direct limit by A'2¢ and put Ax = Al)c(’CH'H. The *-algebra A'2¢ is called the algebra of

local observables on X, and the C*-algebra Ax is called the quasi-local algebra on X. We also
write A = Az2 and Alociz Alzo2°7 called the quasi-local algebra and the local algebra respectively.
For any S C R? let S = SN Z? and write Ag := Ag. If S is finite, we also write Hg := Hzg.

2.2 The Levin-Wen Hamiltonian

Let e; = (1,0) and ey = (0,1) be unit vectors in Z2 C R2. We denote by & = {(v,v1) €
72 x 72 : dist(vo,v1) = 1} the set of oriented edges of Z? and by & = {(vo,v1) € Z* x Z* :
v1 —vg € {e1,ea}} the set of edges of Z? that are oriented to the top right. We identify & with
the set of unoriented edges of Z2. For e = (vg,v,) € € we write & = (v, o) for its orientation
reversal. We also write dje = vy and dre = v;.

For each e = (vg,v1) € € we define a projector A, acting on H,, ® H,, by

Clearly A, = Az. We say A, enforces the string-net constraint at edge e.
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Denote by F the set of faces of Z2. For any face f € F we let Hy = ®vef H, and define
an orthogonal projector By on H; which annihilates the orthogonal complement of ], . ¥ AcHy
and acts on [, f AHy by inserting the regular element of C and using local relations to bring
the diagram back into product form:

1
By - 5 Y da @ . (4)
a€lrr C

Here d,, is the quantum dimension of the object a, and D* = }"_ d2. A precise definition will be
given in Section 4.5 below.

It was shown that By is an orthogonal projector in [Gre+24, page 10]. Moreover, all { By} rcr
commute with each other, as has been shown in [Zhal7, Proposition 5.14]. This fact will
follow from Lemma 4.5 below. The Levin-Wen Hamiltonian is the formal commuting projector

Hamiltonian
Hpw =—Y_ By.
feF

A state w : A — C is a frustration free ground state of Hpw if w(By) = 1 for all f € F.
The following Proposition has been proved in [Jon+23] (see section 2.3 and Theorem 4.8 of that

paper):

Proposition 2.1. The Levin-Wen Hamiltonian has a unique frustration free ground state which
we denote by w'. This frustration free ground state is pure.

We present an independent proof at the end of section 5.2 below. We let (7%, H,Q) be the
GNS triple of w!. Since w! is pure, the vacuum representation w' is irreducible.

2.3 The category of anyon sectors

The cone with apex at a € R?, axis © € R? of unit length, and opening angle 6 € (0,27) is the
open subset of R? given by

Nooo:={z€R®: (x—a) 9> |z—alcos(0/2)}.

Any subset A C R? of this form will be called a cone. The closure of a cone is also called a cone
with the same apex, axis, and opening angle.

Definition 2.2. A representation m : A — B(H) satisfies the superselection criterion w.r.t. the
vacuum representation w if for any cone A, there is a unitary equivalence

7T|A ue. 7Tﬂ |A

of representations of Ay. We will call such a representation an anyon representation. A unitary
equivalence class of anyon representations is called an anyon sector. An anyon sector is called
irreducible if any and therefore all of its representative representations is irreducible.
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For any cone A we put R := 7' (Ax)” which we call the cone algebra of A. Define A** :=
Ap 5.0 with b = a—ssin(6/2) 10 for the cone obtained by moving the bounding rays of A = A, 4 ¢
perpendicularly outward by a distance s. The following notion is adapted from [Jon24].

Assumption 2.3 (Bounded spread Haag duality). There is s > 0 so that
Rz\c g RA+5
holds for all cones A.

Remark 2.4. (Bounded spread) Haag duality was proven for a wide class of commuting projector
models based on C*-weak Hopf algebras in [OPR25]. This class includes models that are believed
to be in the same phase as the Levin- Wen model considered here. That is, the Levin-Wen ground
state can be transformed into the ground state of one of the models of [OPR25] by finite depth
quantum circuits and adding/removing decoupled ancillas. Since bounded spread Haag duality is
stable with respect to such transformations, we expect that the Levin- Wen ground state considered
here does satisfy bounded spread Haag duality. Note, moreover, that the results presented in
this paper suffice to derive a meaningful result on the anyon theory even without making the
assumption of bounded spread Haag duality; see Remark 2.7 below.

Fix a unit vector f € R? that we call the forbidden direction. We say that a cone A = Nas0
is allowed if © - f < cos(A/2), in which case we write A L f. Define the allowed algebra

B Ra . (5)

ALF
Note that 7 (A) C B is WOT-dense.

Definition 2.5. An endomorphism p € End(B) is localized in a cone A if powt|s,. = 74a,.-
The endomorphism p is transportable if for any cone A there is an endomorphism p' : B — B
localized in A that is unitarily equivalent to p.

The category of superselection sectors SSS is the C*-category whose objects are endomor-
phisms of B which are localized in an allowed cone and are transportable. The morphisms of SSS
are intertwiners. For any p,p’ € ObSSS we denote the space of intertwiners from p to p’ by

SSS(p— p') ={V € B(H)|Vp(x) = p'(z)V for all x € B}.

Define SSS; as the full subcategory of SSS whose objects p have a finite-dimensional endo-
morphism space SSS(p — p).

In Appendix C, we review the fact that localized anyon representations extend to unique
localized and transportable endomorphisms in SSS, and that SSS is a braided C*-tensor category
under the assumption of bounded spread Haag duality.

Remark 2.6. The reason for introducing SSSy is that we want to prove an equivalence with the
Drinfeld center Z(C), all of whose objects have finite dimensional endomorphism spaces. Since
SSS admits infinite direct sums, restricting to SSSy is necessary for the equivalence to hold. We
believe that all infinite objects of SSS are infinite direct sums or integrals of objects of SSSy.

Remark 2.7. In Section 6 we give explicit constructions of localized and transportable endomor-
phisms of B representing each isomorphism class of simple objects in SSS. It can be shown di-
rectly that the construction indeed gives endomorphisms of B without using Haag duality (see e.g.
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[Naall, Proposition 4.6]). Transportability of these endomoprhisms also holds independently of
Haag duality. Indeed, we construct explicit transporters in Section 10.1 that are localized in the
sense of Lemma C.5.

The subcategory D C SSS generated by all finite products and direct sums of those explicitly
constructed endomorphisms naturally has the structure of a braided C*-tensor category. Indeed,
Eq. (89) can be adapted to define the braiding, direct sums exist by virtue of the cone algebras
being properly infinite (cf. Section C.3), while Lemma 9.9, proven below, can be applied to
construct subobjects. See [BKM24] for a similar approach.

Having equipped D with the structure of a braided C*-tensor category in this way, the argu-
ments in this paper show that D is unitary braided monoidally equivalent to Z(C), without any
(weakened) assumption of Haag duality.

3 Tube algebras and skein modules

3.1 Unitary fusion category and Drinfeld center

Throughout this paper we consider a fixed unitary fusion category (UFC) C with its canonical
spherical structure. See [Eti+15; TV17; Pen2l; Pen20] for general introductions. We write
C(x — y) for the vector space of morphisms from z € ObC to y € ObC. Each C(x — z)
is equipped with a spherical trace tr and the quantum dimension of a non-zero object x is
d, :=trid, > 0. We choose a representative set of simple objects Irr C which contains the tensor
unit 1. The total quantum dimension of C is D := />y, ¢ d2.

The dual of an object x € Ob( is denoted x* and its evaluation and coevaluation morphisms
are evy : ¥ ® x — 1 and coev, : 1 — z ® x*. For each a € Irr C there is a unique a € IrrC such
that a is isomorphic to a*.

The unitary structure consists of dagger maps 1 : C(x — y) — C(y — x) written as f + f1.
Each morphism space C(x — y) is a Hilbert space with the trace inner product (f,g)y =
tr{fog}.

We freely use the graphical calculus to represent and manipulate morphisms of C. See
[TV17, Chapter 1.2] for a good introduction. As usual, we suppress associators, unitors, and
pivotal isomorphisms.

The Drinfeld center of C is the category Z(C) whose objects are pairs (X,0) of X € ObC
and a half-braiding 0 : X ® — = — ® X whose component morphisms and their inverses we

represent by
Oy = L , ot = ) . (6)

The morphisms Z(C)((X,0) — (X’,0’)) are precisely those morphisms f € C(X — X’) for
which

for all z € ObC.
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The Drinfeld center of C is a unitary modular tensor category whose pivotal and dagger
structures coincide with that of C [Mug03]. (See [HPT16a, Proposition 2.3] for the statement
about the pivotal structure in the case where C is not strict pivotal.) In particular, we can choose
a finite set of representative simple objects Irr Z(C) containing the tensor unit 1, and for each
X € Irr Z(C) there is a unique X € Irr Z(C) which is isomorphic to X*.

3.2 String diagrams and skein modules

We introduce skein modules on decorated surfaces. See [KKR10, Appendix A], [Kirll, Section 2],
[Wal21], [Wal06] for similar setups. We work in the category of piecewise linear manifolds
throughout. A decorated 1-manifold is a compact oriented 1-manifold (possibly with boundary)
N together with a decoration, which consists of a finite collection of signed marked points my C
N. A decorated surface is an oriented surface ¥ together with a decoration of its boundary 9%.
We will often make reference to the topology of the underlying surface of 3 and for example say
that ¥ is homeomorphic to a sphere with m holes removed.

A string diagram on ¥ is an embedded graph I' in ¥ whose edges are labelled by objects of
C and whose internal vertices (i.e. not the marked boundary points) are labelled by morphisms
of C in the Hom space determined by the labels of the attaching edges by the usual rules of the
graphical calculus. Using the forgetful functor Z(C) — C, string diagrams may also be labelled by
objects and morphisms of Z(C). The graph meets the boundary of ¥ transversally at the marked
boundary points, with edges oriented into the boundary where they meet positive boundary
points, and oriented away from the boundary where they meet negative boundary points. The
labels of the edges attaching to 0X constitute the boundary condition b : mgy — ObC of the
string diagram. We say the boundary condition is simple if all these labels belong to IrrC. We
write Bd(X) for the set of connected boundary components of ¥, seen as decorated 1-manifolds.
Given a boundary condition b and a decorated submanifold N' C 0%, we write by for the
restriction of b to the marked points in A. Given a string diagram z on X, we also write x s for
the boundary condition on N induced by .

Given a decorated 1-manifold AV we let A be the decorated 1-manifold obtained from A by
reversing orientation and flipping the signs of all marked points. Given a decorated surface X
we let 3 be the decorated surface obtained from ¥ by reversing the orientation and flipping the
signs of all marked boundary points. Then 9% = 9% as decorated 1-manifolds. Given a string
diagram x on ¥ we obtain a string diagram 2 on N by reversing the orientations of all edges and
replacing the label of each internal vertex by its dagger.

Let 8(X;b) denote the set of all string diagrams on ¥ with boundary condition b. We define
A(Z;b) := C[8(%;b)]/ ~, the space of all finite formal C-linear combinations of string diagrams
on X with boundary condition b, modded out by the equivalence relation ~ generated by

« isotopy of string diagrams in ¥ keeping 0% fixed.

o local relations of the graphical calculus applied inside contractible disks in X, to string
diagrams whose edges cross the boundary of this disk transversally.

We call A(Y) := @yep(s) A(E;b) the skein module on . Here, B(X) is the finite set of all simple
boundary conditions for string diagrams on X.

Given a string diagram = on a decorated surface X, we write [z]y € A(X) for its equivalence
class in the skein module. When the decorated surface is clear from context, we often simply
write [z].
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Convention 3.1. For any z1,--- ,x, € ObC, a pair of coloured vertices,

N
AN

will stand for a sum over an orthonormal basis {w;} of C(1 — 1 ® --- ® x,,) and its dagger.
This object does not depend on the choice of basis {w;}.

With this convention, we have the following well known local relation of the graphical calculus

([KB10, Lemma 1.1]): .
¥

D deaf = fpt (®)

a€lrrC
1 /éz \l’n z1| |22 Tn

Convention 3.2. We allow string diagrams to have edges coloured by a dotted line, defined by

/
/

1
/
I/ :ﬁ Z da a (9)

/ a€lrrC
/

This dotted line satisfies the following local relations for any x € ObC and any X € ObZ(C)
([Kir11, Corollary 3.5], [KB10, Lemma 2.2]):

