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Abstract

In this thesis, we study the Dilute Bose Gas under various assumptions in two and three dimensions. In
three dimensions, we establish a new lower bound for the free energy at low temperature, valid under
stronger interactions than previously treated. In two dimensions, we prove the full two dimensional
analogue Lee–Huang–Yang formula for the ground state energy, confirming its universality, and derive an
upper bound for the corresponding free energy expansion, consistent with Bogoliubov theory despite the
absence of Bose–Einstein condensation at positive temperature.

Beyond two-body interactions, we resolve the leading-order ground state energy of a Bose gas with
three-body hardcore interactions by providing a sharp upper bound, matching existing lower bounds.
Finally, we derive Hartree theory for two dimensional Bose gases with attractive interactions in an almost
Gross-Pitaevskii regime, proving stability and convergence to the nonlinear Schrödinger functional.

Resumé

I denne afhandling studerer vi Bose gassen ved lav tæthed under forskellige antagelser i to og tre
dimensioner. I tre dimensioner etablerer vi en ny nedre grænse for den frie energi ved lave temperaturer,
gyldig for stærkere interaktioner end tidligere behandlet. I to dimensioner beviser vi den fulde to
dimensionelle analog til Lee–Huang–Yang-formelen for grundtilstandsenergien, hvilket bekræfter dens
universalitet, og vi udleder en øvre grænse for den tilsvarende ekspansion af den frie energi, konsistent
med Bogoliubov-teorien trods fraværet af Bose–Einstein-kondensation ved positive temperaturer.

Ud over to legeme interaktioner løser vi den ledende orden af grundtilstandsenergien for en Bose-gas
med tre legeme hardcore interaktioner ved at give en skarp øvre grænse, som matcher eksisterende nedre
grænser. Endelig udleder vi Hartree teorien for todimensionale Bose gasser med attraktive interaktioner
i et næsten Gross-Pitaevskii system, hvor vi beviser stabilitet samt konvergens mod det ikke-lineære
Schrödinger-funktional.
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Chapter 1

Introduction

The Dilute Bose Gas has drawn much attention for mathematicians and physicists alike.
It has the rare property of being descriptive enough to predict measurements of certain
well made experiments, yet simple enough for one to provide proof of said predictions.
The first prediction was made by Einstein and Bose in [Bos24; Ein24] in 1924 concerning
the ideal gas. On ideas of Bose, Einstein proved that past a critical density ρc, depending
on the temperature, all particles would enter a single quantum state. This phenomenon
would be known as Bose Einstein Condensation-"BEC". Although BEC has only been
proven in the ideal gas, it is reasonable to assume that it exists in systems where the
interaction is weak, which corresponds to a dilute setting. And indeed in 1995 BEC
was experimentally verified in the dilute setting through the groundbreaking results
of Wieman, Cornell et al. in [And+95] and Ketterle et al. in [Dav+95]. Although
theoretically predicted and experimentally verified, a mathematical proof of BEC in
the interaction gas still eludes us, and stands as a major open problem in mathematical
physics.

Without proving BEC one could assume its existence and use it to compute the
ground state energy and excitations. Precisely this was done in the seminal work of
Bogoliubov in 1947 [Bog47], where he would provide a prediction for the low lying
energy excitation spectrum. Although groundbreaking, it had several mathematical
flaws, which meant that some of the predictions, especially concerning the ground state
energy, were wrong. Ten years later Lee, Huang and Yang would fix these errors using
non-rigorous perturbative arguments, and in the now much celebrated work [LHY57]
they estimated the second order expansion of the ground state energy density in the
thermodynamic limit at zero temperature and found

e3(ρ) = 4πaρ2
(
1 +

128
15
√
π

√
ρa3

)
(1.1)

where ρ is the density of the system and a is the scattering length-effective range of the
interaction potential. The formula (1.1) is expected to hold in the dilute regime ρa3≪ 1
i.e. when the interactions are weak enough to not deplete the BEC of the ideal gas. The
first term 4πaρ2 was already predicted in 1929 by Lenz [Len29]. Another interesting
property of eq. (1.1) is the notion of universality, namely that the potential only appears
through its scattering length, and the overall shape of the potential is irrelevant. eq. (1.1)
has recently been rigorously proven. The upper bound for the Lenz term by Dyson
[Dys57], and corresponding lower bound by Lieb and Yngvason [LY98]. The second
order-"Lee-Huang-Yang term" was proved to be correct by Yau and Yin [YY09] for an
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2 Chapter 1. Introduction

upper bound and Fournais and Solovej [FS20] for a lower bound. The Lee-Huang-Yang
term was also experimentally observed in [Nav+10].

The two dimensional Bose gas is rather different from the three dimensional case.
One difference is that the ideal gas in two dimensions does not exhibit BEC for positive
temperature, however, for computing the ground state energy at zero temperature this
is less relevant. Another difference is the "scattering energy": for two particles in a
thermodynamic 3 dimensional box their scattering energy is 4πa, exactly the quantity
appearing in eq. (1.1), however, in 2 dimensions that same quantity is 0. This latter fact
has caused discrepancies in the physics literature [CS01; HFM78; MC09; Pil+05; Sch71]
where multiple predictions for the ground state energy was provided. In 2009 Mora and
Castin [MC09] predicted the following formula as a 2D analogue of the Lee-Huang-Yang
eq. (1.1)

e2(ρ) = 2πρδ
(
1 +

(
1
4

+ Γ +
log(π)

2

)
δ

)
, δ =

2
| logρa2| logρa2|−1|

(1.2)

where Γ ∼ 0.57 is the Euler-Mascheroni constant. The first term, sometimes referred to
as the Schick term [Sch71], was again rigorously proven by Lieb and Yngvason in 2001
[LY01], and the full formula is proven in [Fou+24c] chapter 3 of this thesis. Equation (1.2)
exhibits the same form of universality as eq. (1.1) since the potential only appears through
its scattering length. Unfortunately eq. (1.2) has yet to be experimentally observed.

After settling eq. (1.1) and eq. (1.2) one can ask whether the other predictions made in
Bogoliubov [Bog47] and Lee-Huang-Yang [LHY57] surrounding the low lying excitation
spectrum can be rigorously verified. This turns out to be essentially as difficult, as
proving BEC. So instead one can focus on the collective behaviour of the excitations and
attempt to compute the free energy, which also predicts the energetic behaviour of the
gas at positive temperature. For T ≪ Tc, with Tc being the critical BEC temperature, the
following formula was predicted in [LHY57]

f 3(ρ,T ) = 4πaρ2
(
1 +

128
15
√
π

√
ρa3

)
+

T
5
2

(2π)3

∫
R

3
log

(
1− e−

√
p4+ 16πρa

T p2
)
dp. (1.3)

The first term is exactly the ground state energy density and as T → 0 we retrieve
eq. (1.1). The second term is a temperature term involving the dispersion relation
Dp =

√
p4 + 16πaρp2 predicted by Bogoliubov [Bog47]. Even though a thermodynamic

proof of the dispersion relation is out of reach, we have been able to verify eq. (1.3) first
done by Haberberger et al. [Hab+24a]-lower bound and Haberberger. et al. [Hab+24b]-
upper bound. In Chapter 4 we present a different proof for the lower bound of eq. (1.3),
which includes stronger interactions.

One could expect a similar free energy expansion in the 2 dimensional case. The
dispersion relation is expected to be the same and thus the predicted formula becomes

f 2(ρ,T ) = 2πρδ
(
1 +

(
1
4

+ Γ +
log(π)

2

)
δ

)
+

T 2

(2π)2

∫
R

2
log

(
1− e−

√
p4+ 8πρδ

T p2
)
dp. (1.4)

The above formula holds despite the non existence of BEC at non zero temperature in 2
dimensions. Even though we need BEC to verify eq. (1.4) we only need it at some finite



1.1. Content 3

length scales, where BEC turns out to exist. We provide a proof of the upper bound of
eq. (1.4) in Chapter 5.

1.1 Content

This thesis consists of eight chapters.

• Chapter 2 sets the historical and methodological framework. In Section 2.2 we
present the early physical predictions and methods for the formulae eqs. (1.1)
to (1.4), which also serve as motivation and guidelines for the mathematical work
in the field. In Section 2.3 we provide brief reviews of the relevant techniques and
results in the literature on the dilute Bose gas. We emphasize when techniques
or results are directly applied in later chapters, and we state the actual theorems
proved there.

• Chapter 3 is a self-contained paper titled "The Ground State Energy of a Two Dimen-
sional Bose gas" [Fou+24c]. Here we provide a complete proof of eq. (1.2) including
both upper and lower bound. Section 2.3.1 in Chapter 2 sets the methodological
framework for this chapter.

• Chapter 4 is a Review titled "Lower bounds on the energy of the Bose gas" [Fou+24b].
This review is meant to serve as a less technical exposition of [Fou+24c] and [FS20],
where many of the technicalities are avoided by considering the Gross-Pitaevskii
regime.

• Chapter 5 is a self contained paper titled "The free energy of dilute Bose gases at
low temperatures interacting via strong potentials" [Fou+24a]. Here we present a
lower bound for formula (1.3). The result apply to hardcore interactions, making it
an important extension of [Hab+24a]. At the time of writing, this also provides the
simplest proof of eq. (1.1). Section 2.3.2 in Chapter 2 reviews relevant literature for
this chapter.

• Chapter 6 is a paper-draft titled "A second order upper bound to the free energy of
the two dimensional Bose Gas.". We provide the upper bound for the formula (1.4).
Section 2.3.2 in Chapter 2 discusses the relevant literature for this draft.

• Chapter 7 is a short paper titled "Ground state energy of a dilute Bose gas with
three-body hard-core interactions"[JV24]. It serves as a simple generalisation of
[Vis24] building upon Dyson’s work in [Dys57].

• Chapter 8 is a paper titled "Derivation of Hartree theory for two-dimensional
attractive Bose gases in very dilute regime" [JV25]. We consider an attractive
potential in essentially any scaling regime softer than Gross-Pitaevskii. We provide
a proof of convergence to the Hartree energy, from which a proof of BEC follows.
Section 2.1.2 and Section 2.3.3 provide the motivation and an introduction to the
techniques applied in [JV25].





Chapter 2

Mathematical model and prior
results

2.1 The mathematical setting

We introduce here the mathematical definitions and some of the notions described in the
introduction. Our aim is to keep the exposition short and concise, while adapting the
notation used in later chapters.

2.1.1 The main model

The central model under consideration is the many body Schrödinger operator with pair
interactions

HN =
N∑
i=1

−∆i +
∑
i<j

v(xi − xj ). (2.1)

Here HN acts on the Hilbert space HN = L2
sym(ΛN ) where sym refers to the bosonic

subspace of L2(ΛN ) and Λ = [0,L]d denotes a thermodynamic box. The ground state
energy is defined as

EN = inf
∥Ψ ∥=1

⟨Ψ ,HNΨ ⟩. (2.2)

In eq. (2.2) we did not specify boundary conditions, since they play no role here. We
define the ground state energy density in the thermodynamic limit as

ed(ρ) = lim
L,N→∞

N
Ld

=ρ

EN

Ld
, (2.3)

which is exactly the quantity appearing on the left hand side of eqs. (1.1) and (1.2).
At positive temperature T > 0, the minimizing procedure eq. (2.2) changes to instead
consider a minimization of density matrices, which we will also call states:

S1(HN ) = {Γ ∈ B(HN )| Tr(Γ ) = 1, Γ ≥ 0}. (2.4)

The free energy is given by the variational principle,

FN = inf
Γ ∈S1(HN )

Tr(HΓ ) + T Tr(Γ logΓ ), (2.5)

where the second term is minus the Von Neumann entropy. As T approaches 0 eq. (2.5)
converges to eq. (2.2) as it should. For positive temperature, however, excitations con-
tribute to the energy. By a variational principle, the minimum in eq. (2.5) is attained

5



6 Chapter 2. Mathematical model and prior results

at

Γ0 =
e−βH

Tr(e−βH )
, FN = Tr(HΓ0) + T Tr(Γ0 logΓ0) = −T logTr(e−βHN ), (2.6)

with β = 1
T . Analogously to eq. (2.3), we define the free energy density in the thermody-

namic limit
f d(ρ,T ) = lim

L,N→∞
N
Ld

=ρ

FN
Ld

, (2.7)

which is the quantity appearing on the left hand side of eqs. (1.3) and (1.4). We will
occasionally deviate from the Hamiltonian eq. (2.1) when considering 3-body interactions
in Chapter 7

HN,3−body =
N∑
i=1

−∆i +
∑
i<j<k

v(xi − xj ,xi − xk), (2.8)

with ground state energy density as in eq. (2.3).

Assumption 2.1. Throughout Chapters 2-7 the potential v appearing in eq. (2.1) or eq. (2.8)
will always be assumed positive (repulsive) and radial. For compactly supported potentials the
radius of the support will be denoted R.

One potential of particular interest is the hardcore potential

vhardcore(x) =

∞ |x| ≤ a,

0 |x| > a.
(2.9)

which serves both as a “toy model” for physicists and a genuine challenge for mathe-
maticians. The parameter a is also the scattering length of vhardcore, so no ambiguity
arises.

Although assumption 2.1 makes it clear that negative potentials are hard to deal
with, one can actually allow for some negativity in softer scaling regimes. Softer scaling
regimes implies a connection between the thermodynamic limit in eq. (2.3) and the
strength of the interaction potential. To be precise we define

H
β
N =

N∑
i=1

−∆i +V trap(xi) +
N dβ

N − 1

∑
i<j

v(Nβ(xi − xj )), (2.10)

where V trap is a trapping potential, ensuring the gas to be essentially confined in a
bounded region. The parameter β ≥ 0 determines whether the gas is weak and long
range or strong and short range. In 3 dimensions β = 1 is the well know Gross-Pitaevskii
scaling, where the gas changes structure from being described by Hartree theory (β < 1)
to being described by Gross-Piteavskii theory. In 2 dimensions the scaling need to be
exponential for the same structure change. See section 2.1.2 for a heuristic explanation.

We also briefly introduce the grand canonical setting and Fock space formalism. The
Fock space of L2(Λ) is defined by

F (Λ) :=
∞⊕
n=0

n⊗
sym

L2(Λ) =
∞⊕
n=0

L2
sym(Λn). (2.11)
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The Hamiltonian with chemical potential µ acting on this Fock space is

Hµ =
∞⊕
n=0

Hn −µn =
∑
p∈Λ∗

(p2 −µ)a∗pap +
1

2Ld

∑
p,k,q∈Λ∗

v̂(k)a∗pa
∗
qap+kaq−k . (2.12)

where ap is the annihilation operator associated with the plane wave eipx, and Λ∗ = 2π
L Z

d .
The definitions of ground state energy eq. (2.2) and ground state energy density eq. (2.3)
carry over analogously, except that the limit is only taken in L:

f d
Fock(µ,T ) = lim

L→∞

−T
Ld

Tr(e−
1
T Hµ), (2.13)

The quantities eq. (2.13) and eq. (2.7) are related by the Legendre transform see [Rue69]
i.e.

f d(ρ,T ) = sup
µ
{µρ+ f d

Fock(µ,T )}. (2.14)

2.1.2 Scattering length

The quantity a appearing in eqs. (1.1) to (1.3) is the scattering length of the potential. As
is evident from these formulae, it plays a crucial role in the analysis of the dilute gas.
We present here the necessary definitions and properties, for further details we refer to
[Lie+05].

Definition 2.2. For a radial potential v with support in B(0,R) we define the quantity for any
R̃ ≥ R

Ed(R̃) = inf
{∫

B(0,R̃)
|∇φ|2 +

1
2
vφ2dx | φ ∈H1(B(0, R̃)), φ|∂B(0,R̃) = 1

}
(2.15)

where

Ed(R̃) =


2π

log( R̃a )
d = 2,

4πa
1− a

R̃
d = 3.

(2.16)

The scattering length a > 0 is then the unique length solving eq. (2.16).

It is straightforward to verify that the above definition of a is independent of the nor-
malization length R̃. By a variational principle the minimizers of eq. (2.16) solve the
scattering equation

−∆ϕ +
1
2
vϕ = 0. (2.17)

Although the normalisation R̃ only plays a trivial role in the two body setting, it still
plays the role of an important parameter in the two dimensional many body setting. We
therefore briefly explain the choice of this parameter.

