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Abstract

In this thesis, we study the Dilute Bose Gas under various assumptions in two and three dimensions. In
three dimensions, we establish a new lower bound for the free energy at low temperature, valid under
stronger interactions than previously treated. In two dimensions, we prove the full two dimensional
analogue Lee—-Huang-Yang formula for the ground state energy, confirming its universality, and derive an
upper bound for the corresponding free energy expansion, consistent with Bogoliubov theory despite the
absence of Bose-Einstein condensation at positive temperature.

Beyond two-body interactions, we resolve the leading-order ground state energy of a Bose gas with
three-body hardcore interactions by providing a sharp upper bound, matching existing lower bounds.
Finally, we derive Hartree theory for two dimensional Bose gases with attractive interactions in an almost
Gross-Pitaevskii regime, proving stability and convergence to the nonlinear Schrédinger functional.

Resumé

I denne afhandling studerer vi Bose gassen ved lav tethed under forskellige antagelser i to og tre
dimensioner. I tre dimensioner etablerer vi en ny nedre greense for den frie energi ved lave temperaturer,
gyldig for sterkere interaktioner end tidligere behandlet. I to dimensioner beviser vi den fulde to
dimensionelle analog til Lee-Huang-Yang-formelen for grundtilstandsenergien, hvilket bekrezfter dens
universalitet, og vi udleder en gvre grense for den tilsvarende ekspansion af den frie energi, konsistent
med Bogoliubov-teorien trods fraveret af Bose—Einstein-kondensation ved positive temperaturer.

Ud over to legeme interaktioner lpser vi den ledende orden af grundtilstandsenergien for en Bose-gas
med tre legeme hardcore interaktioner ved at give en skarp ovre graeense, som matcher eksisterende nedre
grenser. Endelig udleder vi Hartree teorien for todimensionale Bose gasser med attraktive interaktioner
i et neesten Gross-Pitaevskii system, hvor vi beviser stabilitet samt konvergens mod det ikke-linezere
Schrodinger-funktional.
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Chapter 1

Introduction

The Dilute Bose Gas has drawn much attention for mathematicians and physicists alike.
It has the rare property of being descriptive enough to predict measurements of certain
well made experiments, yet simple enough for one to provide proof of said predictions.
The first prediction was made by Einstein and Bose in [Bos24; Ein24] in 1924 concerning
the ideal gas. On ideas of Bose, Einstein proved that past a critical density p., depending
on the temperature, all particles would enter a single quantum state. This phenomenon
would be known as Bose Einstein Condensation-"BEC". Although BEC has only been
proven in the ideal gas, it is reasonable to assume that it exists in systems where the
interaction is weak, which corresponds to a dilute setting. And indeed in 1995 BEC
was experimentally verified in the dilute setting through the groundbreaking results
of Wieman, Cornell et al. in [And+95] and Ketterle et al. in [Dav+95]. Although
theoretically predicted and experimentally verified, a mathematical proof of BEC in
the interaction gas still eludes us, and stands as a major open problem in mathematical
physics.

Without proving BEC one could assume its existence and use it to compute the
ground state energy and excitations. Precisely this was done in the seminal work of
Bogoliubov in 1947 [Bog47], where he would provide a prediction for the low lying
energy excitation spectrum. Although groundbreaking, it had several mathematical
flaws, which meant that some of the predictions, especially concerning the ground state
energy, were wrong. Ten years later Lee, Huang and Yang would fix these errors using
non-rigorous perturbative arguments, and in the now much celebrated work [LHY57]
they estimated the second order expansion of the ground state energy density in the
thermodynamic limit at zero temperature and found

e3(p):47wp2(1+ 122\;;\/;) (1.1)

where p is the density of the system and a is the scattering length-effective range of the

interaction potential. The formula (1.1) is expected to hold in the dilute regime pa® < 1
i.e. when the interactions are weak enough to not deplete the BEC of the ideal gas. The
first term 4map? was already predicted in 1929 by Lenz [Len29]. Another interesting
property of eq. (1.1) is the notion of universality, namely that the potential only appears
through its scattering length, and the overall shape of the potential is irrelevant. eq. (1.1)
has recently been rigorously proven. The upper bound for the Lenz term by Dyson
[Dys57], and corresponding lower bound by Lieb and Yngvason [LY98]. The second
order-"Lee-Huang-Yang term" was proved to be correct by Yau and Yin [YY09] for an
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2 Chapter 1. Introduction

upper bound and Fournais and Solovej [FS20] for a lower bound. The Lee-Huang-Yang
term was also experimentally observed in [Nav+10].

The two dimensional Bose gas is rather different from the three dimensional case.
One difference is that the ideal gas in two dimensions does not exhibit BEC for positive
temperature, however, for computing the ground state energy at zero temperature this
is less relevant. Another difference is the "scattering energy": for two particles in a
thermodynamic 3 dimensional box their scattering energy is 4ma, exactly the quantity
appearing in eq. (1.1), however, in 2 dimensions that same quantity is 0. This latter fact
has caused discrepancies in the physics literature [CS01; HFM78; MCO09; Pil+05; Sch71]
where multiple predictions for the ground state energy was provided. In 2009 Mora and
Castin [MCO09] predicted the following formula as a 2D analogue of the Lee-Huang-Yang

eq. (1.1)

2 1 log(m) 2
e (p):2np6(1+(z+r+ > )6), 0= lTog pa?llog pa? 1] (1.2)
where I' ~ 0.57 is the Euler-Mascheroni constant. The first term, sometimes referred to
as the Schick term [Sch71], was again rigorously proven by Lieb and Yngvason in 2001
[LYO01], and the full formula is proven in [Fou+24c] chapter 3 of this thesis. Equation (1.2)
exhibits the same form of universality as eq. (1.1) since the potential only appears through
its scattering length. Unfortunately eq. (1.2) has yet to be experimentally observed.
After settling eq. (1.1) and eq. (1.2) one can ask whether the other predictions made in
Bogoliubov [Bog47] and Lee-Huang-Yang [LHY57] surrounding the low lying excitation
spectrum can be rigorously verified. This turns out to be essentially as difficult, as
proving BEC. So instead one can focus on the collective behaviour of the excitations and
attempt to compute the free energy, which also predicts the energetic behaviour of the
gas at positive temperature. For T <« T, with T, being the critical BEC temperature, the
following formula was predicted in [LHY57]

3 167mpa
f3(p,T):4nap2(1+ 12\;5Ewlpa3)+ r J;Izslog(l—e_‘lpﬁ%ppz)dp. (1.3)

15 (2m)3

The first term is exactly the ground state energy density and as T — 0 we retrieve
eq. (1.1). The second term is a temperature term involving the dispersion relation
D, = /p* +16mapp? predicted by Bogoliubov [Bog47]. Even though a thermodynamic
proof of the dispersion relation is out of reach, we have been able to verify eq. (1.3) first
done by Haberberger et al. [Hab+24a]-lower bound and Haberberger. et al. [Hab+24b]-
upper bound. In Chapter 4 we present a different proof for the lower bound of eq. (1.3),
which includes stronger interactions.

One could expect a similar free energy expansion in the 2 dimensional case. The
dispersion relation is expected to be the same and thus the predicted formula becomes

fz(p,T):2np5(1+(i+r+log(”))5)+ T Lzlog(l—e‘vp“mfpbf’z)dp. (1.4)

2 (2m)?

The above formula holds despite the non existence of BEC at non zero temperature in 2
dimensions. Even though we need BEC to verify eq. (1.4) we only need it at some finite



1.1. Content 3

length scales, where BEC turns out to exist. We provide a proof of the upper bound of
eq. (1.4) in Chapter 5.

1.1

Content

This thesis consists of eight chapters.

Chapter 2 sets the historical and methodological framework. In Section 2.2 we
present the early physical predictions and methods for the formulae egs. (1.1)
to (1.4), which also serve as motivation and guidelines for the mathematical work
in the field. In Section 2.3 we provide brief reviews of the relevant techniques and
results in the literature on the dilute Bose gas. We emphasize when techniques
or results are directly applied in later chapters, and we state the actual theorems
proved there.

Chapter 3 is a self-contained paper titled "The Ground State Energy of a Two Dimen-
sional Bose gas" [Fou+24c]. Here we provide a complete proof of eq. (1.2) including
both upper and lower bound. Section 2.3.1 in Chapter 2 sets the methodological
framework for this chapter.

Chapter 4 is a Review titled "Lower bounds on the energy of the Bose gas" [Fou+24b].
This review is meant to serve as a less technical exposition of [Fou+24c] and [FS20],
where many of the technicalities are avoided by considering the Gross-Pitaevskii
regime.

Chapter 5 is a self contained paper titled "The free energy of dilute Bose gases at
low temperatures interacting via strong potentials" [Fou+24a]. Here we present a
lower bound for formula (1.3). The result apply to hardcore interactions, making it
an important extension of [Hab+24a]. At the time of writing, this also provides the
simplest proof of eq. (1.1). Section 2.3.2 in Chapter 2 reviews relevant literature for
this chapter.

Chapter 6 is a paper-draft titled "A second order upper bound to the free energy of
the two dimensional Bose Gas.". We provide the upper bound for the formula (1.4).
Section 2.3.2 in Chapter 2 discusses the relevant literature for this draft.

Chapter 7 is a short paper titled "Ground state energy of a dilute Bose gas with
three-body hard-core interactions"[JV24]. It serves as a simple generalisation of
[Vis24] building upon Dyson’s work in [Dys57].

Chapter 8 is a paper titled "Derivation of Hartree theory for two-dimensional
attractive Bose gases in very dilute regime" [JV25]. We consider an attractive
potential in essentially any scaling regime softer than Gross-Pitaevskii. We provide
a proof of convergence to the Hartree energy, from which a proof of BEC follows.
Section 2.1.2 and Section 2.3.3 provide the motivation and an introduction to the
techniques applied in [JV25].






Chapter 2

Mathematical model and prior
results

2.1 The mathematical setting

We introduce here the mathematical definitions and some of the notions described in the
introduction. Our aim is to keep the exposition short and concise, while adapting the
notation used in later chapters.

2.1.1 The main model

The central model under consideration is the many body Schrodinger operator with pair
interactions

-

Hy=) -A+ Zv(xl- - Xx;). (2.1)
i=1 i<j
2

sym
subspace of L>(AN) and A = [0,L]¢ denotes a thermodynamic box. The ground state

Here Hy acts on the Hilbert space Hy = L2,,,(AN) where sym refers to the bosonic
energy is defined as

Exn = inf (V,HyW). 2.2
N ”W”:l< NY) (2.2)

In eq. (2.2) we did not specify boundary conditions, since they play no role here. We
define the ground state energy density in the thermodynamic limit as
En
= li —
p) L,I\}Illoo Ld
N _
d =P

(2.3)

which is exactly the quantity appearing on the left hand side of eqgs. (1.1) and (1.2).
At positive temperature T > 0, the minimizing procedure eq. (2.2) changes to instead
consider a minimization of density matrices, which we will also call states:

Si(Hy)={l € B(Hy)| Tr(I')=1, T >0} (2.4)
The free energy is given by the variational principle,

Fxy = inf Tr(HT)+ TTr(TlogT), 2.5
N resﬂnm r(HT) r(llogl) (2.5)

where the second term is minus the Von Neumann entropy. As T approaches 0 eq. (2.5)
converges to eq. (2.2) as it should. For positive temperature, however, excitations con-
tribute to the energy. By a variational principle, the minimum in eq. (2.5) is attained

5



6 Chapter 2. Mathematical model and prior results

at
e PH

Tr(e PH)’
with f = % Analogously to eq. (2.3), we define the free energy density in the thermody-

I = Fy = Tr(HT,) + T Tr(TylogI) = —T log Tr(e PHN), (2.6)

namic limit F
fUp,T)= lim ¥ (2.7)

which is the quantity appearing on the left hand side of eqgs. (1.3) and (1.4). We will
occasionally deviate from the Hamiltonian eq. (2.1) when considering 3-body interactions
in Chapter 7

N
HN 3 pody = Z_Ai + Z v(x; — X}, Xj — Xg), (2.8)
io1 i<k

with ground state energy density as in eq. (2.3).

Assumption 2.1. Throughout Chapters 2-7 the potential v appearing in eq. (2.1) or eq. (2.8)
will always be assumed positive (repulsive) and radial. For compactly supported potentials the
radius of the support will be denoted R.

One potential of particular interest is the hardcore potential

00 |x| < a,

Vhardcore(X) = { (2.9)
0 |x| > a.

which serves both as a “toy model” for physicists and a genuine challenge for mathe-

maticians. The parameter a is also the scattering length of vh,;dcore, SO NO ambiguity

arises.

Although assumption 2.1 makes it clear that negative potentials are hard to deal
with, one can actually allow for some negativity in softer scaling regimes. Softer scaling
regimes implies a connection between the thermodynamic limit in eq. (2.3) and the
strength of the interaction potential. To be precise we define

N d
N4p
HE = § —A; + VP (x) + N1 § v(NP(x; — xj)), (2.10)
i=1 i<j

where V™ is a trapping potential, ensuring the gas to be essentially confined in a
bounded region. The parameter f > 0 determines whether the gas is weak and long
range or strong and short range. In 3 dimensions g = 1 is the well know Gross-Pitaevskii
scaling, where the gas changes structure from being described by Hartree theory (p < 1)
to being described by Gross-Piteavskii theory. In 2 dimensions the scaling need to be
exponential for the same structure change. See section 2.1.2 for a heuristic explanation.

We also briefly introduce the grand canonical setting and Fock space formalism. The
Fock space of L?(A) is defined by

F(A):= é ®L2(A) = éLfm( "), (2.11)
n=0

n=0 sym
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The Hamiltonian with chemical potential y acting on this Fock space is

T . .

H, = @Hn —pn= Z’(p2 —paya, + o7 Z vik)a,ayap kg k- (2.12)
n=0 peA* p.k,geN*

where a, is the annihilation operator associated with the plane wave e'P*, and A* = ZT”Z"Z.

The definitions of ground state energy eq. (2.2) and ground state energy density eq. (2.3)

carry over analogously, except that the limit is only taken in L:

. =T _1
deock(’/l'T) = LII_)I‘I;L—dTI'(e TH”): (2.13)

The quantities eq. (2.13) and eq. (2.7) are related by the Legendre transform see [Rue69]
ie.
¥, T) = suplpp + foer (. T)). (2.14)
14

2.1.2 Scattering length

The quantity a appearing in eqs. (1.1) to (1.3) is the scattering length of the potential. As
is evident from these formulae, it plays a crucial role in the analysis of the dilute gas.
We present here the necessary definitions and properties, for further details we refer to
[Lie+05].

Definition 2.2. For a radial potential v with support in B(0, R) we define the quantity for any
R>R

Ed(R):inf{j ~|V<¢>|2+%v¢>2dx | ¢ e H'(B(0,R)), ¢|QB(OIR):1} (2.15)
B(0,R)

where
27t_
~ R 4
E4(R) = { lo8(2) (2.16)

e d=3.
R

The scattering length a > 0 is then the unique length solving eq. (2.16).

It is straightforward to verify that the above definition of a is independent of the nor-
malization length R. By a variational principle the minimizers of eq. (2.16) solve the
scattering equation

—A(p+%1/(p:0. (2.17)

Although the normalisation R only plays a trivial role in the two body setting, it still
plays the role of an important parameter in the two dimensional many body setting. We
therefore briefly explain the choice of this parameter.

The quantity E4(R)R™ is essentially twice the energy of two particles in box of size

R. From this, the Lenz term in eq. (1.1) can be interpreted as N(I\Zl_l) particle pairs each

carrying the pair energy 2E4(L)L™, i.e

N(N-1)

> 2E3(L)L 3. (2.18)

4mapN ~
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Thus, in three dimensions the "correct" normalization is at the thermodynamic length
scale, which effectively means taking R = co.
In two dimensions we examine eq. (1.2) and desire

N(N-1),

> EXR)L? = R=ae" . (2.19)

21tpoN ~
Here the L2 factor is retained because the wave function is expected to be approximately
constant between the R and L scales. The above choice of R is the same as in chapters 3,
4 and 6. However the parameter ¢ in eq. (1.2) deviates from 9y in chapters 3 and 4 by
a factor of 2, precisely in order to satisfy eq. (2.19). The author acknowledges that this
reasoning is somewhat “backwards” and offers limited insight into the true origin of 9,
which remains unclear.
Let ¢ denote the unique minimizer to eq. (2.16) with R chosen as above. From the
fundamental solution of the Laplacian and eq. (2.17) we have for |x| > R

1l
@ =4 log(y) (2.20)
a —
1- i d=3.
We further define
§=vp, w=1-¢. (2.21)
The integral of g, using eq. (2.17), satisfies
J‘ dx = 3(0) 47o d=2, (2.22)
X = = .
8 8 8ma d=3
where 0 is the quantity introduced in eq. (1.2), which we recall for convenience
2
(2.23)

0= .
|log(pa?)|log(pa?)|

Pertubative expansion of the scattering length

We briefly explore the Born expansion of the scattering length, which can be used
to heuristically justify the formulas eqgs. (1.1) and (1.2). We will not enter into the
mathematically rigorous aspects of this perturbative theory, but instead only present the
heuristic arguments. In this section we think of v € C(‘)"’(IRd) with small integral.

Starting with the three dimensional setting, let ¢ be the function from eq. (2.20)
and eq. (2.17). Then according to eq. (2.22), the scattering length is determined by the
integral of ¢ against v i.e.

E®=4na= J%vqodx. (2.24)

The goal is then to approximate ¢ and, through this relation, approximate a. Using
eq. (2.17) we can write

(A zv)p =@. (2.25)
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This equation yields an iterative pertubative description of ¢, namely
o 1
Q= Zd‘l’n, where Y, =(A lzv)”‘l’o, (2.26)
n=

and W, = 1 is the constant function. A straightforward computation shows that the above
definition of ¢ indeed solves the scattering equation (2.17)

(—A+%v)i i% - v)"¥, +% i
n=0 n=0 n=0

where we used —AY; = 0. Moreover ¢(x) from eq. (2.26) converges to 1 as |x| goes to
infinity since W,, — 0 for n > 1. By uniqueness of solution we may conclude that eq. (2.26)
is valid. According to eq. (2.24) an approximation for 4ma is therefore

4ma ~ ZJ —v\Wdx = Z—[ A‘ v\Pde
k<n k<n

We compute this for n = 1, obtaining

1 - 1 1 (v(p)?
47ta ~ j Ev\I’deJrJ. v(A7! )‘I’de =5 j x @) 12 dp, (2.27)

the last equality follows from Plancherel’s formula.

We return to the same question in two dimensions. A key observation in the 3
dimensional case was that W, (x) — 0 for x — oo for n > 1, owing to the fact that (without
mention) we used the fundamental solution of the Laplacian that decays at infinity.
However, in two dimensions we do not wish to normalize at oo, as explained in the
previous section. Instead, we wish to normalise at some fixed parameter R, and thus
choose the solution

- 3070 = [ v tog 8 (2.2

which, when R > R (the support of v), essentially satisfies the desired normalization. The
same approximation as eq. (2.27) in two dimensions then reads

27_(_ ~J.le0dx+le(A_IEV)Wodx=ldeX— ! 5 7f(p) A(O) 1|p|<26 rgdp,
ln(g) 2 2 2 2 (27) 4p? 4p?

(2.29)
where the last equality follows from the Plancherel’s formula and the Fourier transform
of the logarithm (see Chapter 3 Section 3.4).

N scaling in scattering length

In eq. (2.10) and further in Chapter 8 we consider a potential of the form

Vb (x) = N}\jﬁ (NPx). (2.30)
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One may ask: what is the scattering length of vlfi, and how does it depend on f? In

three dimensions these questions are quickly answered by scaling out some of the N-
dependence. Indeed, from eq. (2.16) we have

|x]—00

4naﬁN:inf{J VoP + 2ob¢2dx | lim ¢>(x):1}
R 2 (2.31)

1
=N7F inf{f IVoI? + =NFlvp?dx | lim ¢(x) = 1}.
R3 2 |x]—00
We see that due to the factor Nf~! in front of the potential, the kinetic energy is dominant

for p <1, so the minimizing ¢ will be essentially constant and 87w§]N/3 ~ Jv. However,

for g > 1, the potential term dominates and af\,Nﬁ ~ R where R is radius of the support of

v. Clearly for § =1 the scattering length of the underlying potential v emerges.

In two dimensions we wish to find at what value of g the scaling causes transitions
from depending essentially on the integral of v to depending on the range of v. Since we
cannot let R = co, we set, for simplicity, R = R the support of v. From the same scaling as
in eq. (2.31) we find

271 . L g
— = mf{f Vo> + Evll\,¢2dx | ¢oBo,R) = 1}
log(aT) B(0,R)
N

1
=inf Vo> + —vp’dx =1.
{J;?(O,RNﬁ)l ¢| 2N (P | ¢|9B(0,RNﬂ) }

If the kinetic term of the above is dominant, then

1 f,
log(5) 2N
N

If, however, the potential term dominates we find

21 27

log(%) log(RTNﬂ).

Setting the two right hand sides equal we find

4ntN

1 271
—_— V= —m—} — Z\]lS = eIVdX, (232)
2NJ log(RTNﬁ)

From this simple heuristic computation, we may draw the following conclusion.

Remark 2.3. In two dimensions the potential vf,(x) = N2~1y(NPx) for any p > 0 has a

scattering length that depends only on the integral of v in the large N limit. The same
conclusion holds for any sub exponential scaling.

The above remark provides believability to the result in Chapter 8, whereas eq. (2.32)
gives a hint of optimality.
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2.2 Early works on Bose gases

We will briefly discuss the seminal works of Bose and Einstein [Bos24; Ein24], Bogoliubov
[Bog47] and Lee, Huang and Yang [LHY57]. Although all these papers only address the 3
dimensional setting we will carry out the analysis in both 2 and 3 dimensions.

2.2.1 The Ideal Bose gas

We begin by reviewing some of Einstein’s computations, in which he discovered the
existence of Bose-Einstein condensation (BEC) in the ideal Bose gas. The ideal Bose gas
is modelled by the Hamiltonian eq. (2.1) with v = 0, that is we consider

N
HI = Y - (2.33)
i=1

acting on Lszym(AN). Although one can proceed in the canonical setting (see [ZUK77]) it

is simpler and clearer for our analysis to work in the grand canonical setting. Hence we
consider the Fock space Hamiltonian eq. (2.12)

H,{m = ZH,{M —pn= Z{(p2 — W)ayap. (2.34)
n=0 pEA*

According to Equation (2.6) the state with lowest free energy at temperature T = % is

_ﬁH;:'ree co eﬁ”ne_ﬁthree
¢ _ Lo . (2.35)

r = free free
Tr e PHr Tr e PHx

y"

Our goal is compute the average particle density in this state. The average number of
particles is given by

oo - H{;“’e ) ree
Y % nePrn Tr(e=PH™) _ TilogTrZeﬁ””e_ﬁH’{ .

Tr(NT,) = —
a ZZO:O ebBun Tr(e_/sH:{ ) al/l =0

Using the second expression of eq. (2.34), one can use the occupancy numbers basis to
compute the trace

. a 1
Tr (e_ﬂ ZpeA*(pz_")“p“p) - I_[ Ze*ﬁ”(PZ*l‘) = ]_[ —_.
F(L2(A)) peA 10 peh 1 — ePH-Bp

From this we obtain the average density in the system

Tr(NT,) T 9 1 ePu—Bp’
=——"5r =——2=) —log(l-efrfry=—5% ————. 2.
Py Lé L4 du Z og(l—¢ ) L4 Z 1 — eBr-Bp? (2.36)
peEA* peA”
Naively taking the limit L — oo yields the integral
1 ePr—pp’? J 5 37
= (2m)d _fmd 1 — eBr—pp? P- (2:37)
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From this we see that the average density p in our thermodynamic gas is bounded by the
limit of y — 0~ of p,, which yields the following conclusion

p<pc= lim

eBr—pp* 00 d=2, 5 38
p—00 Jga 1 — ePH-Bp? b= (2.38)

C(3)(4np)>?  d=3

For d = 2 this result is void, but perfectly valid, however, in three dimensions we see
the density is bounded by a constant depending only on the temperature. This is the
absurdity discovered by Einstein [Ein24]. He goes on to resolve this conjecture, by arguing
that a macroscopic number of particles occupy the 0’th momentum state. In other words,
the limit in eq. (2.37) should be taken jointly in x and L, producing an additional o, term
whose size corresponds to the excess density all of which resides in the 0’th momentum
mode. We thus obtain the following theorem:

Theorem 2.4. The three dimensional ideal Bose gas, described either by the Hamiltonian
eq. (2.33) or eq. (2.34), exhibits Bose Einstein condensation for p > p.. That is,

Tr(/\/ol“ﬂ)

T —p-pc (2.39)

where Ny = ayag and the limit is taken jointly in p and L, while keeping the average density
fixed at p. p, is given in eq. (2.38). In two dimensions the ideal Bose gas only exhibits Bose
Einstein condensation for T = 0.

The above theorem is extended to the non ideal setting as a conjecture in the dilute
regime (pa? < 1), where the interaction v may only play a minor role and the BEC of the
ideal gas could persist.

Conjecture 2.5. For v > 0 the Gibbs state from eq. (2.6) exhibits Bose Einstein condensation.
Le. there exist a p.(v, T) > 0 such that for p > p, and pa® < 1 we have

Tr(Nye PHN)

Te(e PyLd PP (2.40)

where the limit is the thermodynamic limit with fixed density p. In three dimensions p.(T,v)
may be finite for any temperature, while in 2 dimensions it is expected to be finite only at T = 0.

At present, there are essentially no mathematically rigorous results concerning this
conjecture in the thermodynamic limit. However, lower bounds on p, for the occurrence
of BEC have been obtained (see [SU09]), and positive results exist in softer scaling regimes
such as Gross—Pitaevskii or for the Hamiltonian eq. (2.30) with g <1 (see [Boc+18; CCS21;
LS02]). Although we will not present it here, we mention that Penrose and Onsager
[PO56] provided some elegant mathematical formulations of BEC via the one-particle
density matrix. This is the definition of BEC used in Chapter 8.
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2.2.2 Bogoliubov approximation

Turning now to the famous 1947 paper by Bogoliubov [Bog47]. The starting point is the
second quantisation of the Hamiltonian eq. (2.1)

Hy = Z —-A; +Z Zp _d Z vk)ayagay kagk- (2.41)

i<j peEA* p.g,keN*

We consider this Hamiltonian at zero temperature and focus on its ground state energy.
Motivated by Theorem 2.4 and Conjecture 2.5 one may expect that the ground state of
Hy also exhibits Bose-Einstein condensation and thus the a,’s play a distinct role. More
precisely we have

ayag = N, [ag,ap] =1 (2.42)

where we assume N ~ N. Since the commutator [a,aj] is negligible compared to the
size of ay,aj;, we simply assume they commute and replace ay and a;, with the number
VNj. This leads to the approximation

* /\(O)N N /Tp) * >(-
Hy ~HP = szapap + 2+ =2 (@(0)+V(p))aya, + ——(ahat, +aya_p)
0 2L L 2
pEA* p#0
\/N
O Z A(k 2a a_kapik + Zak p+k 2Ld Z A(k qap+kaq_k.
p q9,p+q9#0 p,q#0

Although Bogoliubov did not address this, one should note that the above Hamiltonian is
no longer particle preserving and must be defined on the Fock space. We emphasize this
by removing the N in the notation of the Hamiltonian.

The above terms naturally group into Qg, Q,, Q3 and Q4 depending on the number
of creation/annihilation operators. Bogoliubov argued that Q3 and Q, are of lower order
since they contain fewer factors of Nj. Ignoring them yields the quadratic Hamiltonian

Hy ~ Hgereic - TONG | Z Z(A(O)+A(k)) ;(a;,a*_pmpa,p). (2.43)

d
2L peEA® peEA®

The terms involving v{0) combine

TIONG + Mo Z’ro @, ~ N*7(0) (2.44)

At this point Bogoliubov realised that the quadratic Hamiltonian can be diagonalised
via what is now known as a Bogoliubov transformation. In order to implement it we
introduce the creation and annihilation operators

* 2 v

a,+a,at p~+vip)po—D (4

b, = p—pzp’ a, = 07p) i Dy = [p*+2p%povip) (2.45)
1/1 -«

p
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where py = 77, the operators b), by, satisfy the canonical commutation relations, and a

Ld ’
straightforward computation shows

Hquadmtic

2Ld ——Zpﬂp ZD;;bpbp (2.46)

p=0 p=0

At the end of [Bog47], Bogoliubov mentions that Landau pointed out the v{p) should be
replaced by gi(p), see eq. (2.21). This replacement can be partly justified using the first
order approximation of the Born series eqgs. (2.27) and (2.29). Although not explicitly
stated by Bogoliubov the above formulates the following conjecture.

Conjecture 2.6. In the thermodynamic limit the low excitation spectrum of Hy is described
by the Bogoliubov Hamiltonian H'°8. More precisely,

Hy ~H"8 =NC(L,p,v Zpr (2.47)
p=0

where C is a constant depending on L, v and p. D), is the dispersion relation
D, = +/p*+2ppg(p). (2.48)

The above conjecture is completely open, and basically unapproachable with current
techniques. In fact, we know nothing of the excitation spectrum in the thermodynamic
limit. We don’t even know how the gap closes. However, in the intermediate Gross-
Pitaevskii scaling regimes, Conjecture 2.6 has been established in 3 dimensions [Boc21;
Boc+19; BSS22; HST22a; NT23] and in 2 dimensions [CCS23].

Rather than focus on the full spectrum, one may try to compute the constant C(L, p,v).
Bogoliubov already derived such a constant: from eq. (2.46), replacing v by g and p by
p, his ground state energy estimate becomes

C(p,v)=Np (23'10) - m Jpz +8(plp—+/p*+ 2pzpﬁp)dp)- (2.49)

Using eq. (2.22) to evaluate g{0), the first term coincides with that of the Lee-Huang—Yang
formula eq. (1.1). However, the second-order term has the wrong sign and may even
diverge—an issue that was later corrected by Lee, Huang and Yang.

2.2.3 The Lee Huang Yang Formula

We now revisit a method of deriving the Lee-Huang—Yang formulas eqgs. (1.1) and (1.2)

using the Bogoliubov and Born approximations. Starting from the quadratic Hamiltonian

in three dimensions after the Bogoliubov approximation eq. (2.46), we add and subtract
the term

vp)’

(2n)* ) 4p?

(2.50)
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which gives

Hquadratic _ ﬂO)Nz B NP 77(,‘0)2
N 2L (2m)3 ) 4p?

1 Np (7(p) .
-2 povlplay+ o7 ) 22 dp+) Dybyb,.
p=0 p=0

The added and subtracted term is precisely the second term from eq. (2.27). This has two
consequences:

1. The first line above becomes a better approximation for 4Npa, since it now
matches the two-term Born expansion eq. (2.27).

2. It regularizes the potentially divergent sum, which in the thermodynamic limit is
replaced by an integral.

Using the approximation eq. (2.27), we obtain

I3 ) \/# 2 V(p)?
~4““PN—2(ZR)3JP +v(p)p—p*+2p*pvip)—p 20?2 dp

where we have replaced py with p, since they are expected to be close. This integral can
be computed in the low-density regime, where it is valid to approximate v{p) by v{0).
Performing the computation yields

quadratic
EN

Equudratic

5
3,quadratic — 1 N - 2_ w 2 — 4 2_ L
e (p) L,}I\\]}Iiloo I 4map 227 p +1—4p*+2p 27 dp

d =P
5
B 5 128 3 @ 2
=4map [1+—15ﬁ pa o .

If we further use the first-order Born approximation v{0) ~ 8ma, we recover exactly

eq. (1.1).
Applying the same approximation scheme to the two dimensional setting, now using
eq. (2.29) and keeping R as a parameter, we obtain

27t 2 Zi}\(o)Z
(p)= =+
log(3)

(p910))” 4y g2 L
+ ;)(27‘()2 Jpz‘l'].— p4+2p2—?1p2267rdp.

Here we set R = ae® ' asin eq. (2.19). Asin 3 dimensions we also replace v{0) ~ g(0) = 47o.
Combining this yields

e2,quudmtzc

log(+/pP(0)R)

(2.51)

eZauadratic (o) — 27p5(1 + (i +T+ !

which matches eq. (1.2).
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It should be noted that this approach provides no clear justification for the choice of
0. In fact, if v{0) could always be replaced by g(0) in eq. (2.51), the optimal choice would
be 6 = 0. Nevertheless, it still offers a heuristic picture of where the constant originates.

Lee, Huang and Yang did in fact not use this approximation to arrive at eq. (1.1).
Instead they considered the pseudo potential

0
V= 8nabowlx|.

Where 8mad replaces all previous v{p) with 87a and |x|ﬁ adds the term from eq. (2.50).
This in total produces the same type of approximation.

Finally, note that the formulas eqs. (1.3) and (1.4) follow by inserting the constants
from eqgs. (1.1) and (1.2) into eq. (2.47) and computing the trace as an ideal gas computa-

tion
_ . 1+4 )
%JTJ(MZ}JDP%) ” ﬁ flog(l —ePr)dp = (2 ;1 J log(l - e‘\/m)dp,
1 7 - IRd

where F1 denotes the Fock space orthogonal to the constant function.

2.3 Rigorous works

In section 2.2 we described the ideas and intuitions for eqs. (1.1) to (1.4). But the lack of
rigour is unsatisfactory for a mathematician. In particular, the use of perturbation theory
(or equivalently pseudo-potentials) and the neglect of Q3 and Qy are difficult to justify.
Here we present some of the results that laid the rigorous foundations on which later
chapters are build. This section is not intended as a full review, but rather as a way to set
the historical and methodological framework for the papers discussed later in the thesis.
For more detailed reviews, see [BCC23; Lie+05; Rou20; Sol25].

2.3.1 Lee-Huang-Yang formula, again

From a rigorous perspective the Lee-Huang-Yang formula eq. (1.1) should be read as two
inequalities, that will be proved separately: an upper bound and a lower bound. We start
by providing some of the history and methodology of the upper bounds, as the lower
bounds usually draws inspiration from the upper.

Upper bounds

The fundamental idea of an upper bound is straightforward: one “guesses” a good trial
state and then computes its energy. Both steps, however, can be extremely demanding.
The first rigorous upper bound to ¢*(p) was found by Dyson [Dys57]. He constructed a
trial state Wy satisfying

(PN, Hy W)

TE < 4mapN(1 + C(pa®)3) (2.52)
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which by the variational principle immediately yields

3 (PN, Hy W) 2 33
e’(p) < L%}me <4map”(1+C(pa’)3). (2.53)
3P

This bound recovers the correct first order (Lenz) term in the dilute expansion. Dyson’s

F=| | (2.54)

i<j

trial state was a variant of

where fl? is the scattering solution to the pair (x;, x;) normalised at length b, and extended
by 1 outside B(0, b). The strength of this ansatz is that it correctly captures the behaviour
near particle collisions. The order of the error (pas)% comes from the minimization of two
error terms. The first coming from the truncation of the scattering equation, eq. (2.16)

E3(b) < 4ma(l - %). (2.55)

The second comes from the use of the inequality
N
=] 07 2[1—21 —<ffi~>2] [ ]2 (2:56)
i<j i=2 1<i<j
which yields the following lower bound on the denominator
Wy |1 > (L3 - CNabz)f ]_[ (fjﬂdxz..de.
1<i<j

Here L? is the main order, and the above generates an error of order pab?, thus the choice
of b= p_% minimizes the sum of the two errors and leads to eq. (2.53).

Recently in [Bas+24], the energy computation of Fy was improved by applying
eq. (2.56) to all indices and making a much finer comparison between denominator and
numerator. This allowed the choice b = C~!(pa)~!/2, leading to the bound

)

The constant C here is unfortunately much larger than the constant in the LHY formula

Nl=

e>(p) < 4map?(1 + C(pa’)

(1.1). Nevertheless, this is currently the best known upper bound on e3(p) for the hard-
core potential eq. (2.9), and so eq. (1.1) remains an open problem for the hardcore
gas.

In two dimensions the same trial state eq. (2.54) can be used with analogous methods.
This was carried out in [LY01], where the following upper bound was obtained

Wy, HyW, 2 b?
M < pNE2(b)(1 +pjl ~(f"dx) <N—E 1 c 2.
[Pl log(;) log(7)
A minimization over b gives b = # which, using the notation Y = |log(1paz)|’ yields

e?(p) < 4mp*Y(1+CY). (2.57)
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Replacing 6 = Y — Y?log Y + O(Y?) shows that this reproduces the correct first-order term

of eq. (1.2), but is wrong at order Y2log Y, which is larger than the second-order term.
After a gap of more than 50 years, Erdés, Schlein, and Yau [ESY08] improved Dyson’s

bound by considering minimization over quasi-free states, i.e., states of the form

W = Wy, ePQ e F(A). (2.58)

where B is a Bogoliubov transform on the excited Fock space, () is the vacuum, and Wy,
is a Weyl shift, which effectively produces Bogoliubov first approximation a, aj — N,
eq. (2.43). The Nj is chosen last such that

(Nyy =pL°. (2.59)

Evaluating the Grand canonical Hamiltonian in such a state using Wicks rule (see [Sol07]
for details) gives

N
w, ) = YO 2 oty o lpIay s Y (@pay + TR ),

0=peA* p.geN*
(2.60)

where

Yp = <a;ap>\lh ap = <a;aip>\y =(apa_p)w, lay| < \[7’,0(1 +7p)-

The last inequality is a requirement for 3 to be a Bogoliubov transformation. Note also
that in eq. (2.60) there is no cubic term, since odd-order terms have zero expectation in a
quasi free state. In [ESY08], the authors inserted the ansatz a, ~ —p@(p) (see [Sol25] for a
nice heuristic argument indicating this ansatz) and then carried out an exact minimization
over the quadratic terms in « and y. This yields

e(p) < 47wp2(1 + 122\7%@% sz\/ﬁ(ﬂm—jﬂm) (2.61)

where we also used eq. (2.14) combined with eq. (2.59). In the setting of a "weak" potential

whose integral is close to the scattering length, the above indeed finds the Lee-Huang-
Yang energy. However, in the hardcore setting the above bound is trivial. Funnily enough
the ground state of H"$ eq. (2.47) would have achieved the same energy precision, even
though the approximation leading to H?*¢ completely neglects Q4, which now is known
to contribute at leading order.

Seeing the success of the quasi-free states, one might hope that a more precise min-
imisation of eq. (2.60) could yield the Lee-Huang—Yang formula. However, this is not the
case, since the cubic term plays a significant role exactly at the Lee-Huang-Yang order.
See [NRS18a] and [NRS18b] for a true minimisation of eq. (2.60).

It should be noted that the same quasi-free approach in two dimensions already fails
at the leading order. This is due to the fact that v{0) > g{(0), which makes the setting
resemble the hardcore case, something quasi-free states do not handle well. See [Fou+19]
for a result in the setting v{0) ~ g(0).



2.3. Rigorous works 19

The correct upper bound for eq. (1.1) was obtained by Yau and Yin in [YY09] who
realised that Q3 contained the negative contribution needed to establish the Lee, Huang
Yang formula (1.1). They first applied a clever Dirichlet localisation technique from
[Rob71] to obtain

<‘I—’,HL3P‘I’> <‘I’,Hgap‘l—’>
1nf —_— S il‘lf _—
(=1 L3 IWll=1 03

R
¢

CpL3

(1+C R

)+

(2.62)

for any ¢ satisfying R < ¢ < L. In order to capture the Lee-Huang—Yang correction, using
this localisation, one needs ¢ > (a?p)~!. After localising, the problem reduces to a finite
box. The state they constructed, on this finite box, resembled

_ JA+B
W = A By Q, (2.63)

with B a Bogoliubov transformation and

A= Z Z Aoy @p sy @ iy @2y = hoC. (2.64)

keA*v~yJpa

This transformation introduces what they called soft pairs: two particles with high
momentum colliding to produce one particle with zero momentum and one with low
momentum. They characterised low momenta to be of order 4/pa, and high momenta as
of order a1, this idea has since been used religiously.

Yau and Yin did not quite use the state of eq. (2.63) as they needed to only have
each soft pair appear once. So they expanded the exponential and only kept the terms
where each soft pair appeared at most once. This led to a lengthy technical computation,
later simplified in [BCS21]. There, the authors ensured that each soft pair was created
only once by inserting a projection into A, which allowed them to work with the full
exponential. This also permitted a significant relaxation of the assumptions on v.

One could attempt to adapt the methods of [BCS21] or [YY09] to the two-dimensional
setting, but our own attempts only succeeded in obtaining the second-order term, without
determining the constant.

Very recently, in [Bro+25] the authors provided an upper bound including the third
order correction. First predicted by Wu in 1959 [HP59; Saw59; Wu59]. They proved

128 4
15ﬁ1/pa3+8(?n—\/g)pa3log(pa3)+0(pa3) . (2.65)

The state they considered was also of the form eq. (2.63), though here A had to include

e’(p) < 4map? (1 +

not only soft pairs but essentially all momenta, which greatly increased the complexity
of the computations. It should be noted that formula eq. (2.65) includes the last term
where universality is expected. This work built on the corresponding Gross—Pitaevskii
result in [Car+25], where the associated lower bound was also established.

Lastly, we briefly discuss the upper bound [Bas+22], which had significant influence
on the upper bound in [Fou+24c] Chapter 3. There, the authors used a state of the form

v = FeBQ, (2.66)
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with F the Jastrow factor from eq. (2.54). This is the same type of state we use in Chapter 3.
The key point is that F "softens" the potentials, to the extent that the last term in eq. (2.61)
is an error. To see this, one applies the IMS localisation formula

F Z—AiF = ZP?(—AZ- +|V;Ei2 - 4J1 ~F2-Aj41 —FZ.Z) (2.67)
1 1

where F; =[], fij and F;F; = F. For an upper bound we may throw away the last negative
term. We can combine the middle term with the potential using integration by parts to
get
1
FHF <Y F3(-Aj)+ ZF?(—AZ- Lo —x]-)fij) iR (2.68)
i i#j
where R are terms in which V; hits two different factors of F. If one ignores the F;, the

above is a Hamiltonian with the interaction potential 7 = —2Af? + v f¥. This potential has
the same scattering length as v and satisfies

Clog(f) =2

7(0) —g(0) < { log(§)log(2) ’ (2.69)
Ca? d=3
: = 3.

One may then apply the result of [ESY08] or [Fou+19] for appropriate b. The reason this
method does not work in 3 dimensions stems from the difficulty of estimating the impact
from F on the norm of W, however, in two dimensions we made this part work.

Lower bounds

The first Rigorous lower bound to the energy is also due to Dyson [Dys57], where he
provided a lower bound for the hardcore potential eq. (2.9). He used what is now
commonly referred to as the "Dyson lemma".

Lemma 2.7. Let v be positive and radial with scattering length a and support Ry then for any
radial U which satisfies

f Ur?dr<1, and U(r)=0 for r<R,, (2.70)
R3
we have for any starshaped domain B C R® and W € H!(B)
1

J V% + —v|¥|? > aJ UWw|?. (2.71)

B 2 B
The same holds in 2 dimensions, with eq. (2.70) replaced by

JUlog(g)rdr <1, and U(r)=0 for r<R,,

and with a in eq. (2.71) replaced by 1.
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The Lemma follows from minimizing along each radial ray (hence star shaped), where
the minimizer is shown to solve the 1D scattering equation.
Defining for each i

; 1
H =-A; + 5 Zv(xi - Xj),

j=i
then for a fixed configuration of points (xy..,x;_1,X;,1,.,Xy) we may apply Dyson’s lemma
on the convex Voronoi cells

Bj={xe A|mkirl |x; = x| = lx; = x;1}
resulting in the lower bound
Hy 2 aWi(x),  W;(x) = U(min|x; — xj]).
j#i

Dyson used this lower bound with the specific choice

max (R — r3, 0)
3(3R2-Ry(R-3Ry))

U(r) = Ly>R,- (2.72)
where R > R is a parameter. Since v is the hardcore potential, one can apply a sphere
packing result (Dyson used [Bli29]) and minimize over R, leading to

N
1
Hy2a) Wi(x)> 15V2rNpa(l - CRopd).
i=1

Although this bound does not give the correct constant, Dyson’s method paved the way
for Lieb and Yngvason, who proved the correct first-order lower bound in [LY98]. They
applied Dyson’s lemma to (1 — ¢) of the kinetic energy obtaining

N

A+ (1—¢) Zan-(x). (2.73)

i=1 i=1

HNZE

gk

Treating the potential term as a perturbation of the kinetic one finds using Temple’s

inequality

(Hfhw, - <HN>\2;10
E; —(Hn)w,

where Y is the constant function (ground state of kinetic energy) and E; is the second

Hy = (Hn)w, —

(2.74)

eigenvalue of H. This bound is valid when E; > (Hy )y,. Choosing U similar to eq. (2.72),
the box. Thus for the second term of eq. (2.74) to be an error we require

one can compute (Hy )y, ~ 4N pa and we know E; where L is the side length of

€
2 > 4npaN,

which implies
L a(pas)_%.



22 Chapter 2. Mathematical model and prior results

Hence the proof can only work in boxes not too large, necessitating a localization. We
localize using a Neumann localization to get

Hyz ) ZH,?/ (2.75)
YN J

where we ignored particle interactions between boxes and allowed jumps in continuity
B:

of the wave functions between the boxes. Finally, estimating H,, using eq. (2.74) and

choosing the parameters R, L and ¢ appropriately yields the result

L

Hy > 4mpaN(1 - C(pa®)17). (2.76)

In [LYO1], Lieb and Yngvason applied the same method to the two dimensional gas and
found essentially the same result retrieving the first order (Schick) term of eq. (1.2).

We also mention a condensation bound which follows from the proof of eq. (2.76)
[LS02]. Here Seiringer and Lieb observed that most of the kinetic energy was not used in
eq. (2.73); indeed, we only needed the kinetic energy —A; when the nearest neighbour of
x; was closer than R. Keeping this "outer kinetic energy" and using a Poincaré inequality
leads to a condensation estimate.

Theorem 2.8. Let Hy be the Hamiltonian given in eq. (2.1) with Neumann boundary condi-
tions, A = [0,L]* and v > 0 with scattering length a. Then for pa® < 1 there exist a C such
that for any trial state WV we have

<n+>\2y

(Hy)w = 4mapN(1 - (Cpa3)%) +N 2

(2.77)

where n, is the second quantisation of the projection orthogonal to the constant function. Thus
if W satisfies (Hy)w < 4mapN(1 + (Cpa3)117) we conclude
(n i

% < CL+fap(pa®)3. (2.78)

Equation (2.78) bounds the fraction of non-condensed particles in a wave function of
sufficiently low energy. This was used in [LS02] to prove condensation in the Gross-
Pitaevskii limit. The condensation estimate is also used as a priori bounds in both
[Hab+24b] and Chapter 5. An equivalent result to Theorem 2.8 can, with the same
method, also be proven in two dimensions.

The correct Lee-Huang-Yang energy has been obtained in various settings [Boc+18;
Boc+19] for the Gross-Pitaevskii regime, and in [GS09] under the assumptions of weak
interactions. However, it was the seminal work by Fournais and Solovej [FS20; FS22] that
first provided a rigorous lower bound for eq. (1.1) for a general potential, thereby settling
the formula definitively. We shall provide a brief overview of the result [FS20] as many
of the techniques are reused in Chapters 3 to 5.

The first step is a localisation just as in [LY98], but instead of using a Neumann
localisation we would like our resulting Hamiltonian to be periodic. For this purpose
we draw inspiration from [BS20] and [BFS20] in which the authors develop the so-called
"sliding localisation technique".
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Theorem 2.9. Let A denote the Laplacian on R? then

2
—Azf:f;du = | Qun [VE - ] xu v G (279)
R4 2 € 62
where x, € CéVI(Bu), =u-5u+ e] and Q,, is the projection away from the condensate in

B,,. Lastly s> 0and b >0 are constunts depending only on .

While the above theorem is a simplification of what is used in [FS20; FS22], it does
convey the message. The high-momentum kinetic energy is essentially unchanged, which
is crucial, as high momenta dominate the kinetic energy contribution. The additional
term bQ/¢? is positive and larger than many error terms, allowing one to use positivity
arguments rather than delicate estimates. Theorem 2.9 reduces the thermodynamic
problem to one on a box B, with the modified kinetic energy eq. (2.79). To approximate
the Bogoliubov sum by an integral, one requires ¢ > (pa)~"/?, but £ must also be small
enough to make use of the spectral gap 1;_(23 and to bound the number of excited particles,
as in Theorem 2.8.

The second step is a clever algebraic decomposition of the potential v, extracting the
relevant contributions and leaving a complicated but positive remainder Q}°", which can
be discarded for a lower bound,

V= Qren + Qren + Qren + Q + Qren + Qren (280)

where the indices indicate the number of non-zero creation and annihilation operators
(for Q)" this is not true). Full definitions appear in Chapter 5 Lemma 2.2. Importantly, v
only appears in Q;°"; all other terms involve g or gw eq. (2.21), allowing momentum-space
analysis even for the hardcore potential. By simple computation,

— ng(ng—1
Q" =) PBg+gonn = @0)+go(0) o, Q=Y RRgop~0 (251)

i<j i<j
where ny = apay. In fact without localisation, Q" would vanish exactly due to mo-
mentum conservation. Combining Q)" and the kinetic energy while ignoring some
technicalities, we have

* * * * n *
QX"+ T ~ Z( |A| )p a, + ’\(p)(ap _paoao+apa_pa0a0)+§(0)ﬁapap. (2.82)

The last term can be combined with the first term of Q(", just as Bogoliubov did eq. (2.44).
We carry out the replacement ay +— +/n1;, using c-number substitution, see [Lie+05],
which is a rigorous way of using a coherent state quantization in order to do exactly
what Bogoliubov did. After this replacement we can diagonalise eq. (2.82) using the
Bogoliubov transformation eq. (2.45)

N(N-1) _ Hy(ny—1) 1 ) n, n,
W/g\(oﬂgw(o)w—mzp +§TP)W—\/P4+2P2W§(P)

+ Zprpbp — errors.

Qren + QEEV[ +T 2
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We recognise gw(0) as the term that normalises the sum/integral yielding the Lee-Huang-
Yang term. For n, = N, we find

Qy"+QY"+T >4nNpa(l + \/_,/pa —errors+ Zpr; b- (2.83)

Finally one combines the last terms and finds

Zpr;bp Y+ Q" > 0—errors.

This step is the most technical, both in [FS20; FS22] and in Chapter 3. Here one uses the
idea from Yau-Yin’s upper bound [YY09]), to discard all momenta not corresponding to a
soft pair. After that, one carries out a second Bogoliubov transformation and bounds the
errors using a priori condensation estimates.

In [FS20; FS22] and Chapter 3 we use Theorem 2.9 again to go into boxes of size
{ < (pa)‘% where they improve upon Theorem 2.8, see [Fou20] for review of the method
and result. It is, however, possible to make due with the condensation estimates provided
by Theorem 2.8, which we do in Chapter 5 significantly reducing technicalities.

In Chapter 3 we prove the following theorem, which is a restatement of Chapter 3 The-
orem 2.1.

Theorem 2.10. For any constants Cy, 1o > 0 there exists C,1 > 0 such that the following holds.
Let v be a non-negative, measurable and radial potential with scattering length a and satisfying

Co [ a \lo
v(x)sﬁ(m), x| > Coa.

Then for pa®> < C™!

< Cp252+1/[

e*(p) - 27zp6(1 + (% +I+ 1og2(7t))5)

with o given in eq. (1.2),

2
~ |log(pa?|log(pa?)l-1)|

2.3.2 Free energy

We briefly review some rigorous results concerning the free energy of the dilute Bose gas
eqs. (1.3) and (1.4). Most relevant are [Hab+24a] and [Hab+24b], in which the authors
establish eq. (1.3) through lower- and upper bounds respectively.

For the lower bound, one could in principle compute the free energy by establishing
Conjecture 2.6, with the right constant, in a sufficiently large box. However, the sliding
localisation technique (Theorem 2.9) seems to alter the kinetic energy too much to recover
the excitation spectrum. Therefore, in [Hab+24a] the authors instead return to [LY98]
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and use a Neumann localisation eq. (2.75)

H> Y ) AL+ ) vpolxi—x)), (2.84)

boxes i<j

where the box is of size £. This has the disadvantage that the potential no longer has
a nice structure in the Neumann basis. They resolve this by "Neumann symmetrising"
the potential, which effectively amounts to adding “mirror particles". If one assumes v

sym

decreasing so that v*¥" < Cv then for sufficiently low energy states W, one can show

2
<szz;n(xi_xj)_vbox(xi_xj»\y < %7(0)];—3. (2.85)

i<j

The above is an error if v is integrable and the box is much larger than (pa)_%. Choosing
the box just larger than (pa)‘%, essentially puts us in the Gross-Pitaevskii scaling with
a nice kinetic and potential operator. In this setting there are many impressive results,
which compute the excitation spectrum, some of which we already mentioned. In
[Hab+24a] the authors in particular draw inspiration from [HST22b; NT23]. It should
be noted that the error in eq. (2.85) is bigger than the size of the first eigenvalue, thus
the individual eigenvalues in the excitation spectrum are not deduced in [Hab+24a], but
instead only their collective behaviour.

Equation (2.85) highlights a particular difficulty posed by the hardcore potential
(eg. (2.9)). In Chapter 5 we avoid the issue of symmetrising v by first using the renormal-
isation eq. (2.80) and then discarding Q;*". Thus we only need to symmetrize ¢ and gw,
which are both integrable.

In [Hab+24b] the authors take inspiration from [BCS21], which we briefly discussed
in Section 2.3.1. They use a trial state similar to the one in [BCS21], but instead of having
the cubic and quadratic transformations act on the vacuum eq. (2.63), they act on the
Gibbs state of the quadratic Bogoliubov Hamiltonian eq. (2.47). L.e the state they use is
essentially

[ = BredeP WNOe_ZDPb;bP Wj{,oe’Bl e Ae™B (2.86)

where By and B, are Bogoliubov transformations and A is the cubic transformation. Not
evaluating on the vacuum complicates matters significantly. One idea they employ is to

n A
eA = el Ak l_[eAk
k

"open up" e,

so instead of working with e# directly, they use the product representation on the
right. This allows them to compute only the individual commutator [Ay, H] which is
significantly simpler than the full commutator.

Although the “full” expansions of the free energy eqs. (1.3) and (1.4) have only
attracted attention since the resolution of egs. (1.1) and (1.2), there have been insightful
results computing the free energy to leading order, and at much higher temperatures.
In [Sei08] and [Yin10] the authors prove a lower and upper bound respectively, to the
formula

20, B) = f5 (0, B) + 4ma(2p* ~ [p — pc(B)]2) (2.87)



26 Chapter 2. Mathematical model and prior results

where p.(p) is the critical density eq. (2.38) and fy(p, B) is the free energy of the ideal gas,
which was essentially computed in Section 2.2.1. The above holds in the dilute limit and
B < CB.(p) for any large constant C, therefore the critical temperature is included. See
also [Bas+25] for a recent improvement on the upper bound of eq. (2.87), allowing for
more singular potentials.

In 2 dimensions an equivalent result to eq. (2.87) was recently found in [DMS20] and
[MS20] for lower and upper bound respectively:

2(0,B) = f2(B,p — 20% - p?),
fA0 )= Ji (B0 =) + ooy (207~ )
where p; is the superfluid fraction
po=pl1- 1.

and f, is the Berezinskii—Kosterlitz—-Thouless critical temperature [KT73],

3 4nlog|log(pa2)|

Pe 0 :

We remark that the state in [MS20] resembles the one from Chapter 6, except that in
Chapter 6 we use the Gibbs state of the Bogoliubov Hamiltonian eq. (2.47) (with a Jastrow
factor), whereas [MS20] considers the Gibbs state of the free Hamiltonian.

In Chapter 5 we prove the following theorem, which is a restatement of Theorem 1.1

from the same chapter.

Theorem 2.11. For any Cy > 0 there exists C > 0 such that for n > 0 small enough the
following holds. Let v be a positive radially decreasing potential with scattering length a and

v

compact support R < Coa. Then for pa®> < C~!, v €(0, %’), and T < pa(pa®)™,

3 lémpa o
f(p'T)24”aP2(1+ 128 \/pa3)+ T leog(l—e_m)dp.

151 (2m)3

In chapter 6 we prove the following theorem, which is a restatement of Theorem 1 from
the same chapter.

Theorem 2.12. For a radial positive potential v with compact support R and scattering length
a, there exist a constant c (only depending on the support and scattering length of v) such that
for T <cT, = cB:! and pa® < c we have

] 1 log(m) T? o [pty 8108 2
fz(p,T)§2np20(1+(F+Z+ g2 )5)+(27_()2 J;R210g(1—e P p)

TZ
+ c—1p25(52|1og<5)| + T—).

2
c

Here I’ = 0.577... is the Euler-Mascheroni constant and
_ 2
|log(pa?)| +|log (| log(pa?)] )

0
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2.3.3 Mean field scaling

The mean-field system described by the Hamiltonian eq. (2.10) has also gotten a lot of
attention in recent times. Perhaps the most impressive result is that of [BPS21] which
provides a full description of the low lying eigenvalues and eigenvectors for = 0, see
also [BP24] for a nice review on the topic. However, these works do not address the
particularly interesting and difficult case of attractive potentials. We will instead briefly
review some of the works that tackle the case of negative pair potentials [LNR15; LNR16;
LNR14; NR20; Tril8].

In the mean field setting, where the potential is much weaker and longer range, it is
reasonable to assume that the ground state is essentially a bosonic product state i.e.

inf l(W,HI’jw>~ inf l<u®N,H{3u®N>

Iwi=1 N llull=1 N
1 (2.88)
= it [ 19 [ PO elul = inf el
llull=1 2 [[ll=1

with
F (x) = NPy (NP (x)).

The above is obviously an upper bound to the ground state energy. However, proving
that it is also a lower bound can be tricky. The aim is therefore to prove

. . 1 B . . H
lim inf —(W,H,,WV)> lim inf &y (u). 2.89
NIty (P EN ) 2 i I En ) (2.89)

In [LNR14] they prove the above inequality under various external potentials and g = 0.
Then in [LNR16] this is extended to 2 dimensions and positive f for an external trapping
potential V"% (x) > C|x|*, s > 0. In particular, they found that eq. (2.89) holds under the

condition
1

d(1+%+d)

s

B< . (2.90)

The range of § in two dimensions would be further increased to % in [LNR15] and to
B <11in [NR20]. In three dimensions the best known result is g < % + g595; in [Tril8]. In
chapter 8 we extend the range of g in the two dimensional setting to infinity, we even
allow for essentially any sub-exponential scaling.

In order to introduce some of the techniques, we go through some details of the proof

found in [LNR16]. For convenience we will henceforth assume
ve l'nL®(RY),  V'%P(x)>Clx|. (2.91)
The general strategy of proving eq. (2.89) is to apply some version of a quantitative

quantum de Finetti result. The following is due to Christandl, Konig, Renner and
Mitchison [Chr+07].
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Theorem 2.13. Let W be an N-particle bosonic state on a Hilbert space H of dimension D.
Then for all k € IN there exist a probability measure yy on the unit sphere SH such that

kD

k
Hr\y—J =) )| <~ (2.92)
SH

1

where || - ||y is the trace norm and o~ Try 1N [W)(W| is the reduced particle density matrix.

The point is then to approximate any trial state \V to a finite but N dependent dimensional
subspace and use Theorem 2.13 on this subspace. To be more precise, we define the
wanted subspace P as

P=1r<rny where T=-A+ yirap, (2.93)

where f is a suitable positive function, usually polynomial, and T is the one body operator
of our hamiltonian. Note that from eq. (2.91) P becomes finite dimensional, indeed the
dimension of P can be bounded by a CLR-type estimate

dim(P) < f(N)5+2. (2.94)
Using the language of the reduced density matrices we have
—<\11 HEW) = Te(Ty HE ,)
where
po_ L oy LB

HN,Q = E( 1+ 1)+ EVN(xl —X2).

We then write the identity 1 = P + Q four times
2
Tr(THY ) = Tr(P + Q)@ (P+ Q)L (P + Q)@ (P + Q)HL ).
We use an easy extension of eq. (2.92) on the state P ® PIiyP® P to find
Tr(L HY ,) = TH(P@ P, P& P)HY ,
dim(P) (2.95)
N

The first term on the right hand side is bounded by the Hartree energy (the right hand
side of eq. (2.89)), the second term becomes an error if f(N) is not too big depending on
B and s. Lastly, the Q-terms can be bounded if f(N) is large enough depending on  and
s, one would need

zjwwimumwmw—CMWﬁmu

Q®QUiQ®Q< QT+ T,)Q®Q
which by assumption (2.91) would follow if f(N) > N%. Taking f(N) ~ CN“F the error
in eq. (2.95) becomes
d, d

ﬁm <1 if B < %,

N d1+%+9%)
which proves the result of [LNR16]. It is clear that the dimensional factor appear-
ing in eq. (2.92) is largely contributes to the worsening of the bound. Therefore, the

following theorem due to Brandao and Harrow [Roul7] enabled noticeable improve-
ments.

clipHS P, < CN?

dim(P)
N
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Theorem 2.14. Let Iy be a bosonic state on HEn with H of dimension D. Then there exist a
probability measure pon Sy(H)={y € B(H)|y > 0,Tr(y) = 1)} such that

log(D)

< SllAllollBlloo | —%

(2.96)

TrA@B(r}f) —j 7/®2d,u(7/))
51(7)

where A and B are any self adjoint bounded operators.

The above theorem was applied in [LNR15] with a slightly different technique from that
used in [LNR16]. In Chapter 8 we also use Theorem 2.14, but with a different technique:
Instead of having one projection P we introduce a number of projections depending on f.
In Chapter 8 we prove the following theorem a restatement of Theorem 2 of the same
chapter

Theorem 2.15. Assume v € L'(R?) N L'*"(IR?) to be even and V'"P(x) > C~ x|~ - C for
some 11,C,s > 0, further assume
fv_ <a

where a* > 0 is the optimal constant in the 2D-H' — L* Gagliardo-Nirenberg inequality. Then
we have

lim inf —(W,H W)= lim inf &y (u)= inf £"°(u)> —oco,
Nty v (P AN E) = i nd ) = nf £ )

EMs(y) = fqulZ + %J-vde-lulzldx.

Moreover we have convergence of states in the following sense: For a sequence \Vy of ground
states of Hy, there exists a probability measure p supported on the minimizers of E" such that

where

lim Tr =0, Vk € N.

N —o0

k
T T







Chapter 3

Paper: The Ground State Energy of a
Two Dimensional Bose gas

This chapter contains the paper [Fou+24c] by Fournais, Gi-
rardot, Morin, Olivieri and the author. It proves eq. (1.2) in
full for almost all positive pair interaction potentials. The
paper is included in its entirety in the published form in
Communications in Mathematical Physics, which can be
found at https://doi.org/10.1007/5s00220-023-04907-2. It
can be located within the thesis by the colour m at the top of
the page.
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Abstract: We prove the following formula for the ground state energy density of a
dilute Bose gas with density p in 2 dimensions in the thermodynamic limit

|
¢ (p) = 47'[,02Y(1 — Y|log Y|+ <2F 43+ log(rr))Y) +o(p?Y?),

as pa’> — 0. Here Y = |log(pa®)|~! and a is the scattering length of the two-body
potential. This result in 2 dimensions corresponds to the famous Lee—-Huang—Yang for-
mula in 3 dimensions. The proof is valid for essentially all positive potentials with finite
scattering length, in particular, it covers the crucial case of the hard core potential.
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1. Introduction

The calculation of the ground state energy of a dilute gas of bosons is of fundamental
importance and has been the focus of much attention in recent years. This question can
be posed in all dimensions of the ambient space, but of course, the most important case
from the point of view of Physics is the 3-dimensional situation. However, also 1 and
2 dimensions are experimentally realizable. In this paper we study the 2-dimensional
setting and prove an asymptotic formula analogous to the famous Lee—Huang—Yang
formula in 3-dimensions.

Letus be more precise about the setting of the result. We consider positive, measurable
potentials v : R2 — [0, +00] that are radial. Given such a potential, we will leta = a(v)
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be its scattering length (for details on the scattering length see Sect. 3) and define the
Hamiltonian

N
H(N,L)=) —Aj+Y v(xj —xp), (1.1)
j=l1 Jj<k
on L2(QN), with Q = —%, %]2. The ground state energy density in the thermodynamic
limit e2P(p) is then defined by
W, H(N, L)V
eP(p):= lim L7 ( ( E A (1.2)
L0 weCF QM) (Rdl
N/L“—p

It is a standard result that the limit exists, and actually our analysis of ¢?P (p) proceeds by
giving upper bounds on the lim sup and lower bounds on the lim inf. It is also well-known
that the limit is independent of the boundary conditions. The fact that we consider ¥ €
Cgo in the formula above, corresponds to the choice of Dirichlet boundary conditions
for concreteness.