- ~

.....

~~~~~~

on embedded disks and annuli in any decorated surface. These are called the normalization,
projector, and cloaking properties of the dotted line.

3.3 Gluing

Let X be a decorated surface and let N, M C 9% be two disjoint decorated submanifolds of the
boundary of . We say A can be glued to M if N ~ M as decorated 1-manifolds. If this is
the case then there is an orientation reversing homeomorphism 1 : N' — M which maps marked
boundary points to marked boundary points. We let ¥, be the extended surface obtained from
¥ by identifying A and M under the map 1. The resulting decorated surface ., depends only
on the isotopy class of ¢ ([BK01, Lemma 4.1.1]).

Let the identification i be fixed and write X4 for the glued surface. Given a string diagram
x on X we say the boundary conditions x ¢ and xx match if all corresponding pairs of marked
boundary points (m,¥(m)) € ma X maq are labelled by the same object. Suppose this is the
case for z. Let us write x4 for the string diagram obtained by interpreting x as a string diagram
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on Xgi:

Setting [xg1] = 0 if the boundary conditions do not match, the gluing of string diagrams descends
to a well-defined gluing map gl : A(X) — A(Xy) by setting gl([z]) := [zg] and extending to
A(X) by linearity.

3.4 Cylinder algebras and their actions on skein modules

Let AV be a decorated 1-manifold, then N is a disjoint union of decorated circles and decorated
intervals. By taking the product with the closed unit interval I we get a decorated surface ' x I
which is a union of decorated cylinders and disks. We let 9y(N x I) = (N x {0}) be the bottom
and O¢(N x I) = (N x {1}) the top of the decorated surface N x I.

The skein module A(N) := A(N X I) has the structure of a C*-algebra with multiplication
of two elements [z] and [y] defined by gluing the bottom of [z] to the top of [y], and with *-
operation given by [z|* = [f(&)] where f : N'xI — N xI:(0,r)+ (0,1—r). That is, the string
diagram is flipped upside down, orientations of all strands are reversed, and all morphisms are
replaced by their daggers. We call A(N) the cylinder algebra on N'. If S is a decorated circle
then Tubes = A(S) is called the Tube algebra on S [1zu00; Izu01; Miig03].

If 7 is a decorated interval then its marked points mz = (m,---,my,) have a linear order
following the opposite orientation of Z. For any labelling a : mz — IrrC we write ®a =
a(m1)?* ®@---®@a(m,)’" where o; € {+, —} is the sign of the marked point m;, and a* = a while
a” =a* for any a € ObC. Let x = @,y c a- We further define the object

n
%% .= ®X‘” ~ @ Ra. (11)
i=1 a:mz—Irr C

There is an obvious identification A(Z) ~ C(x®% — x®7).
If N'C N, then N/ x I C N x I, and we define an embedding ¢ : A(N') — A(N) by

N’/
L = e ~ . (12)
N x T N x T

Let ¥ be a decorated surface with compact boundary and let N/ C 9% be a decorated
submanifold of the boundary of 3. Then there is a left action > of A(N) on A(X) given by
gluing the bottom of [z] € A(N) onto N C 9%. Similarly, there is a left action b% of A(N)°P
on A(X) given by gluing the top of [z] € A(N) onto N' C J¥. There is an isomorphism of
C*-algebras A(N) ~ A(N)°P induced by flipping string diagrams upside down. We denote the
image of a € A(N) under this isomorphism by a°®. Then we have a3} = a® b ;.

If 3 has compact boundary, 9% is the disjoint union of connected boundary components
S € Bd(X), each of which is a decorated circle. We have

A@D) = (X) Tubes.

SeBA(D)
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3.5 Matrix units for Tubeg

Let N be a decorated 1-manifold and pick a fiducial point on N which is distinct from all the
marked points. A decorated l-manifold equipped with a fiducial point is called an extended
1-manifold. A decorated surface of which each connected boundary component is equipped with
a fiducial point is call an extended surface. Fiducial points of extended 1-manifolds will always
be depicted by an X-mark in figures.

Let S be an extended circle and assume that S has n marked points ms C S§. The fiducial
point induces an enumeration of the marked points ms = (my,--- ,m,,) starting at the fiducial
point and following the opposite orientation of S. Let o; € {4, —} denote the sign of the marked
point m; fort=1,--- | n.

For a boundary condition a : ms — IrrC we write ®a = a(m1)?* ® -+ ® a(m,)’". We
also write d, := dg, for the quantum dimension of the boundary condition a, and set X® =
@g:msﬂlrrc ®Q'

For every X € Irr Z(C) and every boundary condition a we fix an orthonormal basis {wng}i
of C(X — ®a) with respect to the trace inner product. We will represent these morphisms
graphically as follows:

ay’l| lag? |agn

These morphisms satisfy the following useful identity:

Lemma 3.3. We have

S

(13)

P -~

Proof :  The cloaking property of the dotted line makes the left hand side of the claimed
equality an element of Z(C)(X — Y). Since X and Y are irreducible it follows that the morphism
represented by the left hand side equals dx y Aidx for some A € C. Assuming X =Y and taking
the trace yields

Here we used sphericity of C in the second step to unwrap the dotted line. ([
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Proposition 3.4. The Tubeg-elements

form a complete set of matriz units for Tubes. We have

y X X X .
Ee v 0B jiai = Oxv0by 0550 Egpg i and Z Egizai = 1dTubes- (14)
X,a,i

In particular, the minimal central projections of Tubes are given by

X _ X
P = a,i;a,t

for each X € Irr Z(C).

We will say that a projector p € Tubes is of type X € Irr Z(C) if it is dominated by the
central projector PX.

Proof of Proposition 3.4 : Using the cloaking property of one dotted loop to pull the other
dotted loop to the front of the cylinder and using the relation Eq. (13) we find

Y X
B¢k i B jiai = by dxdy = 0pp dxdy

I X
= 0x,yOpp0j v dx < b= 0xy O 05 Bl s

so the E,f’(j;a’i do indeed form a system of matrix units. Linear independence of the Eifj;a’i also
follows from this. T
That this set of matrix units is complete follows from the identification of Tubes with
P claex® =xea)~ P ¥ > X)RCX = x®9),
a€lrr C Xelrr Z(C)
where this isomorphism is provided in Lemma 7.4 of [KB10]. O
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3.6 The TQFT inner product

The skein modules A(X) are the state spaces of the Turaev-Viro-Barrett-Westbury TQFT [TV92;
BW96]. Since C is unitary one can use the TQFT partition function Z to equip these skein
modules with an inner product as follows (see [Wal21; Wal06]).

Recall that the partition function Z assigns a complex number Z(M;x) to any 3-manifold
M with a string diagram = € $§(0M) on its boundary. In fact, Z(M;x) depends only on the
equivalence class of « in A(OM) so we have a linear map Zys : A(OM) — C for each 3-manifold
M. Since any 3-manifold admits a handle decomposition, the partition function is completely
determined by the following normalisation, gluing, and product properties:

o For the 3-ball B and a string diagram z on the 2-sphere 0B we have
Zp(z) = ev(z),
where ev(z) interprets = as a diagram in the plane and uses the graphical calculus of C to
evaluate that diagram to a number ([KB10, Theorem 2.4], [BW96]).

o If My is obtained from a 3-manifold M with boundary M = N U N UL by gluing N to
N then [Wal21, Section 4]

Zusylag) = Y PGSR (15)

€

where the sum ranges over an orthogonal basis of A(N;b), with b the boundary condition
induced by x.

o If M = M; U Ms is a disjoint union and z = x; U x5 is a string diagram on M with z;
on OM; and x5 on M, then

Zn(x) = Zym, (1) Zas, (22).

We can use the partition function to define an inner product on the skein module A(X) as
follows. Whenever ¥ is a surface, ¥ x I is defined to be the pinched product of ¥ and I = [0, 1]
(i.e. the Cartesian product is pinched by retracting 0¥ x I ~ 9% so that d(X x I) = ¥ U X).

Given [z] € A(Z;b) and [y] € A(E;b') we put
([=], YD) a) = dbr Zsx1(2Uy),

where & U y is the string diagram on 9(X x I) consisting of string diagram & on $ and string
diagram y on ¥. This yields a well-defined inner product on A(X) which we will call the TQFT
inner product.

It is straightforward to verify that the Tube actions on the various boundary components
of ¥ are *-actions w.r.t. the TQFT inner product. This gives A(X) the structure of a unitary
A(0%)-module.

3.7 Characterisation of skein modules on punctured spheres

We characterise the skein module A(X) where ¥ is an extended surface homeomorphic to the
sphere with m holes cut out. The characterization will depend on a choice of anchor for the
extended surface ¥. (see [HPT16D] for a similar notion). An anchor & for ¥ is an embedded
graph in ¥ consisting of one vertex called the anchor point, and for each boundary component
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S € Bd(X) an edge running from the anchor point to that boundary component, attaching
transversally at an attachment point on S which is distinct from the fiducial point on that
boundary component. The edges of the graph are moreover linearly ordered going clockwise
around the anchor point. This induces an enumeration {S¥}™ | of Bd(X) which we call the
enumeration induced by &. Two anchors are equivalent if one can be deformed into the other by
isotopy in ¥ which keeps the fiducial points fixed on all boundary components.

The characterization of A(X) is given in terms of morphism spaces of C and Z(C), all of which
we regard as Hilbert spaces equipped with the trace inner product. For any extended circle S
and for any X € Ob Z(C) the space C(X — x®°) is a unitary left Tubes-module with action
given by

(16)
If X € Irr Z(C), then the module C(X — x®9) is irreducible.
We will show that A(X) is isomorphic as a unitary A(0X)-module to
Ca (%) = . ZEC) (1= X1 ® - ® Xp)
X1, Xm €Irr(Z(C)) (17)

& &
RC(X1 = x®) @ @C(Xpm — X&),

For each S there is a unitary Tube gy action on Cg(X) given by Eq. (16) which we denote by >.

Recalling that A(0%) = Qgscpas) fubeg, we see that these actions give Cg () the structure of
a unitary A(0%)-module.
Given an anchor & for ¥ we define a linear map & : Cy (X) — A(X) by

where in the string diagram on the right hand side, the morphism « sits at the anchor point of
&, and the strand labelled X, lies along the ' edge of & until it resolves into the morphisms
w, near the boundary component Sf;’. If two anchors & ~ &' are equivalent, then &% = @% .

Proposition 3.5. Let X be an extended surface homeomorphic to the sphere with m holes cut
out, and let & be an anchor for X.. The map

ot . Cy (D) - AD)

is a unitary isomorphism of A(0X)-modules.
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The proof appears in Appendix A.

Remark 3.6. There is a well-known description of Tube algebras in terms of x and the adjoint
of the forgetful functor F : Z(C) — C (see [Miig03], and [Kaw+24; KL20] for a nice overview in
the context of Levin-Wen models). Following [HPT16a], we denote the adjunction F < Tr. Then

Tubes ~ Endz ¢ (Tr x®9),

with the isomorphism provided by the adjunction once the vector space of the Tube algebra is
realised as Tubes ~ @ cp,, ¢ Cla® X®® ®@a* — x®%). On Tubes-representations the adjunction
gives the isomorphisms

C(X — x®%) ~ Z(C)(X — Trx®%),

where the right hand side is a natural representation of Endyzc)(Tr xX®S) given by composition
of morphisms. In this description, Proposition 3.5 can be recast as

AZ)~ Z(0)(1 = Trx®S51 @ -+ @ Tr &), (19)

For later use, we investigate how the map @‘g changes when we modify the anchor using
Dehn twists around the holes of X.

Lemma 3.7. Let ¥ be a decorated surface homeomorphic to the sphere with m holes cut out.
Let & and &' be anchors for ¥ so that &' is obtained from & by a Dehn twist around boundary
component St. Then

P (a@uw @ - Qun) =0x, x 0¥ (a@w @ D wpy) (20)

foranyae ZC)(1 - X1 ®---® X,,) and any w,, € C(X,, — X@’SS) fore=1,--- ,m.
Here 0x, € U(1) is the twist of X,, € Irr Z(C), defined for any X € ObZ(C) by

d —0x x|y (21)
X

Proof : Writing K = ([]™, dx.)"> D™ we find

k=1

@g(aé@wl@---@wm) =K x

where we used the cloaking property of the dotted line in the second step. O
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4 Skein subspaces

4.1 Regions and their string-net subspaces

Let CZ° be the cell complex with vertices ng = 72, all edges & of Z? thought of as open intervals
in R? connecting neighbouring vertices, and all faces F of Z? thought of as open unit squares in
R2.

A region is a subcomplex C' of C%. In particular, if C' contains a face f then it also contains
all edges on the boundary of that face, and if C' contains an edge e then it also contains the
vertices at the endpoints of that edge. We write Cy, C; for the 0-skeleton and 1-skeleton of C'
respectively, considered as subcomplexes of C. We also write Ve, Ec, and Fc¢ for the set of
vertices, edges, and faces of C respectively. Also, EC ={ec E:ec Ecore € Ec} is the set of
oriented edges of C, and Ac = A, is the algebra of observables supported on C. The oriented
boundary of C' is .

oC :={ee€ E: e € Voandde ¢ Vel

and we write . . B B
Ec =0CUEc={ec& : decVc}.

A labelling of C' is an assignment [ : Ec — IrrC of simple objects from Irr C to oriented edges
of C. An internal labelling of C' is an assignment | : Ec — IrrC and a boundary labelling of C
is an assignment [ : 9C' — IrrC. We denote by £(C), £(C) and £2(C) respectively the sets of
labellings, internal labellings, and boundary labellings of C.

An (internal) labelling [ of C' is called a (internal) string-net labelling if l(e) = I(€) for all
e € Ec. We denote by Lgn(G) the set of all string-net labellings of C' and by £2y(C) the set
of all internal string-net labellings of C.

We can identify any vertex v with the subcomplex C = C¢ = {v}. Then dv = {e1, €2, €3, €4}
where e1,e0,e3,e4 are the four oriented edges pointing into v. Given a boundary labelling
l:dv — IrrC we let H, (1) C H, be the subspace of H, corresponding to the direct summand
C(l(e1) ® I(e2) — l(es) ® Uea)). Then Hy = D po(y) Ho(l).

Given a finite region C' we write
He=Hv. = @ He(), where He(l) = @) Hulllz,)-
leL(C) veVe

The string-net subspace associated to C' is

He,:i= P Hel) (HA)HC,

leLsn(C) e€EEc

i.e. the string-net constraints are imposed along all edges of C'. As the notation reflects, the
string-net subspace of C' depends only on the 1-skeleton C}.

We further decompose the string-net subspace according to boundary labellings. For b €
L£9(C) we denote by L°(C) the set of labellings I of C such that I|, = b. Similarly, £%,(C) is
the set of string-net labellings I of C' such that [|5, = b. Then we have

= @ HE with HY = @ Hc)

beL?(C) leLt,  (C)
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4.2 Extended surfaces assigned to regions

To any region C we assign an extended surface ¢ as follows. The surface ¥ is the 1/3-fattening
of C C R%. That is, ¥¢ := {v € R? : dist(v,C) < 1/3} where dist(v,C) = infyec ||w — v
and we regard C as a closed subset of the plane. The marked boundary points are the points
of intersection of X with edges of Z2?. Such a marked boundary point has positive sign if the
corresponding edge e € £ (which is oriented towards the top left) points out of the surface ¢,
and it has negative sign if the corresponding edge e € £ points into the surface. Finally, each
connected boundary component A € Bd(X¢) is the union of some horizontal and vertical line
segments. If N is compact then we place the fiducial point at the upper extremity of top leftmost
vertical segment. If N is not compact we pick an arbitrary fiducial point. When C is finite and
connected there is a distinct outer boundary component of ¥ . All other boundary components
are referred to as inner.

Note that X and ¥¢, have the same marked boundary points. Indeed, the surface ¥, has
all the same boundary components as ¥, and in addition a boundary component for each face of
C, but there are no marked boundary points on the boundary components of ¥¢, corresponding
to these faces.

Boundary conditions for string diagrams on ¢ or ¥, are equivalent to boundary labellings
of the region C' itself, and we will identify these concepts.

4.3 Isomorphism of string-net subspaces with skein modules

Let C be a finite region. There is a natural way to regard product vectors in the string-net
subspace H¢, as string diagrams on Y¢,. For a given string-net labelling [ € Lgn(C), consider
unit vectors f, € H, (1) for all v € Cy. Recall that f, is a morphism in C. Denoting f = (fy)vec,,
we define ¢5 = @), cq, fo € He(l). By construction, ¢; belongs to the string-net subspace Hc,,
and Hc, is spanned by such product vectors. We define the corresponding string diagram z; on
Yo, whose graph is the intersection of the graph of Z? with the surface Y¢, (with edges directed
towards the top right), which has edges labelled according to I, and vertices v € Cy labelled by
the morphisms f,,. We define n¢, : He, — A(Z¢,) by

me, (9f) = [Tf]se, (22)

where we interpret the string diagram zs as a string diagram on ¥, .
The following lemma extends Lemma 5.3 of [Kirl1] to include surfaces with boundary. Their
proof generalizes mutatis mutandis.

Lemma 4.1 ([Kirll]). For any finite region C, the map w¢, : He, — A(X¢,) is an isomorphism
of vector spaces.

Convention 4.2. We will freely use the isomorphism wc, to represent states in Ho, by string
diagrams on ¥¢,, where we can use the graphical calculus. Whenever a string diagram on a
surface X, is interpreted as an element of He,, this will implicitly be done using mc, .

If x is a string diagram on X¢,, then we write ¢, := 7@11([33]) for the corresponding vector
in the string-net subspace Hc, .

Let us also introduce the map o¢, : Hey, — A(X¢,) defined on product vectors by
—1/4
o0y (#r) = dy " [ag]se, (23)

and extended linearly to all of He,. Here, do; = Heeéc dj(e)y is the product of the quantum
dimensions of the objects assigned by [ to the boundary of C'. Note that by construction we have
oc(HE, ) C A(S¢,;b) for any boundary condition b.
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The reason for modifying the map 7, with weights as in Eq. (23) is to obtain an isomorphism
of Hilbert spaces, see Lemma B.1.

4.4 Actions of Tube algebras

Let C be a region such that ¥ ¢ has compact boundary. To each connected boundary component
S € Bd(X¢) we associate a collar region C, defined to be the smallest subregion of C such
that S € Bd(Xgs). Note that if C' contains a face f and C’ is obtained from C' by removing
f, then ¥ has a connected boundary component at f which we denote by S¢. We denote the
corresponding collar region by Cf := CS7.

More generally, if N C S € Bd(X¢) then we let CV be the smallest subregion of C' so that
N C 8%cn. The region CN does not depend on S in the sense that if N C S'inBd(X¢) for
some other region C”, then CV is also the smallest subregion of C’ such that A" C 0% ¢ .

For each § € Bd(X¢) we define a representation ts of Tubes on Hgs as follows. First, for
any a € Tubeg, the operator ts(a) acts as zero on the orthogonal complement of the string-net
subspace Hgs. That is, any ts(a) enforces string-net constraints on the collar region C<.

On the string-net subspace, the action is given by

ts(a) ¢ :== ogs(avs ocs(9)) (24)

for any ¢ € Hgs. It follows from Lemma B.1 that each ts is a *-representation of Tubes. Let
us also define a *-representation of Tube%p on Hes by

tJ(a) == ts(a®P) (25)

for any a € Tubeg.
Unpacking definitions and making use of Convention 4.2, the action of ts([y]) on Hgs is
represented graphically by

N

T

d

|
I 1/4
ts —t— T :63?5,1/5* <dys> j\ (26)
y ‘ |

I N 1 T 4

Here we represented S x I as a subset of the plane with the bottom boundary component identified
with the outer boundary in the figure.

More generally, if ' C § € Bd(X¢) then we define a *-representation tp of A(N) on How by
letting tar(a) annihilate the orthogonal complement of the string-net subspace Honr, and letting
tyr(a) act on this subspace by

t(a)g = ogx (avy oon (9)) (27)

for any ¢ € How. We also define the A(N)°P-action 37 (a) == tyr(a°P). It follows immediately
from the definitions that

Lemma 4.3. If N C S € Bd(Z¢) for some finite region C then
ta(a)ts(id) = ts(id)ty(a) = ts(i(a)),

where 1 : AN') — A(S) is the inclusion (12).
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4.5 Definition of B; projectors

For a boundary component S; that corresponds to a face f € F we write ty := ts, for the
corresponding Tubes,-representation on He . We define the orthogonal projector

By =tg(P"), where P'"=. "€ Tubes,. (28)

That is, By enforces string-net constraints and inserts a dotted loop around the face f. Using
Convention 4.2, we can also describe the action of By on Hgs graphically as

Bl L. (29)

4.6 Skein subspaces
Let C be a finite region. We define its associated skein subspace by
HC = BCHC1 = PC’Hc, (30)

where Be := [[;cp, By and Po :=[[;cp, Br [l.cg, Ae. This subspace inherits the skein inner
product from H¢.
The inclusion ¥X¢, C ¥¢ induces a map

e A(Xe,) = A(Xe) : [Ylse, = [Ylse

which is well-defined since local relations in ¥, are also local relations in ¥, and isotopy fixing

the boundary of ¥, extends to isotopy fixing the boundary of ¥-. The map i¢ is surjective

because any string diagram on X can be deformed by isotopy to be contained in ¥¢, C X¢.
Recalling definitions (22)(23), define

TC = Lo O T, cHey — AZe),
oc = D~ 1Fel « tcooc, : Hoy — A(Ec)
The normalization of o¢ is so that its restriction to He yields an isomorphism of Hilbert spaces.

Proposition 4.4. The map oc|u. : Ho — A(X¢) is a unitary isomorphism. Moreover, for