The quantity Ed(R̃)R̃−d is essentially twice the energy of two particles in box of size
R̃. From this, the Lenz term in eq. (1.1) can be interpreted as N (N−1)

2 particle pairs each
carrying the pair energy 2Ed(L)L−d , i.e

4πaρN ∼ N (N − 1)
2

2E3(L)L−3. (2.18)
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Thus, in three dimensions the "correct" normalization is at the thermodynamic length
scale, which effectively means taking R̃ =∞.

In two dimensions we examine eq. (1.2) and desire

2πρδN ∼ N (N − 1)
2

2E2(R̃)L−2 =⇒ R̃ = aeδ
−1
. (2.19)

Here the L−2 factor is retained because the wave function is expected to be approximately
constant between the R̃ and L scales. The above choice of R̃ is the same as in chapters 3,
4 and 6. However the parameter δ in eq. (1.2) deviates from δ0 in chapters 3 and 4 by
a factor of 2, precisely in order to satisfy eq. (2.19). The author acknowledges that this
reasoning is somewhat “backwards” and offers limited insight into the true origin of δ,
which remains unclear.

Let ϕ denote the unique minimizer to eq. (2.16) with R̃ chosen as above. From the
fundamental solution of the Laplacian and eq. (2.17) we have for |x| ≥ R

ϕ =


log( |x|a )

log( R̃a )
d = 2,

1− a
|x| d = 3.

(2.20)

We further define
g = vϕ, ω = 1−ϕ. (2.21)

The integral of g, using eq. (2.17), satisfies∫
gdx = ĝ(0) =

4πδ d = 2,

8πa d = 3
(2.22)

where δ is the quantity introduced in eq. (1.2), which we recall for convenience

δ =
2

| log(ρa2)| log(ρa2)||
. (2.23)

Pertubative expansion of the scattering length

We briefly explore the Born expansion of the scattering length, which can be used
to heuristically justify the formulas eqs. (1.1) and (1.2). We will not enter into the
mathematically rigorous aspects of this perturbative theory, but instead only present the
heuristic arguments. In this section we think of v ∈ C∞0 (Rd) with small integral.

Starting with the three dimensional setting, let ϕ be the function from eq. (2.20)
and eq. (2.17). Then according to eq. (2.22), the scattering length is determined by the
integral of ϕ against v i.e.

E3 = 4πa =
∫

1
2
vϕdx. (2.24)

The goal is then to approximate ϕ and, through this relation, approximate a. Using
eq. (2.17) we can write

(∆−1 1
2
v)ϕ = ϕ. (2.25)
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This equation yields an iterative pertubative description of ϕ, namely

ϕ =
∞∑
n=0

Ψn, where Ψn = (∆−1 1
2
v)nΨ0, (2.26)

and Ψ0 ≡ 1 is the constant function. A straightforward computation shows that the above
definition of ϕ indeed solves the scattering equation (2.17)

(−∆+
1
2
v)
∞∑
n=0

Ψn = −
∞∑
n=0

1
2
v(−∆−1 1

2
v)nΨ0 +

1
2
v
∞∑
n=0

Ψn = 0

where we used −∆Ψ0 = 0. Moreover ϕ(x) from eq. (2.26) converges to 1 as |x| goes to
infinity since Ψn→ 0 for n ≥ 1. By uniqueness of solution we may conclude that eq. (2.26)
is valid. According to eq. (2.24) an approximation for 4πa is therefore

4πa ∼
∑
k≤n

∫
1
2
vΨkdx =

∑
k≤n

∫
1
2

(∆−1 1
2
v)kvΨ0dx

We compute this for n = 1, obtaining

4πa ∼
∫

1
2
vΨ0dx+

∫
1
2
v(∆−1 1

2
v)Ψ0dx =

1
2

∫
vdx − 1

(2π)3

∫
v̂(p)2

4p2 dp, (2.27)

the last equality follows from Plancherel’s formula.
We return to the same question in two dimensions. A key observation in the 3

dimensional case was that Ψn(x)→ 0 for x→∞ for n ≥ 1, owing to the fact that (without
mention) we used the fundamental solution of the Laplacian that decays at infinity.
However, in two dimensions we do not wish to normalize at ∞, as explained in the
previous section. Instead, we wish to normalise at some fixed parameter R̃, and thus
choose the solution

Ψ1 =
1
2

(∆−1v)(x) =
∫

v(y)
1

4π
log

(
|x − y|
R̃

)
dy, (2.28)

which, when R̃≫ R (the support of v), essentially satisfies the desired normalization. The
same approximation as eq. (2.27) in two dimensions then reads

2π

ln( R̃a )
∼

∫
1
2
vΨ0dx+

∫
1
2
v(∆−1 1

2
v)Ψ0dx =

1
2

∫
vdx− 1

(2π)2

∫
v̂(p)2

4p2 −
v̂(0)2

4p2 1|p|≤2e−Γ R̃−1dp,

(2.29)
where the last equality follows from the Plancherel’s formula and the Fourier transform
of the logarithm (see Chapter 3 Section 3.4).

N scaling in scattering length

In eq. (2.10) and further in Chapter 8 we consider a potential of the form

v
β
N (x) =

N dβ

N
v(Nβx). (2.30)
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One may ask: what is the scattering length of v
β
N and how does it depend on β? In

three dimensions these questions are quickly answered by scaling out some of the N -
dependence. Indeed, from eq. (2.16) we have

4πaβN = inf
{∫

R
3
|∇φ|2 +

1
2
v
β
Nφ

2dx | lim
|x|→∞

φ(x) = 1
}

= N−β inf
{∫

R
3
|∇φ|2 +

1
2
Nβ−1vφ2dx | lim

|x|→∞
φ(x) = 1

}
.

(2.31)

We see that due to the factor Nβ−1 in front of the potential, the kinetic energy is dominant
for β < 1, so the minimizing φ will be essentially constant and 8πaβNN

β ∼
∫
v. However,

for β > 1, the potential term dominates and a
β
NN

β ∼ R where R is radius of the support of
v. Clearly for β = 1 the scattering length of the underlying potential v emerges.

In two dimensions we wish to find at what value of β the scaling causes transitions
from depending essentially on the integral of v to depending on the range of v. Since we
cannot let R̃ =∞, we set, for simplicity, R̃ = R the support of v. From the same scaling as
in eq. (2.31) we find

2π

log( R
a
β
N

)
= inf

{∫
B(0,R)

|∇φ|2 +
1
2
v
β
Nφ

2dx | φ|∂B(0,R) = 1
}

= inf
{∫

B(0,RN β)
|∇φ|2 +

1
2N

vφ2dx | φ|∂B(0,RN β) = 1
}
.

If the kinetic term of the above is dominant, then

2π

log( R
a
β
N

)
∼ 1

2N

∫
v.

If, however, the potential term dominates we find

2π

log( R
a
β
N

)
∼ 2π

log(RN
β

R )
.

Setting the two right hand sides equal we find

1
2N

∫
v =

2π

log(RN
β

R )
=⇒ Nβ = e

4πN∫
vdx . (2.32)

From this simple heuristic computation, we may draw the following conclusion.

Remark 2.3. In two dimensions the potential vβN (x) = N2β−1v(Nβx) for any β ≥ 0 has a
scattering length that depends only on the integral of v in the large N limit. The same
conclusion holds for any sub exponential scaling.

The above remark provides believability to the result in Chapter 8, whereas eq. (2.32)
gives a hint of optimality.
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2.2 Early works on Bose gases

We will briefly discuss the seminal works of Bose and Einstein [Bos24; Ein24], Bogoliubov
[Bog47] and Lee, Huang and Yang [LHY57]. Although all these papers only address the 3
dimensional setting we will carry out the analysis in both 2 and 3 dimensions.

2.2.1 The Ideal Bose gas

We begin by reviewing some of Einstein’s computations, in which he discovered the
existence of Bose–Einstein condensation (BEC) in the ideal Bose gas. The ideal Bose gas
is modelled by the Hamiltonian eq. (2.1) with v = 0, that is we consider

H
f ree
N =

N∑
i=1

−∆i (2.33)

acting on L2
sym(ΛN ). Although one can proceed in the canonical setting (see [ZUK77]) it

is simpler and clearer for our analysis to work in the grand canonical setting. Hence we
consider the Fock space Hamiltonian eq. (2.12)

H
f ree
µ =

∞∑
n=0

H
f ree
n −µn =

∑
p∈Λ∗

(p2 −µ)a∗pap. (2.34)

According to Equation (2.6) the state with lowest free energy at temperature T = 1
β is

Γµ =
e−βH

f ree
µ

Tre−βH
f ree
µ

=
∑∞

n=0 e
βµne−βH

f ree
n

Tre−βH
f ree
µ

. (2.35)

Our goal is compute the average particle density in this state. The average number of
particles is given by

Tr(N Γµ) =
∑∞

n=1ne
βµnTr(e−βH

f ree
n )∑∞

n=0 e
βµnTr(e−βH

f ree
n )

= T
∂
∂µ

logTr
∞∑
n=0

eβµne−βH
f ree
n .

Using the second expression of eq. (2.34), one can use the occupancy numbers basis to
compute the trace

Tr
F (L2(Λ))

(e−β
∑

p∈Λ∗ (p
2−µ)a∗pap ) =

∏
p∈Λ∗

∞∑
n=0

e−βn(p2−µ) =
∏
p∈Λ∗

1

1− eβµ−βp2 .

From this we obtain the average density in the system

ρµ =
Tr(N Γµ)

Ld
=

T

Ld
∂
∂µ

∑
p∈Λ∗
− log(1− eβµ−βp

2
) =

1
Ld

∑
p∈Λ∗

eβµ−βp
2

1− eβµ−βp2 . (2.36)

Naively taking the limit L→∞ yields the integral

ρµ→
1

(2π)d

∫
R

d

eβµ−βp
2

1− eβµ−βp2 dp. (2.37)
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From this we see that the average density ρ in our thermodynamic gas is bounded by the
limit of µ→ 0− of ρµ which yields the following conclusion

ρ ≤ ρc = lim
µ→∞

∫
R

d

eβµ−βp
2

1− eβµ−βp2 dp =

∞ d = 2,

ζ(3
2 )(4πβ)−3/2 d = 3.

(2.38)

For d = 2 this result is void, but perfectly valid, however, in three dimensions we see
the density is bounded by a constant depending only on the temperature. This is the
absurdity discovered by Einstein [Ein24]. He goes on to resolve this conjecture, by arguing
that a macroscopic number of particles occupy the 0′th momentum state. In other words,
the limit in eq. (2.37) should be taken jointly in µ and L, producing an additional δ0 term
whose size corresponds to the excess density all of which resides in the 0’th momentum
mode. We thus obtain the following theorem:

Theorem 2.4. The three dimensional ideal Bose gas, described either by the Hamiltonian
eq. (2.33) or eq. (2.34), exhibits Bose Einstein condensation for ρ > ρc. That is,

Tr(N0Γµ)

Ld
→ ρ − ρc (2.39)

where N0 = a∗0a0 and the limit is taken jointly in µ and L, while keeping the average density
fixed at ρ. ρc is given in eq. (2.38). In two dimensions the ideal Bose gas only exhibits Bose
Einstein condensation for T = 0.

The above theorem is extended to the non ideal setting as a conjecture in the dilute
regime (ρad ≪ 1), where the interaction v may only play a minor role and the BEC of the
ideal gas could persist.

Conjecture 2.5. For v ≥ 0 the Gibbs state from eq. (2.6) exhibits Bose Einstein condensation.
I.e. there exist a ρc(v,T ) > 0 such that for ρ > ρc and ρad ≪ 1 we have

Tr(N0e
−βHN )

Tr(e−βHN )Ld
→ ρ − ρc (2.40)

where the limit is the thermodynamic limit with fixed density ρ. In three dimensions ρc(T ,v)
may be finite for any temperature, while in 2 dimensions it is expected to be finite only at T = 0.

At present, there are essentially no mathematically rigorous results concerning this
conjecture in the thermodynamic limit. However, lower bounds on ρc for the occurrence
of BEC have been obtained (see [SU09]), and positive results exist in softer scaling regimes
such as Gross–Pitaevskii or for the Hamiltonian eq. (2.30) with β ≤ 1 (see [Boc+18; CCS21;
LS02]). Although we will not present it here, we mention that Penrose and Onsager
[PO56] provided some elegant mathematical formulations of BEC via the one-particle
density matrix. This is the definition of BEC used in Chapter 8.
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2.2.2 Bogoliubov approximation

Turning now to the famous 1947 paper by Bogoliubov [Bog47]. The starting point is the
second quantisation of the Hamiltonian eq. (2.1)

HN =
N∑
i=1

−∆i +
∑
i<j

v(xi − xj ) =
∑
p∈Λ∗

p2a∗pap +
1

2Ld

∑
p,q,k∈Λ∗

v̂(k)a∗pa
∗
qap+kaq−k . (2.41)

We consider this Hamiltonian at zero temperature and focus on its ground state energy.
Motivated by Theorem 2.4 and Conjecture 2.5 one may expect that the ground state of
HN also exhibits Bose-Einstein condensation and thus the a0’s play a distinct role. More
precisely we have

a∗0a0 = N0, [a0, a
∗
0] = 1 (2.42)

where we assume N0 ∼ N . Since the commutator [a0, a
∗
0] is negligible compared to the

size of a0, a
∗
0, we simply assume they commute and replace a0 and a∗0 with the number√

N0. This leads to the approximation

HN ∼H
app
N0

=
∑
p∈Λ∗

p2a∗pap +
v̂(0)N2

0

2Ld
+
N0

Ld

∑
p,0

(v̂(0) + v̂(p))a∗pap +
v̂(p)

2
(a∗pa

∗
−p + apa−p)

+
√
N0

2Ld

∑
p,q,p+q,0

v̂(k)
(
2a∗pa−kap+k + 2a∗ka

∗
pap+k

)
+

1
2Ld

∑
p,q,0

p+k,q−k,0

v̂(k)a∗pa
∗
qap+kaq−k .

Although Bogoliubov did not address this, one should note that the above Hamiltonian is
no longer particle preserving and must be defined on the Fock space. We emphasize this
by removing the N in the notation of the Hamiltonian.

The above terms naturally group into Q0, Q2, Q3 and Q4 depending on the number
of creation/annihilation operators. Bogoliubov argued that Q3 and Q4 are of lower order
since they contain fewer factors of N0. Ignoring them yields the quadratic Hamiltonian

HN ∼H
quadratic
N0

=
v̂(0)N2

0

2Ld
+
∑
p∈Λ∗

p2a∗pap+
N0

Ld

∑
p∈Λ∗

(v̂(0)+v̂(k))a∗pap+
1
2

(a∗pa
∗
−p+apa−p). (2.43)

The terms involving v̂(0) combine

v̂(0)N2
0

2Ld
+
N0

Ld

∑
p,0

v̂(0)a∗pap ∼
N2v̂(0)

2Ld
. (2.44)

At this point Bogoliubov realised that the quadratic Hamiltonian can be diagonalised
via what is now known as a Bogoliubov transformation. In order to implement it we
introduce the creation and annihilation operators

bp =
ap +αpa

∗
−p√

1−α2
p

, αp =
p2 + v̂(p)ρ0 −Dv

p

ρ0v̂(p)
, Dv

p =
√
p4 + 2p2ρ0v̂(p) (2.45)
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where ρ0 = N0
Ld

, the operators bp,b
∗
p satisfy the canonical commutation relations, and a

straightforward computation shows

H
quadratic
N0

=
v̂(0)N2

2Ld
− 1

2

∑
p,0

ρ0v̂(p)αp +
∑
p,0

Dv
pb
∗
pbp. (2.46)

At the end of [Bog47], Bogoliubov mentions that Landau pointed out the v̂(p) should be
replaced by ĝ(p), see eq. (2.21). This replacement can be partly justified using the first
order approximation of the Born series eqs. (2.27) and (2.29). Although not explicitly
stated by Bogoliubov the above formulates the following conjecture.