Theorem 1.1 (Main result). For any constants Co, ng > 0, there exist C,n > 0 (de-
pending only on Cy and ng) such that the following holds. If the (measurable) potential
v : R?2 — [0, +00] is non-negative and radial with scattering length a and pa* < C~1,
and, furthermore,

C n
(x) < —Oz(i) * forall|x| > Coa. (1.3)
lx|= N x|
Then
1
P (p) — 471',0250(1 + (2F 43+ log(n'))é())‘ < Cp262", (1.4)
with
80 := [log(pa*[log(pa®)| |, (1.5)

where I" = 0.577 ... is the Euler—-Mascheroni constant.

In terms of the simpler parameter ¥ = [log(pa?)|™!

8o in terms of Y, the three-term asymptotics

, we get from (1.4), expanding

|
e (p) = 47Tp2Y<1 — Y|log Y|+ (2r +2+ 10g(7r)>Y> LOEYHY.  (1.6)

Here the third term in the asymptotics is analogous to the famous Lee—Huang—Yang
term in the 3-dimensional situation.

Notice, in particular, that the decay assumption (1.3) is valid for potentials with
compact support. So Theorem 1.1 applies to the very important special case of the hard
core potential of radius a:

0
. x> a, (1.7
+00, x| <a.

Vhe (X) = {
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For this potential the radius of the support is equal to its scattering length.

The proof of Theorem 1.1 will proceed by establishing upper and lower bounds. In
Theorems 2.1 and 2.3 below, we will state more precisely the estimates for the upper and
lower bounds, respectively, and the assumptions necessary for each of these. In Sect. 2
below, we will give an outline of the paper as well as these precise statements.

The first term 47 p2Y in (1.6) was understood in [1] but a full proof was only given in
2001 in the paper [2]. Calculations beyond leading order were given in [3—6], but have so
far not been rigorously proven. The recent papers [7,8] give an analogous expansion of
the ground state energy in the setting of the Gross—Pitaevskii regime, giving furthermore
information about the excitation spectrum. The constant in the second order term was
also found in [9] by restricting to quasi-free states in a special scaling regime.

In the 3-dimensional case, the asymptotic formula for the energy density (with e3P (p)
defined analogously to (1.2) and a being here the 3-dimensional scattering length) is

128
lsﬁ\/,ocﬁ) +o(ap>y/ pa3). (1.8)

This is the famous Lee—Huang—Yang formula. The leading order term goes back to
[10], and the second term—the Lee—Huang—Yang (LHY) term—were given in [11,12].
Mathematically rigorous proofs of the leading order term were given in [13] (upper
bound) and [ 14] (matching lower bound). Upper bounds for sufficiently regular potentials
to the precision of the LHY-term were given in [15] (correct order only), [16] (first upper
bound with correct constant on the LHY-term) with recent improvements in [17]. Lower
bounds of second order were given in [18] (potentials in Ll) and [19] (general case
including the hard core potential). The upper bound in 3-dimensions in the case of
potentials with large L'-norm, in particular the key example of hard core potentials, is
still open.

As can be understood from this overview of results from the analysis of the 3D case,
it is difficult to prove precise results on the energy when fR3 v is much larger than the
scattering length a (v), i.e., the hard core case. In 2-dimensions the analogous comparison
is between fR2 v and &g, which always satisty fRZ v > §p. So in 2-dimensions we face
similar challenges as in the 3D hard core case, even for regular potentials. This is one of
the reasons why progress on the 2D problem has been slower. It is therefore remarkable
that Theorem 1.1 can be established, including both upper and lower bounds, without any
extra assumptions on the potentials. Also, the 2D case comes with its own challenges
due to the logaritmic divergences and changes of the lengthscales. In particular, the
small parameter in 3D is (pa?), i.e. it is a power of the density parameter, whereas in
the present 2D case, our small parameter is ¥ = |log(pa?)|~! which is logarithmic in
the density.

Throughout the paper we will use the standard convention that C > 0 will denote an
arbitrarily large universal constant whose value can change from one line to the other.
Notation We will use the following notation for Fourier transforms,

e3D(,0) = 47ra,02(1 +

Fm =T = / ¢ £ (x) dx.

In the paper we will use the notation A < B in a precise sense given by (H1).

2. Strategies of the Proofs

2.1. Upper bound . As upper bound we prove the following theorem.
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Theorem 2.1. For any constants Co, ng > 0, there exists C (that depends only on Cy and
no) such that the following holds. Let v : R* — [0, 00| be a non-negative, measurable
and radial potential with scattering length a < oo, and satisfying the following decay

property,

C
v(x) < ﬁ(lz_lym for |x| = Coa. 2.1)

Then, if,oaz2 <Cc 1

2D 2 1 23
e?P(p) < 4p 50<1 + (2r o 10g(71))30> + Cp?83] log(5)].

with 8o given by (1.5).

In order to prove Theorem 2.1, we will reduce the analysis to the case of compactly

supported potentials on a smaller periodic box A = Ag = [—%, L—z’g]2 with length

Lg=p ' 2y7F  g>o0. (2.2)

In this box, if the density is p, the number of particles is N = ,oL% =Y 2 > 1
Throughout the paper we find conditions on B over which we will optimize. For a
potential v with suppv < B(0, L—ﬁ), we consider the following Hamiltonian acting on
the Fock space ﬁs(Lz(Aﬂ)),

Ho=EP (2”: e S e xj)>. (2.3)

n>0 “i=l1 I<i<j<n

Here AP®" is the periodic Laplacian, and vP*'(x) = )", .2 v(x + Lgm) is the periodic
version of v. Note that for any p € %—ZZZ, the Fourier coefficient of vP' is equal to the

Fourier transform v(p), because the radius of the support of v is smaller than Lg. In this
setting we prove the following result.

Theorem 2.2. For any B > % there exists C > 0, depending only on B such that the
following holds. Let p > 0 and v : R2 — [0, 00] be a non-negative, measurable and
radial potential with scattering length a and supp v C B(0, R) for some R > 0.IfpR?> <
Y2P*2 and pa® < C7, then there exists a normalized trial state U € fv(Lz(Alg)),
such that,

1
(Ho)w < 471L%3,0280(1 + (2r o 10g(n)>80> +CL3 83| log(80)].

Moreover V satisfies (N')y > N(1—CY?), and (N?)y < IN?, where N is the number

operator on ﬁs(Lz(A,g)) and N = ,oL% =Y~ 2B,
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2.1.1. Strategy for the upper bound

1. We will show in “Appendix A” how Theorem 2.1 follows from Theorem 2.2. This
corresponds to go from the result on the box A g to the thermodynamic limit.

2. The rest of the proof, Sects. 4 and 5, is dedicated to the proof of Theorem 2.2. We
first prove in Sect. 4 a weaker upper bound with the assumption that the potential is
regular enough. We call it a soft potential. Under this assumption, we use a quasi-free
trial state ® built over a Weyl transform Wy, to create the condensate and a unitary 7,
to deal with the excitations. We then minimize over the parameters of this state. This
is an adaptation of the method of [15,20-22] to the 2D case. We show in Theorem 4.1
that, with a good choice of ® to our level of precision, we have

1
(Hy)o < 4nL§p250(1 + (2F +> +10g(n))50)
+C L p°80 (o — o) + C L p*8500. (2.4)

Here g = ¢wv and ¢ is the scattering solution associated to v (see Sect. 3 for the
precise definition of ¢ and with parameter §q). This provides a first upper bound, but
it is not enough to prove Theorem 2.2, unless v admits a Fourier transform and vy is
of order gp.

3. In Sect. 5 we explain how to reduce from any v to a soft potential. To this end, we take
care of the influence of the potential on a much shorter length scale by introducing
@p as the scattering solution normalized at

b=p 1yP+s 2.5)

and use it to build a Jastrow function as follows
Farioox) =[] fai—x)), (2.6)

I<i<j<n

with f = min(1, ¢p). Then our complete trial state will be the following product
state

V=D F®n Fo ®u € LI(AD). 2.7)

n>1

where ® = >~ @, is a quasi-free state. When we compute the energy of such a state
U we get

(Hu)w = (Hy)o + (R)e, (2.8)
where R is an error term and v is the following soft potential,
T =2/ (b)8jx|=b)- (2.9)

The power of Y driven by the parameter f in b is chosen minimal such that || W||> =
[®|>+0(Y?), see Lemma 5.3. For the result to apply for the widest range of potentials
we will want to choose § as small as possible.
zhe pgential in (2.9) is soft in the sense that it has a decaying Fourier transform and
Vo 2 g (see Lemma 3.10 for precise estimates). Then we can take for ® the optimal
quasi-free state satisfying (2.4) for v and this turns out to be enough to prove Theorem 2.2.
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2.1.2. Remarks Since the Jastrow factor (2.6) encodes all 2-particle interactions—at
least on short scales—it is a natural trial state for getting upper bounds on the energy. In
particular, it has been used to get the correct first order upper bound, both in 3D [13] and
2D [2]. In the product state W, the Jastrow factor deals with short distance correlations
between particles (when |x; — x| < b), while long range effects are dealt with by the
quasi-free state ®. In the case of hard core potentials, the Jastrow factor also imposes
the necessary condition that our state vanishes whenever two particles are too close.
We emphasize the following major differences between 2D and 3D. To be able to
reduce to the quasi-free state ®, we need to bound O(N 2) terms of the form fxi —xj)
by 1. The number of particles N in our box is not too large (powers of |log(pa?)],
since the relevant length-scale is p /2 up to logarithmic factors) thus making this error
controllable. This is not at all the case in dimension 3, because the number of particles in
the box is of order (pa’)~2 (since the relevant length-scale in this case is %). However,

a similar state as ours was successfully used in the 3D Gross—Pitaevskii regime [22]
(Iength-scale ﬁ). In this regime the number of particles is (paS)_%, which allows

the authors, with substantially more work, to get through to a good upper bound. More
precisely, they use more accurate bounds on the Jastrow factor compared to our Sect. 5
and obtain the LHY order in the box. See Remark 5.1 for additional information.

Finally, one should notice that ® is a quasi-free state, and does not include the soft
pair interactions that were necessary in [16,17] to get the correct upper bound in 3D.
Indeed, for a quasi-free state ® the second order energy bounds are in terms of vy and
to get the correct constant one needs to change vy’s into go ’s. This is the role of soft
pairs. However, our potential v from (2.9) already satisfies vy — go = O(Y?| log Y|) (see
Lemma 3.10) and this replacement only gives errors of order p>Y3|log Y|. It is possible
that we could add the soft pair interactions into @ to reduce this error at the expense of
a much longer and more technical proof.

We conclude this section by proving Theorem 2.1 using Theorem 2.2 and the classical
theory of localization to smaller boxes which is added for convenience in “Appendix A”.

2.2. Lower bound. Inthis section we provide the strategy of proof for the theorem below.

Theorem 2.3. For any constant n; > 0 there exist C,n > 0 (depending only on 1)
such that the following holds. Let p > 0 and v : R?> — [0, +00] be a non-negative,
measurable and radial potential with scattering length a < oo. If pa*> < C~' and

2
f v(x) log (ﬂ) dx < Y, (2.10)
{lxl>p=1/2) a

then
1 2 2+)7
2D (p) > 4p 5o<1 + (2r +3 +log(n))80> +Cp2s .11

with 8o as defined in (1.5).

We introduce the lengths

1
0= p~\2y-12e Cs = Eel"p—l/ZY—l/27 2.12)
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foracertaina € (0, 1), the second of which being called the healing length. The proof of
Theorem 2.3 will depend on a precise choice of a number of parameters. For convenience
these and the relations between them have been collected in “Appendix H”.

We work at three different lengthscales:

e the thermodynamical scale, in the box Q = [—-L/2, L/ 2]2, where we state the main
result in the limit L — +00;

e the large box scale A = [—£/2,¢ /2]2, where we prove most of the results and
by the sliding localization techniques we integrate over all these boxes to prove the
lower bound in the whole thermodynamical box;

e the small box scale B = [—d{/2,d{/ 2]2, with d < 1, where we derive a bound for
the number of particles excited out from the condensate, fundamental for the general
strategy, obtaining the Bose—FEinstein condensation (BEC).

The relations
dt K lsy < LKL L, (2.13)

guarantee that the boxes are in a chain of inclusions.

2.2.1. Strategy for the lower bound The overall strategy for the lower bound has the
same structure as in the 3D hard core case analyzed in [19]. Therefore, many of the
steps below are the same as in that case. We will only indicate when a step differs from
its 3D counterpart. However, the 2D case comes with its own challenges due to the
logaritmic divergences and changes of the lengthscales.

1. In Sect. 6.1 we reformulate the problem in a grand canonical setting, adding a chem-
ical potential p,, to the Hamiltonian, in order to control the distribution of particles in
later localization steps. The resulting Hamiltonian H,, acts on the symmetric Fock

space F,(L?(2)). We also reduce the analysis to compactly supported potentials with
norm! ||v|; < Y~!/8 using the analysis of the scattering equation from Sect. 3 (the
details of this part are different from the 3D case). Theorem 2.3 is shown to be a
consequence of Theorem 6.1.

2. In order to prove Theorem 6.1, in Sect. 6.2 we use a sliding localization technique to
reduce the problem from the thermodynamical box €2 to the large box A. The result
of this procedure is an inequality of the form (in the quadratic form sense)

My > / Ha, (o) du,
R2

where Ha, (o) 18 a Hamiltonian localized to a box A, which is the translation of
the fixed box A to be centered at . The main result is then reduced to the proof of an
analogous lower bound for H (o), namely Theorem 6.7. The next sections focus
on this proof.

3. We split the potential energy on the large box in Sect. 7.1 by means of projectors P
and Q onto and outside the condensate, respectively, or in other words onto the zero
momentum sector and its complement. The splitting produces terms involving from
0 to 4 Q projectors. This is similar to the approach in [11,12].

By an algebraic identity (see Lemma 7.1), we identify a positive term Q" that can
be discarded for a lower bound. This procedure also changes the terms with 0 to 3

! The power % is not optimal but chosen for convenience, in particular to be in agreement with (H24).
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Q’s. By this procedure, all occurrences of the potential v are replaced by the function
g related to the scattering equation and to the parameter §y. This idea has its roots in
[23] and was akey stepin [18,19]. Since 2(0) = 878y < v(0), this can be interpreted
as a renormalization procedure.

. In [16] it was understood how the interaction of the so-called soft pairs contributes

significantly to the energy. These correspond to two interacting high-momenta pro-
ducing one 0-momentum and one low-momentum. This is the main contribution of
the 30 term. The soft pairs appear after estimating the other parts of the 30 term
to be of lower order. This is done in two steps, the first (restriction to low outgoing
momentum) is proved in Sect. 7.2 and the second one (high incoming momenta) in
Lemma 8.2, the latter being easier treated in second quantization.

. A key step in both 2 and 3 dimensions is to be able to focus on states where the

operator counting the number of excitations satisfies a norm bound. To handle the 3
dimensional hard-core case, in [19] it was realized that such a bound is only possible
when restricting to excitations with low momentum. In the 2 dimensional case, we
face this difficulty even if the potential v has small integral (i.e., it is soft).

The reason for this difficulty is that the bound on the excitations involves the integral of
v,i.e. (0). This has to be compared to the main term of the energy, where the relevant
parameter is g(0), and as previously noticed, in 2 dimensions g(0) = 878y < v(0).
The solution to this problem follows the same general approach as in [19], namely to
not bound all excitations but only those with low momentum. This is the result of The-
orem 7.7. The analysis for this bound is carried out in Sect. 7.3 and based on estimates
on Bose-Einstein Condensation from Theorem 7.6 proven in “Appendix D”. Some
other important ingredients of the proof are delegated to “Appendix E”. Theorem 7.7
and its proof are somewhat simpler and more along the lines of an IMS-localization
estimate than the ones in [19].

. Section 8 contains lower bounds that use a second quantization formalism in momenta

space. We first write the Hamiltonian in this formalism in Sect. 8.2. Then we use
the c-number substitution in Sect. 8.3, thus reducing to a problem of minimization
for particles outside the condensate. The operators related to the condensate act
as numbers over the class of coherent states over which we minimize. After this
procedure we arrive at an operator containing terms of order up to 3 creation and
annihilation operators of non-zero momenta.

. In Sect. 9 we distinguish the two cases where the density of particles in the condensate

p; is far from or close to p,, the expected density. Since we have Bose—Einstein
condensation, we expect on physical grounds to be in the second case, and indeed
fairly rough bounds suffice in the first case. These are given in Sect. 9.1. In the
second case, p, ~ p,, amore careful analysis is needed. We use standard techniques,
collected in “Appendix B”, to diagonalize the main quadratic part of the Hamiltonian
the ground state energy of which appears as an integral.

This integral is calculated in “Appendix C”, and we show how together with the
constant term of the Hamiltonian, we get the energy to the desired precision.

What remains at this point is to show how the remainders, including the localized 3 Q
term, are error terms, and this is the content of the technical Sect. 9.3. There we show
how the contribution of the soft pairs is compensated by the remaining quadratic part
of the Hamiltonian. Here in particular, the logarithmic divergencies specific to the 2-
dimensional situation makes many estimates delicate and require extra localizations
in momentum space.
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8. Finally, in Sect. 9.4 we use all the previous results to give a proof of Theorem 6.7,
with the choices of the parameters in “Appendix H”, where all the conditions used
to prove the lower bound are collected.

9. In the proof we need two technical estimates, namely (8.12), (8.13) and (E1), which
are taken from the 3D case and are independent of dimension. They are only stated
and we refer to [19] for the proof.

3. The Scattering Solution in 2 Dimensions

3.1. Basic theory. In this section we establish the notation and results surrounding the
two dimensional two body scattering problem. The standard properties of the scattering
solutions stated below are well known and can be found in [24, Appendix A]. We will only
consider radial and positive potentials v : R? — [0, oo], furthermore if v is compactly
supported we denote by R the radius of the support of v, i.e., v(x) = 0 if |[x| > R.

Definition 3.1. For a compactly supported v its scattering length @ = a(v) is defined as

2
log(£)

. 2 1 2 1 53
=inf{ [ (1VuP+SoluP)dx | we H'(BO B, ulypop =1}
B(0,R) 2 :
(3.1)

where R > R is arbitrary.

By the positivity of the right hand side we find a_ < R. Itis also easy to verify thata is an
increasing function of v and is independent of R > R. Furthermore for any R the above

functional has a unique minimizer YR = log(a( v)) lgo,go) (x), where, for v € L1(R?),
we have

1
— Ap© + qu)g@ =0 onR? (3.2)

in the distributional sense. Furthermore,

(0)(r) 10g< @ )) forr > R,

and gago) is a monotone, non-decreasing and non-negative, radial function. We will omit
the v in the notation of the scattering length if the potential is clear from the context.
The logarithm in the 2 D-scattering solution is clearly unbounded for large values of
r. This is a major difference to the 3 D behaviour (where the scattering solution behaves
as 1 —  atinfinity). Therefore the scattering solution normalized to 1 at a certain length

R is of much greater importance. Using the parameter
1 R\~ . ~ 1
6 = < log (—) , 1.e. R =ae?, (3.3)
a

we define on R?

0=0,5=200", w=1-9, g=vp=0(-w). (3.4)
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Clearly,
1
—Aw = Eg, 3.5)

and, using the divergence theorem,

/gdx — 876. (3.6)

We remark here again a difference between the 2D and 3D case: in 3D, ¢ would be
normalized to 1 at infinity and (3.6) would have an a instead of §.

Remark 3.2. (On the parameters § and R) We clearly have some freedom in the choice
of &, which amounts to determine a normalization lengthscale R for ¢. Throughout the
paper, we will need § to be of the same order as Y = |log(pa?)|~!, namely

~

. 2\—1/4 R 2\—1
—<§<2Y, or, equivalently, (pa“) < — < (pa”) . (3.7)
a

With this condition we can always exchange Y and § when estimating errors. We thus
get upper and lower bounds on the energy depending on the parameter 8. In both cases,
it turns out that the optimal choice is given by (1.5), i.e.

§ = 8o = [log(pa*[log(pa®)|~H)| ™", (3.8)

which corresponds to

= (pa’y)~ /2, (3.9)

Q| =

See also Remarks 4.9 and C 4.

3.2. Potentials without compact support.

Definition 3.3. For a potential v without compact support the scattering length is defined
as

a(v) = lim a(vﬂg(o,n)).
n— 00

Since a is an increasing function of v the limit exits if and only if {a(v1g0,n))}n 18
bounded, which by [25, Lemma 1] is true if and only if there exists a b > 0 such that

lx]\2
_v(x)log (T) dx < o0.
{Ix|>B) b

We need to localize our potentials to have compact support. The next result estimates
the change this localization induces in the scattering length.

Lemma 3.4. For a potential v with finite scattering length a and R > a, let vg =
1,r) v and ag be its associated scattering length. Then,

(3.10)

2 2 1 / log(£2l)2
{lxl>R)

0< — < = v(x
log(£)  log(R) ~ 2 log(£)?



43

59 Page 12 of 104 S. Fournais, T. Girardot, L. Junge, L. Morin, M. Olivieri

Proof. Let @1 be the scattering solution for vg normalized at R, and let

log(£)
Y1) ogin - Xl =R,

log( 2l
log(n) °

P (x) = (3.11)

x| = R.

Notice that ¢, is normalized at a - n and continuous. We use it as a trial function in the
variational problem of v, = 1p(0,4.n)V, Withn - a > R, to get (with a, := a(v,))

< V| +—v<p>dx+/ (1Vgal? + Sva03 )dx.
IOg(% {lx|<R} " 2 e {R<|x|<a-n} ! 2 e

(3.12)

Since ¢;, is just a multiple of the scattering solution of ¢; inside R the first integral gives

1 2 log(£)?
/ (1V0u + S un )ax = — 2 (3.13)
{lx|<R) 2 log(£) log(n)

The second term is directly calculated using the explicit formula for ¢,

2 1 2
(1V0a + S a2 )dx
{R<|x|<a-n} 2

27 log(%) 1 /
= >t 2
log(n) 2log(n)= Jyx|>R)

vlog (—)2. (3.14)

a

By (3.13), multiplying (3.12) through with log(n)? and letting n — 0o, whereby a, — a,
yields

R 2 log(£)2 1 2
27 log (—) < # + —/ vlog (m) dx.
a log(;) 2 Jix=R) a

e g . R\2
The result then follows by dividing through with log(-)~. O

3.3. Compactly supported potentials with large integrals. We state and prove here in
the 2D setting a similar approximation result as the one found in [19, Theorem 1.6] for
the scattering length in 3D.

Lemma 3.5. For a radial, positive v € LY (R?) with support contained in B(0, R) there
exists, forany T > 0, a vy : R* — [0, +00] satisfying

0<vr(x) <v(x), forallxe Rz, and fvT <4nT, (3.15)

and such that

2w 2w _ 2
log(£)  log(£) ™ log(£)21

(3.16)
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Proof. Due to the integrability assumption on v we may define
RT=inf{R/>O:/ vdx<4er}
{Ix[=R'}

and

vr = U]l{|x|>RT}- (3.17)
Clearly,
/UT =4nT. (3.18)
Also, we may assume Ry > 0. Otherwise there is nothing to prove.

Let ¢ be the scattering solution of v and ¢ the scattering solution of vz both nor-
malized at R > R. We have from (3.6), using that ¢7 is a non-decreasing function,

47
= =fvrqz>rdx zpr(Rr)/vT =4mr(R7)T,
10g(a)
and hence
1
(Rp) < ——=—. (3.19)
log(E)T

Next we define

log(H2)
u = lyx>ry(¢r —orer(Rr))  where wr(x)=1-— =

log(ﬁ)

Observe that u (ﬁ ) = 1 and we may therefore apply it as a trial function in the functional
for a to get

2w > 1,
< ) <|Vu| + v )dx -— E, + E» + E3, (3.20)
log(®) ~ Juxi<ky 2
with
1 21
E =/ N (|V§0T|2+ —ww%)dx = =
(Ry <lx|<R) 2 log(27)

1
Ey, = —2‘PT(RT)f 5 (V<PTV0)T + —UT(PTCUT>dx =0,
(R <|x|<R) 2

1
E; = (pT(RT)2 (|VC()T|2 + —vrw%)dx.
(Ry <|x|<R) 2

For E, we integrated by parts and used that ¢ is harmonic inside B(0, Rt), thus
constant, which makes the boundary term vanish. For E3 we use that w7 < 1 on the
given interval, so combining (3.18), (3.19) and (3.20) yields

2 21 21 1 1
=~ = < E3< = = +— ). (3.21)
log(®)  log(2) log()? \log(4)72 T
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Using that a > ar we may replace ar with a on the right hand side. Secondly, we

observe that the function
1 1 R\2
&) log (Z) :
log(5)  log(0)

is increasing in R so we may replace R with R in the above expression and use (3.21)
to get

21 2 _ 21 1 N 1
log(®)  log(£) ™ log(£)? Eyp2 T
(g 2 2(2)* \log(£)T

Now the result follows by letting R go to infinity. O

We are ready to prove the main theorem of this section which gives us the ability to deal
with a wide range of potentials including, most notably, the hard core.

Theorem 3.6. For a radial, positive potential v : R* — [0, oo] with finite scattering
length a there exists, forany R > a and T, € > 0, a potential vr g ¢ such that

supp(vr.r.e) C B(O, R), 0 =<vrpe(x) <v(x), /UT,R,e <4nT, (3.22)

and its scattering length ar g ¢ satisfies

2 2 | (2n(1+ " 1/ 1 <|x|)2>d
— < — €)+ = v(x)log | — X.
log(®)  log(=£-) 7 log(®)2\ T 2 Jijx>r) a

AT R.,e
(3.23)

Proof. Lemma 3.5 applied to v = 1 (o, ) min(n, v) yields a U%,T satisfying all three
conditions of (3.22) and

2 2 - 2 (3.24)
log(X)  log(z£-) ~ log(®)21” ‘
R T.R

for all n € N. In the above we used that a} , < aj < ar < a (where a7 ,ay,ar
are the scattering lengths of v’;’ r» Vg~ UR, respectively). Choosing n large enough such
that a’ is close enough to ag gives an ar g . = ay’p satisfying

2 2 - 2
log(X)  log(zR—) ™ log(£)2T

aT R.e

(I +e€). (3.25)

We conclude using (3.10) which gives the integral term of (3.23). O
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3.4. Fourier analysis on the scattering equation. Due to Theorem 3.6 we may assume
our potentials to be compactly supported and L', thus making the Fourier transform well
defined. The scattering solution ¢ will be the one defined in (3.4) which is normalized
to 1 outside the support of v. In order to discuss the Fourier transform of the scattering
solution, we recall some standard results surrounding the Fourier transform of the loga-
rithm. We denote by S and S’ the Schwartz space and the space of tempered distribution
on R?, respectively.

Lemma 3.7. For D > 0, let L p denote the tempered distribution given by the function
log(|x|/D) in R%. The Fourier transform of Lp satisfies for any h € S

_ h(p) — h(0) 1y, |<2e-T p-1
(Lp, h)s'.s = —(2) lpl=2e7 D7) 4, (3.26)
R2 p
where T denotes the Euler—Mascheroni constant,
o0
.= —f e “logxdx =~ 0.5772. (3.27)
0

The proof is an exercise in distribution theory, with details for instance given in the
recent book [26, Theorem 4.73].
It follows from (3.26) that, for any f € S,

Sy Ix =yl
[ TGro0e (F 52 axay
e [ P Oy
R2

5 dp. (3.28)
p
Using the notation from (3.4) and (3.5), we may compute the Fourier transform of w.
In the 3D case one gets that w(p) = 5’;(52) , but in 2D this formula has to be corrected by

a distribution supported at the origin according to Lemma 3.7, see Lemma 3.8 below.

Lemma 3.8. Let @ denote the Fourier transform of w. Then @ is the tempered distribution

given by

R /g\(p)u(p) - /g\(o)u(o)]lﬂmsga—l}

(@ u)s s = / oy dp, (3.29)
p

for any u € S where, recalling the definition of Rin(3.3 )
r
1 r~
05 = %eﬁ% = 3¢'R. (3.30)

Notice that if § = o from (1.5), then £;5 coincides with €5, introduced in (2.12).
Proof. We first recall the definition (3.4) of @ and write

o= 89 (%) + 3, (3.31)

where @ is compactly supported, and we recall g(0) = 87 8. Hence, using the Fourier
transform of the logarithm as recalled in Lemma 3.7,

ulp) — M(O)ﬂ{lplﬂe‘rﬁ—l} PN
2p2 dp+/w(1?)u(p) dp. (3.32)

@. u)s.s = §(0) /
RZ
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Using the scattering equation (3.5) we find 2(p) = 2p2a(p) = 2(0) +2p*a(p), where
we used that the logarithm is the fundamental solution of the Laplacian. Since o is a
smooth function we deduce

~ - &(p)—20)
w(p) = 2—[)2’

and this concludes the proof. O

Thanks to the previous lemma we are able to prove some important properties of
gw(0) which are going to be key through all the paper.

Lemma 3.9. The following identity holds

/g\(k)z - /g\(0)21{|k|<£—1}
gw(0) = /Rz 72 —% _dk (3.33)

and, furthermore, the following bounds hold

lgw(0)| < C3, (3.34)
ok 2 = 0 2
(k1<) 2k?
b~ 2
/ 8O | < cs. (3.36)
(ki=e5y 2K2

Proof. Formula (3.33) is formally given by an application of Lemma 3.8 choosingu = g.
Since g is not a Schwartz function, we need to apply a regularization argument, by
truncating in momentum space. This truncation can then be removed at the end and one
arrives at (3.33).

The first bound (3.34) follows because in the support of g, w < 1 and ggp = 874.
The last bound (3.36) follows once we have proved the second one. In order to do that,
we consider a Taylor expansion to the second order of gy — 20| < C |k|2||§,’{/||OO as a
radial function, due to the symmetry of g. We use that v has a compact support R and
the definition

%% = / vpe KX dx (3.37)
RZ
to bound g by R?Z) to obtain
-8
‘/ L0 dk‘ < CR2|§0|2/ dk = CR?8%¢;2. (3.38)
Uki<egyly 2k (kl<e; )

O
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3.5. Spherical measure potentials. For the upper bound, we will change the potential
in order to ensure small L' norm. For a potential v supported in B(0, R) and b > R, let

f(x) := min (1, (p(o) (x) log (g)_l).

Thus, f is the scattering solution in B(0, ) normalized at b and extended by one. The
new potential ¥ will then be described by the deviation of f being the actual scattering
solution, i.e.,

U:Z(—Af+%vf), (3.39)

where the above equality is to be thought of in a distributional sense. The factor 2 is
important and should be thought of as the number of particles involved in the scattering
process. A quick calculation shows that

1
D =2F"(b)8x1=p) =2 8(1x|=b1» (3.40)
J (D)1x|=p) blog(®) {lx|=b)
where 8(|x|=p) 18 the uniform measure on the circle {|x| = b} normalized so that

[ 8{jx|=p) = 27b, and where f'(b) is to be understood as the radial derivative (from the
left) of f at length b. We show in Sect. 5 how we reduce to this potential. The simple,
but essential properties of v are stated in the lemma below.

Lemma 3.10. Let v and v be given as above. We use the notationa = a(v) anda = a(v).
Furthermore, let ¢ be the scattering solution of vV normalized at R > b and g = 0.
Then

I The scattering lengths agree, i.e., d = a.
2v(p) =2 (b)bJo(b|p|), where Jy is the zeroth spherical Bessel function. In partic-
ular there exists a universal constant C > 0 such that

B < c 29 (3.41)
b|p]
30(0) = (v, 1) = 4—7T and 2(0) = Tg(0) = 4—2
log(b/a) log(R/a)
Proof. The potential v is a spherical measure on the sphere {|x| = b} and thus ¢ is

harmonic both inside and outside this sphere. We may therefore conclude from the
continuity of ¢ that

log(b/d@), ifr <b,

42
log(r/a), ifr > b. (342)

log(R/@) (r) = {
From the scattering equation
AQ + L5 0
— —v — ,
¥ ) '
appliedtoau € C° (R?) we obtain, using Green’s formula,

- f uvg -dn = £ (b)(b) u (3.43)
{lx|=b) {x|=b}
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and then deduce

¢'(b) = f'0)§(b) (3.44)

where ¢’ (b) denotes the outgoing radial derivative of ¢ at length b. Combining (3.42)
and (3.44) yields 1. Property 2. is a direct consequence of v being a uniform measure
on the sphere {|x|} = b and the behaviour of Jy at infinity. Finally, the identities in 3..
follow immediately after realizing that

g =@(b)v.

4. Upper Bound for a Soft Potential

We denote by .7 the set of potentials of the form v = vyeg + vy, Where vyeg € LY(R?)
is radial, positive and has compact support, and where vy, = Cd{jx|=r} for some C > 0
andr > 0.If v € .#,, it admits a bounded and continuous Fourier transform v. The aim
of this section is to prove an upper bound on the ground state energy of

n

Ho=EP (Z —ARTE Y oy — x,)) (4.1)
n>0 “i=1 I<i<j<n
Lp Lﬂ]2

on the box Ag = -5, 5

assumption on the Fourier transform of v. We recall that Lg = ,o_% y=b.

In this section, we will denote by ¢ the scattering solution of the given v, normalized
at length R, and g = ¢v, see (3.4). Notice here that the theory of Sect. 3 extends to
potentials v € .#,; for this we use in particular, that if u € H'(R?), then uljx=;} € L?
so the variational problem in Definition 3.1 is well posed. In particular, the scattering
equation (3.2) is valid in the distributional sense. We recall that 0 < gy = 878 < CY
by (3.6) and (3.3). We prove the following upper bound, which is very similar in spirit
to the upper bound of [15] in the 3D case.

for potentials v € .., under some additional decay

Theorem 4.1. For any given co > 0 and g > % there exists Cg > 0 (only depending

on co and B) such that the following holds. Let p > 0 and v € #, be a radial positive
measure with scattering length a and suppv C B(0, R), for some R > 0. Let H, be as
defined in (2.3). Assume that

18y < co Vipl = a ' (4.2)

VRIpl’

Then, if ,OR2 < Y and ,oa2 < Cﬁ_l, one can find a normalized trial state ® €
F (Lz(Alg)) satisfying

| L _
(Hy)o < 4nL§p250<1 + <2r o 10g(n’)>80> + CL3 %80 — 20) + CL3 p*83%0

with (Yo = N, and (N*)¢ < IN?, where N = pL% =Y 2B,



50

GSE 2D Gas Page 19 of 104 59

Remark 4.2. Note that this result is much weaker than Theorem 2.2. Indeed, the remain-

ders are only of order sz%é‘é and ,OZL%S() and thus much larger than the 2D-LHY term,

unless Vg = go + 0(8p). Moreover, Theorem 4.1 only holds for potentials with finite
integral and, in particular, it does not allow for a hard core. However, in the proof of
Theorem 2.2 in Sect. 5 we will show how to reduce to such potentials. More precisely,
we will apply Theorem 4.1 to a surface potential of the form (3.40) (with the choice of
b given in (2.5)).

Remark 4.3. The specific § = §p defined in (1.5) is chosen to minimize the upper bound
(4.22) up to the LHY precision. This corresponds to fixing the normalisation length of
the soft potential R = ae%. See also Remarks 3.2,4.9 and C4.

The rest of Sect. 4 is dedicated to the proof of Theorem 4.1. We will give an explicit

trial state and state several technical calculations as lemmas. In the end we collect the
pieces and finish the proof.

4.1. A quasi-free state. We will define our trial state ® in second quantization formalism.
On the bosonic Fock space .# (L%(A 5)), we will denote by a; and a, the creation and

ey L. . . _1 .
annihilation operators associated to the function x +— |Ag|~2 exp(ipx), for p € A} =
(%—’;Z)z. Our quasi-free state is ® = T, Wy, €2 where Q2 is the vacuum, Wy, creates the
condensate and T, the excitations:

1
Wy, = exp (\/No(ag — ao)), T, = exp (5 E vp(a;r,aip — apa_p)>, 4.3)
p#0

for a given Ny < N associated with py := No/ L%. These operators have the nice
properties that

Wx,a0Wn, = ao++/No, and Tja,T, = cosh(v)a, + sinh(vp)aip. (4.4)
In particular, for any p, g € A;,
No, ifp=gq=0,

(ajap)e = 0, ifp#gq, and
Y, fp=q#0,
No, ifp=qg=0,
(agap)e = (ajal)e =10, if p # —q. 4.5)
oy, ifp=-—q#0,

where «, = cosh(v,) sinh(v,,) and y,, = sinh(v ,,)2. We choose the coefficient v;, such

that
— 008, P+ pogp =/ P* + 2008 >
ap - o~ ’ yp - o~
2,/p* +2p08pp? 2,/p* +2p08p p?

>0, (4.6)
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this specific choice coming from a minimization of the energy

(P* + 008p)Vp + PO pap

obtained in Lemma 4.6 up to changing ¥ into g. Note that by (cosh(x)? — sinh(x)?) = 1
we have a% = yp(yp + 1), making it a possible choice. These coefficients satisfy the
following estimates.

Lemma 4.4. We estimate the sum (over A;g ) of ap and yp:

> lap| <CN. and Dy, < CNs. 4.7)
p#0 p#0

Proof. We start from the expression of «, (4.6) and split the sum between | p| < /po&o
and |p| = ~/pogo:

> ap] = CVooo Y ﬁ+Cpo > %

p#0 0<Ipl=vrom | VBN
~/P0go a”! du +00 ~
SCLZ\//Oogof du+CL2/)0gof —+CL2/)0/ —5 =5 du
B o B oms U B | 1 R1V/243/2

< CL;p0go(1 + [log(a®pogo)|) < CN,

where we used the decay of g, at infinity (4.2) and the bound a < R.
For y,, we also split the sum this way. For p < 4/ppgo we obtain that

A/ P0&0 ~
Yo o ml=c Y o < CLgpog0 < CNod.
[PI=+/Pogo [PI=+/P0g0

For p > /pogo we expand the square root and find

(P030)* )~
Y ml=c Y < CL}p0%0 < CNos,

4
|p1=+/pogo [pI=~/Pogo 7|
which concludes the proof. O
Finally choose Ny such that
pLy=N=No+ ) vp. (4.8)
p#0

Note that with this choice ® has the expected average number of particles as stated in
the next lemma.

Lemma 4.5. The state ® = T, Wy, 2 satisfies
Mo =N, (Vo <CN?,

where N' = ZpeA;; a;r,ap is the number operator.
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Proof. First we can use the property (4.5) to find

(Mo =No+ Y yp=N. (4.9)
p#0

For N2 we split the sums according to zero and non-zero momenta, and then conjugate
by W,

N = Z(a;apa;aq)cp = Ng + Ny + Z(agaoa;aq +hc)e + Z (a;al,a;aqm
q.p q#0 q7#0.p#0

= Ng + No(l +2 Z yp) + Z (a;apa;aq)cp.
p#0 q#0,p#0

Now we use Lemma 4.4 and apply Wick’s Theorem [27, Theorem 10.2] to the state 7,2
to find

Vo =N+ Y (lajap)elajag)e + (@hal)olapag)e + [@hag) o (@pal)o )

970, p#0
2
§4N2+<Zyp> +Za§+2(y§+yp)§CN2
p#0 p#0 p#0
using Lemma 4.4. O

4.2. Energy of ®. In order to get an upper bound on the energy of ® we first introduce
the quantity

D(A, B) = /'ﬁ* A(p)B(p)dp = (B,vx A), (4.10)

1
(472)? (472)?

and observe that it is symmetric in the entries. Then we prove the following result.

Lemma 4.6. Under the assumptions of Theorem 4.1, there exists a constant C > 0,
independent of v and p, such that

2
- pe~ ~ ~ dp
g™ (Ho)o < 7vo+f (P + P07y + p00pty ) 5 + 3 D(a @)+ Cp’Y>.

Proof. One can write H, in second quantization in momentum variable,

1 ¥
-~ T
E p al pap + Urdpyydydgrdp,
pen’ 2881 ST

and express the energy of ® in terms of o, and y, as follows. We conjugate by Wy,
using (4.4), which amounts to change the ay’s in v/ Np. Since & = T, Wy, 2 with no ag
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in T, (see (4.3)), when we apply ® we find

N? -
(Ho)o = Y p*lajap)e + =2 Z(vo +Tp)ajap)e
2|Aﬁ| |Aﬂ|
p#0
N - VN ~
+ ﬁ vr{ara—r)o + ﬁ Ur (a:a;aqﬂ’)@
p r#0 p q,r#0
q+r#0
/Ny —_ o+t 1 s
tot 2 Ulappal,apet 5o D0 Dlapyajaguap)e.
Pl pr0 BU g0
p+r#0 p+r,q+r#0

@.11)

We can use Wick’s Theorem [27, Theorem 10.2] to the state 7, 2. By definition of «,
and y, in (4.5) together with N2 = (No + ZP#O yp)2 we deduce

(Hy)o = 2|A | Z P Vpt—— Z (vpr + vpap)
1 - 1 —~
* 3in @i+ 5 ;) O Vg Vabr- (4.12)
q+r;é0 q+r#0

We bound the last term in the above using Lemma 4.4. With p = N|Ag |=! and pg =
N0|A/3|_] we deduce

) 1 I _ _
Apl ™ (Hu)o < 50700 + sl - Z <(p2 + p0Tp)Vp + povpap>

1

T > Bragagsr + CopY?. (4.13)
B

q#0
q+r#0

Uptoerrors £ < Copp?Y S+ , we can approximate these Riemann sums by integrals (see
Lemma G.1) and the lemma follows. In fact, the requirement 8 > 3/2 in Theorem 4.1
comes from here. O

Lemma 4.7. Under the assumptions of Theorem 4.1, there exists a constant C > 0,
independent of v and p, such that

=2
PP 1 ( [ 285 ~ & Lipaer -1y dp
< —g+= +2p0p%g, — + )
< 2 2/ 4 pop-8p — p Po8p + Py 202 472
1

+ 2D(oz+,ooa) a+poa))+C,0 Y (Vo — go) + Cvpp 2y2.
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Proof. We recall the definition (3.4) of w, and we insert pgw into D(a, o),
D(x,a) = —,OOD(a) ®) — 2poD(a, ®) + D(a + po@, o + po®).

Inserting this into Lemma 4.6 we find

(Hy)o /0 p(% ~ o~ o) ~ ~ _— dp
™ =S -5 D@ o+ ((p +p0Vp)Yp + po(Vp — vwﬂa,;)m
1
+ 2D(Ol+p()a) a+,ooa))+Cv0,0 Y2 4.14)
Now note that g, = v, — (V * @), and,
2 2 2 2 _
%ﬁo = %Ao + %0(@)0 + 2 5 0 @)
2 2 2 2 2
P Py~ PG Py,
= T80+ @0+ (v + 2 (00)o.

This equality inserted in (4.14), together with D (@, @) = (vw?)o implies

(Ho)o P> Pp, - s _ \dp
A =7go+7(gw)o+ ((p +povp)yp+pogpap>m

2_ 2
O W®)o + Coop°Y?>. (4.15)

] -~ o~
+ ED(a + pow, o + pow) + P

Our choice of y and o minimizes the integral where we replaced v, by g,, and by
explicit computation using the definition (4.6) of « and y we find

dp 1 — .\ dp

2 -~ -~ 2

/(p +008p)Yp T P08pep 55 = 5/ (w/p“ +2p0p%8p — P — pogp) ey
(4.16)

Moreover the formula for gw from Lemma 3.9 yields

-~ -~
o= 6.9 / 8p ~ 8ol(p<ety dp
(6] = (W, = ,
§@0 & 202 472

where (5 = %er R. Inserting this and (4.16) into (4.15) we find

) -2
(Hv)@_p_z,\+1/</4+2 ~ 2_pA+p2gp_goﬂ{p§£6—1}> dp
|A| - D) 80 2 p Lrop gp P ng 0 2p2 47_[2

+

1 ~ A
ED(O[ + pow, & + Pow)

)
+ Y Lo

. dp
(vw)o+po/(vp Bp)Yp 7 + CTop 2y?,

where the last integral comes from the replacement of v, by g, in the first term of the
integral in (4 15) Since p — pg < CpY (Lemma 4.4 and Lemma G.1) and [v,, — g,| <
(vw)p = vy — go, we can bound

p* = pg

_ . dp .
@) + po f @ ~ )y < CPPY o~ B0)

and the lemma follows. O
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In the following lemma we estimate the remainder term from Lemma 4.7.

Lemma 4.8. There is a C > 0 independent of v and p such that:

D(a + po@d ~ 2o~ |1 1 (1 ~ 2~
PO, o + pow) < pid g 5 Y+10g8 +,005 V0 5 Y+10g8 +Cv0,00g0.

In particular, with § = §¢ defined in (1.5) we deduce

D(o + pow, o + pow) < Cﬁo,oer(%.

Proof. We recall the definition of £5 in (3.30). We first estimate /), 1= (& + po®@, Vp—.),
using Lemma 3.8 as

ho— f (,00§q77pq - pogoapl{lqk«/pogo} + pogovpl{e(g_l<|4|<vpogo}
p =

2g2 242
_ P08qVp—q ) dg
— 2
2\/a* + 200078, "
= h(pl) + h(pz) + hf), 4.17)
with
My — P08qVp—g 1 dg
1= g U~ = )i
{lg1>~/pogo} q 1+ pq()zgq T
~ 2
< / (D080 4y < Coopogo. (4.18)
lg|>v/pogo} 4

We also calculate
K| = ‘ / 0080V, dg
P (65 <lgl<voom) 24* 4m?

I
< C,Oogovo‘ log (\/ poa’y/ 80— e” ) ‘

11
:p08v0‘§—?+log8+C‘. (4.19)

In the case where Es_l > /Pogo, the same estimates hold true. Only the inequalities
inside the indicator function in (4.17) change. Using (3.30) we have,

|h(3)| =‘/ P0(84Vp—g — 80Vp) dg _/ P08 Vp—q dg
! (lgl< o030} 2¢° 472 Jgl<vmo@ 2, /g4 + 200028, 47"

< / pO?Olﬁp—q _,l')\pl + POlgq — 2olvo dg
= Jigl<vrrm) 2612 42

+ Co+/ p0go /

{lg1<+/P0%0} |‘1|

< C”VUHOO/ —dq + Cv9p0go < CV9p080,
lql<vmozo) 14l
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where we used £; | ~ / < R and ||V |lcc < RYp. In the end we obtain
B P8O = Olloo = 0-

o~ /1 1
lhpl < Cvopogo + Po5vo<5 ~ v +log s + C).
Similarly we have bounds on the gradient of /, namely
|Vhp| < CRV0080- (4.20)
Now we turn to

D(a + po@, o + pow) = {a + pow, h)
B / (pogqhq - PO§0h01{|q|>£8‘1} £08qhy dg

= 2 A) 2’
2q 2./q% +2p09%8, " **

which we in the same way write as D| + D> + D3 with

h 1 d
|Dl|—]/ pogq - L)%
{lg1>+/pogo} 1+_’;°2g‘1 T
h ~\2
- ||8 ||;o/ (poio) dg
T Jgl>vmzo) 4

IA

2 /1 1
Coop3es + p§82v0(g 5y +logé + C),
and using the bounds on &, we find |D;| < Cy ,ogfg\%. The technique to bound D5 is the

same as for #®) and its provides

ho d 1 1
|Dy| = U Pogoho | < 0p082<———+log5+C)
(e <l <vmm) 24° 4n 8
Lastly D3 is bounded just as 2,
/OOCg\qhq _§0h0) dg p0§qh dg

at=] [ -
(lql<po%0) 29° 4% Jig<vmm 2. /g% + 200028, 7

o~ 2D
< Cvop)&ps

from which the first result follows. The second comes from the fact that when § = §g
we have

8" =Y L +]logY|+O(Y|logY|?),
logép = logY +log(1 — Y|logY]),

providing that

15,1 — Y~ +logdo| < C. (4.21)

Now we have all necessary ingredients to conclude the proof of Theorem 4.1.
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Proof of Theorem 4.1. We take the trial state ® defined in Sect. 4.1, which has the
expected bounds on number of particles from Lemma 4.5. The energy of @ is bounded
by Lemma 4.7 together with Lemma 4.8, and using §y > %Y we find

(Ho _p°~ 1 (/7 ———— 28 = 8oLz dp
PPN PR S SN < )
sl - 2go 2/( p popP=8p — P PO8p T Py 2]?2 472
+ P2 870 (] ] +1lo 8>+ 2870, (] 1 +1lo 6)2
— — — v —_— — —
Ppo Vo 5 Y g Ppo Vo 5 % g

+Cp?8 Ty — 2o) + CT0P3 25

Now this integral can be estimated by Proposition C.3 and using p — pp < CpY we find

1 1 1
(o) Sp— +47'r,0262<———+log8+<—+2F+1ogn))
|Ag] 2 § Y 2
1 2 2 22~ 1 1 2
5% } L 3‘+ 5 (———+1 5)
T2 5y TOslTpp oy Ty Tos
+ Cp?8(to — o) + Coop° 34 (4.22)

Finally, with gp = 876 and the specific choice § = §) we deduce

<Hv><1>

| L _
op 47'[,0280<1 + <2r 43+ 10g(71)>80> + Cp250(To — Bo) + Cp26300. (4.23)
8

O

Remark 4.9. In the case of the spherical measure potential (3.40) (with the choice of b
given in (2.5)), one can see that the upper bound (4.22) is minimized (to the available
energy precision) by the choice § = §p. Indeed, even though the first three terms sug-
gest to choose the smallest § possible, including the remaining contributions yields a
minimizer of the form

§=Y({ +cY|logY]). (4.24)
Notice that first line in (4.22) is independent of the choice of ¢ to our precision. We pick

for simplicity ¢ = —1 to obtain our §y providing useful cancelations, see (4.21). This
also fixes the value of R = ae.

S. General Upper Bound

In this section we prove Theorem 2.2, using the results of Sect. 4 We let § > 3 be

given and we work on the box Ag = [— 7 3 ]2 ofsize Lg = p~ 5 y—F Moreover the
number of particles at density p is N = ¥ 28,
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5.1. Trial state. Let v be a non-negative measurable and radial potential with scattering
length a and supp(v) C B(0, R), with pR?> < Y?$*2. We consider ¢, the associated

scattering solution normalized at length b = p~1/2Y A+3 In other words wp = 26 ,3<p(0)

with §g = %log (b/a)_l, see (3.3). Note that R < b. Let f = min (1, ¢p) be the
truncated scattering solution. It satisfies

—Af(x)+%v(x)f(x) =0 on B(0,b), (5.1)

and is normalized such that f(x) = 1 for |x| > b. We define a grand canonical trial
state as

V=Y "0,F, €. Z(L*(Ag)) (5.2)

n>0

where ® = Zn D, € % (L2 (A,g)) is a quasi-free state defined in (4.3) and F;, is the
Jastrow factor

Fariooox) =[] fl—x)). (5.3)
I<i<j<n

We will use the notation f(x; — x;) = f;j and V f(x; — xj) =V f;;. Finally note that

n
F
ViFu(xi, ..., x) = Y Vifij—=-. (5.4)
= Ju
J#
Remark 5.1. To estimate the energy of W we use the bound
12 [] fai—xpP=1— > (- f0xi—x). (5.5)
I<i<j<n I<i<j<n

A similar trial state is used in [22] in 3 dimensions but there it is necessary to expand the
product (5.5) to one order higher to be able to reach the LHY precision. This substantially
complicates the estimates in that case.

5.2. Reduction to a soft potential. In this section we prove that the energy (W, H, W)
can be bounded by (®, Hy®) where v is a nicer potential. This is the effect of the Jastrow
factor F},, and we are thus reduced to optimizing the choice of the quasi-free state ®
according to the potential v.

Lemma 5.2. Consider the radial potential v(x) = 2 f'(b)8{x|=p) (With f’ being under-
stood as the radial derivative). Then the state V defined in (5.2) satisfies

(W, HyW) < (D, Hy®) — (P, RD),
where R = &, 'R, with

Vfi Vi
Rn = Z f—l] f.l Fr%’
(i .k} ij ik

where we introduced the notation

{i, j, k} = {set of pairwise distinct indices i, j, k running from 1 to n}.
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Proof. The energy of the n-th sector state is

(V,,, H,¥,,) = Z/ (Fnzlviq)n|2 + |ViFn|2cD1% +2F,V;F, - CIDnViCIDn)dx

+ > fv(xi—x_,-)F,fcbgdx. (5.6)

I<i<j<n

The second term in (5.6) can be written via (5.4) as

Viij Vfi
§/|VF|<1>2dx_§ / |Vf,J| CDd Ef fij.]‘ - IR F2p2y.
(5.7)

Note that, in the first part of (5.7) the integration in x; is only supported on the ball
|x; —xj| < b,because f;; = 1 outside this ball. We integrate by parts on this ball to find

Z/ |V; F|* ®2dx (5.8)

i=1

:_Z/ Afij "q>2 Z/ Vﬁ, V(<I>2)dx
{l-xl_xj|<b}

i#]
Vfi V
_ Zf Viij Vi L F292dx +Z/ / 3, f(b) F>®2dx;dx;,
fij Jik n=b J{|xi—x;|=b}
where X; = (x1,...X;—1, Xi+1, - .., X,). The second term in the right hand side of (5.8)

is precisely —2F,V; F,, - ®,V; ®,, thanks to (5.4). We use the scattering equation (5.1)
to transform

Z/ Afij ”<I>2d > i —xj)Fdpdx, (5.9)
iz Mxi—xjizpy 7 i

in (5.8) (note that there is no half factor because the sum is on i < j). Using (5.8) and
(5.9) in (5.6) we deduce

I<i<j<n

n
(\yn,Hn\pn>=Z/ F,,2|v,~q>n|2+22/ / 3, f (b) F>®2du; dx;
i—p JAn i< A= Hjxj—xj|=b}
Vfi V
- > Vi Vi L F2e2dx. (5.10)
an fij o fik

{i. ).k}

In the first two terms we bound F;, by 1, and the last one we consider as a remainder.

Thus,
(W, Hp W) 5/ Vo, ? +Z/ 2T (x; — xj)dx — R

i<j
O

We comment here how in the proof we used nowhere that @ is a quasi-free state, therefore
the lemma holds true for more general ® € .%; (L%(A £)).
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5.3. Number of particles in our trial state. Now for ® we choose the quasi-free state
given by Theorem 4.1, applied to the potential v. We recall that & = Wy, T, Q2 is defined
in (4.3), and W in (5.2). In this section we prove the following two lemmas, giving
estimates on the norm of W and the average number of particles in W. The idea is to
use the properties of F), to derive the bounds on ¥, = F,®, from the bounds on the
quasi-free state .

Lemma 5.3. There is a C > 0, independent of v and p, such that
1912 = @) (1 - CNY22).

Proof. The norm of our trial state is bounded from below by

w2 =3 f F2(0)®2 (x)dx

n>0
> Z(/ Qr— 3 [ (= f-xpH@Rwdr),  G11)
n>0 ! 1<i<j<n?A"
where we used the inequality
[T r@—xp?=1- > a=f0i-xp. (5.12)
1<i<j<n 1<i<j<n

The second term is the 2-body interaction potential energy of ®, thus we can write it as

S [ fu - = e 3 gy, )

n>01<i<j<n p.q.r
_ 2

=7

< aa Agrap P, ).

(5.13)

Since & = Wy, 71,2 is a quasi-free state we can estimate this term as already done
in (4.11). We first conjugate by Wy, which amounts to change the ap’s into No < N.
Together with Lemma 4.4 and Wick’s theorem we deduce

> laidh,agirap)e <CN?+ Y lardl,aqerdp)o. (5.14)

p.q.r p#0,q7#0,r#0
p+r#0,g+r#0

Then we use again Wick’s Theorem to estimate the remaining sum, which is then bounded
by CN? by Lemma 4.4. Thus Eq. (5.13) gives

% /(1—f<xl—x]>><1>dx<c|Al/(l—f(x))dxncbu (5.15)

n>01<i<j<n
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Using 3 [r210g( ) —r?log (2) + ﬁ] = 2rlog (5)2 and a < R < b we have that

b
/(1 —f(x)z)dx=2n/ (1 log( ) )rdr+2n/ (1 — f(r) Yyrdr
A

R\ g (8)

2

< C——+CR* < Cp~'Y*F*, (5.16)

log (7)

where we used pR? < Y2#+2 and b? = p~1Y?P*+1. We use this last bound in (5.15) and
(5.11) to get

Iw)? > |®]*(1 — CNY?F*2),

Lemma 5.4. There is a C > 0 independent of p and v such that,
(W, NW) = N(1 = CY)[W|?, (¥, N?W) < CN?||w%.

Proof. First we have by Lemmas 4.5 and 5.3 that
(W N?W) = "n? / Fidhdx < n?|| @, = (@, N2®) < CN? ||,

n
n>0 n>0

For the bound on (N)y we use the same idea as in the proof of Lemma 5.3. From
inequality (5.12) we deduce

(W, NW) = > "n f F202dx

n>0
> Z()n(/ ®2dx — Z[ (1 = 7 — x/)2) D> dx) (5.17)
n> i<j

In the second term we recognize a number operator and a 2-particles interaction energy,
which can be rewritten as

A=,
Z Z (1 — f(x; —x]) )dD dx = Z —(akakap+raqaq+rapd>, D).

2
n>0 i<j k,p.q,reA* 2L/3

We can compute this term using the same techniques as for (5.13), i.e., extract the
ap’s and then apply Wick’s Theorem yielding many terms of the form A;A;A3 with

A; € {(aga())q), Zp#o op, Zm&o Yp} (see (4.5)). These terms are bounded by N3 by
Lemma 4.4. Thus

Y on Z/ (1= fxi —x)*)P; dx<C—/<1—f<x> )dx| P>,
n>0 i<j

Now we use the inequality (5.16) to bound the right hand side of the quantity above and
plug it in (5.17) to obtain

(W, VW) > (N = CN?’Y?P*2) |9 |? = N(1 — CY?) | v,

where in the equality used that N = ¥ ~2#, O
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5.4. Remainder term. Here we prove that the remainder term in Lemma 5.2 is indeed
small.

Lemma 5.5. There is a C > 0 independent of v and p such that
(@, R®)| < CLyp°Y>P*| .
Proof. The remainder term can be bounded by
(@RS <Y 3 [ Wl xW - ) @i,
n=3(i,j.ky oA

where W(x) = | f(x)V f(x)|. This is a three-body interaction potential, which can be
rewritten in second quantization as

1
(P, RP)| <
|Agl?

. X
Y WWelah, ) gar_aragap)e 192
D,q.r.k,LeN*

We can again use Wick’s Theorem to estimate this part, and since Lemma 4.4 provides

maX{Zozp, Zyp} <N,

p#0 p#0
we find
N’ 52 2
(P, RD)| < CWWO I~ (5.18)

Now since f(x) = log (g)_1 log (li;—l) outside the support of v and is radially increasing,

we have
0 b log (g) K /
Wy < 2m 2dr + 21 fr)f (rrdr
R log (3) 0
log (®)\2
<Cc— = +CR( Og(g)) < Cp1PyPHL,
log (7) log (7)
where we used | log (g) |=! < Y and |log (5) | < |log (f—l) |. Inserting this bound in
(5.18) we get the result. O

5.5. Conclusion: Proof of Theorem 2.2. Using Lemmas 5.2, 5.3 and 5.5 we know that
our trial state W satisfies

(Ho)w < ((H»,;>¢ + CL%,OZYZ/S*Z) (1 + CNY2ﬂ+2). (5.19)
For @ we choose the quasi-free state given by Theorem 4.1 applied to the soft potential
v. Recall the definition of g from Lemma 3.10. We deduce that
1

A (e < 471,0250<1 + <2F + % + log(n))&)) + Cp280(B(0) — (0) + Cp2535(0).
8

(5.20)
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From Lemma 3.10 we have

P 47T
>(0)

- logb/a

4

and 2(0) = =
8(0) log R/a

= 87 do,

~ 1
where we recall from (3.3) that R = ae*o .;Fheref(ge, remembering the choices b =
p~ Y2y /24 and B > 3/2, we can estimate (v(0) — g(0)) < CY210g Y and we get
1 2 1 263 263
o Hee < dmp 50(1 + <2F s 10g(n)>50) + BCH283  log(80)| + Cp283.
B
(5.21)

We insert this into (5.19) together with N = pL% =Y 2P andY < 28y, which concludes
the proof of Theorem 2.2. O

6. Localization to Large Boxes for the Lower Bound

In this section we reduce the proof of Theorem 2.3 to an analogous statement localized
to a box of size £ defined in (6.6), namely Theorem 6.7.

6.1. Grand canonical ensemble. We rewrite the Hamiltonian in a grand canonical setting
to approach the problem in the Fock space description. To emphasize the fact that the
density parameter appears through a chemical potential in this setting, we introduce the
notation p, > 0 as new parameter. The corresponding Y will be ¥ = |10g(,oﬂaz)|_1
and we fix d to be

1

= . 6.1
llog(pra®liog(ppa) 1] (-1

5=08,. Ou:

This corresponds to normalizing the scattering solution at length R = (p, ¥)~'/? in
(3.3). With this choice we recall the definition (3.4) of g. This definition is analogous
to the one of §y (1.5) but with p, in place of p. We are going to choose, a posteriori,
o = p which implies 6, = §o.

That this choice of § is optimal follows by an evaluation of the relevant integral giving
the constant in the correction term in (1.4). Please see Remark C.4 for the evaluation of
this integral and the discussion of the optimal choice.

We consider the operator H,, acting on the symmetric Fock space Z(L*(R)) and
commuting with the number operator, whose action on the N-bosons space is

N
Hpun = H(N. L) = 8780, N =Y —Aj+ Y _v(x; —xj) — 8x8p,N
j=1 i<j
N
=Z<_Aj_pM/ g(xj—y)dy)+Zv(xi—xj). (6.2)
. R2 —
j=1 1<j
We define the ground state energy density of H,,:

v | H 'Y
eo(py) := lim M

— in 5 (6.3)
1Q—>+o0 || we.Z, (L2()\{0} ]|

In the rest of the paper we prove the following lower bound on ey(p,,).
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Theorem 6.1. There exists C, n > 0 such that the following holds. Let p, > 0 and
v € LY(Q) be a positive, spherically symmetric potential with scattering length a and
supp(v) C B(0, R) such that ||v||1 < Y~ '8 and R < ,0;1/2. Then, if,o,ia2 <C7 ! we
have, for any p, > 0,

1
eo(pp) > —4np§3(1 - (2r +5+log 71)8) — Cp28™. (6.4)

We now show that Theorem 6.1 implies the main lower bound Theorem 2.3.

Proof of Theorem 2.3. We start by reducing the problem to a potential which is L! and
compactly supported. For a given v satisfying the assumptions of Theorem 2.3, we
apply Theorem 3.6 with T = (47 Y)~'/8, R = p~!/? and & = 1. This provides us with
a potential v = vy g to which we can apply Theorem 6.1. Then for this new potential
we use the ground state of Hy as a trial function for H,, and get

e*P(p, V) = eo(pyu, V) +878ppy

~ 1 ~ ~
> —4npﬁ5(1 _ (2F +5 +log n)5> — Cp25% 4 878 ppy,

where § = and @ is the scattering length of v. Since v < v we have

1
| log(pa?|log(pa®)| =) -
2D (p,v) > eZD(p, V). Moreover, by Eq. (3.23) we can change § into & up to an error
of order

2 .
! —+ ! 2/ v(x) log (ﬂ) dx < carmin(dm). (6.5)
log (2)°T  log (&) JixI>R) a

Choosing p,, = p concludes the proof. O

6.2. Reduction to large boxes. We now make use of the sliding localization technique
developed in [28] to reduce the proof of Theorem 2.3 to a localized problem in a large
box A C Q. We introduce the length scale

= Kepp 2y, (6.6)

where K; > 1 is a parameter fixed in “Appendix H”, and we carry out the analysis in
the large box

A [ ¢ 5]2 (6.7)
o 2’21 '
For any u € R2, we denote by
Ay, =Llu+A (6.8)

the translated large box. Let us introduce the localization functions: the sharp character-
istic function

By = 1a, 6.9)
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and the regular one: let x € C(I)"’(Rz), for M € N with supp x = [—%, %]2 be the
spherically symmetric function defined in “Appendix F’, and

) =x(7)0 ) = xale - tw. (6.10)

The parameter M is fixed in “Appendix H”. Define the following projections on L?(A),
P :={02[17){(1a]l, Q:=1-P, (6.11)

i.e. P is the orthogonal projection in L?(A) onto the constant functions and Q is the or-
thogonal projection to the complement. Using these definitions, we define the following
operators on .%; (L%(A)) through their action on any N -particles sector:

N N
no=» Pj, ni=y 0j=N=-n. (6.12)
j=1

j=1

The definition is based on the idea that low energy eigenstates of the system should
concentrate in the constant function. Thus, ng counts the number of particles in the
condensate and n, the number of particles excited out of the condensate.