any connected boundary component S € Bd(X¢) of ¢, we have

avsoc(y) = oc(ts(a)y)

for all v € He and all a € Tubes. In particular, the skein subspace Ho equipped with the
Tube-actions given by the representations {ts} is a unitary A(0X¢c)-module, and oc|m. is an
intertwiner of unitary A(OX¢)-modules.

The proof appears in Appendix B. As a corollary, we obtain the commutativity lemma:

Lemma 4.5. Let C be a finite region and let S,S’ € Bd(X¢) be distinct boundary components.
Then we have

ts(a)fgl (b) =tg (b)fs (a),

for all a € Tubes and all b € Tubes:. In particular, all By projectors commute with one another.
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_ Proof : Let CS and €S’ be the collar regions of the boundary components S and S’ and put
C =C5UCS". Then S and S’ are also boundary components of ¥~ with the same corresponding
Tube-representations ts and ts.. We regard ts(a) and ts/(b) as operators on Hz. On the subspace
Hy C Hg, commutativity of ts (a) and ts/(b) now follows from Proposition 4.4 and the fact that
Tube-actions corresponding to different boundary components on the skein module A(X5) all
commute with each other. On the orthogonal complement of H both ts(a)ts (b) and ts/ (b)ts(a)

vanish because at least one string-net constraint on one of the collar regions C or " is violated.
The claim about the By’s now follows by recalling that By = tf(Pﬂ) and considering, for

any two faces fi; and fs, the region C=chuct. O

A boundary condition for H¢ is an assignment p = {ps }sepd(oe) of a projector ps € Tubes

to each connected boundary component S € Bd(X¢). We define

m

He(p) == II tsts) | He. (31)
SeBA(S0)

Given an enumeration {S,;}7-,; of Bd(X¢) we will also write this as

HC(pSU o 7p$m) - HC(B)
We further define the following collections of density matrices:

D¢ :={density matrices p € B(H¢) supported on H¢},
D¢ (p) := {density matrices p € B(Hc)supported on Heo(p)},
={peDc : Tr{pts(ps)} = lfor all S € Bd(X¢)}.

Given an enumeration {S,}; of Bd(X¢) we will also write this as

Dc(psys -+ »ps,.) = De(p)-

A density matrix p € D¢ is said to satisty maximally mized boundary conditions at boundary
component S € Bd(X¢) if
ts(u)pts(u®) = p

for all unitaries u € Tubeg. This condition is denoted by *. If in addition
Tr{pts(P¥)} = 1,

then we say p satisfies the maximally mixed boundary condition +* of type X at boundary
component S.

We allow a boundary condition p = {ps}s to have components ps = * or ps = ** for
some X € Irr Z(C), and define Dc(p) to consist of those density matrices p € D¢ such that
for each S € Bd(X¢) we have Tr{pps} = 1 in case ps is a projector, and such that p satisfies
the maximally mixed boundary conditions at S in case ps = *, or maximally mixed boundary

conditions of type X at S if ps = +¥.

4.7 Characterization of skein subspaces

Let C be a finite connected region. Then there is m € Ny so that ¢ is homeomorphic to the
sphere with m + 1 holes cut out. An anchor & for X is said to be an anchor for C' if the induced
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enumeration {S¥}™  is such that S¥ is the outer boundary of o¢, the outer boundaries of the
surfaces Y play a distinguished role and we find it convenient to replace Cg(X¢) by

Ci(Sc) = . ZC) (X5 = X1 @ @ Xp)
X0, , Xm€Irr(Z(C)) (32)

3 3
®C(Xo = X¥0) @+ @ C(Xpm = X&),

which is naturally isomorphic to Cg(X¢) by composing elements of the factor Z(C)(X} — X1 ®
-+ ® X,,) with a duality morphism. Composing with the isomorphism of Proposition 3.5, this
defines a map @‘;c* :Cy(3e) = A(Xe), with

@;g(a®wo R @ wp) =0 (((idx, ® @) ocoevy,) @wy @ - @ wy,) (33)

for any o € Z(C)(X§ — X1 ® - ® X, ), and any boundary conditions w,, € C(X,, — X®Sg’) for
k=0,---,m. Combined with the isomorphism of Proposition 4.4, Ho ~ A(X¢), this gives:

Proposition 4.6. Let C be a finite connected region and let & be an anchor for C. Then the
map

ot =050 @‘é’* :Cy(¥¢) = He (34)
is a unitary isomorphism of A(0X¢)-modules.

We can now characterise the spaces D¢ (p) as follows:

Lemma 4.7. Let C be a finite region and let p = {ps}secpa(sne) with each ps either a minimal
projector of type Xs € Irr Z(C), or a mazimally mived boundary condition x*S of type Xs.
Let & be an anchor for C. Then Dc(p) is isomorphic to the space of density matrices on

Z2(C)(X2y — @y Xgp):

Proof : If each ps is a minimal projector of type Xgs, then Proposition 4.6 yields an
isomorphism,

\-I», m
\I’C
k=1
and the claim follows.

Let us now consider the case with one maximally mixed boundary condition ps, = x*$+ and
all other ps given by minimal projections of types Xs. Proposition 4.6 yields an isomorphism of
Tube-modules

vk . n .
He(p) = Z(C)(X5y — () Xs1) @ C(Xs, = x7%).

° k=1
Density matrices p € Dc(p) are supported on He(p) and therefore in one-to-one correspondence
. . . —1 .
with density matrices p/ = (\IJ%|HC(£)) p\I/‘*é|Hc(£) acting on Z(C)(X;‘g’ - Q. ng,) ®
C(Xs, — x®5+). The algebra Tubes, acts on the latter space by arbitrary unitaries of the
form 1® U since the representation on C(Xs, — x®+) is irreducible. The maximally mixed

boundary condition X5+ asserts that p/ commutes with all unitaries of this form. This implies
that p’ = 0 @ 1 for a density matrix o supported on the space Z(C) (X;g*’ - Q" XS%). This

shows that the space of density matrices Do (p) is isomorphic to the space of density matrices
on Z(C)(X;)t - Q. ng,), as required.

The case with multiple maximally mixed boundary conditions is obtained similarly. O
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Remark 4.8. The spaces Da(p), with each ps = x given by the mazimally mized boundary con-
dition, are precisely the information convex sets of the entanglement bootstrap program [SKK20].
Indeed, the information convex sets of [SKK20] consist of density matrices supported on some
region C, obtained by tracing out the boundary degrees of freedom of demsity matrices in D,

where C is a slight ‘fattening’ of C. It follows from Lemma 4.9 below that such density matrices
satisfy maximally mized boundary conditions on all boundary components.

By applying Lemma 4.7 to annuli and twice punctured disks, we therefore obtain the simple
anyon types and the fusion rules of the Levin-Wen model in the framework of the entanglement
bootstrap program.

4.8 Restrictions yield maximally mixed boundary conditions

Maximally mixed boundary conditions arise when density matrices supported on skein subspaces
of some region are restricted to certain smaller regions.

Lemma 4.9. Let C' C C be finite regions such that ¥ \ X¢r is an annulus. Then there are
unique boundary components S € Bd(Z¢) \ Bd(Z¢r), and 8’ € Bd(Z¢r) \ Bd(Z¢). Suppose
p € D¢ satisfies boundary conditions of type X € Irr Z(C) at boundary component S. Let
p' = Treg\cy{p}t be the restriction of p to the region C'. Then p' € Dcr satisfies mazimally
mized boundary conditions of type X at boundary component S’.

Proof : By hypothesis ¢ \ ¥ has two connected boundary components S and S’ corre-
sponding to those of ¥ and X as stated. Let C” be the region consisting of all faces, edges,
and vertices contained in the annulus ¢ \ Y.

Consider a product state ¢ = ¢ @ ¢ € H, c; ® Hey corresponding to string diagrams 7' on
Yoy and z" on Yor, and a € Tubeg: corresponding to a string diagram y on S’ x I. In the case
of an inner boundary, we may illustrate the situation as follows (recall that we use Convention
4.2 to interpret string diagrams as vectors in He, ):

The normalization factor of a is chosen to cancel the factor depending on boundary conditions
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Eq. (26)) coming from the actions ts: and t%¥, so that we can represent,
g SI

s}
Q
=
-
Il
151 L il
===

OANDIAND

Note that both these vectors are zero if any of the boundary conditions of the string diagrams
2’2" and y do not match where they are glued together. By using the cloaking property of the
dotted loops within each face that sits on §’, we find that Bots: (a)¢ = Bctg,’(a)(b. By linearity,
this equality extends to any a € Tubes: and any ¢ € He; ® Hep. In fact, this equality holds for
any ¢ € He because if any string-net constraint in C’ or in C” is violated, then ¢ is annihilated
either by a Tube-action or by Bo. We conclude that

Betsi(a) = Bety) (a). (35)

By taking adjoints, we find that also ts/(a)Bc = tg‘f(a)BC. Using these relations, the fact that

p = pBc = Bep, and the fact that ts/(a) is supported on C’ while t(a) is supported on C”,
we find that

P ts(a) = Try, {pts'(a)} = Try,, {pBots (a)} = Try,, {pBctl (a)}
= Try,, {t7% (a)Bep} = Try,, {ts/(a)p} = ts:(a)p’

for any a € Tubess. Thus p’ belongs to the commutant of ts/(Tubes/) in B(H¢) which imme-
diately implies p’ = ts(u)p’ ts/ (u*) for any unitary u € Tubeg.

Let us finally show that p’ satisfies boundary conditions of type X at the boundary component
S'. By assumption, we have Try {pts(P¥)} = 1. Writing p” = Try,, {p} for the restriction
of p to the annular region C"”, we immediately obtain that Try_, {p” ts(P¥)} = 1. It follows
that p” belongs to Dcr (PX,id), where the first slot corresponds to the boundary component
S and the second slot corresponds to the boundary component S, By Proposition 4.6, in fact
p" € Den (PX, PY), meaning that Try,, {p” te,(PX)} = 1.

Using (35), and the fact that (PX)°P = PX for any minimal central projector PX of a Tube
algebra, we get

Ty, {0 ts (PY)} = Trae {p Bo ts (PY)} = Trae {p Bo £ (P¥)}
= Try {pBc ts, (P*)} = Try,, {p" te (P} =1

as desired. O
4.9 Gluing along intervals

A dual path T = {f;}!_, is a sequence of faces such that f; neighbours f;4q foralli =1,--- [—1.
This dual path is self-avoiding if all the f; are distinct. We write 0, = f1 and 0sI = f;. We also
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write Ijy = { fi}i;é for the dual path obtained from I by removing the first and last face. (I;
can be empty). We write & C & for the set of edges which lie between successive faces of I.

Let D be a finite connected region. We say D can be cut along a self-avoiding dual path I
if all faces of I;;, and all edges in £; belong to D, and the initial and final faces 0,1 and 9 of
I are distinct and sit on the outer boundary of D. Write D \ I for the region obtained from D
by removing the faces in [;, as well as all the edges between successive faces of I. Then D\ I
is the union of two uniquely determined disjoint finite connected regions C' and C’. Moreover,
each inner boundary component of ¥ is either an inner boundary component of C' or an inner
boundary component of C’. We write D = C LU; C’ and say D is obtained by gluing C' and C’
along I.

The subregions C' and C’ have associated surfaces X¢ and Y. whose outer boundary com-
ponents both contain a boundary interval (see Section 3.3) Z and Z’ respectively, determined
by I as follows. Let mc, ; be the set of marked boundary points of ¥ which lie on one of the
edges of £;. Define mcr ; similarly. Then we may define Z as the smallest closed subinterval of
0% that contains By,3(m) for each m € mc 1, where B,.(x) C R? is the closed ball or radius
r centred on z € R%. The boundary interval Z’ is defined similarly. Moreover, Z can be glued
to Z’ to obtain a new surface homeomorphic to X p as extended surfaces. We will identify the
glued surface with ¥p. Denote by gl : A(ScUXe) ~ A(Xe) ® A(Xer) — A(Xp) the associated
gluing map as described in Section 3.3:

Let By = erlm Bf.

Lemma 4.10. Let D = C Uy C’ be as above. For any ¢ € Hgl and ¢' € Hg/ we have
1

(gloloc ®oc)) (0@ o) = D' d, 2 op (Br o @ ). (36)
Proof : By construction of the gluing map gl and Lemma B.4 we have
glo(re ® mev) = mp = wp © Bp.

To finish the proof it therefore suffices to verify that normalization factors relating the o’s to the
7’s depending on boundary conditions agree. For ¢ € Hgl and ¢’ € H(bj,{ we find

oo(¢) =D Fel 4 1e(9),  ooi(@) = D7IFl dy/* 7o (9),
and
dpdy
dfz

1/4
<aDoBD><¢®¢'>=6bz,b;/D‘FD( ) (tp 0 Bp)(6® ¢).

The claim follows by noting that |Fp| — |Fc| — |Fer| = |Iin] and that gl also imposes compatible
boundary conditions 5bz’b/1,. O
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5 Anyon States

5.1 Unique anyon states from local constraints

Let C be an infinite region such that Y¢ is homeomorphic to R? with an open disk removed.
The associated surface Yo has a single connected boundary component S. We denote the
corresponding Tubeg action by t = ts for the remainder of this section.

Note that Lemma 4.5 implies that t(a) commutes with By for all a € Tubes and all f € Fe.

Definition 5.1. Let S¢ be the set of states w on Ac for which w(By) =1 for all f € Fc.

For any projector p € Tubes we let S be the set of states w on Ac such that w € S¢ and
w(t(p) = 1.

We further define St to be the set of states w € S¢ for which w = woAd[t(u)] for all unitaries
u € Tubeg.

For any X € Irr Z(C) we let SEX =S85N S’CDX. We say that w € SEX satisfies maximally
mized boundary conditions of type X .

Proposition 5.2. If p € Tubes is a minimal projector, then S¢. consists of a single pure state.
Similarly, the state space SEX consists of a single state (which however need not be pure).

Proof : 'We first prove the claim about SZ.. For any R > 0, denote by C(R) the subregion of C
consisting of all vertices, edges and faces of C that are contained in Bg = {v € R? : ||v]|o < R}.

There is an Ry such that for all R > Ry large enough, the associated surface X¢(g) is
homeomorphic to an annulus. The inner boundary component of ¥¢(g) is the same as the
unique boundary component of ¥, and so comes with the same Tubeg representation t. Let S
be the outer boundary component of ¥¢(g)y and denote by tg = ts,, the Tubes,, action associated
to that boundary component.

Since p is minimal, it has definite type X for some X € Irr Z(C). By Lemma 4.7 there
is a unique density matrix in De(r)(p, *X) defining a state ¢r on Ac(ry for all R > Ry. By
Lemma 4.9, Yr/|c(r) = ¥r whenever R’ > R, so it is clear that ¢(0) = limrje Yr(O) defines a
state on A% which extends uniquely to a state ¢ : Ac — C. By construction ¥ g(t(p)) = 1 for
all R > Ry, and ¢r(By) =1 for f € Fc whenever R is large enough, so ¢ € S.

To see that 1 is the only state in Sf it suffices to note that the restriction of any state in
S¢ to the region C(R) for R > Ry corresponds to the unique density matrix in Do (g (p, *X).

To see that 1) is pure, suppose 1 = A1 4 (1 —\)1) for some A € (0,1). For any projector g, if
¥(q) = 1 then Ap1(q) + (1 —A)h2(g) = 1, which can only hold if ¢ (q) = ¥2(¢) = 1. Applying this
to ¢ = t(p) and ¢ = By it follows that ¢; and 1, both belong to S% as well. By the uniqueness
we conclude that i, = @)ég =1, so 9 is pure.

The claim about S is shown in exactly the same way, using that the spaces D¢ (r) (xX,

X
*)
all contain a unique density matrix by Lemma 4.7. (Purity of the unique state in Séx does not
follow in this case because, unlike S7,, the space S(*JX is not defined by commuting projector

constraints). O

5.2 Pure anyons at punctures

Consider the infinite region C(¢) obtained from c” by removing the edge e and the two neigh-
bouring faces. This region satisfies the requirements of Proposition 5.2. In particular, the
associated surface () has a single connected boundary component S, referred to as the punc-

ture at e, with an associated collar region O and Tubes, -representation denoted by t. = ts,.
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It follows from Proposition 5.2 that for any minimal projector p € Tubes, we have a unique pure
state w? € Sg(e>. Note that Aq) = A, so w? is a state on the full quasi-local algebra.

Let us finally argue how we get the existence, uniqueness, and purity of the frustration free
ground state w! (Proposition 2.1) as a corollary of Proposition 5.2. Let

Sewss’

where we present S, X I as an annulus whose outer boundary is identified with the bottom of
Se x 1.

Lemma 5.3. The element p' € Tubes, is a minimal projector of type 1.

Proof : 'We compute

Pt

which is a minimal projector of type 1 by Proposition 3.4. This implies that v is a partial
isometry, and that p! = wvv* is unitarily equivalent to v*v, and is therefore also a minimal
projector of type 1. ([

Lemma 5.4. Let f; and fa be the faces neighbouring a given edge e. Then t.(p') = By, By, .

Proof : Write V, = t.(v), then (using Convention 4.2)

de
= D)Qd Zda

:Blef2 )

where in applying V* we noted that the factor di/ 2 coming from the definition of v cancels the
factor do */? due to the dependence of t. on boundary conditions (see Eq. (26)), and in applying

V. we get one factor of d}l/ 2 from the definition of v and other factor of d}z/ 2 from the boundary
conditions. This shows that t.(p') = V.V = By, By, on the string-net subspace. If any of the
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string net constraints is violated, left and right hand sides of the claimed equality both evaluate
to zero. This proves the Lemma. (I

Proof of Proposition 2.1 : It follows from Lemma 5.4 that the space Sgﬂ(e) consists of those
states w on A for which
1 =w(By) = w(By, By,)

for all faces f belonging to C(¢), and where f; and f, are the two faces neighbouring the edge e.
Using the Cauchy-Schwarz inequality we find

2 2
lw(By, — By, By,)|” = |w(By, (1 =By, By, ))|” < w(Bp, )w(l =By, By,) =0,

where we used that By, and By, are commuting projectors (Lemma 4.5). It follows that w(By, ) =
1

w(By, By,) = 1 and therefore also w(By,) = 1. We conclude that S7, ., consists precisely of the

frustration free ground states of the Levin-Wen Hamiltonian. By Proposition 5.2 and Lemma

1
5.3 we find that ng contains a single pure state wgl, which is therefore the unique frustration
free ground state of the Levin-Wen Hamiltonian. O

5.3 Restrictions of infinite volume states

Restrictions lead to maximally mixed boundary conditions also for infinite volume states. We
formalise this in the present setting.

Lemma 5.5. Let C be an infinite region so that X is homeomorphic to R? with an open disk
removed. Let C' C C be such that X \ Lo is homeomorphic to an annulus. If p € Tubege is a

projection of type X € Irr Z(C) and w € S, then w|a4,, € S(‘}),(

Proof : Tt suffices to show that w|,, satisfies maximally mixed boundary conditions at the
unique &’ € Bd(X¢). This follows by applying Lemma 4.9 to the density matrix corresponding
to the restriction of w to a finite region C' C €, chosen such that § € Bd(X5) and such that if
C' =CNC then Y5\ X5 is an annulus and &’ € Bd(E5)). O

’

6 String Operators

6.1 Drinfeld insertions

For each X € Irr Z(C) and each extended circle S we fix a unit vector wd € C(X — x®%)
with respect to the trace inner product. We write p§ € Tubeg for the corresponding minimal
projector (see Proposition 3.4). In the case where X =1 and § = S,, we specify

1
wh =5 Y AP\, (39)

a€lrrC

so that the corresponding minimal projector ps = p' is the projector introduced in Eq. (37).
(Note that all boundary components S, for e € £ are isomorphic as extended circles). Since the
extended circle § will always be clear from context, it will always be dropped from the notation,
so that wX stands for w2 and p* stands for p3 .
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Convention 6.1. Having fized the boundary conditions w™ for X € Irr Z(C) we introduce the
following graphical convention for string diagrams:

= D (41)

Let C be a finite connected region and let & be an anchor for C. Proposition 4.6 implies
that vectors of the the form

\I/‘é(oz@)wo@wxl ®~--®wX’")

(i

k=0

1/2
dXK> D™ x ot

for Xo € Irr Z(C), wo € C(Xo — X®85£), and o € Z(C)(X§ — X1 ®---® X,5,) span the subspace
HE ) = He(id, p™, - pXm) (42)

defined in Eq. (31). Here we use the enumeration of connected boundary components induced
by &.
Forany 8 € Z(C)(X1®- - -® X — Y1®- - -®Y,,) we define the Drinfeld insertion Dr§[3] € Ac
. (X1, Xm)
which acts on H as

Dr (6] v (e @ wo @ w™ @ - @ w¥™) »
H\Pjé((ﬂoa)@)w()@wiﬁ @ @uw'm),

. 7Xm)

and annihilates the orthogonal complement of HéXl" C Hce. Graphically, the action of
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oc © Dr‘g [Bloag! : A(Sc) — A(Sc) is given by

(44)

Lemma 6.2 (Multiplicativity). Let C be a finite connected region with |Bd(X¢)| =m+1 and &
an anchor for C. If © = EBXGI”(Z(C)) X, then Dr¥, defines a *-representation of Endzc)(09™)

on
@ Héxla“'axm)' (45)
X1,.., Xm€Irr(Z(C))

Proof :  We have that

Endy(c)(0™) =~ D Z0) (X1 @ Xy = V1@ @ Yyp).

X1,..., Xm€lrr(Z(C))
Yi,., Y €Irr(Z(C))

Let 8 be a morphism belonging to one of these direct summands. It is clear that Ran Dr‘(f} 8] C
Héyl"” ’YM), and using that Y, is an isomorphism of Hilbert spaces we find (Dr‘g B)* = Dr‘é [B1].

Multiplicativity is immediate from the definition (43), and Dr‘*c’ [idgem] is the projection onto the
subspace in (45). O

We say two anchors are equivalent up to § € Bd(X), if they induce the same enumeration
on Bd(X) and if, after removing the edge connected to S from either anchor, the remaining
subgraphs are equivalent in the sense of equivalence of anchors. That is, one subanchor may be
transformed into the other by isotopy of ¥ which fixes all fiducial points.

Lemma 6.3. If C is a finite connected region and &, & are anchors on ¢, equivalent up to
the outer boundary Sy € BA(S¢), then Dré = Dr¥.

Proof : Let eg C &,ey0 C &' denote the edges connecting the anchor point to Sy in either
anchor. Since \I/‘*é depends only on the equivalence class of the anchor, the same is true for the
representation Dr‘*(j. Therefore, without loss of generality, we may assume that & \e = & \e -
Moreover, we may assume that the edges ey, €g- have the same attaching point on Sy. Cutting