Conjecture 2.6. In the thermodynamic limit the low excitation spectrum of HN is described
by the Bogoliubov Hamiltonian Hbog . More precisely,

HN ∼Hbog = NC(L,ρ,v) +
∑
p,0

Dpb
∗
pbp (2.47)

where C is a constant depending on L, v and ρ. Dp is the dispersion relation

Dp =
√
p4 + 2p2ρĝ(p). (2.48)

The above conjecture is completely open, and basically unapproachable with current
techniques. In fact, we know nothing of the excitation spectrum in the thermodynamic
limit. We don’t even know how the gap closes. However, in the intermediate Gross-
Pitaevskii scaling regimes, Conjecture 2.6 has been established in 3 dimensions [Boc21;
Boc+19; BSS22; HST22a; NT23] and in 2 dimensions [CCS23].

Rather than focus on the full spectrum, one may try to compute the constant C(L,ρ,v).
Bogoliubov already derived such a constant: from eq. (2.46), replacing v by g and ρ0 by
ρ, his ground state energy estimate becomes

C(ρ,v) = Nρ

(
ĝ(0)− 1

4ρ2(2π)d

∫
p2 + ĝ(p)ρ −

√
p4 + 2p2ρĝ(p)dp

)
. (2.49)

Using eq. (2.22) to evaluate ĝ(0), the first term coincides with that of the Lee–Huang–Yang
formula eq. (1.1). However, the second-order term has the wrong sign and may even
diverge—an issue that was later corrected by Lee, Huang and Yang.

2.2.3 The Lee Huang Yang Formula

We now revisit a method of deriving the Lee–Huang–Yang formulas eqs. (1.1) and (1.2)
using the Bogoliubov and Born approximations. Starting from the quadratic Hamiltonian
in three dimensions after the Bogoliubov approximation eq. (2.46), we add and subtract
the term

Nρ

(2π)3

∫
v̂(p)2

4p2 , (2.50)
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which gives

H
quadratic
N =

v̂(0)N2

2L3 −
Nρ

(2π)3

∫
v̂(p)2

4p2 dp

− 1
4

∑
p,0

ρ0v̂(p)αp +
Nρ

(2π)3

∫
v̂(p)2

4p2 dp+
∑
p,0

Dv
pb
∗
pbp.

The added and subtracted term is precisely the second term from eq. (2.27). This has two
consequences:

1. The first line above becomes a better approximation for 4πNρa, since it now
matches the two-term Born expansion eq. (2.27).

2. It regularizes the potentially divergent sum, which in the thermodynamic limit is
replaced by an integral.

Using the approximation eq. (2.27), we obtain

E
quadratic
N ∼ 4πaρN − L3

2(2π)3

∫
p2 + v̂(p)ρ −

√
p4 + 2p2ρv̂(p)− ρ2 v̂(p)2

2p2 dp

where we have replaced ρ0 with ρ, since they are expected to be close. This integral can
be computed in the low-density regime, where it is valid to approximate v̂(p) by v̂(0).
Performing the computation yields

e3,quadratic(ρ) = lim
L,N→∞

N
Ld

=ρ

E
quadratic
N

L3 = 4πaρ2 −
(ρv̂(0))

5
2

2(2π)3

∫
p2 + 1−

√
p4 + 2p2 − 1

2p2dp

= 4πaρ2

1 +
128

15
√
π

√
ρa3

(
v̂(0)
8πa

) 5
2
 .

If we further use the first-order Born approximation v̂(0) ∼ 8πa, we recover exactly
eq. (1.1).

Applying the same approximation scheme to the two dimensional setting, now using
eq. (2.29) and keeping R̃ as a parameter, we obtain

e2,quadratic(ρ) =
2πρ2

log( R̃a )
+
ρ2v̂(0)2

8π
log(

√
ρv̂(0)R̃)

+
(ρv̂(0))2

2(2π)2

∫
p2 + 1−

√
p4 + 2p2 − 1

2p2 1p≥2e−Γ dp.

(2.51)

Here we set R̃ = aeδ
−1

as in eq. (2.19). As in 3 dimensions we also replace v̂(0) ∼ ĝ(0) = 4πδ.
Combining this yields

e2,quadratic(ρ) = 2πρδ(1 + (
1
4

+ Γ +
log(π)

2
)δ),

which matches eq. (1.2).
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It should be noted that this approach provides no clear justification for the choice of
δ. In fact, if v̂(0) could always be replaced by ĝ(0) in eq. (2.51), the optimal choice would
be δ = 0. Nevertheless, it still offers a heuristic picture of where the constant originates.

Lee, Huang and Yang did in fact not use this approximation to arrive at eq. (1.1).
Instead they considered the pseudo potential

v = 8πaδ0
∂
∂|x|
|x|.

Where 8πaδ0 replaces all previous v̂(p) with 8πa and |x| ∂∂|x| adds the term from eq. (2.50).
This in total produces the same type of approximation.

Finally, note that the formulas eqs. (1.3) and (1.4) follow by inserting the constants
from eqs. (1.1) and (1.2) into eq. (2.47) and computing the trace as an ideal gas computa-
tion

−T
|Λ|

Tr
F ⊥

(e−β
∑

pDpb
∗
pbp )→ T

(2π)d

∫
log(1− e−βDp )dp =

T 1+ d
2

(2π)d

∫
R

d
log

(
1− e−

√
p4+ 2ρĝ(0)

T p2
)
dp,

where F ⊥ denotes the Fock space orthogonal to the constant function.

2.3 Rigorous works

In section 2.2 we described the ideas and intuitions for eqs. (1.1) to (1.4). But the lack of
rigour is unsatisfactory for a mathematician. In particular, the use of perturbation theory
(or equivalently pseudo-potentials) and the neglect of Q3 and Q4 are difficult to justify.
Here we present some of the results that laid the rigorous foundations on which later
chapters are build. This section is not intended as a full review, but rather as a way to set
the historical and methodological framework for the papers discussed later in the thesis.
For more detailed reviews, see [BCC23; Lie+05; Rou20; Sol25].

2.3.1 Lee-Huang-Yang formula, again

From a rigorous perspective the Lee-Huang-Yang formula eq. (1.1) should be read as two
inequalities, that will be proved separately: an upper bound and a lower bound. We start
by providing some of the history and methodology of the upper bounds, as the lower
bounds usually draws inspiration from the upper.

Upper bounds

The fundamental idea of an upper bound is straightforward: one “guesses” a good trial
state and then computes its energy. Both steps, however, can be extremely demanding.
The first rigorous upper bound to e3(ρ) was found by Dyson [Dys57]. He constructed a
trial state ΨN satisfying

⟨ΨN ,HNΨN ⟩
∥ΨN ∥2

≤ 4πaρN (1 +C(ρa3)
1
3 ) (2.52)
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which by the variational principle immediately yields

e3(ρ) ≤ lim
L,N→∞

N
L3 =ρ

⟨ΨN ,HNΨN ⟩
L3∥ΨN ∥2

≤ 4πaρ2(1 +C(ρa3)
1
3 ). (2.53)

This bound recovers the correct first order (Lenz) term in the dilute expansion. Dyson’s
trial state was a variant of

F =
∏
i<j

f b
ij (2.54)

where f b
ij is the scattering solution to the pair (xi ,xj ) normalised at length b, and extended

by 1 outside B(0,b). The strength of this ansatz is that it correctly captures the behaviour
near particle collisions. The order of the error (ρa3)

1
3 comes from the minimization of two

error terms. The first coming from the truncation of the scattering equation, eq. (2.16)

E3(b) ≤ 4πa(1− 2a
b

). (2.55)

The second comes from the use of the inequality

F2 =
∏
i<j

(f b
ij )

2 ≥

1−
N∑
i=2

1− (f b
1i)

2

 ∏
1<i<j

(f b
ij )

2 (2.56)

which yields the following lower bound on the denominator

∥ΨN ∥2 ≥ (L3 −CNab2)
∫ ∏

1<i<j

(f b
ij )

2dx2..dxN .

Here L3 is the main order, and the above generates an error of order ρab2, thus the choice
of b = ρ−

1
3 minimizes the sum of the two errors and leads to eq. (2.53).

Recently in [Bas+24], the energy computation of FN was improved by applying
eq. (2.56) to all indices and making a much finer comparison between denominator and
numerator. This allowed the choice b = C−1(ρa)−1/2, leading to the bound

e3(ρ) ≤ 4πaρ2(1 +C(ρa3)
1
2 ).

The constant C here is unfortunately much larger than the constant in the LHY formula
(1.1). Nevertheless, this is currently the best known upper bound on e3(ρ) for the hard-
core potential eq. (2.9), and so eq. (1.1) remains an open problem for the hardcore
gas.

In two dimensions the same trial state eq. (2.54) can be used with analogous methods.
This was carried out in [LY01], where the following upper bound was obtained

⟨ΨN ,HNΨN ⟩
∥ΨN ∥2

≤ ρNE2(b)(1 + ρ

∫
1− (f b)2dx) ≤N

2πρ

log(ba )

1 +C
ρb2

log(ba )

 .
A minimization over b gives b = 1√

ρ which, using the notation Y = 1
| log(ρa2)| , yields

e2(ρ) ≤ 4πρ2Y (1 +CY ). (2.57)
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Replacing δ = Y −Y 2 logY +O(Y 2) shows that this reproduces the correct first-order term
of eq. (1.2), but is wrong at order Y 2 logY , which is larger than the second-order term.

After a gap of more than 50 years, Erdős, Schlein, and Yau [ESY08] improved Dyson’s
bound by considering minimization over quasi-free states, i.e., states of the form

Ψ = WN0
eBΩ ∈ F (Λ). (2.58)

where B is a Bogoliubov transform on the excited Fock space, Ω is the vacuum, and WN0

is a Weyl shift, which effectively produces Bogoliubov first approximation a0, a
∗
0 7→N0,

eq. (2.43). The N0 is chosen last such that

⟨N ⟩Ψ = ρL3. (2.59)

Evaluating the Grand canonical Hamiltonian in such a state using Wicks rule (see [Sol07]
for details) gives

⟨Ψ ,HΨ ⟩ =
N0ρ0v̂(0)

2
+

∑
0,p∈Λ∗

(p2 + ρ0v̂(p))γp + ρ0v̂(p)αp +
1

2Ld

∑
p,q∈Λ∗

(αpαq +γpγq)v̂(p+ q),

(2.60)
where

γp = ⟨a∗pap⟩Ψ , αp = ⟨a∗pa∗−p⟩Ψ = ⟨apa−p⟩Ψ , |αp| ≤
√
γp(1 +γp).

The last inequality is a requirement for B to be a Bogoliubov transformation. Note also
that in eq. (2.60) there is no cubic term, since odd-order terms have zero expectation in a
quasi free state. In [ESY08], the authors inserted the ansatz αp ∼ −ρω̂(p) (see [Sol25] for a
nice heuristic argument indicating this ansatz) and then carried out an exact minimization
over the quadratic terms in α and γ . This yields

e3(ρ) ≤ 4πaρ2
(
1 +

128
15
√
π

√
ρa3

)
+Cρ2

√
ρa3(v̂(0)− ĝ(0)) (2.61)

where we also used eq. (2.14) combined with eq. (2.59). In the setting of a "weak" potential
whose integral is close to the scattering length, the above indeed finds the Lee-Huang-
Yang energy. However, in the hardcore setting the above bound is trivial. Funnily enough
the ground state of Hbog eq. (2.47) would have achieved the same energy precision, even
though the approximation leading to Hbog completely neglects Q4, which now is known
to contribute at leading order.

Seeing the success of the quasi-free states, one might hope that a more precise min-
imisation of eq. (2.60) could yield the Lee–Huang–Yang formula. However, this is not the
case, since the cubic term plays a significant role exactly at the Lee-Huang-Yang order.
See [NRS18a] and [NRS18b] for a true minimisation of eq. (2.60).

It should be noted that the same quasi-free approach in two dimensions already fails
at the leading order. This is due to the fact that v̂(0)≫ ĝ(0), which makes the setting
resemble the hardcore case, something quasi-free states do not handle well. See [Fou+19]
for a result in the setting v̂(0) ∼ ĝ(0).



2.3. Rigorous works 19

The correct upper bound for eq. (1.1) was obtained by Yau and Yin in [YY09] who
realised that Q3 contained the negative contribution needed to establish the Lee, Huang
Yang formula (1.1). They first applied a clever Dirichlet localisation technique from
[Rob71] to obtain

inf
∥Ψ ∥=1

⟨Ψ ,HL3ρΨ ⟩
L3 ≤ inf

∥Ψ ∥=1

⟨Ψ ,Hℓ3ρΨ ⟩
ℓ3 (1 +C

R
ℓ

) +
CρL3

Rℓ
(2.62)

for any ℓ satisfying R≪ ℓ≪ L. In order to capture the Lee–Huang–Yang correction, using
this localisation, one needs ℓ≫ (a2ρ)−1. After localising, the problem reduces to a finite
box. The state they constructed, on this finite box, resembled

Ψ = eA+BWN0
Ω, (2.63)

with B a Bogoliubov transformation and

A =
∑
k∈Λ∗

∑
ν∼√ρa

λk,νa
∗
k+νa

∗
−k+νa2ν − h.c.. (2.64)

This transformation introduces what they called soft pairs: two particles with high
momentum colliding to produce one particle with zero momentum and one with low
momentum. They characterised low momenta to be of order

√
ρa, and high momenta as

of order a−1, this idea has since been used religiously.
Yau and Yin did not quite use the state of eq. (2.63) as they needed to only have

each soft pair appear once. So they expanded the exponential and only kept the terms
where each soft pair appeared at most once. This led to a lengthy technical computation,
later simplified in [BCS21]. There, the authors ensured that each soft pair was created
only once by inserting a projection into A, which allowed them to work with the full
exponential. This also permitted a significant relaxation of the assumptions on v.

One could attempt to adapt the methods of [BCS21] or [YY09] to the two-dimensional
setting, but our own attempts only succeeded in obtaining the second-order term, without
determining the constant.

Very recently, in [Bro+25] the authors provided an upper bound including the third
order correction. First predicted by Wu in 1959 [HP59; Saw59; Wu59]. They proved

e3(ρ) ≤ 4πaρ2
(
1 +

128
15
√
π

√
ρa3 + 8(

4π
3
−
√

3)ρa3 log(ρa3) +O(ρa3)
)
. (2.65)

The state they considered was also of the form eq. (2.63), though here A had to include
not only soft pairs but essentially all momenta, which greatly increased the complexity
of the computations. It should be noted that formula eq. (2.65) includes the last term
where universality is expected. This work built on the corresponding Gross–Pitaevskii
result in [Car+25], where the associated lower bound was also established.

Lastly, we briefly discuss the upper bound [Bas+22], which had significant influence
on the upper bound in [Fou+24c] Chapter 3. There, the authors used a state of the form

Ψ = FeBΩ, (2.66)
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with F the Jastrow factor from eq. (2.54). This is the same type of state we use in Chapter 3.
The key point is that F "softens" the potentials, to the extent that the last term in eq. (2.61)
is an error. To see this, one applies the IMS localisation formula

F
∑
i

−∆iF =
∑
i

F2
î

(
−∆i + |∇iFi |2 −

√
1−F2

i −∆i

√
1−F2

i

)
(2.67)

where Fi =
∏

j,i fij and FiFî = F. For an upper bound we may throw away the last negative
term. We can combine the middle term with the potential using integration by parts to
get

FHF ≤
∑
i

F2
î

(−∆i) +
∑
i,j

F2
î

(
−∆if

b
ij +

1
2
v(xi − xj )fij

)
+R (2.68)

where R are terms in which ∇i hits two different factors of F. If one ignores the Fî , the
above is a Hamiltonian with the interaction potential ṽ = −2∆f b + vf b. This potential has
the same scattering length as v and satisfies

̂̃v(0)− ĝ(0) ≤


C log( R̃b )

log( R̃a ) log( b̃a )
d = 2,

Ca2

b d = 3.
(2.69)

One may then apply the result of [ESY08] or [Fou+19] for appropriate b. The reason this
method does not work in 3 dimensions stems from the difficulty of estimating the impact
from F on the norm of Ψ , however, in two dimensions we made this part work.