We start by stating the result for the kinetic energy.

Lemma 6.2 (Kinetic energy localization). Let —A{l\/ denote the Neumann Laplacian in
A, and —A the Laplacian on R?. If the regularity of x is M > 5 and the positive
parameters €N, €T, d, s, b are smaller than some universal constant, then for all £ > 0
we have

—A> [ 7,du, (6.13)
R2

in terms of quadratic forms in H'(R?), where

T = en(=A0) + (1= ) (TN + TV TEP + T, (6.14)
with
News ._ _ET -Aw (6.15)
“ 2(d0)? —AN + (de)=2’
b
Tl = Lo, (6.16)
T e
ngap = bw Quﬂ(d—24—1,+oo)( —A)Qu, (6.17)

. 17 L7
Ztkm = OuXu {(1 —er) [F_ ﬁ] +er |:«/— — m] }XuQu- (6.18)

Proof. The proof is identical to the one of [28, Lemma 3.7] and its adaptation to our
context in [19, Lemma 6.4], which are independent of dimension. O

Remark 6.3. The kinetic energy is composed of several terms which have to remedy
some problems related to the main kinetic energy term and play the following roles:

° Tuki“ is the main kinetic energy term;
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e —AV is the Neumann Laplacian and compensates the loss of ellipticity at the
boundary caused by the localization function x in ’Z;km;

o 7" is the Neumann gap in the small box. Worth to remark is that, for large
momenta, it behaves like a gap, while for small momenta its action is like a Neumann
Laplacian;

° ZlNeu’l is a fraction b of the Neumann gap in the large box. We don’t think of b as a
parameter but as a fixed small constant. In the remaining we then choose and fix the
value of b.

e 7.5 is another spectral gap which we need in order to control the number of
excitations with large momenta.

The localization of the potential energy relies on a direct calculation of the integral
which can be found in [28, Proposition 3.1]. Assuming that R¢~! is sufficiently small,
we can introduce the following localized potentials

W) = —20 Wx, y) = AW E = XAy, (6.19)
X * x(x/€)
Wi = — 89 wi(x,y) = xaWWix — Mxay).  (6.20)
X * x(x/€)
Wa(x) = SISO ) = XA Wax = xa(y), (621
X * x(x/0)

where we observe that W, Wy, W, and w, wq, wy are localized versions of v, g, (1+w)g,
respectively, defined in (3.4).
Furthermore, we introduce the translated versions for u € A

wiu(x,y) =wi(x —Lu, y —Lu) (6.22)

and similarly for w , and w,,. We are going to make use of the following approximation
result. We recall the defintion of the lengthscale 5 from (3.30), which, with our choice
§ = 4, from (6.1) becomes

¢ —i —1/2y=1/2 6.23
5 - 2 IOM £ ( . )

and corresponds to the so-called healing length.

Lemma 6.4. There exists a universal constant C > 0 such that, if R¢™' < C~1, we
have

e Wi can be approximated by g up to the following error

min{|x|*, R?)

0<Wilx) —gx) = Cglx) 7 :

(6.24)
and in particular ||W1 | ;1 < 878(1 + CR?*£™?) due to (3.6).
e For any h € LY (R?) such that h(x) = h(—x) and supph € B(0, R),

R2
< CHil'c}X||353jX||oo£—2||h||Ll- (6.25)

B xa(x) = xa(x) [1;{2 dx h(x)
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e It also holds

R2
<Copb (626)

T 2 2
1 Wi(k)” — Wi (0)1{|k\<2_1} e
‘ / —— — gw(0)
R2

(2m)? 2k2

e It holds

4

R
dk §C£—4§50(O). (6.27)

(W1 (k) = 8(k)* = (W1(0) = §(0))* 1y
A‘QZ 2k?

Proof. For (6.24) we use that the support of g is contained in the set {|x| < R}, therefore
it is enough to give here our estimate. Using the symmetries of yx, the normalization
llx 12 = 1 (Appendix F) and a Taylor expansion we see that

I
- —x(x/t—y]l|d
‘ x*x(x/li)‘S X X (/0] /sz(y)[x(y) x(x/ Y)]‘ y

|x|?
= C—-max||9;9; X lloc>
0= j

which implies the first bound. (6.25) is proved similarily. For the bound (6.26), by the
Lemma 3.8 we know that

dk, (6.28)

-~ -~
. 1 8k — 80 (k<)
(§0)0 = / ;
]RZ

(2m)? 2k?2

and using (3.28) for both the expressions of W and g we get

1
(27)?

%2 _ 32 2 2
/ 8 —8oly=sy — Wi+ Wi (O)lumse;‘}dk
R2 2k2

IA

e / 1880) = Wi Wi 1og (“ )avay

C —
<=5 [[ Pewe0tor (“1 Jaxay

C
= Z—Z/|x|2g(x)a)(x)dx

2

R
S C£_287

where we used first (6.24), then the fact that in 2 dimension the log term produces a
convolution with the Green’s function of the Laplacian and finally formulas (3.5) and

(3.6) (together with the bounds w < 1 in the support of g and 2R < £s). The last
inequality has a similar proof and is omitted. O

We now give a result of localization to large boxes for the potential part in the
Hamiltonian (6.2).
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Lemma 6.5 (Localization of the potential). The following identity holds

N
—PMZA;g(Xj — y)dy+ > vxi —x))
j=10

i<j
N
= /]R? |:- /%X:‘/R2 wiu(xj, y)dy + Zwu(xi,xj):|du. (6.29)
j=1 i<j

Proof. It is proven by direct calculation following the same lines as [28, Proposition
3.1]. O

Therefore, joining the results from Lemmas 6.2, 6.5 and introducing the large box
Hamiltonian acting on .%; (L*(A,)) as

N N
Ha, ()N = 27;(") — Pu Z/Rz wiu(xj, )y + Y wy(xi, xj),  (6.30)
Jj=1 Jj=l1

i<j

where ’Z;(j ) is (6.14) for the x; variable, and the ground state energy and its density

: 1
En(pp) = inf Spec(Ha(pu)),  ealpu) := 2 EA (Pw) (6.31)
we are able to prove the following. Recall that ¢ is defined in (6.3).

Lemma 6.6. Under the assumptions of Lemma 6.2,
eo(pu) = en(pp)- (6.32)
Proof. By direct application of Lemma 6.2 and Lemma 6.5 we have
Hpun(op) = f Ha, (pp)ndu > £72)Q+ B(0,€/2)| Ep(py).(6.33)
€=1(Q+B(0,¢/2))

where the last inequality is guaranteed by the unitary equivalence Ha, = Hy , via the
relation

Wy (X, y) = wu(x — L' —u),y — L' — u)). (6.34)

The proof is concluded taking the infimum of the spectrum of the left-hand side and
dividing by |€2| observing that |Q+B|(S(Z)if/2)| -

|2]—+00

Therefore, Lemma 6.6 shows that in order to prove our main result Theorem 6.1, it

is enough to give an analogous estimate on the Hamiltonian on the large box, and it is
the content of the next theorem.
Theorem 6.7. There exist C,n > 0 such that the following holds. Let p, > 0 and
v € LY(Q) be a positive, spherically symmetric potential with scattering length a and
supp(v) C B(0, R) such that ||v||; < Y~/ and R < ,0,;1/2‘ Then, if,o,m2 <C7! and
the parameters are chosen as in “Appendix H”, we have

1
En(py) > —471@2/;35(1 — (2r +5+log n>8> —CRp2E. (6.39)

The proof of Theorem 6.7 is given in the remaining sections of the article.
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7. Lower Bounds in Position Space

7.1. Splitting of the potential. By the definitions (6.11) of the projectors P and Q, we
see that we can split the potential in a way presented in the lemma below.

Lemma 7.1. We have, recalling the definitions in (6.19), that
N 1 4
—P’*;A‘%{z wi(xj, y)dy + Ezw(xi,xj) = ZQ;”’ (7.1)

i#] j=0

with

1
0< QZEH = 5 Z I:Qin + (P,'Pj +PQj+ Q,'Pj)a)(xi —xj)]w(x,-,xj)

i#]
X [QJQ,- +w(xi —xj) (PP +PjQ; + QjPi)], (7.2)
Q" =Y P Qjwi(xi, x;)Qi Qj +h.c., (7.3)
i)
as well as
Q" =Y PiQwaxi, x))QiPj + Y PiQjwa(xi, xj)PiQ; (7.4)
i#] i#]

: N
+§ZPinw1(xz‘,Xj)Qin+h-C-—PuZQi Azwl(Xi,Y)dy Qi, (7.5)

i#] j=1

N
er*en = Z Q,-ijz(x,-, XJ')P,'P]' — Pu Z 0O /2 wi(x;, y)dy P; + h.c., (7.6)
i=1 R

i.j
and
1 N
Q)" =5 ; Pi Pjwy(xi, X)) Pi Pj — py JX_; P; /R wi(xj, ydy Pi. (1.7])

Proof. Tt follows from an elementary calculation, using that P + Q = 1 on L?(A) and,
where needed, the identity

w; = wy) — wow + ww?. (7.8)

O

We rewrite now some of the previous Q terms in the lemma below.
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Lemma 7.2. With the notation py = ';—8 we have

-1 — —~
Qe = %(g(@ +80(0)) — punog (0), (7.9)

N
Q" = (p0 — pu) Y, Qixa(xi) W1 # xa(xi) Pi +h.c.
i=1
N

+00 Y Qixa(xi)(Wio) % xa) (xi) Pi + h.c., (7.10)
i=1

and

1
Q5" > ; PiQjw(xi. xj) Qi Pj + 5 ;(Pipjwl(xi’xj)Qin +h.c.)
i#j oVl

N

+((p0 = PO TIO) + 0 Wi(0) Y Qxa(e)* Q) = Clou+p0)8( 7 ) e
j=1

(7.11)

Proof. The first two identities are straightforward after having observed that

N N

1
> PPy =55 3P [ witindy = po [ wichndy, (.12
j=1 j=1 A A

and
/A w1 (x;, y)dy = xa (i) (Wr * xa)(x;). (7.13)

For the Q7" term, the only parts which require a different approach are

N N
(00— p) Y Qixa Wik Xa(x)Qj+p0 Y Qjxa (X)) (Wiw) % Xa)(x)) Q.
j=1 j=1
(7.14)

Using Eq. (6.25) of Lemma 6.4 we can bound

N N
Y QiAW xa() Q) = Wil Y Qxax))*Q;
j=1 J=1
R2
= Cmax |09 x ooz Wil X looms. (7.15)

Recalling that ||W;]||;1 < C§ (Lemma 6.4) and acting similarly for the other term, this
concludes the proof. O

As a direct consequence of the lemma above, we can derive the following first lower
bound for the large box Hamiltonian.
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Corollary 7.3. The following bound holds for the Hamiltonian in the large box

N
: —1
Halow|y =Y TV + %@(O) +g0(0) — punogo (7.16)
j=1
N
+(P0 = pu) 2 Qixa GO W1 xa (i) Py + hec, (7.17)
i=1
N
+p0 Y Qixa ) (Wiw) % xa) (i) P + h.c. (7.18)

i=1

1
+ZPinw2(xi,xj)Qin t3 Z(Pipjwl(xiaxj)Qin +h.c.)

Iy Iy
(7.19)
R - N
+ ((po — p) W1 (0) + poW1w(0)) Z Qjxa (Xj)sz (7.20)
j=1
RA\2
— Clpy + po)(s(ﬁ ny + Q"+ Q. (7.21)

In the lemma below we prove an estimate which is going to be useful in Sect. 7.2 to
localize the Q5™ term.

Lemma 7.4. Let Q' be a possibly non self-adjoint operator on L*(A) such that Q Q' =
Q' and || Q|| < 1. Then for all ¢ € (0, 1) there is a C > 0 such that, if R < ¢,

D (PiQjwi(xi, x,)Qi Q + h.c.)
i#]

1 one K2
> =2 Q" = Y (PQjwiwP P+ h.c.) - sno(cK; PacE Y 0(0))").
i j=1

Proof. The idea is to reobtain the Q4 term in the inequalities.

Z(PiQ/jlein +h.C.) = ZPiQ/jwl [Qin +a)(PL-Pj +P,'Qj + Q,‘Pj)]+h.c.

i#] i#]
— Y PQiwiw(PiPj+PiQj+ QiP))+hc. (122)
i#]

We use Cauchy—Schwarz inequality on both the terms on the right-hand side. The first
line of (7.22), using that w; < w, is controlled by

1 N .
CY_ PQun(PQ) + Q" = c’;—g D Qxa )W xa) ()@ + 7 Q"
i#] j=1

N
no P |
= Czlxallis ) 050"+ 2O,
j=1
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where we used (7.12), (7.13), the bound || W1 ;1 < C8(1 + R*>¢~2) and R < ¢. For the
second line of (7.22) we keep the P P contribution and treat the other terms separately.
They can be estimated as above. For instance,

Y (PQwiwPQj+he) <e”' Y PQiwio(P Q) +e ) PQjwiwPQ;
i#] i#] i#]j

N
nog/ _ ’ /
< Cée—z(s 1;:1 Qj(Qj)T+an+), (7.23)

where we used the Cauchy—Schwarz inequality with weight ¢ > 0. Choosing ¢ =
cC71K % with ¢ € (0, 1), we get

lo2s 12 ¥ 21+
> P QiwwPQ; <c'C% (dz)Z ZQ Q)"+ cdnoK 257, (7:24)
i#]j Jj=1
and the lemma follows. O

7.2. Localization of 3Q term. In this section we show how we can restrict the action of
one of the Q projectors in the Q5™ term to low momenta. More precisely we define the
following two sets of low and high momenta respectively,

={peR?||pl<d 2}, Pu:={(peR*||pl=Kyt'}). (725

We choose the parameters d and K g satisfying (H6) so that the two sets are disjoint.
We will localize the Q projector using the following cutoff function,

1, if r<l,
)= f@dn,  fey=g0 e 2 (7.26)
where f € C°°(R) is a non-increasing function. The localized projectors are
QL= 0ftV=N), 0Qp:=0-0L, (7.27)
and the localized version of Q5" is
QY™ = (PiQr jwi(xi. x))Qi Q; +h.c.). (7.28)
i#]

The number of high excitations, namely the number of bosons outside from the conden-
sate and with momenta not in Py, is

N
= Z Qj Lig2p-1.000/—A))Qj. (7.29)
j=1
It is easy to see that
= A
Qr,j0L,; = nfl. (7.30)

The next lemma shows how the Q5" term added to a small contribution from Q}°" and
to the spectral gap from the kinetic energy (see (6.14)), can be bounded above by Q13°W.
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Lemma 7.5. Assume R < ¢ and the relation (H26) between the parameters. Then there
exists C > 0 such that, for any n-particles state ¥ € F (L2(A)) withn < 2p#E2,

b ((n+)\p (nf)y

_ 2
n - —
oo\ ¢z T°T d0)? ) > (Q¥")y — Cag_z(dZM 24 R272)

1
(Q¥"w + Z(fo")w +

where the fixed number b was introduced in Lemma 6.2.
Proof. By definition
QF" — QY =) (P Qr jwi(xi.x))Q; Q) +h.c.). (7.31)
i#]

We use now Lemma 7.4 with O’ = Q; and the estimate (7.30) to get

1 —
Qgen _ ngw > _ZQZen _ Z(PiQL,jwlein +h.c.)
i#]
22
24 d°Ki y
—(Sn()(ch £—2+C(d£)2n+).

(7.32)

By (7.12) we have

Z(PiaL,jwlei Pj + h.C.)
i#]

N
= ;’—3(ZEL,ij(xj)(nwlwuLlmx,-) +e(x))) P +h.c.), (7.33)
j=1

with e(x;) = Wiw* xa(x;) — [[Wio|lp1 xa (x}). The £(x;)-term can be bounded using
a Cauchy-Schwarz inequality and (6.25),

N N

no — no — —

E—Z(Z Opr,jxalxj)e(xj)P; +h-C.) < Ce—2 Z(QL,]’XASQLJ’ + PjxaePj)
j=1 j=1

2

R
< 2% 5t +ny). (7.34)

For the other term we take M — 1 < 2M < M and using the notation Dy := (£72 —
Aj)M, we write

0L ixa(x))?Pj+h.c.=0p Dy, [Dyxa(x))*1P; + h.c. (7.35)
Therefore, by Cauchy—Schwarz inequality with weight g9 > 0,

0L ixa(x)*Pj+hee. < eoPj+ey 1Duxi 1% 0L Dy (O )

Now using that || DMXIZ\ | < C¢~2M and that ‘0, cut momenta lower than d=2¢=" we
obtain

Op ixa(x)*Pj+he. <eoPj+ey ' CO™MQ, (07— Ap~M(Q, )T
<eoPj+e, Cd*MQ, ;0 ). (7.36)
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Therefore choosing gy = d*M , we have

N

no — no

€—2<§ 0L ixan(x) Wil 1 P +h.c.> < C8d*M—2 (n +ng).  (1.37)
j=1

Inserting (7.34) and (7.37) into (7.33) we find

Y (PO, jwiwPiP; +h.e) < Caz—g(nf +n0)(@M72 + R2672). (7.38)
i#]
We use this last bound in (7.32) and apply it to the state W,
(Qren> _ <Q10w>
> ——(Q““’“) - caﬂ(( Do +n) @2+ R0

H
o {ns)w 2 2 (N w
—cdnk, 7 — Cénd KZ (dﬁ)z
2 H
n _ _ (ne)w 4(ni)w
By — CS— (@M 4 R0 — Y _ cdPk} , (739
(Q hw = Co( ) o 039
where we used n < 2p, ¢ and €2 = K; ,oulY !. We conclude by choosing ¢ = %
and using the relation (H26) between the parameters. O

7.3. A priori bounds and localization of the number of excitations. The purpose of
this section is to get bounds on the number of excitations of the system. First of all,
Theorem 7.6 gives a priori bounds on 7.

Theorem 7.6. There exists a universal constant C > 0 such that, if ¥ € . (L%(A)) is
a normalized n-bosons vector which satisfies

(Ha(p)hw = —4mo2e?Y (1= CK3YllogY1). (7.40)

with Kp fixed in “Appendix H”, then

(ny)w < CK3KZ2p, %Y |log Y|, (7.41)
(Q¥"w < CKpK;p,°Y?|log Y], (7.42)
‘,0#—;—2‘ §CKBKgpMY1/2|10gY|1/2. (7.43)

Proof. It is proved in “Appendix D”, using a second localization to "small boxes" of
size K L. O

We also need to bound the number of low excitations, defined in terms of our modified
kinetic energy 7 . More precisely we define, for a certain Ky >> 1 fixed in “Appendix H”,
the projectors

aH = H(O,I?IZJZ_Z)(T)’ QH = Q _EH: (744)
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which satisfy
P+Q0py+0n=Ia. (7.45)

We will consider the operators
n_l; = Z@ij’ ﬁ_{l = ZQH’j, (7.46)
J J

for which we prove the following result.

Theorem 7.7 (Restriction on nf). There exist C, n > 0 such that the following holds.
Let W € F,(L*(A)) be a normalized n-particle vector which satisfies (7.40). Assume
that the potential v is such that ||v|; < Y~V8. Then, for M > 1 satisfying condition
(H24) there exists a sequence {W"} ez, C Fs(L*(AN)) such that Do 1" I> =1 and

[\ 11[0?%%](”&)\11”’, (7.47)
and such that the following lower bound holds true

(W, HA ()W) = Y (U™, Ha(pp)W™) — Cp Y
2|m|=M

—4npﬁ£2Y(1—CK§Y|1ogY|) 3 e,
2|\m|>M

Notice that, if such a state W does not exist, then our lower bound is already proven
(see when we apply Theorem 7.7 in (9.80)). From this result we see that, in order to
prove Theorem 6.7, we only need to bound the energy of states satisfying the bound
nf < M. In the remainder of this section, we prove Theorem 7.7. The following lemma
states that for a lower bound we can restrict to states with finitely many excitations n.,
up to small enough errors. The proof of this lemma is inspired by the localization of
large matrices result in [29]. It is also really similar to the bounds in [30, Proposition
21]. It could be interpreted as an analogue of the standard IMS localization formula. The
error produced is written in terms of the following quantities d lL and d2L:

di == —py Z(Pi +0n.i) / wi(xi, y)dy Qp; +h.c.
i

+> (P +Qni)On jwxi x))0p i O +hoc.

i#]
+> 0P+ Qu pwi, x))(P; + Qui)(Pj+ Qu j) +he.  (148)
i#]
and
dy = Z(Pi +0pni)(Pj+ QH,j)w(xi»xj)aH,jaH,i +h.c. (7.49)

i#]



76

GSE 2D Gas Page 45 of 104 59

Lemma 7.8. Let 60 : R — [0, 1] be any compactly supported Lipschitz function such
that 0(s) = 1 for |s| < % and 0(s) = 0 for |s| > }r For any M > 0, define cpq > 0
and O a4 such that

O (s) = cMe(%), 3 oms)? = 1.
SEZ

Then there exists a C > 0 depending only on 0 such that, for any normalized state
Ve F (LX),

C
(W HAGP)W) = Y (0" Ha(p) ") = o= (I yul + 1d)wl) . (7.50)
meZ

where Y = QM(nf —m)W.

Proof. Notice that H o only contains terms that change nf; by 0, £1 or 2. Therefore,
we write our operator as H (o,) = Z| k<2 Hy, with Hknf = (nf; + k)H}.. Moreover,

Hi + Hox = dkL for k = 1,2. We use this decomposition to estimate the localized
energy,

DU HAW) =3 (Opm(nf — m)Op(nk —m + k)W, H W)

meZ meZ |k|<2
= > D {O0mls —m)op(s —m +) LV, HeW)
m,s€Z |k|<2
= D ) OO + k) (1) ¥, HW),
m,s€Z |k|<2

where in the last line we changed the index m into s — m. We can sum on s to recognize
D W HAWT) =303 O (m)Oag (m + k) (W, Hy ). (7.51)
meZ meZ |k|<2
Furthermore the energy of W can be rewritten as
(U, HAW) = ) (W, HeW) = Y > Op(m)* (W, He W), (7.52)
k|<2 meZ |k|<2

by definition of 6. Thus, the localization error is

D W HAYT) — (U, HAW) = ) 8 (W, Hy W), (7.53)
meZ |k|<2
with
1
Sk =Y (Omm)Oa(m + k) — Opg(m)*) = -3 > (B m) — 6pq(m +K))°.
mez m
(7.54)

Since 89 = 0, 8¢ = §_j and dX = Hy + H_; we find

Z<qjm’ HA\IJm> — (U, HA W) = §; (dlL)\p +52(d2L)\IJ, (7.55)

mez
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and only remains to prove that |5;| < C M2 Using (7.54) and the definition of 6,

15 = % % [9(%) - e(m/\;kﬂz. (7.56)

me

We can restrict the sumtom € [ — %, %], since the other terms vanish due to 6 being a

cutoff function. This sum contains M + 1 terms which we can bound using the Lipschitz
constant L of 6,

5 M+1L%*  2L%?
<

where in the last inequality we used
) s \2\ 1 1
- 9<_> ) < 7.58
‘M (Z M = M/a+1 (7.58)
SEZ
O

To estimate the error in (7.50), we need the following bounds on d]L and dZL.

Lemma7.9. Let M > 0 and W € F3(L*(A)) be a normalized n-bosons vector satis-

fying
L
v = ]l[o,ﬂ](”+)‘l"

Then, assuming the choices of parameters in “Appendix H” we have

(i Yol + 1{d5 | (7.59)
12 =12 172 v
(n+) MU g™ 1jany Mnd)e _1p .
< p,iezuvnl( S+ e R e K%) +C(QM.
Proof. We give the proof in “Appendix E”. O

Now we can combine Lemmas 7.8, 7.9 and Theorem 7.6 to prove Theorem 7.7.

Proof of Theorem 7.7. Given a n-sector state ¥ € L2(A") satisfying (7.40), we can
apply Lemma 7.8 and write W = 0 (nt —m)W. In (7.50) we split the sum into two.
The first part, for |m| < %M, we keep. For |m| > %./\/l, W, satisfies

M
(ny)gm = (nkygm > anmnz, (7.60)

due to the cutoff 64 (nf — m). Thanks to condition (H24) on M, this is a larger bound
than (7.41), and thus the assumption of Theorem 7.6 cannot be satisfied for W™ and we
must have the lower bound

(U Hp ()W) = —4np§£2y(1 — CK2Y|log Y|> w2, (7.61)

We finally bound the last term in (7.50), using Lemma 7.9 with ./’\Z =n,

—1/4 % —1/2%2
1+¢ Ky € K
i Yul+(d3)w] < pieznvn%(%mw + %mw) +C(QTM)y.
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Now we use the condensation estimate (7.41) and the bound (7.42) on Q)" to obtain

i) w !+ 1{d3 ) w] (7.62)
< pﬁ£2||v||1<yl/2| log Y[V2K KpKpey* +¥|log Y|K§K§E,2,g;‘/2).
The relation (H13) between the parameters implies that the largest term in (7.62) is the

first one. Using the conditions (H11) and (H24) on ey and M respectively, and the
assumptions on ||v||; we find

[(df) el + 1(dy)wl
Mz

< P Y, (7.63)

Using the estimates (7.61) for m > %M and (7.63) in formula (7.50) we conclude the
proof. O

8. Lower Bounds in Second Quantization

8.1. Second quantization formalism. We rewrite the Hamiltonian in the second quan-
tization formalism. Let us introduce the operators, where # can be nothing or T for the
annihilation or creation operators on the space % (L2(A)), respectively,

1
a{f::za#(@), and  [ag,a)] =1, 8.1)

being the creation and annihilation operators for bosons with zero momentum, where 6
is the sharp localization function on A (see (6.9)). For k € R? \ {0} we also define

~ 1 ;
ar = J a*(Qe*9), (8.2)

the creation and annihilation operators for bosons with non-zero momentum with Q
defined in (6.11), and their regular analogous

1 .
af = 5 a" Qe xy), (8.3)

where x5 is the regular localization function defined in “Appendix F”. We have the usual
commutation relations, for k, h € R? \ {0}

-~ - (N :
[, @) = [ax,an] =0,  and  [3, @) ] = 7 (0e’F*, Qe (8.4)
Using that P = 1 — Q and xa (k) = 2% (k£),
1 ] ; -5 ~ =
lak, aj] = 7 (Qe™ xn, Q™ xn) = x2((k — h)e) — T (kOX(hL),  (8.5)

and

la,al] <1 (8.6)
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Let us observe, first of all, that

[
nyg = agao, ny = W f a;akdk. (8.7)
Let us introduce, for k € R2, the kinetic Fourier multiplier
k 1 k —1 ’ k Ly 8.8
= —_ —_ + - . .
vk ( 8T)[| | 2s£]+ ST[l | 2ds£:|+ (8.8)

We will need the following technical lemma to control the number operators.

Lemma 8.1. Assume the relation (H27) between the parameters. Let ¥ € F; (L%(A))
be a normalized state satisfying

Lo (v = v, Lio.2p, 2 ()Y = ¥, (8.9)
then the following bounds hold
<132 / (a) +'dZEk)dk> <CM, (8.10)
{lk|<2K ") v
(ezf (a]a +EZZEik)dk>w < CM+Cintyy. 8.11)
RZ

Proof. The proof is analogous for both the addends, therefore we give the proof only
for the a,f. We want to compare localization in terms of kinetic energy with localization
in momenta. We use [19, Lemma 5.2] adapted to dimension 2:

— KH M 3/2
Oxalypi<kpe-yxaQ =COx + C((E_) +8N/ ) (8.12)
H
— KH M 3/2
Olypj<kye-11Q = COp + C(<f<’_) +e3 ) (8.13)
H

where we recall the definition (7.44) of Q. Using (8.12) we have the following in-
equality in the N-th Fock sector

2 / ) N
agndk| =2, QixaGNL02kun W= ADAA DL
@) Jym=ekmey © N ; ’ J7 202K ¢ ]\/_J Y
Kg\M
Scn£+((~_H> +83\{2>n+.
Ky

Using the bounds from (8.9) and the relation (H27) we deduce
(EZ/ ajadk) = CM+C((Z2)" +6%)pul? = CM, B.14)
{Ik|<2Kpe=1) v Kn

thus proving (8.10). In order to obtain (8.11) it is enough to estimate the integral on the
complementary subset. We have, again on the N-th sector,

N
52/ a};akdk ‘ = Z QjXA(xj)]l{|k|ZzKHe—l}(\/ _Aj)XA(xj)Qj-
(kI=2K e~} N

(8.15)
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We insert 1 = 1p, + 1pe and use the Cauchy—Schwarz inequality to estimate the
right-hand side,

Oxa ﬂ[zKHz—1,+oo)(\/ —A)xa 0
< 201pe (V=) xalpky -1 4oo) (V=D) xalps (V=A) 0.
+201p, (V=) xalpk -1 4o0) (V=A) xalp, (V—A)Q.

On 772 we can use the bound
QLpe (V=D xa Lk o1 400y (V=D xa1ps (V=2)Q < [Ixal2,Q1pc (W=A) Q.

On P, we bound the operator norm, multiplying and dividing by an M power of the
Laplacian and using that x has M bounded derivatives,

” ILPL ( \Y _A)XA ]1[2]{[-]5_' ,+00) ||
< 11p, W=D xa (=M (=) ™M Uk i1 oo |l < C@ K™,

‘We deduce

62/ alaydk < Cnfl + C(d>Ky) My, (8.16)
(k|=2K¢~)

and we conclude using (H27) and the assumptions on W. O

8.2. Second quantized Hamiltonian. We can rewrite the ngw term (7.28) in second
quantized formalism

Qlow: 62
ST )

/2 ) fL (p)Wl (k)aé?i;r,ap_kakdkdp + h.c. (8.17)
R*xR

An important consideration is that we can restrict the contributions in Q13°W to the high
momenta. This is the content of the next lemma.

Lemma 8.2 (Localization of Qé"w to high momenta). Assume R < ¢ and the relations
(HI16), (H17), (H27) between the parameters. If ¥ € F (L%(A)) is a n-particle state
satisfying (7.40) and H[O,M](nf)\lf = W then we have

(W] QW) = (0] Q3" W) — s (). (8.18)
where
high 02 . o
%= Q)4 Jp, «r2 fL(p)Wi(k)aya,ap—rardkdp + h.c., (8.19)
o X

with Py defined in (7.25).
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Proof. First note that

2
high 14

(W (ngw — QW) = W /73" - fL(p)W| (k)(¥ IaSZi}L,ap_kak\I/)dkdp +h.c.

(8.20)

For any ¢ > 0, using Cauchy—Schwarz on the creation and annihilation operators,

high

(W] (QF" — Q3*"Ww)
P o 1 it
> —Cé¢ / fL(p)<8(\Il|apa0a0ap\IJ)+8 (\Iflakap_kap_kak\lf)>dkdp,
Pé xR?
(8.21)

where we used the fact that || Wl loo < IW1l1 < C§ (from Lemma 6.4). We now use

the following inequalities, obtained by Lemma 8.1 and bounding f; by 1,

n(n)w

5 f (¥ | @agacd,V)dkdp < ning)e f k= S K7(8.22)
Py <2 Py
et / fLp)W aja)_ap, ray®)dkdp < CM(ny)w. (8.23)
Py, xR?
Therefore, applying to (8.21) we obtain
high (ne)w M
(W (QF" — QW) = ~Cs—3 n(eKlzi s 17). (8.24)
hoosi 1 M2 .
Choosing ¢ = K ;" <57-, we obtain
high (ni)w KyM!/2
(W1(QF" = QW) = —Co—=n—"7 (8.25)
We use Theorem 7.6 and (H17) to bound n'/? by 2,0,1/26 and get
ey

(W] (QFY — OQF¥M W) > —Cspl/2eK y M2 >

By the assumption (H16) the error can be absorbed in a small fraction of the spectral
gap. ]
We are ready to state a bound for the second quantized Hamiltonian.

Proposition 8.3. Assume R < (p,8)~'/? and the relations of “Appendix H” between
the parameters. Let ¥ be a normalized n-particle state satisfying (7.40) and V =
Lo, M (nE)W. Then

(W HA(0)W) = (W HR ()W) = CEp28 (a2 + R272),  (826)
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where
2 H
b T ernon
2nd . H +
: |- K)a! aydk p—T __crrony
A= G f (= en)TMagapdk + 3ome+ borronl! + 164202, %)
(8.27)
(P .
+ Z—EZaoaéaoao(go +80(0)) — puagaogo (8.28)
1 _ 1
i PN
+ ((52 alag — pﬂ) OF=s /R  Aak)alagdk + h.c.) (8.29)
+ <€—2a0aoa)W1 O iz ., Fa®aasdk + h.c.) (8.30)
Qrest thgh (83 1 )
1. e i
+ <(£—2a0a0 pM>W1(O)+ ajaWio0)) —— ooyt L, etk 832

where t (k) is defined in (8.8) and with

Qrevt

O )2/ (Wl(k)+(W1a))(k))a0akakaodk

+ 3 / W1 (k) <a0a8aka_k + aZaikaoa())dk.
Rz

Proof. We use the lower bound for H (p,) from Corollary 7.3. First of all, in the
kinetic energy expression (6.14) we remove the positive parts depending on the Neumann
Laplacian, namely &y (— A7) and 7N%S, Using the quantization, we obtain from (6.14)
the expressions in (8.27) with the main kinetic energy term and the spectral gaps. We
bounded part of the spectral gap to get the last term in (8.27) using ng < 2,0M£2 (which
follows from (7.43) and (H17)). This term will be useful later (in particular in the proof
of Lemma 9.2).

The expressions (8.28), (8.29), (8.30), QrzeSt and (8.32) are obtained from (7.16),
(7.17), (7.18), (7.19) and (7.20) respectively, via a straightforward application of the
quantization rules. Note that in (8.29) and (8.30) we have changed a Wi(k) (resp.
m(k)) into Wl (0) (resp. m(O)). This can be justified by using (6.25) in (7.17)
and (7.18), the error being of order R? pi&. We can reabsorb the term

~Cloy + p0)SR* ;.
in a fraction of the spectral gap because R < (:0;/«5)_1/ 2. Let us observe that thanks to
Lemma 7.5 we can replace Q5" + JT Q" by Q13°W in H s (p,,). Part of the error is absorbed

in the spectral gap, other part appears in (8.26). Finally we change Q13°W into Qgﬁgh using
Lemma 8.2, the error being absorbed in a fraction of the spectral gap again. O

8.3. c-number substitution. In this section we show how the energy can be bounded if
we minimize over a specific class of coherent states, which are eigenvectors for the anni-
hilation operator of the condensate. In this way we can turn the action of the condensate
operators in the form of multiplication per complex numbers. Let us define

lz[>

lz) =e - (K +24)) Q, (8.33)
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for any z € C. As anticipated, we have
aolz) = z1z). (8.34)
Given any state W we define the z-dependent state
P(z) = (z| V), (8.35)

obtained by the partial inner product in .%;(RanP). One can verify that these states
generate the space .%; (Ran Q). Moreover,

1
_! f 12) (2] dz. (8.36)
T Jc
We define the following z-dependent density,
|z
Pz = g_2’ (8.37)
and z-dependent Hamiltonian,
K(2) = = p2€* (80 + go(0) — pup-gol” (8.38)
b erh er|z|*nt
+ KBy —p o —— e p—— 4 —p)80% (839
22" T 8422 T V16422 (p, 07) exlpp = po) (839
. 02
+(pz: = P W1 (O)W / alapdk + Q% (2) + O (2) + ©3(2),  (8.40)

where eg < 1 is fixed in “Appendix H”, and
2

2027)2

KcBos .= / (A(k)(aZak + aika_k) + Bk)(axa—_y + agaik)
]RZ

+Ck)a +al, +a +a_k))dk, (8.41)
with
Ak) == (1 —en)t(k) + Bk),  B(k) := p, Wi (k),
(0z — Pp)

Clh) 1= === WM O)Ra k)2,

Q% (z) == pzw/ﬁ)m)

e / xa (K)azdk + h.c.,

QM) = / (@W1(0) + @Wr ()t axdk,

(2 )2 A Pz
2

Q3(2) := W

/P . FL(p) Wy (k) (zaj,a,,_kak +h.c.>dkdp (8.42)
H X

and t (k) defined in (8.8). With these notations, the following theorem holds. Recall that
H%\“d is given by Proposition 8.3.
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Theorem 8.4. Assume R < £ and (H17). For any normalized n-particle state V satis-
fying W = ]l[o,M](nf;)\If and (7.40) we have

(W | HAy) > inf igf(CDUC(z)CD)—C,oﬂ8(1+eRK?K§|logY|), (8.43)
zeR4

where the second infimum is over all the normalized states in .% (Ran Q) such that
D = H[O,M](nfj)cb, and @ = 1[0,2/)”62](”4.)(1). (8.44)

Proof. The theorem is proven via a standard technique of calculating the actions of
creation and annihilation operators for the condensate on the coherent state and using its
eigenvector properties, for details see [19, Theorem 8.5]. Practically speaking it consists
in the formal substitutions

aop — 2, ag — Z, agao — |z> =1, (8.45)
and getting rid of the lower order terms in |z| because they produce errors of the form
pud = P87 K, 7. (8.46)

In order to make the last term in (8.39) appear, we add and subtract eg (0, — nol=2)28¢2
to Hi“d and estimate the negative contribution, recalling the estimates in Theorem 7.7
and that n2 < nn, we get

2
—eR(pu — ’;—g) 502 > —2eR80™2((pul® — n)? +nyn)

8
> —CSRE—ZnZK%;H logY|K} = —Cerpu8K3|log YK},

which is coherent with the error terms. O

9. Lower Bounds for the Hamiltonian /C

9.1. Estimate of K for p; far from p,. The purpose of this section is to show that for
values of p, far from the density p,, itis possible to prove a rough estimate on the energy
and eliminate these values from the analysis. This is the content of the proposition below.

We recall that KC(z) is defined in (8.38), and we use the notations & x4 = M and

puez
2 2 4
ETEM K; 12 (dKy)

5 = L (1+—>, 5 =2 83 = 8|log(dsK,)| + .1

Proposition 9.1. Assume the relations between the parameters in “Appendix H”. There
exists a C > 0, such that if we have ,OMa2 < C—' and

1P = P2l = Cpyemax (31 + 85 +89)12,6'72), 92)
then for any state & € # (RanQ) satisfying (8.44), we have

1
(@ | K(2)®) = —dmple35+ 871(5 42T + log n)piEZ(SZ. (9.3)
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Notice that the second order term in (9.3) is larger than the one aimed for in Theorem 6.7.
So the statement of the proposition is that the energy is too large unless |p, — p.| is
small. The proof of the proposition relies on the technical estimate given by the following
lemma.

Lemma 9.2. Assume the relations between the parameters in “Appendix H”. For any
normalized ® € % (RanQ) such that (8.44) holds,

(@ K(2)®) = —4mp 28 + 4> (0 — p2)78 — Cpput>85)
— Cp)/*(py + po)* 120288, — Cp2 883 — Cpu 8K, *(ds)™ . (9.4)

Proof of Lemma 9.2. We start by estimating the Q1 terms. We have for any ¢ > 0
| 7n oz + adia
R2
= 2, =1
< f ZalCelzl’ + ™ afar)dk
R

< c(e|z|2+s—1|@(0)| - a,jakdkm—lfk . |5(\A(k)|a};akdk>.
ePy €Pn

Considering a ® like in the assumption we have, using | (0)| = £%||x ||l together with
Lemma 8.1,

(7201 [ afatk + [ igatolafack)
kePy, kePyg @

= C(M+put? sup (€717 kD). 9.5)
€FH

Now, using (F4) and optimizing with ¢ = \/W ,
02
@n)?
> —COVMIzl(Ipe = pul + po)
- (M

12
(=) " P e+ p2 9.6)
"

( / Clk)(a +al, +ap +a_)dk + Q%(2))o
R2

For the terms that are quadratic in the field operators, we use the estimate

‘<£2 / Wi (k)aZakdk>
R2 (0]

from Lemma 8.1 to obtain that

< CS(M + (nfl)g), 9.7)

- 0?2 02
X4 (o, — WO—/ Tardk + /B*dk
<Qz (pz — P Wi( )(ZJT)Q 2 a,ai - - kay ak o

> —C(pz + ) (pul?8epa + 8(ni) o), 9.8)

where the By has been extracted from the expression of the A. The first term is coherent
with the error in the result and the last one can be reabsorbed in a fraction of the spectral
gap because of relation (H8).
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For the remaining part of Ay involving 73 we add and subtract —p,8e~!/2 + e, with
& > ey and estimate

(1 —en)w = Ay — p8e7 ' + ey, (9.9)
with
Ai=(1-2 )[|k| ! ]2+ 5e= 112 (9.10)
k= ¢ 2dse)e TP '

We treat the terms in (9.9) separately, adding them to the remaining parts of the Hamil-
tonian. The simplest one is

62
(2m)?

pzs_l/z(S( /]1%2 aZakdk>® > —C8—1/2Pz3(M + <”f><1>)’ 9.11)

where we used Lemma 8.1. We use this estimate to fix the choice of ¢ in order to absorb
the last term in the fraction of the spectral gap represented by the second to last term in
(8.39). This yields

e =Cle7?(dKy)*, 9.12)
for some sufficiently large constant C and the relations (H23), (H8) ensure that ey <
¢ < 1. For the A term plus the B terms in the Hamiltonian we use the Bogoliubov
diagonalization procedure stated in Theorem B.1 to obtain

& ~ v B iy 02 ~ =
+ —(aia", +ara_y) dk > — — JA? — B} dk,
)2 /RZ Arayay > (apa’, +ara_y)dk > 20n)? /]12{2 Ay A = B;
(9.13)

and then we use Lemma C.5 and its proof choosing the parameters K| = p,e~!/2/2,
Ky =2p,, K = (2dst)~" and k = (1 — 2¢) to derive that

2 2
¢ l+e Wilk) = WO Ly <oy
9.13) > — <2 / =% ) Cp.e'28(dse) 2
O-19) = = P2 L 20k[? pz&7o(dsE)
C 202 2,2 C/O22 2 —1
221+ Ry + —P 52 1og((dse z). 0.14
b PR R 4 8 log((ds) ) (9.14)

Using now Cauchy—Schwarz on the second term, Lemma 6.4, writing only the dominant
terms due to the relations between the parameters and recalling the definition (6.23) of
{5 we obtain

1
©0.13) = = p2E*gw(0) — Cp2€*8(e +8%p, R* + 8| log(dsKy)|) — C8¢*(dst) ™.
(9.15)

Due to relation (H3) the second term gives 83, while the third one gives the last term in
9.4).
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We continue considering the third term in (9.9) and adding it to the Q3. The latter is

an integral for k € Py, and dropping the part of the 7; for k € Py, and using that for
k € Py then tx > |k|?/2, we have to estimate

EZ

e 1
R eyt 4
@2 Jiep, (54

(27_[)2/ fL(p)Wl(k)(Zazap_kak +a£a;_k5pz)>dpdk‘

(9.16)
We complete the square in the previous expression, introducing the operators
ox = aj + 2 / fL(p) Wik) za! capdp, (9.17)
(2m)? elk|2 7P~
so that
2
€ i
9.16) = — <—k20 o1
@m)? Jrepy N2
20z

Wi (k)2 . _
- 2 / 1 110 G0, a7, )dpdsa
2[z[?¢2 / Wy (k)2
— e@2n)8 Jrep, K?

/ f fL(p) fL()E] (@) _yas—i +[as—x. a)_ D)d,dpdsdk.

For the term without commutator, estimated on a state ® which satisfies (8.44) and using
Cauchy—Schwarz

5Ia;_kas,ka’p < C(Zi:a;_ka[,,kav +'c7;(,a:_kasfk5p), (9.18)
we have
21720 Wi (k) i -
) 48 ~t f o~
=Clzl’'e” —5- fr(s)aja, arasdsdk dp
Ky \kepy @ JpePL
8
< Ce 'K—zd 4/\/1,0,“0252, (9.19)
H

where we used Lemma 8.1 since the support of f; is included in the complement of
Py, and the estimate, for k € Py,

Wik _ 220

Sz SCKy e (9.20)

For the commutator part we use the estimate (8.6), the Cauchy—Schwarz inequality

a5k, a),_Ja, < Cald, + Cayay, 9.21)
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and Lemma 3.9 applied to Wl instead of g paying a small error, we get

2|z|20? w (k)z
_8(Z27r)6 </,<€7DH ; / fLP) fL($)a lag—k, a),_ k]apdpdsdk>

|Z|2 2

P

> -C

< / fu(p) fL(s)a apdpds> > —Ce'p.sMd™,  (9.22)
[

where in the last inequality we used Lemma 8.1.
Collecting formulas (9.6), (9.8), (9.15), (9.19) and (9.22) and observing that

[CI

3P 5Pl B0. (9.23)
we obtain the result. O
Proof of Proposition 9.1. We observe that, thanks to the relations (H6), (H8), (H22), we

have §; <« 1for j = 1, 2, 3. Each coefficient of the §; in formula (9.4) can be bounded
by

P20*80 — p2put*80 = —(pz pu)2 €80 —

Co(py — p2)** + Cp,. £75. (9.24)
Therefore, Lemma 9.2 and ’gb = 8m§ implies the bound

1 —~
(K@)o = = 50,80+ 5 L ou = 97501 — C(81 + 55 + 83)

— Cp/?8(8) + 8, + 83+ 8% (Keds)™)

1 1
> = 200+ CR0(p = p)* — CopL?6(81 + 82+ 83 + 8% (Keds) ™).

Note that §2(K¢ds)™* « 8 due to (H12) and (H17). By the assumption on (p,, — ,oZ)2
the second term is of higher order both of the §; errors and of the desired quantity in the
statement of the Proposition. O

9.2. Estimate of K for p; >~ p,. We study here the main case, that is when p; is close
to p,.. More precisely, we consider the complementary situation to (9.2), when

lou — P2l < K2y, (9.25)

where we used that, thanks to the choices of the parameters (HS), (H17) and (H22), we
have

K max (61 +8,+69)"/2,8'/2) < 7. (9.26)

Using again (9.23) and reabsorbing the term (p, — ,OM)Wl (O)% f a};akdk in part
of the spectral gap of n,, we have the estimate of X (z) from (8.38),

1 1 —~
K(z) = - Epﬂez 20 + 2p2e2gw(0)+ (pz — pu) R0
b 2 H

22" TRz T 6a202 (p, 02)
+ O (2) + 95 (2) + Q3(2), (9.27)
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and in the following we want to give a lower bound for the expression above using
a diagonalization method for the Bogoliubov Hamiltonian. In order to do that, let us
introduce a couple of new creation and annihilation operators

1
by 1= —— (ax + aga’ | + ), (9.28)

2
1—01k

where
ap = Bk)~! <A(k) — JAG? = B(k)Z),
B 2C (k)
Ak) + B(k) + V Ak)? — B(k)?
with A, B, C are defined in (8.41) and the diagonalized Bogoliubov Hamiltonian

Liki<lkpe-1ys

Diag |

: Db brdk, (9.29)
H (271) /|k|> LKy o1} k

where

D(k) := %(A(k) + vV AK)? = B(k)?). (9.30)

Theorem 9.3. Assume the relations between the parameters in “Appendix H”. For any
state ® € F;(L*(A)) such that (8.44) holds and %,OM <p. < i—épu we have

(KP%) g + ;pz (o) + (pz R AT
> (1 — sK)< D’ag>® +47 (2F + % + logn>p2£232
— Clpu — p)* 0?87 pyu R* — Cplt?8 (K37 M Ko8™Y%) + Cr(pu) €%,
where the error term is given by
r(pp) = p8°(8]108(8)|R* pyu + 8] 1og(8)| +d + e7]log 8| + (sK¢) ™' +ens™").

In the proof of Theorem 9.3 we are going to use the following formulas and estimates
for the commutators of the operators, recalling that X is even,

(i i) = e (GO (K + ) = RKOT(RD)). ©31)
\/1 - oz,%\/l - oz}zl

(b, b = (<x2><<k —)e) - ?(kﬁ)i(h£)>, 9.32)
\/ - ak\/ -

~’r bT sz QXAezk,\> (9.33)

— [, @) = ——
,/l—ozk g ‘/l—ock
[dp, _k]—m[ap, _k] M

—— X ((p+ b)) — O(pOR (kD).  (9.34)



90

GSE 2D Gas Page 59 of 104 59

Proof. Let us start by showing that the contribution coming from the C (k) gives an error
term for |k| > %KHE_I.

i i

By Cauchy-Schwarz we have a; + ar < a;ai + 1 and then we recognize ny (8.7),

02 / £t
Ck)(a, +a', +ay+a_y)dk
2(2m)? (k> S Kpe—1y k k

> —Clpu — p:lIW1(0)2] A ()l (aai + 1) dk
{Ik|>3Kpe=")

> —Cpudlzl(ne + DKz M,

where we use the assumption on p, and that by Lemma F.1,

2 sup L+ kODHIAK)| < CKM. (9.35)
k>4 Kp !

When we apply to ® we have ny < 2,0#62 and

2(5;2 /{|k|>%KHIZ—'} Clk)ay +a’y +a +a_r)odk = —Cp228(K 5™ /pa0).
(9.36)
Therefore
JBoe > Bt — Cp2 5 (K M Ko™, (9.37)
where B8 is the same as A'B°¢ but with C(k) substituted by
Clk) == CO Ly <L ko1 (9.38)

The bound on the commutator (8.6) allows us to use Theorem B.1 to diagonalize the
Bogoliubov Hamiltonian

2
o » pine _ - / (A = VAR? = BR?)dk

2027)?2 Jw
2 2
~ z FINGI]
(e W0 s | _Da®F
a Q2m)20% Jy<ikye-1y Ak) + B(k)
where
Diag _ e R / (1 — a}) Db} brdk > £ > / (1 — a})Dyb] brdk.
(2m) Q) Jyr=L ke

(9.39)
Using the inequality |ax| < Cp,8k—%> < CK2K ;> we find

kP > D81 — CKIK ). (9.40)
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The calculation of the Bogoliubov integral is given in “Appendix C”. Combining the
results of Lemma C.1, Lemma C.2 and Proposition C.3 and multiplying everything by
% we find

e I 55
/ <A(k) — JAGW? = B(k)z)dk + SEBO0)p2e

2027)2 Jge

l 2,242 2
>4 (2T + 3 +logm ) p; €787 +r(pu)l”, (9.41)

where r(p,,) is defined in the statement of the theorem. For the remaining term we use
the estimate

A(k) + B(k) = 2p. W1 (k) > 20. W1 (0)(1 — C8(kR)?), (9.42)

where we used a Taylor expansion and the fact that W; is even. By this last estimate,
together with Lemma F.1 and (6.24) we obtain

R 2 NI
e, pM)ZWE(O)(ZﬂZW /{|k|§%KHK—‘} AL)IE;XEr 23'(16)
> —(p, — pu)zwﬁz(l +Cpu8°R*KH K, )
> —(p: — pﬁ@fzz(l +CousR?),
where in the last line we used Kz < 8~ /2 from (HI16). O

9.3. Contribution of Q3. The aim of this section is to bound the 3Q term from below,
namely
z0?

Q3(z) = Qny

[ W00 @y + hedkdy.
HX

which turns out to be controlled by the quadratic Hamiltonian ICgiag defined in (9.29),
absorbing OS* and Qf*. More precisely we prove

Theorem 9.4. Assume the relations between the parameters in “Appendix H” to be
satisfied. Then there exists a universal constant C > 0 such that for any state ® satisfying
(8.44) we have

; b n erhb nf
1— /CDmg ex ex , 7 " ol ¥ Py
<( e, ° +Q3(2)+ Q5" + Q1 + 00 72 + 100 @0z,

> —Cp20%8* (3K 5 K [%d ™ + e K 2K 0™ + a KK

+e KM KEd™8 + 5K 7| log 81> + 8 KFaBM e !

er
e 2KAKTH 4 5—‘K—Md—2))
M L™ H H .
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2 Ttis important

is not the kinetic energy, but the Hamiltonian arising from the

Bogoliubov diagonalization—sometimes AP is called the excitation Hamiltonian.
The kinetic energy is already contributing to main order in the energy, and we use it to

obtain the LHY term (Theorem 9.3). The operator ,Cgiag
energy, and this is why we can use all of it to control Q3 + Q5*.

is much smaller than the kinetic

In order to prove this theorem, we start by rewriting Q3(z) in terms of the by’s defined

in (9.28). Notice that ¢, = ¢, = 0if k € Py and p € Pr, and

T
bk—akbi bp—x —ap—kb,_
a = === gy =~ (9.43)
1— a]% 1-— oy g
Therefore,
4 4 bp_kbk - Olkbp_kbik — Olp—kbz_pbk + Olp_kakbz_pbik
p—kak = .
\/1 —a%\/l —ai_k
and Q3(z) = Q(” + 9P + 9 + 9 where
Wi (k -
an L fL(p)Wi(k) pr kbk"'akap ka b bT_k+h.C.),
@m)* Jp,xr /1 o2 J1— o?
(9.44)

Q(z) _ ZEZ fL(P)Wl (k) ok (5‘{-]91“ b + bT
Semt Sy 2 2 AT Tk
202 LW ap—k - -
oY = L (@b _ ,bi + bibi—pip).

Qm)* Jp,xre \/1—“1%\/1—“,% .
@ _ fL(p) Wi (k)

<2n> Pukt | ot f1-aZ,

axlbp—i. b’ 1@ +3p).

b_id,),  (9.45)

(9.46)

(9.47)

In the remaining of this section, we get lower bounds on those four terms (Lem-

mas 9.7, 9.9 and 9.11 below) hence proving Theorem 9.4.

We collect here some important technical estimates which are going to be useful in

the following.
Lemma 9.6. The following bounds hold:
lox| < Cp.81k|™ < CK}Ky?

1 1 1
Dy > 5|k|2 > —K%,e—z, for |k| > —KHE_I,

=3
pe@WDO — s / W1<k>akdk‘ < Cp.%log3],
_— W k 2

‘(a)Wl)(O) _ 1) dk’ < 8% logs,

2m)? Jp, 2Dk

1
for |k| > EKHK—%

(9.48)
(9.49)

(9.50)

(9.51)
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and

(2 )2/ (Wlw)(k)akakdk

2

14
(27)?

S R
> p.(W10)(0) / ajaydk — 4p.snt! — széd_2?n+. (9.52)
RZ

Proof. The first two inequalities are straightforward from the definitions of the terms.
For the third one we split the difference in the following way,

1 f ~
Wi (k)akdk‘
2m)? Jiery
W1 (k)gk — Wi (00201 <1,
/ . =% / Wi (k)<0lk — P55 )dk‘
kePy 2k kePu 2k

= (D) + (). (9.53)

p-(@W1)(0) —

< Clp, dk| +C

For the first integral we do a further splitting of the domain of integration, considering
() <=U,<)+U,>)for |k] < 65_1 or otherwise, respectively. For (I, <) we consider
a Taylor expansion of the numerator and we get, recalling the symmetry of g which in
the integration drops the first order,

(I, <) < Cp.R*8? / < Cp,R*8%¢57. (9.54)
{kl<e5")

For the (I, >) we proceed by a direct calculation and obtain
(I, >) < Cp, 82 log(K ™' ¢s). (9.55)

Let us analyze the second integral. We have that |By/.Ax| < 1/2 and therefore we can
expand in the following way

2 T 2 T 4
B; >~ R ST

W1<k>ak=p;1Ak< 1—? A TR
k

We deduce

(I =C

+Cp;

_ Wi (k)2
Wy (k)ay — dk
fkePH< 1(K)ax — p; A )

Wi (k)
<ci [ B laeco,
N kePy Ak

~ Wik) S
Wik — — )dk
fkepH 1( )< DA 2k2) ‘
[, (5% - e )%
cery O \2A k2

Wik -3
/ (Wl (k)ngk>dk 7
kePy 2k

< Cp2t*s*K ;* + Cp,

+Cp;

~ Wik) G
Wi (k — = |dk
-/kePH 1( )< 2 A 2/(2) ‘
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where we used that A; > % |k|? for k € Py . For the remaining terms, we use that in Py
we have 0 < k? — 1 < 2|k|(ds€)~ !,

& N2 /12
/ W1(2k) (k Ak)dk
kePy Kk Ak

By Cauchy-Schwarz inequality we get for the last term

o Wik) — 2
/ (Wl(mngk)dk‘
kePy 2k
Wi (k)* Wi (k) — 2i)°
< CpZS/ 1o dk+szé‘_1f W~ 87 g
kePy 2k kePu 2k

We complete the domain of the integrals: by Lemma 6.4 we get

Wi (k)? — W1(0)°1

Wl(k)2(2|k|<dsz)—1 vTa(k))
Cp, +

<C
= 0o /I;G'PH k2 k2 Pz k2

< Cp.8*(ds) "K' + Cp2e*8°K ;.

Pz

{|k|sz;‘}dk

W (k)2 _
,08/ dk§C,08ga)(0)+C,08/
‘ kePy 2k2 ‘ ‘ k¢ Py 2k2

< Cp;8° + Cp.8* (R*5% + log (Kt ™' £5)),

and
Wi (k) — 21)>

,0z3_1f (Wi( )2 8k) dk

kePy 2k

C 51 R 0 Cp.s~! (Wl(k)_g")z_(Wl(o)_§0)21{|k|<€;‘}dk

< J— + =
= Cpo g gw(0) + Cp; kaH e

R4 S RZ .
Ssz€—4+C,0Z8 R7L +£—210g(KHE ls)).

We conclude the proof of (9.50) by collecting all the previous estimates and exploiting
the relations between the parameters so that p,8%| log 8| is the dominant term.
For the inequality (9.51), we can derive it from (9.50) and the control on the first term

of (I1) above using that, for k € Py, |1 — é—llz < % < C,oZ282|k|_4.

For the last inequality, we estimate the difference, splitting the integral for |k| < £¢!
or otherwise,

e — —
ey [ (W) = (Wi O)afadk

2 2
>—C szaR—n 28 s 4t apdk
R G L s e U D

where we used a Taylor expansion and estimated the integral for k| < £¢~!. For the
second term we exploit the second quantization in a N-bosons sector and we insert
symmetrically the sum of projectors 1 =1, —x.p,, + 1, JREPS)

52

N
T
@ny /R2 ak1{|k|zse-l}akdk}N = X} Qixa D /mR g0y XA (X))
J:
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where we estimated by a Cauchy—Schwarz the cross terms (P, P;) to make them
comparable to the diagonal terms and denoted by

N = |11 ymxep, X0 ) L ymgoge-1y 1P < CE2d ™, (9.57)

Here we used the regularity properties of ya dividing and multiplying by —A. We
conclude optimizing & by the choice £ = d 2 e O

Diag

9.3.1. Estimates on Q3 D The first part Q will absorb Q5™ using K,

Lemma 9.7 (Estimates on Qél)). For any state ® satisfying (8.44) we have

b n+ b sTnH
100 62 100 (a’(f)2

> —Cp20%? (sK K% + e K 2K [0a +d—81<§1<;14).

<Q§” +O5 + (1 —2ex) K +

Proof. We first reorder the creation an annihilation operators, applying a change of
variables k — —k, p +— —p in the « terms,

a _ fL(p) Wi (k)

5= 2 Jpy e \/72 S,

x (@hbp—kbi +axap k@ b bl +bib Ty +ara, kbibyid-p)dkdp

—pP” p—k
762 fL(p)Wi (k)

- (271) ./’PHX]R2 \/1 k\/l—ap_k

((5;bp_k + aka,,_kbp_ka_p)bk

~t 7 F
+b! (b kap+akoep ra. Pbp—k)

+ ety ( [k bp—i@—p) +[a b7 b]) )dkdp.

We can complete the square to get, for ex < 1 fixed in “Appendix H”,

2
Q) 4 (1 = 3eg)Ce = (1—38K) 2/ Dy by by dk
Pu
2

o /P (Ti (k) + To.(k))dk. 9.58)
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. . Diag .
where we mantained a small portion of /C ng in order to bound other error terms and

we defined
- z
by :=by +
TR T De(1 = 3ex)(27)2
W (k i~ ~
/ fL(f) 1 )2 (b;_kap+akozp—kafpb;—k>dp, (9.59)

fL(p) Wi (k) iy k([b* 7 bt | +h.c)dp, (9.60)

71 (k) _(2n)2/Rz \/1 k\/l_ap_kaa —k\|Og> A—pb ), i

2Y1r 2
Tk) == — 21" Wi (k) /\/ fL(p) fL(s)
1

2
(1 —3eg)Dr(1 — o) (2)* —af_k\/l —a2,

X (Ej)bp_k + akap_kbp_ka_p) (b:_ka} + akozs_ka_sbs k)dpds. (9.61)

e Let us estimate the error term 7 (k). We use [bZ, pb; k] —a [b,i, bp k] +

[va a p]b;_ « and the Cauchy-Schwarz inequality with weights €1, &2 > 0,

Wi (k
Th > C/ RGN

\/1—05

((elaipa,p e IBL by I+ 16 @0 N (2], bpic+237) )dp.

By (9.33) and (9.31) we have |[6,@" ]| < Clex| and |[b, b} _, 1| < Clax|. There-
fore using (9.48),

S AT
Pu xR2

/ Titldk = (271)4 k6

(2 (2n)?
x (1@ ap + 67+ (220} ybp-i +e5))dkdp.

Due to the presence of the cutoff f; on low momenta and the bounds

d—4
A (e1@’ ydp +67 Ddp = C—5" ey =, 9.62)
L
=t
fp (e2byby + 5 )dp < C=(eabibic+ ey ). (9.63)
L

where we changed the k variable, we find,

1
f T (k)dk > ch§54/ —((e1ny + &7 d™) + dH(eabf by + 5 1)) dk.

(2n)2 Py kO
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We insert Dy > C k2 in front of bek and get the bound

Ti (k)dk
o / ®)
> —Czp38* 0K, el’;; Cze7'd™*p3s e K
— Cerl0zp38* K 8d™® |  Dib/bpdk — Cey ' zp38*d K ;*.

Pu

One can choose €1, €3 such that the first and third terms are absorbed in the positive

Di . . . .
1%0 'é—; and ex IC Hlag respectively. With this choice the second and fourth terms are errors

of respective sizes
COPp22 KK d™) and Ce*p28*(SK\K ;" 2d e ).
e Let us now focus on the square term 73 (k) in (9.61). One can write, in normal order,
'd;bp,k + ooty _ibp_d_p = Ej,bp,k + ootk d—pbp_i + arcp_i[bp—i, d—pl,

and use the Cauchy—Schwarz inequality with weight ex on the cross terms to find

To(k) > (1 +ex)Ty (k) + (1 + e )T (k), (9.64)
with
Lo 1212 W1 (k)> fL(p) fL(s)
T (k) =~ Py
(1 =3ex)Di(1 —af)(2m) \/l_az_ \/1_az_
X (a +ago, ka_p)bp kbs k(as+akas ka ;)dpds,
(k) = —

2|2 Wi (k)> / fL(p) f(s)
\/1

2 2
— ozs_k\/l -y

X @ty kts_illbp—k, a—plll[@ . b_,1ldpds.

(1= 3e)Di(1 — o) 2m)*

7, we can estimate (for k € Pp),

/ 7 (k)dk > Cp,e“(/ Mmﬁdk)d—sz—“ sup |[bp—k. d—s1|%,
(277)2 Py (1 —3eg)Dy p

and by (9.51), (9.33) and (9.48) we get

1+ )(2 7 / T (kydk > —Cp2e?8% (e ¢ K 2K [0d™®). (9.65)
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Now we use a commutator to write 7, = 7. + 7] in normal order for the by, with
2 2,0p 2

,com

G = HRAGS f fL(p) fr(s)
2,0p\" T 401 _ _ 2
e =3e0Pl =) ) o2 1—ar,
X (Zi; + oekap_ka_p)b:_kbp_k (as + akas_kZiT_s)dpds,
2/,com(k) =

~ |22 Wi (k)2 / SL(p)fL(s)
r)*(1 = 3ex)Dr(1 — o) \/1—“§_k\/1—“§_k

X (@) + ot p—id—p)[bp—i. b_ (@ + gy )dpds.

e In order to estimate the error term 7'2/ op> W€ introduce

- ~T .
Ty i=dg +orog—a_, and C:= sup I[bp—k, Ts]l.
p.s€PL . kePy

In 7’2’ op We commute the b’s trough the a’s,

thbl_ bpits = )T Tby i + [T, bl 1tbp
+b!_Tibp—k Tl +[T). b [bp—s. 7],

and use the Cauchy—Schwarz inequality

Tobl_ybp it < Cbl_ titpby i+ b, titih, f+C?).