Y.¢ along the common subanchor will connect all the interior boundary components, producing
a surface homeomorphic to an annulus. Since &, &’ induce the same enumeration of Bd(X¢), the
edges €y, €y have the same attaching point on the unique interior boundary of the cut surface.
Since the circle S is a deformation retract of the annulus, the homotopy-classes of paths between
two fixed points on either boundary component of the annulus is a 7 (S!)-torsor. The generator
is (the isotopy class of) a Dehn twist around Sy. It follows by Lemma 3.7, that there is a z € Z
such that

\I"g(oc®wo®le®---®me):0§(0 x@‘é(a@wo@le@---@wX’")
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3
forall « € Z(C)(Xg — X1 ® -+ ® Xy,) and all wg € C(Xg — x®50).
That Dr§[3] = Dr&[g] for any 8 € ZC)(X1 ®@ - @ Xpp — Y1 ® --- @ Y;,) now follows
from the fact that these operators do not change the object X assigned to the outer boundary
component. O

Lemma 6.4. The actions Dr‘é and tgg commute for any finite connected region C with anchor
0
&. That is, [Dr‘g[ﬁ],tsg,(a)] =0 foralla € Tubesg, and § € Endzc)(0%™), where |Bd(X¢)| =
m + 1. The same holds if tey is replaced by tnr for a decorated submanifold N' C St.
0

Proof :  Let us write S = S¢. We first show [Dr[6], ts(a)] = 0 for any a € Tubes. On

the orthogonal complement of the skein subspace Ho the commutator vanishes because Dr‘é (8]
annihilates HZ, and ts(a)HE C Hg. Tt therefore remains to verify that the commutator vanishes
on He. Since \I% is an isomorphism of unitary Tube-modules it is sufficient to show that

(vE) ' Dri(s] vt : Cj(Ze) = Ci(Se)

commutes with the Tube action > on Cj corresponding under \I/“‘C’ to ts. But >y acts only on
3 —

the tensor factor C(Xo — x®50') of C;, while (U}) ! Dri[s] U, acts as identity on that factor

by definition. We conclude that [Dr‘*é (8], ts(a)] = 0.

Finally, let N C S¢ and a € A(N). As before, [Dry[5], ta(a)] vanishes on Hg, and tpy(a) =
tee(¢(a)) when acting on He (see Lemma 4.3) so the result for ty follows from that of tgy. O
0 0

Lemma 6.5. Let C be a finite connected region with anchor & and let f be a face such that one
of the following holds:

e none of the vertices of f belong to C,
e [ belongs to C,
e f sits on the outer boundary of C.
Then By commutes with the action Dr¥, ie. [Dry[a], By] =0.

Proof : The first two cases are obvious.

Write Sy = Sﬁf’ for the outer boundary. If f sits on the outer boundary then the region C'f
decomposes into two non-empty regions C'™ and C°"*, where C'™ consists of the vertices and
edges of C7 that are entirely contained in X, and C°" consists of the vertices and edges that
are entirely contained in Xf,. Let NV, := 0¥ ¢ N O be the decorated submanifold shared by
0¥ cim and 0. Let us specialise to the case where Ci consists of the left two vertices of the
face f and the edge between them. By writing By as

Bf = Il \: :% Z da Z drds 6 > ) (46)

S— - a€lrr C r,s€lrr C

r

where we indicated C'™ in green and C°"* in blue, we see that By belongs to the algebra gen-
erated by ty;, (A(NVin)) and tos,.. (A(0Xcou ). Since Dri[B] commutes with ty;, (A(Nin)) by
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Lemma 6.4, and Dr%’ [8] commutes with tgs Tubeys by disjoint supports, we find that

[DrE (8], By = 0.
All other cases can be treated in the same way, by decomposing the insertion of an a-loop as
above, or in one of the following ways:

cout ( cout)

S S S
L) L) L) a
> deds| [T = > ddd M = Y dededid| T[] e
r,s€lrr C a r,s,t€lrr C N\“ r,s,t,u€lrr C N\a }’f
t u
or in a rotated version of one of these. O

Remark 6.6. Lemma 6.5 also follows from Lemma 6.4, Lemma 4.10, and the statement that gl
descends to an isomorphism A(Xc) ®az) A(Xcor) ~ A(Xc Uz Xer), where T is a common gluing
boundary (see [Wal06, Theorem 5.2.10]).

6.2 Inclusion Lemma

Let D = C U; C’ be a finite connected region obtained by gluing C' and C” along a self-avoiding
dual path I as described in Section 4.9. Then all inner boundary components of ¥ are also
inner boundary components of ¥p. Let &¢ be an anchor of X whose attachment point to the
outer boundary component Sg’ ¢ of ¥¢ also lies on the outer boundary component of ¥p. Let &p
be an anchor for ¥p such that Sg’ P is the outer boundary of ¥p and such that St = ij/\ for
k=1,---,m and some fixed offset A € {0,1,--- ,n—m}. If the graph of &p moreover contains
the graph of &¢ as a subgraph, then we say &p extends & with offset A. More generally, any
anchor si‘//D ~ & p is also said to extend &~ with offset \.

Write PISXI"” ) for the orthogonal projector onto the skein subspace HI(DXI"" Xn) - Hp
defined in Eq. (42).

Lemma 6.7 (Inclusion). Let D be obtained by gluing C and C' along a self-avoiding dual path
I, and let &p extend &c with offset A. For any Xy, -+, X, Y1, ,Y, € Irr Z(C) and any
BEZC)( Xap1® @ Xnjm = Y1 ® - ®Y,,) we have

Drie [B]PJ()XI"H ) = Dri?[idx, g.ex, @ 8 @idx, .1 0-ex.)-

Proof : Let
=T (@@ w @w @ @uwk")

for arbitrary X € Iir Z(C), o € Z(C)(X§ — X1 @ -+ ® Xp), and wy € C(Xy — x®%°). By

) g spanned by vectors of this form. In order to compute

Proposition 4.6, the range of PEXI’”
the action of Drgc [8] on ¢ we will write 1 as a linear combination of pure tensors according to
the decomposition Hp = Hc @Hcr. By replacing & p with an equivalent anchor, we may without

loss of generality assume that the anchor point of & lies in Y. and that its attachment point to
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the exterior boundary component also belongs to the exterior boundary of ¥¢/. Schematically,

Xm+)\ Xm—l—l—l-/\ &
O’D(QZJ) = (0% X() ’
X
X142

where the Drinfeld center strands lie on the anchor &p. By unpacking Convention 6.1 for the
exterior boundary condition wy and noting that the corresponding dotted line can be contracted
to a point, we obtain

e f{%p

This illustrates that by isotopy we may assume that anchor lines connected to inner boundary
components of C’ as well as all the edges attaching to Sg’ © intersect the cut I exactly once,
and no other edges of the string diagram intersect I. Since I is contractible, we may apply a
decomposition (8) to get a sum over string diagrams which have a single strand, labelled by a
simple object a € Irr C, crossing I along some edge in ;. (Note that the assumptions on I made
in Section 4.9 guarantee that & is not empty.) With this arrangement of the string diagrams we
find that each summand factorises under gluing. That is, the restrictions to X¢, X are valid

118



Chapter 3. Sector Theory of Levin-Wen Models

string diagrams. Schematically,

op(Y) = Z da

a€lrr C

= Z dg gl

a€lrrC

where gl : A(3¢) ® A(X¢) — A(Xp) is the gluing map of Section 3.3. Using Lemma 4.10 we
express ¥ as the image under By of a sum of product vectors in He ® Her:

¢ =Dl By x Y~ dl/?
a

® 05,1

X(i/

Lemma 6.5 implies that Dr‘éc [8] commutes with By, so we can evaluate Drc (5] directly on the
first factors of each summand. Here we can reinstate a dotted line and push it towards the outer
boundary so, possibly after decomposing the identity on X, 1113 ®---® X in Z(C), these string
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diagrams are of the form (44). That is, the action is given by (43), and we obtain

Hm dy 1/2
Dréc[ﬂ]w — D\Iin| By x (H k=1"Yx ) Z d¢11/2

m
k=1 an+/\

XO’C

The action of Dr‘(f}c [0] results in a string diagram for every summand with the morphism 5 o «
at the anchor point, while the boundary condition at Sg’ © is left unchanged. The tensor product
decomposition can now be undone, resulting in a string diagram on ¥p which is again of the
form (44), it is the image under \Il‘lt)D of a product vector in C3(¥p). We find Dlr‘é?c By =
Dr}%D idx, @-.0x, ®B®idx, ,.,10--x,]¢ by comparing boundary conditions and the morphism
at the anchor point. That is,

= DI%D [idX1®“'®X,\ ® B ® idX/\+m+l®"'®Xn]¢'

Since the operator Drj[’,D lidx,@..0x, ®B®idx,,,. .1 @ ©x,) annihilates the orthogonal comple-

ment of PEX”” ’X”), this proves the lemma. O

Remark 6.8. With care, the Inclusion Lemma can be extended with more flexible ways of defining
the extension of anchors. We mention one trivial but useful relation that is not covered by the
Inclusion Lemma as stated.

Let C be a finite connected region with anchor & and assume that S/,‘g’+1 =S, for some edge
e and number k. Let C' D C be the finite subregion obtained from C by filling in the puncture
at e, and let &' be the unique subanchor of & which is an anchor on C'. It follows immediately
from the definitions and the choice of vacuum boundary condition p* in Eq. (37) that

(X1, Xm) _ p(X1,  Xe, 1, X k1,00, Xom)
PC/ "= PC Y

120




Chapter 3. Sector Theory of Levin-Wen Models

where m + 1 = |Bd(X¢r)|. Moreover, given a morphism 8: X1 ® -+ @ X, 2 Y1 ®---®Y,, we
have

Y
U
DI'C/
Xy

6.3 Links

A link is a finite dual path L = (f1,---, fi) consisting of at least five faces, such that
o fi and f; share an edge if and only if j =i+ 1 (or ¢ = j). In particular, L is self-avoiding.
o the first four faces of L lie on a straight line, as do the last four faces of L.

Let e; =: 0,L denote the edge between faces fi; and fy and ef =: JrL the edge between the
last two faces f;_1 and f;. The puncture at e;, resp. ey, is called the initial, resp. final, puncture
of L. To a link L we associate a region C'” consisting of all vertices and edges belonging to
the faces constituting the link except for ¢; and ef, and all the faces fs,---, fi—2, which we call
the bulk faces of the link. The associated surface ¥ := ¥-r is a twice punctured disk, with
punctures at the edges e; and e;. The assumptions on L guarantee that C* can be cut along
some path in between the two punctures, for example cutting transversally across the third face.

Let CX7" c CT be the subregion consisting of all vertices and edges on the right side of C'*
with respect to the direction of L. We call the surface X , := Xr.» the right strip of L.

We fix an anchor & for C* whose equivalence class up to the outer boundary component
Sg’ L is uniquely determined by the condition that the underlying graph of & lies in the right
strip ¥, . In particular, Sf’L = &, is the initial puncture, and Sg’ L = &, is the final puncture
of L. To see that this condition indeed determines the equivalence class up to g’ L uniquely,
note first that X, , is a disk, so any two anchors with the same attachment points in Xy, , are
equivalent by isotopy in Xy, , keeping 0%, , fixed. The boundary components Si*’L and Sg’ L are
rectangles with fiducial points sitting on a corner, and 9%, , contains exactly one straight line
of each of these boundary components. It follows that different choices of attachment point to
these boundary components are also related to each other by isotopy of ¥, keeping the fiducial
points fixed. Different choices of attachment point to the outer boundary are related by isotopy
of X1, where we need not keep the fiducial point on Sg’ L fixed.

Figure 3.1: The anatomy of a link L. The region C* is indicated in light grey, the
surface Xy, in light yellow, and the anchor & in blue.

We write supp (L) = Vi for the support of the link L. We will often write L instead of C'*
in notations depending on the region C*. For example, Ay := Acw, Hr := Hew, Hyp := Hew,
oL :=o0ocrL, \I/‘}: = \I/‘éL, etc. Consistent with this notation, we have Fr, = For = {fs,--- , fi—2}.
We also suppress the standardised choice of anchor &, writing Dr[8] = Dr‘gLL [8]. The boundary
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components of ¥, will always have the linear ordering induced by &, so that Hy,(pg, p1,p2) =
Hp(p) with p, = psf’L for k = 0,1,2. We also write t& := tsf’L for the Tube-actions on these

three boundary components.

Two links Ly = (f1,--- , fx) and Ly = (f] --- , f]) are composable if 0,(L1) = 0¢(L2) and the
composite Lo A L1 := (f1, -+, fl_1, f], f2,-- -, fx) is again a link. Being composable is not a
symmetric relation. Note that the right strip of Ls A Ly is the union of the right strips of L; and
Lo.

6.4 Unitary gates

We construct unitaries which produce and annihilate anyon pairs on the punctures of a given
link, or move an anyon from one puncture to another. The construction extends the hopping
operators of [Chr+23; Gre+24].

Partial isometries for pair creation and hopping

For each X € Irr Z(C) we fix a (non-canonical) unitary isomorphism Cx : X* — X. We represent
(x in the graphical calculus by a solid box, and C}} by an empty box:
X X X* X
(x = =1 . == =0 . (47)

X X X X

We will moreover make use of the morphisms ev} and coev}, for which we introduce the following

graphical representations:
! W | ‘be\ 48
eVy — , COeVy = .

Let L be a link. We define an operator which creates an X X anyon pair at the punctures of L
by

) X X
Dri" X = a2 Drp[(idx ® Cx) o coevy] = dy/? Drp, M . (49)

where we indicate explicitly the incoming and outgoing identity strands using dotted double
lines in the diagrams, so that source and target objects of the morphisms are clear. These
identity strands are attached to the rest of the diagram using unitors in an arbitrary way, all
ways representing the same morphism by Mac Lane’s coherence theorem.

The adjoint of this operator annihilates an X X pair:

e i (D) = a2 Dy feoev ofidx @ ¢f)) = di P Dry | :

of L:

DpX1=1X)

¢ Dy X—=X1) (Dr(LIL XX 11))* ~ Dry,

, Drg (51)
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Write BL = BCL = HfEFL B

Lemma 6.9. The pair creation operator Dr(LIL 1=XX)

and HL(P]l,pX,pX), with

€ Ay is a partial isometry between Hy (PY, p' p')

PE = ()t (") By = (Dr{ ) D X0, (52)

P o= g (P (0™ (p%) By = Drf 70 (Dr ) (53)
Similarly, the hopping operator Dr(LX 1=1X) ¢ Ap is a partial isometry between HL(PX,pX,pﬂ)
and HL(PX,p ,pX), with

Pt = ()6 (p") By = (Drp ') De Y, (54)

PEY = (p")t (p¥) B = DrfX Y (D ) (55)

Proof :  Note that Dr(LM%XX) annihilates the orthogonal complement of Hp (1,p',p') =
Hp (P p' p') by definition. The operator

(Dr(Lﬂ 11—>XX))* Dr(L]l 1-XX) _ d;(l Dr;

acts as identity on this subspace. Indeed, the morphism in the argument of the right hand side
is precisely the trace of idx (see for example [Pen20, Remark 3.14]). This shows the first claim.

Similarly, (Dr(L]l ILHXX))*

annihilates the orthogonal complement of Hr(id, p¥, px ) by defi-
nition, and it also annihilates Hy (PY,pX,p~) for Y # 1. Indeed, this subspace is mapped into
Hp(PY,p', pt) = {0} which is trivial by Proposition 4.6 and the fact that Z(C)(Y* — 1) = {0}.

By noting that the operator

X X
Drgl 1—>XX)(DI_(Lﬂ IL—»XX))* _ d;_(lDrL v

X ¥

acts as identity on the remaining subspace Hy (P!, pX ) (again see [Pen20, Remark 3.14]), w
obtain the second claim.
The h . (X1-1X) o1 . X 1\
e hopping operator Dry’ annihilates the orthogonal complement of Hy,(id, p™, p") =

Hp(PX,pX,p") by definition, and the operator

(Dr(LX 11 X))»<]3r(LXﬂ_>IL X = Dry, [idxe1]

acts on this subspace as the identity. This shows the third equality. The proof of the last equality
is identical to that of the third. [l

Unitary gates and concatenation

For any link L we have the projectors PLY PEX PX1 PXX ¢ B(Hy) defined in Lemma 6.9.
Note that all these projectors are all orthogonal to each other. We write P}j? = Pl 4 pLX,
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PX? .= PX1 4 pXX and PP = PX? 4 pL? = pil 4 pX1 4 plX 4 pXX The definition of
P}? and PZ? depends on the object X, which will always be clear from context.
For any X € Irr Z(C) and any link L we define a self-adjoint unitary uX by

“)L( — DrglIHXX) +Dr5:X5(ﬁ\ﬂ 1) +Dr¢ (X1-1X) +Dr (1X—X1) (1 _P[?/?)' (56)

Note that ul = 1. It is immediate from Lemma 6.9 that the unitary u satisfies the following
intertwining properties:

wp PEY = PENuy, uf PEY = P, (57)
which combine into
up P = PXTu. (58)
We also see that if L; and Ly are composable links, then
uy PL} = Pluf PLE (59)
Combined, these equations show that

X7, X, X pll
UL2UL1P PL2 U‘LQUL]PLQ

)

which illustrates a key feature of the unitary gates: when acting sequentially along a chain of
composable links on a state that satisfies ground state constraints on all but finitely many of
those links, they will eventually start moving an X anyon to infinity.

We also have the following concatenation property.

Lemma 6.10 (Concatenation). Let X € Irr Z(C) and let Ly and Ly be composable links with
LZLQ/\Ll. Then
UL2uL1P =ug Pp’

Proof : Using Lemmas 6.5 and 6.9 we find

X X pl? _ (I1X—>X1) (11—-XX) p11 (I1X—-X1) 1I1X—>X1) p1 X
uL2uL1PL —DrL2 DrL1 Py + DrL2 DrL1 Py

and

ufpil? _ Dr(LIL ]HXX)P% Loy Dr(LIL XX H)PE X

It is therefore sufficient to show that

Dr 2]12X~>X 11)D (11 ]IHXX)P]lﬂ Dr(L]I HHX)_()P%I[, (60)
and
Dr(LﬂzXaX ]l)Dr(gllX%X H)PELX _ Drg X—-X IL)PElX. (61)

Let’s first derive Eq. (60). Consider the region D = C** U C'2. We may describe D as
the region obtained from C” by removing the faces Ly N Ly as well as the edge shared between
these faces. Since L = Ly A Ly is a link, the region D has an associated surface Xp which is
homeomorphic to a disk with three holes cut out, corresponding to the punctures of L; and Lo
where the initial puncture of L; is the same as the final puncture of L.

For invoking the inclusion lemma, we regard D as being obtained by gluing C** and a
uniquely determined region C11:¢ along the dual path I; cutting across the third face of Lo:
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Ly
OfLy= 0Ly Ly

0Ly
Ly

Similarly we may regard D as being obtained by gluing C'*? and a uniquely determined region

Crz2¢ along the dual path I, cutting across the third to last face of L;. The anchors &7, and
&, lie on Xp as follows:

We pick an anchor &p for D in the equivalence class up to the outer boundary, uniquely deter-
mined by the property that &p extends the anchor &, with offset 0, and is supported on the
right strip of L. Then the anchor &p for D also extends the anchor &, with offset 1:

1 23, 4
1]

(=] o b (=] =]

Loy Lo
As we get L from filling the middle puncture of D,
Br = BDtSjD (p') = tst (p")Bp.
Since P}! and Piz L are both dominated by By, we can invoke the inclusion lemma 6.7 twice to

get

Dy X=X 1) (1

@ Ll]l—>XX)PLM _ Drg XX—)XILX)Dr(DILIIL—)IL XX)PL]1]17 (62)

where

Drg 11-1XX) — Drp

DrSDXX 1-X1X) — Drp

By the choice of boundary condition w!, Eq. (39) (see Remark 6.8), we have
DIA%ILIL%XX)P}}I _ Drgnnaxn)’()Pgn’ (63)

where we define .
X & X

Dr(D]l 11-X1X) — Drp
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Equation (60) now follows from Egs. (62) and (63), and the fact that Drp is a representation
(The Multiplicativity Lemma 6.2). With similar definitions, we derive (61) by

Dr(L]l2X—>X ]l)Dr(L]llX—>X ]I)P[T,l X _ Drng]I—>X 1 Il)Dr([])lll X—1 X]l)_pil X
_ Dr(DILILX—>X1L]1)P£1X

=Dt XX plx,

6.5 String operators
A chain' C = (Ly)nen is a half-infinite sequence of links L,, such that L& =L, ANL,_1 A

n—,m
-++ A Ly, is a well-defined link for all natural numbers m < n. We write Cln — m] = (L;)},, for

the finite subchains of € as well as C,, := C[n — 1], and 8,€ = 9¢L; for the initial puncture of
the chain, which is the final puncture of the first link. We also write supp (€) = |,y supp (Ln)
for the support of the chain €. We say a face f € F belongs to the chain € if it belongs to one
of its links.

For any X € Irr Z(C) and natural numbers m < n we define unitaries

X _ .. X X
U@[n%m] - uLn XX uLm

and automorphisms pé(n = Ad[(Ué([n Hl])*].

Lemma 6.11. Let C be a chain. For any x € A there is ng large enough so that pé(n (z) =
pé(no (x) for all n > ng. In particular, the limit

X : X
pe = lim pe
ntoo

exists and defines a unital *-endomorphism of A. Moreover, p3 is supported on supp (C) in the
sense that if ¥ € Agupp (¢)e then pa(z) = .

Proof : Given & € A!°°, there is a maximal ny such that supp (ufno) N supp (z) # 0
(unless x is a multiple of the identity, in which case ng = 1). It is clear from the definition of
pe, that ng has the desired property. The sequence pg (z) is eventually constant with limit
pé( (x) :== pé(no (x). This yields a well-defined unital *-endomorphism of A°¢ which extends to
the whole of A by continuity, and which is evidently supported on supp (C). a

7 Irreducible Anyon Representations

Recall that (7%, H,Q) is the GNS triple of the unique frustration free ground state w' of the
Levin-Wen Hamiltonian. We define a new representation

X . 1 X
T =T 0pg,

where pé( is the endomorphism defined in Lemma 6.11. Our goal in this section is to show that
7g is an irreducible anyon representation, that 73 ~ 73, for any two chains €, €/, and that 73
and 7%, are disjoint if X # Y.

Fix a chain € supported in an allowed cone and a simple object X € Irr Z(C). Throughout

this section we employ the following notation.

Lvisualize a bicycle chain
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Notation 7.1. Let the fized chain be given as C¢ = (L,) and denote e, = O,L,. We will

write px = pé(n, pX = pé( for the corresponding endomorphisms, u;x = ufﬂ, uX,, = ui& ,

n—m

Ux = Ué(", Uux,, = Ué([n_m] for the unitary gates and circuits, and P3* = Pr*, as well as
PR, = Pre  for natural numbers m < n.

7.1 Pure anyon states belonging to 7§

Recall from Section 5.2 that for any e € £ and any minimal projector p € Tubes, we have a pure
state w? uniquely characterized by the constraints

we(te(p)) =wi(By) =1 Vf € Fow. (64)

In Section 6.1 we fixed for each X € IrrC a minimal projector p* € Tubes, of type X. Let

us write wt = w X. We give this state the label X because it is in the range of tyx, (PX) for
te w = w? g g .

any sufficiently large region D homeomorphic to a disk with a puncture at e. This is the correct
notion of charge for the state wX from the point of view of sector theory.