Lower bounds

The first Rigorous lower bound to the energy is also due to Dyson [Dys57], where he
provided a lower bound for the hardcore potential eq. (2.9). He used what is now
commonly referred to as the "Dyson lemma".

Lemma 2.7. Let v be positive and radial with scattering length a and support R0 then for any
radial U which satisfies∫

R
3
Ur2dr ≤ 1, and U (r) = 0 for r < R0, (2.70)

we have for any starshaped domain B ⊂R
3 and Ψ ∈H1(B)∫

B
|∇Ψ |2 +

1
2
v|Ψ |2 ≥ a

∫
B
U |Ψ |2. (2.71)

The same holds in 2 dimensions, with eq. (2.70) replaced by∫
U log(

r
a

)rdr ≤ 1, and U (r) = 0 for r < R0,

and with a in eq. (2.71) replaced by 1.
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The Lemma follows from minimizing along each radial ray (hence star shaped), where
the minimizer is shown to solve the 1D scattering equation.

Defining for each i

H i
N = −∆i +

1
2

∑
j,i

v(xi − xj ),

then for a fixed configuration of points (x1..,xi−1,xi+1, ..,xN ) we may apply Dyson’s lemma
on the convex Voronoi cells

Bj = {x ∈Λ|min
k
|xi − xk | = |xi − xj |}

resulting in the lower bound

H i
N ≥ aWi(x), Wi(x) = U (min

j,i
|xi − xj |).

Dyson used this lower bound with the specific choice

U (r) =
max(R− r3,0)

3(1
2R

2 −R0(R− 1
2R0))

1r≥R0
. (2.72)

where R ≥ R0 is a parameter. Since v is the hardcore potential, one can apply a sphere
packing result (Dyson used [Bli29]) and minimize over R, leading to

HN ≥ a
N∑
i=1

Wi(x) ≥ 1
10

√
2πNρa(1−CR0ρ

1
3 ).

Although this bound does not give the correct constant, Dyson’s method paved the way
for Lieb and Yngvason, who proved the correct first-order lower bound in [LY98]. They
applied Dyson’s lemma to (1− ε) of the kinetic energy obtaining

HN ≥ ε
N∑
i=1

−∆i + (1− ε)
N∑
i=1

aWi(x). (2.73)

Treating the potential term as a perturbation of the kinetic one finds using Temple’s
inequality

HN ≥ ⟨HN ⟩Ψ0
−
⟨H2

N ⟩Ψ0
− ⟨HN ⟩2Ψ0

E1 − ⟨HN ⟩Ψ0

(2.74)

where Ψ0 is the constant function (ground state of kinetic energy) and E1 is the second
eigenvalue of H . This bound is valid when E1 > ⟨HN ⟩Ψ0

. Choosing U similar to eq. (2.72),
one can compute ⟨HN ⟩Ψ0

∼ 4πNρa and we know E1 ≥ 2πε
L2 , where L is the side length of

the box. Thus for the second term of eq. (2.74) to be an error we require

ϵ

L2 ≫ 4πρaN,

which implies
L≪ a(ρa3)−

2
5 .
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Hence the proof can only work in boxes not too large, necessitating a localization. We
localize using a Neumann localization to get

HN ≥
∑

∑
nj=N

∑
j

H
Bj
nj (2.75)

where we ignored particle interactions between boxes and allowed jumps in continuity

of the wave functions between the boxes. Finally, estimating H
Bj
nj using eq. (2.74) and

choosing the parameters R, L and ε appropriately yields the result

HN ≥ 4πρaN (1−C(ρa3)
1

17 ). (2.76)

In [LY01], Lieb and Yngvason applied the same method to the two dimensional gas and
found essentially the same result retrieving the first order (Schick) term of eq. (1.2).

We also mention a condensation bound which follows from the proof of eq. (2.76)
[LS02]. Here Seiringer and Lieb observed that most of the kinetic energy was not used in
eq. (2.73); indeed, we only needed the kinetic energy −∆i when the nearest neighbour of
xi was closer than R. Keeping this "outer kinetic energy" and using a Poincaré inequality
leads to a condensation estimate.

Theorem 2.8. Let HN be the Hamiltonian given in eq. (2.1) with Neumann boundary condi-
tions, Λ = [0,L]d and v ≥ 0 with scattering length a. Then for ρa3 ≪ 1 there exist a C such
that for any trial state Ψ we have

⟨HN ⟩Ψ ≥ 4πaρN (1− (Cρa3)
1

17 ) +N
⟨n+⟩2Ψ
L2 (2.77)

where n+ is the second quantisation of the projection orthogonal to the constant function. Thus
if Ψ satisfies ⟨HN ⟩Ψ ≤ 4πaρN (1 + (Cρa3)

1
17 ) we conclude

⟨n+⟩Ψ
N

≤ CL
√
aρ(ρa3)

1
34 . (2.78)

Equation (2.78) bounds the fraction of non-condensed particles in a wave function of
sufficiently low energy. This was used in [LS02] to prove condensation in the Gross-
Pitaevskii limit. The condensation estimate is also used as a priori bounds in both
[Hab+24b] and Chapter 5. An equivalent result to Theorem 2.8 can, with the same
method, also be proven in two dimensions.

The correct Lee-Huang-Yang energy has been obtained in various settings [Boc+18;
Boc+19] for the Gross-Pitaevskii regime, and in [GS09] under the assumptions of weak
interactions. However, it was the seminal work by Fournais and Solovej [FS20; FS22] that
first provided a rigorous lower bound for eq. (1.1) for a general potential, thereby settling
the formula definitively. We shall provide a brief overview of the result [FS20] as many
of the techniques are reused in Chapters 3 to 5.

The first step is a localisation just as in [LY98], but instead of using a Neumann
localisation we would like our resulting Hamiltonian to be periodic. For this purpose
we draw inspiration from [BS20] and [BFS20] in which the authors develop the so-called
"sliding localisation technique".
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Theorem 2.9. Let ∆ denote the Laplacian on R
d then

−∆ ≥
∫
Tudu :=

∫
R

d
Quχu

[√
−∆− 1

2sℓ

]2

+
χuQu + b

Qu

ℓ2 du (2.79)

where χu ∈ CM
0 (Bu), Bu = [u − ℓ

2 ,u + ℓ
2 ]d and Qu is the projection away from the condensate in

Bu . Lastly s > 0 and b > 0 are constants depending only on χ.

While the above theorem is a simplification of what is used in [FS20; FS22], it does
convey the message. The high-momentum kinetic energy is essentially unchanged, which
is crucial, as high momenta dominate the kinetic energy contribution. The additional
term bQ/ℓ2 is positive and larger than many error terms, allowing one to use positivity
arguments rather than delicate estimates. Theorem 2.9 reduces the thermodynamic
problem to one on a box Bℓ with the modified kinetic energy eq. (2.79). To approximate
the Bogoliubov sum by an integral, one requires ℓ≫ (ρa)−1/2, but ℓ must also be small
enough to make use of the spectral gap bQ

ℓ2 and to bound the number of excited particles,
as in Theorem 2.8.

The second step is a clever algebraic decomposition of the potential v, extracting the
relevant contributions and leaving a complicated but positive remainder Qren

4 , which can
be discarded for a lower bound,

v = Qren
0 +Qren

1 +Qren
2 +Qex

2 +Qren
3 +Qren

4 , (2.80)

where the indices indicate the number of non-zero creation and annihilation operators
(for Qren

4 this is not true). Full definitions appear in Chapter 5 Lemma 2.2. Importantly, v
only appears in Qren

4 ; all other terms involve g or gω eq. (2.21), allowing momentum-space
analysis even for the hardcore potential. By simple computation,

Qren
0 =

∑
i<j

PiPjg + gωPiPj = (ĝ(0) + ĝω(0))
n0(n0 − 1)

2|Λ|
, Qren

1 =
∑
i<j

PiPjgQiPj ∼ 0 (2.81)

where n0 = a∗0a0. In fact without localisation, Qren
1 would vanish exactly due to mo-

mentum conservation. Combining Qren
2 and the kinetic energy while ignoring some

technicalities, we have

Qren
2 + T ∼

∑
p

(
p2 +

ĝ(p)n0

|Λ|

)
a∗pap +

1
2
ĝ(p)(a∗pa

∗
−pa0a0 + apa−pa

∗
0a
∗
0) + ĝ(0)

n0

|Λ|
a∗pap. (2.82)

The last term can be combined with the first term of Qren
0 , just as Bogoliubov did eq. (2.44).

We carry out the replacement a0 7→
√
nz, using c-number substitution, see [Lie+05],

which is a rigorous way of using a coherent state quantization in order to do exactly
what Bogoliubov did. After this replacement we can diagonalise eq. (2.82) using the
Bogoliubov transformation eq. (2.45)

Qren
0 +Qren

2 + T ≥ N (N − 1)
2|Λ|

ĝ(0) + ĝω(0)
nz(nz − 1)

2|Λ|
− 1
|Λ|

∑
p2 + ĝ(p)

nz
|Λ|
−
√
p4 + 2p2 nz

|Λ|
ĝ(p)

+
∑
p

Dpb
∗
pbp − errors.
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We recognise ĝω(0) as the term that normalises the sum/integral yielding the Lee-Huang-
Yang term. For nz = N , we find

Qren
0 +Qren

2 + T ≥ 4πNρa(1 +
128

15
√
π

√
ρa3)− errors+

∑
p

Dpb
∗
pbp. (2.83)

Finally one combines the last terms and finds∑
p

Dpb
∗
pbp +Qex

2 +Qren
3 ≥ 0− errors.

This step is the most technical, both in [FS20; FS22] and in Chapter 3. Here one uses the
idea from Yau-Yin’s upper bound [YY09]), to discard all momenta not corresponding to a
soft pair. After that, one carries out a second Bogoliubov transformation and bounds the
errors using a priori condensation estimates.

In [FS20; FS22] and Chapter 3 we use Theorem 2.9 again to go into boxes of size
ℓs≪ (ρa)−

1
2 where they improve upon Theorem 2.8, see [Fou20] for review of the method

and result. It is, however, possible to make due with the condensation estimates provided
by Theorem 2.8, which we do in Chapter 5 significantly reducing technicalities.

In Chapter 3 we prove the following theorem, which is a restatement of Chapter 3 The-
orem 2.1.

Theorem 2.10. For any constants C0,η0 > 0 there exists C,η > 0 such that the following holds.
Let v be a non-negative, measurable and radial potential with scattering length a and satisfying

v(x) ≤ C0

|x|2
( a
|x|

)η0

, |x| ≥ C0a.

Then for ρa2 ≤ C−1 ∣∣∣∣∣∣e2(ρ)− 2πρδ
(
1 +

(
1
4

+ Γ +
log(π)

2

)
δ

)∣∣∣∣∣∣ ≤ Cρ2δ2+η

with δ given in eq. (1.2),

δ =
2

| log(ρa2| log(ρa2)|−1)|
.

2.3.2 Free energy

We briefly review some rigorous results concerning the free energy of the dilute Bose gas
eqs. (1.3) and (1.4). Most relevant are [Hab+24a] and [Hab+24b], in which the authors
establish eq. (1.3) through lower- and upper bounds respectively.

For the lower bound, one could in principle compute the free energy by establishing
Conjecture 2.6, with the right constant, in a sufficiently large box. However, the sliding
localisation technique (Theorem 2.9) seems to alter the kinetic energy too much to recover
the excitation spectrum. Therefore, in [Hab+24a] the authors instead return to [LY98]
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and use a Neumann localisation eq. (2.75)

H ≥
∑
boxes

∑
−∆Nbox +

∑
i<j

vbox(xi − xj ), (2.84)

where the box is of size ℓ. This has the disadvantage that the potential no longer has
a nice structure in the Neumann basis. They resolve this by "Neumann symmetrising"
the potential, which effectively amounts to adding “mirror particles". If one assumes v
decreasing so that vsym ≤ Cv then for sufficiently low energy states Ψ , one can show

⟨
∑
i<j

v
sym
box (xi − xj )− vbox(xi − xj )⟩Ψ ≤

R
ℓ
v̂(0)

N2

ℓ3 . (2.85)

The above is an error if v is integrable and the box is much larger than (ρa)−
1
2 . Choosing

the box just larger than (ρa)−
1
2 , essentially puts us in the Gross-Pitaevskii scaling with

a nice kinetic and potential operator. In this setting there are many impressive results,
which compute the excitation spectrum, some of which we already mentioned. In
[Hab+24a] the authors in particular draw inspiration from [HST22b; NT23]. It should
be noted that the error in eq. (2.85) is bigger than the size of the first eigenvalue, thus
the individual eigenvalues in the excitation spectrum are not deduced in [Hab+24a], but
instead only their collective behaviour.

Equation (2.85) highlights a particular difficulty posed by the hardcore potential
(eq. (2.9)). In Chapter 5 we avoid the issue of symmetrising v by first using the renormal-
isation eq. (2.80) and then discarding Qren

4 . Thus we only need to symmetrize g and gω,
which are both integrable.

In [Hab+24b] the authors take inspiration from [BCS21], which we briefly discussed
in Section 2.3.1. They use a trial state similar to the one in [BCS21], but instead of having
the cubic and quadratic transformations act on the vacuum eq. (2.63), they act on the
Gibbs state of the quadratic Bogoliubov Hamiltonian eq. (2.47). I.e the state they use is
essentially

Γ = eB2eAeB1WN0
e−

∑
Dpb

∗
pbpW ∗N0

e−B1e−Ae−B2 (2.86)

where B1 and B2 are Bogoliubov transformations and A is the cubic transformation. Not
evaluating on the vacuum complicates matters significantly. One idea they employ is to
"open up" eA,

eA = e
∑
Ak ∼

∏
k

eAk

so instead of working with eA directly, they use the product representation on the
right. This allows them to compute only the individual commutator [Ak ,H] which is
significantly simpler than the full commutator.

Although the “full” expansions of the free energy eqs. (1.3) and (1.4) have only
attracted attention since the resolution of eqs. (1.1) and (1.2), there have been insightful
results computing the free energy to leading order, and at much higher temperatures.
In [Sei08] and [Yin10] the authors prove a lower and upper bound respectively, to the
formula

f 3(ρ,β) = f 3
0 (ρ,β) + 4πa(2ρ2 − [ρ − ρc(β)]2

+) (2.87)
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where ρc(β) is the critical density eq. (2.38) and f0(ρ,β) is the free energy of the ideal gas,
which was essentially computed in Section 2.2.1. The above holds in the dilute limit and
β ≤ Cβc(ρ) for any large constant C, therefore the critical temperature is included. See
also [Bas+25] for a recent improvement on the upper bound of eq. (2.87), allowing for
more singular potentials.

In 2 dimensions an equivalent result to eq. (2.87) was recently found in [DMS20] and
[MS20] for lower and upper bound respectively:

f 2(ρ,β) = f 2
0 (β,ρ − ρs) +

4π
| log(ρa2)|

(2ρ2 − ρ2
s ),

where ρs is the superfluid fraction

ρs = ρ[1−
βc
β

]+

and βc is the Berezinskii–Kosterlitz–Thouless critical temperature [KT73],

βc =
4π log | log(ρa2)|

ρ
.

We remark that the state in [MS20] resembles the one from Chapter 6, except that in
Chapter 6 we use the Gibbs state of the Bogoliubov Hamiltonian eq. (2.47) (with a Jastrow
factor), whereas [MS20] considers the Gibbs state of the free Hamiltonian.

In Chapter 5 we prove the following theorem, which is a restatement of Theorem 1.1
from the same chapter.

Theorem 2.11. For any C0 > 0 there exists C > 0 such that for η > 0 small enough the
following holds. Let v be a positive radially decreasing potential with scattering length a and
compact support R ≤ C0a. Then for ρa3 ≤ C−1, ν ∈ (0, η3 ), and T ≤ ρa(ρa3)−ν ,

f (ρ,T ) ≥ 4πaρ2
(
1 +

128
15
√
π

√
ρa3

)
+

T
5
2

(2π)3

∫
R

3
log

(
1− e−

√
p4+ 16πρa

T p2
)
dp.

In chapter 6 we prove the following theorem, which is a restatement of Theorem 1 from
the same chapter.