(9.66)

(9.67)

Inserting it in Tz/,op’ bounding (1 — 3ex)(1 — ax) > 1/2 and noticing that we can

exchange s and p in the integral, we find
JL(p) fL(s)

2 2
- ap—k\/l — Ok

. (k)>_c|z|2W1(k)2f
2,0p — Dk \/l

(b)_,Thtpbs—i +CHdpds.

When we apply this operator to the state ® which satisfies 1, M](nI;)CD = & we can

apply Lemma 8.1 for the vector by_; P to get the estimate

PWi (k)% g,
(T3 opk))o = —cp—i(e M / FLONb]_by—i)ads +de4c?),
and finally, using again (9.51) and (9.49), and the fact that C < CKE2 K;z by (9.33) and
Lemma F.1,
EZ

(27)?

/79 (T3 op(K)) ok > —Cp, 282K d MK ) g — Cp,8d 3K K
H

> —CK}K*d e K8 — Cp20282d KK ;*.

(9.68)

The first part can be absorbed in the positive ¢ Kngiag, as long as the relation (H21)

holds, and the second part contributes to the error term.
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e We now turn to ’72/ com &iven in (9.66). This term will absorb QS*. We first use
Lemma F.1, (9.32) and (9.48) to estimate the commutator,

L byt b1 = X2((p = )0)| = |k (p = 90)
+](1 = ap kes—k )X ((p — OX((s — k)O)|
< CK}K;*,

and bounding then by a Cauchy—Schwarz inequality

—

@)+ arotp—1d—p) (XD ((p — )0 + CK} K ;) @s + oets @' )

<a XZ((p —)0a + C@a_, +aAd)K{K "

We get, by using Lemma 8.1

2 2 210 2
o [ Bembatz o [ P W)
@ Jo, @02 Jp, @rr (= 3e0)De(l — o)

X/\/ JL(p) fL(s) 5;P((p_s)£)a'sdpdsdk
1

2 2
- ap—k\/l 0

2107 2
Wi (k
—C(/ P k) dk)d KK
b, D ;

Using (9.49) the last part is of order K 6K _4d 4 "; and can be absorbed in a fraction of

the positive 180 2* by (H8). For the first term we use the following formula valid in a

Fock sector with N bosons
4
(2m)*

N
/ fL) LT (p = )0adsdply = Y Q) %3 )QL.j. (9.69)

j=1

to rewrite, due to (H8) and by (9.49),

02 )
W/;?H ITZ,com(k)dk

(1+Ceg) [ p:Wi(k)? b2 b n.
em? ) Dl =) ;QL”XA(X”QL’J 200 2

> —(1+Cex +CK} K"

b n,

N
% (20:@WD(O) + Cp.8%10g31) - 0] ;xR 0L = 5057
j=1

In this last expression we want to replace Qy ; by Q. Using Cauchy—Schwarz with
weight g9 we find

Q] XAQLj < (1+80)Qjxx Q)+ (1+65)Q,(fL — Dx} (fL — DQj, (9.70)
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and since f7, localizes on low momenta we can bound the second term by nf , and the
term &g QjX]sz by Ceony,

N

(2 )2/ ZCom(k)dk = 2pz(wwl)(0 Z(Q]XJZQ] +C80_1n_€1+C80n+)
j=1

22 2 2 n+

_C<pzﬁ 52| log 8] + p.L28ex + p L2 K Kt + 200) 5

252 d2K?
Then; H _part can be absorbed by the positive 100 00 ( > 6)2 1f we choose g >~ 2 b7 T2

eT - er
With this choice the n, terms are of order
d*K} b \n
+5K2|log 5| + K2 +K6K_4+—>—+. 9.71
( - 7 logé] (€K Ky 200/ 72 ( )

Those terms are absorbed in a fraction of the positive 1%02—;, as long as we have the

relations (H8), (H10), (H17) and (H20). We deduce

02 b ng b ernt
—_— k)dk > =2 W (O ——— = — *
(27”2/ T com®) o @0 0,520, o~ o s

j=1

To compare the remaining part with Q5* we use (9.52) to find

2 03
o5 = pzﬂf (Wa)(k) + Wa)(O))a,:akdk
¢ L
>20,—— Pt Wlw(O)fakakdk Cp.6(d “RL™ n++Cn )

— 2, Wi(0) > 0ix2Qj — Cp:8d 2Rt ny + Cpont!
J
Using that p; >~ p,, the remaining parts are absorbed by the spectral gaps and then we
get

b n, b ernf

= T dk+ oy s 2 D g
2n)? /73H 2.com(K)IK+ Q5" = =966%7 ™ 100 (de)?

This last estimate, together with (9.58), (9.64), (9.65) and (9.68) concludes the proof. O

Remark 9.8. It was necessary to replace ai’s by by’s before estimating Q3(z) +

otherwise we would need a fraction of the kinetic energy instead of IC‘Eag in Lemma 9.7,
and this we cannot allow (see Remark 9.5). In other words, it is important that the positive
term in (9.58) is given in terms of by (Eq. (9.59)) whose main part is by.
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9.3.2. Estimates on ng) and Q?)

Lemma 9.9 (Estimates on ng) and Q§3)). For any normalized state ® satisfying (8.44)
we have

(2) 3 4 Diag 2621 g —2M—8 g6 ;-8
(f + IOOICH ), = —Coe%e KM P

Proof. We focus on Q?) (the estimates on ng) are similar), and decompose it into
Q§3) =1+ 11, where

_ 202 / fL(p) Wi (K)o —k
Pu xR2

by +bld,by—p)dkdp,  (9.72)

C@n)* \/7\/? k pp
and
702 fL(P)W1(k)ozp ko ; _
T2t Jp e (1. b}, Jox + b} [bi—p. @p))dkdp.
11 X Otk\/l _ap_k

(9.73)

The first part we estimate using Cauchy—Schwarz with weight ¢, and by (9.48)

£2 W k |
z L 2 fL(P) 1( )O‘p k apbk p +& b]ébk)dkdp
HXR

27 /1 / k rp
( ) Olk 1—Olp k
2 2 -2 —147
> —Czl°8K; Ky fL(p)(sbk » papbk p+& bybr)dkdp,
Py xR?2

and using Lemma 8.1,
o, / FL(pb)_ @%b pdp®) < CLT2M(D, b b ®). (9.74)
We choose ¢ = \/m, and insert Dy > K%IZ_Z,
(I)g > —Cz8K2K2(eM +&~'d ™) (b} i) pdk
kePy

> —C(p} 05K K M 226 f Dilbibr)odk.  (9.75)
kePy

Thanks to condition (H21), / can be absorbed in the positive 1OOIC 2 term. Now
we return to the commutator term, which can be estimated using a Cauchy—Schwarz
inequality with new weight ¢,

o / ~ v ¥ ~1
11 >-2—— [[br—p, apll fL(p)IW1(k)ak|(eb, by + &~ )dkdp.
Qo)* Jp e L k

We use the commutator bound |[bx—p, @)1 < Cax—p supicp, X (k€) from (9.33),

> —cngk—z( sup z(kﬁ))d—“ (eKﬁk“‘azz Dibibrdk+e~ [ W) (k)akdk).
" kePy " Pu Pu
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With e~ ~ e'zd *K}K;°8(sup %) and our choice of parameters, the first part
is absorbed in the positive ex K228 term. We estimate the last part using (9.50) and

Lemma F.1, and then /7 contributes with an error of order ¢ ,022282[( M-8 g 6d 8,
O

9.3.3. Estimates on Q§4) First we rewrite Qf* as a term appearing in Q§4).

Lemma 9.10. Assume that Assumptions of “Appendix H” are satisfied. Then there exists
a universal constant C > 0 such that

b n+ b 8Tl’l - 702
10022 7100 @0)? ~ 2m)
— Cp2?8 K| log 8| — p2t*s K7d*M 27"

0+ /P W1 (R x2(pO) f1.(p) @, + ) dkd p
H X]R

Proof. First we can rewrite Q¢ in terms of the @),’s
X __ 2 ~ ~
i =zp:0W1(0) ) / x-(pt)(a, +ap)dp,

and then we use (9.50) to compare a)/W\l(O) with an integral in k, and using the bound

K2K;* < 1,
ex 20 / Wi (k) x2(pO) @ +a,)dkdp
LTt pye rer
— Cp.8?|log 8|72 / K2 (pO@ +ap)dp. (9.76)
Rz

The second integral can be estimated using a Cauchy—Schwarz inequality with weight
&,

pz€252Z/R x2(pO (@, +ay)dp

< ep: L7872 f 1X2(pO)| + Ce™ ' p. 03872 / I (pOlata,dp

< C8,0Z3 z+Ce™ pZ(S N4 9.77)

where we used Lemma (F.1). With ¢ >~ z6 K 2| log §|, the second part is absorbed by the

positive fraction of %%, and the first term is of order ,02£283K 2| log 6]. Hence,

62’

702
Qo = / W1 (0o 2(p) @ +7,)dkd
Qm)* Jp, w2 P pCREP
b
—Cp2283K 2 log 82 — — 22, (9.78)
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Finally we want to insert the cutoff f7 (p) inside the integral. The error we make is
estimated similarly,

702
7 Wi x2(p) (1 — fL(p))( +dp)dkdp
(2m) P xR2
> —Czl?p;8 /p P(pﬁ)(a}ﬁ +dp)dp
L

> —Cezp.sl? f (0l — Ce ™ 2pusl? / (P01 T,dp

PL PL
> —Cezp.8d™M~* — Cezp.8a*Mn",
where we used SUp peps |P(p£)| < Cd*™ . With & ~ ZK2d4M+28;1 the first part is of

order p; 2028K 2d 8M— 28; !"and the second is absorbed in a fraction of (22;2 O

Now we have all we need to estimate Qg4).

Lemma 9.11 (Estimates on Q§4) ). For any state ® satisfying (8.44) we have

bone b oerml) L apgge log 81> — Cp225 K 2d3M 22!
100 2 100 @02/, = "= ¢ e °

<Q(4> Q0 4
— Cp2028% [ J(KEK 5T KM a2,
Proof. We use the commutator formula
(bt b 41 = (1 = ety ) ()2 () = TKOT(p = 0D,

and split into O\ = 1 + 11, with

e Wi (k
= < /I‘D . SL(p)Wi(k) — g, k)Xz(PE)( +ap)dkdp,
H X

(271) /1 /1 —(x

and

zliz fL(p)Wi (k)

x ar(1 = apa, ) XKOT((p — k)0 @), +dp)dkdp.

In I we recognize the lower bound on Qf* given by Lemma 9.10 with opposite sign,
up to an error term:
b ny b srnf

_ + JES—
100 €2~ 100 (d¢)?

==l [ oMWl 0@, + k.
1 X

I+Q% + +Cp20?8 K| log 8|? + p2 028K 7™M —2¢ !
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This remaining integral can be estimated, by (9.48), as

2¢? /P o LW 0l (ph @, + 5p>dkdp‘
HX

< C|z|42p§54/

oak [ 1o @)+,
Pu Pr

and after applying to the state ® we use a Cauchy—Schwarz inequality with weight / M,
262 f FLP W1 (a2 (p0) (@} + @) odkdp)
Pu xR2

— 1 —
< Cap2t%s K (VM f 2 (pO)ldp + — / 2 (pOI @}, edp)
‘ " P VM Jp, pep
< Czp2 '8 K ;' M < Cp2?8* (K K ) Vem)-
Finally we bound, by (F4) and (9.50),

(Dol < 26 sup X0 [ 1Wi(k)|ox X (kO)|dk / (@) +dp)edp
hePy Pu Pr

< CszEZ(SK;,M(dZMl/Z/P dp+d_2./\/l_1/2fp <a;’dp>q>dp),
L L

where we used a Cauchy—Schwarz inequality with weight d>+/M. Thus,

(I1)e| < Cp225K M a6 )7,

9.4. Conclusion: Proof of Theorem 6.7. In Sect. 6 we showed how the proof of Theo-
rem 2.3 is reduced to the proof of Theorem 6.7, which we give here.

Proof of Theorem 6.7. Recall the choices of the parameters in “Appendix H”. Let us
consider a normalized n-particle state W € % (L*(A)) which satisfies (7.40) for a
certain large constant Cy > 0,

(Ha(pu))w < —4mp 2Y (1 — CoK Y |log Y1). 9.79)

If such a state does not exists, our desired lower bound follows, because

1
—4mp20?Y (1 — CoK3Y|log Y|) = —4np§z23(1 - (2r 435+ 1ogn)3).
(9.80)

So we can assume the existence of W. By Theorem 7.7 there exists a sequence of
n-particle states {W"},,c7 C % (L*(A)) and Cy, 1 > 0 such that

(W, HA ()W) = Y (W HA(p,)W™) — Crpp 287
2lm|<M

—4mpi?Y (1 — CIKEY |logY]) Y [[9™|>.
2|m|>M
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For |m| < %, we have that U = 1o, M](nf)\llm. If we prove the lower bound for all
U™ guch that |m| < % then we would get (using (9.80) with Cg replaced by C1)

(¥, Ha(p) W) = — 4ol €351 — (20 + 3 +logw)3) DIV = Cp e

Therefore, the theorem is L)roven if we derive the corresponding lower bound for any
n-particle, normalized state ¥ € .7 (L%(A)) such that

U = IL[O,M](n+)\IJ. (9.81)
By Proposition 8.3, for such a state there exists a constant Cy > 0 such that
(U, Ha(p)®) = (B, H3M(p)®) — C22038(d*M 2+ R2¢72),  (9.82)

where the last term is an error term of order ,0136282”2, for some 7, > 0, thanks to
relations (H25) and (H3). Then, by Theorem 8.4, there exists a constant C3 > 0 such
that
(W, H3W) > inf inf (®, K(z)®) — C3p,8(1 +erK}K3|logY]),  (9.83)
zeRy
where the infimum is over the ®’s which satisfy (8.44). The last term is an error term of
order ,036252*’73 for some 13 > 0, thanks to relation (H19). The proof is reduced now to
getting a lower bound for /C(z). We have two cases, according to different values of z:
o If |p; — pul > Cp, max((8; + 8 + 83)'/2, §!/2) then Proposition 9.1 implies the
bound

1 ]
(K@ = =3 20280 + 8 (2r +5 +log n> pRe2s?, (9.84)

and the second term is twice the LHY-term and positive, therefore there is nothing
more to prove;

e Otherwise |p; — pu| < ,oMKe_2 (see Sect. 9.2). In this case we can use (9.27) and
Theorem 9.3 to obtain Cy4, 14 > 0, such that

1 - 1
(K(@)o = =520 + (1 = e ) + 47 (2 + 5 +log ) p2¢%8?

H
"+ 2 )22+
(bl s p S L 0oy 4 OF + ) — Cap2 08P (9.85
(b +bogsts + Q@+ Q5 + &) — Car} (9.85)
where we used that cpiﬂa(K?;M K¢87Y2) + |r(pu)€? < Cpl 252+, thanks to
the relations (H7), (H8) and that M > 4. We conclude observing that, thanks to
Theorem 9.4, we have the existence of Cs, ns > 0 such that

b ny ber nH

100 22 T 100 (d£)2>

(1=K + Q32 + Q5+ OF + —Cs 2287,
(9.86)

where the error has been obtained using relations (H10), (H18), (H21), (H26) and
(H27). Thanks to the assumptions on p, and p,,, there exist Cg, n¢ > 0 such that

|p20%8% — plt?8%| < Coppl?8* K, > = Coppl>8*H70, (9.87)

so that, plugging (9.86) into (9.85) and substituting the p, by the p, using (9.87)
gives the desired lower bound and the right order for the error terms.
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We choose C = Z?:l Cjand n = minj—; __¢n;. We conclude using that gy = 87§
to get that

1
inf inf(®, K(z)®d) > —4n£2p35(1 — (2r +5 +log n)(S) — Cp2 %8>,

zeRy @

This finishes the proof of Theorem 6.7. O
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Appendix A: Reduction to Smaller Boxes for the Upper Bound

We provide here the necessary tools to go from a fixed box with compactly support
potentials in the grand canonical setting, Theorem 2.2, to the thermodynamic limit with
potentials allowing a tail, Theorem 2.1. The same techniques can be found in [17] with
only minor deviations surrounding the non-compactness of the potential.

Given a potential v, we define

HEE
e(p) := lim ez (p) = lim inf W—”ZW
L—o0 HOO?//‘EH&(A/L)LZ) L
where the limit is taken such that pL2 = N € N and
N N
HUN = Z —A; + Z v(x; — )Cj).
i=1 i<j

We write v = vl g, r)+v1p(0,R)c = VR+Vsqir Where the v;4;; will always be treated as an

error term. Let vﬁer (x) = D reg2 VR(x +kL). In order for this to be finite we understand
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R to be smaller than L. We omit the N in the hamiltonian when it is operating on the
Fock space.

The result below evaluates the error when going from periodic boundary conditions
to Dirichlet boundary conditions.

Lemma A.1. There exists a universal C > 0, such that given Ry > 0 and a pertodic,
bosonic trial function W € F (A1), there exists a Dirichlet trial function WP L+2Ry €

gé’(Lz(ALJrZRO)) satisfying, for j € Ny,
(W 2Ry NV WP o) = (Wi, N W), (Al)

and
D D C
<leL+2R0’ HUR ‘IJL+2R0> S <\IJL7 vaer \IJL> + L_Ie()<‘IjL’ NWL) (A2)

Proof. The result is independent of dimension, see [31, Lemma 2.1.3] or [17, Lemma
A.1] for a proof in the 3D case. O

Next step is to glue the Dirichlet boxes together in order to construct a trial function on
a thermodynamic box.

Theorem A.2. Let lI/gLZRO € Yy (L2(AL+2R0)) be a trial function with Diriclet bound-

ary conditions and extend it to R* by 0. Then for Ly = k(L +2Ro+ R), k € N, we define
W, € Fy(L*(Ar,)) by

k2
1
lIJ(m)(xl’ ---’xm) \II (n) 2—1 H(\D[€)+2RO)(n)(xl+ﬂ(i—l) —Ci, ... Xin _Ci)a
jWP, et

(A3)

if m = nk? and \Ilg:) = 0 otherwise. Here c; defines an enumeration of the lattice
points on 7Z>(L + 2Ry). Then Wy, satisfies

(Wp NI =K (WP NIWP ), e No. (A4)

Furthermore if v satisfies the decay condition (1.3) of Theorem 1.1, then there exits a
constant C only depending on no and Cq such that

Calo

2 2 2
(Wi, HoWp,) =k <\I’LD+2R0’ Hug \IJLD+2R0> +k <\IJLD+2R0’ N w£+2RO>W'

(AS5)
Proof. The expectation of A’/ can be computed using that

(n) 2 2
||\I’(m)|| ||\I"L+2R0|| it m=kn,
otherwise.

However for the potential energy we need to estimate the interaction between the boxes
and the long range interaction inside the box. We observe that

k2
(Wr HoWr) — KLk Hog ¥ Piag,) = n>oz,<,f|w< 1201001 (xi — x;)dx,

(A6)



108

GSE 2D Gas Page 77 of 104 59

where we used that the kinetic energy of the two terms are equal and only the tail of the
potential survives due to the corridors between the boxes. We further estimate

ZZ/l\IJ(k n)l Vrail (Xi _x])dx = Zkz Zflw(k )| Vrail (X1 _-xj)d-x

n>0i<j n>0

2 (k22 Ca™
<) kn Z/ WL, de,
n>0 J

(A7)

where we used (1.3). If s € N denotes the number of aligned boxes separating x; from
xj, then |[x; — x;| > (s — 1)L + R and there are 4(s + 1) + 1 of such possible boxes.
Summing on s we get

k
Coa™n(ds+1)+1) o

n>0

9a™ g™ 4 9

2,040 2D

<

=k <\DL+2R0’N‘ lI1L+2R°)CO<R2+710 + 1.2+10 Z s1+m0 i s2+770)'
S=

In fact the largest term is the contribution of v,;; inside the box and its 8 neighbours

which here is represented by the term ifﬂ; . O

We have thus far constructed a sequence of grand canonical trial functions on larger
and larger boxes, where we control the energy and the expected number of particles.
The last part will be to relate this sequence to e(p). For this we will use the continu-
ity and convexity of e(p) see [32, Thm. 3.5.8 and 3.5.11] together with the Legendre
transformation being an involution on such functions.

Theorem A.3. Let W, € F(L? (Ar,)) be a sequence with Dirichlet boundary condi-
tions such that Ly — 0o as k — 00. Assume that there exist C, ¢ > 0 such that, for all

k e N,
(Wi, NWp,) > p(l +C,0)L2, (‘IJLk,Nz\I’Lk) < C(pL,%)z,
then
. <\IJL}¢, HUlIJLk>
‘w=lm T

Proof. We insert a chemical potential u, and find that, using the positivity of H, and
N, for any © > 0 and M > 0 we have

("IILkaHU\IILk>
Li
(Wi, (Hy — kNN < MLD)W,)
> Lo - & +Li%(<ka,Nka>— (W NX W = ML)
ML?

z X_:O(eLk(l%) )” (m)HZ L%((\I’Lk’N‘VLU_ M;L]%OULI(,,/\/Q\ULI()),
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Fixing M large enough in terms of C and ¢ then gives

ML?

(Ur,, HVL,) m m

e 2 3 (end(73) — ugm ) N+ . (A8)
k e k k

As in Theorem A.2, we glue several copies of a minimizer of ey, (o), each copy living

on a different box. We leave corridors of size L,i_e between the boxes and this has the

consequence of changing the density to p(1 + L;e)_z. Assuming further that v satisfies
the conditions of Theorem 1.1 we estimate the ignored interactions to find

C(pLp)?

—e\—2 —e\—2
ep+ L)) = en (P14 L+ o
k

(A9)

Using (A9) in (AS8) yields

ML?
_ _ m e —
LWL ML) = up+ (14 L) Y (e 50+ 10972)
m=0 k
2
—ey—2 M Cm (m) 2

— U+ L) Py ——L4+n0_(2+no)e)||\yLk I

k k

> pp — (] + L;e)Ze*(M) _ C,02Lk_n°+(2+"0)6,

where * defines the Legendre transformation with respect to the interval [0, M ]. Choosing
€ > 0 small enough and letting k& go to infinity yields

. (Y HYL)
lim —5~—— > sup (up —e"(n) = sup(up — e*(n) = e(p), (A10)
k— o0 k 1el0,00) HeER

where we used that e* () > O for all 4 € R and that the Legendre transformation is an
involution. O

We end the section by giving the proof of the final upper bound Theorem 2.1 using the
result of Theorem 2.2.

Proof of Theorem 2.1. We first cut our potential in order to apply Theorem 2.2. We write
v =vlpo,Rr) + V1B©O,R)* = VR + Vil,

where R = p_% YP+2 We denote by ap the scattering length of vg. To get estimates
on the energy density e(p) we use the standard theory developed in “Appendix A”. The
idea is to extend Lg with R and force the trial function to have Dirichlet boundary
conditions on the box of sidelength Lg + Ry. Thereafter one glues together these small
Dirichlet boxes, separated by corridors of size R. Since this process will slightly change
the density, we choose for a given p > 0, the larger density p satisfying
~ S2 2R0 R -2
p =751 —-2CY )(1+—+—) ,
Lg Lg

. . [ — . . ..
where C is the same as in Theorem 2.2, and Ry = o~ 2Y ™ 2. This choice of Ry is in fact
optimal as one can see from the error term C ﬁ coming from the glueing process in
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(A17). Here we use the notation ¥ = |log(pa%)|~! and 8 = |10g(,?)'a%?)|_1. If pa®
is small enough then 5(1% < C~!, and we may use Theorem 2.2 to find a periodic trial
state W for the density p and potential vg satisfying

~D) 1 ~ ~D) ~ ~
(Hop)w < 4JTL/23,0280(1 + (2r 4+ 10g(7r)>80) +CL3%80 1logBo)l,  (Al1)

with (M) > BLE(1 — CY?), and (N?)y < CP*LY .
Since L_I; < f_g — Y~ 3*F « 1, we have lp—p| < CpY_%Jrﬂ, and we can change

p into p in (A11) up to smaller errors if

5
pz. (A12)

One can show that the C appearing in (A11) only increases in g (see (5.21)). Thus we
find B = 5/2 to be optimal. We can also change ar into a because the right-hand side
of (A11) is an increasing function of the scattering length and ar < a. Thus,

1
(Hog)w < 4nL§p250(1 + (2r +> +10g(7t))80> +CL3P )l log(Bo)l,  (A13)
and the bounds on the number of particles become
(Mo = (p+cp*)(Lg+2Ro+ R)*, and (Mg < C(pLp)>,  (Al4)

for some ¢ > 0.

Now we can use Lemma A.1 and Theorem A.2 to glue small boxes together. We get a
sequence Wk(L4z4+2R)+R) € F (L2 (Ak(Lﬂ+2R0+R))) with Dirichlet boundary conditions,
for k € N, on the box

1 1 2
Ak(Lps2RosR) = [ — Sk(Lyp +2Ro+ R). Sk(Ly +2Ro + R)] ,

satisfying
Miwgiongn =N v NV ugorge =KW e, (AL
and
C Ca'
2 2
M) angen < K ((Fodw + (V) TRARL ) (A16)

where C only depends on np and Cy. Note that we have the original potential in the left-
hand side of (A16) because by (AS5), v,;; only produces an error term. By construction
this sequence satisfies the conditions on the number of particles for Theorem A.3, and
we conclude

(Hy)w 2R+ H ,02L2
eZD(,O) < lim k(LﬂZZRO R) < ( v;)\l/ +C Y + Ca”“z—ﬂ, (A17)
k—o0 kzLﬂ L,B LgRy R+t

where in the last inequality we used (A16), (A14) and that ()3, < (N?)y. With our
choice of parameters including (A12), the two last terms in (A17) are errors. Theorem 2.1
follows from (A17) and (A13). m|
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Appendix B: Bogoliubov Diagonalization
Theorem B.1. Let ay be operators on a Hilbert space satisfying [a+, a,] = 0. For

A > 0, B € R satisfying either |B| < A or B = A and arbitrary k € C, we have the
operator identity

A(dIaJr +vala )+ B(aiai +aza_)+ /c(ajr +a_)+x(as+al)

: N 2
= (1= o)DOIby + b b — S(A— VA~ B (lay,all +laa )~ 2
where D = 1(A+ /A2 — B?) and
b —;(a +aaT+5) b —;((1 +aaT+c) (B1)
T 1 — a2 + - 0), - m - + 0),

with

2ic
=B (A-VA2-B?), ¢ = : B2
=5 )OS BV 2

Remark B.2. Note that the normalization of b4 is chosen such that

lay,al] — o?[a_,a’ ]

Ty
[by. b]] = — , (B3)
and we recover the canonical commutation relations [by, bi] = 1 when a; and a_
satisfies them as well.
Proof. This follows directly from algebraic computations. O

Appendix C: Calculation of the Bogoliubov Integral

For functions «, B, and parameter ¢ > 0, we define

1

I B) = 553

L (=202 +201 = ypatopo 1 = eyt = B
)
58k ~ 80 L=<t
> )dk.

+0 (CD

We recall that gy = 878, where § satisfies %Y < § < 2Y. We are mainly interested into

two special cases, namely Iy (k2, g) and I, (7, VT’l). In this section we estimate these
integrals.

Lemma C.1. We can replace ty by k* up to the following error,

Ly (T, Wy) — Ly (K%, W) < Cp?82(d +er|log Y| + (sK¢) 1),
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Proof. We recall the definition (8.8) of i,

1 \2 2
= (1—¢ (k——)+8<k— ),
k= T)||2s€+ T||2ds£+
from which we deduce the bounds
Lkl + =L, if |k| > s
L e S L (€2)
8T|k| +m|k|, if 357 < |k| < a5l "

We write the integral as

Loy (1. Wy) = fRz Fi(tie, W (k))dk, (C3)

2(2m)?

with

Fe(t, w) = V(1 — en)2t2 +2(1 — en) pwt
-~ -~
2g (k) — 8 (0)1{|k|5g8—1}
2k2 '

—(l—en)T—pw+p

We first consider separately the small k’s. Indeed, 7 = O for |k| < ﬁ and thus

| Fi (T, Wi (k) — Fie(k*, Wi (k)| = ‘\/(1 — en)2k4 +2(1 — en) p Wi (K2 — (1 — e)k?
< C/pdlkl,
(recall that (sK;)~' <« 1) and

1

. | Fie (i, Wi (k) — Fie (K, Wi(k))|dk < Cp?6*(sK¢) ™. (C4)
227)7 Jik<@se)-!

The part with larger k£ we bound using the derivatives of F* and deduce

ey (T, Wi) — Iy (K2, W) (C5)

1 - _
5 sup  [d: Fi(t, Wi (k)| - |z — k*|dk + Cp?82 (s K ) ™.
227)7 J(ik|> @501 cefn.k]

=
The derivative of F is given by

Y _
b Frow) = L —ewTrd —emow (C6)

VA —en)2t2 +2(1 —ey)pwt

and can be estimated for T € [tg, k2] as
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N pd
k—lz)e—l’ if (250)"" < |k| < /09,
e Fete, Wity < 1 280 (€7)
cpk—4, if k| > /po.

Indeed, for |k| < +/pd, we just need to bound individualy each term in (C6), whereas
for |k| > /pd, we have 1y > CpW; (k) and we use a Taylor expansion of the square
root to get

210 2 2¢2
pWiI)” cP §

3, Fr(t, Wi (k)| < C .
0 Fie(e, Wik = €= 55 = €3

Now we split the integral in (C5) into 3 parts Iy, I, I3, corresponding to the in-
tegration on the domains (2s0)7" < k < Jpd), (VP < k < (2ds€)~'} and
(k > 2dst)~1}, respectively, and we use (C7), (C2) to bound it and find:

1
i <0232< +—>,
= Co"8 er + o
1
I < C,o252<8T| log Y| + —)
SK(

Iz < Cp?82d.

Lemma C.2. We can replace Wl (k) by gy up to the following error
Loy (K, W) — Ly (k7. @) < Cp*8°K, ' + Cp*Se.

Proof. Recall that I (k2, Wl) is given by (C3). We first use (6.26) and (3.34) to replace
the last part,

p2/ 8K — gol{lklf%_l}dk B '02/ Wi(k) — W1(0) l{IkISE(S—l}
R2 2k? R2 2(1 — ey)k?
+O(p*sen + p282 K2,

so that
2 N T/t 2 202 12 2 o~
Loy (K5, W) = J(W1) + O(p~8en + p°8°K, ") and I, (k",g) = J(3), (CY)

with

1
J(w) = TS /R  Gr(wg, wo)dk., (C9)

and
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Gr(w, wo) = v/ (1 — en)2k* +2(1 — en) pwk?
2 2
w® = wolyy<e
2(1 — en)k?

— (1 —enk?® — pw + p?

Note that Gy, is independent of wq for |k| > (ZB_I. Then we split J (w) into two parts,

1 1
J(w) = f Gi(wg, wo)dk + —— / G (wr)dk
2(27)? (k<€) 2(2m)? (k=€)

= J_(w)+ J-(w). (C10)

For k > 55_1 we use

1 Eoms ~
sup 3w Gr(w)| - Wi (k) — gildk,

I (W) — J-(®)] <
2(27’[)2 {|k|>ﬁgl}we[§k,wl(k)]

(C1D)
with

2
p pPw
0G= ol P
v P 7T R T
T—en )2

(C12)

We use a Taylor expansion of the square root to get

~
~ 8 ~ —
|- (W) = 1@ = Cp3/ 2! Wi () — Zldk.

|k|>€5
Since |W1 (k) —8k| < C82K,; " (by (6.24)) and [ g7k ~2dk < C8 (see (3.34)) we deduce
|1 (W) — J=(®)] < Cp?8*K, . (C13)

For k < 65_1 we start by focusing on the first part of Gy,

Fr(w) = V(1 —en)2k* +2(1 — ey) pwk2 — (1 — en)k> — pw. (C14)

Since |0y F| < Cp, we have

\/ | F(W1(0) — Fi@dk| st/ W) — Beldk < CpK
{lkl<t5 "} {lk|<€s "}

(C15)
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Now

W) = R @0dk

el

W) (k) — W1 (0)
+C‘/ o2 1(k) 1(2) dk‘
{kl<€5h) 2(1 —er)k

~ =~
+C‘f pzﬂdk‘
k<gly 20— er)k?

< Cp?8°K,; '+ Cp?R*8%05% < Cp*8°K; !,

- - @ s [

where we used (3.35). Combining this with (C8) and (C13) the lemma is proved. O

Proposition C.3. There exists a universal constant C > 0 such that, for any € € [0, 1),

5 1
L3, 30 — 4np25<1 — < +ologs+ (5 42T + 10g(7‘[)>8)‘

< Cp?8*(|10g(8)|R*p + 1) + Cp?se,

where I is defined in (C1). In particular when § = 89 we deduce

|
L2, 80 — 47r,025§(E 42T + log(n))‘ < Cp?83(|10g(8)| R2p + 1) + Cp2oe.

Proof. At first we want to replace gx by go in the integral I:

|1 (K%, Gk) — I (K%, 8o)| < fR i |F(k*, gk) — F(k*, go)|dk (C16)

< / sup
R? g€[gk. 0]

0 F (K2, )| 8 — ol dk =: I< + I,

(C17)
where we split for values of |k| under or above (p8)/2. Notice that
N pk? p* 8k
0 F(K*,81) = == — p + —5- (C18)
V4 +2pg1k? k
By a Taylor expansion we can prove that
re=c (R>(020) 12K + pok® + R (020)” )k = CR*(03)’.
{Ikl=(p8)!/2}
(C19)

In the other case we have, by Taylor expansion of the square root in (C18),

(P20)* .
I> < Cp/ 418k — 8oldk
k1= (08)!/2)

< C (p20)’ / dek+/ dk
< c o r© )
((03) 1 2<Ik|<(p8)128; /) K2 (k|=(po) 1255 /%) kY

< C (p8)® R?|log 8| + C (p8)?s.
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We deduce that |1, (k?, 2x) — I.(k*, 30)| < Cp%83(1 + R*plog(s)). Now remains to
compute / k%, 30). In this integral we use the new variable g = k(p’g\o)_% (1—2¢) %,

1 1 1
o~ 2 1 o
5 o~ (0go) 4~ 5 2 {lg1>(1—8)2¢5 ' (pg0) "2}
I (k”, go) = —2(27r)2(1 — . ( q4 +2q2 —qg°—1+ 25 )dq.

2q
(C20)
In term of ¢y = (1 — 8)%£8_1 (,0?0)_%, this integral is explicitly computable and equal
to
~ (p80)® (1 log2 1. . _,
K30 = (o = =+ 5 ). 21
08 = s (5 e (C21)

1
With 2o = 878 and ¢g = 2¢ Te B (1 — £)23, 2 (pa®) ™ (see (3.30)), we find

11 |
1. (K%, Bo) = 4;1;)232(g — 5 +logd+ -2 + log(n))(l +0®%). (C22)

O
Remark C.4. With the arbitrary parameter § (within the range %Y < § < 2Y), one can
deduce from Proposition C.3 that our lower bound on the energy is
2D 2 8 1 2y 2+
¢ (p) > 4mp 3(2 — — +6logs+ (5 +2r +10g(7r)>8) —CP2Y?. (C23)
However, this lower bound is maximized by § = Y (1 — Y|log Y| + o(Y|log Y])), thus
leading to the optimal choice § = §p.

We conclude this section by a general bound on Bogoliubov integrals that is used
several times throughout the paper.

Lemma C.5. For two functions A, B : R> — R such that

Ak) > k[|k] — K12 +2K18,  |B(k)| < K28,  |B(k) — B(0)| < K2R*5|k|%,

(C24)
for constants k > 0,0 < K» < Ky, E(;l < K, then there exists C > 0 such that
f (Atk) — v A(k)? — B(k)?)dk
R2
2 2
- /(_1/ B=(k) — B (0)11{‘,('555_1}
- R2 21k|?
KZ
+ cﬁ‘az@ +Ci T K382 (1 + R*25%) + Ci ' K382 | log (2K £5))]
K2 B(k)? — B(0)*1 i
+ Cmin <K§84K‘3K‘4,C—22K—1f . {IkI<£; }dk>. (€25)
K R2 k|

1
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Proof. We show that the difference

fR (4w - VaAw? =Bw?) -

is bounded by the desired error terms.
For |k| < 2K we have that

2
/ (Ak) — vV AK)? — B(k)?)dk < C / 5 gk
lk|<2K

fki<2ky AK)

K? K?
< C—28/ dk = C—25K?2,
K1 Jyki<2ky K

while for the B part, using the assumption on |B(k) — B(0)],

B = BX0)L
2[k[?

(ki=6;) )dk (C26)

B%(k) — B%(0

K_I/ 5 - Ol g < CK_1K22R252f dk = Ck ' K3 R*8%¢;*
(kl<e; ") 2|k| (k<€)
(C27)

and

—1 BZ —1 2

K d ——~-dk < Ck'K36%| log(2K £5)|. (C28)

(el <k <2k) 2k

For |k| > 2K we have, by a Taylor expansion,

1B(k)2 B(k)*
_ 2 2 <« .
Ak — VAK)? = Bk)? < 3 AW +C o (C29)

For the first term we observe that

2 2 2
B(k) - B(k) - _1B(k) <1+K)

<k 'l ————— <k —), (C30)
A(k) (|k] — K)? |k|? k|
giving
B(k)? B(k)? B(k)?
/ ( ® —K_l(—)2>dk§ CKK_I/ ( 2 dk < Ck 'K 367,
(k=2k) \ AK) 2|k| (ki=2k) k|
while for the second one we can bound either
B(k)* dk
/ ( )3dk < CK§54K—3/ — < CK38% K™, (C31)
(k12K AK) (k1>2k) k|

or as in the following,

B(k)* K3 = B(k)? K3 = B(k)?
/ aar = 2 f ) k= Car / 9
(k1=2k) AK) Kj {Iki=2k) AK) Kj {ki=2k) k|

B(k)*—B(0)21

(k<5 1)

adding and subtracting the term C %K_l f{lkl 2K} L we have
2 2
/ B(k)4 s < K_ZZK—I/ B(k) —B(O) ]l{lk|<€8_1}dk €32)
(kiz2k) AK? T UK Jre k|2

This finishes the proof of Lemma C.5. O
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Appendix D: A Priori Bounds

In this section, we prove Theorem 7.6. We study a localized problem on a shorter length
scale d{ such that

dt < by < L. (D1)

where we recall that £; is the healing length. We are able, in this section, to prove Bose—
Einstein condensation in boxes with length scale smaller than the healing length. A key
point is that, at this scale, we can use a larger Neumann gap to reabsorb the errors. We
will show how the proof of Theorem 7.6 reduces to this localized problem.

We introduce the small box centered at u € R? to be

dt deq2
B, = AN d€u+[——,—] . (D2)
22
The associated localization functions are
X X
= — ——u), D3
18,00 =1 (3) x (5 — ) (D3)
where we highlight that
/ lxB, |*dxdu = £2. (D4)
In order to construct the small box Hamiltonian, we introduce the localized potentials
S(ry - W) . s
W (x) = ————, wg, (x,y) = xB, ()W (x — y)xB,(¥), (D5)
X * x(x/de)
Wi(x)
Wi(x) i= ————r, wy, g, (x,y) == xB, X)Wi (x = y)x8, (), (D6)
: X X (x/de) :
W3 (x) = _ P w2,8, (%, ¥) == x5, ()W5 (x = y)x8,() (D7)
2 X*X(x/dg)’ s Dy \ o u 2 u

where we recall that W, Wi, W, are localized versions of v, g, (1 + w)g, respectively
(see formulas (6.19) and (3.4)). Since v has support in B(0, R), we see that W* is well-
defined as d¢ is required to be larger then R. Clearly W* depends on d¢ and thus p,,,
but we will not reflect this in our notation.

Similarly to Lemma 6.4, W7 satisfies the following inequalities which can be proven
in analogous ways considering the length scale dZ in place of ¢

/WZSSZ/WfSCé, (D)
0<Wix)—gx)<C (x)ﬂ (D9)
— 1 8 =g (dﬁ)z ’

1 / Vqu(k)2 — Wf(())zjl{lk'sg;l}dk 0| < R2S D10)

—gw .

272 Jo 242 s = a0z

We define furthermore, as operators on L? (By,),
1

Pp, = |1p,){(1B,|, Qs, :=1p, — Ps,, (D11)

| Bul
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i.e., Pp, is the orthogonal projection in L?(B,) onto the constant functions and Q B, 18
the projection to the orthogonal complement. We can therefore introduce the number
operators as well

N N N
nBu = Z IlBu?]" n81170 = Z PBusj’ nBlt7+ = Z Qij’ (Dlz)
j=1 j=1 j=1

and the small-box kinetic energy

._ 112 er ) 1
Ts, = O, (xBu [J—A - MLXB“ + S (1+m )(dg)2>QBu. (D13)

We are now ready to define the localized Hamiltonian H g, which acts on the sym-
metric Fock space Fs(L*(B,)). It preserves particle number and is given as

N N
; 1
M, (o) =Y (1 - 8N)TB(2) — Pu Z/ wi,p, (Xi, y)dy + 5 > wa, (xi. x)),
i=1 i=1 i)
(D14)

on the N-particle sector where ¢y was introduced in Lemma 6.2.

An adaptation to dimension 2 of [28, Theorem 3.10] allows us relate Hg(po,) to the
original Hamiltonian in the large box, using the condition (H28). This gives the lower
bound

b N
Ha(pu) = (1 —en) o Y O + fR H, (pp)duc. (DI15)
Jj=1 :

We would like to restrict the previous integral to boxes that are not too small. Therefore,
we identify the following sets of integration, for & € [0, 1],

¢
Ag = {u € R ‘ [tduloe = 5(d +1) < —Sdﬁ}, (D16)

underlying the property
Ag S Ay, if &) = &, (D17)

and we observe that integration outside A is zero because there is no more intersection
between the small box and A. The following Lemma guarantees that we can restrict
the integration for the potential over set Aj,19 (where 1/10 is chosen arbitrarily) and
estimate the remaining part by a frame inside A1,1o.

Lemma D.1. For all x € A we have the estimate

—Pu // w1, p, (x, y)dydu

> f / wi.p, (v, )dydu — 3p, / ) / wi. g, (v, y)dydu. (DI8)
Ak A p\Ay

10
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Proof. The proof follows the same lines as in [19, Lemma E.1]. We split the domain of
integration Aj/10 and Ag — Aj/10 and we estimate the integral over the latter. By the
definition of w1,z we have simply to estimate the quantity

X
f x (5 —u)x (5 —u)du. (D19)
Ao\A1y10 td td
We use that x is a product of decreasing functions in the variables u1, #, and observe
that
( V
max X ——u)x(——u)
La-tan -y < Lg-y - N td
X
< min X (- _ u) (l — u) (D20)
L) 287 < g - M td

so that we can estimate the integral over the frame pointwise, getting a factor of 3 due
to the presence of the corners. O

Thanks to Lemma D.1 we can write

Hp, (0,)du + f Hp, (4p,0)du,
A%\A%

b N
Halpw) = (1= en) 55 Y 0nj+
j=I

Ay
5
(D21)

where we dropped the positive part of Hp, in Ag \ A L . We are now ready to give lower

bounds for kinetic and potential energies in terms of the number of particles. From this
the lower bound for the small box Hamiltonian is going to follow in Corollary D.6 below.

In order to prove Theorem 7.6, we provide a lower bound on H g, (p,,). For notational
simplicity we will remove the index . Lemmas D.2 and D.3 below give first lower bounds
on the potential and kinetic energy respectively.

Lemma D.2. There exists a constant C > 0 depending only on x such that
—Pu / Z wi,p(x, Y)dy + 5 Z wp (X, X))
I#J
> A0+A2+ Qren s CS(,OM rioBllg>l’l+ B,

with

no,g(no,g +1)
=~ B /f wy, g(x, y)dxdy

Puno,B no,p — 1 1 //
+—(p wy, p(x, y)dxdy,
( |B| 4( “TIBlL

1
= EZPinwI’BQin +h.C.,
i#]

and Q)"™" is the analogue of (7.2), but for the small box B.
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Proof. The proof follows from an analogous potential splitting like in Lemma 7.1 and
Lemma 7.2 and by the same lines as [19, Lemma E.7]. O

Lemma D.3. For the kinetic energy on the small box in the N ’th sector we have

QBXB[\/___ L} xg0Op + Az

ds?t
1__  N(N+1) [ , N+1
E_ng(O)W xg +EAN) +E4(N) — B[ b
where
R? N(N +1) 5
E(N) = —ca((dg)2 + 5] log(dsKy)| + 8 )W X2, (D22)
N +1 N
E4(N) :== —C(8%(dst +8(dst)” f D23
J(N) = —C (8% )(|B|) @507 ) e [ 1 (D23)
Proof. Let us introduce the operators
di = gt ipx D24
p- |B|1/2 (Opxse " )ao, (D24)

where ag = %a(l) and a, a’ are the annihilation and creation operators on .7 (L%(N)).
Further we introduce

Ws 0)
(2m)?

A= / (dfd,+d’ ,d_,)dp. (D25)

Now using that on the N’th sector we have

/[| - ] ajd,a —(”O”)ing 1NV - = 5505
PL= Tt P= "B = B.JXB dst ) BIIEE

(D26)

and that ng < N, we get, adding A; and A5 to the kinetic energy

N
1 12
Z OB.jXB.j [V —A - T]+XB,j Opj+A1+Ay > / h,dp, (D27)

1
2(2m)?

where

hy = Ap(didy +d ,d_p) +By(did’ , +d_pd,), (D28)

p —p
with

|B] 1 .
Ay = (1-8N)N+1[|p|—ﬂ] £2W]0), B, i=Wi(p). (D29)

The additional A term is estimated, thanks to (D8), by

no+1
A <Co
|B|

neg, (D30)
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which contributes to the last term in the result of the lemma. By an application of
Theorem B.1 we get the bound

1
EYG IRV 2
2(2ﬂ)2/hpdp_ 2(2n)2|3| /XB/ B )dp, (D31)

and therefore we want to bound the latter. We observe that, thanks to (D9), Wf 0)=>Cs

for a certain C < 8. Choosing the parameters
|B|

N+1’

=ds0)™", k=1 —¢ep) Ki=1, K»=C, (D32)

we can apply Lemma C.5 to obtain

1
3G / (A, — ,/A%, — Blz,)dp

N+1 N+1 R?

= B = 2 T B @y

§+C8(dst)™?

N+1 R\2 (N + 1)3 A
_ct o 32(1 (—) ) N oe@ask ) — cst D o,
| B Ls | B |B|3

where we used that ey < 1/2 and (D10) to approximate the leading term by gw(0)
getting the second term as an error. Plugging the last estimate in (D31) we get the result
with the error terms coherent with the definitions of £ (n) and £4(n). O

We will also need the following estimates.

Lemma D4. Let £,,;,, denote the shortest length of the box B, then there exists a constant

C > 0 such that
R \2
< c(s( ) / %2, (D33)

// 11)1,)3()6,)))dxdy—8718/)(123 =
// w2, g (x, y)dxdy > //wl B(x, y)dxdy+gw(0)/x3 fxf;. (D34)

Proof. Since 876 = f g, and thanks to (D9), we can write the inequality

2
) [ 7. (D35)
emm

where we used ¢pin < df. By a Taylor expansion for the localization function and the
fact that W is spherically symmetric and (D8), we have, on the other hand,
< CR* |V x5l f W7 (x)dx f X8

V/ wl,B(x,wdxdy—f Wf(x)dxfxé
R \2
gmin) 8/}(129, (D36)

and where we used that | B|~!(f x5)? < [ x3 and the bound (F6).
Then inequality (D33) follows by (D35) and (D36). The inequality (D34) follows
from a very similar argument. |

mm

<ca<

‘ f (Wi (x) — () X2 (y)dxdy

= ¢(
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Combining the results of Lemma D.2 and D.3, we deduce that the Hamiltonian on
the small box has the following lower bound, which is coherent with the main order of
the energy expansion.

Theorem D.5. Assume the conditions from “Appendix H”, then for any box B we have
the following bound on the N ’th sector

1
Hp(p)In = (Z(:O//« /fwl B+ = Q"’“ +&E(N) +E4(N),

1B |
(D37)
with & and &4 defined in (D22).
Proof. The combination of Lemmas D.2, D.3 gives
n
Ha(pu) = 2_: 0n.i(5 U+ 7 D) 5 ) Ons + Ao = 38O~ [ 4
+ = Qrens +E(N) + E4(N) — Céppny., p.
We observe that we can choose a constant C’ > 0 such that
N

where we used (H8) and, choosing the right C’, we can cancel the last term with ny p for
a lower bound. The same can be said for the errors produced by replacing np = N — ny
by N. By Lemma D.4 we have

1 __ NN+
A — ng(O)—/X%;
>< N? ( N+1< f/ N2R82/2
- 2|B|2 p“IBI g\ |B| “Bre, ] "
> (1( // N2 R82/ 2
> (7o — 0 ——p - X5
g\ |B| " ‘151 e )
and this gives the result since the last term can be reabsorbed in the &> term. O

We deduce the following corollary.

Corollary D.6. Assume B is a small box with shortest side length €., > ¢li_(l; and that
the conditions of “Appendix H” hold true. Then we have the following lower bound

1 2 22 -2 2 1 2
Hp(pp) = —5Pu wi,g(x, y)dxdy — Cp, 6°(dsKy) XB — Cp,ﬁﬁ XB-
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Proof. We split the particles in m subsets of n’ particles and a remaining group of n”,
with n” < n’ < n. If we ignore the positive interactions between the subsets, and
denoting by eg(n, p,,) the ground state energy of Hp(p,) restricted to states with n
particles in the box B, then

ep(n, pp) = mep(n’, py) +epn”, py). (D39)

From formula (D37) in Theorem D.5 applied for n’ in place of n and, choosing
n' = 3p,|B|, we see that the first term becomes, thanks to Lemma D.4

1 /f wi B >47r,023(1 —C( R )2)/)(2 (D40)
27K T " Lmin B

From the following controls on the error terms

&(n") < Cp8*(dKo) ™ f X5 (D41)

& = ook [ b, (D42)
R \2 R?

Cpi(S( . ) / Xg < Cppd——o> f X5 < Cpp8°(dKe) ™2 / X (D43)
Emll’l (dﬁ)

we see that the first term is the leading term of the energy. Since it is clearly positive,
we obtain that with the aforementioned choice of n’, we have eg (n’, pu) = 0 and, then,
using the previous equality, we can state that

ep(n, pu) > ep(n”, py). (D44)

The Corollary follows using again Theorem D.5 with n” in place of n to obtain the
lower bound and using (D41) and (D42) for n” to control the errors, using that s~ > 1
to obtain one of the error terms in the statement. A further error term of order

c31/2
oud— | X

is created by the substitutions of the terms n” & 1 by n”. |

We are finally ready to use the lower bound on the small box Hamiltonian to obtain
a bound on the number of excited particles in the large box, result stated in the Theorem
below. By an abuse notation, from now on, the operators n, ny, ng start again to denote
the number operators in the large box.

Theorem D.7. We have the following lower bound for the large box Hamiltonian
a2y (1- Ly b D45
Ha(py) = 4mp Y (1= SY|log Y1) + 3 5m.. (D45)

and if there exists a normalized ¥ € Fo(L2(A)) with n particles in A such that (7.40)
holds:

(Ha(pp))w < —4mpa?Y (1 — CK3Y|logY]), (D46)
then the bound (7.41) for the number of excitations holds:

(ny)w < CnK3K2Y|logY|. (D47)
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Proof. We study the integration over Aj/19 \ Ay/5 from formula (D21). By [18, (C.6)]
we have |xp,| < C(ﬁminﬁ_l)M and then

O \2M 0o \2M
/ / xp, (1) dxdu < C( m‘“) (td)2d™2 < C(L) 2. (D48)
Ayj10—Ayys ¢ ¢

By the joint action of Corollary D.6 and Lemma D.4 we get

1
Mol = =Coid [ oh, = Coud(padasko+ o) [ 43, 49)
u
and therefore, using (D48) and that |B| = d?¢2 we have
2,2 2, ( bmin \2M )
Ha, Gpu)du = —Cp225(1 +8(dsKy) )(—) — Cpudd=2, (D50)
A1/10\A 15 V4

Using the definition of ¢,ij; = d£/10 and the relations between the parameters (H12)
we get

0o \2M
(52) =d™ =6 pusd? = oK) P < 08°K],  (DSD)

which makes the integral coherent with the statement of the Theorem using the expansion
of §,

§~Y —Y?|logY|+OX3 logY|?). (D52)

For the remaining integral in formula (D21) we use Corollary D.6 and Lemma D.4 to
get

Hp, (pp)du
A1/10

1 1
> — / // dxdy —,ozwLBu (x,y)+ C,OM(S</0M5(dsKg)_2 + ) / X%} du
A1/10 2 " |Bu| !

> — 4mp0*8 — CpL*8°Kp,

where we used (H3), (H12) and

ff/ wi, B, (x, y)dxdydu = 871862, f/ XB, (x)zdudx = (2

Collecting the previous estimates, together with (D21) and the fact that ey < %, we
finally get (D45), using the expansion (D52) of §.

The proof of the bound on n, is proven noting that, joining together the a priori bound
(7.40) with the obtained lower bound we get

b 2 2v2
Sl < CKjip Y7 log Y|, (D53)

and conclude recalling that £ = p,, V2y-12g,. O
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We follow now a similar strategy to obtain a lower bound for the large box Hamiltonian
and get an a priori bound on the number of particles and a control on Q" in the large
box.

Corollary D.8. Ifthere exists a n-particles state ¥V € F (L%(A)) such that (7.40) holds,
then the a priori bounds on n and Q)™ hold:

n
\pu - 6_2\ < CKpKepY'?log Y "2, (Qf")w < CK3K[p *Y?|logY|.
(D54)

Proof. We observe that we have the following lower bound, reproducing analogous
estimates for potential and kinetic energies from Lemmas D.2 and D.3 but adapted
to the large box A (for details, see [19, Appendix E.2]), where we estimate the n;
contributions thanks to Theorem D.7,

(Ha(ou))w > 2<Qre“> — 4mp2 €% +27[( -5 ) %5 — CKRK2p2 028",
(D55)
By the assumption, the expansion of § in terms of ¥ and (D55) we get
(5—2 - pu> 25+ (QF"y < CKRK2p2 Y| log ¥, (D56)
which implies the desired bounds. O

Appendix E: Technical Estimates for Off-Diagonal Excitation Terms

We give here a proof of Lemma 7.9, bounding the terms dlL and dzL defined in (7.48) and
(7.49). We are going to use the following dimension independent estimates which are
proven in [19, Corollary F.6] in order to prove the technical lemma below. There exists
C > 0, such that, for any ¢ € RanQ ,

~ ~5

K? K
—1/2 —
1AGa0)I = Coy' =2 1A gl < Cep! 2 (ED)

Lemma E.1. [fwe assume the relations between the parameters in “Appendix H”, then
there exists C > 0 such that

10 w(x. ) Opxll < Cey'’? ||v|| (E2)

Proof. The proof is an adaptation to 2 dimensions of [19, Lemma 5.3]. Let¢p € RanQ H.x
with ||¢|l> = 1, then

1Qp ,wix, )Ou. ol <1 + D, (E3)

where

I = / XA () o) Pv(x — y)dx,
R2

L= /]RZ XA () 1xa () = xaW o) Pvx — y)dx.
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We use the technical Lemma E.2 below to get

~

K2 _1p
1] < IxaelZlvlli < ClullixaelllAxaell < CE_;VEN P, (E4)

by (E1) and (E6) and

R R 1/2
2] = CZllxagllosliloclvll < cwmumn”%m%n / N

2([-5.5])
12 1/4 ~2 1?2
< Cey 2 (ey ) Tl = Cey T ol

by a Taylor expansion for the localization function, (ES) and (E6) for ¢ and y A ¢, respec-
tively, (E1) and the choice of the parameters in (H11), (H3), (H14) and this concludes
the proof. O

In the proof of Lemma E.1 we used the following result.

Lemma E.2. Let — A denote the Neumann Laplacianon|— %, %]2. ThereexistsC > 0
such that, for all f € D(—AN) such that f[_é Lp f(x)dx =0, we have
2°2

1/2

1/2
S| /
L2(-5.4»

LA(~%. 51

1flleo < CII£I —AN g (ES)

Also, for all f € H*(R?),

I flloo < CIEIY2IAFNY. (E6)

Proof. Let us prove the last inequality, the first one being proven by an adaptation for
the box (essentially the only difference is to replace sums by integrals). We use a scaling
argument defining f3 (x) := f(Ax), for x € R?. Given an f € H*(R?), it is clearly
possible to choose A such that || f3 || = || Afy|l- Now, for the given A, we have

2
1Al =

1 A 2 A
([ 1hwlap) < ¢ [ a+iptimPdy = CIAfIR
(27‘[) R2 R2
where we multiplied and divided by (1+|p|*)!/? and used the Cauchy—Schwarz inequal-
ity and the choice of A. Applied to fj with the A chosen above the previous inequality
becomes

1 1% = 13 < CUALIP = CLAINIALIL = CILITALIL (E7)
where in the last equality we used the scaling properties of the dilatation in A w.r.t. the
L? norm. O

Proof of Lemma 7.9. LetV € Z; (L%(A)) be satisfying the assumptions of Lemma 7.9.
Our goal is to prove the following estimate

(@l +db))

/—\»GZ

1 2,1 - 1/4 =
< pullvl ()G +n' 2 )2 + (2 ey Ky + kit gy K

+ (@b ) L+ @nkyg)n e 1/21<H)+C<Qfen) . (E8)
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We split the d JL in several terms multiplying out the parentheses in (7.48) and (7.49).
All these terms we treat individually using Cauchy—Schwarz inequalities. Similar bounds
have been carried out in [19]. Here we just bound some representative examples to
illustrate the procedure and the role played by Lemma E.1.

Let us start using the Cauchy—Schwarz inequality for any ¢ > 0 to get

— n
(=P [ayunten Qus+he) | = Zlwr(en s whho)
i

observing that ||wi]l; < C§ and choosing ¢ = (nf)}p/zn_l/z, we obtain the desired
quantity.
For the following term, for any ¢ > 0, we use the Cauchy—Schwarz inequality and
Lemma E.1,
_ . n L = _ .
(X POuw0ni0nj),| = ezslwlinh)e +e [Cuwlnl Y (Qui Q. )v
iJ i#]
lwlly 1 12
< e+ le g PR w)
where we used that nf < n4. Choosing ¢ = 8;,1/41?;1(@&)2)}1,/211_1, we obtain
1/2
- = = (D) g —ija >
KZPiQH,ijH,iQH,j>W‘ EH%EN MRulwl:. (E9)
ij

For the next term we want to apply a Cauchy—Schwarz inequality to reobtain a Q"

term. In order to do that we are going to complete the Qg toa Q = Qg + Qg

‘< Z@H,ipijH,i On,j+ h-C->W‘

i%j
= KZEH,:’ijQin)w +h.c.’
oy
" HZEH”'PJ'QU(QHJ@J' +§H,iQH,j))\IJ +h.c.‘
[y

+ ‘< Z PiEH,,-wEH,@HJM'
ij

The second term and the third terms can be estimated in the same manner as above, so
let us focus on completing the first term in order to obtain the Q4.

(X Quipiweioj), +he (E10)
?\(Z@H,ipjw(gi 0 +w(PP+PiQ;+0iP)) +he| (Bl
+ \(Eampjww(p,.g J+0iP), +hel (E12)

+ \(ga,{,ipjwwp,.pj% +hel. (E13)

i#]
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The second and the third terms are treated as above, using that 0 < w < 1 on the support
of w. By a Cauchy—Schwarz inequality on the first term we get

(E11) = (Q4")w + Cg—zllw||1<n+)w- (E14)

Collecting the previous estimates including the ones not explicitly treated, we obtain
(ES). "
Bounding nZ < M in (E8) where it appears for higher moments than 1, using that

ﬁf < n and that 8]:,]/ ‘K g > 1 by (H15) gives the result. This finishes the proof of

Lemma 7.9. o

Appendix F: Properties of the Localization Function

We collect here the definition and some important properties of the localization function
that are used throughout the paper.

We define
X (x) 1= Cpr (L1 (x1) 82 (x2))M+2, (F1)
where
__Jeos(my), |yl =1/2,
¢(y) = {O’ ol > 1/2. (F2)

where M € N is chosen even and large enough. The normalization constant Cy; > 0
is chosen in order to obtain || x|l» = 1. We have 0 < x € CM(R?). We also define

xa(x) = x(x/0).

Lemma F.1. Let x be the localization fuction defined above and let M € 2N. Then, for
all k € R?,

= _tx
XK < TBLE (F3)

where Cy = [ [(1 — AYM/2y|. If, furthermore, |k| > K€,
IXa(0)| = X ko) < COKZM. (F4)

An important property for the localization function xp,, u € IR?, on the small boxes,
namely

X
x8,(6) = xa()x (57— u). (F3)
which is used in “Appendix D”, is the following bound
192 5, oo < Cot——s— / X5.. (F6)
| Bul €

which is taken from [18, Appendix C]. Here it is key the fact that we do not consider a
smooth function but we require x to have a finite degree of regularity measured by the
parameter M.
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Appendix G: Comparing Riemann Sums and Integrals

We will show in this section that we could approximate integrals on R? by Riemann
sums when it was needed in (4.13) to prove the upper bound. Recall that the assumptions
of Theorem 4.1 were

R<p 'PY12 Lg=p 1Py P, (G1)

We divide R? into small squares [1,, of size ZT” centered at p € AT = %”Zz. Then,

clearly

- pdk| < £ v G2
T X sw- [ rwa| =5 Y spivs (@)

peEA] peEA] P

We consider the functions present in the two sums of (4.13). With «, and y,, given in
(4.6) the first term is

F(p) = P>+ p0gp — ) P*+2008p % + p0(Vp — 8p) (vp +@p)
p* 1
= p?+po&p — +/ P* +2008p P2 + po (V) — §p)< - —>,
2,/ p* +2p08p p? 2

(G3)
and the second term
d(l% r)= /v\rap+rap- (G4)
We then have the following estimates
Lemma G.1. Let f, d be as in (G3) and (G4). Then,
1 dk 2y 1/2+f
g 2 I | F0s| = ety (G5)
peAz
and
1 dpd ~
= Y dp.r) - / dp.n—L] = CpPy PR (G6)
ABl o R (472)

Proof. In order to apply (G2), we start by calculating the gradient

(1 + p;)gp + /0031[7}'\1))

0, f =2p+ 00,8, —2
Pf p 10 ng p \/sz()f?
p
2
- ~ p 1
+p0(9p0p — apgp)( — 5)
2,/p*+2p08pp

~ 3 14~ 4
2~ o~ &P = 20p8pP
+ 05 (Vp — &p)

3
(p* +2p08,p?)?
=Ap+B,+Cp. (G7)
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We will now systematically omit the constants and study separately the cases p <

/2p0go (case 1 referring to A},) and p > +/2p0go (case 2 referring to Af,). We then get
by elementary inequalities

2 A~ A ~ 2

P Rgogp  (Pgp)
ALl < (002, Apl < —==2 22

p p

Rp2(T0 — 20)8

B,| < pR(@ — 20), B3| < Po 5 80)8p.
p
12350 — 2 Ro%%
cl| < P (Alo/2 go)’ c2 E(vo_g0)<p go+ ngp)’
8o p? p

where we used [go — gp| < |fg\(3)/ 2| for p < (pgo)'/?. This way we can use inequality
(G2) and the decay of g, (3.41) to get

Z 0, f|dp < —((,0g0)3/2 + /03/281/ (W0 — 20) + p°20R + Rp* (Mo — 30))
ﬂ pEA*
(G8)

where we used (G1), and gp < vy. We use the same method to prove (G6). We have

xLE, - for p < V/pgo,

lapl < 1 ol (G9)
p[fz”l, for p > /pgo.
We have to calculate
PIp8p 08p (4173 +4pgpp + 2pap§pp2)
dpap = — - 7 =~ V32 ’
2 /p4+2p§pp2 2(p* +2pgpp?)
yielding
”Og oR +(pgo)~/? + ML +—”O§OR, for p < /pgo,
l3pepl = pg;R 08y, (08’ 1(7/0§ )’R G10)
Ry OB GRSR o p > R,

The divergence in p — 0 implies to remove a little box around the point 0

167*
Y dwn - [ dndpe]
L R4

B p.r#0

BT S an - [ d(p.r)dpd
- por) — p,r)dp r‘
Lﬂ p,r#0 (Rz\[ T1 2)

+\f
RZx[—

d(p,r)dpdr‘ + U
2

d(p, r)dpdr}.
[-1.1PxR?