Lemma 7.2. We have

X _, 1 X
wg =w opT.

Proof : 1t is sufficient to show that the state w' o p™ satisfies the constraints of Eq. (64) with
p = pX. Applying the Concatenation Lemma 6.10 inductively shows that for all m < n € N,

UX Pll _ UX L UXP11 _ UX Pll (65)

n—,m- n—,sm n m= n—,m n—m-n—sm:*

Since w! satisfies all ground state constraints, we have that

W' (o () = W' (Pl o (2) P Ly)

= Wl((Ufpéll)*foPil—u) = Wl((uf—n)* x“f—u)
for all € A. Using the intertwining property (57), we have

te(pX)uffalP%Ll = te(pX)PﬁX—{(lu;)fal = up 1 Pl

It follows that w! (p,)f(te(pg))) =1 for all n, so w' (p* (te(pX))) =1
Let f be a face which is not adjacent to e. Then by Lemma 6.5, By commutes with u;X_,,
unless f is adjacent to ;LS ,;. So there is an N such that By commutes with X, for all
n > N, and again we find that w' (p*(By)) = 1. O

Let us denote by (7%, HX, QX) the GNS triple of wX. Since wX is a pure state (Proposition

€
5.2), the representation 7X is irreducible.

7.2 Unitary equivalence of 7¥ and 7%

Denote by (72X, HX,QX) the GNS triple of the pure state wX. Recall that &€ = e. In this
section we prove the following proposition.

Proposition 7.3. The representation Wé( =nlo pé( is irreducible, and there is a unitary equiv-

alence,

Te T, .
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The strategy for showing that 73 is irreducible is to show that all of its vector states are
pure. In fact, it is sufficient to show this for vector states corresponding to a dense subset of the
unit ball of H.

Let us consider a unit vector in H of the form |¥) = 71(0)|Q) for some O € A°. This
defines a vector state 1 in Wé( by

U(@) = (¥, 7 (2) ) = (2,7 (0™ (2)0) Q)
for all x € A. Our goal is to show that 1 is also a vector state of the GNS representation 7-X.

First note that the state ¢ can be obtained as the limit of a sequence of vector states of the

vacuum representation 7' as follows. For n € N we let

@) =7 (U] W)

These are unit vectors in H which correspond under the vacuum representation to pure states
1, defined by
Pn(x) = (Wp, 7' (2) V), z€ A

Lemma 7.4. In the w*-topology, V¥, — .
Proof : Take x € A'°°. By Lemma 6.11 there is ng large enough so that
e (z) =7 (p* (@) = 7 (o () = 7" ((U)" 2 UY)
for all n > ng. It follows that
Y(z) = (¥, 7g (2) ¥) = (¥, 7" ((U)*aUy ) ¥)
= (U, 7' (2) Un) = Yn(2)
for all n > ng. The claim now follows by density. O

In a similar way we can approximate the anyon state wX by a sequence of vector states of
the vacuum representation as follows. For each n € N we let

Q) =7 (U)19)
and obtain pure states w,, defined by
wWn(x) = (U, 74 (2) Q) = WL (UX)*2US), z€ A
Lemma 7.5. In the w*-topology, wy, — wX.

Proof : Using Lemma 7.2, the proof is identical to that of Lemma 7.4. (]

Before continuing towards the proof of Proposition 7.3, let us introduce some regions that
will be used often below.

Recall that for any R > 0 we denote by Br = {z € R? : ||z]|oc < R} the closed box of side
length 2R centered on the origin. We define the region Dg to consist of all faces, edges, and
vertices of C%” that are contained in B. The associated surface Xy » is homeomorphic to a disk.
For any 0 < Ry < Ry — 1 we define the annular region Ag, g, to consist of all faces, edges, and

vertices contained in the closure of B, \ Bg,. For any edge e € £ we moreover define regions Dg;f)

obtained from Dg by removing e and its two neighbouring faces, and similarly Agl) R, Obtained
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from Ag, r, by removing e and its two neighbouring faces. If e belongs to Dgr at a suitable

distance from the boundary then X () is homeomorphic to an annulus and we simply say ]Dg%e)
R

is an annulus.
Now we argue that for n sufficiently large, the states w, and 1, agree on all observables
supported outside of some box. To this end, let us introduce the following state spaces:

Definition 7.6. For any R > 0, any e € £, and any X € Irr Z(C) we let S(;I’?X) be the space of
states ¢ 1 A — C for which

V(™)) = ¢(By) =1
for all faces f C B% such that e is not adjacent to f.

That is, S(;j;ix) consists of states satisfying ground state constraints outside of the box of size
R, except at the puncture at e where instead the projector t.(p*) is satisfied.
Recall that € = {L, }nen and put e, = 8, L,, = O L,4+1 for all n € N.

Lemma 7.7. There is R > 0 and ny € N such that w, and i, both belong to S(;E’X) for all
n>mni.

Proof : Recall that a link is a sequence of faces. We say a link is contained in S C R? if all
of its faces are subsets of S. Let Rop > 0 be such that supp O C Bpg,. Let ng be maximal such
that L,, N Bg, # 0. Then & L,, necessarily lies outside Bgr,. We choose R > Ro such that
L., is contained in Br and set ny = ng + 1. The point is now that |¥) satisfies ground state
constraints along the support of any subchain starting from ny, i.e. 7' (PL, )|¥) = |¥). The
support of the links L where k < ng = n; — 1 is disjoint from this subchain, so for any n > n,
we have

T (BEL )Wy 1) = 7 (PEL, UX )W) = 1),

n—,ni n—sni

The link L,,, overlaps with L, at the puncture at d¢L,, but as expressed by (59), u,)fo will either
preserve the ground state constraint or produce an X anyon at the puncture when acting on
|¥,,—1). That is,
10, X 1/ pl?
|\Ijn0> =TT (ung)|an0*1> =7 (Pn%n1)|an0>

Now it follows, again by inductively applying the Concatenation The Concatenation Lemma 6.10,
that

100) = 7 (1, P, )W) = 7 (P, )W),
where the last equality uses the intertwining property (58). This implies that 1, (t., (p%)) =1
and 1, (By) = 1 for all bulk faces f of LS_,,, . For any other face f C B, which is not adjacent

to en, the projector By commutes with O and with UX (by Lemma 6.5) so v, (By) = 1. (Note
in particular that the faces adjacent to e,, = 8L, belong to L,, which is contained in Bpg.)

Thus 1, € S(;E’X). Taking O = 1 shows w,, € S(;I%’X) as well. O

Lemma 7.8. There is R > 0 and a number ny € N such that w,

B¢, = ¢n|B; fO’I’ alln Z Nnog.

Proof : By Lemma 7.7 there is R > 0 and n; € N such that w, and v, both belong to
S(;}g’x) for all n > n;y.

Let S be the outer boundary of an arbitrary finite connected region C. Then § is the unique
connected boundary component of the disk-like region D obtained from C' by filling in its inner
holes, and the restriction of w! to Ap corresponds to a density matrix in Dp = Dp(P'), where
we used Lemma 4.7. This shows that w!(ts(P!)) =1 for any such S.
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For any n > nj, take R’ > R large enough so that the support of C[1,n] is contained in

Bpg: (recall that suppO C Bg). Then the region Agj}%, has associated surface homeomorphic
to a thrice punctured sphere. (two connected boundary components from the original annulus
and one from the puncture at e,.) Moreover, denoting by Sg/ the outer boundary component
of ¥, ., we have that wy(ts,, (a)) = ¥n(ts,, (a)) = wﬂ(tSR, (a)) for any a € Tubes,,. Since

wt (ts, (P1)) = 1, it follows that the restrictions of w, and 1, to Ag}:’}%/ are given by density
matrices in ~
Dy (Pid,p*) = D,y (P, PY,p),
R,R R,R

where the equality follows from Lemma 4.7. Here, the first slot gives the boundary condition on
the outer boundary of the annulus, the second slot gives the boundary condition on the inner
boundary of the annulus, and the final slot gives the boundary condition at the puncture at e,,.

Choosing my > ny such that whenever n > ns and R’ > R + 1 is large enough, then
A% | p_y is also a thrice punctured sphere, we find by Lemma 4.9 that the restrictions of 1y,

wy, to A;ﬂ_l r—1 correspond to density matrices in D, e, (x%, %X, pX). But this is a singleton
’ R,R’

according to Lemma 4.7, so

¢”|BR'_1\BR+1 = wn|BR’—1\BR+1'

As R’ can be chosen arbitrarily large this proves the claim by density. (I

Lemma 7.9. There is a unitary V € A"° such that 1) = wX o Ad[V].

Proof : Let R and ny be as in the statement of Lemma 7.8. Pick n3 > ns such that L,
is disjoint from Bpg for all n > ng. The vacuum Hilbert space has tensor product structure
H = Hp, @ Hpg, (because Hp, is finite dimensional), and Lemma 7.8 implies that the unit
vectors [(2n,) and |V, ) have the same expectation values for any observable in B(Hpg ). That
is, the vectors |Qp,) and |¥,,) are both purifications of the same state on Age, with finite
dimensional purification space Hp,. It follows that there exists a unitary W € B(Hp,) such
that W|W,,.) = [Qp.,).

Let n > n3. Using that W has support disjoint from UX

nsng We find

) = A Uy 0) W) = T U )W ) = W (U 0) 2s) = W 102
Since Br NZ? is finite, there is a unitary V € Ap, such that W = 7% (V). We then have 1,, =
wy, 0 Ad[V] for all n > n3. Together with Lemmas 7.4 and 7.5 this implies that ¢ = wX o Ad[V],
as required. 0O

Proof of Proposition 7.3 : It follows from the previous Lemma that any state v, corre-
sponding under the representation 7 to a unit vector in H of the form |¥) = 7(0)|€2) for some
O € A, is a vector state for the GNS representation 7X. Indeed, a representing vector is given
by X (V)|QX) where |QX) denotes the cyclic vector of the GNS representation corresponding
to the state wX, and V € A is the unitary granted by Lemma 7.9. In particular, any such v is
a pure state.

Since 71 (A1°¢) |2) is dense in H, it follows that 73 is irreducible. By Lemma 7.2 the state w2
is a vector state for both irreducible representations wé( and 7r;ix , so we conclude that wé( e 7r;ix .
O
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7.3 Disjointness

We no longer keep € and X fixed. Recall that 72X is the GNS representation of the pure state
X
wit.

Proposition 7.10. Let X,Y € ir Z(C) and e,e’ € . Then 7% ~, .. 7Y if and only if X =Y.

Proof : The statement follows from showing that 775 ~ue. 71'5, and that X # Y implies
that ﬂf and 7T§ are disjoint. Assume X # Y. Let R > 0 be such that ED(e> is homeomorphic to
R

an annulus. As noted in the proof of Proposition 5.2, the restriction wX| 4 5, corresponds to the

unique density matrix in D, () (p~,*~). In particular wX (tg(PX)) = 1, writing tg for the Tube

D¢
action on the outer boundary of ]Dgs). Similarly, wY (tg(PY)) = 1. By orthogonality, PX PY =0
SO

|l (tr(PY)) —w? (tr(PY))[ = 1.
Since R can be taken arbitrarily large, it follows from Corollary 2.6.11 of [BR12] that the GNS
representations 72X and 7! are disjoint.

Now we show that ﬂ'f ~oe. 7r§. Assume that there is a link L with §;L = e and 0Ls = ¢’.
Then w’ = wX o Ad[(uf)*], so the GNS representations of these pure states are unitarily
equivalent. In case there is no such link we obtain the result by considering an intermediate
equivalence with 775, for a suitable edge e¢” such that there are links L; and Ly with e =
OL1,e" = 0Ly = 8Ly and €' = 0¢Ls. Such an intermediate €’ can always be found. |

7.4 Superselection criterion

Proposition 7.11. The representations 72X for all e € € and X € Irr Z(C) satisfy the superse-
lection criterion.

Proof :  We must show that for any cone A there is a unitary equivalence
7"-g(|A e 7T]1|A-

Let € be a chain supported in the complement of A, so pé( () = x for all z € Ay. Then we

have
8 ]a = (7" o pg)la =7"a.

Let ¢/ = 0;€. The unitary equivalence ﬂé( ~.e T2 from Proposition 7.3 together with 7% ~,, ..
m2 from Proposition 7.10 gives the desired equivalence. O

8 Completeness

We show that every irreducible anyon representation 7 is isomorphic to one of the anyon repre-

sentations X constructed in Section 7.

8.1 Anyon representations contain locally excited vector states

Let 7 : A — B(H) be an irreducible anyon representation.
For any S C R?, let S¥ C F be the set of faces such that By € Ag. For bounded S C R?,

define
Ps:= [] By
fesF
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We now construct analogous projectors for infinite regions S in the von Neumann algebra
w(A) = B(H).

We say a non-decreasing sequence {S,,} of subsets of R? converges to S C R if | J,, S, = S.
Let {S,} be such a non-decreasing sequence of bounded subsets of R? which converges to a
possibly unbounded S C R?. Then the sequence of projectors {m(Ps, )} is non-increasing and
converges in the strong operator topology to the orthogonal projector pg onto the intersection of
the ranges of the m(Ps, ), see for example [Wei80, Thm 4.32(a)]. In particular, ps is independent
of the particular sequence {S,}, and if S is bounded then pg = 7(Ps).

The following proposition is an adaptation of [BV25, Proposition 5.2] to Levin-Wen models.
Proposition 8.1. Any anyon representation w : A — H has a vector state 1 for which there is
R > 0 such that

Y(By) =1
for all f € F such that By € Ape .

Proof : Let A1, Ay be two cones such that A; U Ay = R?, and such that any By belongs to
Ajp, or Ap, (or both).

Since 7 satisfies the superselection criterion, there are unitaries U; : H — H for i = 1,2 such
that

7la, = (Ad[U] 0 7).
It follows that
wh(z) = QY 7 () QYY) = (QY, U n(2)U; Q)
for all z € Ay,. Define states w; by w;(z) := (Q;, 7(x)Q;) for € A, where |Q;) = U; |Q!) € H.
The states w; are vector states of m and satisfy w;(z) = wl(z) for all x € Aj,.

Let A>™ := A; \ B, and A" .= A>" \ AZ""™ for all m,n € N. Then the sequence

m i A" ™ is a non-decreasing sequence of bounded sets converging to A>™. We have

]. = (A)]l (PAjL,n+m,) = W; (PATL,n+m) = <Qi,7T(PA7‘L,n+m)Qi>,
where we used that all these projectors are supported in A;. It follows that
<Qi,pA>vl Qz> =1.
From Corollary 2.6.11 of [BR12] we obtain an N € N such that
1
w1 (0) —w2(0)] < §||OH

for all O € Al°°n Apg . This implies that w; (PAéV,n) > 1/2 for all n > N, so by continuity
(Q1,ppzvl) > 1/2. Since B§ € A7N UASY, we have PBg, = PpzNDAZN 80

(,pBg, ) = (Q1, ppznpp>vil) > %
It follows that p BS, |21) # 0, so we can define a normalized vector

Y
D) = _prg ) cH.
|lpBg, 121} |
The corresponding vector state of 7 is defined by ¢(z) := (U, 7(z) ¥) for all x € A. To finish
the proof, we verify that ¢(By) = 1 whenever By € Aps . We have
(Q1,pBs m(Bf)pps, 1) (S, ppe, )

W(By) = = =1
(Br) Toss, [0 |2 Toss, [0 |2

This concludes the proof. ([
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8.2 Proof of completeness

Proposition 8.2. Let w : A — B(H) be an irreducible anyon representation. Then there is a
unique X € Irr Z(C) so that ™ ~y .. 7r§ for any e € &.

Proof : By Proposition 8.1, m has a vector state ¥ for which there is R > 1 such that
(By) = 1 for all faces f whose vertices belong to BY,. Consider the annular regions Ag p/ for
R’ > R+1 and denote by tg the Tube actions on the inner boundary of annuli ¥ Ag g - Note that
tr(1) = >y tr(P¥X) is the projector which enforces string-net constraints along the boundary
of Bf;. This constraint is also enforced by [[;c;, By where Ir C F is the finite set of faces on
the boundary of B%, so

D vtrP) = | [ Bs| =1
X

f€lr

Since each of the terms of this sum is positive, there is some X € Irr(Z(C)) such that

Ux(8) = Y(tr(PX)) 1 (tr(PX) o tr(PY)),

is a well-defined state. It is clear that 1 x is also a vector state of 7. It satisfies

Ux(By) = ¥x (ta(PX)) =1

for all faces f whose vertices belong to B%. It follows that the restriction of 1 x to any annular
region Ag g/ corresponds to a density matrix in Dy, (PX , PX). Tt then follows from Lemma
4.9 that the restriction of ¥x to any annular region Apyq g for R > R + 2 corresponds to
a density matrix in Dy ., (*X,*X ). Since R’ can be chosen arbitrarily large, it follows that

wX‘Bf”l belongs to SE'):RH (recall Definition 5.1), where Cs g1 is the infinite region consisting
of all faces, edges, and vertices belonging to the closure of By, ;.
Let e € € be given. By choosing R > 0 above large enough we may without loss of generality
¢ X
assume that ]D)S;) is an annulus. Then the definition of wX = ng as the unique state in S7,.,

together with Lemma 5.5 implies that wf|ABc € Sg;?“. By Proposition 5.2, the state space
R+1 g

86>R+1 is a singleton, so ¥ x and wX have identical restrictions to B% .- Since 7 and X are

irreducible it now follows from Corollary 2.6.11 of [BR12] that 7 ~, . 7. Uniqueness of X
follows from disjointness, Proposition 7.10. (]

8.3 The classification of anyon sectors

We are now ready to prove the first part of the main result.

Theorem 8.3. The irreducible anyon sectors with respect to the vacuum representation of the
Levin- Wen model over C are in one-to-one correspondence with equivalence classes of simple
objects of the Drinfeld center Z(C).

Proof : Fix an edge e € £. By Proposition 7.11 the representations {Wf}xgrrz(c) satisfy
the superselection criterion. Since these representations are the GNS representations of pure
states wX , they are irreducible anyon representations. Moreover, by Proposition 7.10 all these
representations are disjoint from each other. We therefore have for each X € Irr Z(C) a distinct
irreducible anyon sector [rX]. Finally, by Proposition 8.2 any irreducible anyon representation
belongs to one of these sectors. (I

133



Chapter 3. Sector Theory of Levin-Wen Models

9 Fusion

In this section, we turn to the category SSSy of localized and transportable endomorphisms of
the allowed algebra B. See Appendix C for a detailed exposition of SSS and the implications of
the assumption of bounded spread Haag duality. In particular, we study the unique extensions
of anyon representations 7Té< to representations ,Eé( : B — B(H), satisfying

~x 1 1, X
Pe ©T =T 0pe,

for any chain € supported in an allowed cone and X € Irr Z(C) (Lemma C.1). Recall that
7l (A) is WOT-dense in B, so intertwiners among the extensions {pg }xer z(c) are exactly the
same as the intertwiners among the anyon representations {Wé( }xetre z(c)- Therefore, we get an
equivalent formulation of Theorem 8.3.

Corollary 9.1. Let C be a chain supported in an allowed cone. Then the set of endomorphisms
{ﬁé(}Xelrr z(c) s a complete set of representative simple objects for SSSy. In particular, under
the assumption of bounded spread Haag duality (Assumption 2.3), SSSy is finite semisimple.

This result implies that Z(C) and SSS; are isomorphic as semisimple unitary categories. In
this section, we show that Z(C) and SSS; have isomorphic F-symbols. It is well known that this
implies that Z(C) and SSS; are monoidally equivalent. We will actually be able to conclude that
they are unitarily monoidally equivalent by Proposition D.1.

Throughout this section we fix an arbitrary chain € supported in an allowed cone and employ
Notation 7.1, abbreviating also the notation for the extensions as pX = p§.

9.1 Local states and anyon creation

We start with some basic general observations that will be useful in the rest of the manuscript.

Local states and eventually constant sequences of operators

Definition 9.2. Let K C H be a subspace of a Hilbert space H. A sequence (B,) C B(H) is
eventually constant on K if for every |¥) € K there is N € N, such that for alln > N,

By, |¥) = By [¥). (66)

Lemma 9.3. If (4,) C B(K) and (B,) C B(H) are eventually constant sequences on I C H
then, for any k € Z, the sequence (B 11 Ay) is eventually constant on K. If moreover, K = H and
the sequences (Ay), (By) are uniformly bounded, then the limits A = lim,, A,, and B = lim,, B,
exist in the strong operator topology, and

BA =1lim By An. (67)
Proof :  'We prove the claim for k£ > 0. The case k < 0 is treated analogously. Let |¥) € I,

and take N satisfying (66) for (A,). Since Ay |¥) € K, there is M such that B, Ax |¥) =
By AN |) for all m > M. Then for all n > n/ > N such that n’ + k > M,

Bk An |V) = Bk AN V) = Bk AN |V) = Bk A |9) (68)

proving the first claim. The limits are clearly defined pointwise on K. This defines a bounded
operator on K assuming a uniform bound for each sequence which extends to a bounded operator
on H if K is dense. Then Eq. (67) follows by evaluating BA on the dense subspace K as in Eq.
(68). O
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Definition 9.4. A sequence (A,) C A!°° is eventually constant on local states if (71(A,)) is
eventually constant on w'(A°°) Q).

Recall that string operators are defined on x € A°® by the eventually constant sequence
X X \* X
re, (z) = (Ug, ) aUg, .

Trivially, this sequence is eventually constant on local states.

Long strings create anyons

Referring to the puncture at the initial edge e, 1 of a link L,,_;, the unitary gate u:X , either
does not do anything or creates an excitation of type X at e,_; when acting on an arbitrary
state that satisfies the vacuum conditions at e,,_;. This is by design so that

T N )

This fact was used in the proof of Lemma 7.7 as part of showing that string operators produce
irreducible anyon representations. The following lemma is a convenient packaging of the same
fact applied to multiple string operators acting on local states.

Recall that we fixed a chain € = (L,,) and use the simplified Notation 7.1.

Lemma 9.5 (Excitation). Let |¥) = 7'(z)|Q) for some x € Al°°. Then there is N such that
forallk>1 and n > N + k, and for all Xy, ..., X € Irr Z(C),

Tt (UXe - UXe ) [0) = o (PSS XU UK ) 1), (70)

where D = Uﬁzl CLntr with the boundary components enumerated so that S,, is the puncture at
OLpik—rt1 for k =1,...,k+ 1. Moreover, (70) holds if D is replaced by any finite region D’
as long as D’ has the same inner boundary components as D and is disjoint from the support of
Cln — 1 — 1] and the support of x.

Remark 9.6. The enumeration of boundary components above is chosen to match the enumer-
ation induced by the standard anchor on the link Ly,y1 in the case k = 1 where D = CLn+1,
For example, if Xo = 1 the lemma states that 7" (UXL) [¥) = ot (P ILUr)liil) |T), noting that

n+1 Lny1
PX1]1 _ P(Xl,]l)

T T with the chosen enumeration.