Theorem 2.12. For a radial positive potential v with compact support R and scattering length
a, there exist a constant c (only depending on the support and scattering length of v) such that
for T ≤ cTc = cβ−1

c and ρa2 ≤ c we have

f 2(ρ,T ) ≤ 2πρ2δ

(
1 +

(
Γ +

1
4

+
log(π)

2

)
δ

)
+

T 2

(2π)2

∫
R

2
log

(
1− e−

√
p4+ 8πρδ

T p2
)

+ c−1ρ2δ

(
δ2| log(δ)|+ T 2

T 2
c

)
.

Here Γ = 0.577 . . . is the Euler-Mascheroni constant and

δ =
2

| log(ρa2)|+ | log
(
| log(ρa2)|

)
|
.
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2.3.3 Mean field scaling

The mean-field system described by the Hamiltonian eq. (2.10) has also gotten a lot of
attention in recent times. Perhaps the most impressive result is that of [BPS21] which
provides a full description of the low lying eigenvalues and eigenvectors for β = 0, see
also [BP24] for a nice review on the topic. However, these works do not address the
particularly interesting and difficult case of attractive potentials. We will instead briefly
review some of the works that tackle the case of negative pair potentials [LNR15; LNR16;
LNR14; NR20; Tri18].

In the mean field setting, where the potential is much weaker and longer range, it is
reasonable to assume that the ground state is essentially a bosonic product state i.e.

inf
∥Ψ ∥=1

1
N
⟨Ψ ,H

β
NΨ ⟩ ∼ inf

∥u∥=1

1
N
⟨u⊗N ,Hβ

Nu
⊗N ⟩

= inf
∥u∥=1

∫
|∇u|2 +

1
2

∫
|u|2(vβN ∗ |u|)

2 =: inf
∥u∥=1

EHN (u),
(2.88)

with

v
β
N (x) = N dβv(Nβ(x)).

The above is obviously an upper bound to the ground state energy. However, proving
that it is also a lower bound can be tricky. The aim is therefore to prove

lim
N→∞

inf
∥Ψ ∥=1

1
N
⟨Ψ ,H

β
NΨ ⟩ ≥ lim

N→∞
inf
∥u∥=1

EHN (u). (2.89)

In [LNR14] they prove the above inequality under various external potentials and β = 0.
Then in [LNR16] this is extended to 2 dimensions and positive β for an external trapping
potential V trap(x) ≥ C|x|s, s > 0. In particular, they found that eq. (2.89) holds under the
condition

β <
1

d(1 + d
2 + d

s )
. (2.90)

The range of β in two dimensions would be further increased to s+1
s+2 in [LNR15] and to

β < 1 in [NR20]. In three dimensions the best known result is β < 1
3 + s

45+42s in [Tri18]. In
chapter 8 we extend the range of β in the two dimensional setting to infinity, we even
allow for essentially any sub-exponential scaling.

In order to introduce some of the techniques, we go through some details of the proof
found in [LNR16]. For convenience we will henceforth assume

v ∈ L1 ∩L∞(Rd), V trap(x) ≥ C|x|s. (2.91)

The general strategy of proving eq. (2.89) is to apply some version of a quantitative
quantum de Finetti result. The following is due to Christandl, König, Renner and
Mitchison [Chr+07].
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Theorem 2.13. Let Ψ be an N -particle bosonic state on a Hilbert space H of dimension D.
Then for all k ∈N there exist a probability measure µk on the unit sphere SH such that∥∥∥∥∥Γ (k)

Ψ
−
∫
SH
|u⊗k⟩⟨u⊗k |dµ(u)

∥∥∥∥∥
1
≤ kD

N
(2.92)

where ∥ · ∥1 is the trace norm and Γ
(k)
Ψ

= Trk+1→N |Ψ ⟩⟨Ψ | is the reduced particle density matrix.

The point is then to approximate any trial state Ψ to a finite but N dependent dimensional
subspace and use Theorem 2.13 on this subspace. To be more precise, we define the
wanted subspace P as

P = 1T≤f (N ) where T = −∆+V trap, (2.93)

where f is a suitable positive function, usually polynomial, and T is the one body operator
of our hamiltonian. Note that from eq. (2.91) P becomes finite dimensional, indeed the
dimension of P can be bounded by a CLR-type estimate

dim(P ) ≤ f (N )
d
s + d

2 . (2.94)

Using the language of the reduced density matrices we have

1
N
⟨Ψ ,H

β
NΨ ⟩ = Tr(Γ (2)

Ψ
H

β
N,2)

where
H

β
N,2 =

1
2

(T1 + T2) +
1
2
v
β
N (x1 − x2).

We then write the identity 1 = P +Q four times

Tr(Γ (2)
Ψ

H
β
N,2) = Tr((P +Q)⊗ (P +Q)Γ (2)

Ψ
(P +Q)⊗ (P +Q)Hβ

N,2).

We use an easy extension of eq. (2.92) on the state P ⊗ P ΓΨ P ⊗ P to find

Tr(Γ (2)
Ψ

H
β
N,2) = Tr(P ⊗ P Γ (2)

Ψ
P ⊗ P )Hβ

N,2

≥
∫
⟨u⊗2,H

β
Nu
⊗2⟩dµ(u)−C∥PHβ

NP ∥∞
dim(P )

N
.

(2.95)

The first term on the right hand side is bounded by the Hartree energy (the right hand
side of eq. (2.89)), the second term becomes an error if f (N ) is not too big depending on
β and s. Lastly, the Q-terms can be bounded if f (N ) is large enough depending on β and
s, one would need

Q⊗Qv
β
NQ⊗Q ≤Q⊗Q(T1 + T2)Q⊗Q

which by assumption (2.91) would follow if f (N ) ≥N dβ . Taking f (N ) ∼ CN dβ the error
in eq. (2.95) becomes

C∥PHβ
NP ∥∞

dim(P )
N

≤ CN dβN
dβ( ds + d

2 )

N
≪ 1 if β <

1

d(1 + d
s + d

2 )
,

which proves the result of [LNR16]. It is clear that the dimensional factor appear-
ing in eq. (2.92) is largely contributes to the worsening of the bound. Therefore, the
following theorem due to Brandao and Harrow [Rou17] enabled noticeable improve-
ments.
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Theorem 2.14. Let ΓN be a bosonic state on H⊗
N
sym with H of dimension D. Then there exist a

probability measure µ on S1(H) = {γ ∈ B(H)|γ ≥ 0,Tr(γ) = 1)} such that∣∣∣∣∣∣TrA⊗B
(
Γ

(2)
N −

∫
S1(H)

γ⊗2dµ(γ)
)∣∣∣∣∣∣ ≤ 3∥A∥∞∥B∥∞

√
log(D)
N

(2.96)

where A and B are any self adjoint bounded operators.

The above theorem was applied in [LNR15] with a slightly different technique from that
used in [LNR16]. In Chapter 8 we also use Theorem 2.14, but with a different technique:
Instead of having one projection P we introduce a number of projections depending on β.
In Chapter 8 we prove the following theorem a restatement of Theorem 2 of the same
chapter

Theorem 2.15. Assume v ∈ L1(R2) ∩ L1+η(R2) to be even and V trap(x) ≥ C−1|x|−s − C for
some η,C,s > 0, further assume ∫

v− < a∗

where a∗ > 0 is the optimal constant in the 2D-H1 −L4 Gagliardo-Nirenberg inequality. Then
we have

lim
N→∞

inf
∥Ψ ∥=1

1
N
⟨Ψ ,H

β
NΨ ⟩ = lim

N→∞
inf
∥u∥=1

EHN (u) = inf
∥u∥=1

Enls(u) > −∞,

where
Enls(u) =

∫
|∇u|2 +

1
2

∫
vdx

∫
|u|4dx.

Moreover we have convergence of states in the following sense: For a sequence ΨN of ground
states of HN , there exists a probability measure µ supported on the minimizers of Enls such that

lim
N→∞

Tr
∣∣∣∣∣Γ (k)
ΨN
−
∫
|u⊗k⟩⟨u⊗k |dµ(u)

∣∣∣∣∣ = 0, ∀k ∈N.





Chapter 3

Paper: The Ground State Energy of a
Two Dimensional Bose gas

This chapter contains the paper [Fou+24c] by Fournais, Gi-
rardot, Morin, Olivieri and the author. It proves eq. (1.2) in
full for almost all positive pair interaction potentials. The
paper is included in its entirety in the published form in
Communications in Mathematical Physics, which can be
found at https://doi.org/10.1007/s00220-023-04907-2. It
can be located within the thesis by the colour ■ at the top of
the page.
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Chapter 4

Review: Lower bounds on the energy
of the Bose gas

This chapter contains the review article [Fou+24c] by Four-
nais, Girardot, Morin, Olivieri and the author. We pro-
vide short proofs of the formulae eqs. (1.1) and (1.2) in
Gross-Pitaevskii regime. The review is included in its
entirety in the published form, which can be found at
https://doi.org/10.1142/S0129055X23600048. It can be
located within the thesis by the colour ■ at the top of the
page.
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1. Introduction and Main Results

1.1. Introduction

The understanding of the ground state of a Bose gas is of major interest in many-

body quantum theory, especially since the first experimental observation of Bose-

Einstein condensates [1]. It is a very challenging problem to find properties of this

ground state, and the mathematical proof of condensation in the thermodynamic

limit is still out of reach. In this paper, we focus on the asymptotic behaviour of

the ground state energy in the dilute limit, both in dimensions d = 2 and 3.

To state the results, we consider a gas of N bosons in a box Ω, in the ther-

modynamic limit |Ω| → ∞, with fixed density ρ = N/|Ω|. The first terms of the

expansion of the ground state energy density of such a gas depend only on the

scattering length a of the inter-particle potential (as defined in Section 1.2 below)

and the density ρ. In the 3-dimensional case, the ground state energy density has

the following expansion in dilute limit ρa3 → 0,

e3D(ρ) = 4πρ2a
(
1 +

128

15
√
π

√
ρa3
)
+ o
(
ρ2a
√
ρa3
)
. (1.1)

The leading term of this asymptotic formula was first derived in [2], and the second

term, the Lee-Huang-Yang term, was given in [3,4]. Mathematical proofs of the

leading order term were given in [5] for the upper bound and in [6] for the lower

bound. The first upper bound to LHY precision was given in [7], and the correct

constant in [8] with recent improvements in [9], for sufficiently regular potentials.

The matching lower bounds were given in [10,11] including the crucial case of hard

core potentials. The upper bound in the case of potentials with large L1-norm, such

as the hard core interactions, is still an open problem. However, the reader may

find recent improvements in [12].

In the 2-dimensional case, the asymptotic formula is

e2D(ρ) = 4πρ2δ
(
1 +

[
2Γ +

1

2
+ log(π)

]
δ
)
+ o(ρ2δ2), (1.2)

where Γ ≃ 0.57 is the Euler-Mascheroni constant and δ is a small logarithmic

parameter given by

δ :=
1

| log(ρa2| log(ρa2)|−1)| . (1.3)

This formula was first given in [13,14,15,16], and the leading order was first proven

in [17]. Both upper and lower bounds to second order precision were recently proved

in [18], and they include the case of hard core interactions. We refer to [19,20] for

overview articles. Similar expansions for Bose gases in 2D were obtained, in the

Gross-Pitaevskii regime in [21] or in different regimes, see [22].

The case of interacting Fermi gases is equally interesting and has seen major

progress in recent years, see for instance [23,24,25,26,27,28,29,30,31,32,33].

The purpose of the present paper is to explain the proof of lower bounds in

[10] and [18] for the 3D and the 2D case, respectively, which are similar in many
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aspects. The very first step, both in 2D and 3D, is to reduce the problem to length-

scales ℓ which are much smaller than the thermodynamic length L but larger than

the Gross-Pitaevski length scale. This localization procedure is now quite stan-

dard [34], but gives rise to technical complications. Mainly, the kinetic energy is

inconveniently modified, including localization functions which affect the algebra of

calculations and require more involved estimates. For this reason, we decide here to

directly consider a gas of bosons on a periodic box of the right ρ-dependent length

scale and to carry out all the analysis in this setting omitting the localization step.

Since many terms are simpler and many errors vanish, this should help the inter-

ested reader understand the general strategy of lower bounds for Bose gases.

Before introducing the energy and the associated result we need to recall some

basic facts about the scattering equation.

1.2. Scattering length

An important difference between 2 and 3 dimensions concerns the properties of

scattering solutions, which can be found in [35, Appendix A]. We recall here the

main definitions, and fix notations.

In this paper we will only consider radial, compactly supported and positive

potentials v : Rd → [0,∞], with R > 0 such that supp(v) ⊆ Bd(0, R), where we

denote by Bd(y, r) the ball of radius r centered in y in Rd.

Let us consider the minimization problem, for an arbitrary R̃ > R,

Ed(v, R̃) = inf
φ

∫

Bd(0,R̃)

(
|∇φ|2 + 1

2
vφ2

)
dx, (1.4)

where the infimum is taken over φ ∈ H1(Bd(0, R̃)) such that φ|∂Bd(0,R̃) = 1. We

define the scattering length a = a(v) by

E2(v, R̃) =
2π

log( R̃a )
, and E3(v, R̃) =

4πa

1− a/R̃
. (1.5)

It is a well-known result that a is independent of R̃ > R. The associated minimizers

are of the form

φRd =





1

log(R̃/a)
φ0
Rd , if d = 2,

1

1− a/R̃
φ0
Rd , if d = 3,

(1.6)

where φ0
Rd solves the scattering equation

−∆φ0
Rd +

1

2
vφ0

Rd = 0, (1.7)
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in a distributional sense. The solution is such that, for |x| ≥ R, we have the explicit

form

φ0
R2(x) = log

( |x|
a

)
, and φ0

R3(x) := 1− a

|x| . (1.8)

If d = 3, we choose R̃ = ∞ so that φ0
R3 = φR3 . The logarithm in the 2D-scattering

solution is clearly unbounded for large values of |x|. This is a major difference to

the 3D behaviour. Therefore the length R̃ is of much greater importance. In this

paper, when d = 2, we choose

R̃ = ae
1
2δ , i.e. δ =

1

2
log
( R̃
a

)−1

, (1.9)

so that

φR2 := 2δφ0
R2 (1.10)

is then normalized to 1 at distance R̃, with δ given in (1.3).

1.3. Main result

We consider N interacting bosons on the torus of unit cell Λ =
[
− ℓ

2 ,
ℓ
2

]d
. We define

the associated Hamiltonian with periodic boundary conditions

HN =

N∑

j=1

−∆j +
∑

1≤i<j≤N

v(xi − xj), (1.11)

acting on the space of symmetric square integrable functions L2
sym(Λ

N ), where −∆

is the periodic Laplacian on Λ and the potential depends on (xi−xj)∗, the distance
between particle i and j on the torus. More precisely, we define x∗ ∈ R by

x∗ = min
z∈Zd

|x− zℓ|, (1.12)

and

v(x) = vRd(x∗), with vRd : Rd → R+. (1.13)

We assume vRd to be a positive, radially symmetric interaction with support in

the ball of radius R ≤ ℓ/4. This condition on the support will be made precise later,

all we need for now is the support of v to fit in the box. We have here committed

a mild abuse of notation using that vRd is radially symmetric. Using the positivity

of the potential it is standard that HN defines a self-adjoint operator. If φRd is the

scattering solution associated to vRd , we define

ωRd := 1− φRd , gRd := vRd(1− ωRd) = vRdφRd , (1.14)

and their periodic versions

ω(x) := ωRd(x∗), g(x) := g(x∗), x ∈ Λ. (1.15)
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Note that we dropped the dependence on d in the notation. The function g has a

specific role in the analysis, and its Fourier transform satisfies, through a manipu-

lation of the scattering equation (1.7), the relation

ĝ(0) =

{
8πδ, if d = 2,

8πa, if d = 3.
(1.16)

Notice that since R ≤ ℓ/4, we have that the Fourier transforms and Fourier coeffi-

cients agree at zero, i.e. ĝ(0) = ĝRd(0). We scale the system in the following way:

for a given density ρ we define

ℓ :=
Kℓ√
ρĝ(0)

(1.17)

where Kℓ ≫ 1 is a large ρ-dependent parameter chosen in (F.13). This scaling has

to be understood under the dilute regime assumption, that is ρad ≤ C−1 for a

large enough constant C. The regime Kℓ = 1 corresponds to the well-known Gross-

Pitaevskii regime. In this paper, the particular choice Kℓ ≫ 1 is needed to control

the errors obtained at the different steps of the proof, as the c-number substitution

of Section 3 and to go from sums to integrals at a negligible cost, in particular to

get the correct LHY constant.