11
'L
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where the last two terms in the above can be bounded by p?Y '/2*#7;. Finally a direct
computation using the decay of §p, the bounds (4.2), (G9), (G10), and (G2) yields

1674
= Zd(m) /(

Ld(p, r)dpdr‘

B p.r#0 _% %]2)

1
< — Z sup ‘Vp,d(p, r)‘

Ly ’ p. 0 Hpx Uy
< C— > lpepl Y la +C—(Z rl)

/3 p#0 r#0
< Cop*y'/*P, (G1D)
where we used the estimates of Lemma 4.4. This concludes the proof. |

Appendix H: Fixing Parameters for the Lower Bound

Here we collect all the relations and dependencies of the several parameters involved in
the lower bound for the convenience of the reader. Furthermore, we end the section by
making an explicit choice that satisfies all the relations. Recall that we have the small
parameter

Y =Y, = |log(pua®)|™!
We use the following notation throughout the article
A < B if and only if there exist C, e > 0 s.t. A < CY®B. (H1)

In the proof of the lower bound, a number of positive parameters are needed. These are
the following

d,s er,ex.en, em <1 < M, Ko, Ky, Kpi, Ky, K. (H2)

These will be chosen below.
Furthermore, there are length scales €5 and R. These will be chosen to satisfy

R < p;]/ 2, Condition on the radius of the support , (H3)
r
by = % p;l/ 2y-1/2, healing length condition. (H4)

Some first relations between the parameters are

d <1 KKy, sep. of small and large boxes, (H5)
d7> <« Ky < Ky, sep. of low and high momenta, (H6)
d < KM« 1, condition for Bog. integral, H7)
de? Ler L dsKy, spectral gap condition, (H8)

ds7' <, localization to small boxes. (H9)
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The combination of (H6) and (H8) implies the following relations:

K < K}« sd '« d' «d? < Ky. (H10)
Defining
M
en = Ky'Y,  epmi=——, (H11)
put

we give the following conditions which control the magnitude of the large parameters
in terms of Y:

(dsK g)’l < Kp, condition errors in small box, (H12)
KpKy fH K11\1/4 <y 4, small error in large matrices, (H13)
K, 'k ]IV/ 4 <y V 2, technical estimate in large matrices, (H14)
K kK ;l/ 4 > Yyl 4, technical estimate in large matrices, (H15)
KZ2 K %IM <Yy second localization of 3Q term, (H16)
K 12; K g LY~ 1/ 4, number for high momenta, H17)
KZIOKESd_4 <Yyl condition error in 77. (H1B)

Here the magnitude of the small parameters:

er < Kz2K;?|log Y|~} Condition on g,  (H19)
ex < K2, error in 7y ., (H20)
EK > K?K,;“(d_zg%lz + d_4sM), condition error in 77 and 7>, (H21)
em K dSKzle;z, condition for error §;. (H22)
ey < 8;2d4K?, bound from Lemma 9.2. (H23)

We use the fundamental property of the system that the number of excitations of our
state is relatively small compared to the number of particles (expressed by the condition
em < 1) but still larger that a certain threshold. This property is expressed by the
following condition:

M > Y B0 YK PR PR P v (H24)

The following are conditions that impose constraints on the size of M, the degree of
regularity of the localization function x:

M2 «y, error in localization 3Q,  (H25)
de? Ler, error in localization 3Q, (H26)
Kyg\M
813\,/2 + <E_H> + (d2 KH)*ZM <&M, number for high momenta, (H27)
H

(5_2 + d_z)(sd)_st <C, localization to small boxes. (H28)
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A choice of parameters, non-optimal in the size of the error produced, fitting the

previous conditions, is the following,

|_

—

[T[3%)

M = 258, M=Y"3, er = Y3127 8192
K¢ =Y o%, Ky =Y 1%, Ky=v =,
d=Y5m, Ky =Y 5, s = Y,
Kp=Y s, ek = Y1, e = YR, (H29)

This choice is not made with any particular view towards optimality.
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Chapter 4

Review: Lower bounds on the energy
of the Bose gas

This chapter contains the review article [Fou+24c] by Four-
nais, Girardot, Morin, Olivieri and the author. We pro-
vide short proofs of the formulae egs. (1.1) and (1.2) in
Gross-Pitaevskii regime. The review is included in its
entirety in the published form, which can be found at
https://doi.org/10.1142/S0129055X23600048. It can be
located within the thesis by the colour m at the top of the

page.
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1. Introduction and Main Results
1.1. Introduction

The understanding of the ground state of a Bose gas is of major interest in many-
body quantum theory, especially since the first experimental observation of Bose-
Einstein condensates [1]. It is a very challenging problem to find properties of this
ground state, and the mathematical proof of condensation in the thermodynamic
limit is still out of reach. In this paper, we focus on the asymptotic behaviour of
the ground state energy in the dilute limit, both in dimensions d = 2 and 3.

To state the results, we consider a gas of N bosons in a box €2, in the ther-
modynamic limit 2] — oo, with fixed density p = N/|Q|. The first terms of the
expansion of the ground state energy density of such a gas depend only on the
scattering length a of the inter-particle potential (as defined in Section 1.2 below)
and the density p. In the 3-dimensional case, the ground state energy density has
the following expansion in dilute limit pa® — 0,

3P(p) = 471'p2a<1 + %m) + 0(p2a\/m?). (1.1)

The leading term of this asymptotic formula was first derived in [2], and the second
term, the Lee-Huang-Yang term, was given in [3,4]. Mathematical proofs of the
leading order term were given in [5] for the upper bound and in [6] for the lower
bound. The first upper bound to LHY precision was given in [7], and the correct
constant in [8] with recent improvements in [9], for sufficiently regular potentials.
The matching lower bounds were given in [10,11] including the crucial case of hard
core potentials. The upper bound in the case of potentials with large L'-norm, such
as the hard core interactions, is still an open problem. However, the reader may
find recent improvements in [12].
In the 2-dimensional case, the asymptotic formula is

20 (p) = 47rp25(1 + [ZF + % + log(w)] 5) + 0(p26?), (1.2)
where I' ~ 0.57 is the Euler-Mascheroni constant and § is a small logarithmic
parameter given by

0:= !
~ [log(pa?|log(pa?)|~1)|"
This formula was first given in [13,14,15,16], and the leading order was first proven
in [17]. Both upper and lower bounds to second order precision were recently proved

in [18], and they include the case of hard core interactions. We refer to [19,20] for
overview articles. Similar expansions for Bose gases in 2D were obtained, in the

(1.3)

Gross-Pitaevskii regime in [21] or in different regimes, see [22].

The case of interacting Fermi gases is equally interesting and has seen major
progress in recent years, see for instance [23,24,25,26,27,28,29,30,31,32,33].

The purpose of the present paper is to explain the proof of lower bounds in
[10] and [18] for the 3D and the 2D case, respectively, which are similar in many
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aspects. The very first step, both in 2D and 3D, is to reduce the problem to length-
scales ¢ which are much smaller than the thermodynamic length L but larger than
the Gross-Pitaevski length scale. This localization procedure is now quite stan-
dard [34], but gives rise to technical complications. Mainly, the kinetic energy is
inconveniently modified, including localization functions which affect the algebra of
calculations and require more involved estimates. For this reason, we decide here to
directly consider a gas of bosons on a periodic box of the right p-dependent length
scale and to carry out all the analysis in this setting omitting the localization step.
Since many terms are simpler and many errors vanish, this should help the inter-
ested reader understand the general strategy of lower bounds for Bose gases.

Before introducing the energy and the associated result we need to recall some
basic facts about the scattering equation.

1.2. Scattering length

An important difference between 2 and 3 dimensions concerns the properties of
scattering solutions, which can be found in [35, Appendix A]. We recall here the
main definitions, and fix notations.

In this paper we will only consider radial, compactly supported and positive
potentials v : R? — [0, 00], with R > 0 such that supp(v) C B%(0, R), where we
denote by B%(y,r) the ball of radius 7 centered in y in RY,

Let us consider the minimization problem, for an arbitrary R> R,

~ 1
Eq(v,R) = inf/ B (|Vgp|2 + fvap2>dx, (1.4)
¥ B4(0,R) 2

where the infimum is taken over ¢ € H'(B%(0, R)) such that Plopag,r) = 1 We
define the scattering length a = a(v) by

Es(v, R) = 27r~ , and Es(v, R) = Lam
R
log (&) 1-a/R

(1.5)

It is a well-known result that a is independent of R > R. The associated minimizers
are of the form

1 0
—————pa, fd=2,
log(R/a) "
PRrd = 1 0 (16)
———pa, ifd=3,
1-a/R B
where «p%d solves the scattering equation
0 1 o
7AS0]R(1 + 7U¢Rd = 07 (17)

2
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in a distributional sense. The solution is such that, for || > R, we have the explicit
form

|| a

)7 and % (2) i =1— —

o (1.8)

0
-1 (7
Ppe(z) = log a
If d = 3, we choose R = 0o so that g0%3 = pgrs. The logarithm in the 2D-scattering
solution is clearly unbounded for large values of |z|. This is a major difference to
the 3D behaviour. Therefore the length R is of much greater importance. In this
paper, when d = 2, we choose

1
R =ae?s, ie. (5:510g(

g

Ry -1
2)
so that

e = 2002, (1.10)

is then normalized to 1 at distance R, with & given in (1.3).

1.3. Main result

We consider N interacting bosons on the torus of unit cell A = [f %, g] . We define
the associated Hamiltonian with periodic boundary conditions

N
Hy =Y -0j+ Y. ola—z)), (1.11)

j=1 1<i<j<N

acting on the space of symmetric square integrable functions Lgym(AN ), where —A
is the periodic Laplacian on A and the potential depends on (z; —x;)*, the distance

between particle ¢ and j on the torus. More precisely, we define z* € R by

2z = min |z — 2/, (1.12)
z€Z4
and
v(z) = vga(z®), with wvge:RT =R, . (1.13)

We assume vga to be a positive, radially symmetric interaction with support in
the ball of radius R < £/4. This condition on the support will be made precise later,
all we need for now is the support of v to fit in the box. We have here committed
a mild abuse of notation using that vga is radially symmetric. Using the positivity
of the potential it is standard that H defines a self-adjoint operator. If ra is the
scattering solution associated to vga, we define

wgd =1 — QYpa, gra = Upa(l — WRa) = VRaYRa, (1.14)
and their periodic versions

w(z) = wra(x®), g(x) == g(z"), z €A (1.15)
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Note that we dropped the dependence on d in the notation. The function g has a
specific role in the analysis, and its Fourier transform satisfies, through a manipu-
lation of the scattering equation (1.7), the relation

8rd, ifd=2
3(0) = ’ ’ 1.16
900) {871'(17 if d = 3. ( )

Notice that since R < £/4, we have that the Fourier transforms and Fourier coeffi-
cients agree at zero, i.e. g(0) = gra(0). We scale the system in the following way:
for a given density p we define

P (1.17)

Vrg(0)
where K, > 1 is a large p-dependent parameter chosen in (F.13). This scaling has
to be understood under the dilute regime assumption, that is pa? < C~! for a
large enough constant C. The regime K; = 1 corresponds to the well-known Gross-
Pitaevskii regime. In this paper, the particular choice K; > 1 is needed to control
the errors obtained at the different steps of the proof, as the c-number substitution
of Section 3 and to go from sums to integrals at a negligible cost, in particular to
get the correct LHY constant.
The number N of particles in the box is defined through

N = ptd.
We can observe using (1.7) that the Fourier transform gw(0) can be written by

means of an auxiliary function

~ 2 _ o (0)2
o0 = oy [ Gattar, G = BB OPLID 4

where we introduced the cut-off

]ld(t) = 6d,21{\t|§1}(t)7 (119)

with d; ; being the Kronecker delta, to deal with the 2D case where the Fourier
transform of a logarithm involves a renormalization around zero. This renormaliza-
tion is done at the scale

1 1
ls = %6756F = Wer(l +0(1)), (1.20)

where we recall that I is the Euler-Mascheroni constant. We define the Lee-Huang-
Yang energy in dimension d as

2
B (p, A) 1= ZA[GON 1%, (1.21)

where

(1.22)

\LHY {\/pa3, ifd=3,
LHY _

s, ifd=2,
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is the Lee-Huang-Yang correction order, and

/2
1505 = (3) VETDE T -1+ (14 1,(Vare ) dt,  (1.23)
Y Rd 2t2

is the Bogoliubov integral of dimension d.

We also define the LHY error in dimension d denoted OIJHY as a quantity of
smaller order than the LHY precision in term of the small parameter of the dilute
regime pa?. For any error term £ we write £ = o5™Y if there exist constants C' > 0

and 1 > 0 such that

Cp?|A|5%H7, ifd=2,
€] < ) T (1.24)
Cp*Ala(pa®)®™", if d=3.

Let us recall the expressions of Hy and A below, for reader’s convenience:

N
HNZZ*AJ'+ Z v(w; — x5),

j=1 1<i<j<N
AVAT: K
A= [—7,7] R
2°2 pg(0)

We can now state the main theorem of the paper.

Theorem 1.1. There exists C > 0, such that, if v € L?(A) is a positive, spherically
symmetric, compactly supported potential with scattering length a > 0 and if p > 0
is such that pa® < C~1, then for any bosonic, normalized state U in the domain of
Hy we have

1
(W, HN ) = 2 pPAGO) + B (p, A) + oY

Le. inserting the values of §(0), EY™Y and Ifog,

12
47rp2\A|a(1+ %Vpa:‘) + o(p?|Ala), ifd =3,
inf Spec(Hy) > 1
4mﬂM41+Pr+§+bgﬂp)+qumy ifd=2.

(1.25)

Remark 1.1 (Bogoliubov integral). The integral (1.23) can be explicitly cal-
culated and provides the expected coefficients for the LHY corrections

1
2F—|—§-i-log71'7 ifd=2,
B
IS . _ (1.26)
1 ifd =3
1577
Notice furthermore, that the whole second order term ELMY of the energy comes
from the calculation of the integral
|A|

e /Rd ( KT+ 2k2pg(k) — k2 — pg(k) + p2Gd(k))dk, (1.27)
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from which we recover (1.21) thanks to a change of variables k — 1/pg(0)k, and a
passage to the limit pa? — 0.

Remark 1.2 (Assumptions on the potential). The L? assumption on v in
Theorem 1.1 is technical and not needed in the actual papers dealing with the
thermodynamic limit [11,18], where L' suffices. In the present paper we need this
assumption in the comparison between the discrete sums over the dual lattice and
the corresponding continuous integrals (see (A.1) and the proof of Proposition 4.1).
Actually, for this point the assumption v € LP(A) for any p > 6/5 would suffice.

These LP-assumptions on the potential v exclude the hard core case. These
assumptions are actually also not necessary. Indeed, the inequalities of the proof
in the thermodynamic setting allow for a large L'-norm. This is enough to extend
the result to the hard core case approximating it through a sequence of growing
L!-potentials. See [10, Theorem 1.6] and [18, Section 3.3] for the 3D and 2D-case
respectively.

The compact support assumption on the potential v can also be relaxed in the
thermodynamic regime. We can allow for a tail under a proper decay assumption
provided that, avoiding the contribution from the tail does not affect the scattering
length too much. See [10, Theorem 1.6] and [18, Section 3.2].

Remark 1.3. The present article reviews, in the simpler setting of the periodic
box, results stated in [10, Theorem 1.3] and [18, Theorem 2.3] for the 3D, 2D-
case respectively, neglecting the complications derived from the double localization
for the thermodynamic limit. Nevertheless we included an original bound on the
number of high momentum excitations (E.3). Similar results in three dimension
were proven in [36] with different methods.

Remark 1.4. As already mentioned, the purpose of the present paper is mainly
expository. The main ideas of [10,11,18] are clearest in the periodic setting, which is
the setting of this paper. To prove the analogous lower bound in the thermodynamic
setting one would first need to localize in such periodic boxes, but it is not clear
how to make such a localization with the right precision. Indeed, in [10,11,18], the
localization is done by a sliding technique which produces a much more complicated
kinetic energy in the boxes.

In the papers [37,38] the corresponding localization procedure is done by im-
posing Neumann bounday conditions which also introduces substantial technical
difficulties compared to the periodic case.

1.4. Strategy of the proof

(1) Splitting of the potential and renormalization. We expect the ground
state of our operator to exhibit condensation, meaning that most particles
should have zero momentum. This is why we start by decomposing the potential
energy according to creation or annihilation of bosons with zero and non-zero
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momenta. We define the following operators on L2(A), denoting by |1) the
function which has constant value 1 on A,

P=|ATY1N1], Q=1-P=1.(V-A),

projecting on the condensate and on excitations respectively. We recall that
here —A is the periodic Laplacian on A. With this notation, the number of
particles in the condensate mg, and the number of excited particles ny are
given by

N N
nO::ZPj, ng = E Q; = N —ny,
Jj=1 Jj=1

where P; and @; denotes P and (Q acting on the j-th variable. We insert these
projections in the potential energy,

4
ZU(%‘—I]') :ZQk, (1.28)
k=0

i<j
where Qf contains precisely k occurences of ()’s. For instance,

Q= > _ PiPju(x; —x;)P;P;. (1.29)
i<j
One should also note that Q; = 0 by momentum conservation.

We need terms to depend on g instead of v in order for the scattering
length to appear. We are able to overcome this problem modifying each Q; into
Q°" and collecting in the last term Q™"
produced by the renormalization. For a lower bound Q)" can be discarded.
c-number substitution. From this point on, we work in momentum space
and second quantization; the operator can be rewritten in terms of creation
and annihilation operators of plane waves aL, ay (Proposition 2.1). The next
step is a rigorous justification of the so-called c-number substitution, which is
given by expanding the operator on projectors on coherent states living in the
0-momentum space. This allows us to replace ay and ag by their actions as
multiplication by complex numbers z on the coherent states (Proposition 3.1).
This amounts to consider the condensate of 0-momenta particles having fixed
density p, = |z|?|A|~! and to only work on the remaining degrees of freedom
in the space of excitations.

Bogoliubov diagonalization. We first focus on Qf*" and the quadratic exci-
tation operator Q5. The sum of these with the kinetic energy produces a K(z)
that can be diagonalized, as in the standard Bogoliubov theory. This procedure
gives rise to the Bogoliubov integral I{?Og, times the LHY order, which is the
second order term of the energy, together with a positive diagonal operator
K428 (Proposition 4.1). The remaining quadratic terms have to be bounded by

the contribution given by the soft-pairs in Q5°", introduced in the next step.

, which is positive, all the error terms
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(4) Localization of 3Q terms. One of the major difficulties is to deal with the 3Q
terms Q%°". These terms can be interpreted as the energy generated by one pair
of excited momenta, interacting to give one zero and one excited momentum
or the other way around. The upper bound calculations of [8] show that such
pairs are crucial to find the correct energy to LHY precision, and especially
the soft pairs. Those pairs have high momentum, and interact to create one
zero momentum and one low momentum. In fact, we show in Proposition 5.1
that Q%™ gives almost the same contribution to the energy as the analogue soft
pairs operator Q5°f.

(5) The energy of soft pairs. Section 6 is dedicated to the bounds on Q. Tt
absorbs the remaining part of the quadratic energy QS$*, using the high mo-
menta part of X428, The precise understanding of the Q5°® is a key calculation
in our approach.

(6) Bounds on the number of excitations. Most of our bounds require es-
timates on the number of excited particles ny, the number of high-momenta
excited particles nf and the number of low momenta excited particles nZ. In
Appendix B, we use the technique called localization of large matrices to show
that we can restrict to states having bounded ni. In Appendix E, we directly
get bounds on ny and nf, i.e., condensation estimates on A.

(7) Conclusion. In the final Section 7 we combine all the estimates to finish the

proof of Theorem 1.1.

The proof depends on several parameters that have to be suitably tuned. These
parameters and their relations are collected in Appendix F.

2. Splitting of the Potential Energy and Renormalization

By means of the projectors onto and outside the condensate, we split the potential
in a sum of operators by expanding

v(z; —x5) = (P + Qi) (Pj + Qj)v(xi — z;) (P + Q) (P + Qi)

and reorganize it as a sum of Q;, where in each Q;, the projector @ is present j
times. An idea similar to this already appeared in the early work [39]. We then
renormalize the Q; to obtain Q;ﬁen where v has been replaced by g. More precisely
we have

Lemma 2.1. The following algebraic identity holds

4

%Zv(xi —a) =Y o, (2.1)

i#j =0
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where
1
0< Q™ i=3 > [Qz’Qy’ + (PP + PiQj + QiFj) w(z; — w.i)]v(zi - z;)
i#j
% [QiQi +wlwi —2;) (PP + PiQi+ Qi) | (2:2)
Qgen = Z PZQJg(l‘l — JL'J)QJQZ + h.C., (23)
i#]
Q5™ =Y PiQ;(g+ gw)(wi — ) PjQi + Y PiQ;(g + gw)(w; — 2;)Q; Py
i#j i#]
1
+35 > PPig(zi — 2;)Q;Q; + hec., (2.4)
i#j
Qierl = Z (lej(g + gw)(ﬂjz — IJ)PJPI —|— hC) = 0, (25)
)
and
1
&A™ =g > PiPi(g+ gw)(xi — ;) P; P, (2.6)
i

Proof. The lemma is proven by algebraic computations using that g = v(1 — w),
and Q" is zero because, for any f € L'(A),

1
QiPjf(xi — x;) PP = W”f”LlQiPi =0. O

We continue our analysis in momentum space considering the second quantiza-
tion of the Hamiltonian. Let us introduce

1
aj :

= g @)

_ ikx
T \A|1/2 )

a(e™™), (2.7)

i.e. the usual bosonic creation and annihilation operators of bosons with momentum
k € A* = 2177 Note that for zero momentum, a(T) creates the function 1, the
condensate in A. The operator Hy can be written, by abuse of notation, as the
action on the N—boson space of a second quantized Hamiltonian acting on the
Fock space Z,(L2(A)) = @X_, L2(AY) involving aj, and a. We can write the
number operators as

no = abag, ng = Z aLak. (2.8)
keA~*
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Proposition 2.1. The Hamiltonian Hy acts on L2(AYN) as

1 ~ —
Hy = kg* k2aLak + m (g(O) + gw(O))agagaoaO

£ 3 (@) + ge(k)ajalarao + %y(k)(agagaka,k the)

+ (9(0) + 72(0)) ”m* + QI Qe (2.9)

Proof. The first term of (2.9) is obtained by a simple application of the second
quantization to the Laplacian. The other terms require some manipulations with
the Q;-e“. We observe that

2 1 & ng
> Pyl —e)P = 1 S [ e - wdy = 1050, (210)
2 A1 2= ), A]
In particular QF™" is
ren  To(no—1) . _
gien = ™0 =1 5(0) 4 (o)), (211)
2|A|
and by the second quantization we get the second term in (2.9). For Q5", we use
(2.10) for
. _ non
> PQyg + g = 2)Qs P = (3(0) + 52(0)) 5 (212)

i#]
The second quantization of the whole Q5™ is obtained by a standard calculation
which provides the third and fourth terms of (2.9). We only provide here an example

of this calculation for the term

Q) =Y PQjg(x; — z;) P;Q;. (2.13)
it

ipx

We denote the basis elements ej,(x) = ﬁ and write a U € L2(A") as

U = pzkcpkep(l’j)ek(xi) with  ¢pp = mapaklll.

We can then compute

QL = = 575(0) 3 exlay)eo(wi)aar® (2.14)

Al k#0 i#j
1 .
= o Z g(k)alagaoak\I/. (2.15)
k#0
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3. c-Number Substitution

Now that the operator is written in second quantization, as stated in Proposi-
tion 2.1, we proceed to the c-number substitution. Thanks to this procedure, we
can turn the action of the a¢’s into multiplication by complex numbers z. It amounts
to consider the condensate of 0-momentum particles as having a fixed density
p= = |z|?|A|71, and only deal with excitations. This is done by diagonalizing ag
in the following way. The decomposition L?(A) = RanP @ Ran@ leads to the split-
ting of the bosonic Fock space F,(L%(A)) = Zs(RanP) ® %,(RanQ). Denoting
by © the vacuum vector, we introduce the class of coherent states in .%;(RanP),
labeled by z € C,

o) = e (Frsal) (3.1)

which are eigenvectors for the annihilation operator of the condensate. It is simple
to show that

aplz) = z|z) and 1= %/C |2)(z| dz. (3.2)

Here (2] is the partial trace along % (RanP). Thus, for any ¥ € Z,(L?(A)) the
state ®(z) = (z2|V) is in Z5(RanQ).

Proposition 3.1. For z € C, set p, = |2|?|A|~!. The Hamiltonian Hy acts on
LS‘ym(AN) as

= %/CIC(Z)|Z><Z\C1Z +OE 4 QP + R, (3.3)
where the z—dependent Hamiltonian is
K(2) = Q(2) + Q5°(2) + (= — pInG(0) — pp:l ALG(O) + ZAGO), (3.4)
with
Q(z) = L AIAIE(0) + FB(0)) + K™%, (35)

where ICB8 is a quadratic Hamiltonian in creation and annihilation operators that
we call the Bogoliubov Hamiltonian:

o1 1
jcBos _ 3 ZAk (aLak + atka,k) —+ 3 Z Bs (aLaik + aka,k)7 (3.6)
k#0 k#0
with
Ap = k> + p.g(k), By = p.g(k). (3.7)

The remaining 2Q term is

$(2) = p= Y (G (k) + 75(0))afax. (3.8)
k#0
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Moreover, there exists a universal constant C' > 0 such that the error term satisfies

|(Ro)w| < CN|A|715(0), YU e L2 (AY)  normalized. (3.9)

sym

Proof. As a first step, we add and subtract in the Hamiltonian the term p2|A|g(0)
exploiting the identity on L2, (A™)

P2IAIG(0) = p(ng +n4)G(0). (3.10)

We focus then on H — pnog(0), and apply to this term the c-number substitution,
briefly described below. The expansion on coherent states allows to perform, for
instance, the following formal substitutions in (2.9)

ababapag — |2t — 4]z* + 2, abag — |22 — 1. (3.11)

We give an example of the rigorous derivation of the second term in (3.11) as follows.
For any f,g € Zs(L*(A)), using (3.2),

(flajaog) = (flaocabg) — (flg) = /|Z| (f12) |9>d2**/<f\ )(z]g)dz, (3.12)
yielding
@%ziéwﬁfmamm, (3.13)

and the other terms can be treated in a similar manner. We now prove how low
order terms produced in the aforementioned substitution are actually errors. For
instance, focusing again on the |2|? in the first term of (3.11), we have that

9(0) no+ 1.
= > . .
2O [ a1 et = e = - ™ E2 g0 (3.14)
The substitution step leads to the result, with
1 o ny
Ro = 9(0) + gw(0)) (4ng — 2) — gw(0)—— (3.15)
2W( )( ) A
Z ( )+ goo( k))aLak + lﬁk(aka,k + h.c.))7 (3.16)
|A| e 2

and bound the error term using a Cauchy-Schwarz on the arpa_j terms to get

N
@ﬁﬁamgafAm

<
Rol <C NG

Notice that the substitutions of agag and aaag should give a 22 and a Z? in the
definition of By, := |z|?|A|7*g(k). To circumvent this issue we write z = |2|e*® and
absorb the phase in the ai’s. This does not affect the later computations which
only involve commutations of such ay’s. O

By Proposition 3.1 we are reduced to study a Hamiltonian dependent on the
free parameter z € C. The density p, describes the particles in the condensate, but
we have no restriction on it. We expect to have full condensation, i.e. p, ~ p. In
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this regime we need to make very precise estimates which are established in the
main part of the paper. The regime where p, is far from p seems less physical and,
in fact, there rougher bounds suffice.

We define the threshold magnitude for the densities

€4 = maX{KZQKzl7 ()‘SHY)I/Z}v (317)

with K, being introduced in (5.2) below (and fixed in Appendix F). In the following
sections, we will study the regime

lp= — pl < pes, (3.18)

while we deal with the regime |p, — p| > pe, in Appendix D.

4. Estimates for p, close to p
4.1. Diagonalization

We apply the diagonalization procedure to the operator
2
Q=) = Z[AI(G(0) + gw(0)) + K (4.1)

defined in (3.5) and containing the LHY integral and a positive operator, diagonal
in creation and annihilation of excitations.

Proposition 4.1. Let e be as in (3.17) and assume the relations between the
parameters in Appendiz F. For any z € C such that |p — p,| < pey, the following
equality holds:

2
Q(2) = FZIAG(0) + EJ™ (p.) + K% + RYY,

where we define the diagonalized Bogoliubov Hamiltonian as

Jodiag _ ZDkbLbka Dp = VEY 4 2k2p_g(k), (4.2)

k#0
where
i K + p.g(k) — /BT T 2K%0.5(K)
by = ——— (ax + agal , ap = Al , (4.3
* M( BTk *k) ¥ p=g(k) 3
and where the error term R@ (pz) satisfies
CIA|p2 02Kt ifd=2
d z ’ )
R (p2)| < ot . } (4.4)
C|A|p2a(p-a®)? log(p.) K Y, ifd=3.

The constant in (4.4) depends on LP-norms of the potential.
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Proof. Applying Theorem Appendix C.1 with Ay = k? + p.G(k) and By, = p.G(k),
we get Dy and oy, from (4.2) and (4.3), and we can write, for all k # 0,

Ak(aLak + at_ka,k) + Bk(aZaT_k +aga_g) =

Di(bhbr + b1 ob_r) + kT + 2k2p.G(k) — k% — p.g(k).  (4.5)

Then, using that Ay and By are even functions of k, we deduce

Q=) = 52 IAGO) + 5 3 (VAT T 220508 — K2 — p-5(k) )

k#£0
1 _ -
+ §p§|/\\gw(0) + Kdiag, (4.6)
Changing the sum in (4.6) into the integral
M (JETTa 6
sy | (VETHZ2050) — 12 = p.g(8) ), (4.7)

can be done up to an error term R(ld) (pz) which can be estimated as in (4.4). The
constant in (4.4) depends on LP-properties of the potential, since we need some
decay of g(k) to control the decay of the summand. This is easily achieved through
an expansion of the square root and a Holder inequality on the sum.

We recall here that gw(0) defined in (1. 18) can be written as an integral,

~2
R e

The proposition follows then using Lemma Appendix C.2 to calculate the value of

the integral. O

5. Localization of 3Q terms

In this section we focus on the effect of the 3Q-term, namely

Q" =Y PiQjg(w; — 2;)QiQ; + hec. (5.1)

i#]

Since 3Q’s appear in this term, we can interpret it as the energy produced when 2
non-zero incoming momenta create 1 non-zero momentum and 1 zero momentum
(or vice versa). We prove below that we can restrict this interaction to soft pairs, i.e.,
when two “high” momenta and one “low” momentum are involved in this process.
More precisely, let us define the sets of low and high momenta by

Po={peA", 0<|p|<Kpl'} Pu={keA*, |kl>Kpugl '}, (52)
where the parameters Kp, Kg are fixed in Appendix F. The condition K < Ky,
which is part of (F.3), will ensure that these sets are disjoint. We define the localized
projectors by

QL = 1p, (V-A),
QH = ]]‘PH(V - )7

=Q - QL =1Lk, e-1,00)(V—A), (5.3)
=Q—-Qu =1k e-1(V=-A). (5.4)

&)\ @\

>
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The number of high excitations, namely the number of bosons outside the conden-
sate and with momenta not in Py, is

nfrl = Z@L,jv (5.5)
j=1

2

acting on L,

by

(A™) for any n. Similarly, we define the number of low excitations

ni = ZQHJ’ (5.6)
j=1

Notice that ni + nf > n4, due to the overlap of the regions in momentum space.
The reduction to soft pairs is then given by the following proposition.

Proposition 5.1. Assuming the relations between the parameters in Appendiz F,
there ezists a universal constant C' > 0 such that, for all N-particle states U €
Lgym(AN) satisfying U = L orq(nk )W and assumption (E.1), we have

ren SO 1 ren
Q5™ w — (@5 )w| < (@M w + oz

where

1 _
P = Y G(k) (adafap—kar + h.c.). (5.7)
‘Al kEPw,
pEPL

The proof of Proposition 5.1 will follow from the Lemmas 5.1 and 5.2 below.

Lemma 5.1. There exists a universal constant C > 0 such that, for alle; > 0 and
all N-particle states U € L2 (AY), we have

sym

Q5™ —(Q™)al < T(QF™a +03(0) (Cr(n)a + (C 47 0l e ), (5.)
where
QY =Y (PQu (i — ;)QiQ; + h.c.). (5.9)
i#j
Proof. From the definitions we have
Q" — Q5 =) (PQp,9(wi = 2;)QiQ; + hec.). (5.10)
i#]

In the right-hand side we aim to reconstruct the Q}°" terms as

Z(Pi@L,ngin +he) = Z PQp ;91QiQ; +w(PiP; + P,Q; + Qi P;)] + h.c.
i#j i#j

S P@Qy00(PP 4 PQ; + QiPy) he. (511)
i#)
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We use Cauchy-Schwarz inequality on both terms. Using that ¢ < v in the support
of v, the first line of (5.11) is controlled by

n0n+

+ Qlen‘
Al

CZPQng PQL]) + - Qren - A(O)
i#j

In the second line of (5.11), the P;P; term vanishes because @, ;P; = 0. The two

other terms can be estimated as above. For instance, for any €1 > 0,

Z(Pi@L,jgwR'Qj +h.e) <er! Z PQp ;9w(PQp ) +e1 Z PQijgwP;Q;

i#j i i#]
<g(0 )|A\ (El ny +€1n+> (5.12)
and conclude observing that ng < N when applied to W. O

Lemma 5.2. There exists a universal constant C > 0 such that, for all e > 0 and
all N-particles state ¥ € L2, (AN) we have

Q™) w — (@) w| < Cpg(0 )(52K;11<n+>\1: +5z_1%)' (5.13)

Proof. First of all, we can rewrite (5.9) in second quantization,

1 ~
Qv = 1 Z g(k) (aga;ap,kak + h.c.). (5.14)

l | pEPL,k#0

From the definition (5.7) of Q% we deduce

‘ 1 .

O —opt = 3 G (abeap-pon+he). (5.15)
keP§, k#0
pEPL

When applying to ¥, we can use the Cauchy-Schwarz inequality with weight e > 0
and deduce

300 .
Q™) y (Q%Oft>\1/| < Cﬁ Z (62((18(1;,%@0)\1/ + 6§1<aLa;_kap,kak>q,).

[A] kEPE k#£0
H>
pEPL

(5.16)
In the first term of (5.16) we recognize n4 and a volume of P§. Similarly in the
second term, the p-sum gives ny and the k-sum gives ni (and the remaining com-
mutator is controlled by the other terms). Thus,

(O™ )y — (@) 4| < C5(0) <52K?1N<n+>‘p eyt <"+|Z|i>“’) (5.17)

and this concludes the proof. O

We are now ready to prove Proposition 5.1.
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Proof. [Proof of Proposition 5.1] Joining together Lemma 5.1 and Lemma 5.2, we
get that the error made approximating Q5" by Q%™ testing on a state ¥ as in the
assumptions such that nﬁ < M, is bounded by

1 ren o~ — d M 1/2 o~
1@ +Cog(0) (K72 + K2 (55) ) nsdw + Cog(O) K (nfl)e  (5.18)
1/2
where we chose ¢; = K[Z and g9 = (% . Let us focus on the ny terms. We

H
use (E.2) of Theorem Appendix E.1 to bound (ny)y and (F.7) to conclude that
the expression is of an order smaller than LHY. For the nf terms, we use (E.3)
instead and (F.3). O

6. Bounds on Q3 when p, ~ p : the effect of Soft Pairs
In this section we explain the effects of soft pairs on the energy in the case when p,
is close to p. In the remaining part of this section, we only assume that |p.—p| < 1p,
so that we can replace p, by p in error estimates.
We will see how O™, Q$* and K41 can be combined together, as stated in
Proposition 6.1 below. Actually, only the high momenta in X41& are needed, namely
diag
K5 = " Dyblbr. (6.1)
kePu

Note that we can use c-number substitution to rewrite Qg"ft as

Qﬁzégﬁwmmw, (6.2)
with
1 N _
ngft(z) = W Z g(k) (za;ap,kak + hC) (6.3)
k€Pu,pePL

With this notation, we prove the following result.

Proposition 6.1. There exists a universal constant C > 0 such that the following
holds. Let pa® < C~' and z € C be such that |p, —p| < %p. Then for any normalized
state ® € F5(RanQ) satisfying

® = 1jp rq(nk)®,

we have, for a small fraction €44y of the spectral gap, suitably chosen in Appendiz
F with the other parameters,

soft jcdiag ex > _ (n+)e _ K2 <”f><1> LHY 4
(QF™(2) + K™ + Q5 (2))n = —cgap ot — KFB ™ 40, (64)

In order to prove Proposition 6.1, we start by rewriting Q5°f(2) in terms of the
by’s defined in (4.3). Note that
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Therefore,
(bp_kbk — akbp_kbik — ap—kbL,pbk + O‘p—kakbzfpbik)
,/170%1/17& & 7

and Q™ (z) = oY + Qg2> + Qg3> + 0" where

ap—kak =

1
Qél) zapr kb + a1 Za b,C b i+ c)
kePH 4/1 1- Oé -
pEPL
(6.6)
1 9(k)a
o = |— \/17 )1" zafb bpoi + 200 b_pay), (6.7)
keP — Qg / —Oé
pEEPIz
1 o
o) — o 3 \/17\/?7 (zalbl_,bi + 2blbr—pay), (6.8)
kEP. -« -«
pEEPIz
1
oW — bl Za; + zap) = 0. (6.9)

3 = P k> k](
|A‘k€p 1/lfcv,/lfcv
pEPL

Notice that Q:(;l) cancels due to the commutation relation [b,_p, bT_k] =6_pp—k-In

Lemmas 6.1 and 6.2 below, we get bounds on Qél), ng), and Qgs), thus proving
Proposition 6.1.

6.1. Estimates on Q(l)

The first part Qé absorbs Q$* using (1 — e ) K58 for some parameter £x chosen
in Appendix F. The remalmng fraction EKKd'ag will be later in the proof to control
other terms.

Lemma 6.1. There exists a universal constant C' > 0 such that the following holds.
Ifpa® < C71, |p.—p| < $p, and if the parameters e, egap < 1 and M > 0, satisfy
the relations in Appendiz F, then for any normalized state ® € Z;(RanQ) satisfying

® = L g (nk)®,

we have

(1) ex diag (ni)e < H><I> LHY
<Q3 +Q2 +(1_5K)ICH ><I> Z —Egap 62 _Kﬁ €2 +0d .

Proof. We first reorder the creation and annihilation operators, applying a change
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of variables k — —k,p — —p in the « terms,

|A| k€Pu,pePL \/ 1- ak 1- 01127 k
X <2a;b —kbr + ooy, kza bT_ka +zb b _3Op + a0y 2byby ka,p)
1

D e~ v
Al kP pePy /1 — /1 — aifk

(zb _0p + agoy,_ kzanb; k)—i—akap k( (b, by ka_p}—o—z[ _pb; k,bTD).

o) =

((iasz_k -+ ozkap_ksz_ka_p) bi

Note that the two last commutators vanish. Thus, we can complete the square to
get,

Q<1) +(1—eg)KH*® = (1 —ek) Z Dycler + Z T(k (6.10)
k€EPH k€EPH

diag .

where we keep a small portion of K;*° in order to bound other error terms, and

we define

(zb;_kap + oaka,,,kzaf_pb;_a ,

by,
Crp = 175K \A|p§L \/7\/7
g(k)?
(1*51() k(1 — |A‘2ps€731 \/1—as k\/l—oc

X (Ea};bp,k + akap,ksz,ka,p) (st,kas + akas,kzafsbs k) (6.12)

(6.11)

T(k) =

The positive chk term in (6.10) can be dropped for a lower bound, and we can

focus on the remaining term 7 (k). One can write
Za;ﬂbp_k + 0y 2bp_pa_p = Za;r,bp_k + apop_k2a_pbp—t + ok 2[bp—k, a_p),

and the last commutator vanishes. Therefore

- 9k =
[ e P i el e

X (Ea; + akap,kza,p)bp,kbl_k(zas + akas,kéais).

Now we use a commutator to write 7 = Top + Tcom in normal order for the by.
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Since [bp—r, bLk] = d5p We get

p,sEPL

- 3()? :
Top (k) = (1 —ex)Dr(1 —aj)[A? 2 \/1 - O‘?yk\/l —al,

X (Za;; + oy, kza,p)bi wOp—i(zas + akas,kéais), (6.13)

- G(k)? |Z‘2
norrl(k) - (1 _ EK)Dk(l — Oék ‘A|2 Z

X (a,;f7 + akozp_ka,_p)(ap + akap_kaip). (6.14)
e In order to estimate the error term 75, we introduce
Te 1= 2Qg + akas_kéais. (6.15)

In 7o, we commute the b’s through the a’s, T bs kOp—kTs = bifkrgrsbp,h since the

commutators vanish in our range of indices. We use the Cauchy-Schwarz inequality

1
T;bS wbp—1Ts < §(bl_kTngbs k—O—bT kTTstP k)

Inserting this in 75p, bounding (1 —ex)(1 —ay) > 1/2 for k € Py (by Lemma Ap-
pendix A.2), and noticing that we can exchange s and p in the sum, we find

(k)2 1
(Toplihal < O Y ——— (8] irirybo-s)al.
k P,s€EPL \/1 - ap—k \/1 — Qg

For states ® satisfying 1jp rq(nk)® = ® we get, bounding each 7/7, by C|z|?alas
directly or by a means of Cauchy-Schwarz inequality and a change of variables, by

(Topel < CLEE o2t 3 (8] i

Di|AJ?
sEPL

Finally, using (A.3),

s - (nfh)e
> (Top(B))al < Cpt'~1G(0)° K P KM= (6.16)
kEPH
This term can be absorbed in K(?K*an, as long as the relation (F.9) holds.
e We now turn to Teom given in (6.14). This term will absorb Q$*. Using the
Cauchy-Schwarz inequality we have

[{(af + arap—ra_p)(a, + ara,— kaip)>® — (a}ap)a

< Clagoyp— k\( pO—p T @ ap>q> + |y, — 5l?
We deduce that
_ 1 |2[’g(k)* |
Z ﬁom(k‘) = 7@ Z mapap + 5, (617)

kePy kE€EPH,pEPL
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where (using in particular Lemma Appendix A.2)

|2°g(k)? ; 2
(E)al < NG > T(\ak%fﬂ(%%)@ + lakay—k]?)
kE€EPw,pEPL
< Cp2g(0) " K (ny e + G(O)| AT KK OKG. (6.18)

The first term in (6.18) can be absorbed in a fraction of the spectral gap if
p3G(0) 5 K70 <« e, using Appendix F, the second term is smaller than LHY
by (F.3). For the main term in (6.17) we do several approximations. First,

o e g(k)*
k; Teom (k) = —(1+O(EK+é2pg(0)KH2>)m 5 D ahap+E (6.19)

k€EPu peEPL

where we used (A.3). Second, the k-sum is an approximation of 2|A|gw(0) by
Lemma Appendix A.1, and thus

Z 720111(]‘3) = *QPz@(O) Z a;;ap + 5/ + g, (620)
keEPy peEPL
with €] < C(exg(0) +£2p.G(0)K ;;° +5(0)2K;;* + E4)pon . This error is absorbed
in the spectral gap £gapn4 ¢~ using (F.11). Then, for p € Py, we can replace gw(0)
by gw(p),

D Teom(k) = —ps D (g0(0) + gw(p))afa, + " + & + €, (6.21)

k€EPu pEPL
with error |€”| < CR%272K%p,§(0)n, absorbed in the spectral gap again by

(F.12). Finally, if we add Q$* defined in (3.8), we get a sum on P§ which can
be bounded by nf,

| Y Teomko +(@590| < CoGO)a+1(E+E +ENal,  (622)
kePu
and this concludes the proof of Lemma 6.1. O

6.2. Estimates on ng) and Q?)

Here we show the remaining EKKgag can control Q§2) and Q(33).

Lemma 6.2. There exists a universal constant C' > 0 such that the following holds.
If pa? < C71, |p. —p| < %p, and if the parameters satisfy the relations in Appendiz
F, then for all normalized states ® € F(RanQ) satisfying

® = 1jg rq(nk) @, (6.23)
we have

‘<Q§2) + Q(33)>¢‘ <ex(KE®)e
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Proof. Notice that QéQ) and Qég) are identical except for the substitution of —k

(3)
3

by k — p, so we can focus on Q3. We can commute the creation operators to write

this term as

1 (K)o,
o =—— 3 gk)ay (zb}_,abbr + zblapbe—y),  (6.24)

A 2 2
| ‘ kEPH,pEPL 1-— Qg 1— Qi

We use the Cauchy-Schwarz inequality with weight € > 0, and by (A.3),

g(k)a,—
I<Q§3)><I>| < ﬂ |g( )ap k| <Eb1,—€_ aTapbk7p+571b]tbk><I?'
A . 1_a2./1—a2 pp
:€Pu,pEPL Qg Ak
z ~ — —
SC%EQng(O)QKHQ > (ebl_,abapbr_p + e BLbk)a,
k€Pu,pePL
and using (6.23),
> (bl padapbi—p)e < CMBLbi)e. (6.25)
PEPL

We choose £ = /K% /M, and insert Dy, > K%¢~2, obtaining

(QP)a] < Ol p.G(0)* K2 (eM + e K ) ST (bfbi)a
k?EPH
< Ol =p. 302 K K P VM S Di(bfbr)e. (6.26)
kePy

Thanks to condition (F.8), Qf;‘) can be absorbed in the positive & KIC?}ag term. O

7. Conclusion

In all this section, we assume that all our parameters satisfy the relations in Ap-
pendix F, and prove Theorem 1.1 by combining as follows all the previous estimates.

Let us first fix Cp > ZIfog, and assume that there exists a normalized N-particle
state ¥ € L2 (AN) with energy

sym

(H)w < 507 IAGO)(1 + CoNP™). (7.1)

If U does not exist we are clearly done. For such a state ¥ we use the localization
of large matrices Lemma Appendix B.1 to decompose ¥ into ¥™’s satisfying that,

U™ = L < sty U and S|P =1 (7.2)
with
m m |A‘ 2~ LHY m2 LHY
(WHE) = (0 )+ %0 (14 20N ) DT e oY,
2|m|<M 2|m|>M

(7.3)
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The next goal is then to prove our lower bound for each term of the first sum of
above to reconstruct Y. [¥™||?> = 1. Hence we only have to prove the desired
lower bound for states ¥ € L2, (AN) satisfying

sym

For such a ¥, we use the second quantization from Proposition 2.1, the c-
number substitution from Proposition 3.1 and the localization of the 3Q term in
Proposition 5.1 to deduce

e > = [ () + Q" (acyds + o™, (7.5)

where ®(z) = (¥]|z) € Fs(RanQ) was introduced in Section 3. Note that we
dropped the remaining part of Q3 > 0, and that the error terms are estimated
using Theorem Appendix E.1. Now we split the integral according to the values of

p-. We recall that Ei = max{K}K L_27 AbHY} and consider the two following cases.

o If |p, — p| > pey, we can apply Theorem Appendix D.1 to get a lower bound
larger than the LHY term, since E(I;HY > 0, i.e.

(K(2) + Q" (=)o ()
> (3AIAIG(0) + 2B 1 o) [2(2)|2 — Cpg(0)(n ey (76)

The integral of the last term over {z € C: |p, — p| > e4p} can be bounded by
the integral over all of C, giving Cpg(0){nf )y that, thanks to (E.3), is of order
LHY
o,
e Now we want to prove the desired lower bound for |p, — p| < pey. Recall that
K(z) is given by

K(2) = Q(2) + Q5%(2) + (p= — p)n+9(0) — pp:|A[g(0) + p*|Ag(0) + 0F™,

where we have omitted the error term ’Rgd) (p2), which is lower order when
p. ~ p. We diagonalize Q(z) with Proposition 4.1 to get

K(z) — o41Y (7.7)
A ~ ia, ex I~ al al

> |7|p§9(0) + By (p2) + K 4 Q5 + (p. — p)n19(0) — pp:| Alg(0) + p*|A[g(0)
A ~ ia, ex 1 = il

- |27|p29(0) + BT (p2) + K8 4 Q5% + S (p = p2)*|A[G(0) + (p- = p)n+5(0).

The last term we can bound by integrating and using (E.2),
/ (b2 = )1 )2 3(0) dz < Cpe4G(0) (ny)w = oY, (7.8)
{lpz—pl<pe4+}

thanks to the choice of ;. Therefore, we deduce

/ (K(2))(z)dz > (7.9)
{lpz—p|<pey}

Al o

J (15 723(0) + B (92) ) [B() [ + (K70 + Q5°(2)) ey d= + 1Y
{lp=—pl<pe+}
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The contributions of Q5°%, Q$*, and K418 are combined using Proposition 6.1.
Bounding the remaining positive terms by 0 and estimating the errors with the
relations from Appendix F, we deduce

/ </C(Z)>q>(z) dZ
{lpz—pl<pe4}

1 N
2 / (§p2lAlg(0) + EYTY (p.) ) [(2) 2z + o1, (7.10)
{lp=—pl<pe+}

Finally, in this case we can replace p, by p up to errors of order OI(ZHY. Hence we
have a lower bound for all z, and we deduce from (7.5), from the contributions
of the integrals in (7.6) and (7.10) on the domains {z € C : |p, — p| > e4p} and
{z € C: |p. — p| < e4p}, respectively, that
2
P~
(H)w > T |AG(O) + BG™ (p) + 0™ (7.11)

which concludes the proof of Theorem 1.1.

Appendix
Appendix A. Miscellaneous Estimates

Lemma Appendix A.1. There exists a constant C' > 0 such that the following
estimate holds

@O~ % Wﬂ < CHOK +€
IA| 22 | = T
kE€EPH
where
e < CR%*0525(0)? + CG(0)?|log K lst~t,  ifd =2,
*= gL, ifd=3
The constant C' in the error bounds depends on LP-properties of the potential,

p>1.

Proof. First of all, one can replace the sum by an integral,

1 g(k)Q / §(k)2 dk - »
[A] - < CHO)Ky". Al
’|A| ke 2k2 B> K -1 2%2 (271_)(1 = g( ) o ( )

This can be proven by bounding the derivatives of the integrand on small boxes
of size (27)¢~!, but depends on LP-properties of the potential, since we need some
decay of g(k) to control the decay of the summand. The estimate is obtained through
a Holder inequality on the sum.

Now we can compare the integral with gw(0) (in d = 3 for instance),

— 9(k)? dk /' 9(k)? dk
w(0) — <
‘g ( ) /IklZKHg—l 2]€2 (Qﬂ)d‘ - ‘ |k|<Kpe—1 2]€2 (27T)d

< CG0) Kytt. (A.2)
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The estimate is similar in d = 2, except we must bound |gx — §(0)| < R*g(0)k? for
small £’s, to have integrability. O

We end this section by stating, without proof, the following simple bounds,
which will be useful for further estimates.

Lemma Appendix A.2. If [p. — p| < 3p and |k| > Kyl~'. Then

o] < szi#, and |Dy — K| < CCpgo K ;2 k. (A.3)

Appendix B. Localization of Large Matrices: restrictions of nf_

Some of our errors depend on nﬁ. Thus, we need a priori bounds on this excitation
number, for low energy states. We explain how we can reduce the analysis to states
with bounded number of low excitations, n% < M, in Proposition Appendix B.1.

Proposition Appendix B.1. There exist C, n > 0 such that the following holds.
Let W € L2, (AN) be a normalized N -particle state which satisfies

1o, N
(H)w < 5*[AIG(0) + Cp®|A[G0)AG™ (B.1)

for some Cg > 0. Assume that M and ||v||1 satisfy (F.4). Then, there exists a
sequence {¥™},ez C L2, (AN) such that >, [ ¥™||? =1 and

sym
= 1[0,%+7n](n£)\llmi> (B2)
and such that the following lower bound holds true

A -~ m
) > S )+ ) (1 20saY) S e o,

2|m|<M 2|m|[>M

The proof of Proposition Appendix B.1 will follow from the Lemmas Appendix
B.1 and Appendix B.2 below. The proof of Lemma Appendix B.1 is inspired by the
localization of large matrices result in [40]. It is also similar to the bounds in [41,
Proposition 21]. It can be interpreted as an analogue of the standard IMS localiza-
tion formula. The error produced is written in terms of the following quantities df
and d¥ (i.e the terms in the Hamiltonian that change ni by 1 or 2).

ar = Z(Pz +Qu,i)Qu jv(xi — ;)Qp ;Qp j + hec.

i#
+> QP+ Quj)v(ws — 2)(P + Qui) (P + Quy) + hoc.  (B3)
i#
and
dy = Z(Pi +Qu,i) (P + Quj)v(w — 25)Qp Qs + hec. (B.4)

i#]
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where Qp,; is defined in (5.4). These error terms are estimated in Lemma Appendix
B.2.

Lemma Appendix B.1. Let 6 : R — [0,1] be any compactly supported Lipschitz
function such that §(s) =1 for |s| < § and 6(s) =0 for |s| > ;. For any M >0,
define cpr > 0 and Opaq such that

QM(S):CMG(%), ZGM(S)ZZI
sEZ

Then there exists a C > 0 depending only on 0 such that, for any normalized state
Ue L2 (AY),

sym

(U, HW) > (0™, HE™) — W (i)l + [(dz)wl) . (B.5)
meZ

where U™ = frq(nk —m)W.

Proof. Notice that H only contains terms that change nf_ by 0,%+1 or £2. There-
fore, we write our operator as H = 3, -, H®), with HFInk = (nk + k)H®).
Moreover, H*) + H(F) = dﬁ for £ = 1,2. We use this decomposition to estimate
the localized energy,

D@ HE™) =" Ou(nh — m)Ou(nk —m+ k)¥, HO W)

meZ mezZ |k|<2
= D> D (Omls —m)uls —m+ k) Lpe_ U, HOW)
m,s€Z |k|<2
= D> D> Om(mu(m+ k) (L ¥, HEW),
m,s€Z |k|<2

where in the last line we changed the index m into s — m. We can sum on s to
recognize

D@ HE™) =D Oa(m)Oa(m + k) (T, HE W), (B.6)

MEZL meZ |k|<2

Furthermore the energy of ¥ can be rewritten as

(U, HT) = Y (UHOT) =" 3" 00 (m)* (0, HP W), (B.7)

k<2 mez |k|<2

by definition of 6. Thus, the localization error is

DU HE™) — (U, HY) = Y 6 (U, HEW), (B.8)
MmeEZ [k|<2

with

5k = 3 (Oaa(M)Oa(m+ k) — Oaa(m)?) = _% 3 (O4(m) — Ora(m+ k)™ (B.9)

meZ m
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Since g = 0, §;, = J_; and dé =HE) + HF) we find

D oW HET) — (U HY) = 61 (df v + S2(db)w, (B.10)
meZ

and only remains to prove that |d;| < CM™2. This follows from (B.9) using that 6

is Lipschitz and restricting the sum to m € [— %, %] O

To estimate the error in (B.5), we need the following bounds on d¥ and d¥.

Lemma Appendix B.2. There ezists a universal constant C > 0 such that, for

any ¥ € Lfym(AN), with our choices of parameters we have

D el + [{d5)e| < CllvllipKu(ng)e + C{QF™ ) w. (B.11)

Proof. First note that we have the following bound on the operator norm

1Qn 2v(@ = 9)Qu .|| < CKEL™ |01 (B.12)

Indeed, for all ¢ € Ran@HYm,

(Quov(r=y)Qu e, 0) < /A (@) Po(z—y)de < lellZ ol < CE~|Ap|llelllv],
(B.13)
by Sobolev inequality. Moreover such ¢'s satisfy ||Ag|| < K%€72||¢|| by definition
of Qy, and (B.12) follows.
We split df, d in several terms multiplying out the parentheses in (B.3) and
(B.4). Here we just bound some representative examples to illustrate the procedure.
For instance, we can use the Cauchy-Schwarz inequality with weight Ky and
equation (B.12) to find,

_ N _
(X P00 @), | < Kol e + K7 |@u @ IN (),
(2%

< Clvl1Kup{ni)w

where we used ni <ng.

We also estimate a term where the need for Q4 becomes clear. In order to do

that we complete the Qy to a Q = Qg + Qg
)< Z@H,inUQH,iQH,j + h.c.>
i#]
i#]

+ ‘< Z@H,ipijin>ql + h.C.) + ’< ZPZ'@H,jU@H,i@H,]’>\I’"
i#j J

J
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The first and the third terms can be estimated in the same manner as above, so let
us focus on completing the second term in order to obtain 4Q) terms.

(Sanrmaa), i -
?KZ@H@PM@QJ- bR+ PQ,+QiP))), +he|  (B15)
+ (ZC]Z QuPow(PQ; +QiP)))  + hec (B.16)

+ (<§QH,invaPj)>m thel (B.17)

The second and the third terms are treated as above, using that 0 < w < 1 on the
support of v. By a Cauchy-Schwarz inequality on the first term we get

N
(B.15) < (Q™")w + CWHUHl(m)\p- o

Now we can combine Lemmas Appendix B.1 and Appendix B.2 to prove Propo-
sition Appendix B.1.

Proof. [Proposition Appendix B.1] Given ¥ € L2 (A") satisfying (B.1), we can

apply Lemma Appendix B.1 and write U™ = 64 (nﬁ —m)W¥. In (B.5) we split the
sum into two. The first part, for |m| < %M, we keep. For |m| > %M, U, satisfies

M
(nadom 2 (nk)um > 20072, (1.13)

due to the cutoff ¢ (nk —m). Since we have from (F.5) that M > p?¢2|A[g(0)AFTY,
this is a larger bound than (E.2), and thus the assumption of Theorem Appendix
E.1 cannot be satisfied for Y™ and we must have the lower bound

m m - 1 m
(U 1Y) > p2|AG(0) (5 + CaNg™Y ) . (B.19)

We finally bound the last term in (B.5), using Lemma Appendix B.2. We use the
condensation estimate (E.2) and the bound (E.4) on Q4" to obtain

M72((ab Yol + [(df)u]) < CM2 (pKljoll 162 + 1) |Alp?G(O) NG
= oY, (B.20)

for M and ||v||, satisfying (F.4). Using the estimates (B.19) for m > 1M and
(B.20) in formula (B.5) we conclude the proof. m|
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Appendix C. Rigorous Bogoliubov Theory for Quadratic
Hamiltonians

C.1. Diagonalization of quadratic Hamiltonians

In the next proposition we show a simple consequence of the Bogoliubov method,
see [42, Theorem 6.3] and [34], that we use to diagonalize the quadratic term Q(z)
of Proposition 3.1.

Theorem Appendix C.1. Let air be operators on a Hilbert space satisfying
[at,a_] = 0. For A > 0, B € R satisfying |B| < A and arbitrary k € C, we
have the operator identity

A(a}laJr +ala )+ B(alaf_ +ara_)+ ,‘ﬁ(air +a_)+F(ay +al)

i i 1 i f 2lA]?
= D(b+b+ + bibf) — 5048([a+,a+] + [a—7a7]) - A+B7
where D = %(A‘F VA2 *B2>, and
1 1
by = ———(ay +aal +&), b.=-————(a_+aal +c), (C1)

V1—a?

2K
— B (A VAT B?), - . C2
=B I Ny (©.2)

Remark Appendix C.1. Note that the normalization of by is chosen such that
M
=, (C.3)

V1—a?

with

[a+a al] — QQ[a—v a

1—a?

and we recover the canonical commutation relations [by,b\] = 1 when a; and a_

[b+a bi] =

satisfies them as well.

Proof. This follows directly from algebraic computations. m]

C.2. FEvaluation of the Bogoliubov integral

In this section we report two lemmas for the calculation of the Bogoliubov integral.
The first one, under weak assumptions, gives a bound for general Bogoliubov-type
integrals, expressing the dependence on the parameters involved in the spectral
gaps. The second one is a more precise calculation which lets us obtain the exact
value of the Lee-Huang-Yang constant. Let us recall the definition of G4 in (1.18):
_ Gra(k)® — Gra(0)La(lsk)
2k2
Lemma Appendix C.1. Let A,B : RY — R be two functions such that, for
parameters satisfying k >0, 0 < Ko < K, [gl <K<al,

A(k) > rllk| = K3 +2K1g(0),  |B(k)| < 2K29(0),
B(k) — B(0)] < K2R*G(0)|k/?, (C.5)

Ga(k) : : (C.4)
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and let us introduce the integral, recalling (1.18),

2
1(d) :/ (A(k) — Ak fB(k)Q)dkf 5[ cumar, (o)
Rd KR Rd
then there exists a constant C' > 0 such that
e Ford=3,
KKZ2a __ _
1(3) < C—=2-gw(0) + CG(0) K3 (K; 'K* + r~'g(0) K log((aK) "))
. K} K§ __
+ min (/1 ‘Q’g(O)AlK?,)7 K22g (O))
e Ford=2,

1(2) < CGO)KE (FO) (KT + 57 B252) + k7 15(0)] log(2K s)| + v7'5(0) )

. e G KY K
+ min (/@ 3g(O)‘lK?17 K22g (0))

Proof. The proof of the 3D and 2D cases can be found in [11, Lemma C.1] and
[18, Lemma C.5], respectively. O

Lemma Appendix C.2. There exists a C > 0 such that

2(% / (\/k4—2k2pg — K2 pg(k) — p*Ga(k ))

2
= L7 + (0, (CT)

where

2~ 3 2 ~ . _
£ ()] < {CP §(0)°pR?log(5(0)),  ifd=2, cs)

Cp*g(0)°pR*\/pg(0)3,  ifd=3.