n+1 n+1

Proof :  For any X € Irr Z(C), let us write p = ts, (p*) for all n € N, where e, = &Ly,.
Let n be arbitrary. Using Eq. (69) we find for any x < n that

UX P]l 1 _ P]l X UX P]l 1

n—k: ntE—o-n—kK n+rk—=-n—k+1vn—xk* n+k—n—=x"

By iterations of the Concatenation Lemma 6.10 and the intertwining properties of unitary gates
(57),

Uvi(-i-np’rltl-i]-ln%n—n = Ui(+n—>n—n+1Uri(—mP7]LI-§]-lﬁ—>n—n
= U7§+n—>n—n+lp1£—iic—>n—n+lUg—npr{lfn%n—n
= uf,LJrHH,,L,KJrlP:Llj(f;*)nfm«FlU’ri(ffiP'r]LlJ]rln—)nfn
= Prﬁ—?{—)n—n—‘—lugn_*_,{_m_hﬂ_lUri(—nPTILl-ll-ln%n—n
_ PX 1 UX P]l 1

n+k—=-n—k+1Yn+x* n+trk—n—=k

_ pl1l X X 11
- Pn—H{—1—>n—n+1pn+nUn+nPn+n—>n—n‘
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It follows that for n > k,

Ue - Uﬁkpgjk_m_k =P 'pﬁkao "' Uffkpﬂkan—k-
Since x has finite support, we may take N such that L, Nsupp () = () for all n > N. Then
(P, ) [®) = |U) for all n > N + k. Now the statement follows if we take D’ as under
the hypothesis for given k > 1 and n > N + k, since 7%(Pp/) |¥) = |¥) because D’ has disjoint

support from z, and since Pp, commutes with U,)Li'jﬁ for all k =0,...,k. Indeed, this is true of
By for every face in D’ by Lemma 6.5, and it is easily extended to cover the case of edges in D’
that do not belong to a face of D’. O

9.2 Isomorphisms of fusion spaces

We now define maps
d%y  Z(C)(X®Y = Z) = SSS(p* @ p¥ — p%)

for all X,Y,Z € Irr(Z(C)) as follows. For o : X ® Y — Z, and every n > m, we define for any
link (with its standard anchor)

Drzla] = Drp,

and we use the following shorthand notation:

Dr,[a] = Dry, [¢], Dr,,—sm[a] = Drpe

n—m

[a].

Then define
@, [0 == (UF)*Drps1 [@]UY UL, 1. (71)

Lemma 9.7. Let X,Y,Z € rr Z(C) and o : X ®Y — Z. The sequence (Pp[a])nen is eventually
constant on local states. The limit,

®%y[a] == hgﬂ 7 (®,]a]) € ' (An)",

is an intertwiner ®% [a] : pX x p¥ — pZ.
Also the sequence (Pp[a]*)nen is eventually constant on local states, and

23 (o] = (2% y[a])" = lim ' (&, [a]).

Proof : Let |¥) € w!(A°°)|Q), and take N as per The Excitation Lemma 9.5, such that for
alln > N +1,
XY
THUN V) 19) = (PLV U U [9). (72)

n+1
Now let n > N + 3 and consider the region D obtained from L, 41— n+2 with additional punc-
tures corresponding to punctures of Ly o and L, 1, and enumerate the boundary components
according to the punctures (€,+1,€n,ent2,en+1). See Figure 3.2.
From the Excitation Lemma 9.5 we obtain

A1,X,Y
7T1L(U}\//Jrle)\/ngz)|‘I’> :WI(PSHI )UJX\;+1UJ)\T<+2)‘\II>'
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D

S 2,5
‘ 4 ;

Lyt Lnio

Figure 3.2: Schematic representation of the region D and its anchor &p. The
enumeration of the punctures of D induced by &p corresponds to the ordering
(€nt1,€n,eNt2,en+1). The anchor &p extends the standard anchor &1, ., and the
standard anchor &, ., with offset 2.

Take an anchor &p for D as in Figure 3.2. By repeated use of the Concatenation Lemma 6.10
and the Inclusion Lemma 6.7, as well as Remark 6.8, we find

* 1,1,X,Y
(UnZ—>N+2) Drn+1[o¢] Un—>N+2U +1—>N+3P( )

(Z1-12 1Y 5Y1) (1X—X1) 5(1,1,X,Y
:Drn—>1?+2)Drn+1[ ]Dr5L—>N+2 Dr E’L+1—>N+3P( )

:Dr%D i
F 4 : :
xDr¥p | i
X, i H
v

ip
xDr

ip (1,1,X,Y)
xDry Py

—Dryya[a] PAEEY),
In combination with
(UZ)* = (U]€+1) (UrHN+2) ,
UYU n+l — Un—>N+2U +1—>N+3UN+1UN+2a

we obtain
mH(@,[a]) W) = 7 (D4 [a]) [P)

for all n > N + 3. Since |¥) was arbitrary, we conclude that ®,[«] is eventually constant on
local states.

We previously noted that p¥ () is the limit of a sequence which is eventually constant on
local states. Since pY (x) € A"°¢, also pX(pY (z)) is the limit of a sequence eventually constant
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on local states. So we compute for n > N such that Dr,[a] commutes with =,

@, o] pp i (py (2) = (UZ) Dy [o] UY UX (UK ) (UY ) aUY U4
= (UZ)*zDrpy1 [a]UY UN
= (U2 x(U7) UFDrny1 [0] Uy Uiy

pf (z)®n[al,

Using Lemma 9.3 we conclude

Pxylalp™ (" () = p7 () @y [al.

This extends to all of A.

Finally, note that by the Multiplicativity Lemma 6.2, ®,, [« ] = (UX1)*(UZ)*Drpy1[al|UZ.
The proof showing that ®,,[a]* is eventually constant on local states runs completely analogously
to the above, and is left to the reader. It follows that (<I>)Z(Y[a])* = oXV[af]. O

Remark 9.8. Observe that 7' (®,,[a]) — ®%, [a] converges in the SOT-closed subalgebra m(Ap)"
and that p"V is SOT-continuous on this subalgebra for any W € Irr Z(C). Therefore,

" (@5 y[a]) = h}ln PV (7 (Fula])) = 1i7rln7r {(Unﬂ)* nla ]Un+1] (73)

Moreover, the sequence ((UN,)*®,[e]UN, ) o 8 eventually constant on local states. We omit

the proof which is identical to the above with ‘the additional presence of W excitations.

The first observation about the maps ®%, is that they provide an isomorphism of fusion
rules (Proposition 9.10). This will follow from the following Lemma.

Lemma 9.9. For each X,Y,Z € rr Z(C) and o, : X Y — Z we have
oLy [a] @)Z(Y[(ﬂ] =d, tr {a 05T} X 1yq,
and

XY [o1)0f x o] =tima! (UX1) (U)) Doy [oF 0 ] UY U, ).

Proof : Throughout this proof we identify A with its image 7'(A) and drop 7! from the
notation. We verify the identity on the dense subspace of local states. Let |¥) € mw!(A°)|Q).
From the Excitation Lemma 9.5, Remark 9.6 we find UZ [V) = PLZUZ |¥) for all n large
enough. Using Lemma 9.3 and the Multiplicativity Lemma 6.2 we compute,

%y [] @27 [67] W) = (UF) Drpsr [a] Uy U1 (U 1) (U ) Drpsa [6T] U W)

= (UZ)Droas |i x(Iv | UZ W)

=d;'tr {ao 6T} )*Dry 41 [idy ® idz] P,]L1_~_Z1UZ [T
=d,'tr {aoé*}

where we use that aodt = d* tr {a06'} xidy and the face that Dr,41[idy ®idz|PLZ = P14,
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Similarly, by The Excitation Lemma 9.5 we have UY U;X ; |¥) = Prg’ly)U};Uf_H |¥) for all
n large enough. Arguing by Lemma 9.3 and The Multiplicativity Lemma 6.2 we find that

e [0'] 0%y [o] [9) = (U341)" (U)) Drangs [8T] U (UF) Dr g [0] U UL [ 9)
= (Un1)* (U3 )" Drosa [6T 0 a] UL U W)
finishing the proof. (]
Proposition 9.10. Let X,Y € Irr Z(C) and let
{mzx: X®Y = Z} gt 2(0) =1, NZ,

provide an orthogonal direct sum decomposition of X Y. Then

{05y [72.x] : Y xp’ = ﬁZ}ZGIrrZ(C),n:L-u NZ,
provides an orthogonal direct sum decomposition of pX x p¥ . In particular, SSS; is closed under
the tensor product and {®%.} provides and isomorphism of fusion rules as defined in Section

D.1.

Proof : It is immediate from Lemma 9.9, that

S 0%y [mzn) 0%y [mzn) =D 03 [}, J0%y [72.] = idpx v,

Z,K Z,k
and §
@)Z(Y |:7TZ,K,:| (I))Z(/Y [ﬂ'z/,)\] = ‘?)Z(Y [ﬂ'Z’,Q] ‘p)Z(/Y [WTZ’,A] = 6Z,Z’5i,z” X id[;z
forall Z,Z' € Irr Z(C). O

9.3 Isomorphism of F-symbols
F-symbols for Z(C) are unitary maps defined by the commuting diagram

ZO)XeYeZ) W) ——— P ZOEXV-W)eZC)(Y®Z-V)

Velrr(Z(C))
e |#ts
ZO)(XeY)eZ-W) —=— P Z20OUeZ-W)RZ(C)(XY =)
Uelrr(Z(C))

where the left vertical arrow is given by the precomposition with the associator «, and horizontal
isomorphisms from right to left are given component-wise by composition: £ @ n +— o (idx ®1n).
F-symbols are defined similarly for SSS¢, where the associator is the identity.

The following Lemma shows that {®%,.} intertwines the F-symbols of Z(C) and SSS; in the
sense described in Appendix D.
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Lemma 9.11. Let D, = Ct» UCL»+1 and UV, W, X,Y,Z € ir Z(C). For allE :U® Z — W
andn: X QY - U, and ally: X QV W andd: Y ®Z -V,

@gvz[f] o (<I>)U(Y[17] x id;z) = lim it (UXV)*DrD

1
n nt

W, [v] o (idyx x @Y ,[0]) =lim= [ (UY)*Drp

n n n+1

where the limits are in the SOT-topology.

Proof :  We verify both identities on the dense subspace of local states and omit 7' from
notation throughout this proof. Let |¥) € 7!(A°)|Q), and take n large enough according to
The Excitation Lemma 9.5 such that

XY, Z
U?’LZU7’¥+1UT)L(+2 |\Ij> Pé n+1 )UZU7L+1 n+2 |\I/>

Using this together with @, [n] x id;z = Y, [1] and Lemma 9.3 we find that the left hand side
of (74) becomes

@yz[é“]‘b%y[??] |¥) = (UTYV ) Dryqq [5] n+1 n+1) Drn+2[ ]U'r};rl X+2 |¥)
= (U,") " Drns1[€]Drnta[n ]PJ(DXI Z)UZUKHUXH |¥)

n n

= (Un ) Dan+1 [5 © (7’ ® le)] UfUn—&-lUr)f—&-Q |\IJ> )

where we used The Multiplicativity Lemma 6.2 in combination with the Inclusion Lemma 6.7
applied to Ly, Ly+1 C Dyp4q with an anchor &p extending &7, and & This shows the
first identity.

For the second identity we have id;x x ®Y ,[6] = p* (@Y 4[d]), so in this case we find

n41 nt1”

(@ 1] o (idgx x DY) )
= (Un+1) Drn+2[ ]UX+1U§+2(Un+2) (UV)*Drn+1[6] UZU:+1U§+2 |¥)
= (U):V) (”n+1Drn+2 [’V]UXHDYTLH[‘S} ()iKZ))UZUnHUr)fH |¥)

= (U;L}V)*Dan+1 ['V o(idx ® 5)]U5Un+1U§+2 |¥) .

Here, the second equality is a simple algebraic reduction using definitions and disjointness of
support. The last equality follows from a repeated application of the Inclusion Lemma 6.7 and
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the Multiplicativity Lemma 6.2, which shows:

(X,Y,Z)
PDn+1

u}ﬁ_l Dr, 42 [’y] ux+1Drn+1 [5]

10 Braiding

In this section, we show that the identification {®%,.} of fusion spaces also intertwines R-symbols.
This will imply that Z(C) and SSS; are equivalent as braided C*-tensor categories by Proposition
D.1.

Note that the notation 7.1 is no longer in force because we will be dealing with more than
one chain.

10.1 Transporters

In order to compute the braiding of SSS; from Eq. (89), we construct explicit unitary trans-
porters between ﬁé( and ﬁé(,, for arbitrary X € Irr Z(C) and sufficiently nice half-infinite chains
€ and €. Although it would suffice to do so for the fixed fiducial chain and a single auxilliary
chain, we describe the general construction for completeness, cf. Remark 2.7.

Isotopy Lemma

The central ingredient for the transportation of string operators is a form of isotopy invariance
enjoyed by the unitary gates of the string operators.

Definition 10.1. There is a simple isotopy between links L and L' if ;L = &;L' and O:L = &L,
and there is a region E, such that

1. CL.ct c E,

2. There is a region C' C E such that E is obtained by gluing L to C along a self-avoiding
dual path (see Section 6.2),
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3. there is a region C' C E such that E is obtained by gluing L' to C' along a self-avoiding
dual path,

4. There is an anchor &g for E which extends both &) and &1, with offset zero.
The region E is said to support a simple isotopy between L and L'.

The definition is designed so that the Inclusion Lemma 6.7 can be applied. Note that it
follows from the assumptions that ¥ g is a twice punctured disk whose punctures coincide with

O;L and 0¢L. The subregions C and C’ glued to L and L’ respectively to obtain E have associated
regions Yo and X¢s which are disks. See Figure 3.3.

%)

Figure 3.3: Isotopy of links L and L’ supported by region E. The regions Xy, Xy,
and X g are shown in green, blue, and light yellow respectively. A choice of anchors
&r =&, and &, is also shown, together with the enumeration of their strands.

Recall that for any region E, the projector Pg € Apg is the orthogonal projector onto the
skein subspace Hr C Hpg associated to E. See Section 4.6.

Lemma 10.2 (Isotopy). If there is a simple isotopy between links L and L' supported by a region
E, then

for any X € Irr Z(C).

Proof : Recall the definition Eq. (56) of the unitary uX. The Drinfeld insertions appearing
in that definition are partial isometries with initial and final projections given by Eqs. (52)-(55).
It is clear that P;*Pgr = P;?Pg for all these projectors, so it is sufficient to show the following
four equalities:

Dr(L]l 11—>X5()PE _ Dr(Lﬂ,]l_)XX)PE, Dr(LXX—nl n)PE _ Dr(L),(X_”l ]l)PE’

DI'(LX 1—1 X)PE _ Dr(L),( 1—1 X)PE, Dr(L]l X=X Il)PE _ DI'(L]I, X=X IL)'

Let us show the first of these equalities. The proof of the others is completely analogous. We
use the enumeration of boundary components induced by the anchors &;,&; and &g. Since E
is obtained by gluing a disk C to the link L along a self-avoiding dual path, and &g extends &,
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with no offset, the inclusion Lemma 6.7 yields

_ X X
Dr(L]l ]1—>XX)PE _ d}—(l/Z Dr, M Pgl 1)

X X X X
= d' " Drir M PUY = a M Drtp M Pg

where in the first and last equalities we noted that the Drinfeld insertions are supported on PSL D

and Pgl ]l), and that P11 Pp = P}(;l Y| For the same reason we have
_ X X
DI‘(L]l ]lﬁXX)PE _ d;(l/Q Dr%E M Pg.

Combining these result yields the first equality above. O

In order to apply this isotopy below, we will also need the following variation of the concate-
nation lemma:

Lemma 10.3. Let X € Irr Z(C) and let Ly and Lo be composable links with L = Ly A\ L1. Then
ufluszg(]l =uXPXL
Proof :  As in the proof of the Concatenation Lemma 6.10, we have

X X pX1 _ (X151 X)\..(X1-1X) 5X 1
ug, ur, P~ = Drp Drp, Pp

and
U’L L (I ) L N

Consider the region D = C U C%2, and let £p be as in the proof of the Concatenation
Lemma 6.10, so that &p extends the anchor &, with offset 0, and &p extends the anchor &,
with offset 1. As we get L from filling in the middle puncture of D, we have

Br = BDtS&,D (") = te, (»")Bp.
2 2
Making use of this observation as well as the Inclusion Lemma 6.7 and the Multiplicativity

Lemma 6.2 we find

Drgf 1—1 X)Drs-jj 1—1 X)Pg( 1 =Drp

XDI‘D iXIl
:DI(LX]lﬂll X) PLX’]17
where the last equality is evident as in Remark 6.8. (]
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L/

(G4 0|
l Qn
Qn+1 En |
=]
|
e T L
=]

Figure 3.4: Part of a bridge ({Qx}, {En}) between chains € = (L,,) and €’ = (L})).

Construction of transporters

We now construct explicit transporters between string operators ﬁé( and ﬁé(/ supported on chains
G, €’ which admit a so-called bridge, see Figure 3.4

Definition 10.4. Let C = {L,}nen and €' = {L! },en be chains. A bridge from C to € is a
pair ({Qunln>N,{En}n>n}) for some N € N, where each Q,, is a link and each E,, is a region
such that for allm > N,

1. L, and Q41 are composable, i.e. Qni1 N Ly, is a link,

2. Qn and L, are composable, i.e. L), N Q, is a link,

3. The region E,, supports simple isotopy between Qpni1 A Ly, and L), A Qp,

4. For any finite region C there is ng > N so that E, NC =0 if n > ng.

5. The region E, is disjoint from the supports of Cln — 2 — 1] and €'[n — 2 — 1].

We say the bridge ({Qn}n>N,{En}n>nN) s supported in a cone A if the supports of all links
{Ln, L }nen and {Qn}n>n are subsets of A.

Proposition 10.5. Let C and €' be chains and suppose ({Qn}n>nN,{En}n>n) is a bridge from
CtoC. Let X e Irr Z(C). For each n > N, define the unitary

T, = (Ug ) up,, U, - (76)
Then the sequence {T,}n>nN1s eventually constant on local states and the limit

T := lim 7'(T,) (77)

ntToo

s a unitary intertwiner from ﬁé( to ﬁé(,.
Moreover, if the bridge ({Qn}n>N, {En}n>n) is supported in a cone A, then T € R(A).
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Proof :  Throughout this proof we identify A with its image 7 (A) and drop 7! from the
notation. Since the object X € Irr Z(C) is fixed, we also drop it from the notation where no
ambiguity arises.

Consider a local state |¥) := z |Q2) for some z € Al°°.

Let n > max{N + 2,n9} where N is given by the Excitation Lemma 9.5 depending on z,
and no granted by item 4 of Definition 10.4 for the support of x. Taking into account item 5
of Definition 10.4, we see that the hypothesis of the Excitation Lemma 9.5 is satisfied for E,,
(applying the lemma with values n — 1 and & = 1 with Xy = X and X; = 1, where the region
D = L(—1)41 C E,,). This gives

Ue,, W) = Py Ve, , |9). (78)
Then we compute,

T, ‘\I/> = U(*“,”” UQ i1 U@n |\I]> = Ué;L UQpy1 ULy, Uenfl |\Il>

(78) 1,X Lem.10.3 1,X

= Ué;z uQn+1 uLn Pén ) Uenfl |\I/> em: Ué;l uQn+1 /\Ln Pén ) Uen—l |\Il>

Lem.10.2 5 1,X Lem.10.3 . 1,X
UG, upag. PR Ue,, 1) “EY UG uy ug, PEY Ue,, |0)

=Ue _ uq,Ue,, |¥) =T, 1[¥).

Since this holds for all n > max{N + 2, n¢}, we conclude that (T},),>n is eventually constant on
local states.

Let us now show that the limit T" = lim,, T}, is an intertwiner from ﬁé( to ﬁé(,. Fix y € Al°°
and note that for all n € N large enough so that supp Q,,+1 Nsupp (y) = @ we have

T, (U¢,yUe,) = Ue,uq, ., yUe, = Ue,yuq, . Ue, = (Ue,yUs, ) T

Since (T,), (Ug yUe, ), and (Ug yUe: ) are sequences which are eventually constant on local

states, converging to T, pa (y), and pg (y) respectively, we conclude from Lemma 9.3 that
T e (y)|9) = pe(y) T 1)

for all y € Al°¢ and any local state |¥) € A°°|Q). We then conclude that T' € SSS¢(pg — pa)
by density.

To see that T is unitary, we first note that by changing the orientation of the links {Q,}
we obtain a bridge from €’ to €. Then it follows in the same way as above that the sequence
(T )n>n is eventually constant on local states and therefore converges strongly to T*. Using
unitarity of T;, we find

T*T|¥) = li7rln T, |V) = |¥),

and similarly T7* |¥) = |¥) for any local state |¥) € A"°¢|Q) by Lemma 9.3. By density we
conclude that T is unitary.

Finally, if A C R? contains the supports of all links {L,, L] },en and all links {Qn}n>n,
then each T, is supported in A and it follows that T' € R(A). O

Remark 10.6. The endomorphisms p are SOT-continuous on ' (Ay) for all chains C, cones

A, and Y € Iir Z(C), so we observe that in the case of the above lemma where the SOT-
convergence T,, — T takes place in 7w (Ap)" for an allowed cone A, then

PE(T) = Tim Y (' (T)) = lim = |(UY, )Tl ,, |- (79)
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s+1

o | 1 L 1 £ | f & ]

Figure 3.5: The fiducial chain € in blue, separated a distance s+ 1 from the right chain
€’ in purple above it. Also shown are cones A and A satisfying the assumptions of the
braiding construction in Section C.2.

The sequence (Ugn+1)*T"Ugn+1 )n>N is eventually constant on local states. A similar statement
holds for T*. We omit the proof, with the remark that it is identical to the above with the
additional presence of Y excitations.

10.2 Isomorphism of R-symbols

For this subsection we fix a fiducial chain C = (L,) as follows. Identify the set of faces F of Z2
with the dual lattice (Z2)* so that the face f whose bottom left vertex is (z,y) € Z? is given the
coordinate (z,y) € (Z?)*. For each n € N we take L, = ((—6n — 2 +14,0))7_,, directed to the
right. See figure 3.5. With the fiducial chain C fixed, we write p~ := p3 for any X € Irr Z(C),
and let %, : Z(C)(X ® Y — Z) — SSS;(p™ x p¥ — p?) be the maps constructed in Section
9.2 for the fiducial chain €.

In order to compute R-symbols for SSS¢, we must compute the braidings by, x := b;v ;x :
p¥ x p¥X — pX xpY¥ for any X,Y € Irr Z(C). In order to do this, we fix a second chain ¢’ = (L))
with links L! obtained from L,, by translating s + 2 lattice spacings up and five lattice spacings
to the left. This guarantees that the endomorphisms pg and pg, are localized in allowed cones
A and A respectively, satisfying the assumptions of the construction of the braiding in Section
C.2, see Figure 3.5.

To compute the braiding by, x we require a unitary transporter 7% : p* — pg,. We will take
TX to be the transporter constructed in Proposition 10.5 using a bridge ({Qn}nen, {Fn nen)
between € and € with the links @,, and regions E,, specified for each n € N as follows:
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/
L n

(= L

Q7L+l ¢ ZE” l C)H,

L =N

L'Il

One easily checks that this indeed provides a bridge from € to €.
We then have
byx = (T%)" p" (T). (80)
Recall from appendix D that the R-symbols of SSS; and Z(C) are simply the actions of

—obxy and — o Bxy on fusion spaces. The following lemma shows that the maps {®%, }
intertwine the R-symbols in the sense described in Appendix D.

Lemma 10.7. For any X, Y, W elir Z(C), and o : X @Y — W,
q’?{/y [a] o by, x = ‘I%}/VX [04 o ﬁKX]-

Proof : From Lemma 9.7 we see that the claim is equivalent to
by x 0 D[] = @ [BY x 0],

where v = af : W — X @Y. It suffices to verify this identity on the dense subspace m!(A°°) |Q)
of local states. We shall henceforth omit 7! from notation and consider a local state |¥) = x |Q)
with z € Al°c.

From The Excitation Lemma 9.5 and Definition 10.4 we can find an N € N large enough so
that the support of z is disjoint from E,, for all n > N and

vy =PIy 1w (81)
for all n > N. We aim to show
(ugy,)* (g ) uy, ugy,  Drr, [7] PSL’W) =Dry, [} x 0] P&’W) (82)

for all such n. Fix n > N, and let D,, be the region obtained from E, by placing an additional
puncture at GiL,, so ¥p,  becomes a disk with three punctures. Write K, = Qni1 A Ly
and K/ := L/ A Q, so the region E,, supports a simple isotopy between K,, and K/. As in the
discussion below Definition 10.1, we may take &5, = &k, . Note that we have P&L’l’w) = PSL’W)
where we use the ordering (9L, 0;L,,, 9L, ) of the three punctures of D,,.
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Recall from Section 6.1 that the range of Pl(jﬂf’w) is spanned by vectors of the form
¢:D*3><\I!%1n(a®wo®wﬂ®wl®ww) (83)

<

— (dxodw) " o5 ,

¥ @N&

for arbitrary boundary conditions wo : W — X®35£1. Here, the anchor &, is as shown in
Figure 3.6 and we use the graphical representation introduced in Eq. (47) for the unitary
Cw : W* — W. We adopt the convention that we do not indicate vacuum lines and that
the vacuum boundary condition w! is imposed on boundary components with no (= vacuum)
attaching strands (cf. Convention 6.1). We also fill in the punctures at such boundary components
to emphasize that they are cloaked and any strand of a string diagram can be pulled across them
by isotopy without changing without changing the vector being represented. We also drop the
specification of the outer boundary condition wq from the figures as it will be fixed throughout
the upcoming computation.

Further dropping the notation for the isomorphism op,, we compute the action of the op-