The number N of particles in the box is defined through

N = ρℓd.

We can observe using (1.7) that the Fourier transform ĝω(0) can be written by

means of an auxiliary function

ĝω(0) =
1

(2π)d

∫

Rd

Gd(k)dk, Gd(k) =
ĝRd(k)2 − ĝRd(0)21d(ℓδk)

2k2
, (1.18)

where we introduced the cut-off

1d(t) := δd,21{|t|≤1}(t), (1.19)

with δi,j being the Kronecker delta, to deal with the 2D case where the Fourier

transform of a logarithm involves a renormalization around zero. This renormaliza-

tion is done at the scale

ℓδ =
a

2
e

1
2δ eΓ =

1

2
√
ρδ
eΓ(1 + o(1)), (1.20)

where we recall that Γ is the Euler-Mascheroni constant. We define the Lee-Huang-

Yang energy in dimension d as

ELHY
d (ρ,Λ) :=

ρ2

2
|Λ|ĝ(0)λLHY

d IBog
d , (1.21)

where

λLHY
d =

{√
ρa3, if d = 3,

δ, if d = 2,
(1.22)

142



May 22, 2023 13:19 proceeding

6 Fournais et al.

is the Lee-Huang-Yang correction order, and

IBog
d :=

( 2
π

)d/2 ∫

Rd

√
(t2 + 1)2 − 1− t2 − 1 +

1

2t2
(
1 + 1d(

√
2πeΓt)

)
dt, (1.23)

is the Bogoliubov integral of dimension d.

We also define the LHY error in dimension d denoted oLHY
d as a quantity of

smaller order than the LHY precision in term of the small parameter of the dilute

regime ρad. For any error term E we write E = oLHY
d if there exist constants C > 0

and η > 0 such that

|E| ≤
{
Cρ2|Λ|δ2+η, if d = 2,

Cρ2|Λ|a
(
ρa3
) 1

2+η
, if d = 3.

(1.24)

Let us recall the expressions of HN and Λ below, for reader’s convenience:

HN =

N∑

j=1

−∆j +
∑

1≤i<j≤N

v(xi − xj),

Λ =
[
− ℓ

2
,
ℓ

2

]d
, ℓ =

Kℓ√
ρĝ(0)

.

We can now state the main theorem of the paper.

Theorem 1.1. There exists C > 0, such that, if v ∈ L2(Λ) is a positive, spherically

symmetric, compactly supported potential with scattering length a > 0 and if ρ > 0

is such that ρad ≤ C−1, then for any bosonic, normalized state Ψ in the domain of

HN we have

⟨Ψ,HNΨ⟩ ≥ 1

2
ρ2|Λ|ĝ(0) + ELHY

d (ρ,Λ) + oLHY
d .

I.e. inserting the values of ĝ(0), ELHY
d and IBog

d ,

inf Spec(HN ) ≥





4πρ2|Λ|a
(
1 +

128

15
√
π

√
ρa3
)
+ o
(
ρ2|Λ|a

)
, if d = 3,

4πρ2|Λ|δ
(
1 +

[
2Γ +

1

2
+ log(π)

]
δ
)
+ o
(
ρ2|Λ|δ

)
, if d = 2.

(1.25)

Remark 1.1 (Bogoliubov integral). The integral (1.23) can be explicitly cal-

culated and provides the expected coefficients for the LHY corrections

IBog
d =





2Γ +
1

2
+ log π, if d = 2,

128

15
√
π
, if d = 3.

(1.26)

Notice furthermore, that the whole second order term ELHY
d of the energy comes

from the calculation of the integral

|Λ|
2(2π)d

∫

Rd

(√
k4 + 2k2ρĝ(k)− k2 − ρĝ(k) + ρ2Gd(k)

)
dk, (1.27)
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from which we recover (1.21) thanks to a change of variables k 7→
√
ρĝ(0)k, and a

passage to the limit ρad → 0.

Remark 1.2 (Assumptions on the potential). The L2 assumption on v in

Theorem 1.1 is technical and not needed in the actual papers dealing with the

thermodynamic limit [11,18], where L1 suffices. In the present paper we need this

assumption in the comparison between the discrete sums over the dual lattice and

the corresponding continuous integrals (see (A.1) and the proof of Proposition 4.1).

Actually, for this point the assumption v ∈ Lp(Λ) for any p > 6/5 would suffice.

These Lp-assumptions on the potential v exclude the hard core case. These

assumptions are actually also not necessary. Indeed, the inequalities of the proof

in the thermodynamic setting allow for a large L1-norm. This is enough to extend

the result to the hard core case approximating it through a sequence of growing

L1-potentials. See [10, Theorem 1.6] and [18, Section 3.3] for the 3D and 2D-case

respectively.

The compact support assumption on the potential v can also be relaxed in the

thermodynamic regime. We can allow for a tail under a proper decay assumption

provided that, avoiding the contribution from the tail does not affect the scattering

length too much. See [10, Theorem 1.6] and [18, Section 3.2].

Remark 1.3. The present article reviews, in the simpler setting of the periodic

box, results stated in [10, Theorem 1.3] and [18, Theorem 2.3] for the 3D, 2D-

case respectively, neglecting the complications derived from the double localization

for the thermodynamic limit. Nevertheless we included an original bound on the

number of high momentum excitations (E.3). Similar results in three dimension

were proven in [36] with different methods.

Remark 1.4. As already mentioned, the purpose of the present paper is mainly

expository. The main ideas of [10,11,18] are clearest in the periodic setting, which is

the setting of this paper. To prove the analogous lower bound in the thermodynamic

setting one would first need to localize in such periodic boxes, but it is not clear

how to make such a localization with the right precision. Indeed, in [10,11,18], the

localization is done by a sliding technique which produces a much more complicated

kinetic energy in the boxes.

In the papers [37,38] the corresponding localization procedure is done by im-

posing Neumann bounday conditions which also introduces substantial technical

difficulties compared to the periodic case.

1.4. Strategy of the proof

(1) Splitting of the potential and renormalization. We expect the ground

state of our operator to exhibit condensation, meaning that most particles

should have zero momentum. This is why we start by decomposing the potential

energy according to creation or annihilation of bosons with zero and non-zero
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momenta. We define the following operators on L2(Λ), denoting by |1⟩ the

function which has constant value 1 on Λ,

P = |Λ|−1|1⟩⟨1|, Q = 1− P = 1(0,∞)(
√
−∆),

projecting on the condensate and on excitations respectively. We recall that

here −∆ is the periodic Laplacian on Λ. With this notation, the number of

particles in the condensate n0, and the number of excited particles n+ are

given by

n0 :=

N∑

j=1

Pj , n+ :=

N∑

j=1

Qj = N − n0,

where Pj and Qj denotes P and Q acting on the j-th variable. We insert these

projections in the potential energy,

∑

i<j

v(xi − xj) =

4∑

k=0

Qk, (1.28)

where Qk contains precisely k occurences of Q’s. For instance,

Q0 =
∑

i<j

PiPjv(xi − xj)PjPi. (1.29)

One should also note that Q1 = 0 by momentum conservation.

We need terms to depend on g instead of v in order for the scattering

length to appear. We are able to overcome this problem modifying each Qj into

Qren
j and collecting in the last term Qren

4 , which is positive, all the error terms

produced by the renormalization. For a lower bound Qren
4 can be discarded.

(2) c-number substitution. From this point on, we work in momentum space

and second quantization; the operator can be rewritten in terms of creation

and annihilation operators of plane waves a†k, ak (Proposition 2.1). The next

step is a rigorous justification of the so-called c-number substitution, which is

given by expanding the operator on projectors on coherent states living in the

0-momentum space. This allows us to replace a0 and a†0 by their actions as

multiplication by complex numbers z on the coherent states (Proposition 3.1).

This amounts to consider the condensate of 0-momenta particles having fixed

density ρz = |z|2|Λ|−1 and to only work on the remaining degrees of freedom

in the space of excitations.

(3) Bogoliubov diagonalization. We first focus on Qren
0 and the quadratic exci-

tation operator Qren
2 . The sum of these with the kinetic energy produces a K(z)

that can be diagonalized, as in the standard Bogoliubov theory. This procedure

gives rise to the Bogoliubov integral IBog
d , times the LHY order, which is the

second order term of the energy, together with a positive diagonal operator

Kdiag (Proposition 4.1). The remaining quadratic terms have to be bounded by

the contribution given by the soft-pairs in Qren
3 , introduced in the next step.

145



May 22, 2023 13:19 proceeding

Lower bounds on the energy of the Bose gas 9

(4) Localization of 3Q terms. One of the major difficulties is to deal with the 3Q

terms Qren
3 . These terms can be interpreted as the energy generated by one pair

of excited momenta, interacting to give one zero and one excited momentum

or the other way around. The upper bound calculations of [8] show that such

pairs are crucial to find the correct energy to LHY precision, and especially

the soft pairs. Those pairs have high momentum, and interact to create one

zero momentum and one low momentum. In fact, we show in Proposition 5.1

that Qren
3 gives almost the same contribution to the energy as the analogue soft

pairs operator Qsoft
3 .

(5) The energy of soft pairs. Section 6 is dedicated to the bounds on Qsoft
3 . It

absorbs the remaining part of the quadratic energy Qex
2 , using the high mo-

menta part of Kdiag. The precise understanding of the Qsoft
3 is a key calculation

in our approach.

(6) Bounds on the number of excitations. Most of our bounds require es-

timates on the number of excited particles n+, the number of high-momenta

excited particles nH+ and the number of low momenta excited particles nL+. In

Appendix B, we use the technique called localization of large matrices to show

that we can restrict to states having bounded nL+. In Appendix E, we directly

get bounds on n+ and nH+ , i.e., condensation estimates on Λ.

(7) Conclusion. In the final Section 7 we combine all the estimates to finish the

proof of Theorem 1.1.

The proof depends on several parameters that have to be suitably tuned. These

parameters and their relations are collected in Appendix F.

2. Splitting of the Potential Energy and Renormalization

By means of the projectors onto and outside the condensate, we split the potential

in a sum of operators by expanding

v(xi − xj) = (Pi +Qi)(Pj +Qj)v(xi − xj)(Pj +Qj)(Pi +Qi)

and reorganize it as a sum of Qj , where in each Qj , the projector Q is present j

times. An idea similar to this already appeared in the early work [39]. We then

renormalize the Qj to obtain Qren
j where v has been replaced by g. More precisely

we have

Lemma 2.1. The following algebraic identity holds

1

2

∑

i ̸=j

v(xi − xj) =

4∑

j=0

Qren
j , (2.1)
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where

0 ≤ Qren
4 :=

1

2

∑

i ̸=j

[
QiQj + (PiPj + PiQj +QiPj)ω(xi − xj)

]
v(xi − xj)

×
[
QjQi + ω(xi − xj) (PjPi + PjQi +QjPi)

]
, (2.2)

Qren
3 :=

∑

i̸=j

PiQjg(xi − xj)QjQi + h.c., (2.3)

Qren
2 :=

∑

i̸=j

PiQj(g + gω)(xi − xj)PjQi +
∑

i ̸=j

PiQj(g + gω)(xi − xj)QjPi

+
1

2

∑

i ̸=j

PiPjg(xi − xj)QjQi + h.c., (2.4)

Qren
1 :=

∑

i,j

(
QiPj(g + gω)(xi − xj)PjPi + h.c.

)
= 0, (2.5)

and

Qren
0 :=

1

2

∑

i ̸=j

PiPj(g + gω)(xi − xj)PjPi. (2.6)

Proof. The lemma is proven by algebraic computations using that g = v(1 − ω),

and Qren
1 is zero because, for any f ∈ L1(Λ),

QiPjf(xi − xj)PjPi =
1

|Λ| ∥f∥L1QiPi = 0.

We continue our analysis in momentum space considering the second quantiza-

tion of the Hamiltonian. Let us introduce

a†k :=
1

|Λ|1/2 a
†(eikx), ak :=

1

|Λ|1/2 a(e
ikx), (2.7)

i.e. the usual bosonic creation and annihilation operators of bosons with momentum

k ∈ Λ∗ = 2π
ℓ Zd. Note that for zero momentum, a†0 creates the function 1, the

condensate in Λ. The operator HN can be written, by abuse of notation, as the

action on the N−boson space of a second quantized Hamiltonian acting on the

Fock space Fs(L
2(Λ)) =

⊕∞
N=0 L

2
s(Λ

N ) involving ak and a†k. We can write the

number operators as

n0 = a†0a0, n+ =
∑

k∈Λ∗

a†kak. (2.8)
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Proposition 2.1. The Hamiltonian HN acts on L2
s(Λ

N ) as

HN =
∑

k∈Λ∗

k2a†kak +
1

2|Λ|
(
ĝ(0) + ĝω(0)

)
a†0a

†
0a0a0

+
1

|Λ|
∑

k∈Λ∗

(
(ĝ(k) + ĝω(k))a†0a

†
kaka0 +

1

2
ĝ(k)(a†0a

†
0aka−k + h.c.)

)

+
(
ĝ(0) + ĝω(0)

)n0n+
|Λ| +Qren

3 +Qren
4 . (2.9)

Proof. The first term of (2.9) is obtained by a simple application of the second

quantization to the Laplacian. The other terms require some manipulations with

the Qren
j . We observe that

n∑

j=1

Pjg(xi − xj)Pj =
1

|Λ|
n∑

j=1

Pj

∫

Λ

g(xi − y)dy =
n0
|Λ| ĝ(0). (2.10)

In particular Qren
0 is

Qren
0 =

n0(n0 − 1)

2|Λ| (ĝ(0) + ĝω(0)), (2.11)

and by the second quantization we get the second term in (2.9). For Qren
2 , we use

(2.10) for

∑

i ̸=j

PiQj(g + gω)(xi − xj)QjPi =
(
ĝ(0) + ĝω(0)

)n0n+
|Λ| . (2.12)

The second quantization of the whole Qren
2 is obtained by a standard calculation

which provides the third and fourth terms of (2.9). We only provide here an example

of this calculation for the term

Q1
2 :=

∑

i ̸=j

PiQjg(xi − xj)PjQj . (2.13)

We denote the basis elements ep(x) =
eipx√
|Λ|

and write a Ψ ∈ L2(ΛN ) as

Ψ =
∑

p,k

cpkep(xj)ek(xi) with cpk =
1√

N(N − 1)
apakΨ.

We can then compute

Q1
2Ψ =

1

|Λ|
∑

k ̸=0

ĝ(k)
∑

i ̸=j

ek(xj)e0(xi)a0akΨ (2.14)

=
1

|Λ|
∑

k ̸=0

ĝ(k)a†ka
†
0a0akΨ. (2.15)
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3. c-Number Substitution

Now that the operator is written in second quantization, as stated in Proposi-

tion 2.1, we proceed to the c-number substitution. Thanks to this procedure, we

can turn the action of the a0’s into multiplication by complex numbers z. It amounts

to consider the condensate of 0-momentum particles as having a fixed density

ρz = |z|2|Λ|−1, and only deal with excitations. This is done by diagonalizing a0
in the following way. The decomposition L2(Λ) = RanP ⊕RanQ leads to the split-

ting of the bosonic Fock space Fs(L
2(Λ)) = Fs(RanP ) ⊗ Fs(RanQ). Denoting

by Ω the vacuum vector, we introduce the class of coherent states in Fs(RanP ),

labeled by z ∈ C,

|z⟩ = e−
(

|z|2
2 +za†

0

)
Ω, (3.1)

which are eigenvectors for the annihilation operator of the condensate. It is simple

to show that

a0|z⟩ = z |z⟩ and 1 =
1

π

∫

C
|z⟩⟨z|dz. (3.2)

Here ⟨z| is the partial trace along Fs(RanP ). Thus, for any Ψ ∈ Fs(L
2(Λ)) the

state Φ(z) = ⟨z|Ψ⟩ is in Fs(RanQ).