Proof. The idea of the proof is to estimate the error made approximating g(k)
with g(0) and then changing variables k — +/pg(0)k to reduce to Ifog. The details
can be found in [18, Proposition C.3] and [11, Lemma C.2] for dimension 2 and 3,
respectively. O

Appendix D. When p, is far from p

Before establishing the lower bound when |p—p.| > pey, we first need the following
intermediate lemma, which states that the elements corresponding to the soft pairs
interaction in Q5™ can be bounded at the price of a small part of the kinetic energy.
We recall the definition of Q% in (5.7) and the definition of the momenta spaces
Pr and Py in (5.2).
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Lemma Appendix D.1. There exists a universal constant C > 0 such that, for
any z € C, any € > 0, and any ® € F,(RanQ) satisfying

(ny)e < plAl, (D.1)
we have
K? (nh)e
2 soft -1 4
(c ZP Kafar+QF"(2)) > ~CIAIE™ pp.g(0) ow KL (02)
H
Proof. Introducing the operators
2 k
b == ax + W %za; £0ps (D.3)
and
oo :% 3 Kalay (D.4)
kEPu

we can complete the square in the following expression, obtaining

Kdiag Qsoft _ Ek2bTb 2|Z|2 g +
e T _Z 2 kk75|A|2 aas kg Op
kEPH p,s€EPL
2|z q
E||A||2 Z al (a;_kas_k + [as_k,a;_k])ap
kePu p,s€EPL

For the term without commutator, estimated on a state ® which satisfies (D.1) and
using the Cauchy-Schwarz inequality

aia; wOs—kap < C(al a; 1 Op—ks + a;ﬂaifkas_kap) (D.5)

we have

2|z|2< g Z afal kap_kas>
kePy seP ®
< Ce _1pz‘gA| Z > alalaas( 30 1)

keiPy s€PL PEPL
L d
(n¥)e Ky

D.
ot (D.6)

< Ce™lpp.75(0)°

where in the last line we used that the sum over QPH of akak can be bounded by
the number of bosons N = p|A|, while the sum over Py, of the ala, can be bounded
by C(n%)e thanks to the assumptions on ®.
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On the other hand, the commutator satisfies af [as_k,alfk]ap = 5S:pa;ﬂap, S0
we get

2|2 g(k) t

kEPH p,sEPL

P

(afap)e < Ce™1p.g(0)(nY)s, (D.7)

|22 g(k)?
<

SChp X e
kE€PH,pEPL

where we used Lemma Appendix A.1, and we obtain a term which is smaller than
2 p-d
the error stated in the lemma provided % <1

H
Combining the inequalities from (D.6) and (D.7) we get the estimate of the
lemma. m|

We are now ready to state the theorem which gives a lower bound for the
expression (3.3) when |p — p,| > pe+. We use the notation

O(z) := (z|T), z€C, (D.8)

where |z) belongs to the family of coherent states of the form (3.1), so that, from
the c-number substitution, we can write

(v, 1) = /C (@(2), (K(2) + Q" + Q" + R)®(2))dz. (D)
We further observe that, since ¥ = 1o, M](nJLr)\I/7 we have
(k) < Mlle(2)]?, (D.10)
and the simpler
(n1)a(z) < Nl@(2)]* (D.11)

Theorem Appendix D.1. Assume |p — p.| > pey and that the relations between
the parameters in Appendiz F hold true. If there exists a C > 0 such that pa® < C~1,
then for any normalized, N—particle state U € F,(L*(A)) satisfying (E.1) and
U= ]l[O,QM](ni)\I/, the following lower bound holds,

1 ~ P
() + QFM(2) + RoJace) 2 (57 1A15(0) + 25 ) 2(2) | — Cpg(0)(n oo

Proof. We start by proving the following lower bound
(K(2) + Qa2
> |A[5(0) (%pi + 0" = pp. = CKFK [ (pp= + 02 + p?) — CPZ/\IJHY> 12(2)[I?
— Cpg(0)(nf)e(z)- (D.12)
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We use Lemma Appendix D.1. Subtracting a small part of the kinetic energy from
K(z), we get a bound on Q;oft(z)7

€ ; K? (nf)aez)
< kQ t soft > _CIA -1 zA 0 ¢ + z Kd
2ﬂ<k§,, dhan + Q" (=), 2 ~CIA op:(0) 15 T K

o K7
> —CIN= pp-g0) L5 1) 2 (D13)
L

where we used (D.10) and the assumption on ¥ to have (n%)e(.) < CM|®(2)?
and the relations between the parameters. Choosing

KZL
=L« D.14
=R <1, (D.14)

this term can be absorbed in the K?K; ' term in (D.12).
Subtracting /2> kzzalak from B8, for ¢ < 1, this is turned into

~how 1 ~ 1
KCBog _ 3 Z Ay, (azak + aika,k) + 5 Z B, (aiatk + aka,k), (D.15)
k#0 k#0
where
Ay = (1 =)k + p-gi. (D.16)

The diagonalization procedure in Proposition 4.1 can be adapted with the mod-
ified kinetic energy, and we find

Koo > 25 (A~ /A2 - BY)

k+#£0
|A‘ T 12 2 LHY
2 3507 /Rd (Akf \/Ak78k>dk+od , (D.17)

where we approximated the series by the integral obtaining a small error absorbed
in the last term. Since

-~ 2 1
Az (=) [IHl = VogO)] | + 50:500). (D.18)

we satisfy the assumptions of Lemma Appendix C.1, with k = (1—¢), K = /pg(0),
K = %pz, K5 = p., and therefore we get the estimate

1 2 —~ |A| e 12 2
320 — g [ (A= V& - B2
> —Cep2|AGR(0) — CppalAGONY

= CplA[g(0)(1 — &) (AG™Y + R*(5142) + o™
> —Cp2|A[g(0)(e + R* (52 1az + A ) — Cp’|A[g(0)AG™Y, (D.19)

where we reconstructed gw(0) obtaining an error reabsorbed in the first term of
the third line, and we used a Cauchy-Schwarz inequality on the second term in the
second line. Thanks to the choice of ¢ made in (D.14) and the relations between the
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parameters, we have that ¢ is the dominant term in the first addend, and it can be
reabsorbed in the K?KL_1 term in (D.12), while the second addend is dominated
by error term in (D.12).

We bound by zero the positive terms in the quadratic elements in creation and
annihilation operators

((p= — p)n1-9(0) + Q5 (2))a(z) = —pF(0) (N4 )a(z)
> —Cpg(0) (M| ®(2)|” + (nT)e),  (D.20)

where we used the simple bound ny < C(n% + nfl) and (D.10). The first term,
thanks to (F.6), contributes to the KK, ' terms in (D.12), and the last term to
the relative nf term in (D.12).

Collecting the inequalities (D.13), (D.19) and (D.20), we deduce the lower bound
in (D.12).

By the simple algebraic equivalence

Ty o 1 2, 1o
1 oo = =(p—p)? + =%, D.21
5Pz T P" = ppz=S(p—p:)" + 5 (D.21)
and using that the coefficients of the K?K; ' in (D.12) can be bounded by

Clp = p=)*9(0)|Al + Cp?*g(0)[A], (D.22)

we get the bound
(D:12) > (522 IAGO) + 50— p-)?IAIGO)(1 ~ CRZK )
— CRIAGOKZKE — Co?AGON™ ) [8(2) | ~ Cpa(0)(n oy
> (3/71A1300) + (0 — p2)*IAIG(O) — CP NGO KP K
— CRIAGON™ ) [(:)]” ~ Cpg(0)n o) (D.23)

and we can conclude using the assumption |p — p,| > pe;, where e, is chosen in
order to dominate the K2 K 'terms and the error and to have that the second term
in the previous expression positive and bigger than the Lee-Huang-Yang precision,
to obtain the desired bound. O

Appendix E. A priori Bounds for the Number of Excited Bosons

In this section we bound the number of excitations for states of suitably low energy.

Theorem Appendix E.1. Assume the relations between the parameters in Ap-
pendiz F' and that pa® is small enough. There exists a Cp > 0 such that, if
Ve L2

2ym(AY) is a normalized state satisfying

(H)e < 3P INGO)( +CoNf™), (B.1)



173

May 22, 2023 13:19 proceeding ‘

36 Fournais et al.

then there exists a C > 0 such that

CpNK(g(0), d=2,
ny)g < C : E.2
(ne)o {C’BNKL?\/pa?’, d=3. (£2)
CpN K[ *K{g(0), d=2,
(nflyy < C S (E.3)
CpN K[ “Kj+\/pa3, d=3.
(Q5™)w < Cpp®|A[g0)AG™. (E4)

In order to prove the Theorem Appendix E.1, we need to prove a lower bound
on H localizing on boxes B with Gross-Pitaevskii length scale {gp < ¢, where

lop = p~/%G(0)1/2, (E.5)
We introduce the small box centered at u € A to be
lgp {lgpid
B, = [f wer —] . E.
u+ 5 5 (E.6)
The associated localization functions are
T —u
XB,(z) =X ( 7 ) , (E.7)
GP

where y € C®(R%), 0 < x, supp x C B1(0), ||z = 1. We emphasize that

// \XBU\Qd:vdu:|A|, (E.8)
AJB,

We also introduce the projectors on the condensate in the small boxes Pp, and
their complements Qp,,,

1

P, = —
B B

1p,)(1g,

5 QB“ = ]]'Bu - PBu. (Eg)

In order to construct the small box Hamiltonian, we introduce the localized poten-

tials
Playim MO ) = e @0 - e ), (B0
oB(a) = % wn g (@9) = X5, (@B (@ — y)xp, @), (E1D)
oB(a) = % wp, (2.9) = x5, (@B (@ —y)xp. ), (E12)

where we see that wg, w1 5, w2 p are localized versions of v, g, (14+w)g, respectively.
For the kinetic energy, the localization to the small boxes is contained in the
lemma below.
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Lemma Appendix E.1. There exists a constant b > 0 such that, for s > 0 small
enough, the periodic Laplacian on A satisfies

—A> |B\*1/Tudu+€%QA, (E.13)
A

where Qa is the projector outside the condensate of the box A, and where the new
kinetic energy has the form

Tu=Qp.xp, (~ Bre —57GE) X5.Qp, +HGEQp,.  (E14)
Proof. The proof can be found in [43, Lemma 3.3]. O

Since we do not know how the particles distribute in the boxes, we introduce
a chemical potential p,. We will impose p, = p to be coherent with the original
density. In this way we can define the grand canonical large box Hamiltonian, on
the sector with n bosons, as
n " n
:Z<_Aj_pu/ g(xj—y)dy> +) vl — ). (E.15)
j=1 R i<j
The small-box Hamiltonian Hp which acts on F(L?(B,)) is
n
(O ;( G — Pp /}Rd w1, B, (T5,y ) Z;wg iy L) (E.16)

Joining Lemma Appendix E.1 and a direct calculation for the potential, we
obtain the relation between the last two Hamiltonians in the theorem below.

Theorem Appendix E.2.

Alpp)n Z? Agt @/A Hp., (pu)ndu. (E.17)

A lower bound for Hp, gives a lower bound for Ha(p,). still conserving the
contribution from the spectral gap. In the next proposition we give a lower bound
for Hp,. The proof, that we omit, is identical to the one given in [43] for the 3D
case (see also [10, Appendix B] and [18, Appendix D]).

Proposition Appendix E.1. Assume the conditions in Appendiz F are true, then
there exists a constant Cp > 0 such that, for sufficiently small values of puad,

1 -~ -~ n
H(pu)n = =5l BIGO0) = Cppyl BIGO)AY", (E.18)
where )\Z“ has the same expression as \51Y | with p, in place of p.

Plugging the result of this last proposition into (E.17), and since all the Hp, are
unitarily equivalent, we get a lower bound for the large box Hamiltonian, contained
in the next theorem.
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Theorem Appendix E.3. We have the following lower bound for the large box
Hamiltonian

b 1
Halpuln 2 51+ = pilA\g(O)(§ + CB/\Z“>- (E.19)

To lower bound the large box Hamiltonian by the spectral gap plus the energy
contribution up to the Lee-Huang-Yang level, allows us to finally prove the bound
on the number of excitations for states of low energy.

Proof. [Proof of Theorem Appendix E.1] We only sketch the proof, details can be
found in [18, Appendix D] and [10, Appendix B]. Choosing p,, = p we have that the
original large box Hamiltonian can be expressed, in relation to the grand canonical
one, as

Hy = Halp)n + pg(0)N. (E.20)

Therefore, comparing the upper bound from the assumption (E.1) on ¥ and the
lower bound from Theorem Appendix E.3, we get

b 1 ~ A
ﬁ(nﬂxp + §P2|A|g(0) — Cpp?|A[g0)Ag™Y
1 ~ ~

< (M)w < 5p°|AIG(0) + Cp?|A[g(0)A7™,  (B-21)

which yields, for ny,

b ~
@(”H\If < 20pp*|A[GO)AG™Y, (E.22)
giving the desired bound.

The bound of nf follows from the one of ny and a lower bound on the Hamil-

tonian in the large box A, and we give a sketch of the proof below.
We write the Laplacian in second quantization and on the N boson space as

K2
A= Z TkaLak + bTQLnf, (E.23)
keA*
where, for a b < T%()?
K2
e = |k — bn[,{ﬂfl#o@)(k)g—;, (E.24)

isolating, in this way, the spectral gap for high momenta. Thanks to this observation
and Proposition 2.1, the Hamiltonian acting on the N Fock space sector can be
bounded as

K% H no(no - 1)
Hn > Kquad + bﬁﬂ_’_ + W

ren ren -~ n
+ QM+ Q" - C”!J(O)ﬁ7

(9(0) + gw(0))
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where by Kquaa we denoted the quadratic part of the Hamiltonian in a#:
1 ~
Kquad == Z Tka};ak + M Z gk(aga:gaka,k + h.c.). (E.25)
kEA* kEA*

Here we do not need to reach the Lee-Huang-Yang precision, therefore we do not
have to work with soft pairs and the bound on Q5" and Q§™" is easier. It is ob-
tained by an application of a Cauchy-Schwarz inequality on Q5" and estimating

the missing terms to reconstruct Q4" in a similar way as in (2.12):

Q?“+—%QT”2-—C§%n+§m) (E.26)
We introduce a new pair of creation and annihilation operators
by = azr)ak, b}; = aoaL, (E.27)
and adding and subtracting
Ay = % > (b + b1 bk), (E.28)

where |A4g| < CN@(O)%, we get

1 ~
Kaaa + 40 2 5750 3 (Aw(®be + 0T b + GiBLbE + b-xbr))
keA*
where Ay, := (J\‘,AiJrll)T;C +3(0). By the standard Bogoliubov theory of diagonalization
and recalling the definition of G4 in (1.18), we bound the previous expression by

the Bogoliubov integral

N(N+1)__
’Cquad + AO Z I(d) - %gW(O), (E29)
with
N _J_p Nt
1) = =55 /Rd (Ak N Ty Gd(k)>dk. (E.30)

We calculate the integral in a similar way as in Lemma Appendix C.1, splitting into
two regions for momenta, higher or lower than K7¢~!, obtaining, since K, <« Ky,
that there exists a C' > 0, such that

~ ———= K7, N(N+1)..

I1(3) > —-C———-25(0 0)3=—=, I(2) > -C——--5(0)2, (E.31
(3) = A 9(0)Vpg(0)* 2= (2) = A 9(0)7,  (E31)
Collecting the inequalities (E.31), the bound on Ay and (E.26), using the bound
we obtained for n; and considering the quadratic form of the N —particle state ¥

from the assumptions, we get the following lower bound for the Hamiltonian:

K
K2 1 1 <1—C\/pa37L), for d = 3,
(H)w = bTQLWfN + 5( e+ 5/’]\@(0) X ¢

(1 - C§(0)>7 for d = 2,
(E.32)
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which, together with the assumption (E.1) on ¥, gives the bounds

(@™ < CoNG(0)/pad, (E.33)
Ky,
K2 C/ pa3 ==, for d = 3,
b3 (nf)w < CpNG(0) x e (E.34)
Cq(0), for d = 2,
from which the bounds on nfrl and Q)" follow. O

Appendix F. Parameters

In this appendix we list the parameters needed in the proof and the relations they
have to satisfy. Finally, in (F.15) below we give a concrete choice satisfying those
conditions. Throughout all the paper, the following parameters are used

EKEgap K 1 <M, Ky, K1, Kgp, (F.1)
We use the notation A < B to mean

A< C(pa®)B, ifd=3,

F.2
A< CoB, ifd=2. (-2)

A< B & {
for a constant C' > 0 and a ¢ > 0.
Recall that K, and Kp define the sets of low and high momenta respectively.
They must satisfy

K< K} < K, < Kpg. (F.3)

The chain of conditions is important in many inequalities throughout all the paper.
M is the bound on n{; that we allow our states to satisfy. Our localization result
on ni, Theorem Appendix B.1, respectively requires in equation (B.20) and in
equation (B.18)

M 02K ]2, (F.4)
and
M > 2o |A|GO)NFEY. (F.5)

The parameter M has to be smaller than the total number of particles according
to the following condition

M Ko\4
— — 1 F.6
N < (KL) <4 (F.6)
where the last inequality follows from (F.3) using (F.1). The errors when localizing
the 3Q terms in Proposition 5.1 require the following condition

M
WK;ﬁ[ < 1. (F.7)
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When dealing with the 3Q terms, we need a small fraction ex < 1 of Kf{iag to
control some errors. This coefficient needs to be large enough,

g2 > 374350 K2 K M. (F.8)
Other errors from 3Q are controlled by nf using

K} > 79g(0)2 K ;°K{ M, (F.9)

or by a fraction egap < 1 of the spectral gap, which needs to satisfy

P20V K0 < egan, (F.10)

exl?pg(0) + Eal’p + KK ' < gap, (F.11)
R _

7I(Lé2pg(0) < Egap (F.12)

where &y is the error from Lemma Appendix A.1.
We explain here how to get explicit choices of parameters, starting from any
box A satisfying

5%, ifd=2,
K, < L (F.13)
(pa®)~2s, ifd=3.

Given such a Ky, there exists an € € (0,1) small enough such that

K;?71% >3, ifd=2, (F.14)
K715 s pa3, ifd =3. '
Then, with the choice
KL — }'{44»267 KH — K4+35, M — K—12—1Og’
‘ 718+2€i+(d—16)5 N ¢ (F15)

_ 2 —
Egap _KZ , €K _KZ

all the conditions (F.3), (F.4), (F.6), (F.7), (F.9), (F.8), (F.10), (F.11), (F.12) are
satisfied, for potentials satisfying ||v[; < C and pg(0)R? < K, °.
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Chapter 5

Paper: The free energy of dilute Bose
gases at low temperatures interacting
via strong potentials

This chapter contains the paper [Fou+24a] by Fournais,
Girardot, Morin, Olivieri, Triay and the author. It pro-
vides a lower bound for eq. (1.3). The paper is in-
cluded in its pre-print version, which can be found at
https://doi.org/10.48550/arXiv.2408.14222. It can be lo-
cated within the thesis by the colour m) at the top of the

page.
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Abstract

We consider a dilute Bose gas in the thermodynamic limit and prove a lower bound on the free energy
for low temperatures which is in agreement with the conjecture of Lee-Huang-Yang on the excitation
spectrum of the system. Combining techniques of [15] and [17], we give a simpler and shorter proof
resolving the case of strong interactions, including the hard-core potential.

1 Introduction

The mathematical analysis of the interacting Bose gas has been subject of intense scrutiny and important
breakthroughs in the last decades. In particular, much effort has been dedicated to rigorously justifying
the seminal work of Lee, Huang and Yang [20] where they compute the spectral properties of the dilute
Bose gas. A corner stone of this program has been the proof of the leading term of the ground state
energy density in [24], wherein they complement Dyson’s upper bound [10] from 40 years before with a
matching lower bound. The successes of the approaches initiated around that time are well described in
the lecture notes [11].

According to [20] a dilute gas of Bosons behave similarly as a system of independent (quantum)
harmonic oscillators following Bogoliubov’s dispersion relation. Interestingly, the authors of [20] gave
their names to the correction to the leading order of the ground state energy density - the famous Lee-
Huang-Yang term - which corresponds to the zero point energy of such a system, and was rigorously
derived in [29, upper bound] and [14, 15, lower bound].

To see the effect of the rest of the spectrum, it is necessary to consider the system at positive
temperature and, for example, compute its free energy per unit volume. This was recently investigated
in the work [17] (see also [18] for the matching upper bound) where a two-term asymptotic expansion
for the free energy per unit volume was proved for temperatures that are low but for which the thermal
correction is of the order of the Lee-Huang-Yang (LHY) term.

Since the foundational work [20], a special role has been played by the hard core (or hard sphere)
potential. This potential is often chosen for its simplicity as it depends on one parameter only (its
scattering length, which equals its radius) and because the system in the dilute regime is not expected
to depend on the microscopic details of the potential, at least to some order. However, its rigorous
mathematical analysis is very challenging since it strongly penalises approximation schemes by having
infinite integral. It is therefore an important testing problem for techniques in the area and for the idea
of universality, i.e. that the scattering length should be the main parameter governing the dilute regime.

The purpose of the current paper is two-fold. First of all we extend the result of [17] to the case of
interaction potentials with large (possibly infinite) integral, thereby in particular for the first time rigor-
ously obtaining the lower bound on the free energy of the Bose gas in the case of hard core interactions.
The second purpose is expository. By combining the Neumann localization approach of [17] (see also
[6]) with the techniques of [14, 15], we provide a fairly simple and short proof of lower bounds in the
thermodynamic limit in a generality allowing for very singular potentials. Our proof is clearly shorter
than [15] which is restricted to T' = 0 (although we here have slightly more restrictive assumptions on
the potential) and is also arguably shorter and simpler than [17].

We will now define the model considered and state the result of the paper. We consider a system
of N interacting, non-relativistic bosons in a large box of sidelength L in 3 dimensions governed by the
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Hamiltonian .
Hn,L :Z—Ai-i-ZV(wi — zj). (1.1)
i=1 i<j
The operator Hy,r acts on the bosonic Hilbert space ®)L*(AL) = Lgym(AN), with Ay := [0, L]%.

For concreteness, we will take Neumann boundary conditions in order to realize Hy,1, as a self-adjoint
operator. We define the ground state energy E(L, N) and the free energy F'(L, N) at temperature T > 0
by

H
E(L,N) =infSpec Hy,,  F(L,N)=—TlogTr(e” T ). (1.2)

We recall that the free energy is the minimum of the variational problem
F(L,N) = irrlf{ﬂ(HNF) fTS(I‘)}, (1.3)

where the infimum is taken over trace-class operators I' on Lfym (AN) such that 0 <I'<land TrI'=1
and S(T') = —Tr(T'InT) is the entropy of T'. The particle density for finite systems is p = N/L?, and we
define the ground state energy density e(p) and the free energy density f(p,T) by

_ . BN . F(LN)
elp) = Jlim_ —75 flp,T) = lim —75 (1.9)
N/L3=p N/L3=p

It is standard [27] that the limits exist and are independent of both the boundary conditions and the
sequence of (N, L) as long as N/L* — p.
The main result of the paper is the following.

Theorem 1.1. (Free energy in the thermodynamic limit) For all Co > 0 there exists C > 0 such that, for
n > 0 small enough the following holds. Let V' be a non-negative, radially symmetric and non-increasing
potential with scattering length a and compact support of radius R < Coa. Then for 0 < pa® < C71,
v e (0,4) and 0 < T < pa(pa®)™,

5/2 B 167pa .

F(p.T) > dmap? (14 22 /pad +T—/ log [ 1— e VP17 ) dp — O(pa)®2(pa®)"/*.
15y7 @1 Jus

(L5)

Remark 1.2.

e The result on the free energy in Theorem 1.1 confirms the picture of [20]. According to this, the
energy of a large dilute system should approzimately be given by

128
FE(L,N)~ 4w N 14+ — 3. 1.
(L. N) wpa(+15ﬁ\/pa) (16)

Furthermore, the excitation spectrum for low-lying eigenvalues should be given by the Bogoliubov

dispersion relation
> " npV/p* + 167pap?,

where p € %Z:s \ {0} denotes the momentum of an excitation, and n, € N denotes the number
of bosonic excitations with that momentum. Combining these two pieces of information leads to
the expression given in Theorem 1.1. Note that the expansion (1.5) is not expected to hold when
the temperature reaches the transition temperature for Bose-FEinstein condensation, which should be
of order pa(paS)_l/ 3. A leading order analysis in this temperature regime has been carried out in
[28, 30].

e As mentioned above, the leading term in (1.6) was proved by [10, 24] in the thermodynamic limit.
Further progress was [12] (upper bound to second order for soft potentials) and [16, 7] (two term
asymptotics for very soft potentials). The upper bound in the thermodynamic limit consistent with
the two-term asymptotics (1.6) was given by [29] (see also [4, 8]). The lower bound in the thermo-
dynamic limit was proved in [14, 15].

There is extensive work on confined systems, in particular in the Gross-Pitaevskii scaling regime.
We will not review this here but only refer to [2] for an overview and further references (see also
[5, 8] for recent developments).
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The energy of the dilute Bose gas is strongly dependent on the dimension of the ambient space, with
the discussion above concerning only the physical d = 3. Also the 1 and 2-dimensional situations
are interesting and physically realizable. The 1-dimensional gas with & interactions was treated by
[22] and more recently [1] treated the case of general interactions. In 2 dimensions, the leading
order energy was proved by [25], and the correction term analogous to the Lee-Huang-Yang term
was proved recently in [13]. The free energy in 2-dimensions was analyzed to leading order in [26, 9].

The main part of our analysis relies on estimates on the free energy on boxes A, with

5=K2\/%7 Ko = (pa®)7",

where > 0 is the parameter in Theorem 1.1. It is reasonably straightforward to prove Theorem 1.1
based on a result for the localized free energy given as Theorem 1.3 below and the subadditivity of the
free energy. The details of the proof of Theorem 1.1 based on Theorem 1.3 are given in Appendix B.

Before stating the result on the localised energy, let us recall that we defined our operator Hn, 1, to
have Neumann boundary conditions. At the scale L = ¢ the effect of boundary conditions is important,
and the boundary conditions are also relevant for the proof of Theorem 1.1 based on Theorem 1.3.
Theorem 1.3. (Free energy on A¢) For all Co > 0, there exists C > 0 such that, such that for 0 <
n < 1&% the following holds. Let V' be a positive, radially symmetric and non-increasing potential with
scattering length a, and compact support of radius R < Coa. Then for all p such that 0 < pa® < C71,
0 < T < pa(pa®)™" with v < n/3 and n < 20pf> we have

F(£,n) > Fiog(,n) — C6*(pa)**(pa®)""*, (1.7)
where

128 g —L\/p F16mapn p”
Fpog(€,n) = 477/7%1@53(1 + m\/ pn,ea5) +7T Z log (1 — e TVPIHIOTaPn.p )7 (1.8)

pEE NG
with pn¢ = nt=3.

In the following Section 2 we streamline the proof of Theorem 1.3 by shifting the proofs of the main
technical lemmas to the next sections. Since most of the paper will be focused on the box of size ¢ we
will often simplify notation and write A = A,.

2 Free energy on A

This section is devoted to the proof of Theorem 1.3 (given at the end of this section) which is the main
ingredient in the proof of our main result Theorem 1.1.

2.1 Replacement by an integrable potential

‘We begin by replacing the initial interaction potential V' by a suitable integrable potential v < V', which
obviously lowers the free energy. We need however to control the difference between the scattering lengths
to ensure that the error coming from the substitution in the leading term does not affect the correction
term.

Let us first recall some facts about the scattering problem. We denote by ¢v the radial solution in
R3 to the zero-energy scattering equation

1
~Apv + 5 Vv =0, @1
normalized such that lim|, . @v(z) = 1. Of particular interest throughout the paper are also the
functions
wy = l—gDV7 gv = Vipv :V(l—wv). (22)
By these functions, it is possible to rewrite equation (2.1) as
1
7AUJV = §QV7 (23)
and from this, by the divergence theorem, recover the scattering length by
3 (0) = [ 9v(@)dz = sra (2.0

We refer to Section 3 for more details.
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Proposition 2.1 (Replacement by an integrable potential). There exists C > 0 such that the following
holds. Let V' be a positive, radially symmetric and decreasing potential with scattering length a, and
compact support of radius 0 < R < Coa. Then we can construct another positive and radially symmetric
potential v <V with scattering length a(v) satisfying

0<a—a) <aypadK; ", /v(z)da: < C(pa)féKz7 v < Pat (2.5)
and
9o(y) < Culz)  for |z <lyl, (2.6)

where g, = vy, and p, is the scattering solution for v.

The proof is given in Section 3. We denote here by F'(¢,n)[V] and Fgog(¢,n)[a] the free energy
(1.3) associated to the potential V' in the box A and the expression (1.8) with scattering length a,
respectively. Assuming that the desired estimate (1.7) holds for the potential v and using that the free
energy F(¢,n)[V] is a non-decreasing function of V', we obtain

F(.n)[V] 2 F(t,n)[o] > Foog(£,n)[a(v)] — CL(pa(v))**(pa(v)®)"*
> Fuog(,m)[a] = C%(pa)**(pa®)"'* = C (€% + Tt ) Ja(v) -
> Faog(€,n)[a] — C€(pa)*'*(pa®)"*,

where we used (2.5) to obtain the second line and [17, Lemma 9.1] for the replacement of a(v) by a in
the sum appearing in Fpog(¢,n).

Therefore, it is enough to prove Theorem 1.3 for potentials v satisfying (2.5) and (2.6). In the sequel
we will abuse notation and write F(¢,n) for F(¢,n)[v], and also write g,w and ¢ for g,,w, and ¢,.

2.2 Splitting of the potential energy

Let us introduce the projections on and outside the condensate,
1
P=Zi,  Q=1-P (27)

acting on L*(A). If @ € L*(A™) and 1 <4 < N, we denote by P;® and Q;® the action of P and Q on
the variable z;. We also denote the number of particles in the condensate and the number of excited
particles respectively by

N
no:ZPi Tl+:ZQi:N_”0- (2:8)
i=1

The strategy carried out in [21] and used in many other works, is to expand 1 2ye.ny = ]_LNZI(H + Qq)
which leads to identifying (L2)®SN with a truncated Fock space over the excitation space Ran @) where
the vacuum vector is the pure condensate | 231/2 >®SN. Having factored out the condensate, it remains to
extract the correlation energy. This strategy does not work for hard core potentials because the vacuum
(the pure condensate) does not even belong to the domain of the Hamiltonian: one needs to factor
out parts of the correlations first. In this spirit, the strategy initiated in [14] and then [15, 13] is to
renormalize the potential energy from the beginning by using the identity

1= (Q:iQ; +w(wi —z;)(1 - QiQy)) + p(zi — x;)(1 — QiQy). (2.9)

Lemma 2.2. For all positive and radially symmetric potentials v, we have the identity

> vlwi—w5) = Q"+ QI + Q5 + Q" + Q"

i<j
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where
ren 1
o= §ZPz‘Pj(g+gw)(Ii*Ij)Pjﬂ‘ (2.10)
i#
1= (QiPi(g + gw)(wi — ;) PP+ huc), (2.11)
i
5= PiQ;(g+ gw)(mi — ) PQi + Y PiQy(g + gw)(mi — ;) Qs P
i i#]
1
+t35 > PiPig(zi —;)Q;Qi + hc., (2.12)
#
5= PiQ,g(wi — 7;)Q,;Q: + hoc., (2.13)
i#
ren . 1 x
=g > (s — 2)Ty (2.14)
i
with

Iij == Q;Qi + w(wi — z;) (PP + PiQi + Qi Pi) .

Proof. This is proved by inserting (2.9) in each term of the potential ZKj v(z; — z;) and expanding
using that 1 — Q:Q; = PP; + PiQ; + Q:P;. We recall that g = v(1 — w). |

2.3 Spectral gaps

Many of our estimates will rely on analysis in momentum space. In this article, the momenta are elements
of %Ng, and we define low and high momenta by

Poi={pe N, 0<lpl<Kut'},  Pui={pe TN Ipl>Kut™'}, (2.15)
where Kp is a large p-dependent parameter. In the theorems below we always write our assumptions on
Kp. The final choice of Kp, and a few other parameters, will be specified in (2.42) below. We define
the corresponding localized projectors by

QY =15, (V=A4), Q" :=15,(V=A), (2.16)

where A is the Neumann Laplacian on A. The number of high and low excitations are respectively given
by

N N
=3, nb=>qf (2.17)
j=1 j=1

both acting on Lgym(AN). These definitions imply for instance that P + QL + Qu = 1 and that
ni + nf =ny.

Many of our error terms will be bounded by ny, nf or n%. To control these errors, we will extract
some positive quantities from the kinetic energy, refered to as spectral gaps. They are gathered into one
operator

G .= Tt Kun®t  wnkny  Kgpnknf 2.18

e T e Tame T Tome (2.18)

where M is some large p-dependent parameter, which will need to satisfy specific conditions in later
theorems. These spectral gaps are extracted from the kinetic energy, from which will only remain

N N H
. - mng Kpny
;%’;_A]_ 2022

with
7T Ko o

- Lgo-=EpT>o. ,
502 72 >0 (2.19)

More precisely, we obtain the following result.

T=-A
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Theorem 2.3. There exist C > 0 such that the following holds. Let v be as in Proposition 2.1,
pl3(pa)™ < N < 20p03, T < pa(pa®)™", with a + 5v/2 < 6/17 and M > pt3(pa®)?, for some v > 0,
then for pa® < C~' we have

F(t,N) > inf {Tr(Hx"dr 4 TTInT + Gr)} — O (pa)®’*(pa®)/ TV K,

where the infimum is taken over trace-one operators I' > 0. Here the modified Hamiltonian is

Hyed ZT—FZU(@ z;), (2.20)

1<j

and G was defined in (2.18).

The proof of Theorem 2.3 is given in Section 4 and relies on rough a priori bounds on the numbers
of excitations in Ay.

2.4 Localization of the 3Q term

Here we show that the main contribution of Q5" defined in (2.13) comes from the creation and anni-
hilation of the so-called “soft pairs” where one particle is in the condensate and the other has low but
non-zero momentum.

Lemma 2.4. Let v be as in Proposition 2.1. For all € > 0, there exists a C' > 0 such that the following
holds. Assume that pa® < C~', then for all Ky > CKY{,

ren ren K
Q3" > Q3L —¢ (Q4 p ++ Z—fnf) ,
with
Qsp =) PiQjg(zi —2;)QiQ; + hc. (2.21)
i#]
The last two error terms will be absorbed by a fraction of the spectral gaps G by taking e sufficiently
small but fixed. The proof of Lemma 2.4 is given in Section 7.

2.5 Symmetrization

To deal with Neumann boundary conditions, an important idea of [17] is to symmetrize the potential using
a mirroring technique to make it commute with the Neumann momentum. The mirror transformations
ps, for z € Z3, are defined by

Zq . Z g . y —
(p=@))i = (-7 (0= 5) + 5 +05,  i=1,23. (2.22)
Note that in particular p.(A) = {z + ¢z : 2 € A}. Forp € %Ng, we denote by

1 if p;=0,
up (T Cp; €oS(PiZi), here ¢, = 2.23
p(2) = \/WH p; OS(P w. Pi {\/5 i pi £0, ( )

the normalized eigenbasis of the Neumann Laplacian on A. For any f € L! (A), the symmetrization of f
is defined by

Flay)=> fp:(z) - y) (2.24)

z2€23

for a.e. z,y € A. If f is radial, as shown in [17, Lemma 3.2], the operator with kernel f°(z,y) commutes
with the Neumann basis.

Lemma 2.5. Let f: R® — R be radial and integrable with supp(f) C B(0, R) for some R < £/2. Then
forp,q € %NS we have

[ Pty = b, [ f@ [Jeostpiads = 5,.7). (225)
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Here and through all the paper fis the Fourier transform of f defined by
Fo)= [ f(x)e " da.
R3

Note that since suppg C suppv C B(0, R), the sum defining ¢° is finite, and g° agrees with g except
when x or y is at distance R from the boundary of A. We then define the symmetrized operators

sym 1 s
o= §ZRPJ(9+QW) (zi,25) PPy, (2.26)
i
= QiPi(g + gw)*(wi — z;) PP, + hec,, (2.27)
i
=Y PQ;(g+ gw) (wi — ) PiQi + > PiQi(g + gw)*(mi — 7,)Q; P (2:28)
i i)
1 s
+ 5 Z P;P;g (:El — xj)Qng + h.c.,
i+
ST =PI g (xi,0)QiQ; + hee, (2:29)
i

Theorem 2.6. For alle > 0, there exists a C > 0 such that the following holds. Letv be as in Proposition
2.1 and assume that pa® < C~', Ky > CK}, and K, K3 < (pa3)’%, we have

Hmed > HY™ - C’Npa% — &G,

where
N
HY™ = 3 T+ Q5™ + Q™ + Q3 (2:30)
i=1

The proof of Theorem 2.6 is given in Section 5.

Remark 2.7. The assumption that V is non-decreasing is only used here. It ensures that v satisfies
the condition (2.6) which is needed to estimate some error terms arising from the symmetrization of the
term Q5.

2.6 C-number substitution

From now on, we work with the symmetrized Hamiltonian H3™ in second quantization. Recall the basis
{up}p defined in (2.23). We introduce the bosonic Fock space

F(L*(A)) = é L2 (A)®™, (2.31)

n=0

and the associated creation and annihilation operators that satisfy the canonical commutation relations

ap = a(up), a; = a"(up), [ap,(z;] =0p,q (2.32)

for all p,g € A* = %Ng‘ It is convenient to extend this definition to p = (p1,p2,p3) € %Z3, by denoting
Up = U(py|Ipalilps)) 204 ap = a(Up) = Q(py|,pal,lpsl)- We also define AT = ZN§ \ {0} and the set of
generalized low momenta as

Pi={pe %ZS, 0<p| < Kmt™'}.

With this notation we obtain
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Lemma 2.8 (Second quantization in the Neumann basis). We have the following identity on the sector
of F(L*(A)) with N bosons:

sym _ JO)NIN —1) —ni(ny — 1)) gw(0) . .
HY" = 34| + 24| apagaoao

+ Z( (p)apap + ()aoa apa0+A(p)

(apadapap + h.c.))

A 2A]
1 ~ "
+ W Z c(p, k)g(k) (aoa,,ap_kak + h.c.) \A| Z ( gw(0) + gw(p))aoa, apa0>
kEAY, pEPY PEAY
p#k
(2.33)
where K
m(p) = Ipl* — 1{p¢o} ; Liperuy (2.34)
is the symbol of the kinetic energy T and, recallmg (2.23), c(p, k) are the normalizing factors given by
S
k) = —iPi 2.35
N (2:35)

i=1
Note that if none of the indices i in the product is 0, then the above constant is %.

The proof of Lemma 2.8 is given in Section 6. Following Bogoliubov’s approximation and using [23],
we perform a c-number substitution, effectively replacing ao by a complex number z and ag by Z. The
transformed Hamiltonian acts on the excitation Fock space,

= ?({l}l)
We obtain the following lower bound on the free energy of HY™.

Theorem 2.9. For any m > 3 there exist C > 0 and € > 0 such that the following holds. Let v
be as in Proposition 2.1 and assume pa3 < C7. Then for all 0 < 10p < 2, C<NK 2Opl3,
0< T <Cpa(pa®)™,C <M< C Y/ a, and Ky > CK}, K(K¥ < (paS)fé, we have

1 peymo 1 N? (M= ) -
7T10gTr<e T (HY +%G>) > 47ra|— 7T10g/Tr9L (e 7 (M ()+e6( )))e ;Ndszpa,
c

Al
where
_ PO APV 2 e s
Hu(z) = Z T(p)ayap + A g(p)apap + 2‘A| §(p)(Fapay + 2 aga;
pEAi
2 a1zl
— plzf? + 8ra(pa )"<W ~ pN)
1 sym
+ PO + B 3 (@0) + @), + Q). (2:36)
PEAY
QYT (2) = | | > elp,k)dk) (Zapap—rax +hc.), (2.37)
kEAY ,pEPE
p#k
and

2 K K
G(z) = T Ny 4 Hn+ 4 n+n+ 4 Hn+n+ +

202 02 Me? M2
The proof of Theorem 2.9, including details of the c-number substitution, is given in Section 6.
Remark 2.10.

(P 4 P P (2.38)

1. In the physically relevant region |z|> ~ N we control the number of particles using the chemical
potential . To estimate the contribution of the physically non-relevant region \z|2 > N, we will
use the last terms in (2.38).
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2. The term proportional to (pa‘q‘)i in (2.36) is artificially added to the energy to provide convezity in
the variable |z|? (see (2.46)).

For |z|? > KZIMN = (pa®)~"*N we have a simple lower bound on the Hamiltonian.
Lemma 2.11. Under the assumptions of Theorem 2.9, if |z|* > K2/4N and m > 20~ 4+ 14 such that

m+1l
Kuy < K, ™ , then there exists a constant c > 0 such that

1 B m—1 \z|2
Hu(z) +e6(2) = 3 Z 7(p)ayap + cpak, * N
pEAi
where we recall that T(p) is given by (2.34).

The proof is given at the end of Section 6. It remains to deal with |z|> < Kel/4N.

2.7 Bogoliubov diagonalization

We now diagonalize the main quadratic part of the Hamiltonian #,(z) appearing in the first line of
(2.36). The second line will be estimated later. For |z|* < Kél/4N, using the CCR (2.32), we obtain the

identity
o~ * 1 ~ —_ * *
> (7(p) + p=G(p))apap + my(p)(fapap +2%apa;)
pEA™.
" 1 = ~
= D@y +5 D (\/T(p)2 +2p-4(p)7(p) — 7(p) — ng(p))7 (2.39)
pGA: pGA:
where we denoted p, = ‘\ZA‘T and

() = T T @), by i TR p=0() = Dyp(2) _
Dy(2) (p)? +27(p)p-3(p) b o o 00) (2.40)

One easily checks that the argument of the square root is non-negative using that |g(p) — g(0)] <
R*G(0)[p|* < Ca®p®.

2.8 Contribution of the 3Q terms.

It remains to bound the terms in the second line of (2.36), this is done in the following lemma.

Theorem 2.12. Under the assumptions of Theorem 2.9 and if K?MK?, < C’fl(pa3)’% and Ky > K},
then for all |2)* < K2/4N and all M < C’flpl3K;I3K[17/4 we have

(1= Kg') 3 Delbibi+ S S0 (@@(0) + @@)aay ) + Q5T (2) > —£6(2) — CNpay/pai K .

|2®
kEPH 1Al peEAT

Theorem 2.12 is proven in Section 7. As a corollary, and combining with the Bogoliubov diagonal-
ization, we obtain the following lower bound on H,(z).

Corollary 2.13. Under the assumptions of Theorem 2.9 and Theorem 2.12, for all |z|* < KelMN we

have
> 2 128 3 ~ " 2
Hu(2) +€6(2) 2 dmlel’pea- o= /pa® + > Dy(2)byby — pl2|
PpEA]
4
+ 871'(1(ﬁ — pN) (pa3)% — C'Ea(pa)s/zl(zl/4
[A|
where

By(z) = 4 P if péPu, (2.41)
g Ky'Dy(2) if p€ Pu. ‘
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Proof. We start from (2.36) and diagonalize the main quadratic part using (2.39) and then bound the
last two terms using Theorem 2.12. This results in the bound

M) +26(2) 2 5 3 (VIR + 2000170 — 7(p) ~ p:30)) + rrd@ O’

pEA:
P * 2 |~ 3y1 |Z|4 37-—1
+ 3 Dy()by — plzl® + §(0)(pa®) (W ~ pN) = CNpav/paK; .
PEA;

We then approximate the sum by an integral according to Lemma A.1, and the largest error is of order
(pa)® K, 1 o

2.9 Proof of Theorem 1.3
We make the following choice for the parameters, recalling that K, = (pas)’",

Kuy=K;, ~v=201  a= i + g M=pfK;?, m=10p"" (2.42)
1

1026 *
Case N < (pa®)*pf®. Discarding the interaction for a lower bound, we find similarly as in (4.7),

In particular we have a + 57” < 1—67 for all v < 7 and n <

_2 /P 16maNe—3p2 alN 5723
F(,N)>T > log(1—e T)ZTZk)g(peT P 7 = CpET

PEAY peEAT

> Fuog(£,N) = CE(pa)*’? ((pa®)** ™2 4 (pa®)* /) | (2.43)
where we used [17, Eq. (8.16)] to estimate the difference between the two sums. Note that we need
a > 1/4 for the error term to be subleading compared to LHY order. We choose av = 1/4 + 1/2 where
we recall that K, = (pa®) ™", so that (pa®)2* =2 4 (pa®)*~3/2 = K[! + (pa®)V/440/273v/2 < K1

Case N > (pa®)®pt®. We combine Theorems 2.3, 2.6 and 2.9, to obtain the lower bound
N? — R (Hu(2)+20(2)) |~ 4N
F(6N) 2 dma s ~Tlog[ [ Tros <e (Hu )e NGz e (2.44)
c
with
£ < C(pa)* (pa®) "V Ky + CK pa,

which holds for Ky > CKP, KiK¥ < (pa®)~%, Ky < /fJa = (pa®)~/*="/2 and since M <
C’IpéngI;‘Q'K[ 17/4 " These conditions are satisfied with our choice of parameters, and the error is
£ < CP(pa)*? K.

Let us decompose the integral in (2.44) as [. = f\z|2§K;/4N + f‘z|2>K;/4N = X +Y. We will use that
if —T'log X > Z and —T'logY > Z, then

—Tlog(X +Y) > —Tlog(2e %/") = Z — Tlog 2. (2.45)

For the relevant region of z, where \z\Q <K Zl /AN , we can use Corollary 2.13, which gives

128
157

+ N(u— 8mpa(pa®)¥) — €

Vo-a® + S Dy(2)byby — pll? + 8ma(pa®) ¥ .|

*
pEAJr

Hu(2) +€G(2) + uN > 4r|z*pza -

with ,
3 5/2 —1/4
& < Ol (pa) KM

Now using Lemma A.2, we obtain

1 . D ()07 _
—TlogTrg1 (e T Zpeny Dol )bpbp) =T Z log (l—e_%DP(Z)) >T Z log(l—e_%"“”(z))—C’Ea(pa)3

pEAL pEAT

10
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and denoting wy(z) = 1/p* + 16malz[2¢—3p?, we have
—TlogTrg. (e_%(ﬂ“(z)“g(z”’“v)) > F(]2*) + N(u — 87rpa(pa3)%) -&
with

F(|21%) := 8na(pa®) T p.|z[* + 4r|z|p.a -

12 - —Lwy(z
8 Vo 4T 3 log(l— e ) —plz2, (2.46)
15y/7 pext

By Lemma B.1, we deduce that F is convex for pa® and 7 small enough. Choosing u so that F'(N) =0,
F achieves its minimum at |2/ = N. We obtain

- Tlog/ Tr oy (e—%<m<z>+sg<z>))e,%NdZ
lz2<K}M/4N

N2 1928 Na3 oy (VF) , 1/a
> — Fwp _ ) .
dmaper - 5=\ Tap T T 2 los(l—e” )— & —Tlog(CK/'N).  (247)

PEA*

On the other hand when |z|? > K1/4N7 and since our choice of m satisfies both m > 2n~* 4 14 and

m4l
Ky <K, , 2 we use Lemma 2.11 to obtain

7Tlog/‘ Tre. (ef%m“(z)ﬁgm))ef%Ndz
z12>KMAN

_1) cpalz|?
>T log(l—e 2T)+MN—Tlog/ exp( )d
pEZA* \Z\ZZK;//‘N TNK,
1
2 TN K
>T Z log(1 — e ¥T) 4 uN — Tlog (Cfm exp ( - WTZ))
peA paK, *
> o120 —Tiog | STV 4 cpar
pak, *

for pa® small enough. We used that 7(p) > p*/2 and that > 0. The above is clearly bigger than the
right-hand side of (2.47) for pa® small enough due to the constraint on N and the assumptions on m.
Thus for pa® small enough, using (2.45), we obtain

2
. — L (M (2)+eG(2)) — LN > NT 128 Na3 ey (VR
Tlog[/cTrgL(e T )e TVdz] > 4m a‘A| ENIRIE +7T E log(l—e™ T )

— & —Tlog(CK}*N).

P€A*

We combine the above with (2.44) to obtain for N > (pa®)®p¢®

N? 128 [Na3 N
F(¢,N) >4 1 T log(1 — e~ TP YNy _ 0T log(N 2.4
(6,N) 7ram|< SV |A‘)+ Z og(l—e T )= CTlog(N) — € —&'.  (2.48)

We have

CTlog(N)+E+€&' < 053<(pa)5/2(pa )1/18 wovges L = 10gN T (pa)5/2 —1/4)
< O (pa)*"? (K '+ (pa®) ™ K 1og(pa®)])
< Cﬁs(pa)5/2K;1/4.

Combining the cases N < (pa®)*pf® and N > (pa®)®p¢® finishes the proof of Theorem 1.3.

11
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3 Approximation by integrable potentials

This section is devoted to the proof of Proposition 2.1. We begin by recalling the definition of the
scattering length and related quantities. For more details see [11].

Definition 3.1. Let V : R® — RT U {00} be measurable and radial with support in B(0,R). The
scattering length a = a(V') is defined as

dra = inf{/\Vap|2 o Viplde | e H(ED), () = 1, (3.1)
xT|—0o0

An important special case is the hard core potential of radius R > 0

+o00, |z| <R,
%Amf{o u>R (3.2)

For this special potential it is not difficult to see that a(Vic) = R. For general potentials, inserting the
test function max{0,1 — \7R|}7 we find a < R. It is also easy to verify that a is an increasing function of
V. The minimizer ¢y solves the corresponding Euler-Lagrange equation

1
~Apv + 5 Vv =0, (3:3)
in a weak sense. It is easy to check with Newton’s theorem that
ev(z)=1-— ﬁ, for |z| > R, (3.4)

and furthermore v is non-decreasing, non-negative and radial. We will also use the following standard
monotonicity result from [11, Lemma C.2]: if V1 > V2 > 0, then ¢v, (z) < ¢y, (z) for all 2. We will omit
the v from the notation of the scattering length and write ¢ := v, if the potential is clear from the
context. We then recall the notation

w=l-¢p, g=Ve=V(l-w). (3.5)

Clearly,

—Aw = %g, and  g(0) = /gdx = 8ra. (3.6)

Having introduced the necessary theory and notation we may provide the proof of Proposition 2.1. The
proof will rely on the following two lemmas.

Lemma 3.2. For all v1 > v2 > 0 and v’ > 0 we have
a(vi) — a(v2) > a(vi +v') — a(va + ).

Proof. For all t € [0,1], we introduce ¢} and 5 as the scattering solutions for vi + tv" and wva + tv’
respectively. By definition we have for j =1, 2,

dra(v; + ') = / (\Vap§|2 + %(v]‘ + tv’)\(p§|2>dx.
In particular, rearranging the terms we find
4dma(vi + ') — dma(vz + tv') = / (V‘Ptl V(1 — 1) + %(vl + 1)l (1 — w%))dl
- / (Wﬂé V(s — 1) + %(vz + 1) g5 (05 — sa'i))dw

1

+3 /(m — vo) b da.

When we integrate by parts, we find that the two first lines vanish by (3.3). For instance,

1 , 1 ,
/ (Vaotl V(e = 92) + 5 (01 + 1) (o1 — wé))dw = /(—Awi + 5 (o + )i () — p2)dw =0,

12
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Therefore,
1
a(vi +t') — a(ve +tv') = & /(m — )l phda,

for all ¢ € [0,1]. Comparing with ¢t = 0 we deduce
/ N 1 t ot 0 0
a(vi + tv') — a(ve + ') = a(v1) — a(v2) + = (v1 — v2) (P12 — Prpa)dz.

Since v; + tv’ > v;, we have 0 < <p§» < go? pointwise, and thus the last integral is negative. The result
follows with ¢ = 1. O

Lemma 3.3. Given K > 0 and a non-increasing potential v, the potential min(v, K) satisfies

2v2
a(V) > a(min(V, K)) > a(V) - —
(V) 2 a(min(V, K)) > a(V) i e
Proof. Using that V is decreasing, we get {V > K} = B(0, Rx) for some Rx > 0. Note that the hard
core potential with radius Rx has scattering length Rx. Then comparing to the hard core potential, we
have
a(V) — a(min(V, K)) < a(V1po,ry)) — a(K1lp(o,rk)) < Bx — a(K1p(0,rx)), (3.7)
where in the first inequality we used Lemma 3.2 with V' = V1 B(0,R)c> and in the second inequality
that V1p(,ry) is smaller than the hardcore potential Vi, of radius Rx. Now one can compute ar :=
a(K1p(o,ry)) by solving

1
—Ap+ §K13(0,RK)<P =0,

to find that there is a ¢ > 0 such that

sinh(y/ £ |z|)
CT\/Fv le < RK7

1 - 4K |.73| > Rk.

BREIN

o(x) =

Knowing that ¢ is continuous and differentiable yields we find that

Ric—ag = —L=¢ where 7=/ 5 R (3.8)
K aK77—1+e*2“/("y+l)aK Y= D) K- .

Lastly we observe that for v > 2 the right-hand side of (3.8) is bounded by %a K, and if v < 2 we have
Rk < % Thus combining (3.7) with (3.8), using ;—I;( <1, we get
2v2
a(V) — a(min(V, K)) < Rx — ax < 2v2
VK
O
Before giving the proof of Proposition 2.1, we explain the construction of v in the case where V' = Vj,c
is the hard core potential of radius a. In [15] it was explained that to get (2.5) the (almost optimal)
approximation of Vi is by a ‘thin shell’ potential supported on the annulus A := {a — a®¢~! < |z| < a}
and of height ¢2a=*. However, this potential clearly doesn’t satisfy (2.6), since it vanishes inside the
shell. The remedy is to fill the inside of the shell, without changing too much the L' norm. Therefore,
the final choice of v is

v = £a7313(07a_02571) + a4, when V' = Vj,. is the hard core.

Let us now give the details starting from an arbitrary V. For convenience we include the following lemma.

Lemma 3.4. There exists a universal constant Cy > 0 such that the following is true. Suppose that
V :R?® = [0, 00] is radial and of class L* with compact support of radius R and that S > 0. If S > LV

8ma(V)

define the potential Vs :=V. If S < #‘(/V) define
Vs = Vl[Rs,oo)y

with Rs chosen so that [ Vs = 8rSa(V). Then Vs satisfies

a(V) > a(Vs) > a(V)(1 —CoS™).

13
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This is a reformulation of [15, Lemma 3.3] using the fact that the proof gives the explicit construction
of vg. Using this Lemma we can prove Proposition 2.1.

Proof of Proposition 2.1. By Lemma 3.3, we may assume that V < K, with K = ¢2a~*. This choice
guarantees that the change to the scattering length is of order a*¢~'. By Lemma 3.4, we can find
0 < Rs < R such that the potential

\% >R
Ve LY@ el = s
0 |z| < Rs
has integral [ Vs < 8mSa(V) and satisfies
a(V) > a(Vs) 2 a(V)(1 = CoS™"). (3.9)

Note that this error is small enough with the choice S = ¢/a(V'). However note that Vs does not satisfy
(2.6), so it requires further modifications. First, we extend slightly Vs and define

ws = VS(RS)l[RS—s,RS] + Vs, (3.10)

where we used the convention 17(z) = 1{j;|ey for a subset I C R, and where e > 0 will be chosen later.
Let gs = wspwg, and let xo be the maximal point of gs,

gs(xo) = Ssupgs.

Note that xg > Rg by construction. Then we define our potential v by

v := min (gs(xo),M)l[O,Rs,E] + wg, (3.11)
where the parameter M will be chosen to bound the L' norm of v. Indeed, choosing & = a(V)?¢~! and
M = (R,

/v < CRYM + Ca(V)20'REVs(Rs) + /Vs <,

where we used that Vs(Rs) < K = £?a(V)™*, Rs < R < Ca(V) and [ Vs < 8rf. We can compare the
scattering lengths of v and v using that V' > v > Vs and therefore, we get from (3.9) that

a(V) = a(v) = a(V)(1 - Ca(V)/0).

Let us now show that the potential v satisfies (2.6). We consider |z| < |y|.

e If |z| > Rs — ¢ then v is non-increasing on this region, and therefore since ¢, < 1 we have
v(z) > v(y) = v(y)eo(y) = g0 (v)-
e When |z| < Rs — e. Notice that vp, is increasing on [0, Rs]. Therefore,

go(y) £ sup vpy < sUp wsPwg = gs(wo), (3.12)
|z]|>Rg |z|>Rs

where the last inequality follows since pwg > @u. If gs(zo) < M then gs(zo) = v(z) and we are
done. In the other case, when M < gs(x¢) we introduce an auxiliary potential,

vo = v(20) L[R5 e uo]- (3.13)

We observe that vo < ws and this implies that pwg < @u,. Therefore

a(v
gs(xo) < V(20)@w, (20) = V(20) (1 - |EEOO|)> (3.14)
We estimate the difference between a(vo) and |zo| identified with the scattering length of the hard-
core of radius |zo|. We use Lemma 3.3 with K = v(zo) to cut the hard-core potential, and then
compare the resulting potential to vo using Lemma 3.4 (with 87S|zo| = [wo) to get

|zo?
+C—.
v(zo) Jvo

[zo| — a(vo) <

14
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4

Inserting this bound in (3.14) we get

Vv(zo) V (z0) ¢ a(V)
gslme) = G |ol +Ga(V) S vo = Oa(V)2Rs + Cmin(e,Rs)Rg s oM,

where we used V(z0) < £2a(V)™*, e = a(V)?/¢, and Rs < |zo| < R < Ca(V). Therefore,
gs(zo) < CM = Cv(z)

which combined with (3.12) gives the desired bound.

Localization of large matrices: Proof of Theorem 2.3

One of the main ingredients to prove Theorem 2.3 is a rough condensation estimate for low energy states.
This is by now a well known result and its proof can be found in [11], and the technique was also crucial
in [17]. At positive temperature, we need to extend this property to mixed states.

Lemma 4.1 (Condensation of low energy states). There exists a C > 0 such that the following holds.
Assume that pl®(pa®)* < N < 20p%, T < pa(pa®)™", with o + 5v/2 < 6/17 and (pa®) < C™*. Let T be
a trace-class operator on L2(AN) such that ' > 0, TrI' =1, and

Tr(HnT) < 4nN203a(1 + (pa®)77). (4.1)

Then we have

Tr(nyT) < ONKZ(pa®) 77 . (4.2)

In particular, this holds for the Gibbs state

Proof. The result follows from the following lower bound, which holds as long as N (pa3)% >1,

2

N 3. L n
Hy > 4w (1~ C(pa®)17) + 0’7; (4.4)

and which can be found in [11, Lemma 4.1 and Lemma 5.2]. The constraint on « ensures in particular
the condition on N. Together with the upper bound (4.1) we deduce

Bl
Tr(;—;F) < CNpa(pa®)77, (4.5)

which is the expected condensation estimate. It remains to show that I'g satisfies the upper bound (4.1),
which is not obvious due to the entropy term. To prove this, we use the upper bound on the free energy
from [11],

Tr(HnTo +TToInTy) < inf o(Hy) < 47pNa(1 + C(pa®)'/?). (4.6)

The upper bound on the ground state energy was proven by Dyson [10] (see also [3] for an improvement
to the order of the LHY correction, but here we do not need such precise estimates). Therefore, using
(4.6) and the Gibbs variational principle we can bound the energy for any 0 < e < 1,

Tr(HnTo) < (14 ¢&)Tr(HnTo + TTolnTo) — (eTr(—AgsnTo) + (1 + )T Tr(T'oInTy))
< (1+e)dmpNa(l+ C(pa®)'/®) + (1 + )T log Tr (e~ aFaT (7AR3N)), (4.7

In the second term, the free energy of the ideal gas is bounded by

Tlog TI"?SN (67 ATaT Zp#0 p2a;ap) <T Z log (1 _ 6*4(1+55)Tp2) < 0573/2T5/253,
’ pee= 183\ {0}

15



197

4 LOCALIZATION OF LARGE MATRICES

where QEN = nN=O(Ran Q)®" ~ L*(AV) is the truncated bosonic Fock space of excitations. Using
that T' < Cpa(pa®)™ and N > p?(pa®)®, we obtain
a2 T5/2€3)
Npa
< dnpNa(l + C(pa®)/? 4+ Cle + e/ (pa®)1/2-o=5v/2))
< dmpNa(1 + Cpa®)'/* + O(pa®)1725)/%),

Tr(HnTo) < 4mpNa(l + C(pa®)/? + C(e + ¢

where we optimized in ¢ to obtain the last inequality. The condition that « + 5v/2 < 6/17 leads to the
estimate (4.1). |

Theorem 2.3 follows from Proposition 4.2 below, together with the a priori bounds on ny from
Lemma 4.1. The proof of Proposition 4.2 is inspired by the localization of large matrices as in [15],
and simplified in [13]. It is also similar to the bounds in [19, Proposition 21]. It can be interpreted as
an analogue of the standard IMS localization formula. It roughly says that, for a lower bound, we can
restrict the estimates states I'a4 which have bounded number of low excitations.

Proposition 4.2 (Localization to {n% < M}). Let I'¢ be the Gibbs state associated to Hn. Let M >
N(pa®)?, for some ~ > 0, then there exists a trace class operator Taq on L2(A™) with T'am > 0 and trace
1 such that

Lt capPmlpnr <pg = Tm, (4.8)

and
1 _
F(¢,N) > Tr(HNTam +TTamInTpq) — CoE (Tr(HnTo) + |[v]1 K#€ > NTr(n4To))

- Cr BTl (1 g BTl

Proof of Theorem 2.3. Using the a priori bounds on n4 from Lemma 4.1, we have for M > N(pa®)?,

Theorem 2.3 follows from this proposition.

Tr(ny o)
M

We use Proposition 4.2, and bound the error terms using (4.9) and the upper bound (4.1) on the energy
of Fo,

< (pa®)' " K. (4.9)

F(¢,N) = Tr(HNT'm + T T InT )
—0e7 (alpa®) 7 + ol K (pa®) /T K ) — CT(pa®) M7 K7 log(pa”)|

\%

Y

O (pa)*? ((pa®)*2 K® 4 KH KT (pa®) T2 4 (o0 T K o))
where we used that £ = K;(pa)~*/2, T < C(pa)(pa®)™" and that |v|[; < ¢. For pa® small enough and

using that K, > 1, this is smaller than the claimed error term of Theorem 2.3. It remains to extract the
spectral gaps. By definition of H%°? in (2.20) we have

Te(HaTad) = Te( (HE™ + 555 + %nf)rM)

™ Ku u  mnkng K;ﬂzinf) )
ol M

mod
> (B3 + ns + gt + M2 T ome

= Tr((H{** + )L ).

This concludes the proof of Theorem 2.3. O
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4.1 Proof of Proposition 4.2

The rest of this section is dedicated to the proof of Proposition 4.2. It will follow from the Lemmas 4.3
and 4.4 below, both of which are adapted from [13].

Lemma 4.3. Let 0 : R — [0,1] be any compactly supported smooth function such that 0(s) = 1 for
|s| < & and 0(s) =0 for |s| > %. For any M > 1, define cam > 0 and Oaq such that

9/\/1(3):0/\/19(%)7 Z@M(s)2:1.

SEL

Then there exists a C' > 0 depending only on 0 such that, for any normalized state T',

Tr(HNT) > mZEZTr(HNFm) - %(|Tr(d1f)| + |Tr(d2T)]) (4.10)
where T, = Oag(nk — m)TOm(nE —m) and
di =3 QF (1= Q)i —2)[QFQF + (1 - Q)1 - Q) +he, (4.11)
i#j
& = 2 3" QFQFv(w: — 2,)(1 - Q1)1 @F) +hie (4.12)
i#]

Proof. Notice that Hy only contains terms that change ni by 0,+1 or +2. Therefore, we write our
operator as Hy = Zlk\<2 H® | with ’H(k)nﬁ = (n% + k)H™. Moreover, one easily checks that for
k=1,2, B

HE LR = dy.
For |k| < 2, we have

S T(HYT) = Tr(Om(nf —m)HPOum(nf — m)D)

mez mez
=" Tr(Om(n —m)om(ny —m+kHOT)
meZ
=" Om(m)Ora(m + k)Te(HPT),
mezZ

where we used the commutation property of H*) and that the function > mez OM(X —m)Om(X —m+k)
is constant on Z. Using that > __, 0am(s)? = 1, we obtain that

> Tr(HyTwm) = Te(HNT) 4+ > 6 Te(H'T)

meZ |k|<2

= TI‘(HNF) —+ (SlTI'(le) + (SQTr(dZF),

with

0= 3" (Oan(m)ra(m + k) — Oaa(m)*) = —% S (Om(m) — Oaa(m + ).

meEZ meZL
Tt remains to prove that |3x| < CM™2. This follows from the fact that 6 is smooth and has support in
[—1/4,1/4], so that we can restrict the sum to m € [— %, %], and cp > CTIM. )
To estimate the error in (4.10), we need the following bounds on di and ds.

Lemma 4.4. There exists a universal constant C > 0 such that, for any trace-class operator I' with
I'>0 and TrT' = 1 we have

ITe(diT)| + [Tr(daT)| < CTr( 3 o — xj)r) + Ol K307 NTr (nT). (4.13)
i#]

17
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Proof. We start by noting the following bound. For z,y € A, denoting vy (z) = v(z — y), we have
L, AL Ky
Q0@ = Y ([ o) lu) wa] < O folane, (4.14)
o<lpllal<ku N

where {u,} is the Neumann basis defined in (2.23). Therefore, expanding all the prefactors in (4.11), we
can bound di, k € {1, 2}, using the Cauchy-Schwarz inequality by

Hdp < CY (i — x5) + QFv(w: — 2,)QF + QF Qf v(x: — 2;)QF QF
7

vl p1
< C’Zv(zi —zj) + CK%%TH,N,
i
From which the claim follows. O
Now we can combine Lemmas 4.3 and 4.4 to prove Proposition 4.2.

Proof of Proposition 4.2. Let 'y = e_HN/T/Tr(e_HN/T) be the Gibbs state. Lemma 4.3 gives
c

Tr(HnTo) 2 Tr(HnT<) + Tr(HNT>) = 575 (|Tr(diTo)| + [Tr(d2To)D), (4.15)
where
Fci= Y T To= > T (4.16)
Im|<M/8 Imi>M/8

Denoting by ar := Tr(I's), we have 1 — ar = Tr(I'<), and from the sub-additivity of the entropy
S(I') = —Tr (I'InT") we have

S(To) < S(T<) + S(T's) = ars(%> +(1-an)s(; Eﬁar) — arlog(ar) — (1—ar) log(1 — ar). (4.17)

Combining (4.15) and (4.17) we obtain
F(¢,N) =Tr(HnTo) — TS(To)

> (1-ar) {Tr(HN T ) s >}+C¥r [Tr(HNl;—;)*TSUi)}

1—ar 1—ar ar
C

M2
By the variational principle, the second term above is bigger than arF(¢,N), and subtracting this
quantity on both sides and dividing by 1 — ar, we obtain

(JTr(d1To)| + | Tr(d2T0)|) + Tar log(ar) + T'(1 — ar)log(1l — ar).