erator (ugy )*(uz, )*uy, ug, . Drr, [y] on a vector ¢ of this form. First, using the Inclusion
Lemma 6.7 for L, C D,, with anchors &7, and &; respectively, we get

<

Dry [y
(]

() (dx,dxdy) 1z

s
)~<

Applying the Inclusion Lemma 6.7 to Q.11 C D, using anchors &, ,, and &, respectively, now
yields

YQni1 (dXOdXdy)1/2
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A similar application of the Inclusion Lemma 6.7 shows

1/2

uY
s (dxgdxdy)

Note that the resulting vector is in the range of Pi,t. We can therefore apply Lemma 10.3 and
self-adjointness of uﬁl and ug, to see that the action of (ugn)*(uf,n)* on this vector is the same
as the action of u%,. In order to apply the Inclusion Lemma 6.7 to understand the action of
u;&l, we consider tﬁe anchor &, shown in Figure 3.6 which extends &g, . The corresponding
Dr%zn—action is defined in terms of \If%ﬁl and it is clear how the given state is parametrised under

\I/‘}’fn (in the sense of Eq. (83)), so we obtain

()" (w3, )"

(dx,dxdy)'"”

Finally, using isotopy and Eq. (10), and recalling Convention 6.1, we note that that the X-strand
can be pulled through the puncture at d;L,,, ending up below the Y-strand as follows:

= (dx,dxdy)"”?

=Dry, [B] x 07 ¥,

where we again used the Inclusion Lemma 6.7 in the last step. Since ¢ € RanP[()]l’n’W) =

RanPgi’W) was arbitrary, this proves (82).
Let us now use the results (81) and (82) to prove the claim of the lemma. From Remark 10.6
we have that the operator p¥ ((T%)*) is the limit of a sequence which is eventually constant on
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.........

Figure 3.6: Anchors used in the proof of Lemma 10.7.

local states. So, using Lemma 9.3, we compute
(T T 9 ) 9
= (Ue,) (g, )"
(Ué/n)*( 71)*(u n)*(uL,) U UQn+1D1“L [y ]U@WTH1 | D)
= (Ug,)"(U& _,)*Dry, [ﬂYXO'Y]Uen L)
= oy [BYX o] ¥)

Since the local state |¥) was arbitrary, the claim now follows by density.

11 Proof of Theorem 1.1

(ug,)"Ue; _Ue, x (Ug,)"uq,,, Ue, x (Ue,)"(Ue,_,)"Dre, [1] Ve, _,
X
Q

v)

Proof : Fix the fiducial chain € as in Section 10.2 and write p~ = pg for all X € Irr Z(C).
Recall from Section C that under Assumption 2.3 the category SSSy is a unitary braided
tensor category. Corollary 9.1 moreover implies that SSSy is finite semisimple, the set Irr SSS; :=
{ﬁX}XehrZ(c) being a representative set of simple objects for SS5S;. The map X pX pro-
vides a bijection from Irr Z(C) to Irr SSS;. By Lemmas 9.9 and 9.11 we have that the maps
{24y Y xy zemn z(c) are intertwiners of F' and R-symbols of Z(C) and SSS; with respect to these
sets of simples. Proposition 9.10 says that {®%,.} preserve orthogonal direct sum decomposi-
tions. It follows from Proposition D.1 that Z(C) and SSSy are equivalent as unitary braided

tensor categories.

O
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A Proof of Proposition 3.5

A.1 Orthonormal basis for skein modules on disks and annuli

In the course of the proof of Proposition 3.5, as well as in Appendix B, we will often make use
of the gluing law Eq. (15). In preparation, let us here give some explicit bases of some skein
modules on disks and annuli.

1. The disk D; with one marked boundary point : Suppose the boundary point is labelled
by a € IrrC. If a # 1 then any string diagram for this skein module evaluates to zero,
ie. A(Dy;a) = {0} if a # 1. If a = 1 then any string diagram evaluates to a complex
number and we have A(D;;1) ~ C. A unit vector is represented by the empty string
diagram on the disk.

2. The disk Dy with one incoming and one outgoing boundary point : Suppose the bound-
ary points are labelled by a,b € IrrC. If a # b then any string diagram for this skein
module evaluates to zero and we have A(Dy,aUb) = {0}. If @ = b then any string diagram
can be interpreted as a morphism from a to a, so A(Ds;aUa) ~ C and is spanned by the

unit vector
1/2 ( ( \ (84)
“ \

3. The annulus A with no marked boundary points : An orthonormal basis is given by

..

Indeed, any string diagram on A can by isotopy be put in the form of the left hand side of

‘ e ‘

where the grey blob contains some arbitrary string diagram. The first equality is (8), and
for the second equality we note that the grey blob together with the coloured Vertlces
evaluates to some \,id, € C(a — a) ~ C. We conclude that Eq. (85) is indeed a basis. To
see that it is orthonormal, compute

a b
0q a
( ; =Zax1 ©b :*deB‘“’ 5—2 = Oab,
o~ a :

where we evaluate Z, «; using the gluing law (15) by cutting the solid torus transversally
to the a and b strings. The summation of (15) runs over the unique basis vector (84).

D dada

a€lrr C
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A.2 Orthonormal basis of skein modules on punctured spheres

Let X be an extended surface homeomorphic to a sphere with m holes cut out, and let & be an
anchor for ¥, Let X : Bd(X) — Irr(Z(C)), writing X,, = X(S¥). Let a be a boundary condition
on A(X) specified by a function on Bd(X) defined by

a, =a(Sh): mgy — Irr(C).

=K

For given X, a, let i : Bd(X) — N be such that i,, = i(S¥) belongs to the index set of the chosen
basis of C(X,, — ®ga, ). The set of such functions i label the corresponding product basis of

and we refer to i as indexing the (X, a)-basis. For every m-tuple consisting of Xi,...,X,, €
Irr Z(C), fix an orthonormal basis {a;} of Z(C)(1 — X1 ® -+ ® X,,) with respect to the trace
inner product.

Lemma A.1. The elements,

i 2= odou e 0wt (36)
ranging over all X : BA(X) — Irr Z(C), all boundary conditions a on 3, alli indexing the (X,a)-
basis, and all | indexing the basis of Z(C)(1 — X1 ® -+ ® X,n), form an orthonormal basis
of A(X) w.r.t. the TQFT inner product. In particular, the map @% of Proposition 3.5 is an

isomorphism of Hilbert spaces.

Proof : Throughout this proof, we drop the anchor from notation. For any X, a,i,, let

Using the resolution of identity from Eq. (14) we find that an arbitrary element of A(X) can
always be written as a linear combination of elements of the form on the left hand side of Eq.
(88), where we present % as a disk with m — 1 holes cut out of the interior, and the grey blob
contains an arbitrary string diagram.
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The string diagram contained in the grey blob may be moved past the punctures by isotopy and
the cloaking property. In more detail, draw green lines connecting boundary components S,; and
Spq1 for k =1,--- ;m—1 such that these green lines do not intersect the anchor. This condition
makes the green lines unique up to isotopy of X, keeping the anchor fixed. By isotopy invariance
one can always arrange the string diagram such that the green lines do not contain vertices of the
string diagram and such that edges of the string diagram intersect the green lines transversally,
as shown in the second panel of Eq. (88). In the next step we use the cloaking property of the
dotted lines and isotopy to deform the grey blob to a contractible region as in the third panel.
Finally, we can insert a new small dotted loop and use the cloaking property of the pre-existing
dotted lines to obtain a string diagram as in the final panel of Eq. (88). In this final diagram,
the grey blob surrounded by the dotted loop represents a morphism in Z(C)(1 — X; ®---® X,,,)
which can be written as a linear combination of the basis elements {a;}. In all, we conclude that
vectors éi{l’é span the skein module A(X).

Let us now show that these vectors form an orthogonal family w.r.t. the TQFT inner product.
This follows from the following computation, where we again present X as a disk with m — 1
holes cut out:

For each connected boundary component of ¥ we now have a pair of dotted lines going around

the corresponding hole of ¥ x I. Using the cloaking property of the dotted lines we pull one of

each pair over the other to encircle the wi”g"’ and (wj-i"'g")T morphisms, and use Eq. (13) to

obtain

O 5(1 a’ 6X~,X’_6in e
= (H = e ) Zsx1
dx

k=1 "
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The resulting diagram only contains dotted lines and lines labelled by objects of Z(C). We may
contract the outer dotted line to a point using the cloaking property and so get rid of it. Now
evaluate Zyy using the gluing formula (15) by cutting 3 x I along m — 1 disks transversal to
the remaining dotted loops to obtain a 3-ball and summing over bases Eq. (84). We find

_ # ﬁ 62K/’£:€6X,@7-X;6ih‘7jh'
T p2(m-1) dx

k=1

K

XZBs

_ 5”' A 6QN’Q;6XN7X;6iK:jN
T p2(m-1) H dx, ’

k=1

Comparing to (87), we conclude that eixl’3 are the elements of an orthonormal basis of A(X) with
respect to the TQFT inner product. ([

A.3 Intertwining Tube-actions

Proof of Proposition 3.5 : By Lemma A.1 we have that q)% is an isomorphism of Hilbert spaces.
It remains to verify that <I>‘;’ intertwines the Tube-actions on A(X) described in Section 3.4 with
those on the morphism spaces given by given by Eq. (16). This can be seen by using the cloaking
property of the dotted line as follows. For S;I’ € Bd(X), take a € Tube s¢ corresponding to an
L3 ¢ )
f € Clc®x®5% — x®5 @ c¢) as on the left-hand side of Eq. (16). Such a span the Tube
algebra. Take further @« € Z(C)(1 — X; ® --- ® X)) and w, € C(X,, — X®Sn¢), and write
K = ([T &¥7) D™ Then

@%(a®w1®--~®(al>wn)®-~-®wm)=K><

where we only depicted the string diagrams near the boundary component Sg’. 0
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B Proof of Proposition 4.4

In order to prove the Proposition, we must compare the TQFT inner product on Ay, with
the skein inner product on He. To do this, we first compare the TQFT inner product on
A(X¢,) = He, with the skein inner product on the string-net subspace He, :

Lemma B.1. Let C be a finite region and let ¢,v € He,. Then
(001 ((b)u 0Cy (1/))),4(26,1) = <¢7 1/J>

i.e. o, : Ho, — A(X¢,) is an isometry.

Proof : Let ¢x = @, ey, Pu(v) and ¢y = @), ey, Py(v) be product states in Hgl correspond-
ing under 7, to string diagrams x and y on ¥¢,. We represent

(T, Y) A(0,) = Zse, x1

We cut ¢, x I transversal to edges of Cy and use the gluing formula (15), summing over bases
Eq (84) to obtain

61 e),y(e
(T,Y)Aze,) = ( H C(gy()> Z|_|,,evC B

ecEc z(e)

Using the product property of the partition function we now find

6m e),y(e
(T, Y)Aze,) = ( 11 Uy“) I I d;ﬁ) (Da(v) Py(v))

d
e€Ec z(e) veVe \eedv

= | TI 22 | (ber ) = 52 (62 by)-

ecdC

Recall that o, (¢z) = dgzl /4 [z]s, and likewise for ¢,. Since H¢, is spanned by vectors of this
form, and since both inner products vanish whenever boundary labellings of ¢ and v do not
match, we conclude that o¢, is an isometry. (I

We proceed to consider the TQFT inner product on A(X¢).
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Lemma B.2. Let C be a finite region and ¢, € Ho. Then
(UC(¢)7 UC(¢))A(EC) = <¢7 ¢>,

i.e.ocl, : Ho — A(X¢) is an isometry.

Proof : Let ¢x = @, ey, Pu(v) and ¢y = @),y Py(v) be product states in H(l}l correspond-
ing under 7, to string diagrams z and y on X, with boundary condition b. We relate the
TQFT inner product on A(X¢) to the one on A(X¢,) by using the gluing formula (15). Indeed
Y x I is obtained from ¥, x I by patching the holes corresponding to the internal faces Fo. A
hole is patched by gluing a 3-ball along an annulus around the hole, so the gluing formula gives
rise to a summation over basis elements of the annulus with no marked points (85) for each hole.
Using the product property of the partition function, the partition function on X x [ is in this
way written as a sum of products of a partition function on ¥, with partition functions on the
glued in 3-balls. The 3-balls have basis elements (85) placed on a belt on their surfaces, which
evaluate to the quantum dimensions d,. In this way we find

([z]; W) ase) = Zsexr

- Z Z(ch xI)UB3U---UB3
(ag)e(@rrc)fo

2|F.
= p?l CIZEclxI

= D2Feladl/? (¢, Boo,)
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where we used Lemma B.1 in the last step to relate the TQFT inner product on A(X¢,) to
the skein inner product. Recalling the definition of o¢, we obtain (c¢(¢z),0c(dy))ame) =
(Bc¢y, Bogy). Since any ¢, ¢ € Hg can be expressed as linear combinations of vectors of the
form ¢, and ¢, and both inner products vanish whenever the boundary conditions do not match,
this concludes the proof. ([l

Lemma B.3. Let C be a finite region. For all ¢ € He,, and all a € Tubeg with S € Bd(Z¢),

oc(ts(a)p) = avs oc ().

Proof : Recall that o¢ is defined on the whole of He,. Consider a product state ¢, € He,
corresponding to a string diagram x on X¢,. Let a = [y] € Tubes corresponding to a string
diagram y with boundary condition 3¢ matching xs. Schematically,

Since ¢, is a product state it factorises as ¢, = ds ® ¢dse, where ¢ps € Hpos, and ¢pse € HCO\C{);.
The locality of local relations implies,

ts(a)p, = UE% (avs ocs(ds)) ® ¢se =05, (abs oc, (¢2)).

In the graphical representation (Convention 4.2), this is illustrated by

1/4
tS(a’)¢z = <§ys>

As a result,
oc (tg(a)gf)m) = 'Di‘Fc‘dgsl/él (a >s [ZL’]EC) =abg UC(sz)-

If the boundary conditions xs and y¢ do not match, then this equality still holds because either
side vanishes. The claim now follows because vectors of the form ¢, span Hc, . (I
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Lemma B.4. Let C' be a finite region, then

oc(¢) = oc(Bco)
for all ¢ € He,. The same holds true with oc replaced by mc.

Proof :  Let us first prove the claim for 7¢. It is sufficient to show that 7 (¢.) = 7o (Bodz)
for any string-net diagram x on X, .

Recalling that By acts on the string-net subspace Hgs as a Tube action, we find using
Lemma B.3 that Bog, = 5! ([#]s,., ) where # is the string diagram on S¢, obtained from x by
inserting dotted loops around the holes corresponding to the faces of C'. Since 7¢ = t¢c o ¢,

mc(Bega) = to((tlse,) = [#]se = [2]se = mc(9),

where in the penultimate step we noted that, in Y, we can contract all the dotted loops to a
point, i.e. remove them by local relations on Y.
The claim for o now follows by noting that Be preserves boundary labellings, and o¢ differs

from 7o only by factors depending on the boundary labelling. (I

Proof of Proposition 4.4 : As a composition of surjective maps tc and o¢,, o¢ is also
surjective. Surjectivity of the restriction o¢|py,. follows from Lemma B.4. Lemma B.2 shows
that o¢|p, is an isometry, and Lemma B.3 shows that o is an intertwiner. ]

C The category of superselection sectors

For completeness, we review the construction of the braided C*-tensor category of superselection
sectors, in detail, under the assumption of bounded spread Haag duality. See also [Bha+25,
Section 6.1] for a slightly different presentation.

Note that while this section deals with the SSS category associated with the ground state w’
of our Levin-Wen model, the discussions in this section are actually valid for any pure gapped
ground state w' on a two-dimensional spin system.

C.1 Extending anyon representations to endomorphisms

Anyon sectors capture the types of anyonic excitations that are supported by the ground state
w!. In order to investigate the fusion of these anyons, we need a way to compose anyon represen-
tations. It turns out that under the assumption of bounded spread Haag duality (Assumption
2.3), any anyon representation can be extended from A to an endomorphism of the allowed al-
gebra defined in Eq. (5) (in fact the weaker notion of approximate Haag duality is sufficient
[Oga22]). The fusion of anyons then corresponds to the composition of such endomorphisms.

Lemma C.1. Let 7 : A — B(H) be an anyon representation. There is a unique WOT-
continuous representation p : B — B(H) such that po ' = 7. We call p the extension of
™ to B.

Proof : Since 7 is an anyon representation there is a unitary Vj for every cone A, such that
Ad[Vi] o 7l is localized in A¢. Equivalently, 7|4, = Ad[V4] o 7| 4,. Note that if A C A’ then

Ad[VA/] O7TH|AA = 7T|AA = Ad[VA] O7TH|AA.

Since the adjoint action of a unitary is WOT-continuous, this implies that Ad[Vp]|r, = Ad[Va/]Ir,
whenever A C A’. Noting that the set of allowed cones, partially ordered by inclusion, is directed,
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this implies that we can consistently define p on (J, | ; Ra by setting p(z) = Ad[Vi/](z) whenever
2z € Ry for an allowed cone A’. Finally, p extends to B by norm-continuity.

Any x € A'°¢ belongs to some A, for an allowed cone A, so we have p(7!(z)) = (Ad[V,] o
1) (x) = 7(x). The equality p o ' = 7 therefore holds on A"°, and it extends to the whole of
A by continuity. O

The Assumption 2.3 is sufficient to ensure that the extensions of anyon representations are
endomorphisms of 5.

Lemma C.2. Let m be an anyon representation localized in an allowed cone A, and let p : B —
B(H) be its extension to B. Under Assumption 2.3 we have p(Ra) C Ra+s for any allowed cone
A that contains A. In particular, p is an endomorphism of B.

Proof : By Lemma C.1 there is a unique WOT-continuous representation p : B — B(H)
such that pon! = 7. Suppose A is an allowed cone containing A, and take z € Ax. For any

y € Aac, we have
[o(x (2)), 7" (y)] = [w(x), 7 (y)] = O,

where we used that 7 is localized in A. This implies p(7!(Aa)) C 7t (Aac) € Ra+s, where
the last inclusion is the assumption of bounded spread Haag duality. By continuity, we obtain
p(Ra) C Ra+s for any allowed cone A containing A. Again, by continuity, this implies p(B) C B

as required. (I

Extensions of anyon representations satisfy the following localization and transportability
conditions:

Lemma C.3. Let m be an anyon representation localized in an allowed cone A. Then the
extension p of m to B is localized in A in the sense that ponl|s,. = m|a,. = 7 a,.. Moreover,
the extension p is transportable in the sense that for any allowed cone A there is a representation
p B — B(H) localized in A which is unitarily equivalent to p.

Proof :  The localization claim is immediate from p o 7' = 7. For transportability, since
7 is an anyon representation there is a unitary Va so that 7’ := Ad[Va] o 7 is localized in A.
The representation 7’ is an anyon representation, and by Lemma C.1 it has a unique WOT-
continuous extension p’ to B which is localized in A. The unitary Va intertwines = and #’, and
by continuity this implies that VA intertwines p and p’ as well. That is, p and p’ are unitarily
equivalent. This concludes the proof. ([l

These preliminaries motivate the Definition 2.5 of the category SSS.

Remark C.4. If p € ObSSS is localized in an allowed cone A then pon!' is an anyon represen-
tation localized in A, of which p is the unique extension to B. It therefore follows from Lemma
C.3 that, under the assumption of bounded spread Haag duality, the objects of SSS are precisely
the extensions of anyon representations localized in allowed cones.

C.2 Tensor product and braiding

We show how the category SSS of localized and transportable endomorphisms is naturally
equipped with a tensor product and a braiding. Let us first note the following locality property
of intertwiners.
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Lemma C.5. Let p and p’' be endomorphisms of B both localized in an allowed cone A. If
Assumption 2.3 holds, then SSS(p — p') C R+ C B.

Proof : Let T € SSS(p — p'). Take y € Ape. Since p and p’ are both localized in A we have

Tr'(y) = Tp(x' (y)) = o' (z" (y))T = =" (y)T,

which shows that T € 7!(Aye) = R). C R+, where the last inclusion is the assumption of
bounded spread Haag duality. O

After realising that the composition of localized endomorphisms is again localized, it follows
immediately from this lemma that the following strict tensor product on SSS is well-defined:

pXo:=poco p,o € ObSSS
S xT:=Sp(T)=p(T)S, S e€SSS(p— p), T € SSS(o — o).

Remark C.6. It will follow from Proposition 9.10 below that SSSy is closed under taking tensor
products.

The tensor product of endomorphisms that are localized in disjoint cones that are suitably
far apart commutes.

Lemma C.7. Let p and o be endomorphisms of B localized in allowed cones A and A respectively,
so that AT5 N ATS = (0. Under Assumption 2.3 we have p X 0 = 0 X p.

Proof : If v € w'(Apcnac) then by localization we have p(x) = 2 and o(z) = z, so
p(o(z)) = p(x) =2z =0o(z) = o(p(x)) as required.

If z € 7% (Aa) then by localization p(z) = z and therefore o(p(z)) = o(x). By Lemma C.2
we have o(x) € Ra+s, and again by localization p(o(z)) = o(z). This shows p(c(x)) = o(p(x))
in this case as well. We find p(o(x)) = o(p(x)) for z € 71(A,) in the same way.

Since p o o and o o p are endomorphisms and A is generated by Ax, Aa, and Apcnqac, it
follows from the above that poo = oo p on 7' (A). Finally, the equality extends to the whole of
B by continuity. O

For the braiding, note first that for any allowed cone A there is an allowed cone A lying
clockwise from A w.r.t. the forbidden direction and such that AT* N AT = (), see Figure 7.
Given p, o € ObSSS localized in A and assuming bounded spread Haag duality (Assumption 2.3),
Lemmas C.3 and C.2 provide an endomorphism ¢’ € ObSSS localized in A and a unitary
V € SSS(0 — o). Then we may define

bpo :=V*"p(V) €SSS(p x o — 0o xp). (89)
To see that b, , intertwines p x o and o x p, compute for any = € B

bp.o (px 0)(x) = V"p(V)p(o(x)) = V"p(Va(x)) =V p(o'(2))p(V) = Vo' (p(z))p(V)
= a(p(e)V7p(V) = (0 x p)(x) by,

where we used Lemma C.7 in the fourth step.

Lemma C.8. Under Assumption 2.3, the morphism defined in Eq. (89) does not depend on the
choice of A, o', or V.
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Figure 7: An allowed cone A together with allowed cones A and Ay, both disjoint from