Proposition 3.1. For z ∈ C, set ρz = |z|2|Λ|−1. The Hamiltonian HN acts on

L2
sym(Λ

N ) as

H =
1

π

∫

C
K(z)|z⟩⟨z|dz +Qren

3 +Qren
4 +R0, (3.3)

where the z−dependent Hamiltonian is

K(z) := Q(z) +Qex
2 (z) + (ρz − ρ)n+ĝ(0)− ρρz|Λ|ĝ(0) + ρ2|Λ|ĝ(0), (3.4)

with

Q(z) :=
1

2
ρ2z|Λ|(ĝ(0) + ĝω(0)) +KBog, (3.5)

where KBog is a quadratic Hamiltonian in creation and annihilation operators that

we call the Bogoliubov Hamiltonian:

KBog =
1

2

∑

k ̸=0

Ak

(
a†kak + a†−ka−k

)
+

1

2

∑

k ̸=0

Bk

(
a†ka

†
−k + aka−k

)
, (3.6)

with

Ak := k2 + ρz ĝ(k), Bk := ρz ĝ(k). (3.7)

The remaining 2Q term is

Qex
2 (z) = ρz

∑

k ̸=0

(
ĝω(k) + ĝω(0)

)
a†kak. (3.8)
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Moreover, there exists a universal constant C > 0 such that the error term satisfies

|⟨R0⟩Ψ| ≤ CN |Λ|−1ĝ(0), ∀Ψ ∈ L2
sym(Λ

N ) normalized. (3.9)

Proof. As a first step, we add and subtract in the Hamiltonian the term ρ2|Λ|ĝ(0),
exploiting the identity on L2

sym(Λ
N )

ρ2|Λ|ĝ(0) = ρ(n0 + n+)ĝ(0). (3.10)

We focus then on H− ρn0ĝ(0), and apply to this term the c-number substitution,

briefly described below. The expansion on coherent states allows to perform, for

instance, the following formal substitutions in (2.9)

a†0a
†
0a0a0 7→ |z|4 − 4|z|2 + 2, a†0a0 7→ |z|2 − 1. (3.11)

We give an example of the rigorous derivation of the second term in (3.11) as follows.

For any f, g ∈ Fs(L
2(Λ)), using (3.2),

⟨f |a†0a0g⟩ = ⟨f |a0a†0g⟩ − ⟨f |g⟩ = 1

π

∫

C
|z|2⟨f |z⟩⟨z|g⟩dz − 1

π

∫

C
⟨f |z⟩⟨z|g⟩dz, (3.12)

yielding

a†0a0 =
1

π

∫

C
(|z|2 − 1)|z⟩⟨z|dz, (3.13)

and the other terms can be treated in a similar manner. We now prove how low

order terms produced in the aforementioned substitution are actually errors. For

instance, focusing again on the |z|2 in the first term of (3.11), we have that

ĝ(0)

2π|Λ|

∫

C
|z|2|z⟩⟨z|dz = ĝ(0)

2|Λ|a0a
†
0 ≥ −Cn0 + 1

|Λ| ĝ(0). (3.14)

The substitution step leads to the result, with

R0 = − 1

2|Λ|
(
ĝ(0) + ĝω(0)

)(
4n0 − 2

)
− ĝω(0)

n+
|Λ| (3.15)

− 1

|Λ|
∑

k∈Λ∗

(
(ĝ(k) + ĝω(k))a†kak +

1

2
ĝk(aka−k + h.c.)

)
, (3.16)

and bound the error term using a Cauchy-Schwarz on the aka−k terms to get

|R0| ≤ C
n0 + n+

|Λ| ĝ(0) ≤ C
N

|Λ| ĝ(0).

Notice that the substitutions of a0a0 and a†0a
†
0 should give a z2 and a z2 in the

definition of Bk := |z|2|Λ|−1ĝ(k). To circumvent this issue we write z = |z|eiϕ and

absorb the phase in the ak’s. This does not affect the later computations which

only involve commutations of such ak’s.

By Proposition 3.1 we are reduced to study a Hamiltonian dependent on the

free parameter z ∈ C. The density ρz describes the particles in the condensate, but

we have no restriction on it. We expect to have full condensation, i.e. ρz ≃ ρ. In
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this regime we need to make very precise estimates which are established in the

main part of the paper. The regime where ρz is far from ρ seems less physical and,

in fact, there rougher bounds suffice.

We define the threshold magnitude for the densities

ε+ := max{K2
ℓK

−1
L , (λLHY

d )1/2}, (3.17)

withKL being introduced in (5.2) below (and fixed in Appendix F). In the following

sections, we will study the regime

|ρz − ρ| < ρε+, (3.18)

while we deal with the regime |ρz − ρ| ≥ ρε+ in Appendix D.

4. Estimates for ρz close to ρ

4.1. Diagonalization

We apply the diagonalization procedure to the operator

Q(z) =
ρ2z
2
|Λ|(ĝ(0) + ĝω(0)) +KBog (4.1)

defined in (3.5) and containing the LHY integral and a positive operator, diagonal

in creation and annihilation of excitations.

Proposition 4.1. Let ε+ be as in (3.17) and assume the relations between the

parameters in Appendix F. For any z ∈ C such that |ρ − ρz| ≤ ρε+, the following

equality holds:

Q(z) =
ρ2z
2
|Λ|ĝ(0) + ELHY

d (ρz) +Kdiag +R(d)
1 ,

where we define the diagonalized Bogoliubov Hamiltonian as

Kdiag =
∑

k ̸=0

Dkb
†
kbk, Dk =

√
k4 + 2k2ρz ĝ(k), (4.2)

where

bk =
1√

1− α2
k

(
ak + αka

†
−k

)
, αk =

k2 + ρz ĝ(k)−
√
k4 + 2k2ρz ĝ(k)

ρz ĝ(k)
, (4.3)

and where the error term R(d)
1 (ρz) satisfies

|R(d)
1 (ρz)| ≤

{
C|Λ|ρ2zδ2K−1

ℓ , if d = 2,

C|Λ|ρ2za
(
ρza

3
) 1

2 log(ρz)K
−1
ℓ , if d = 3.

(4.4)

The constant in (4.4) depends on Lp-norms of the potential.

151



May 22, 2023 13:19 proceeding

Lower bounds on the energy of the Bose gas 15

Proof. Applying Theorem Appendix C.1 with Ak = k2+ρz ĝ(k) and Bk = ρz ĝ(k),

we get Dk and αk from (4.2) and (4.3), and we can write, for all k ̸= 0,

Ak(a
†
kak + a†−ka−k) + Bk(a

†
ka

†
−k + aka−k) =

Dk(b
†
kbk + b†−kb−k) +

√
k4 + 2k2ρz ĝ(k)− k2 − ρz ĝ(k). (4.5)

Then, using that Ak and Bk are even functions of k, we deduce

Q(z) =
1

2
ρ2z|Λ|ĝ(0) +

1

2

∑

k ̸=0

(√
k4 + 2k2ρz ĝ(k)− k2 − ρz ĝ(k)

)

+
1

2
ρ2z|Λ|ĝω(0) +Kdiag. (4.6)

Changing the sum in (4.6) into the integral

|Λ|
2(2π)d

∫ (√
k4 + 2k2ρz ĝ(k)− k2 − ρz ĝ(k)

)
dk, (4.7)

can be done up to an error term R(d)
1 (ρz) which can be estimated as in (4.4). The

constant in (4.4) depends on Lp-properties of the potential, since we need some

decay of ĝ(k) to control the decay of the summand. This is easily achieved through

an expansion of the square root and a Hölder inequality on the sum.

We recall here that ĝω(0) defined in (1.18) can be written as an integral,

ρ2z
2
|Λ|ĝω(0) = ρ2z|Λ|

∫
ĝ2Rd(k)− ĝ2Rd(0)1d(ℓδk)

4k2
dk

(2π)d
. (4.8)

The proposition follows then using Lemma Appendix C.2 to calculate the value of

the integral.

5. Localization of 3Q terms

In this section we focus on the effect of the 3Q-term, namely

Qren
3 =

∑

i ̸=j

PiQjg(xi − xj)QiQj + h.c. (5.1)

Since 3Q’s appear in this term, we can interpret it as the energy produced when 2

non-zero incoming momenta create 1 non-zero momentum and 1 zero momentum

(or vice versa). We prove below that we can restrict this interaction to soft pairs, i.e.,

when two “high” momenta and one “low” momentum are involved in this process.

More precisely, let us define the sets of low and high momenta by

PL = {p ∈ Λ∗, 0 < |p| ≤ KLℓ
−1}, PH = {k ∈ Λ∗, |k| ≥ KHℓ

−1}, (5.2)

where the parameters KL,KH are fixed in Appendix F. The condition KL ≪ KH ,

which is part of (F.3), will ensure that these sets are disjoint. We define the localized

projectors by

QL := 1PL
(
√
−∆), QL := Q−QL = 1(KLℓ−1,∞)(

√
−∆), (5.3)

QH := 1PH
(
√
−∆), QH := Q−QH = 1(0,KHℓ−1)(

√
−∆). (5.4)
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The number of high excitations, namely the number of bosons outside the conden-

sate and with momenta not in PL, is

nH+ :=

n∑

j=1

QL,j , (5.5)

acting on L2
sym(Λ

n) for any n. Similarly, we define the number of low excitations

by

nL+ :=

n∑

j=1

QH,j . (5.6)

Notice that nL+ + nH+ ≥ n+, due to the overlap of the regions in momentum space.

The reduction to soft pairs is then given by the following proposition.

Proposition 5.1. Assuming the relations between the parameters in Appendix F,

there exists a universal constant C > 0 such that, for all N -particle states Ψ ∈
L2
sym(Λ

N ) satisfying Ψ = 1[0,2M](n
L
+)Ψ and assumption (E.1), we have

|⟨Qren
3 ⟩Ψ − ⟨Qsoft

3 ⟩Ψ| ≤
1

4
⟨Qren

4 ⟩Ψ + oLHY
d .

where

Qsoft
3 =

1

|Λ|
∑

k∈PH ,
p∈PL

ĝ(k)
(
a†0a

†
pap−kak + h.c.

)
. (5.7)

The proof of Proposition 5.1 will follow from the Lemmas 5.1 and 5.2 below.

Lemma 5.1. There exists a universal constant C > 0 such that, for all ε1 > 0 and

all N -particle states Ψ ∈ L2
sym(Λ

N ), we have

|⟨Qren
3 ⟩Ψ − ⟨Qlow

3 ⟩Ψ| ≤
1

4
⟨Qren

4 ⟩Ψ + ρĝ(0)
(
Cε1⟨n+⟩Ψ + (C + ε−1

1 )⟨nH+ ⟩Ψ
)
, (5.8)

where

Qlow
3 :=

∑

i ̸=j

(PiQL,jg(xi − xj)QiQj + h.c.). (5.9)

Proof. From the definitions we have

Qren
3 −Qlow

3 =
∑

i ̸=j

(PiQL,jg(xi − xj)QiQj + h.c.). (5.10)

In the right-hand side we aim to reconstruct the Qren
4 terms as

∑

i ̸=j

(PiQL,jgQiQj + h.c.) =
∑

i ̸=j

PiQL,jg [QiQj + ω(PiPj + PiQj +QiPj)] + h.c.

−
∑

i ̸=j

PiQL,jgω(PiPj + PiQj +QiPj) + h.c. (5.11)
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We use Cauchy-Schwarz inequality on both terms. Using that g ≤ v in the support

of v, the first line of (5.11) is controlled by

C
∑

i ̸=j

PiQL,jg(PiQL,j)
† +

1

4
Qren

4 = Cĝ(0)
n0n

H
+

|Λ| +
1

4
Qren

4 .

In the second line of (5.11), the PiPj term vanishes because QL,jPj = 0. The two

other terms can be estimated as above. For instance, for any ε1 > 0,
∑

i ̸=j

(PiQL,jgωPiQj + h.c.) ≤ ε−1
1

∑

i ̸=j

PiQL,jgω(PiQL,j)
† + ε1

∑

i ̸=j

PiQjgωPiQj

≤ ĝ(0)
n0
|Λ|
(
ε−1
1 nH+ + ε1n+

)
, (5.12)

and conclude observing that n0 ≤ N when applied to Ψ.

Lemma 5.2. There exists a universal constant C > 0 such that, for all ε2 > 0 and

all N -particles state Ψ ∈ L2
sym(Λ

N ) we have

|⟨Qlow
3 ⟩Ψ − ⟨Qsoft

3 ⟩Ψ| ≤ Cρĝ(0)
(
ε2K

d
H⟨n+⟩Ψ + ε−1

2

⟨n+nL+⟩Ψ
N

)
. (5.13)

Proof. First of all, we can rewrite (5.9) in second quantization,

Qlow
3 =

1

|Λ|
∑

p∈PL,k ̸=0

ĝ(k)
(
a†0a

†
pap−kak + h.c.

)
. (5.14)

From the definition (5.7) of Qsoft
3 we deduce

Qlow
3 −Qsoft

3 =
1

|Λ|
∑

k∈Pc
H ,k ̸=0

p∈PL

ĝ(k)
(
a†0a

†
pap−kak + h.c.

)
. (5.15)

When applying to Ψ, we can use the Cauchy-Schwarz inequality with weight ε2 > 0

and deduce

|⟨Qlow
3 ⟩Ψ − ⟨Qsoft

3 ⟩Ψ| ≤ C
ĝ(0)

|Λ|
∑

k∈Pc
H ,k ̸=0

p∈PL

(
ε2⟨a†0a†papa0⟩Ψ + ε−1

2 ⟨a†ka
†
p−kap−kak⟩Ψ

)
.

(5.16)

In the first term of (5.16) we recognize n+ and a volume of Pc
H . Similarly in the

second term, the p-sum gives n+ and the k-sum gives nL+ (and the remaining com-

mutator is controlled by the other terms). Thus,

|⟨Qlow
3 ⟩Ψ − ⟨Qsoft

3 ⟩Ψ| ≤ Cĝ(0)

(
ε2K

d
H

N⟨n+⟩Ψ
|Λ| + ε−1

2

⟨n+nL+⟩Ψ
|Λ|

)
, (5.17)

and this concludes the proof.

We are now ready to prove Proposition 5.1.
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Proof. [Proof of Proposition 5.1] Joining together Lemma 5.1 and Lemma 5.2, we

get that the error made approximating Qren
3 by Qsoft

3 , testing on a state Ψ as in the

assumptions such that nL+ ≤ M, is bounded by

1

4
⟨Qren

4 ⟩Ψ + Cρĝ(0)
(
K−2

ℓ +K
d/2
H

(M
N

)1/2)
⟨n+⟩Ψ + Cρĝ(0)K2

ℓ ⟨nH+ ⟩Ψ (5.18)

where we chose ε1 = K−2
ℓ and ε2 =

(
M

NKd
H

)1/2
. Let us focus on the n+ terms. We

use (E.2) of Theorem Appendix E.1 to bound ⟨n+⟩Ψ and (F.7) to conclude that

the expression is of an order smaller than LHY. For the nH+ terms, we use (E.3)

instead and (F.3).

6. Bounds on Q3 when ρz ≃ ρ : the effect of Soft Pairs

In this section we explain the effects of soft pairs on the energy in the case when ρz
is close to ρ. In the remaining part of this section, we only assume that |ρz−ρ| ≤ 1

2ρ,

so that we can replace ρz by ρ in error estimates.

We will see how Qsoft
3 , Qex

2 and Kdiag can be combined together, as stated in

Proposition 6.1 below. Actually, only the high momenta in Kdiag are needed, namely

Kdiag
H =

∑

k∈PH

Dkb
†
kbk. (6.1)

Note that we can use c-number substitution to rewrite Qsoft
3 as

Qsoft
3 =

∫

C
Qsoft

3 (z)|z⟩⟨z|dz, (6.2)

with

Qsoft
3 (z) =

1

|Λ|
∑

k∈PH ,p∈PL

ĝ(k)
(
z̄a†pap−kak + h.c.

)
. (6.3)

With this notation, we prove the following result.