I< e \ c
FleN) 2 Ty =) - T8 (==) oy (T +[Tr(dTo))
+7-2L log(ar) + T'log(1 — ar).

1—-ar
Lastly we see that
nt
ar =Tr(ls) < Tr(l{mrz%}r) < Tr(SH )

Defining 'y = 1E§p and using the bounds in Lemma 4.4, we obtain the claim. O

5 Symmetrization: Proof of Theorem 2.6

In this section we prove Theorem 2.6, which estimates the error made replacing the Hamiltonian H&°¢
in (2.20) by its symmetrized version Hy ™. We begin by gathering some important properties of the
symmetrization. Recall the definition (2.22) of the symmetry p., for 2 € Z3, and the symmetrized
version f* of a function f in (2.24).

Lemma 5.1. For all z € Z%, x, y € A and f : R® — R radial such that with supp(f) C B(0, R) for
some R < £/2, we have

1. f(p-(x) —y) =0 if one of the |zi| > 2,

18
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2. fzy) = [y, @),
3. |p=(2) —yl = |z —yl,
4. up(pz(x)) = up(x), forpe %Ng‘
Proof. Property 1 is a consequence of the assumption on the support of f. Property 2 follows from that
f is radial and |p.(z) —y| = |p-(y) — z|. Property 3 is obvious from the definition of p., observing that z,

y € A. The last property follows from that the definition (2.23) of the Neumann eigenbasis (u,), noting
that ((=1)*"' +1)/2 4 2z € 2Z for all z € Z. O

We now proceed to the proof of Theorem 2.6. From (2.20) and (2.30), we need to find a lower bound
on

Hl]\l}lod _ H?g'm Z(Qren _ sym + Qren
where the Q" were defined in (2.10)-(2.14) and the Q7™ were defined in (2.26)-(2.29).

Symmetrization of Q™. From P = %[1)(1| < 1, we obtain

0< QY™ - Q" = % > PPi(g° — g+ (9w)° — gw) P, P
i#j
= % D> PP (g(pa (i) — 5) + (9w) (p=(w:) — 23)) Py P

z;éO i#]

|A|2 Z/ (p=(z) — y)dady,

where we first used the definition of ¢° in (2.24) and that gw < g. Since suppg C {|z| < R}, we can
restrict the sum to |2| < 1 and the integration over = to A\ Ag, with Ag = [R,£ — R]>. We obtain that

(5.1)

sym Qaen

N\:U

Z [, tevan) @ (2) — y)ady < CN53(0)

lz|<1

Symmetrization of Q5. Recall the definition of Q5" in (2.12). We have three different kinds
of terms from Q3™ — Q%" to treat, which we denote in a self-explanatory way by PQPQ, PQQP and
PPQQ. We start with

PQQP =3 P.Qi(¢" — g+ (gw)’ — gw)Q;P; < S IZZQ;/ (p=(x;) = y)dyQ; Pi
i#j 240 i#£j A

< c%m) Z Qi iaan (2)Qs.
=1

where we used the same properties as above plus the symmetry |p.(z) — y| = |p-(y) — z|. To estimate
this last sum, we first isolate the high momenta using Q@ = Q* + Q¥ defined in (2.16) to get

N
PQQP < Cpg(0) > Q7 La\an (#,)Q5 + Cpg(0)ntl. (5.2)

j=1

For the low momenta part, we decompose with respect to the basis (up) introduced in (2.23). Using the
Cauchy-Schwarz inequality, we obtain

QLI{A\AR}QL = / upuq> lup) (uq| < C |7)L|Q =C— KHQ
p,qEPL MAr

where we used |u,(z)u, (z)] < C|A|™" and |A \ Ar| < CRE. Inserting the above in (5.2), we deduce
that

R .
PQQP < Cpg(0); Kirnk + Cpg(0)n. (5.3)

19



201

5 SYMMETRIZATION

The next term to bound in Q5" is the PQPQ By the Cauchy-Schwarz inequality P;Q;P;Q:
PiQ;Q;P; + QiP; P;Q; and the symmetry of ¢° and (gw)® we obtain the same bound as (5.3).

In order to bound QQPP, we need to use Q5". To this end we reconstruct the projector II;; =
Q;Qi +w(xi — ;) (PjP; + P;Qi + Q; P;) appearing in the definition of Q4. We have

IN

QQPP:=Y_QiQ;(g° — g)P;Pi + h.c.
i#j
(Z 1Li;(g" — 9)P; P; + h.c. ) - (Z(QiPJ + P.Q; + PiPj)w(g” — 9) PP + h.c-)
i#j i#j

sym ren

We can bound the second term by Qg™ — Q¢ and PQQP, which have already been estimated, using
the Cauchy-Schwarz inequalities and w < 1. The first term is also bounded using the Cauchy-Schwarz
inequality, giving

- R R N X s
QQPP < Ce7'Npg(0)7; + Cpg(0); Kiynd + Cpg(0)nff + ey Ijw(g” — )i,
i#]
for all € > 0. The last term is estimated using that Q" and w < 1,

g(p=(x) —y) < Cov(z — y) (5.4)

for some Cy > 0, which follows from that g and v satisfy (2.6), and |p.(z) —y| > |z — y| from Lemma
5.1. Choosing € = C/100, we conclude that

sym ren R ren

3= QY < Cpg(0)— KH"+ +Cpg(0)nt + CNpg(0 ) + WQ (5.5)
Note that the first two errors can be estimated by a fraction of the gap operator G defined in (2.18), as
soon as Ky > CK? and K, K3 < (pa?’)’ The last fraction of Q3" is absorbed by the positive % o
in Hmod

Symmetrization of )}°". From the Cauchy-Schwarz inequality, we have

R

QI < C(QPPQ + QY™ — Qi) <Cpa( N+ L :

—Kink +nf). (5.6)

which we already estimated in (5.1) and (5.3), and that are absorbed by a fraction of the gap operator
G for pa® small enough. Tt remains to note that Q™ = 0, indeed

Q7™ = 373" PPyg(p. (v:) — 2)PQs + hue. = WZZ /9<Pz<fﬂ —#)dePiQ; 4 hee.

z i ~ =
30
_ W 2P /RS g(e — v;)dePiQ; + he. = % S PP, 0.
i 2

Symmetrization of Q5. In view of Lemma 2.4, it is enough to estimate

T = Qs = (PQrg(p-(z:) — 2;)@Q:iQ; + h.c.).
2#£0 i#j

ren

For the rest of the proof we use the notation g0 := -, g(p=(%i) — x;). We want to reconstruct Qi
as before, we write

om QsL_<ZPQJg¢0H,]+hC> (ZPQ]g#)w(PP + PQ; + QP )+hc) (5.7)
i#] £

From the Cauchy-Schwarz inequality we obtain, as before using (5.4), that

sym QSL <O(QPPQ+stm ren)+ Qren’

100
where the first term is estimated in (5.6). This concludes the proof of Theorem 2.6. O
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6 C-number substitution

In this section we prove Lemma 2.8, Theorem 2.9 and Lemma 2.11.

6.1 Proof of Lemma 2.8

The second quantization of the kinetic energy is immediate. Then by definition of n4 and from Lemma 2.5

we have 3(0) + 75(0)
sym + gw
g = QO L99O) (v =y — 1),
2[A|
Again using Lemma 2.5, we have

om 1 — — . L, o,
2= A > (g(l +w)(p)+g(1+w)(0)) agapapao + 59(p) (asagapap +h.c.)

p
peA’

From that (N —n4)(N —n4 —1) = N(N —1) = 2n4 (N —ny) —ny (ny — 1) and that 3 . agagapao =
T
n4 (N —n4) we recover the first two lines of (2.33). The second quantization of the Q?’g‘ is not expressed

as simply. We start from

Q= Y (u@up|PeQy g’ (,y)QuQylur ® us) agaparas +hec. (6.1)

q,p,k,sEA*

where we observe that we can restrict the sum to ¢ =0, p € Pr and k,s € A}. We are left to compute
the integral

(00 1y P2 Q5" (2. 1) Qs Qulus ©102) = 17z [ up(w)g” e pyuna)us )y,

Using the trigonometric formulas we obtain

up (0)0) = gz T e (con((ps = :)u) + cos(pi -+ 50)u0)

1 3

_ cc Upy+o151,p2+0s2,p3+03s3
= 53TA11/2 | | i Cs;
B|A2 L

b
Cpi+0151CpatoosaCpstogs
172’36{}:01 151%P2+0282%p3+03s3

where ¢, was defined in (2.23). Using Lemma 2.5 we obtain

[ wol)a” @ yyun(a)us(w)dody

3
_ 1 5’91V\P1+0151|5k2;\172+17252\5k31|P3+0353\A(k,)
= oapape LLwics g
i=1

C o18 c o928 & o3Ss
01,009,056 {+} [p1+o1s1|Clp2oasa|Clpz+osss|

Noting that we can replace - . >, by Zp&?%? using the convention ap, = a(up) = a(jp,],ipsl,Ipsl)
and changing variable s = k — p we obtain

Sy1m 1 -~ * ok
QL =1y > dpbik)asagara,-r + he. (6.2)

pEP} kEAT\{p}
where ¢(p, k) is given by

3 3

_ CpiCki—pi 56p,0 _ Cki—p;

cp.k) =] o2 = I1 oo (6.3)
i=1 i i=1 i Cki
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Proof of Theorem 2.9 6 C-NUMBER SUBSTITUTION

6.2 Proof of Theorem 2.9

The c-number substitution is an important step of Bogoliubov’s approach to the dilute Bose gas and
it is well known that it can be performed in a rigorous way. We start from Lemma 2.8, where the
Hamiltonian H3™ has been written in second quantization (2.33). It is initially defined on L?(A)Y but
naturally extends to the Fock space .7 (L?(A)).

We subtract the leading order of the energy and introduce a chemical potential p, which we will
choose later, in order to finely tune the number of particles. Thus, we define

—

sym w(0) . « x ) . . g -
,HMY = 92 [(Xl) agagaoao + Z (T(p)apap + %aoapapag + %(aoaoapap + hC))
pEAT]
1 -~ * ok 1 _ _ * ok
s > clw,k)gk) (asapap—kar +hc.) + T > (G9(0) + go(p))asapapao
keAT, pePT PEAT

N sra(pa)t o,

*/LN+/)GW+T(7L07N)

om  GOYN(N —1) — —1 N™  8ra(pa®)i
L L B ELHLIET RN A LI NS RO

where the last term, which is negative on L?(A)Y, is added to ensure convexity in “no” (see Remark 2.10)
and we introduced the number operator which acts on the Fock space on each sector as

W) = NU™M | for any U € F(L*(A)). (6.5)

Note that
GO)n2|A| 7! < Cpantl + Cal™niny < C(palP K" + Mal™)G

where G is the gap operator defined in (2.18). Using that, from assumptions, CK} < Ky and M <
C”lf/a7 we obtain that for pa® small enough,

2
—T'log ﬁLQ(AN)67%<H§gm+%G) > 47raf>f\—‘ —Tlog Trg(Lz(A))ef%(HZmer%G) + uN — Cpa. (6.6)

In the above we artificially inserted fv/—:l (which is equal to 1 on the N particle sector) at the expanse of an
error of order pa. This will ensure that we never have too many particles after the c-number substitution
via (6.12) and will be used to prove Lemma 2.11.

We follow [23] and perform the c-number substitution. The decomposition L?(A) = RanP @& RanQ
leads to the splitting of the bosonic Fock space .Z(L*(A)) = #(RanP) ® .#(RanQ). Denoting by Q the
vacuum vector, we introduce the class of coherent states in % (RanP), labeled by z € C,

2
1z

|2) = ef( b=+2a]) Q, (6.7)

which are eigenvectors for the annihilation operator of the condensate. One easily checks that
aolz) =z|z) and 1= / |z) (2| dz (6.8)
c

where dz = 7 'dzdy, z = 2 + 4y. For any ¥ € F(L*(A)), we denote by ®(z) = (z|¥) the partial inner
product, which is in .#(Ran@). We write any monomial in ao and aj as a polynomial sum of terms
in anti-normal order thanks to the commutation rules. Using theses definitions and the inequality [23,
Eq.(7)] we are allowed then to replace ag with a complex number (called upper symbol) according to the
following substitution rules

ao — 2, aoao — 2°, aoag — |z|°, 6.9)
ay — Z, ajay — 7, aoapagay — |z|* .
which also give the substitutions
ajao — |z|* — 1, ajagaoao — |2|* — 4|z)* + 2 (6.10)
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before integrating over z in front of the trace in (6.6). For the specific case of a power of the no, we use
again the commutation rules to write it as polynomial of anti-normal ordered monomials in ag, aj and
apply the rules (6.9) to define the polynomial in |z|?

m

ng’ = (a5a0)™ — pm(z) = |z|*™ + smaller order terms, (6.11)

where the smaller order terms have explicit, constant coefficients.
We first bound below the new term using that

m ng' +ng' " Tny + ng'~ Zni
—_— > . .
pazsy 2 pa N (6.12)
The upper symbol of the right hand side is
2 (pm(2) + Pr—r (2)14 + pr—a(2)nd). (6.13)

N

We observe that, for |z|> > N, (and N sufficiently large) the polynomials satisfy the bound py,(z) >

2]2>™ and therefore, in this region, (6.13) can be bounded from below by
ot (2P 4 22y 4 (2P0 (6.14)
When |z|? < N, the error made replacing (6.13) by (6.14) is of order N~ 'pa. The last term in (6.4)
becomes X N
31 3y1
%(nngQ)H W(Wwp\%pﬁ). (6.15)

Using that, for m > 3,

2m
3%"2'2 —2 < ClA‘ (K[Nl\ \2<K11N + ‘Zl NKE 1\2|2>K5N) S Cpa (KZ + I]Jv ) (616)

we recover the last term of (2.36) up to an error Cpa (because from the assumptions K, < (pa®)~/2%)
and a fraction of the gap G(z).

When proceeding to the c-number substitution in the other terms of the Hamiltonian #;}™ we obtain
errors from the terms proportional to agao and agagaoao, which are

£ = 5(0) 2;"/11‘4 ) 9(p) +gw|[3)+gw(p) “ap — g —1). (6.17)

pEA*

Note that |gw(p)|+|g(p)| < Ca. Therefore, we can estimate the first term above as in (6.16). The second
and third terms are estimated by by C(a|A|™" 4 p)ny < £72n4 which is absorbed by a fraction of the
gap (recall that 0 < 10u < £72 by assumption). In the end, we recover H,(z) as well as G(z) and the
inequality stated in Theorem 2.9. O

6.3 Proof of Lemma 2.11

We conclude this section with the proof of Lemma 2.11, which gives a lower bound for the Hamiltonian
in the physically irrelevant region |z|> > KZIMN. Starting from the Hamiltonian (2.36), we use that

I — * 2 M4
T > (@) +0(p)) ayap < Cpalzl® <+

pGA*

and we drop all the non-negative terms except the kinetic energy and the spectral gaps. Using that
|22 > KZI/LLN7 we obtain

Hule) +6() 2 3 (r0)ajiap + SR (Paja + ) + QP () = P
PEA*

+

pa m
S (l2I®

‘Qm—2

1P+ 2. (6.18)
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We now show that a fraction of this last term absorbs all the negative terms of (6.18). First note that
pu<Ce™? < K;'pa. To bound Q37" we use the Cauchy-Schwarz inequality, we obtain for all § > 0

sym * 1 k
+QF 7 <9 Z K ajar + 6~ ‘ZIZW Z g(k)” ApUp—k Gy Op

k2
pePZ ke A*U{0} pEPY kEAY

* 102 _
< CH|PL| Z Tpanap + 0" z‘ (any + a0 'nk)
peEA*

1 p o - -
< 3 z Tpanay + CpaK iy Ky 2al™ 2)*(ng +al™'n?)
pEA*

where we used (7.12) to estimate the sum and chose § = 1C~'[PL| ™. The second term above is bounded
by a fraction of the last term in (6.18) using the assumptions on m. Recalling that 7, is given by (2.34),
we can replace it by p? by absorbing the negative n. £~2 and KanEK_2 terms, and we are left with

15 . A()2** _ 1 9 Q(P)
Z (5;0 apap + TA‘(Z a, a],+hc)) = Z b dpdy — ‘Alz Z 2 apay (6.19)
pPEA* PEA* pEA*
where i) .
2*g(p
d —
P |A| ap + ap-
Then the first term of (6.19) is positive and dropped for a lower bound and the second is bounded by a
fraction of the last term of (6.18) if m > 2n~' + 14, similarly as before. O

7 Bounds on the 3Q terms

In this section we prove the bounds on the 3Q terms stated in Lemma 2.4 and Theorem 2.12. We start
with Lemma 2.4, which estimates the error made by replacing Q3™ in (2.13) by Q3,1 in (2.21).

Proof of Lemma 2.4. From the definitions we have
57— Qs = (PQf g(mi — 2;)Q;Qi + hoc.). (7.1)
i#]
In the right-hand side we aim at reconstructing Q3" as
D (PQI9Q;Qi +he) = (PQf gl +he) = > PQf gw(PiP; + PiQi + Q;P) + he.  (T.2)
i#] i#] i#j

We use a weighted Cauchy-Schwarz inequality on both terms. Using that g < v, the first term in (7.2)
is controlled by

non+
[A]

Co > PR 9Q) P+ 0QE™ = Co'5(0) +6Qk"

i#]
for all 6 > 0. The other terms can be estimated similarly to above. For instance,
> (PQgwQiPi+hc) <C3' Y PQIgwQ'Pi+5)_ PiQigwQ; Pi
i#j i#j i#]

where we used gw(0) < g(0). We collect the previous inequalities to obtain

{Q5™)w — (Qa.n)w| < 8(QF™)w + Cpg(0) (§(ns)w + 6~ (nf)w), (7.4)
where we bounded no < N. Choosing § = €K, 2 the two last terms are bounded by spectral gaps if
Kp > CKj. O

Then Q3,1 was symmetrized in Theorem 2.6, leading after c-number substitution to Q3" (z), defined
in (2.37). The following Lemma shows that in Q3'7'(2), only the soft pairs contribute, up to errors
controlled by spectral gaps.
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Lemma 7.1. For all e > 0 there ezxists a C > 0 such that the following holds. Let v be a positive, radially
symmetric potential with scattering length a and assume pa® < C~'. Then for all |2|* < K2/4N and

M < C’7I,DK?’K,:,?’K[”/4 we have
QY (2) — QF"(2) > —<G(2). (7.5)

where
) = W > e, K)g(k)Zagap-rar + hc., (7.6)
pEPY kEPY

and the spectral gaps G(z) are defined in (2.38).

Proof. Recalling the definition of Q3'7'(2) in (2.37) with Pi={pezZ? 0<|p < %} we take the
difference

sym soft ~ — x

3,L (2) = Q3" (2) = — Z c(p, k)g(k) (Zapap—kak + h-C-)~ (7.7)

pEPY KEPL
p#k

We use the Cauchy-Schwarz inequality with weight § > 0 and deduce

QL (2) — QY (2) > Cg|§\|) Z (8|2 apap + 6 tanay_rap—rar), (7.8)
pEPY KEPL
p#k

where we bounded the ¢(p, ¢) by a constant.

Recall that the commutation relation [ap,ay] = Jp,q only holds when p and ¢ are in 70N, To
deal with the negative components that can appear due to the set where p belongs, we use that a, =
Q(|p1],Ipal,lps])- I particular, note that

S apa, <8 ajap, (7.9)

pe’Pf pEPL

and therefore the first term of (7.8) is bounded by n+ and a cardinal of Pr. Similarly in the second
term, we bound the p-sum by Cny and the k-sum by n+ Choosing 6 =eC™ 1K 9/4K;13 and using that
p2 < pK . we get

QP (2) — QF™(2) > —CoOpgO)KF Ky — C6~ pg(0 )”*"+ (7.10)

LSRR K}y K} n+ni
- 2 epld  1?

(7.11)

These errors can be absorbed in spectral gaps if M < C’flp€3K;I3K;17/4. O

In order to prove Theorem 2.12; we need the following approximations of gw(0).
Lemma 7.2. The following estimates hold.
1. Forall ¥ €

| 3 @) asane - GO n)e| < CGO)YRY e + CTOKE R0 ).

GA*

2. Moreover,

_ 1 .
- — < .
j700) SAl ;\{} e ) Ca’t (7.12)
ez
< 21 )
\AI Z ka 7CKHa€ , (7.13)
kePL
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Proof. 1. For the first estimate we split the sum into high and low momenta,

> gop)apay =: S(PL) + S(Pu). (7.14)

peEAT
The high momenta part is controlled by nf s
S(Pu)= ) go(p)aya, <GO)n, (7.15)
PEPH

where we used gw(0) < g(0). For low momenta, we use a Taylor approximation gw(p) ~ gw(0) +
O(p*§(0)R?), which follows using g&'(0) = 0 (by radiality) and |g&”(p)] < G(0)R? (since supp(g) C
B(0,R)). This way

|S(PL) — gw(0)nk| < CGO)R? ) Ipl*aga, < CGO)KH R ny. (7.16)
PEPL
Finally, the remaining gw(0)n¥ is controlled by g(0)n’.
2. To prove the second estimate, we introduce a cutoff version of the scattering function. Let x be a
smooth and radial function so that 0 < x <1 and x(z) =1 for || < 1/3 and x(z) = 0 for |z| > 1/2.
Let us define we(z) = w(z)x(x/£), it has support inside A/, and satisfies

1 a X// .
—Awe==g— = | = 070,
we =505 (1) @)
Denoting U = %7 which is smooth and compactly supported, we have

P2u(p) = 33(0) — aU ()

Using that x(z/¢) = 1 for « € supp g we have that gw(0) = gw.(0). The Plancherel formula then gives

G(k)U (k0)
k]2

1 a2 _ 1 -
[ X Giplsw X < Ca’l,

ke Zz3\{0} ke Zz3\{0}

where we used that ||g]lc < Ca. This proves (7.12). The bound (7.13) follows by using again that
l]lec < Ca and the definition of P¥. |

Now we can prove Theorem 2.12, combining Q5°" with the remaining quadratic part of the Hamilto-

nian after the Bogoliubov diagonalization. This process also uses a fraction of the diagonalized Hamil-
tonian.

Proof of Theorem 2.12. First of all, we can use Lemma 7.1 to replace Q37" (2) by Q¥ (2) defined in
(7.6). In this expression we replace ax by by using (2.40) and find

o 1 k)G(k) 1 KGR (. .
Q) = Y M(zaﬂwbk the) o 3 w(z%aﬂbk he).
IA| very VI Al kEPH L —ag (7.17)
PEPY pePt .
=T~ Ta.

The second term 7, is an error, which we can bound as follows, using a Cauchy-Schwarz inequality,

1 c(p, k)g(k)ak .
To = W E ﬁ(zapap_kbk + h.c.)
kEPyH -
pePL

C g(k 22— « - . *
< — Z M(pak K2 K722 biby, + (pa) 1k2K%1K?apap_kap,kap).

Al kePy V 1—aj

Z
PEPT,
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1/4

We then use that || < Cp.ak™2 < CK, *pak™2 and |P%| < CK} to obtain

NP Ky K, 42 1o, aK3 K} .
Ta < Cplf‘é Z F(bkbk +1) + C# Z apap(ap—rap—k + 1)
kEPy kePy
peP%

oK% K? ninJr
14 M2

<CK°K}? 7 Kbk + CNpay/padK, ' + CM
kEPH

where in the last inequality we used k® > K%¢76. Since C’K;I5K?/2 < K;Il and k% < CDy, the first term
is absorbed in a fraction of the Bogoliubov Hamiltonian, and the last term is absorbed in a fraction of the
spectral gaps if M < C™'pf3K,;"K;?, which is guaranteed by the assumptions on M and Ky > Kj.
We can now focus in 71. Using the remaining fraction of the diagonalized Hamiltonian, we complete a
square to find

Ti+ (1 —=2K5") > Debibe= > (1—=2K5")Di(br + Ax)* (be + Ax) — > (1= 2K5")DiAj Ax,
kePy kePy kePy
(7.18)
where A(k
g
Ap = c(p, k)ay_rayp.
IA|(1 - 2K5Y) Dy /1 — 2 ver

The first term in (7.18) is positive and can be dropped for a lower bound. We are left with a term in
A} Ak, which we can rewrite in normal order as

-1 * _ ng(k)2 * *
(1-2Kg) Z DAL A, = Z A= 2K ;1) Dr(l = a2) ( Z c(p, k)c(s, k)aylap—k, as_glas

kePy kEPy p,sePE
+ Z c(p, k)c(s k)a;a:,kap_k%).
P, SEPZ
(7.19)
We call the two terms of above 7. for the commutator term and 7o for the other one, so that
+(1—2K5") > Dibib > ~T. - To. (7.20)

kEPH

We start by estimating the main term 7, and then we bound the error term 7o.

Commutator term 7c. Recall that the commutation [ap,a;] = 5,4 only applies when p,q € %Ng‘
In the above commutators, due to the sets on which we sum, this may not be the case. We can however
use that a, = a,+ where p* = (|p1], |p2|, |ps|), and deduce that

[apfk‘d u‘:fk} :/é 0= (p] =Sj oOr Qk] =DPpj + Sj, V] =12, 3) (721)
For p, s € Pz, the second case in (7.21) implies |k;| < Ku¢~'. Therefore, if p # s,
[ap—k,a5_k] # 0= (\kj\ < Kgt™"  for some j)

and we deduce

p=g(k)® . .
c = ak 7k —ky Qs— s
T A N2, Dl —a) | 2 PR Bl e

p,sE'F‘Z
p-g(k)? Cpg(k)* 1y |<rpe—1}
<> = > clp k) apa, + ) > apa,
keEPH |A‘(1 - 2I(Hl)Dk(l - ai) pePL m kEPH ‘Al(l — 2Ky I)Dk 1- a‘k) pePL et

(7.22)

where the components of s, i are either equal to p; or 2k; — p;. In any case, we can always bound the
last p-sum by ny using a Cauchy-Schwarz inequality. We also use C Dy (1 — a?) > k? to get

_ z k‘ * zZ k
7. < (14 CKy') \A| > pg() > elp, k) apap + |A\ > pg( ik <k ge-1yn+.  (7.23)

kEPH peP kEPyH
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We recall that the normalization coefficients c¢(p, k) € [\lf7 V8] are defined in (6.3). We write them as
c(p, k) = —D;‘ with the notation ¢, = cx, crycry. Note that the ¢p’s (defined in (2.23)) are such that

cpe.
Z ¢ asa, = Z ayap, = nk. (7.24)

pePY PEPL

‘We can also bound cf,, 1 < 8 and we deduce

1 8.5 (k G(k)?
T < (1+CKa ) g D %}52) IA\ 3L 9( LOB) o ermety (7.25)
kePy C kePr

Similarly as in (7.24), we can complete the k-sum to P% up to an extra factor c,f. Moreover, cf = 8
unless at least one of the components k; vanishes. Therefore, the terms for which ¢; # 8% can be
controlled by the last term in (7.25), and we obtain

z k z k
Te < (1 + C’KH |A| Z : gliz \A| Z 2 9( 1{\k1I<KHZ 13704 (7.26)
kEPH

In the first term we use point 2. of Lemma 7.2 to replace the k-sum by 2gw(0) < Cpa < CL72K7. The
second term is bounded in Lemma 7.3 below, and we get

7o < 20.q0(0)n+ + O (K7 K + (pa) K3 ) K40 (7.27)

By point 1. of Lemma 7.2, the first term of above is precisely the remaining quadratic term we want to
cancel in Theorem 2.12. The second one is absorbed in spectral gaps when Ky > K} and KHK1/4 <
C™(pa®)"2
The error term 7. It only remains to control 7o. We use similar bounds as for 7; and a Cauchy
Schwarz inequality and find

p=g(k)*

To= > = — 3 elp k)e(s, k)ajal—rap-ras
ver, AL = 2K 1) Di(1 — of) prscP?
p 9(0) g0 K7} (628)
< \A| Z = Z apai_pas—rap < C & £ Z Z ap@s_as—kap,
kEPH p,s€PY H kePy p, sEPE

where in the second inequality we used |k| > Kx¢~! and p, < 2p. The k-sum can be bounded by n,
the p-sum by ni, and remains the cardinal of PZ, i.e.

C .
To < mg(o)K;?’KHnmi. (7.29)

This is absorbed in spectral gaps under the condition M < Cilpng[E’KI;l, for C large enough. O

Lemma 7.3. Under the assumptions of Theorem 2.12 we have
1 Pﬁ(k)z —2/ 3\1/2 -2
1A] Y Lk < O (pa) ! P K.
kEPH

Proof. We first remove the very high momenta from the sum, for |k| > Kof™*, with Ko > 0 to be chosen
later,

Pg

Cpl?|g pé o
1{|k1|<KHe 1y < % Crmg = CU KL (pa®) Ky (7.30)
\k\>
where in the last inequality we used that [|g||3 < ||g]lss|lgll1 < C£?a™. We now deal with the rest
Z pg(k 1 < Cpa*t™ Ky log Ko = C1™2(pa®) 2K K, * log K,
T {k1|<Kpe—1} pa H log Ko = pa u K, log Ko.

k1< Ko

Choosing Ko = K3 (pa®)~%* and using that log Ko < Kz concludes the proof. 0
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A Estimates on the LHY terms

Lemma A.1. There ezists a C > 0 such that, if |z|*> < KI}MN < CpZSKelM, we have

5/2 128

5/2 1/4
B \/_+O(( pa)® KM,

p250) + i 3 (VIGP + 20:50)70) - 7(0) ~ :3(r)) = Er(p-)

PpEAL
We recall that T(p) is defined in (2.34).
Proof. Using (7.12) and that |p~2 — 7, | < Cp~*¢"2(1 + Kulyep, ), we can rewrite the left-hand side

of the above equation as

> (VIO T 2000 - 7(0) ~ () + L2 ) + 0 pa) 2K ),

where the error can be absorbed in €. To estimate the sum, we define G(t) = T+ 2t — 1 —t +t>/2 > 0,
which is such that 2G(y/z) = \/2? 4+ 2zxy —x —y — «/(2y). Let us introduce a cut-off 1 < K < Ky
which we will choose at the end. Using that G(t) < Ct*, we have for p, < K;/4p,

> rwo(Z) e Y p6(TE) ontpa)’ Y < Ca) K] K

TP p
lp|>Ke—1 () [p|>Ke—1 Ip|>Ke—1

where we recall that the sums are over p € 27£ 'Z%. Let us now deal with |p| < K¢~ '. Note that
G(t) < Ct? and |G'(t)| < C(1 +¢t) for some C' > 0 and all ¢ > 0, so that

() = P16 (Z0) | < Cxtpare

2 Pzﬁ(P) _ 3mwap: 1/4 2 1/4 —2\/ —4,)—2 2
G( T(p)) G( po )‘SCKZ (pa)p™ (L + K, pap ") (p" " + R°)

where we used that |7(p) — p?| < C¢72 for |p| < K¢~ and that |g(p) — §(0)| < R%*G(0)|p|>. We obtain
that

ZA 8 z —
3 r(p)G(%ﬁ)@) -r’6( ’Z; D) <K pa) (P RIES + pa R KK 4 K+ K
|p|<Ke—1

P _ 11
< CP(pa)** K, <pa3K5K;2 + o’ KK + K + Kj’/“)

where we used that R < Ca. Choosing K = K7 and using that K, < C(paa)l/10 we can absorb the
error terms in £. Next, we approximate the sum by the integral, recalling that A* = 7¢~ N}, one easily
checks that

Tt 8mp.a 8mp.a _ _
7 3 ro(T) <5 [ rG(TEE)ap) < Clpua’t < ORT o)
+

peA]
Finally, it is a standard result that [, pQG(S—"p%> = —647* lézsw (p-a)®? (see for instance [14]). O
Recall that
~ Dy(z) if p¢Pu, —
D,(z) = P , 7(p)? + 27(p)|2|2€—3 . Al
b(2) {KHle(Z) i pe P =V( ®)[=1>-33(p) (A1)

Lemma A.2. Ifv < 2n < 1/5 and |2|* < CKel/4pE3, then we have

T Z log(l—e_% &y >T Z log(l—e_f‘””(z)) C|A|(pa)?,
pEAT PEAT

where wy(z) = \/p* + 16malz|20—3p2.
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Proof. First note that D, (z) > p?/4 which gives

T 3" log(1 - e TDr()) > _p 3 e P OTKI) 5 _ oS/ 8 32~ CKu /(T
PEPH PEPH

which is smaller than the expected error since KH/(Tﬁz) is big. Similarly, we can neglect the term
T3 ep, log(l— e’%“”(z)). Now note that there is a constant C' > 0 such that, for all p € Py,

1
/12120—3 aK® 1
| Dy — wp| SC(1+M)Ip2w(p)|§C—V’”Z—2 (A2)
lpl ol ¢
Moreover, denoting G(z) = log(1 — e~*), we have G'(z) = -~ and a Taylor expansion gives
—1Dp(2) —Lwp(z) \/paKgl/S 1
Ty log(l—e ) —T 3 log(l—e T ) > —CX = Y T ——;
PEPL PEPL pePy, [pl(eT —1)
/8
1/paK1
> —0472’3T2e3 log(T/%¢)
> ~C|A|log(pa®)(pa®)7/>+15/5-2
and the result follows from the assumptions on 7 and v. O

B Reduction to small boxes: proof of Theorem 1.1

In this section we prove Theorem 1.1 in the thermodynamic limit using the lower bound on small boxes
from Theorem 1.3. We follow the proof of [17, Theorem 1.1]. It applies to our case, but we want to
keep track of our parameters. The limit (1.4) is independent of the choice of N and L, we can therefore
choose L such that L/f is an integer and define M = (L/{)®. We can now divide Az into M translates
of Ay. From [17, Eq. (9.6)], we obtain immediately that, for all u € R,

N
F(L,N) > ~TMlog y e T (FEm=im 4 ypr?, (B.1)
n=0
For n < 20p¢%, we use Theorem 1.3 to obtain
F(,n) — pun > Fiog(€,n) — pn — CL*(pa)*’*(pa®)"/*,
where we recall that

12 P ——\/T
FBog(f,n):47rpi.zae3(1+—Sx/p,,,,m)+T S log (1— e tVTEOT),
: 157 v
¢

It is easy to check that it is convex in n for pa® small enough using to the following lemma.

Lemma B.1. There ezists C > 0 such that for all p >0, ¢,T > 0,

0< aQT 3 log(l — e T VrtHIGTanty < oo/, (B.2)
p

pEA]

82 7! 4 Tapp? 5
0<—55T D log(1—e T VPIHIOTARSy < OO0, (B.3)

PEAY,
Choosing p so that %FBOg(Z, pl®) = p, it follows that
Fog(£,n) — pn > Fiog (£, pt°) — upt® (B4)
for all n > 1 and one can easily check from (B.2) that

|lu(p, a, T, €) = 8map| < Cpa(pa®)'/>~>/2 (B.5)
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which gives )

F(,n) = pn > Faog(€, pt°) — ppl® — CL*(pa)®*(pa®)"/™. (B.6)
For n > 20p¢3, denoting no = |5p¢%] and 79 = n — {%J no, we use the subadditivity of the free energy
F(¢,n) to obtain

Ftn) = o > | 22| (F(En0) = o) + (F(0r0) = )
> | 2| Booattro) = umo) + (s (ter0) = o) = € | 2| €000 a0,

where we used Theorem 1.3 to obtain the second inequality, since no,r < 20p¢>. To estimate the first
term, we use the bound (B.5) on p and that, for T < Cpa(pa®)~",

L)

Fiog(€,n0) — pno > 4ma( 7

)253 — 8mapno — Cap*t?(pa®)/?=/? > 10map?e®,
for pa® small enough. Therefore, estimating Fpog (¢, 7o) with (B.4) we obtain for n > no,
F(l,n) — pn > Fpog(l, pt®) — ppl® + 10 L%J nap’l®
> Frog (£, pf%) — upl® + nap. (B.7)

Hence, from (B.1) and the bounds (B.6) and (B.7), we obtain

1 1 T CL3(pa)®/2(pad)n/4 —nke
FF(L,N)—€—3FBOg(€,p£3)2—é—310g D R R N
n<20pl3 n>20pL3

o (pa;:"/? (pa

3yn/4

(pa)*/*(pa®) ™" K * log(noe +e T F /(1-eF))

Z —
5 T
> =C(pa)™?(pa®)""" + O 7z log(pa®).

where we used that e T /(1 — e~ 7 ) < 1 and that no ~ (pa®) /K. Now from [17, Lemma 9.1], we

obtain
5/2 [+ 16mpa
z > log (1—5—%\&%) T / log (1 ¢ VPH TP ) gp
o (2m)3 Jgs
pEEND
< O(TEY V2752 < C(pa)**(pa®) "2 K V.
From which Theorem 1.1 follows since v < /3. 0
Proof of Lemma B.1. Let us define wy(p) = \/p* + 16mpaT~1p? and G(z) = log(1l — e~"). For all p we
have
1 2\2
87raT71p2 8mal 1p2
w(p) = Ty - L)
wp(p) wy(p)

and G’(z) = 1/(e* — 1), G (z) = —e*/(e” — 1)*>. We deduce that

0 8raT'p?  wy(p) 2
< — = < P
0 = 8PG(wP(p)) 'LUp(p)2 ewp(p) _1 = Ce

and that

1 232 w
(8maT~'p?) w2(p) Gurle) | € p(P) _
wp(p)t (evrt) — 1) wp(p)

> —Ce™ ) (wy(p) +1)? > ~Ce " 2 + 1),

02 _
02 55Gwslp)) ==

where we used that wy(p)? > 16maT ™ 'p?, that (e® —1)/z < e® and that z/(e® — 1)) < Ce™*(z+1). The
result follows by estimating the associated Riemann sum. O
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Chapter 6

A second order upper bound to the
free energy of the two dimensional
Bose Gas.

This chapter contains an in progress article. Its written by
Haberberger and the author. The paper provides an upper
bound on eq. (1.4). It can be located within the thesis by the
colour  at the top of the page.
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A second order upper bound to the free energy of the two
dimensional Bose gas

Florian Haberberger*, Lukas Junge'

August 30, 2025

1 Introduction

1.1 Setting and Main Result
We consider the Hamiltonian
n n
Hy =Y =N+ ol — ;) (1.1)
i=1 i<j
3. 5)°

acting on the symmetric n—particle Hilbert space L2(A™) where A = [—%, £]? is a torus. Here
v 2 0 and radial. We will then compute the free energy at temperature 7' > 0 given by

E(L,T) = irllf Tr(HT) — TS(T) (1.2)
where the infimum is taken over density matrices and
S(T) = —Tr(T log(T)).

The Berezinskii—-Kosterlitz—Thouless critical temperature is given by

B 4mp
© log|log(pa?)|’

By variational principle the minimizer is given by

O
r= Tr(e—PH)
and its energy
E(L,T) = Tr(HTy) — TS(T'1) = —T log(Tr(e PH)) (1.3)

In these notes we come up with a trial state with the correct energy on a smaller box. The Trial
state we will use is the following

—BY cax Dpala
WNOGBB peAt Zpplr

FTRF T —oye B
1—\0 — B FB — {NO 0} No

14
Tr (FFBF‘)7 Tr (6*521)6/\1 Dypajap (1.4)

)

H{N0:0}>
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with
Dy = /p* + 2p%pog(p), (1.5)
Wi, a Weyl transformation creating the condensate and B a Bogoliubov transformation. The
Weyl transform will ensure that our final state has exactly the number of particles needed,
in order to use the Legendre transform to go back to the canonical setting. We denote by
ap = a(|AL|71/2 ip') for p e A* = 2’TZQ the usual annihilation operator and analogously the
creation operator a,. They satisfy the canonical commutation relation

[ap7 aq} = 6p,qa [apv aq} =0= [apv aq]

Moreover, we denote the set of excited momenta by A% := A*\ {0} and the excited Fock
space by F1. We will construct a trial state I'g on F(L?(A)) for the periodic, grand-canonical
Hamiltonian on the box A

H==H, = EBH = Z payap + 2\A| Z V(k)ayay aqapy - (1.6)

pEA* p,q,kEAN*

All the log we use are natural log. We use the following definition of the Fourier transform

Flp) = z)e Py x) = f(p)er® dp
f(p) R2 f( ) d ) f( ) sz(p) (277)2'

Theorem 1. For a radial positive potential v with compact support R and scattering length a.
There exist a constant ¢ (only depending on the support and scattering length of v) such that
for T < cT. = Bt and pa® < ¢ we have

2(p,T) < 27mp?s <1+ <p+%+ log(ﬂ'))5> n (2T2 / log (1_6—W>
R2

2 )2
-1 2 2 T?
+cp 5((5 |log ()] + T2>
Here I' = 0.577... is the FEuler-Mascheroni constant and
- 2
|log(pa?)| + [log (|log(pa?)])|

Remark. e The above result yields a better precision than [11] for T < pVY, For larger

temperatures the term T—z becomes too big. In fact the above expansion is equal to the

expansion of [11] if the constant in front of Tz was 1, for our state, however, the constant
is 2, implying that for larger temperatures the Bogoliubov transform is incorrect.

1.2 Proof of Theorem 1

In this section we collect the main lemmata and prove Theorem 1.

Lemma 2. For a compactly supported radial v with scattering length a > 0 and L = p_%Y_“
with a > g and T < cT,. for some ¢ small enough. For any p € [p, p(1 + Y?)] we can choose
Wh, in Lo from (1.4) and it satisfies the energy bound

1 1 - paka,
TI'(HF()) <2T‘,L2p25 <1+5(7+4+ Og(ﬂ-))) +,I‘I']:J_< Z Dpa;ape BZPEA+*D1) P P)

2
pGA:

+ CL?Y |log(Y)2(pY + T)2,
Moreover, we have

Tr (NTy) = L?p. (1.7)
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Lemma 3. Let h(z) = —zlog(x),z € [0,1] and T <« T.. Then there is a constant C' > 0 such
that

—TS(Io) < =TS(T'p) + CL*T?|log(Y)|?||ITo — T'slly + Th(||To — Tsl1) + L3T3Y /2.
Moreover,
HFO - FBHI g C\/ prN.

We can extend the trial state I'g to the thermodynamic box 2 by first obtaining a Dirichlet
version of I'g on a slightly smaller box and then gluing copies of them together. This is a
standard technique and we have the following result.

Proposition 4. Let T < ¢TI, and let 0 < R < ¢ < L such that supp(v) C B(0,R). Let
'z be a density matriz on the Fock space F(AL), i.e. a non-negative operator on F(Ar) with
Tr (T'p) = 1, satisfying periodic boundary conditions and Tr (NTL) < co. If

p T (AT, (18)

T (LT20+R)

then there exists a constant C' > 0 such that

LML) - TS+ T (T,

Te s T my A

We are now ready to prove Theorem 1.
Proof of Theorem 1. We take ¢ = %Y”"l/?L. Then

L2

— < 1+Y2 1.9
EYES AR (19)

Thus according to Lemma 2 we may take the 'y satisfying (1.8). Thus Proposition 4 implies

Tr (HF()) - TS(FO) + Cﬁ

f(p,T) < - £ (1.10)

and Theorem 1 follows by combining Lemma 2 and Lemma 3 and noting p/(L{) = p?Y*+1/2. O

2 Scattering Length

Definition 5. Let v : R> — R be positive, radial and compactly supported. We define its
scattering length a(v) by the variational problem

2T inf /
log(55y) B(0

for R such that supp(v) C B(0,R).

3

o Vol + %v\d»?dx | ¢ € H'(B(0,R)), $|,p0 ) = 1} (2.1)

One readily checks that the variational problem (2.1) has a unique minimizer ¢r. We have
0 < ¢r < 1, ¢p is radial and satisfies the scattering equation in B(0, R)

(—A+%m¢:o (2.2)



219

in a distributional sense. Let supp(v) C B(0,Ro) C B(0,R). Then from the fundamental
solution of the Laplace equation in two dimensions we obtain

log(|z[/a)
log(R/a)’

By comparing with the solution in B(0, Ry), we find that a is independent of R.

Our proof works with a wide range of R, but choosing a specific R depending on pa? simplifies
the computations. Moreover, we introduce the variable Y := |log pa?|~! for convenience, though
also for historical reasons as it is the small expansion parameter appearing in [10].

or(r) = Ry < |z| < R. (2.3)

= |log(pa?)| 1 1 2
R/a= = >1, 0= ~ = .
/ pa? VpalY log(R/a)  |log(pa?Y)|

¢§($)7 |1‘| <§
§log(|z[/a), [z[= R

Let (;~5 be an extension of ¢z to the full space, that is gg(m) = {

particular 5 satisfies the scattering equation (2.2) on the full space. We further define w = 1— q~$

and B
g = ¢v. (2.4)

In the following lemma we collect some facts about g, see also [6, Chapter 3.4].

Lemma 6. It holds that
9(0) = 4xé (2.5)

and

—~ /g(p)Q - /g(o)z]l{lp\é%*’kl/éa—l} dp
w0) = | o 5 (26)

Proof. We compute with partial integration

E(O):Q/ A¢Rf2/ _ Vég-iidS = 4rd.
B(0,R) 0B(0,R)

The second identity (2.6) requires some work, mainly since @ is a distribution and has a singular
part at 0, different than in the three—dlmensmnal case, where p~2 is locally integrable. From

(2.2) we find —Aw = 4. Thus &(u) = fR2 2p p)dp for all test functions u € C°(R?\ {0}).

We write w = —dlog(e~'/%|x|/a) + & so that & € Ll(RQ) N L®(R?). Let u € C°(R?) be a test
function. Then for all ¢ > 0 we may write u = u. + (u — u,) for some u. € C*(B(0,¢)) such
that u — u. € C2°(R%\ {0}). We obtain

-~

@) = Btu2) — 6 Goste Plalfa),uch + [ 5B uty) ~ )iy

We immediately get f}(ua) =0 . Moreover, one can calculate the distributional Fourier
transformation of the logarithm, see e.g. [15, 9.8d)], and for u € C°(R?) one obtains

UL pireressary
2p2

5 (log(e~/%[z|/a), u) = 476 /R2 u(p)
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Since g(0) = 4m¢ this implies

. 9(P)u(p) = §0)u(0)1 () coe—v-1/50-1 . ue(p) ~ov
G- [ 7 dp+ lim | =252 (6(0) ~ Glp))dp
/ g(p)u(p) — g0)u(0) Ly, <oe—v—1/50-1}
= dp,
R2 2p?
where we used that u, — 0 almost everyhwere and that % is locally integrable. This
implies (2.6) by noting that gw(0) = (w,g) = ﬁ (@,9) .

O

2.1 Jastrow Factor

In our trial state we will use a ”Jastrow factor” F : F — F. It was introduced in [9] and for
example used by Dyson [3] in his proof of an upper bound for the ground state energy of a
Dilute Bose gas in 3D. It was also used with great success in the study of the 3D ground state
[1] and [1] as well as in 2D [7]. The idea is to implement correlations, thus ”softening” the
potential, while controlling its action by the inequality F,, < 1. F' is given by

F,(x) = Hf(xl — xj), r € R, (2.7)

i<j

where f is a truncated, and therefore well-behaved, scattering solution

ﬂ@:{@mx|m<b (2.8)

1, |z > b,

where ¢y, is the scattering solution (2.3) that is normalized to 1 at |z| = b. We will choose b as
Ym
VpaZ
with m to be fixed later. Here we think of m large. Thus, b is much bigger than the scattering
length a however much smaller than the average particle distance p~'/2. When we conjugate

the Hamiltonian H with F' we obtain an effective potential whose properties we summarize in
the following lemma.

b/a= m €N, (2.9)

Lemma 7. Let v: R? — R be positive, radial and compactly supported with scattering length a,

and let f be its associated scattering solution truncated at b such that supp(v) C B(0,b). Then
2
2N +0)f = jpjmp——— = U,
( )f |z| bblog(g)

in a distributional sense. Furthermore, the scattering lengths of v and v agree. Lastly, if g is
given as in (2.4) with respect to v and b as in (2.9) then

/5 <2Y, /5 — g <2mY?|log(Y)|. (2.10)

Both v and g are uniform measures on a sphere and thus their Fourier transforms are Bessel
functions and we get the following decay

= v(0
[v(p)| < C ©) (2.11)
Volp|
Proof. The proof is a straightforward computation, see also [7, Lemma 3.10]. ]
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3 Hamiltonian part

In this section, we provide the proof of Lemma 2. This involves finding a state I'g with the
correct energy and enough particles. The method follows that of [7], however having to include
excitations we need to keep track of terms of the Hamiltonian, which in the setting [7] would
simply vanish when acting on the ground state. We consider a box of fixed length A = [—%, —%]
with )

L=p2Y"¢ a>3/2. (3.1)

Moreover, we introduce N = pL? for convenience.

3.1 Bogoliubov trial state

We first use a Weyl transformation with a parameter Ny, to be specified in (3.5), to factor out
the condensate

Wh, = exp[v/No(ag — ao)]-
Here one should think of Ny being approximately the number of particles in the condensate. In
particular Ng =~ N. We readily obtain

V[/]V*OCLPVI/}\[0 = 6p,0V No + ap. (3.2)

Next, we aim to approximately diagonalize the resulting excitation Hamiltonian. Since the
Jastrow factor will soften the potential, a quadratic Bogoliubov transformation is sufficient.
Thus we consider

1
B = 3 Z ppaya’, —h.c.

pEAj‘F
We choose the kernel ¢ as the minimizer of the main term of the energy, as was done in [6]
following ideas from [4]: tanh(2¢,) = —#{% so that for p # 0
_ 1 (p®+ pog(p) 1 (p*+ pog(p)
B B *
¢ e ap\/Q < D, )7 %r\z2 D, (3.3)

—_— *
=: Cplp + Spa_y,

with pg := ‘]X—(i. Here D, = /p* + 2p?pog(p) and D, is well defined due to g(0) > 0 and the
continuity of g. In particular there is a C' > 0 such that g(p) > 0 for |p| < C. Moreover, this
choice will turn out to naturally satisfy c¢,s, = —pol(p), see [14, Section 4] for a nice heuristic
argument.

For convenience we introduce Hp := ZpG A% Dyayap and its Gibbs state

=10 L o0

T ) (3.4)

Ip=

Furthermore, recall (1.4)
T'p = W, ePTpe By .

From (3.2), the fact that I'p satisfies Wicks theorem and does not contain any particles
in the zero mode we find Tr (NT5) = Ny + Tr (e BN €PI'p) with N} = ZpGAj_ apap. This
motivates the choice

No:= N — Tr (e BN, ePTp) (3.5)

so that Tr (NT'5) = N. The following proposition ensures that Ny > 0 and quantifies Ny =~ N.
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Proposition 8. Let ¢, and s, be given according to (3.3) then

Tr(NTg)=No+ Y sp+ > (sp+cp) Tr(aha,I'p). (3.6)
pEAT pEAY
Moreowver,
Y 52 <CNY. (3.7)
PEAT

Lastly for T < p we have

> (55 + ) Tr(aa,I'p) < CNT|log(Y)|p™". (3.8)
peEAY
In particular, if T < T, we find 0 < Ng < N and [N — No| < CN(Y +T|log(Y)|p~1).

Proof. From (3.5) and (3.3) we readliy obtain (3.6), where we used that Tr (aya” ,I'p) = 0 since
T'p is the Gibbs state of a diagonal Operator.
To show (3.7) we split the sum as follows

2+ pog(p) — D
IR T I DIED D R S

PEAT p2<pog(0)  p*>pog(0)

2 o~

p° + pog(p) 1 o\ 9 —

< § ———+C § [1+pog(p)p — V' 1+ 2pog(p)p 2}
<o) L2IPIV 2005 (p) 2>p03(0)

< CL?pog(0) < CNY,

where we used the elementary inequality 1 + 2 — /1 + 2z < 22, z > ,(\/ﬁ —1).
Let us consider the bound (3.8). We first note that s2 + ¢ = (p* + pog(p))/Dp and that a
standard ideal gas computation shows Tr (a;a,I'p) = ﬁ This yields

2 ~
2 2 * _ p° + pog(p) 1
> (554 ) Te(apapTp) = > D, fDr 1
pEA] peh’

We separate the sum as before. For p? < pog(0) we find

2 0l 1 1 Gl 1
3 P+ pog(p) _ > 2 n pog(p)
D, ePPr —1 efr’ —1 2lpl  BIpIV/pod(p) _

p?<p0g(0) p?<pog(0)
1/pog(0)

<or 3 preorT [C7T iy < CLT log( L mg(0)) (2r).
o2nL—1

p%<pog(0)
For |p| > v/pog(0) we use p?/2 < D, < v/3p* and obtain
2 ~
P tpoglp) 1 1 2 /
<4 —5— S CLT
Z D, efPr—1 Z efr?/2 — ¢ VBmao) €2 =1
1>~/ P03 (0) [pI>~/p0og(0)
= CL’T|log(1 — e~ #7090)/2)| < CL*T max{| log(Bpog(0)/2)|, 1}-

o0

Ip|

dp

Combining these two inequalities and using our choice of L, (3.1) and the condition T < p
concludes the proof. O
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3.2 Bogoliubov Diagonalization

Proposition 9. Recall the periodic Hamiltonian H (1.6). Let v > 0 be a radial potential
supported in B(0,R) for some R > 0 and assume that v has positive scattering length a. We
further assume pR?> <Y and

)] < 2V

n for |p| = a t. (3.9)

2

Let T'p be the state given by (1.4), then there exist constants C,c > 0 such that for T < cT, and
Y < ¢ we have

Te(HTg) < 27N ps (1 +o(y+ % + logz(ﬁ))> + T (Hpp) + C Trpe ((Qo + Q2 + Qu)T'p)
with
Qo = NpY?® +9(0)pNY>(Y**/2[log(Y)| + 1) + p(N — No + NY)(3(0) — 5(0))

Q2 = p ((0(0) = (0)) + TO)Y +2(O)Y+2[log(¥V)]) Y (53 + 2)ajay

pEAT
v(0) 5 )
Q4 = W( Z cpapap) .
pEAT
Proof. From (1.6) and (3.2) we obtain
N2 N3/2
W, MW, = 3 a4 o1 00(0) + S0 5(0)(a 4 a0) + 10 S (5(0) +5(0))aja
2 A"t A P
1/2
NO -~ * * N -~ *
+ A Z v(p)aya’, +h.c. + —— AT Z v(p)ay 4apag + h.c. (3.10)
pEA* p,gEN*
1 ~ * %
+M Z v(k)ayag aqapy k-
Pg,kEA*

Therefore, the odd terms, i.e., the third term in the first line and the last term in the second
line vanish in the trace. Moreover, I'p does not have any particles in the zero mode so that all
sums restrict to A% .

Recall (3.5) Ng = N — Tr (e7BN,€BT'p), which allows us to combine the second term with
a part of the last term in the first line.

<—0+—Zaa) Ipeb LQ—L (eiB./\/'eBI‘D)2<Ni2 (3.11)
2T 2 SIS o) Sgpp @

We now apply the Bogoliubov transformation on (3.10) using (3.3) and commuting to normal
order. We also use that I'p is the Gibbs state of a diagonal operator so Tr (aja;I'p) = 0 for all
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p,q and Tr (aya,l'p) = 0 for p # q. A straightforward calculation then shows the upper bound

Np 1 5y ~ ~
Tr(HT'p) < 0(0)—- 5 + M Z (k) cpSpCptkSp+k + Z p2sz2) + pov(p)s?7 + pov(p)spcp
pheN] peA’.

~ ~ 2 ~ %
T Z (P + poy(p))(sz + 012)) + 2p00(p)cpspy + m Z v(k)cpspeprisprk | Tr(ayapl'n)

A% keA*:
PeRs Pkt
2
Cv(0
+ |A(|) S s+ > ATr(ayalp) | | (3.12)
pGAi pGAi

where we also used the simple inequalities [0(k)| < 7(0) and s? < .

Let us simplify the constant term in (3.12). First, we note that we can replace all sums in the
first line by integrals up to an error of order 5(0) L' N p'/2Y /2| log(Y)| = 5(0)pNY **t1/2| log(Y)).
This approximation follows from the standard technique of passing from sums to integrals in
the limit; We use the mean value theorem and can bound the error in terms of bounds on the
gradient of the considered function. For further details, see [6, Appendix G]. In particular, this

estimate makes use of
> Ispepl < CN, (3.13)
peAj

which can be shown as in the proof of Proposition 8 while using the decay assumption on g
(3.9).
Secondly, as mentioned earlier, we know ¢,s, ~ —po@(p) and therefore we write

1 1
= / cpSpU(k)eprrspridpdk = = (cs,7 * (cs))
R2XR2 2

2
1 1

= L e+ 0,5 (es -+ o) — (e, w poD) — (i, % o)
1 A N - 2(2m)* —
= L es o, (o5 + o)) — pol2m)? (es, ) — ACTL 520,

According to [6, Lemma 4.7] the first term in the last line is bounded by C%(0)p?Y? so that

. Np 1 . ~ 5
v(()) + A Z V(k)CpSpCprkSprk + Z p2s§+pov(p)sz+pov(p)spcp
nkEA* pEA*

~Np Nopo ., dp

<) 5 - )+ A1 [ 9755+ (o) + pocy(0) 75 o
+ 09 (0 )pNW(Ya ¥ log(v)| +1)

. Np NOPOA dp

= 00 + RG(0) + A] [ 153+ i)+ ey

Np

+ CH(0)pNY2 (Y32 log(V)| + 1) + &A( 0) + IAIpo/ (0(p) —3(p)) ,23(2(?)2

< 270Np + % <pogw / D, — pog(p )(Qd:)g>

+C(0)pNY? (Y~ 2[log(Y)| + 1) + Cp(N — No + NY)(%(0) - 5(0)),
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where we used

%(Dp —p® — pog(p))

and (3.7). We use the integral representation of gw(0), see (2.6), and we may replace g(p)
by §(0) everywhere up to an error of p?Y3, see [6, Proposition C.3]. Then we can explicitly
compute

p’sp + pog(p)ss + pog(p)spcy =

1 2 ~ 239(0)? dp
5 /]R? DP -—p - POQ(O) + 9 2p2 ]l{|p\>2e*’776*1u—1} (27T)2
(pog(0))* 1 P00
= (2 —+1 log(——
6 v+ 5 +log(m) + Og(QpY)
1 1
< 2mp?s? (’y + 1 + 0g2(7r)> ,

where we used pg < p,d < 2Y. We obtain

., Np 1 5 I I
U(0)7 + 2A] Z V(k)cpSpCptkSprk + Z p28123 + POU(P)SZ + pov(p)spcp
pkeA” peA’.
1
< 27Npéd <1 +4 <2’y +5+ 10g(7r)>> (3.14)

+ CNpY? + CT(0)pNY (Y32 log(Y)| + 1) + Cp(N — No + NY)(@(0) — §(0)).
Returning to the second line of (3.12) we find that
1 N - o N
‘W 3" Bk)cpsrsprn + povw(p)‘ < CB(0)pY + CH(0)pY *+1/2|log(Y)), (3.15)
keA*:
kfpsﬁo
which follows as before by replacing sums with integrals and using that

| (es + pol, v(p — -)) | < CV(0)pY

uniformly in p, which is shown in the first step of the proof of [6, Lemma 4.7]. Inserting (3.15)
in the second line of (3.12) using

(0* + pog(p)) (s + ) + 2p0G(p)cpsp = Dy (3.16)

yields

~ ~ 2 ~ *
Z (p* + pov(p))(sf, + 012,) + 2po0(p)cpspy + I Z v(k)cpspeprrsprk | Tr(ayapl'p)
pEAT keA*:

p+k#0
< Z D, Tr(a,a,l'p)
pGAi

+ Cp ((8(0) = §(0)) + HO)Y +TOY /2 10g(¥)]) D (52 + ) Tr(aza,Lp)-
pEAi

Inserting this inequality and (3.14) in (3.12) implies the result. O

In the next subsection we will soften the potential. The following Corollary, which applies
to soft potentials, is immediate from Proposition 8 and Proposition 9.

10
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Corollary 10. Under the assumptions of Proposition 9, if we further assume that

5(0) <CY,  ©(0)—g(0) < CY?log(Y) (3.17)
and that o > 3/2. Then
Tr(HIg) < 2nNpd 1+5( +1+M) +Trr (HpI'p)
BIS AP TTIT T D (3.18)

+ CNpY (Y|log(Y)| + T|log(Y)|p1)*.

3.3 Soften the Hamiltonian

Observe that Corollary 10 implies Lemma 2 if we assume that the potential v is soft, i.e., that
it satisfies (3.17). Therefore, we employ the Jastrow factor (2.7), which ”softens the potential”.
This method was in particular used in the 3D Gross-Pitaevskii scaling [1] and for 2D in [7]. Due
to the positive temperature we need to keep track on the higher order excitations the Jastrow
factor creates.

In this subsection we explicitly display the potential in the Hamiltonian as H,,, recall (1.6).

Lemma 11. Let v be as in Theorem 1 and I' a periodic density matriz on F. Let I be the
Jastrow factor from (2.7). Then

Tr (H,FTF) < Tr (T'Hy) — Tr (T'R),

where

. 2 = ~ (V)i (Vi
T=(20+v)f=—— 01— and R=EPR, R,=F?> .
blog() ol g Z%k fij fik

with the notation {i # j # k} = {pairwise distinct indices i, j, k running from 1 to n}.

Proof. Let P, be the projection onto the n—particle sector L2(A™). Then P, commutes with
‘H and F so that

Tr (HoFTF) = > Tr (FyHo FaPaTP,). (3.19)
n=0

P,T'P, is a density matrix on L2(A") thus we may write P,I'P, = Y - Anm|00) (7| for
some ¢ € L2(A"), An,m = 0. Therefore, by linearity, it is enough to considernthe following
expression for ¢ € L2(A™)

Tr (FHo Frld){(0]) = (HoFng, Frd) (3.20)
n n
= Z/ FLAVid)? + [0 ViFu| + (0Vig + ¢Vi9) - FuViF, + Z/ vz — ;) FY|of.
i=1 VA" i<j A"
Partial integration yields
OVip- F,ViFy, = — | Vg - FuViE, — |02 ViF,|? + |0 Fu(—AF,). (3.21)
An An

From the definition F,, = H;Lj fij we find

_ZAiFn _ Fnz zfzj _Fn Z vzfu . szzk' (3'22)
P = i e Ju i

11
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We insert (3.21) and (3.22) into (3.20), use F, < f;; < 1 and obtain

T (FHFl6) (0) < 3 (60 -2i6) + 3 / 612 (0 — 200 F) (@ — 25) — (6, Ru)

i=1 1<j

= Tr (Hzl9)(¢]) — Tr (Rn|8)(¢]).

Inserting this into (3.19) concludes the proof. O

The next lemma is the final ingredient for Lemma 2 and shows in particular that we can
bound the error R and the difference between Tr(FT'gF') and Tr(I'p).

Lemma 12. Let v be as in Theorem 1, I'p the state (1.4), F' the Jastrow factor from (2.7) and
R the operator defined in Lemma 11. Then for T < T,

Tr(FTgF) > 1 — Cb?pN, (3.23)
Tr(NFI'F) > N(1 — Cpb’N), (3.24)
Tr(RTg) < CV?p*N. (3.25)

Remark. From N = pL? = Y~ we find b>pN = Y™ @ so that the corrections are small for
m > Q.
Proof. From the inequality

n

F2=TJa- - (f5)? 1—21— (fi))? = 1—2%, (3.26)

i<j i<j i<j

we find
Te(FTpF) > 1—Tr(T'gU,),

where the operator U, in second quantized form is given by
1 POMN
U, = 3N Z u(k)ayag aqQp k- (3.27)
p,g,keN*

We can bound Tr (I'gU,,) by computing the action of the Weyl and the Bogoliubov transforma-
tion on U, which was done in the proof of Proposition 9, and estimating terms with (3.13)

2
Tr(TU,) < c“&l) <N+Z 2+ 52) Tr(a) a,,rD)> . (3.28)

We can bound #(0) by using the explicit formula for f (2.8) when || > R, and |f| < 1 for
lz| < R

1 2 2
a(0) < 7R? + / pJoellzl/a)f gz T e (3.29)
R<|z|<b

log(b/a)2 = log(b/a)

where we used that b > a. From (3.8) and T' <« T, we find (3.23).
Let us turn our attention to (3.24). From the fact that F' commutes with the number
operator and inequality (3.26) we obtain

Te(NFTF) > Te(NTg) — Te(NUTg) = N — Te(NUTp).

12



228

By a similar computation as before we find
3
Tr(NUTB) < |A| (N + Z 2) Tr(a} a,,rD)> < CB2pN2.