A**® and lying respectively clockwise and counter clockwise from A w.r.t. the forbidden
direction f.

Proof : Suppose A’, ¢, and W satisfy the same hypotheses as A, ¢’ and V above.

Assume there is an allowed cone I' D A, A’ such that I'"* N AT = () and lies clockwise from
A w.r.t. the forbidden direction. Now, VW* € SSS(¢” — ¢'), and both ¢’ and ¢” are localized
in I'. Tt therefore follows from Lemma C.5 that VIWW* € Rp+s. Since p is localized in A, we have
(VW*)*p(VIW*) = 1. Using this, we obtain

W* p(W) = W (VW) (VW) = V*p(V),

as required.

In general, one can always find a zig-zag from A to A’ which is disjoint from A™* [Bha+25].
That is, a sequence of allowed cones A; = A,Aq,--- ,A,_1,A, = A’ and allowed cones
Iy, -,y -1 such that I‘j’s NATs = for each i = 1,---,n — 1, and such that each I'; lies
clockwise from A w.r.t. the forbidden direction, and contains A; and A;;;. The result then
follows from a repeated application of the above. O

Lemma C.9. Under Assumption 2.3, the morphisms given by Eq. (89) define a unitary braiding
on SSS. That is, for all p,oc € ObSSS the morphism b, , is unitary, and we have

byo SXT=TxSb,,
for any p’,o’ € ObSSS, S € SSS(p — p'), and T € SSS(o0 — ¢’), and
boxar = (bp,r X 1o) (L, Xbg,r)
bpoxr = (Lo Xbpr) (bpo x 17)
for all p,o, 7 € ObSSS.

Proof :  Unitarity follows immediately from the definition. To show by oS xT =T x Sb, o,
we suppose that the endomorphisms p, p’, o and ¢’ are all localized in an allowed cone A, and fix
an allowed cone A that lies clockwise from A so that AT N AT® = (), as well as endomorphisms
OR, 0 localized in A and unitaries V € SSS(o — og) and W € SSS(0’ — o).

Let us first show the special case where 0 = ¢’ and T' = 1,. then SxT = S and T'xS = o(S).
We must therefore show b, S = 0(5)b, . This we do as follows:

bp oS = VP (V)S =V*Sp(V) =V*or(S)p(V) = o(S)V"p(V) = 0(9)by.0,
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where we noted that Lemma C.5 and the localization of o implies that or(S) = S.

Let us now show the special case where p = p’ and S = 1,. Then S x T = p(T) and
T xS =T, sowe must show b, 5 p(T") = Tb, . To do this, note first that we can pick an allowed
cone Ay, which lies counter clockwise from A and such that AF° N A+ = () (see Figure 7), as
well as an endomorphism py, localized on Ap and a unitary U € SSS(p — pr). The previous
special case then yields

bpo =0(U" )by, oU and b, =0 (U*)b,, o U.
Using this, we compute
bpor p(T) = o' (U")byy o Up(T) = &' (U)W pr(W)pr (T)U = o (U*)TS

where we used Lemma C.5 and the localization of p, to conclude that pr(T) =T and pr (W) =
W. Similarly,
T,y = To(U)b,, sU = o' (UTV*pr(V)U = o' (U*)TS,

so both special cases are now proven. The general case follows because

bp/J/ SxT = bp/,a/(S X ]1,7/)(]1[, XT) = (]1(7/ XS)bpva/(]lp XT)
= (1o XS)T x1p)bpo =T x Sby,.

Fix p',0’,7" localized in A with unitary transporters V,, € SSS(p — p’), Vi, € SSS(o — o),
and V, € SSS(7 — 7’). Then

(bpor % L)Ly Xbyr) = Bpur p(Bor) = Vi pl(Vy) (V20 (V2)) = Vi (p % 0)(V2) = b,

which shows the first hexagon identity. For the second, note that V,w, :=V, x V, = V,0(V;) €
SSS(o x 7 — o’ x ') and compute

(Lo Xy )by % 1) = 7 (V2 p(V2)) Vi (Vi) = 0V V3 o (p(V2)) (Vi)
= (VO'U(VT))* P(UI(VT)VU) = VU*XT p(VG'XT) = bp,o><‘r

where we used Lemma C.7 in the third step. ([l

C.3 Direct sums and subobjects

Since w! is pure and is a gapped ground state of a local Hamiltonian, it follows from [Oga22,

Lemma 5.3] that all cone algebras R are infinite factors.

Let p1, -+, pn € ObSSS. Then there is an allowed cone A so that each p; is localized in A.
Since the cone algebra R, is properly infinite we can use the Halving Lemma [KR97, Lemma
6.3.3] to construct isometries {v;}? ; generating an isomorphic copy of the Cuntz algebra O,
One then easily checks that

n
p=>Y_ Adfv]op;
i=1
is an endomorphism of B which is localized in A and transportable. This shows that SSS has
direct sums. It is clear from the construction that SSSy is closed under direct sums.
Now let p € ObSSS be localized in an allowed cone A and let p € SSS(p — p) be a non-
trivial orthogonal projection. Assuming bounded spread Haag duality (Assumption 2.3), Lemma
C.5 yields p € Rp+s, so 6(z) := pp(x) = p(x)p defines a (non-unital) endomorphism of B. In
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particular, & restricts to a non-zero representation of 7w!(A) on pH. Since A is simple, this
representation is faithful. This implies that p must be infinite. Since Ra+s is a properly infinite
factor, it follows that p ~ 1, that is, there is a partial isometry w € R+s such that p = ww™* and
1 = w*w. Consider now the endomorphism o = Ad[w] o p. One easily checks that o is localized
in AT%, and that it is transportable. This shows that SSS admits subobjects. Note finally that
if p € ObSSSy, then also o € ObSSSy, so SSSy is closed under taking subobjects.

In summary, we conclude that if Assumption 2.3 holds, then both SSS and SSS are braided
C*-tensor categories, and 5SSy is moreover semisimple.

D F- and R-symbols determine braided tensor structure

We give a detailed account of this well-known statement.

D.1 Isomorphism of F- and R-symbols

Let (C,®,a,1,l,7) be a semisimple monoidal category and let IrrC be a set of representative
simple objects containing 1. The F-symbols of C with respect to IrrC are the invertible linear
maps

Flp: @ clien—shecliek—n) - @ Cmek—1)eCioj—m)
nelrrC melrr C

defined for all ¢, j, k,[ € Irr C by the commuting diagram

Ciow(ok) 1) —=—— P Cliegn—1)eC([{ak—n)

nelrrC
— 0k !
’ J{Fijk:

C((ivj)ok—1) ——— P Cmek—-1)Ci®j—m).

melrr C

If C is equipped with a braiding 3, then the R-symbols of C with respect to Irr C are the invertible
morphisms

RE:C(j@i—k) =2 i) — k),
defined for all ¢, j, k € Irr C.
Suppose now (C, ®, e, 1,1,¢r) and (D, ®, Pa, 1, 71, Pr) are semisimple monoidal categories
with representative sets of simples Irr C and Irr D, respectively. In addition, suppose that there

is a bijection f : IrrC — Irr D such that f(1) = 1, which implies that C and D are equivalent as
linear categories. We say C and D have the same fusion rules if

Cli®j—k)~D(f(i)® f(j) = f(k))

for all 7, j, k € Irr C, in which case f provides an isomorphism of fusion rules.
Let °F and PF be the F-symbols of C and D with respect to the representative sets of
simples Irr C and Irr D. Writing i = f(i) to lighten notation, we say a collection of morphisms

FoCli®i— k) > Di®j — k),

.9
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intertwines the F-symbols if the following diagram commutes for all 4, j, k, 1 € Irr C:

cpl
Fijk

P, Clicvn—=0)C[idk—n) ——— P,,C(m@k —=1)RC(IR ) — m)

D, ¢ .00} D, ¢hs8o7 (90)
DFL .

DB, Dieon—-)D([jek—n ——— P, D@k —=1)@D(I®j — m)

If each ¢f ; 1s moreover invertible, then we say {(bfj} provides an isomorphism of F-symbols,
which in particular implies that f provides an isomorphism of fusion rules.

If C and D are also braided and have R-symbols R and PR with respect to Irr C and Irr D
respectively, then the maps {gzﬁf j}i,j,kelrrc are said to intertwine the R-symbols if the following
diagram commutes for all ¢, j, k € IrrC:

CRE.
Ci®i—sk) —— C(i®j—k)

d’le Dk Lﬁf] (91)

D(joi—k) ——— D(i®j k)

If each d)k ; 1s moreover invertible, then we say {gb’“ } provides an isomorphism of R-symbols.
We say C and D have isomorphic F-symbols 1f there is an isomorphism of F-symbols. We
say C and D have isomorphic F- and R-symbols if there is an isomorphism of F-symbols that
intertwines the R-symbols.
This appendix is devoted to proving the following result, whose proof appears in Section D.4
below.

Proposition D.1. Let C and D be semisimple monoidal categories. If C and D have isomorphic
F-symbols, then they are monoidally equivalent. If C and D are moreover braided and have
isomorphic F'- and R-symbols, then they are braided monoidally equivalent.

Suppose that C and D are unitary. We say that {¢§,j}i,j,kelrrc preserve orthogonal direct sum
decompositions if (d) “(ms) 14 ®j — ki) is an orthogonal direct sum decomposition of i @ j for
any orthogonal dzrect sum decomposition (me 11 ®J = ki) of i ® j into simple objects for any
i,7 € Irr C. If this is the case and {(bf,j}i)j,kehrc is an isomorphism of F-symbols, then there is
a unitary monoidal equivalence C ~ D. If C and D are moreover unitarily braided and {(bfj} also
intertwines R-symbols, then there is a braided unitary monoidal equivalence C >~ D.

Note that if C and D are unitary fusion categories equipped with their canonical spherical
traces then their morphism spaces are Hilbert spaces equipped with the trace inner product.
Unitarity of the equivalence can then be conditioned on the unitarity of gbﬁ it

D.2 Functors of semisimple categories and their natural transforma-
tions

Recall that a semisimple category C has direct sum decompositions. That is, if Irr C is a represen-
tative set of simples for C, then each object a € ObC admits a finite set of morphisms 7, : @ — iy
and ¢y :ix — a for k =1,--- ,n to and from simples objects i, € IrrC such that

T O Ly = Oy, id;,, and E L O T = idg.
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If C is unitary, then the direct sum decomposition can be taken to be orthogonal, meaning
that ¢, = nf for all k. The collection of maps (7, tx). is called a (orthogonal) direct sum
decomposition of a. The fact that any object of a semisimple category can be decomposed
into simples implies that functors of semisimple categories and their natural transformations
are determined by their values on simple objects. This hinges on the fact that morphisms are
determined by their compositions which is expressed by the Yoneda Lemma. This subsection is
devoted to reviewing these facts.

Given a linear category C and any object ¢ € ObC we get a functor C(¢c — —) : C — Vec
which sends an object a to the vector space C(¢c — a) and sends a morphism f : a — b to the
linear transformation C(c — a) — C(c — b) given by post-composition with f. Similarly we get
a functor C(— — ¢) : C°? — Vec which sends morphisms to their pre-composition.

These assignments yield the Yoneda embeddings

%2’ 1 C? — Fun(C — Vec), X¢ :C — Fun(C°® — Vec)

which send morphisms in C to natural transformations given by pre- and post-composition respec-
tively. These maps sending morphisms to natural transformations are invertible by the Yoneda
Lemma (see for example [Pen23, Lemma 2.9.1]):

Lemma D.2 (Yoneda Lemma). Let F' : C — Vec be a linear functor. For each ¢ € ObC the
map
Nat(C(c = =) = F) — F(c) : n— n(id.)

is an isomorphism. Similarly, if F': C°P — Vec is a linear functor, then
Nat(C(— = ¢) = F) — F(c) : n+— n(id.)

is an isomorphism. In both cases, the inverse maps v € F(c) to the natural transformation given

by na(f) = F(f)(v).

By applying the Yoneda Lemma to F = C(b — —), resp. F = C(— — b), it implies that the
Yoneda embeddings are fully faithful (see for example [Pen23, Corollary 2.9.3]).

Lemma D.3. Let C be semisimple with representative set of simples IrrC. Any morphism
f:a— b is completely determined by its action by pre-composition on the spaces C(b — i) for
ie€rrC.

Proof : Since the Yoneda embedding is faithful, f is determined by its action on morphism
spaces given by precomposition. Since C is semisimple, the action by precomposition with f on
any C(b — ¢) is completely determined by the actions on C(b — i) for ¢ € IrrC. Indeed, let
(tx,Tx) be a direct sum decomposition of ¢. Then we find for any g € C(b — ¢) that

gof:jdcogofzZW,iO(LHOg)Of-
[l

Lemma D.4. Let F,G : C — D be linear functors between semisimple categories C and D.
Let Trr C be a representative set of simples for C. Any collection of morphisms {n; : F(i) —
G(4) }ienr e uniquely determines a natural transformation n: F = G by the formula

Na = Z G (1) oms, o F(my)
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for any direct sum decomposition (7, tx) of a into simples i, € IrrC.
If the {n;}icnrc are invertible, then n is a natural isomorphism. If F and G are dagger
functors and the {n; }icnrc are unitary, then n is a unitary natural isomorphism.

Proof : Note first that the 7); satisfy naturality conditions amongst themselves. That is, for
any f :1 — j we have that

F(i) —2— G(i)
F(f)l lG(f) (92)
F(j) — G(j)

commutes. Indeed, if ¢ # j then f = 0 and the diagram commutes. If ¢ = j then f = \id; for
some A € C and both compositions in the diagram yield An;.

For every a € ObC, fix a direct sum decomposition (7%,:%), into simples % € IrrC. We

define
Na =Y _G(t2) o mig o F(md)

for all @ € ObC. We now verify that this indeed defines a natural transformation. For f:a — b
we have

G(f)ona =Y G(f)oG(tl) omis o F(n)

=Y G(B) o G(ry o foul)omy o F(ry)
Ky

=3 GR) oy 0 F(x o f o012 0 F(r2)
Ky

=mo F(f)

where we used Eq. (92) in the third step.

It remains to verify that the 7, are independent of the choice of direct sum decomposition.
This follows from a similar computation as the one used to verify naturality, and is left to the
reader.

Finally, if the {7;} are invertible then ) _F(:%) o ni_gl o G(m%) is an inverse of 7n,. Similarly,
if F and G are dagger functors and the {r;} are unitary, then we can use an orthogonal direct
sum decomposition (¢ = (7)1 of a to find that n] = > F(.2)o n;-r: o G(m?) is the inverse of 7.
O

Lemma D.5. Let C and D be semisimple. Given an assignment f : IrrC — ObD, there is a
linear functor F' : C — D, unique up to a canonical natural isomorphism, which extends f on
objects. If C and D are moreover unitary categories, then F' may be taken to be a dagger functor.
In either case, if f :IrrC — Irr D is a bijection, then F is an equivalence.

Proof :  For each object a € Ob(, fix a direct sum decomposition (7%,:%) of a into simples
iy, € IrrC and define

F(a) = @ f(i),

where the right hand side is an arbitrary choice of direct sum of the objects f(i%) in D, given by

a direct sum decomposition (7%,7%). By functoriality, F' is determined on morphisms f : a — b
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by
F(f)=)_ i oF(rhofouf)ons, (93)
Ky

where we note that 7% o f o t§ is either zero or a multiple of the identity. With this definition on
morphisms, one easily checks that F'(id,) = idp(,) and that F(g) o F(f) = F(go f) whenever g
and f are composable. Suppose G is another linear functor that extends f on objects. Then by
Lemma D.4 the identity maps 7; := idp(; : (i) — G(i) for all i € IrrC determine a canonical
natural isomorphism n : F = G.

For the unitary case, note that a unitary semisimple category admits all orthogonal direct
sums. We can therefore assume that all direct sum decompositions in the construction above are
orthogonal. That F is a dagger functor then follows by noting that F(r20 foi$)t = F(n$ofiol),
since the dagger of this morphism is given by complex conjugation. It is a simple exercise to
check that F is faithful and that if f : IrrC — Irr D is a bijection, then F' is essentially surjective
and full. O

D.3 Construction of a tensorator

Under the assumptions of Proposition D.1, Lemma D.5 gives linear equivalence F : C — D such
that F'(i) = f(i) for each i € IrrC, which we may take to be a unitary equivalence in the case
where C and D are unitary.

By Lemma D.4, the given isomorphism of F-symbols {qbfj}i’j,kemc uniquely determines a
natural transformation

¢;;:Ci®wj——) = DF@E) @ F(j) = F(-))
for every pair i,j € Irr C. The component morphisms are given by
(@) =D Flu) 0 iy (ms0 ) (94)
for any direct sum decomposition (my, t)s of ¢ into simples i, € Irr(C).
The Yoneda Lemma gives a canonical isomorphism
Nat (C(i®j — —) = D(F(i) ® F(j) = F(-))) = D(F(i) ® F(j) = F(i ®j))
P pig;(idig;).
Applying this to the natural transformation q’);] yields the morphism
Tig = 05 (idigy) : F(i) ® F(j) = F(i ® j). (95)
It follows from the Yoneda isomorphism (or the naturality of ¢, ;) that
F(g)o Tij = f;(g) (96)

forall g e C(i®j — k).
By Lemma D.4 the maps {7; ;}i jerrc¢ uniquely determine a natural transformation

T:F(-)®F(-) = F(—®-).

We will show that this 7 can serve as a tensorator to equip the equivalence F' with the structure
of a monoidal equivalence.
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Lemma D.6. The natural transformation T satisfies the following commutative diagram for all

a,b,c € ObC:
(F(a) ® F(b)) ® F(c) 2 "0 pg) @ (F(b) ® F(c))

Ta,b®1dp(c) idp(a)®Tb,c
Fla®b)® F(c) Fla)® F(b®c) (97)
Ta®b,c Ta,b@c

FCaap,.e)

F((a®b)®c) Fla® (b®c))

Proof :  The two paths from top left to bottom right are components of natural transfor-
mations (F(—)® F(—)) ® F(-) = F(— ® (— ® —)) which by Lemma D.4 are completely
determined by their simple components. It is therefore sufficient to show that (97) commutes for
simple objects. This will follow from the assumption that the {(bf j} provide an isomorphism of
F-symbols.

Let 4,7,k € IrrC, and note that by Lemma D.3, the diagram (97) with a = ¢,b = j, and
c = k, commutes, if and only if, the top square of

D((F(i) ® F(j)) ® F(k) — F(l)) e D(F(i) @ (F(j) ® F(k)) — F(l))

—0Ti@;,kO(Ti,; ®idg) —oTi joko(idi®T;,k)

_OF(Cai,j,k)

D(F((i ®j) @ k) — F(I)) D(F(i® (j @ k) — F()) (98)

F F

C
—OT Gk

C((i®j)®k—1) Cli®(jok) —=1)

commutes for all [ € IrrC. The bottom square commutes by functoriality of F'. Let [ € IrrC be
given, and observe that for any n,m € IrrC, any n: i ® j - m and £ : m ® k — [, we have

F(§o(n®idg)) o Tigjk o (Tiy @ idg) = F(§) 0 Tin k0 (F(n) ® idg) © (7i,; @ idy)
= G (€) 0 (07 (n) @ idy),

where we used naturality of 7 in the first step, and Eq. (96) in the last. This shows that the
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following diagram commutes:

O BSHNLI) —= rr0 s r 10
—o‘ri®j1ko(‘r,;,j®idﬁ)
D, o6 D(F((i® j)® k) = F(l)) )
F
D, Cmak —=1)@C(E®j—m) = C(i®j)ok—1).
An analogous computation shows commutativity of
. . @, D(F(i)® F(n) — F(l))
D(F(i) ® (F(j) ® F(k)) = F(l)) +——— SD(F () @ F(k) — F(n))
—on-yj®ko(idi®‘rjyk)
D(F(i® (j®k) — F(1)) D o0, (100)
F
Clio(ok) —1) = P, Cion—1)@C(Hk—n).

Placing diagrams (99) and (100) on the sides of diagram (98), we find that the latter commutes
if and only if the outer square of the following diagram commutes:

D
—O T Qigk

D(F(i) ® (F(j) ® F(k)) — F(l))

T i

®,, D(F(m) ® F(k) — F(l)) PFi @, D(F (i) ® F(n) — F(1))
®@D(F(i) ® F(j) = F(m)) @D (F(j) ® F(k) — F(n))
D,, ¢ @07 ]\@n ¢} 087
Fl

D, Cmek—=D)@CI®)j—m) " @ Clieon—1)@C[ek—n)

i s

Ciwj) ok —1) et Cli®(jok)—=1)

But here the top and bottom squares are the definition of the F-symbols, and commutativity of
the middle square is precisely the assumption that {¢f j} intertwines F-symbols. O
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Lemma D.7. Suppose C and D are equipped with braidings C,B,DB and the maps {qﬁﬁj} provide
an isomorphism of the corresponding R-symbols. Then the natural transformation T satisfies the
following commutative diagram for all a,b € ObC:

PBr(a), F)
‘ F(b) ® F(a)

T“’bi lm (101)

Fla®b) % Fb®a)

Proof : The two paths from top left to bottom right of the diagram (101) are components
of natural transformations F(—) @ F(e) = F(e ® —) which, by Lemma D.4 are completely
determined by their simple components. It is therefore sufficient to show commutativity of (101)
in the case where a = i,b = j € IrrC are simple. In this case, and using By Lemma D.3,
commutativity of (101) is equivalent to commutativity of the top square of

D(F(i) ® F(j) — F(k)) o 2r0ro)

—OTiij T—OT]'J'
—o F(Cﬁi,j)

D(F(j) @ F(i) — F(k))

D(F(i®j) — F(k)) D(F(j i) — F(k)) (102)
Ci®j— k) o Cli®i— k)

for all ¢, j, k € Irr C. The bottom square commutes by functoriality of F'.
By Eq. (96) we see that the vertical compositions in this diagram are precisely the maps
and (b Recalling further that the R-symbols are defined by precomposition with the

5
braiding, commutativity the diagram (102) is precisely the statement that the {¢};} intertwine
the R-symbols. O

It remains to show that 7 is a natural isomorphism, and in the unitary case, that 7 is unitary.
Lemma D.8. The natural transformation T is a natural isomorphism.

Proof :  'We must check that all components 7, are invertible. By Lemma D.4 it is sufficient
to verify this for the simple components {7; ; }i jemnrc-

By assumption, the maps ¢f7 ; are invertible. The functor F' is an equivalence, in particular
it acts invertibly on Hom-spaces. Together with Eq. (96) we conclude that precomposition with
7;,; acts invertibly on D(F(i ® j) — F(k)) for any k € IrrC. By Lemma D.4 we find that
pre-composition by 7; ; is an invertible natural transformation. This natural transformation is
precisely the Yoneda embedding £77'(7; ;). Since the Yoneda embedding is fully faithful it follows
that 7; ; is invertible. 0

Lemma D.9. IfC and D are unitary monoidal categories and the isomorphisms {¢fij}i,j,k€1rrc
preserve direct sum decompositions, then T is a unitary natural isomorphism.

Proof :  'We must check that all components 7, ; are unitary. By Lemma D.4 it is sufficient
to verify this for the simple components {7; ;}; jenrc. Writing 7, ; in terms of Eq. (95) by
specialising the formula (94) to an orthogonal direct sum decomposition (7, ) of i ® j, we get

ol = 30 PO ol ) o Fm) = 5 PO o Pl = i
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and

JOTi = Z¢ )l o F(my) o F(xf) o Z¢ i (me) = iy,

using that (d) ;(m,;) is an orthogonal direct sum decomposition of i ® j. O

D.4 Proof of Proposition D.1

Proof : From Lemmas D.6, D.7, D.8, and D.9 it follows that 7 is an appropriate tensorator for
the functor F in all cases. A compatible unitor isomorphism v : 1 — F(1) exists and is uniquely
determined by [Eti415, Proposition 2.4.3]. O
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