To show (3.25) we use Ry, < >3, |(V f)i5]|(V f)ikl, which implies the following inequality
in the second quantization formalism

1 — —
R< 3R S VARV apasarar—sag—kapiprs.
D,q,7,8,kEA*

By the same argument as above we find

3
Vf
Tr(TpR) < ‘ A||2 (N —1—2 5) Tr(a apFD)> .
From a Cauchy—Schwarz inequality and the definition of f we find
Vi <o [ e <
|z|<b

where the last inequality used f = ¢, on {|z| < b} and that ¢ is the minimizer of (2.1). (3.8)
then implies (3.25). O

Proof of Lemma 2. Recall the definition of I'y from (1.4). We pick b that appears in the defini-
tion of Jastrow factor as
—Lia42
b=p 2yt (3.30)

Then by Lemmata 11 and 12 we find that

1

(H FO) (TI‘(H FB) Tr (FBR))W

Tr(HzTB)(1 + CY?*) + CNpY™,

where v was defined in Lemma 7. In particular it has the same scattering length as v and
satisfies the conditions of Corollary 10 from which we find

1
Tr(H,Io) < 27Npd <1 +0(2v + 3 + log(w))) +Trri (HpI'p) (3.31)

+ CNpY (Y]log(Y)| + T log(Y)|p_1)2.

In order to ensure (1.7) we change Wy, and keep the Bogoliubov tranform fixed. By Stones
theorem
Ny — TT(NF()) (332)

is continuous in Ny and by (3.24) we can make it satisfy
Tr(NTy) = L*p (3.33)

and for p < p(1 + Y2) our state still satisfies (3.31).
O

13
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4 Proof of Lemma 3

In the previous section we saw that we could soften the potential by using the Jastrow factor
F, see Lemma 11. In this section we show that the Jastrow factor does not change the entropy
much. This essentially follows from a Fannes type inequality [5] (see also Thm 11.6 in [12]),
which allows us to control the entropy difference by the trace difference. However, the Fannes
inequality only holds on finite spaces. Thus we truncate the density matrices by restricting to
eigenfunction with at most M particles in each state and no particles with momenta higher
than vK. We obtain the following lemma, which implies Lemma 3 by choosing appropriate K
and M.

Lemma 13. Let K >0, M € N, b’pN < 1 and T < T.. Then for Ty and I'g given as in (1.4)
there is a constant C' > 0 such that

~TS(Dy) < — TS(Tp) + CL*TX(L2T + 1) (M—l + e—BK/Z) + CL2T2BK log(M)||To — Ty
+ Th([[To — I'pll1), (4.1)

where h(z) = —xlog(z),z € [0,1]. Moreover,

ITo — T'pll1 < C\/b?pN. (4.2)
Proof of Lemma 3. Let M =Y ~'/2L/b, BK = log(M). Our previous choices L = p~ /2y~ b =
p’l/QYm then imply the Lemma. O

Proof of Lemma 13. Let us start by showing (4.2), i.e., that I'g and I'p are close in trace norm.
Recall (1.4)

- « Dpata
FPBF WN0€BG Bz:peAJr pQp p]l{NQZO}e_BW]\?O
0= 3 B = — . * .
Tr (FTgF) Tr (e B3 penr Dp“p“P]l{NOZO})
Due to the spectral theorem we may write
1
Tp =Y MU (Wi, To=rm—mc—= > MFU) (P => A W) (0]
B 2 z| z>< z|a 0 Tr(FFBF) £ 1‘ 2>< z‘ o~ % | i >< i |

for decreasing sequences of eigenvalues \;, )\f > 0, © € N and normalized eigenfunctions ¥;, \IIZF €
F(L?(A)) of T'g respectively I'g. The triangle inequality yields

ITo = Tl < 1= Tr (FTpF)[[|Tolls + Y Nill [ Wa) (U] — [F @) (F W |1 (4.3)

i1

We further estimate the second term on the right-hand side as follows
W) (Wi — [FW3) (F[|n < 2[|(1 = F)W| < 24/(Wi, Ur—p¥3),

where we used 1 — F,, < Z?q 1 — fi; for n € N, recall (3.26), and where U;_; was defined in
(3.27). Then, applying the Jensen inequality in (4.3) gives

||F0 - FB”l < |1 —Tr (FFBF)‘ + 24/ Tr (Ul_fFB).

14
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We bound the first term with (3.23). The second term can be bounded with (3.28), where as
in (3.29) we may show 1 — f(0) < Cb?. We find

ITo — Tgll1 < CH*pN + C/b2pN.

By the choice of our parameters we get (4.2).
Next, we want to show the entropy inequality (4.1). As explained before we need to truncate
the problem to a finite dimensional one. Thus let I C N a finite subset and note that the entropy

function h(x) = —xlog(x) is concave and positive on the unit interval [0,1]. We find
S(To) =Y hA) =D h(A) =STp) =Y h) + ) [AOA) — k(X)) (44)
i>1 icl i¢ 1 iel

Our choice of I will be such that the second term on the right-hand side is small, that is, I
includes all entropy-relevant momenta. The third term is bounded with a Fannes type inequality
and will only depend logarithmically on the cardinality of I.

Let us start with the third term. We want to show the following Fannes type inequality.

S OE) — h()]

el

<log(|I))|To — Tll1 + h(|[To — Tall). (4.5)

Since we are not in the setting of the reference [5] we provide a complete proof. As a first step
we show

DI =A< T - Tl (4.6)
i1
Indeed, this is a very general statement. We may write I'g — I'p = P — @, where P,Q are
the projections onto the positive respectively negative eigenspace of o — I'p. Let p;(+) denote

the i—th largest eigenvalue of an operator. Then from the definition of A;, )\ZF we find )\f =
1i(To) < 1i(Q +To) = (P +T'g) = wi(Tr) = Ai. We obtain

1i(Q +To) + (P +Tp) = 2max{ A\l i} = A+ X + M — Al
We conclude the proof of (4.6) as follows

[To=Tpli=Tr(P+Q) > Z NN+ A=\ —Tr(To+T'p) = ZWF—/\J-
i>1 i>1
We can now show (4.5) by using |)\f =N S i M =N < |To —Tplli < 1forall j €1,
which follows from (4.6) and (4.2), as well as the elementary observations that h is concave,
monotone on [0, 1/¢] and that for 2,y € [0,1] with |z —y| < 1 we have |h(z) —h(y)| < h(|lz—y).

Ziel'AzF_)‘i‘ _ F F
< |fh o —log(lf\)zw =il +h Zp‘i = Al

el el
<log(|I)To — Tl + ~(|[To — Tall).

ST RO = h(A)]

el

As a last step, we show that the second term on the right-hand side of (4.4) is small, i.e.
that we did not make too much of an error when truncating the density matrices. We use the
explicit knowledge of the eigenvalues of I'p; since I'p is unitarily equivalent to

—BY cax Dpa¥
e P P Ny

I'n =
D -8 ZpeA: Dpa;*;»ap) ’

Tr FL <€

15
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each eigenvalue \; of I'p uniquely corresponds to a finite sequence {n,},c A%y € Ny with

e*ﬁ ZpeAi Dpnyp
- Tr F1 (67621)6/\1 Dpa’*’a”) .

For K > 0,M € N we define {np}pens € T if and only if n, < M for all p and n,, = 0 for all
Ip| > VK. We then define i € I if and only if its corresponding sequence {np}pe/\*+ €Z In
other words, ¢ € I if and only if its corresponding eigenfunction has at most M particles in each
state and no particles with momenta higher than v/K. We compute

by

=B qenr Dang
Z{n,,}%l’ ZpeAj DPnPe <

> h(n) =8

o Ty (¢ 7 Trens D
=B penr Dpnp
— * aka Z n, € ety
+10g (TI‘ (8 5Zp6A+ DP P p]]-{j\/ozo})) { p}¢1;52 - Dpa*ap . (47)
Tr 71 (e peAy T )
From Z¢ C U\q\g\/ﬁ{”q >MPuU U\q\>\/F{nq > 0} it follows that
Z e_ﬁzpeAi Dpnyp < Z Z e—ﬁzpe/\i Dp"p_"_ Z Z e—ﬁzpe/\i Dpnp
{np}¢Z lgl<VE {np}: lg|>VE {np}:
ng>M nq>0
1 ,
I D D o] P
PEAL lal<vVK la|>VE

where the last step is a standard ideal gas computation. This ideal gas computation also shows

- « Dpata,
that Hpé/\i 1_6%[“3:0 = TI']_—L (e BZp€A+ papap) and
—B X peny Dpajap D 12
log (Tr o (&7 ) ) = = 3 log (179 ) < O (4.9)
peEAT B

where in the last step we bounded the sum by an integral. We may also bound the sums in
(4.8) with integrals and find

I? 12
—BDg(M+1)  (y2—_ d -BDy 2 ,-BK 4.10
E e < an E e < e . .
lgl<VK p lg|>VEK P ( )

Combining (4.8)—(4.10) shows that we may bound the second term on the right-hand side of
(4.7) by CL>*TL*T (M_1 + e‘BK). We proceed similar for the fist term on the right-hand side

16



232

of (4.7) and find

B> enr Dgn
D {ny}eT ZpeAj_ Dypnype ey T

T (¢ 7S D

D > g nePPan
< E E ' _ Up | —BDy(M+1) n=M+1
\ﬁ l:eBDp—l]e q +Dq 1/(1—675D‘1)
ladl<vVE \peAi\{q¢}

+8 ). >

lg>vK \peAi\{q}

<CL*T Y e PPaME) 4 N pemAPaMHD) ((M+1)+1>

e8] —BDgn
Zn:l ne !

eBDp — 71/(1 — e=PDa)

Dy }G_BD‘I—I—D
1

BDq _ 1
dl<VE lal<VE o
D
2 —BD __—q4
+CLPT Y et Y ot
lg|>VEK lg|>VK

L?°T +1
<CLT <+ + (LT + 1)66K/2> .
M
Inserting this into (4.7) concludes the bound of the second term in (4.4)
Z h(X\) < CL*T(L*T + 1) (M~ 4 ¢ PK/2),
igl

Moreover, we can estimate |I| < MEL*K so that from (4.5) we obtain

37 [BF) = h(N)]| < CL2K log(M)|To — Tl + h(|To — Tall).

iel

Inserting this into (4.4) yields Lemma 13. O

5 Proof of Proposition 4

The proof of Proposition 4 is standard and can be found in [8], respectively [2] for the three
dimensional case and its adaption to two dimensions is straightforward. We outline the steps of
the proof that need to be modified. The next lemma says that we can extend a periodic state
on a fixed box to a state with Dirichlet boundary conditions on the thermodynamic box. The
second lemma states, that the information we have on grand canonical states is enough to make
a statement about the canonical free energy.

Lemma 14. Let T';, be a normalized density matriz on F(Ar) with periodic boundary condi-
tions. Then there is a density matriz F% that satisfies Dirichlet boundary conditions on the
thermodynamic box A; such that

TrT? =1, Tr(NTE) = £2Tr (NT7,a), S(TE) =>S(T'70)-

and

Tr (HT'P) < 2 (Tr (HT'L) + %Tr (NFL)) .

Here L = t(L 4 20 + R) with R > 0 such that supp(v) C B(0, R).

17
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Proof sketch. From periodic to Dirichlet on fized boxzes. See [2, Lemma A.1] and [8, Lemma
27]. We write I'y, in its eigenbasis I', = 37,y Aj|¥;)(¥;|. Then we extend each periodic
eigenfunction ¥; to a function with Dirichlet boundary conditions on the bigger box Ar 2 by
multiplying it with an appropriate cosine in all directions. We combine the Dirichlet functions
to obtain a state 'Y, ,, on F(Ap42¢) with Dirichlet boundary conditions and one can verify that

S 7i200) =9(TL),  Tr (T2, N?) = Tr(DLN7) Vj € N.
and

C
Tr (HTL 90q) < Tr (HTL) + T W),

Eztension to the thermodynamic boz. See [2, Lemma A.2] and [8, Chapter B.2]. We take the
previously constructed state and copy it ¢? times. Additionally, we insert small corridors of size
R between the boxes so that the different boxes do not interact with each other. We obtain a
thermodynamic trial state I'? and its computation of the number of particles, the entropy and
the energy is almost trivial since the different boxes do not interact with each other. O

Lemma 15. (From grand canonical to canonical) Let Fg be a sequence of normalized states

with Dirichlet boundary conditions on Az for Loo and
Tr (NTD) -
p=—"
Azl

Then
Tr (HI2) - T'S(I2)

f(.T) < liminf
L—o0 |AZ|

Proof. We use the equivalence of the canonical and grand-canonical ensemble, see e.g.[13]. The

(grand-canonical) pressure is defined as

p(, T) == — lim [Az|"Vinf {Tv (X — pMN)T) = TS@) |T: F — F,T >0, Trl = 1}

L—o0

so that
Tr (HI2) - TS(IP)
| — pH-

—p(u, T) < liminf
L—oo |AE

From the equivalence of ensembles:
f(p,T) = sup{pp — p(p, T)}
”w

we obtain

T (HI2) - TS(IP)

F(5.T) < liminf
L—oo |AE|

Proof of Proposition 4. This is a direct application of Lemma 14 and Lemma 15.
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Chapter 7

Paper: Ground state energy of a
dilute Bose gas with three-body
hard-core interactions

This chapter contains the paper [JV24], of Visconti and
the author. The paper provides a short argument us-
ing a generalisation of techniques implemented by Dyson
[Dys57] to derive an upper bound. The paper is in-
cluded in its pre-print version, which can be found at
https://doi.org/10.48550/arXiv.2406.09019. It can be lo-
cated within the thesis by the colour m at the top of the page.
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GROUND STATE ENERGY OF A DILUTE BOSE GAS WITH
THREE-BODY HARD-CORE INTERACTIONS

LUKAS JUNGE AND FRANGOIS L. A. VISCONTI

ABSTRACT

We consider a gas of bosons interacting through a three-body hard-core potential
in the thermodynamic limit. We derive an upper bound on the ground state energy
of the system at the leading order using a Jastrow factor. Our result matches the
lower bound proven by Nam-Ricaud-Triay [15] and therefore resolves the leading
order. Moreover, a straightforward adaptation of our proof can be used for systems
interacting via combined two-body and three-body interactions to generalise [22,
Theorem 1.2] to hard-core potentials.
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ESTEN IS U RS

1. INTRODUCTION

A system of N bosons trapped in a box Ay = [0, L}3 interacting via three-body
interactions can be described by the Hamiltonian operator

N
Hyp = Z Ay, + Z w(r; — x5, — T) (1)
=1 1<i<j<k<N

acting on the Hilbert space L2(AY) - the subspace of L2(AY) consisting of functions
that are symmetric with respect to permutations of the N particles. Such systems
have received a lot of attention in recent years and have been the subject of many
mathematical works [1, 5-7, 12, 13, 17-19, 21, 23, 24].

In [15], Nam—Ricaud-Triay proved that for a nonnegative, compactly supported
potential w € L>(RY), the Hamiltonian (1) satisfies

. info(Hn 1) 1, "
lim ST 2t (w)(1+O(Y”) (2)
N/L3—p

when Y = pb(w)®/* — 0, for some constant v > 0. Here, by(w) is the scattering
energy associated to w (see [16]). This was then improved in [22], where it was shown
1
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2 L. JUNGE AND F. L. A. VISCONTI

that (2) holds for w > 0 compactly supported and satisfying

1/2
wllpzr: = </R3 |w(:1:,~)||il(R3)dx> < 0.

It was also shown in [22] that (2) holds with an error in o(1) for w of class L'. The
goal of this paper is to prove that (2) remains valid for particles interacting with a
hard-core potential.

We consider a gas of N bosons with three-body hard-core interactions in Ay =
[0, L]3. We are looking for an upper bound on the ground state energy

\Ilv Zfil _AIi\I/> (3)
|2 ’

EN,L = inf

with the infimum taken over all ¥ € L2 (A]LV ) satisfying the three-body hard-core
condition ¥(xq,...,zx) = 0 if there exist 4,5,k € {1,...,N}, i # j # k # i with
|(; — 2,20 — xp, 25 — 21)|/V/3 < a. 1 Here, |- | is the euclidean norm in R® and
SN —A,, is to be understood in the quadratic form sense in HX(AY). Note that
the scattering energy associated to the hard-core potential

Whe(? = 4,7 — 2) _{ 0 otherwise

is given by

64
bM(th) = 3—\/571'2(14.

Theorem 1. There exists C > 0 (independent of a and p) such that

. EncL 32 594 3\V

1 ) T 1 4
N,i%oo N 93 e ( C(,oa ) ) @)
N/L3—p

for all pa® small enough and for some v > 0.

The matching lower bound was proven in [15]. Here are some remarks on the
result:

(1) The strategy of the proof of Theorem 1 can be used to generalise (2) to w
of class L' with an error uniform in w assuming that Rg/baq(w)'/* remains
bounded, where Ry is the range of w.

(2) In[14, Conjecture 8], a heuristic approach was used to predict that the ground
state energy of a system described by the Hamiltonian (1) should satisfy

info(H 1

Jim LIV, )1+ G+ olp) )

N/L3—p
in the low density regime p — 0, for some constant C'(w) depending only on
w. The error yielded by the proof of Theorem 1 is of order (pa®)¥7 > pa®,
meaning that it does not capture the error at the correct order. The same
problem arises in the two-body case when only using cancellations between
the numerator and the denominator similar to the ones used in (18)-(20) (see
for example [3]). To extract an error at the correct order in the two-body

1Though there is no canonical choice for the three-body hard-core potential, the present choice
is motivated by the Physics literature (see e.g. [8, 20]).
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case one needs to push the analysis much further and identify additional
cancellations, as was done in [2].

(3) A straightforward adaptation of the proof of Theorem 1 can also be used to
derive a correct upper bound at the first order of the ground state energy
of a system interacting via two-body and three-body interactions. More
specifically, the ground state energy E}V 1, of a system of N bosons interacting
via a two-body hard-core potential of radius as and a three-body hard-core
potential of radius ag > as in Ay, is such that

B, 32 f
lim % < (47rpa2 + —7r2p2a§> (1 +C (,oag)l/3 +C (pa§)4/7)

N,L—oc0 93

N/L3—p
for pa3 and paj small enough. To prove this one considers a trial state of the
form

\Il(x17"'axN): H ffl(xi_x]') H feg(xi_xjvxi_xk)a

1<i<j<N 1<i<j<k<N

where ﬁl describes the two-body correlations up to a distance ¢; and f,
describes the three-body correlations up to a distance fo. This generalises
[22, Theorem 1.2] to hard-core potentials.

2. SCATTERING PROPERTIES OF THE THREE-BODY HARD-CORE POTENTIAL

Since we are considering a dilute Gas the correlation structure is encoded in the
zero-scattering problem

(—As =By —Ax)f(z —y,2—2) =0 (6)

on (R3)3, where f satisfies the conditions f(z —y,z — 2) = 0if [(x —y,z — 2,y —
2)|/v/3 < aand f(x) — 1as|x| — oo. Note that f satisfies the three-body symmetry
properties

flxy)=fly,z) and flx—yz—2)=fly—z,y—2)=flz—z,2—y), (7)
for all z,y, 2 € R3.

By removing the centre of mass using the change of variables

1
r1=§($+y+2)a ro=T—-Y, and =2 =2, (8)

we find that the scattering problem (6) is equivalent to the modified zero-scattering
problem

—QAMf(V”Q,?”g) =0 (9)

on (R3)2, with f satisfying the conditions f(rq,73) = 0 if ‘M’I(Tg,r3)| < v/2a and
f(x) — 1 as |x| — oo. Here we introduced the modified Laplacian

—Ap = *|MVR6|2 = — diVRG(M2VR6),
where the matrix M : R3 x R? — R3 x R3 is given by

= (09) s (B 5,

(D) 50 D

with inverse



241

4 L. JUNGE AND F. L. A. VISCONTI
(see [16] for a more in depth discussion on the matter). Note that det M = v/3/2.
Let f denote a solution to (9) and define f := f(M-). Then, f solves
—Af=0

on RS, with the conditions f(x) = 0 for |x| < v/2a and f(x) — 1 as |x| — co. By
rewriting the previous problem in hyperspherical coordinates we find that (9) has for
unique solution

4a*
1— — o if -1 2
F(x) = M Ix]i if IM™1x| > v/2aq,
0 otherwise.
Let us also define
w(x) =1- f(x),

for all x € RS.

We shall need a truncated version of f with a cut-off. Let ¥ € C*°(RS;[0,1]) be
a radial function satisfying x(x) =1 if |x| < 1/2 and x(x) = 0 if |x| > 1, and define
X = xX(M™1). For all £ € (a, L), we define

Xe=x("), wp=xw, and fpi=1-wj. (10)
Note that w, f,w,; and f; satisfy the three-body symmetry (7). Moreover, they have

the following properties:

Lemma 2. Let ¢ € (a,L). Then, we have

1 Lo ix|<cae
Vfelx)| < Catet HEEREED (11)

and
Licia<ixi<cuey

0<1-— f(x) <Cat !

; (12)

for all x € RS. Here, C,Cy,Cy are universal positive constants such that C; < Cs.
Moreover,

32 a4
/IRG dx (|(MVgs fo) (x)?) < Wg& (1 +C (z) > (13)
Furthermore, by defining (= \/3/_% and
ge(x) = ]1{|z|22}7 (14)
we have
fe(@1,w2) > max(ge(1), ge(w2)), (15)

for all 1, 2o € R3.
Proof. Both (11) and (12) follow directly from the definition of f, and |Vx(x)| <
Cg_l]l{é/gg‘/\/t—lxlgg} and c(M™1) = {\/2/3, \/5} To compute (13) we first write

[ ax(10Vsa i 00R) = [ x(|(MTzs) ) Pret)?)
42 [ dx((MVi) ) - (MTrxe) (el (x))
R6

+ Lon{eseso)
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The only contribution of order a? comes from the first term. Indeed, using again
IVX(x)| < Cl M 0< m-1xj<ep and (11) we have

/ x (2(MTgow) (x) - (M) (X (%) + ()% (M Vo x) () ) < Ca (%)4'
RS

Moreover, by writing w = &(M 1) with &(x) = 4a/|x|*, we get
[ ax(1Vs) 0P ?) = [ ax( |(Tas@) M0 TM1x2)
RS R6

= detM [ ay(1(Ve@) ) Tev)?)

mat

< 3V3
In the second equality we used the change of variables y = M™!x. In the last
inequality we used Vgew = 0 on B(0,v/2a) and Yy(x) < Tyx|<¢y and Vy(1/ly*) =
—4y/|y|® and det M = v/3/2 and that the surface of the 5-dimensional sphere in RS
is given by |S?| = 872/3. This proves (13).
Finally, notice that fy(z1,22) = 1 when |M~1(z1,z2)|~! > ¢, which is true when-
ever |z1| > € or |zs| > €. This immediately implies (15) and concludes the proof of
Lemma 2. g

3. PROOF OF THE UPPER BOUND

To get an upper bound on (3), we need to evaluate the energy on an appropriate
trial state. To do so, we add correlations among particles to the uncorrelated state
Wy, = 1. Since correlations are produced mainly by three-body scattering events,
we consider the trial state

Unr(zi,...,2n) = H folzs — xj, 0 — x1), (16)
1<i<j<k<N

where ¢ is a parameter satisfying a <« ¢ < L that will be fixed later; ¥y 1 is
clearly an admissible state. The function f; defined in (10) describes the three-body
correlations up to a distance £. Such trial states have been first used in [4, 9, 11] and
are usually referred to as Jastrow factors (in [10] Dyson worked with a nonsymmetric
trial state describing only nearest neighbour correlations). For readability’s sake we
from now on write
fijike = fo(zs — x5, 2 — x1)

and

Vifijk = Va, fo(xi — xj, 2 — x) (17)
for all i,7,k € {1,...,N}.

To compute the energy of the trial state (16), we first notice that

\Y
Vo Un il on) = Y Vi/ing I  fie
2<p<g<N 1<i<j<k<N
which when combined with the three-body symmetry (7) implies
N
<\IIN7L’Zi:1 7Azi\IlN7L> N<v-’t1 WN7L?V$1 ‘IIN,L>

W, L]2 B 9,2
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N(N —1)(N —2) Jdxn (% [Lcicjren fink)
3 Jdxn <H1<i<j<k-<N flzjk)

fdx (v}f;fs % [li<icjcr<n ffjk>
deN (H1<z<]<k<N f”k)

Vif Vif
L NNV = 2)(V = 3)(N —4) I dXN( T T Thiciciaren fik)

4 [ dxn (H1§i<j<k§N fi?j’“)

+N(N - 1)(N - 2)(N —

=1+ 2o+ 1s.
In the second equality we used
Vo fol1 — 22,21 — 23)° + [V, fo(m1 — 70,21 — 23)
+ |vxsfg(l’1 — T2,T1 — 33‘3)|2 =2 |(MVR6fg)(JJ1 — T2, T — 33‘3)‘2.

Let us now bound each term one by one. Thanks to (14), we have

N
I fe@r—aj 20— 20)® > [ ge(ar — ;)

3<j<k<N j=3
and
N
H fo(za — ), 20 — 1)* > Hgg(xg—xj).
3<j<k<N i=3

Hence, by defining uy :=1 — fg and vy := 1 — gy we have the estimate

N N N
1- Zvlj - 2’02]' - Zuwc < H ftinfsn H fiox <1,
=3 =3 k=3

3<j<k<N

where we used the short-hand notations v;; = ve(x; — x;) and i = we(x; — xj, x5 —
x). This allows us to decouple the variables z1 and x9 in the numerator and in the
denominator of Z;; with (12) and (13) we obtain

7V Jis dx (|(MVgs o) (x)]?)
' =3 L6 —CLPN [da(v(z)) — CN [ dx(ug(x))
32 5, Np2a*(1+C(a/0)*)
= 90v3" 1— Cpl3 — CplPat /L3

4
72N p2a <1 +C (%) + Cpe3> , (18)

< 32

=03
under the assumption that pf3 < 1 and a < £ < L. In the last inequality we used
?a* /L3 < 3. To bound Z, we similarly decouple the variables z2, r3 and x4. Using
again (11) and (12) we can bound

4 dy da(19 fe(w, ) - 1V fole, )
— CONLS [da(ve(x)) — CNL3 [ dx(u(x))
< CNp*a* [pa*t™'] (14 Cpt?)
< CNp*a* (pl?), (19)

4
I, <CON'
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when pf? < 1 and a < ¢ < L. Analogously, we bound Z3 by decoupling the variables
x1,x2 and 4. Namely, using once more (11) and (12) we get

(J dx|V fe(x)])*
L2 — ONL? [ dz(ve(x)) — CNLS [ dx(ue(x))
< CNp*a* [p*a®¢?] (14 Cpt?)
< CNp*a* (,063) (20)

again under the condition that pf® < 1 and a < ¢ < L. From (18)—(20) we conclude
that

I3 < CN°

< 22 +C(2) + _
EN,L 9\/5 Np“a (1 C<£> Cpf

Taking { = a (pa?’)_l/7 finishes the proof of Theorem 1.
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Chapter 8

Derivation of Hartree theory for
two-dimensional attractive Bose
gases in very dilute regime

This chapter contains the paper , of Visconti and the author.
Here we provide a proof of convergence towards hartree en-
ergy in much more singular regmies than previously consid-
ered. The paper is included in its pre-print version, which
can be found at https://doi.org/10.48550/arXiv.2410.23150.
It can be located within the thesis by the colour m at the top
of the page.
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DERIVATION OF HARTREE THEORY FOR TWO-DIMENSIONAL
ATTRACTIVE BOSE GASES IN VERY DILUTE REGIME

LUKAS JUNGE AND FRANCOIS L. A. VISCONTI

ABSTRACT. We study the ground state energy of trapped two-dimensional Bose gases with
mean-field type interactions that can be attractive. We prove the stability of second kind of
the many-body system and the convergence of the ground state energy per particle to that of a
non-linear Schrédinger (NLS) energy functional. Notably, we can take any polynomial scaling of
the interaction, and even exponential scalings arbitrarily close to the Gross—Pitaevskii regime,
which is a drastic improvement on the best-known result for systems with attractive interactions.
As a consequence of the stability of second kind we also obtain Bose—Einstein condensation for
the many-body ground states for a much improved range of the diluteness parameter.

CONTENTS
1. Introduction 1
2. Main result 3
3. Proof of Theorem 2 8
4. Plain wave estimate and other results 12
5. Proof of the main technical estimate: Lemma 7 14
References 17

1. INTRODUCTION

We consider N two-dimensional bosons interacting via a pair potential wy and trapped by an
external potential V. The system is described by the N-body Hamiltonian
N

Hy =3 (-0 + V@) + —— S wwloi— 1) (1)

; N—-1 4
i=1 1<i<j<N

acting on
N
" =9,
sym

the symmetric tensor product of N copies of the one-body Hilbert space § = L?(R?). The
interaction potential wy and the trapping potential V satisfy the following assumptions.

Assumption 1. The two-body interaction is either of the form
wy = NPw(N?), (2)

for some fixed 8 > 0, or of the form

K

N ')v (3)
for some 0 < k < 1. The function w : RZ — R is fixed and satisfies
we LYR?) N LYN(R?) and  w(x) = w(—z),

wy = eV w(e

Date: June 30, 2025.
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for some 7 > 0. The external trapping potential V : R> — R satisfies
V(z) > C Mz —c (4)
for some constants s > 0 and ¢,C' > 0.

Under these assumptions the Hamiltonian Hy is bounded from below with the core domain
HV N CX(R?V) and can thus be extended to a self-adjoint operator by Friedrichs’ method.

The system we are considering is a mean-field system and is expected to exhibit Bose-Einstein
condensation, meaning that almost all particles would live in the same quantum state. In terms
of wavefunctions this roughly translates to

U(xy,...,en) = u®N(zy, ... 2n) = u(zy) - u(zy). (5)
Taking the trial state wavefunction u®Y, it is therefore natural to look at the Hartree energy
functional oN oN
u®Y, Hyu 1
el = I a2 [ s i, ©
N 2 Jp2
where we defined
h=-A+1V.

Since
wy — ady with a::/ w
]RZ

in the limit N — oo, the Hartree functional (6) formally converges to the non-linear Schrodinger
(NLS) energy functional

E ) = (u, hu) + g /2 |u|*. (7)

R
The speed at which the convergence of the Hartree functional (6) to the NLS functional (7)
occurs is measured by the parameter 8 in the polynomial case and x in the exponential case. In
general, the faster the convergence, the harder the analysis.

For the repulsive case w > 0, it is known that the limiting energy functional (7) admits a subtle
correction when the potential scales exponentially with N. Indeed, when taking x = 1 in (3) and
removing the mean-field factor (N —1)~! in (1), we obtain the so-called Gross—Pitaevskii regime,
for which the convergence to point-wise like interactions still occurs, but where the limiting
functional is now (7) with a ~ 87/ log(N/a?), where a is the scattering length of w [15-17]. This
is because the ground state of (1) includes a non-trivial correction to the ansatz (5), in the form
of a short-range correlation structure.

When w is not purely repulsive (e.g. w < 0), the problem is more difficult since we have to
deal with the issue of the system’s stability. More precisely, the energy £™ is bounded from
below under the constraint ||uljo = 1 if and only if

a>—a”, (8)

where a* is the optimal constant of the Gagliardo—Nirenberg inequality

(/]RZ |VU|2> (/R2 |U|2> > %*/RZ lul*, Yue H'(R?). (9)

Thus, a > —a* is a necessary condition for stability [6, 18, 25, 26]. Furthermore, the Hartree
energy functional (6) is stable in the limit N — oo only if

[ s luPaf
L | >-1 (10)

inf 5 B
weH (R2) | 2|ul72 || Vaul|72

and we shall thus say that w is Hartree stable if (10) holds. Indeed, if (10) fails to hold, then the
ground state energy of the Hartree functional (6) converges to —oco when N — oo, as was shown
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in [11, Proposition 2.3]. Hence, Hartree stability (10) is a necessary condition for stability of
second kind [14] of the many-body system:

Hy > —CN. (11)

The goal of the present paper is to show that the Hartree stability is also a sufficient condition
to ensure the stability of second kind of the many-body system. For practical reasons, we need
to assume the slightly stronger strict Hartree stability

/ (w  [uf?)u?
L |s-1 (12)

inf 5 5 -
weH'(R2) | 2[|ull72 [ Vul|7:
Note also that (12) in particular holds if

w- <a¥,
RZ

where w™ := —min(0,w) is the negative part of w. Such an assumption was for example
considered in [20]. In the polynomial case (2) and under the condition (12), the many-body
stability (11) has been proved in [10, 11] for 8 > 0 sufficiently small, and later in [20] for 0 < 8 < 1.
In the present work, we extend this stability result to all 8 € (0,00) and to exponential scalings
(3) for all k € (0,1).

Alongside proving stability of second kind, we also prove the convergence of the many-body
ground state energy to that of the NLS energy functional (7) for any 8 € (0, 00) (or any & € (0, 1)).
Consequently, we also obtain the convergence of the many-body ground states to those of the
NLS functional (7). Though both the defocusing (a > 0) and focusing (a < 0) cases are covered,
the main novelty of the paper lies in the latter case.

Acknowledgments. We thank Phan Thanh Nam for his continuous support and his precious
feedback. L. J. was partially supported by the European Union. Views and opinions expressed
are however those of the authors only and do not necessarily reflect those of the European Union
or the European Research Council. Neither the European Union nor the granting authority can
be held responsible for them. L. J. was partially supported by the Villum Centre of Excellence
for the Mathematics of Quantum Theory (QMATH) with Grant No.10059. L. J. was supported
by the grant 0135-00166B from Independent Research Fund Denmark. F. L. A. V. acknowledges
partial support by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation)
through the TRR 352 Project ID. 470903074 and by the European Research Council through the
ERC CoG RAMBAS Project Nr. 101044249.

2. MAIN RESULT

2.1. Notations. For 1) € ™M and 1y € $HV2, we define the symmetric tensor product 1) @by €
HNHN2 45 follows:

1
o \/Nl!NQ!(Nl“"NQ)!
XY (1) Ta() 2 (TN 1) - s Ta (N, 4Na))-

TESN, +Ny

1/)1 ®s wQ(mla e 7$N1+N2)

Here Sy is the group of permutations of {1,...,N}. We denote the i-fold tensor product of a
vector f € $ by f© € £, and the i-fold tensor product of an operator A : § — § by A%, We
denote by

SX)={Tre&’(x): I =T">0,Try I =1}
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the set of all states on a given Hilbert space X. Here &!(X) is the space of all trace-class operators
on X [23]. The k-particle reduced density matrix of a given state I' € S($”) is obtained by
taking the partial trace over all but the first k variables:

T8 = Trg g n (D).

Moreover, we denote the k-particle reduced density matrix of a normalised wavefunction ¥ € $V
by
™ - ) (0
Yoo = k1N |T) (.

2.2. Statement of the main result. We prove the convergence of the many-body ground state
energy per particle

1 1
en = info(Hy) =+ inf {(U, Hy W) : W € 5V, 9] = 1}
to that of the NLS functional (7)
ents = inf {E™u] 1 u € 9, ||u| = 1}.

The convergence of the ground states of Hy to those of €™ follows directly from the convergence
of the energies, thanks to arguments from [11].

Theorem 2 (Convergence to NLS theory). Let wy and V' satisfy Assumption 1. Then,

lim ey = ey > —00
N—o00

for some constant C > 0 that depends only on w and V. Moreover, for a sequence {Un}n of
ground states of Hy, there exists a Borel probability measure p supported on the minimisers of
E™s such that, along a subsequence,

k
- / ) (u®¥) dp(u)

If €™ has a unique minimiser ug (up to a phase), then for the whole sequence

and

lim Tr

N—oc0

=0, VkeN.

. k
A}gnoo Tr ‘7\(1/13, - \ug@kﬂug’ﬂ‘ =0, VkeN.

Remarks.

(1) Thanks to the diamagnetic inequality [13, Theorem 7.21], we can easily add an external
magnetic field B = curl A with A € L} (R?) to the system, meaning that —A,; can be
replaced by (iV.; + A(x;))? in (1). Moreover, the same proof can also be used when
working on the unit torus or in a finite box with Dirichlet boundary conditions instead of
a trapping potential V. Heuristically, one can think of this as s = 0o in (4).

(2) When considering the dynamics of a two-dimensional Bose gas with attractive interac-
tions, that is when trying to prove that Bose—Einstein condensation is preserved by the
Hamiltonian flow e~ one is also confronted with issues of stability of second kind. The
best-known result in this direction is the range 0 < f < 1 and follows from the method
of [8] and the stability of second kind proven in [20]. It would be interesting to know
whether Theorem 2 allows for an improvement of the previous result. More restrictive
ranges had previously been obtained in [19] (without the use of (11)) and in [4] (for
s = 2). See [5, 21] for related results in 3D. In the defocusing case w > 0, we refer to
[7, 9] for results in 2D and [1, 4] for the effectively 2D dynamics of strongly confined
3D systems. We mention as well that the instability regime, that is a < —a* (see (9)),
poses natural and interesting questions for the dynamics, namely whether Bose—Einstein
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condensation persists until the blow-up of the Hartree solution. See [2] for new results in
this direction.

(3) Stability of second kind is an issue as well for three-dimensional Bose gases with interaction
potentials

N3¥Pw(NP.)

having an attractive part in the dilute regime 8 > 1/3. For stability of second kind to
hold one must make the additional assumption that the potential is classically stable
[11, 24]. Regrettably, a straightforward adaptation of the proof of Theorem 2 only works
up to S < 1/3, thus failing to capture the dilute regime. The best-known results in the
dilute regime are the ranges 1/3 < 8 < 1/3 + s5/(45 + 42s) [24], where s is the exponent
in (4), and 1/3 < 8 < 9/26 [20].

2.3. Strategy of the proof. We wish to compare the many-body ground state energy per
particle ey to that of the Hartree functional (6)

e =inf {EF[u] s u € H, [lul| =1},

and then use the convergence

lim e% = eénls
N—o00

(see [10, Lemma 7]). The upper bound ey < elf can immediately be obtained using the trial
state u®, and the difficult part is to prove a matching lower bound. Note that, for practical
reasons, we shall not compare ey to e]%, but to the ground state é]% of a slightly modified Hartree
functional, which also converges to eys.

To prove the lower bound, we shall use a localisation technique in momentum space in order to
reduce the infinite dimensional problem to multiple finite dimensional ones (similarly to [10, 11,
20]). Then, we shall apply the following quantitative version of the quantum de Finetti theorem
[3, 12].

Theorem 3. Given a Hilbert space X of dimension d and a symmetric state T'e € S(X), there
exists a probability measure p on S(X) such that

A®B (r&? —/ 7®2du('y)>]
S(%)

for all self-adjoint operators A and B on X, and for some universal constant C > 0.

logd
K

Tr <C

[ Allop|[Bllop

Proof. In [3], the statement was proven with A, B replaced by quantum measurement. See [22,
Proposition 3.3] and [20, Lemma 3.3] for an adaptation to self-adjoint operators. Il

We shall apply Theorem 3 on energy subspaces of the one-body Schrédinger operator h acting
on $) defined by the spectral projections

P1 = ]l{\/E<N5} and Pi = 1{N(i*1)5§ﬂ<Ni5}’ 2 SZSM, (13)

for some ¢, M > 0. Note that thanks to Assumption (4) we have the Cwikel-Lieb-Rosenblum
(CLR) type estimate

dim (11 (Vi< Nig}sa) < ON@+4/9)ie (14)

foralli e {1,..., M} (see [11, Lemma 3.3] and references therein). When working on the unit
torus or on a box with Dirichlet boundary conditions, the estimate (14) should be replaced by
the usual Weyl asymptotic.

Before applying Theorem 3 we shall write the energy of a ground state ¥ of Hy as

(U, HyV) = gTr (HZNF(Q))
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using the two-particle reduced density matrix I'®) of ¥ and the two-body Hamiltonian
H27N =hy+ho+ wN($1 - 332) =T+ wy.

Decomposing the identity according to the spectral projections defined in (13) we will then
roughly get

Tr (HonT®) 2 3 Tr(Py @ PoHanPy @ PyT?)
1<iy i <M
1<) i <M

where the Sobolev inequality shall be used to neglect the terms containing the last spectral
projection Ppy4q = IL{NMES\/E}'

After that, we will decompose the many-body state ¥ according to the occupancy of its energy
levels (defined by the spectral projections 13), namely

T (HonT®) 23 3 T (Py@ PaHanPy @ Py,
J.J' 1<iy i <M o
1<ih ih <M
where the sum is taken over the multi-indices J = (j1, ..., jam+1) satisfying |J| = N and with
T, = U)Wy and ;=P @ @ PN,
Then, we shall define

imax(l) ‘= max {l S {13 .. 7M} : JZ > Nl—&—:} ’

for some ¢ > 0, and make an important distinction between the terms that satisfy imax(J) =
imax(:J') and for which i1, 42,7 and i}, are all less than 4mmax(J), and the other terms. In the latter
case, we shall use Proposition 4 and Lemma 5 (see below) to show that their potential energy is
much smaller than the overall kinetic energy of the system and that their contribution to the
many-body energy is therefore negligible. Doing so, we shall be left with

imax(l)
T (mat®) 2 X Y W (Ri@PuhyP @ PID ), (19)
S ini=1 o

Imax (l) =imax (ll) le 71,2 =1

where a small amount of the kinetic energy has been sacrificed to bound the error terms. Fixing
i = imax(J) and defining P; = >} | Px, we can rewrite the sum over i1, is, 4}, as

i
2 2
S T (Rl ® PyHyn Py © Pigf(l’)l,) - (]Pi ® P; Hy nP; ® Pir(l&,) :
i1,i2=1
it ih=1
which is almost of the right form to apply Theorem 3 on X = P;$.

The only remaining obstacle is that, instead of having I'; ;», which is in general not a even a
state, we would like to have a state belonging to S(X%) for some K. In other words, we would
like to know exactly how many particles have momenta in P;, and discard the information about
the others. This can rigorously be done by not only fixing ¢ = imax(J), but also the number K of

particles that have momenta in P;, and using Lemma 6 to construct a state y; x € S (]P’Z@K H5).

Having done so, we shall get

@) > 1 NTHEY 0 e B)
Tr(Hg,NF )~ZZ ) 5 1%l Tr(HQ,N’Vi,K)7 (16)

i=1 K
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where
imax(l)
U= Y Uy with jmax(J) = > Jk
J k=1
]max(l):K

For each state 7; x, an application of Theorem 3 - which can be done since P;$) has finite
dimension controlled by the CLR type estimate (14) - shall yield

Tr (HZ,N'Y;Q)) 2 / Tr (Ha,nv®?) du(v) 2 2N, (17)
S(P:$)

where é% is the ground state energy of a slightly modified version of the Hartree functional 6

that satisfies

é% >—C and lim ég = epls-
N—o00

Finally, injecting (17) into (16) and controlling the error terms using Proposition 4 shall yield
the desired result.

Proposition 4 (Plane wave estimate). Let ey be the multiplication operator on $) by cos(k - x)
orsin(k - x). Let P; == Ly /h<nicy- Then, for allp € No and k € R2\ {0},
Npi&

for N large enough and for Cp, > 0 depending only on p. Consequently, for allii,i2 € {1,..., M},
we have

P, ® Pylwn(x —y)|P;y ® Py > —CN*™012°p, @ P, (19)
for N large enough and for some constant C > 0 (depending only on ||wl||p1 ).
Lemma 5. Let Py, P> and Q be orthogonal projections on $. Given a state
Ies (PP e, P o, QoI

for some 0 < j1,72 < N, we have

M) = 4L 2p@)) = =1
TI“(PlF ) N7 TI‘(Pl I ) N(N—l) (20)
and N
(o ) = s

Lemma 6. Let P and Q be orthogonal projections on §). Given a state
res (P9 e, NIgV),
for some j > 1, there exists another state
Fj cS (P®jf)j)
such that

1 .
PoPrPpgp = @f) @) i, (22)

Organisation of the paper. We prove Theorem 2 in Section 3. Then, we prove Proposition 4,
as well as Lemmas 5 and 6 in Section 4. Lastly, an important technical lemma used in the proof
of Theorem 2 is proven in Section 5.
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3. PROOF OF THEOREM 2

We begin the proof by splitting L?(R?) into M + 1 annuli in momentum space according to

P = ]l{\m<]\,5}7 P, = I{N(i,l)gg\/ﬁ<w5}, 2<i<M (23)
and
Py = ]l{NMsS\/E}, (24)
for some £, M > 0 that shall be chosen later. Moreover, we define
J M+1
P; ::ZPi and Qj;:= Z P;.
i=1 i=j+1

In the polynomial case, that is for wy of the form (2), the parameter ¢ shall be universal, and
M shall be a constant taken such that

1+
26+ iU

1

e< Me<484+ -1, (25)
n

where 1 > 0 is such that w € L'*7(R?). In the exponential case, that is wy of the form (3), ¢

shall only depend on . The parameter M shall be taken such that

2N*  1+4n AN* 147
—e< Me< —_— 26
logN+77€ c 10gN+ 776’ (26)
where 7 > 0 is again such that w € L'*7(R?). In both (25) and (26), the lower bound arises
when getting rid of the projection Pps41, and the upper bound states that we do not want M
too large.
Let ¥ be the ground state of Hy defined in (1). Then, using the symmetry of ¥ and Hy, we
have

N
info(Hy) = (¥, Hy¥) = 5 Tr (Hg,Nr@)) ,
where
= |\Il><\Il‘ and HZ,N = h1+h2+wN($1—$2) :T—l—wN

Since we need to extract a small amount of the kinetic energy to control some error terms, we

define
1

log N

HQ’N = (1— )T+U}N.
We claim that

Tr (HynT®) = Tr (Pay @ Pog Hz Py @ PuT®) + % T (hr®) —eNTE o (27)

Indeed, using the identity 1 = Py; + P41, we see that, to prove (27), we need to bound terms
of the form

Tr (PM+1 R PyrwnPy @ PMF(Z)) )

and terms with more than one projection Pp41, which are bounded in the same way. Thanks to
the Holder inequality and the Sobolev inequality, we have

‘Tl“ <PM+1 Q@ PywnPy ® IPMF(Q)> ‘
<CON*Tr (PMH © Par(NP2E5" L h) Py @ ]P>Mr(2>)
FON— T (]P’M ®Par(1+ h1)Py ® IPMr@))
<CN™*°Tr (PM+1 QPy(1+h1)Ppyi1 ® IPMF(Q))

+ON~Tr (]P’M ® Par(1+h)Py ® IPMr@)) .
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In the first inequality we used the Sobolev inequality with weights

IfIZe < Cor= P22 (1P + 7V AIP) VS € HY(R?),
which holds for any p > 2 and for all 7 > 0, and that can be proven following the same
proof as [13, Theorem 8.5]. In the second inequality we used (25) (or (26)) and the estimate
N2Mepy, 1 < PyroihPyyq. This proves (27) for N large enough.

After that, we decompose ¥ according to the occupancy of the energy levels defined by the
projections (23) and (24). For this, we define, for any multi-index J = (41, ..., jm+1) satisfying
] =

Uy = PP @y @ Py,
as well as
Ly [Wy) (Py] and Ty = [0 (gl
Moreover, for any multi-index J, we define
J(il,ig) — (jla"'ajh+17"-7ji2+1a---ajM+1) 1f217éz27
- (jla-~-7ji1 +27...,j]w+1) otherwise.
Then, using that

’Pil ®PZQF( Pl ®P/ - Z ®RQ J(71 i) J(1/1 /2>P ®P/’

we can write

@ . 1 2
(@) 2 SN (e Pultaby o P )
J 1<iy,ia <M

1<d) i, <M
c
v M\ _ N2
* o NTr(hP ) CN~e, (28)

where we are summing over multi-indices J satisfying |J| = N — 2.
Let us bound the first term in the right-hand side of (28). To do so, we define

imax () = max {z e{l,....M}:j; > NHS} : (29)

for some § > 0 that shall be fixed later. We shall sometimes omit J and simply write iy, for
readability’s sake. We take the convention that imax(J) = 0 if the set on the right-hand side is
empty. Then, we make the following important distinction regarding the sum over iy, io, 1}, t5:
either imax(J) = imax(JJ") and iy, i2, 4}, < imax(J) - in which case we shall use Theorem 3 - or
not. In the latter case, we need to bound terms of the form

@)
Tr <P ® Ppun Py @ Py 2)>

where one of the four indices, say i1, is such that j;, < N'7%. This is done in the following
lemma, whose proof is given in Section 5.

Lemma 7. Take wy as in Assumption 1, and M and e satisfying either (25) or (26). Let § > 6
and define imax as in (29) for any given multi-index J. Then,

M M
DD Tr<P PwNP/®PF() )‘

if Jlinsiz) g(i1:5)
J  i1=imax+1142,i3,i4=1

< (N + NF(-0) Ty ((1 + h)r(l)) (30)

for some constant C' that depends only on ||w||,, and with £ = 0 in the polynomial case (25).
Here, we are summing over all multi-indices J satisfying |J| = N — 2.
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Injecting (30) into (28), we obtain

Tmax
2)
T (H2 NP ) Z Z Tr < HQvNP/ ® PlZFJ(zl i9) J(' 72))

J oi1,i2=1
i ih=1
¢ (1) e 2e—(1-r)
+@Tr(hf )-CN-CN : (31)
under the condition
1—
e<—; K, (32)

with x = 0 in the polynomial case (2). We do not mention the condition (32) further since it will
be fulfilled by our choice of ¢.

Before we can apply Theorem 3, we need to do a bit of rewriting. We start by decomposing
over the different values that i, can take:

Imax

2)
Z Z (P“ ® b H2 NP/ ® RZFJ(H i2) J('Ll 2))

Joaryi2=1
Y
ih,i5=1

M
_ ) N ()
XY Y nw(mendmharenl ).

Then, we use that, at fixed 41,142,4], 5, the sum over J can be rewritten as

@ 2)
Z ®HQ J(zl i9) J(’/l /2)P ®P, - Z P P F]( ]”P/l ®PZ’2’ (33>
J'J"
imax(l):i Zmax(J )—’L
imax (J")=1

where we are summing over J'’s satisfying |J| = N — 2 on the left-hand side, and over J', J”
satisfying |J'| = |J”| = N on the right-hand side. Notice first that, due to the presence of the

projections P;, ® P;, and Pi/] ® Pié, the multi-index J” is entirely determined by the choice of J'.
Said differently, the double sum on the right-hand side is in essence only a single sum. Moreover,

for every J', there is exactly one J such that .J (i2) — /. Combining the previous two arguments
is enough to prove (33). We now define

lmax(J

]max J) = Z Jis

as well as
\Ili,K = Z \Ifi and Fi,K = |\Ili,K> <\Ijz’,K| . (34)
J

imax(l):i

jmaX(l)=K
As it shall be useful later, we use the convention that, when ¢ = 0, the condition jyax = K in
the definition of ¢ i (34) should be replaced by jar41 = K. With these new definitions, we
may rewrite (33) as

r®
Z Fi ® Pl JCirsiz) g '2>P ®P,_ZP’1® P’®P'

tmax (l) =1
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Summing up, we have

Tr (Hg,Nr@)) > i > T (R— @ P;Hoy NP; @ Pirf}() + % Tr (hl“(l))
i=1 K
—CN™® —CN?*~(=r) (35)

where we are summing over N — MN'=% < K < N.
Given that W; g is in IF’Z@K Rs @?(NfK)ﬁN and is symmetric, Lemma 6 allows us to find a
symmetric state y; gk € S (IP’Z@KQK) such that

N\ '/K
porrdreri=(3) (§) v

Then, writing wy(x — y) in Fourier, applying Theorem 3 and using Proposition 4 and the CLR
type estimate (14) to bound the error terms, we obtain

Tr (o 3) = /S o™ (712572 dpu()

1 (2) 2
+(1- >TYT%~ —/ Y92 dp(y
( log N < l K Jsis) &)
-|—/ dkw(N~Pk) Tr (eik'zeik'y |:y£2 —/ 7®2 du(*y)])
R2 S(P;9)
> / Tr (ﬁz,m®2) du(y)
S(P;9)
Melog N , .
O /% (N%‘ +/ dkPie‘k"EIP’i||gp|w(N_5k)|)
RQ
MelogN
> 2l — 0/ %N%, (36)

where é% is the ground state energy of the Hartree functional (6) with h replaced by (1 —
(log N)~1)h. To prove the last inequality, we decomposed the integral over k just as we did in
the proof of Proposition 4. As a result of (35) and (36), we have

M 1
Tr (HQ,NF(Q)) > 280y ) (Z) <I;> 195 k|1

=1 K
M N\"'/K Melog N
2 21
oS (5) (5) sl MR e
i=1 K
C
_ 1y _ — 2e—(1—k)
+ ios NTr(hF ) CN~— - CN . (37)

For the first term, we use the bound

12 iz <N)1< > 1Wikl> =Y T (Pi@mr(?))
- 2 2 b i K
=1 K =1 K

M
=D Ikl = %ol
K

i=0 K
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5 (vertd) o (e ora)

i=1 K
>1- 3 [Wox|? - CN*,
K

where we used Lemma 5 to bound the error terms. Note that since the last sum is over
N — MN'!¢ < K < N and éX is bounded from below independently of N (sce e.g. [20]), the
term

N o il < ONTHMETY (hpu))
K

is easily absorbed by the last term in (37). Lastly, using again (g)il (12() < 1, we can bound the
second term in the right-hand side of (37) by

M -1
N K )
N66/271/2 /MslogNZE : <2> <2> ||\IIZ,K||2 N215

i=1 K

< NN Y |
J
N(38/24+2)e—1/2 ViMzlog N Y oy H? N2(imax(l)—1)sjim;\’;(i>
J

< ONBG/242e=1/2 /31100 N Tt (hr(U) .

Choosing 6 = 6 and € < 1/22 in the polynomial case (2), and 6 = 6 and € < (1 — £)/22 in the
exponential case (3), we see that the previous term can be absorbed by the last term in the the
right-hand side of (37). Summing up, we have shown that

T (HZNF(Q)) > 2¢8l — ON7V,

for N large enough and for some v > 0. We conclude the proof of Theorem 2 by using that &5
converges to ep)s as N — oo (this follows directly from [10, Lemma 7]). Stability of second kind
follows from the boundedness of &Y (see again [20]).

4. PLAIN WAVE ESTIMATE AND OTHER RESULTS
Proof of Proposition /4. Take k € R?\ {0} and let us prove (18) for e}, = cos(k-z) (ey = sin(k-x)
being similar). The bound for p = 0 is just |ex| < 1. For p = 1, we take some smooth compactly
supported function f and write

(Pif,cos(k - z)P;f) :/ |P,f|? cos(k - x) dx = —/V|Pif\2wdx
R2

[k[?

, )
d I i
|k| Ivieslipsas < & ([ 19n52) e
C—P 2
<o IR,

for N large enough. Here, we wrote cos(k - ) = k - Vsin(k - #)/|k|? and used an integration by
parts. Similarly, to prove (18) for p > 2 we do p integration by parts instead of a single one.
To prove (19), we first decompose wy in Fourier space

wy(z —y) = / dkw(N~Pk)el @)
R2
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= / dkw(N7PE) (cos(k - ) cos(k - y) + sin(k - z) sin(k - y)) . (38)
R2

Conjugating the previous expression by P;, ® P;,, we see that we must bound terms of the form

PieiP;. Decomposing the integral (38) into integrals over {|k| < N4¢} {N4¢ < |k|} (taking

11 < i2), and using the estimate (18) with p = 0 for the first integral and p = 3 for the second
one, we obtain

P ®RZMN($_y)Bl ® Py, > _/ ) dk (|7~D(N_Bk)‘) P, ® P,

|k|<N*1e

3i1€

R N
—/_ dk <w(N Bk e )Pi1®32.
Nite<|k| ||

Bounding |@| by |||z < ||w||z1 and integrating over k directly implies (19), thereby finishing
the proof of Proposition 4. Il

We now prove Lemmas 5 and 6. Define the permutation operator U, : HV — 97, for some
o € Sy, acting as

UU\I/(.%‘l, cee ,xN) = \I/(J,‘g(l), - y0(N) ),
for all ¥ € V. Then, that a state I' € S($") is symmetric can be restated as
U, TU; =T, Vo€ Sy.

Moreover, for any family {P,..., Py} of orthogonal projections on §), we can write
1
& QN __ & Qmn
PP™M @ Qg Py k_mZUUP1m®'”®Pk U, (39)
oESN
for any nonnegative integers nq, ..., n; such that Zle n; = N.

Proof of Lemma 5. We only prove (21) since (20) follows similarly. We begin by writing
T (Pr@ Pr®) =T (P @ Py @ 15Y21)
—Tr (P1 RPy@ (P + P+ Q)®<N—2>r) .
Developing (P 4+ P, 4+ Q)®V=2) and using that, since I' acts on P{g}jl Rs P2®j2 Rs QOW—11—72) N
the only terms that do not vanish are the ones containing j; — 1 times P;, jo — 1 times P» and
N — j1 — jo times @), we obtain
T (Pre PT®) =T (Pro P (PP @, PPV @, @8- 7).

Conjugating I' by U,, which can be done for free because I' is symmetric, this becomes

Tr (P1 ® P2F<2>)

1 i} - - L
- = Z Tr (ngl ® P (P1®(J1 D &, P£8>(J2 D g, Q®W—i Jz))UUF)
oESN
Then, using the cyclicity of the trace as well as (39), we find
1
Tr (P @ PI?) = —— , —
( Lo ) NG = D2 = DUN = ji = j2)! 2 2

cESN TESN_2

T (UzPr @ Py Up PP @ PO 0 Q2N )0, 0,1
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(N —2)!
NG = D2 = DUN = j1 = j2)!
x 30 T (UpPP @ P QN T)
oESN

Tr (P @, PP @, Q¥ h=ior)

Jij2
NN —1)
J1j2
NN —1)°

Proof of Lemma 6. Define
N . .
Fj = (]) T‘rj+1_,N (P®J ® Q®(N_J)F) .

Firstly, it is easy to verify that I'; is a symmetric state and that it lives in the desired space.
Secondly, using again the symmetry of I' and the cyclicity of the trace, we have

r® - <N > Tryy (P9 @ Q2N D)
J

_(NY__ L 82 o 7% pOUI-2) g OP(N-7)

_<j>(N2)! > T (P UL 0 QO I, T)
oESN_2

(N = 2)UN = j)! 2 ( p®2 ®(j—2) ®(N—j) ®2

() g e 2 (P20 (P02 0000 )1 £

N(N -1 . :
= ¥P®2 Trs_n (P®J ®s Q®<N*J>r) P2,
JjG—=1)

which is the desired claim. O

5. PROOF OF THE MAIN TECHNICAL ESTIMATE: LEMMA 7

This section is dedicated to the proof of Lemma 7. Although the proof used in the exponential
case covers polynomial scalings as well, we provide first a simpler in that case for the reader’s
convenience.

Proof of Lemma 7 in the polynomial case. Thanks to the Cauchy—Schwarz inequality, Proposi-
tion 4 and Lemma 5, we have

2
Tr (Pn ® PyunPy © PyI%) J<ia=i'2>> ‘

3e

Tr <Pil ® Piz|wN|Pi1 & PiQF(JQ()i] ,i2))
N—36

+ Tr (Pig ® Pylwy|Py @ Py T )

4(1’1,1’2)

o s G+ D) 1)
< NQ mln(zl,zg)eNda (J 1 2
=¢ NN —1)
.i’ +1 'i/ +1
NN =1 261

Tr Fl(ilﬂ'z)

+ CN? min(i,i5)e p\r—3e

On the one hand, using that j; < N'7% and Lemma 5, we have

N2 min(il,ig)aNSE (jil + 1)(]12 + 1) T

_ o eJin + 1
N(N —1) i < NO-0eN20 UEQT Tl yirim)
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iy 1
< ONG-D=y (32(1 + h)pizr;gl,m) .
On the other hand,

7/+1 .i/ +1
(Jur +1)(Jz, )TrF

2 min(i},i)e 3e ,
N N N(N —1) J2)

<CNTr (Pirl ® Py (1+ h1)Py @ Py )

(z/ i)

Taking § > 6, and using
r®
Y Pl P < PoTVP,
J
and
ZP/ ®P F(Z()l/ l/)P’ Pzé:Pz’1®Pz’2F(2)Pz’1®Pz'25

we therefore get

' : (2) - 1)
+ONTr (3,1 @ Py (1+ )Py @ P, T).
Finally, we sum over i1, 42,4}, 75, and use that M is a constant to obtain (30). (I

In the exponential case, M is no longer bounded, which prevents us from using the previous
simple proof (except for k small), and we consequently have to be much more precise.

Proof of Lemma 7 in the exponential case. We distinguish between |i; —io| < 2 and |i; —ig| > 2,
and similarly for i}, and 41,7). Because we only to use j;, < N'7% when |i; —is| < 2,
li{ — 5] <2 and |i; — )| < 2, we begin by treating the other cases. Namely, we first bound

E E E Tr (le ® P, UJNP/ ® PZQFS()” in) J(zl 2)) (40)
Jooa<iz i) <if
11+2<iz
and
E , § g 2)
( @b wNP, © Plzrl(ilh)“](i’l»ilg)) ‘ : (41)
11<12 i <ih J
T ii—ial<2 |i —z/ ‘<2
7,1+2<11

In both cases we can take the sum over i to start from 1 rather than iy, + 1 for simplicity.
Thanks to the Cauchy—Schwarz inequality, Lemma 5 and Proposition 4, we have

Tr (31 ® PPy © PyT 2)>‘

ntiy)e Ui +1) (i, +1)
< N(zl+z )e (.] 1 + 2
STON T TN -

(i + 1)y, +1)
N(N —1)

for all 7 > 0. Thus, an appropriate choice of 7 and an application of Lemma 5 allow us to write

Tr Fl(il,lé) (42)

it
+ 7 loN@t)e TeT .,

if J(Ll i) J(H ify)

Tr(P PwNP,®Pr> )‘
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i1—i il —i! 1 2
< CNUmtle N =it ay <Piz(1 +h)P, ® (Hg + N) Ff,<11,i2>>

o S 1
(i1—i2+1)e nr(if —ih+1)e ] : : S (2)
+ O N =izt N (i —ih Tr (Pzé(l-l—h)P,fQ@)(PZl—l—N) Fj(i/l’i/z)>.
The reason we have the factor % in the right-hand side is to deal with the possibility of j;; and
Ji being null. Using that
Z Py ® PoTW0, L Py @ Py = Py @ PylOP;, @ Py, (43)

we may carry out the l sum in (40) first to obtain

S X[ (re g o gt >‘

Z2 J(Zl ig) (]“1 2)
J1+2<ig ¢ <df

- L 1
< Y ) eNtetlEN TR Ty (PiQhPiQ ® <Pyl + N> r<2)>

i1+2<ia i <il,

i1—i i ! 1
+ > Y eNtetlEN TRty <PZ-/2hPir2® <31+N> r<2>>.

i1+2<iz i <il,

Then, carrying out the remaining four sums using the geometric series formula, the resolution of

the identity
M+1

> e
=1

and the fact that M satisfies (26),we obtain

202 2™

Ji+2<ig ¢ <df

(@)
<P“ ® P, ’UJNP/ ® BZFJ(II i) J(ll 2)> ‘

<CN™Tr ((1 + h)l“(l)) .

To bound (41), we again use (42) to write

i JGsiz) g (i)

Tr(Pil®P wy Py @ Py >

< ONU1— i1+ 1) py(#f —ip+1)e ( Z-,1(1 + h)Pli ® P“FL(]Z()L1 L2))
Y, gl 1
+ ON@=itle Nt De y (Pi/z(l +h)Py @ (Piz + N) T J.‘,Z)> :

when Ji = 1. When Jin, =0, the previous expression cannot by made true by simply replacing

Py by 1/v/N, and we instead write

Tr (P © Pywy Py ®PZZFS(Z1 ) m)

< ONZEN-HR/2y (Pz'1 (1+ h)PnF(]l@l,iz))
—(l—s 1 2
JrONQsN (1 )/QTI"<<PZ'2+N>®P¢/2(1+}L)PZ- (()Z M))

Carrying out the sums similarly as before yields
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® PywyP; @ P,T®
Z Z Z 2WN 1 ® i J(1112> J(L i)
J i1<io " <il,
i1 —ig|<2 4 —z/\<2
7,1Jr2<z1

< O(N~% + N%=-0-0/2) 1y ((1 + h)F(U) .
What now remains is to deal with
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where the sum over 7; starts with 41 = imax + 1, meaning that we always have j;, < N 1-de Using
once more (42), as well as Lemma 5 and the fact that j;, < N'7% we obtain
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Carrying out the sums as above, we finally obtain

22 2
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(2)
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Gathering the previous estimates and taking § > 6 yields (30). O
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