Proposition 6.1. There exists a universal constant C > 0 such that the following

holds. Let ρad ≤ C−1 and z ∈ C be such that |ρz−ρ| ≤ 1
2ρ. Then for any normalized

state Φ ∈ Fs(RanQ) satisfying

Φ = 1[0,M](n
L
+)Φ,

we have, for a small fraction εgap of the spectral gap, suitably chosen in Appendix

F with the other parameters,

⟨Qsoft
3 (z) +Kdiag

H +Qex
2 (z)⟩Φ ≥ −εgap

⟨n+⟩Φ
ℓ2

−K2
ℓ

⟨nH+ ⟩Φ
ℓ2

+ oLHY
d . (6.4)

In order to prove Proposition 6.1, we start by rewriting Qsoft
3 (z) in terms of the

bk’s defined in (4.3). Note that

ak =
bk − αkb

†
−k√

1− α2
k

, ap−k =
bp−k − αp−kb

†
k−p√

1− α2
p−k

. (6.5)

155



May 22, 2023 13:19 proceeding

Lower bounds on the energy of the Bose gas 19

Therefore,

ap−kak =

(
bp−kbk − αkbp−kb

†
−k − αp−kb

†
k−pbk + αp−kαkb

†
k−pb

†
−k

)

√
1− α2

k

√
1− α2

p−k

,

and Qsoft
3 (z) = Q(1)

3 +Q(2)
3 +Q(3)

3 +Q(4)
3 where

Q(1)
3 =

1

|Λ|
∑

k∈PH ,
p∈PL

ĝ(k)√
1− α2

k

√
1− α2

p−k

(
z̄a†pbp−kbk + αkαp−kz̄a

†
pb

†
k−pb

†
−k + h.c.

)
,

(6.6)

Q(2)
3 = − 1

|Λ|
∑

k∈PH ,
p∈PL

ĝ(k)αk√
1− α2

k

√
1− α2

p−k

(
z̄a†pb

†
−kbp−k + zb†p−kb−kap

)
, (6.7)

Q(3)
3 = − 1

|Λ|
∑

k∈PH ,
p∈PL

ĝ(k)αp−k√
1− α2

k

√
1− α2

p−k

(
z̄a†pb

†
k−pbk + zb†kbk−pap

)
, (6.8)

Q(4)
3 = − 1

|Λ|
∑

k∈PH ,
p∈PL

ĝ(k)αk√
1− α2

k

√
1− α2

p−k

[bp−k, b
†
−k](z̄a

†
p + zap) = 0. (6.9)

Notice that Q(4)
3 cancels due to the commutation relation [bp−k, b

†
−k] = δ−k,p−k. In

Lemmas 6.1 and 6.2 below, we get bounds on Q(1)
3 , Q(2)

3 , and Q(3)
3 , thus proving

Proposition 6.1.

6.1. Estimates on Q(1)
3

The first part Q(1)
3 absorbs Qex

2 using (1− εK)Kdiag
H for some parameter εK chosen

in Appendix F. The remaining fraction εKK
diag
H will be later in the proof to control

other terms.

Lemma 6.1. There exists a universal constant C > 0 such that the following holds.

If ρad ≤ C−1, |ρz−ρ| ≤ 1
2ρ, and if the parameters εK , εgap ≪ 1 and M > 0, satisfy

the relations in Appendix F, then for any normalized state Φ ∈ Fs(RanQ) satisfying

Φ = 1[0,M](n
L
+)Φ,

we have

〈
Q(1)

3 +Qex
2 +

(
1− εK

)
Kdiag

H

〉
Φ
≥ −εgap

⟨n+⟩Φ
ℓ2

−K2
ℓ

⟨nH+ ⟩Φ
ℓ2

+ oLHY
d .

Proof. We first reorder the creation and annihilation operators, applying a change
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of variables k 7→ −k, p 7→ −p in the α terms,

Q(1)
3 =

1

|Λ|
∑

k∈PH ,p∈PL

ĝ(k)√
1− α2

k

√
1− α2

p−k

×
(
z̄a†pbp−kbk + αkαp−kz̄a

†
−pb

†
p−kb

†
k + zb†kb

†
p−kap + αkαp−kzbkbp−ka−p

)

=
1

|Λ|
∑

k∈PH ,p∈PL

ĝ(k)√
1− α2

k

√
1− α2

p−k

((
z̄a†pbp−k + αkαp−kzbp−ka−p

)
bk

+ b†k
(
zb†p−kap + αkαp−kz̄a

†
−pb

†
p−k

)
+ αkαp−k

(
z [bk, bp−ka−p] + z̄

[
a†−pb

†
p−k, b

†
k

]))
.

Note that the two last commutators vanish. Thus, we can complete the square to

get,

Q(1)
3 + (1− εK)Kdiag

H = (1− εK)
∑

k∈PH

Dkc
†
kck +

∑

k∈PH

T (k), (6.10)

where we keep a small portion of Kdiag
H in order to bound other error terms, and

we define

ck = bk +
1

Dk(1− εK)|Λ|
∑

p∈PL

ĝ(k)√
1− α2

k

√
1− α2

p−k

(
zb†p−kap + αkαp−kz̄a

†
−pb

†
p−k

)
,

(6.11)

T (k) = − ĝ(k)2

(1− εK)Dk(1− α2
k)|Λ|2

∑

p,s∈PL

1√
1− α2

s−k

√
1− α2

p−k

×
(
z̄a†pbp−k + αkαp−kzbp−ka−p

)(
zb†s−kas + αkαs−kz̄a

†
−sb

†
s−k

)
. (6.12)

The positive c†kck term in (6.10) can be dropped for a lower bound, and we can

focus on the remaining term T (k). One can write

z̄a†pbp−k + αkαp−kzbp−ka−p = z̄a†pbp−k + αkαp−kza−pbp−k + αkαp−kz[bp−k, a−p],

and the last commutator vanishes. Therefore

T (k) = − ĝ(k)2

(1− εK)Dk(1− α2
k)|Λ|2

∑

p,s∈PL

1√
1− α2

p−k

√
1− α2

s−k

× (z̄a†p + αkαp−kza−p)bp−kb
†
s−k(zas + αkαs−kz̄a

†
−s).

Now we use a commutator to write T = Top + Tcom in normal order for the bk.
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Since [bp−k, b
†
s−k] = δs,p we get

Top(k) =− ĝ(k)2

(1− εK)Dk(1− α2
k)|Λ|2

∑

p,s∈PL

1√
1− α2

p−k

√
1− α2

s−k

× (z̄a†p + αkαp−kza−p)b
†
s−kbp−k(zas + αkαs−kz̄a

†
−s), (6.13)

Tcom(k) =− ĝ(k)2

(1− εK)Dk(1− α2
k)|Λ|2

∑

p∈PL

|z|2
1− α2

p−k

× (a†p + αkαp−ka−p)(ap + αkαp−ka
†
−p). (6.14)

• In order to estimate the error term Top, we introduce

τs := zas + αkαs−kz̄a
†
−s. (6.15)

In Top we commute the b’s through the a’s, τ †pb
†
s−kbp−kτs = b†s−kτ

†
pτsbp−k, since the

commutators vanish in our range of indices. We use the Cauchy-Schwarz inequality

τ †pb
†
s−kbp−kτs ≤

1

2
(b†s−kτ

†
pτpbs−k + b†p−kτ

†
s τsbp−k).

Inserting this in Top, bounding (1− εK)(1−αk) ≥ 1/2 for k ∈ PH (by Lemma Ap-

pendix A.2), and noticing that we can exchange s and p in the sum, we find

|⟨Top(k)⟩Φ| ≤ C
ĝ(k)2

Dk|Λ|2
∑

p,s∈PL

1√
1− α2

p−k

√
1− α2

s−k

|⟨b†s−kτ
†
pτpbs−k⟩Φ|.

For states Φ satisfying 1[0,M](n
L
+)Φ = Φ we get, bounding each τ †s τs by C|z|2a†sas

directly or by a means of Cauchy-Schwarz inequality and a change of variables, by

|⟨Top(k)⟩Φ| ≤ C
ĝ(k)2

Dk|Λ|2
|z|2M

∑

s∈PL

⟨b†s−kbs−k⟩Φ.

Finally, using (A.3),

∑

k∈PH

|⟨Top(k)⟩Φ| ≤ Cρzℓ
4−dĝ(0)2K−2

H Kd
LM

⟨nH+ ⟩Φ
ℓ2

. (6.16)

This term can be absorbed in K2
ℓ ℓ

−2nH+ , as long as the relation (F.9) holds.

• We now turn to Tcom given in (6.14). This term will absorb Qex
2 . Using the

Cauchy-Schwarz inequality we have

|⟨(a†p + αkαp−ka−p)(ap + αkαp−ka
†
−p)⟩Φ − ⟨a†pap⟩Φ|

≤ C|αkαp−k|⟨a†−pa−p + a†pap⟩Φ + |αkαp−k|2.

We deduce that

∑

k∈PH

Tcom(k) = − 1

|Λ|2
∑

k∈PH ,p∈PL

|z|2ĝ(k)2
(1− εK)Dk

a†pap + E , (6.17)
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where (using in particular Lemma Appendix A.2)

|⟨E⟩Φ| ≤
C

|Λ|2
∑

k∈PH ,p∈PL

|z|2ĝ(k)2
Dk

(
|αkαp−k|⟨a†pap⟩Φ + |αkαp−k|2

)

≤ Cρ3z ĝ(0)
4ℓ6−dKd−6

H ⟨n+⟩Φ + ĝ(0)|Λ|−1Kd
LK

10
ℓ Kd−10

H . (6.18)

The first term in (6.18) can be absorbed in a fraction of the spectral gap if

ρ3z ĝ(0)
4ℓ8−dKd−6

H ≪ εgap using Appendix F, the second term is smaller than LHY

by (F.3). For the main term in (6.17) we do several approximations. First,

∑

k∈PH

Tcom(k) = −
(
1+O(εK + ℓ2ρĝ(0)K−2

H )
) ρz
|Λ|

∑

k∈PH

ĝ(k)2

k2

∑

p∈PL

a†pap + E , (6.19)

where we used (A.3). Second, the k-sum is an approximation of 2|Λ|ĝω(0) by

Lemma Appendix A.1, and thus
∑

k∈PH

Tcom(k) = −2ρz ĝω(0)
∑

p∈PL

a†pap + E ′ + E , (6.20)

with |E ′| ≤ C(εK ĝ(0)+ ℓ
2ρz ĝ(0)K

−2
H + ĝ(0)2K−1

H +Ed)ρzn+. This error is absorbed
in the spectral gap εgapn+ℓ

−2 using (F.11). Then, for p ∈ PL, we can replace ĝω(0)

by ĝω(p),
∑

k∈PH

Tcom(k) = −ρz
∑

p∈PL

(
ĝω(0) + ĝω(p)

)
a†pap + E ′′ + E ′ + E , (6.21)

with error |E ′′| ≤ CR2ℓ−2K2
Lρz ĝ(0)n+, absorbed in the spectral gap again by

(F.12). Finally, if we add Qex
2 defined in (3.8), we get a sum on Pc

L which can

be bounded by nH+ ,
∣∣∣
∑

k∈PH

⟨Tcom(k)⟩Φ + ⟨Qex
2 ⟩Φ

∣∣∣ ≤ Cρz ĝ(0)⟨nH+ ⟩Φ + |⟨E + E ′ + E ′′⟩Φ|, (6.22)

and this concludes the proof of Lemma 6.1.

6.2. Estimates on Q(2)
3 and Q(3)

3

Here we show the remaining εKK
diag
H can control Q(2)

3 and Q(3)
3 .

Lemma 6.2. There exists a universal constant C > 0 such that the following holds.

If ρad ≤ C−1, |ρz−ρ| ≤ 1
2ρ, and if the parameters satisfy the relations in Appendix

F, then for all normalized states Φ ∈ Fs(RanQ) satisfying

Φ = 1[0,M](n
L
+)Φ, (6.23)

we have
∣∣∣
〈
Q(2)

3 +Q(3)
3

〉
Φ

∣∣∣ ≤ εK⟨Kdiag
H ⟩Φ
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Proof. Notice that Q(2)
3 and Q(3)

3 are identical except for the substitution of −k
by k− p, so we can focus on Q(3)

3 . We can commute the creation operators to write

this term as

Q(3)
3 = − 1

|Λ|
∑

k∈PH ,p∈PL

ĝ(k)αp−k√
1− α2

k

√
1− α2

p−k

(
z̄b†k−pa

†
pbk + zb†kapbk−p

)
, (6.24)

We use the Cauchy-Schwarz inequality with weight ε > 0, and by (A.3),

|⟨Q(3)
3 ⟩Φ| ≤

|z|
|Λ|

∑

k∈PH ,p∈PL

|ĝ(k)αp−k|√
1− α2

k

√
1− α2

p−k

⟨εb†k−pa
†
papbk−p + ε−1b†kbk⟩Φ

≤ C
|z|
|Λ|ℓ

2ρz ĝ(0)
2K−2

H

∑

k∈PH ,p∈PL

⟨εb†k−pa
†
papbk−p + ε−1b†kbk⟩Φ,

and using (6.23),
∑

p∈PL

⟨b†k−pa
†
papbk−p⟩Φ ≤ CM⟨b†kbk⟩Φ. (6.25)

We choose ε =
√
Kd

L/M, and insert Dk ≥ K2
Hℓ

−2, obtaining

|⟨Q(3)
3 ⟩Φ| ≤ C|z|ℓ2−dρz ĝ(0)

2K−2
H (εM+ ε−1Kd

L)
∑

k∈PH

⟨b†kbk⟩Φ

≤ C|z|ℓ4−dρz ĝ(0)
2K−4

H K
d/2
L

√
M

∑

k∈PH

Dk⟨b†kbk⟩Φ. (6.26)

Thanks to condition (F.8), Q(3)
3 can be absorbed in the positive εKKdiag

H term.

7. Conclusion

In all this section, we assume that all our parameters satisfy the relations in Ap-

pendix F, and prove Theorem 1.1 by combining as follows all the previous estimates.

Let us first fix CB ≥ 2IBog
d , and assume that there exists a normalizedN -particle

state Ψ ∈ L2
sym(Λ

N ) with energy

⟨H⟩Ψ ≤ 1

2
ρ2|Λ|ĝ(0)(1 + CBλ

LHY
d ). (7.1)

If Ψ does not exist we are clearly done. For such a state Ψ we use the localization

of large matrices Lemma Appendix B.1 to decompose Ψ into Ψm’s satisfying that,

Ψm = 1{nL
+≤M

2 +m}Ψ
m, and

∑

m

∥Ψm∥2 = 1 (7.2)

with

⟨Ψ,HΨ⟩ ≥
∑

2|m|≤M
⟨Ψm,HΨm⟩+ |Λ|

2
ρ2ĝ(0)

(
1 + 2CBλ

LHY
d

) ∑

2|m|>M
∥Ψm∥2 + oLHY

d .

(7.3)
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The next goal is then to prove our lower bound for each term of the first sum of

above to reconstruct
∑

m ∥Ψm∥2 = 1. Hence we only have to prove the desired

lower bound for states Ψ ∈ L2
sym(Λ

N ) satisfying

Ψ = 1{nL
+≤M}Ψ. (7.4)

For such a Ψ, we use the second quantization from Proposition 2.1, the c-

number substitution from Proposition 3.1 and the localization of the 3Q term in

Proposition 5.1 to deduce

⟨H⟩Ψ ≥ 1

π

∫

C
⟨K(z) +Qsoft

3 (z)⟩Φ(z)dz + oLHY
d , (7.5)

where Φ(z) = ⟨Ψ|z⟩ ∈ Fs(RanQ) was introduced in Section 3. Note that we

dropped the remaining part of Qren
4 > 0, and that the error terms are estimated

using Theorem Appendix E.1. Now we split the integral according to the values of

ρz. We recall that ε2+ = max{K4
ℓK

−2
L , λLHY

d } and consider the two following cases.

• If |ρz − ρ| ≥ ρε+, we can apply Theorem Appendix D.1 to get a lower bound

larger than the LHY term, since ELHY
d > 0, i.e.

⟨K(z) +Qsoft
3 (z)⟩Φ(z)

≥
(1
2
ρ2|Λ|ĝ(0) + 2ELHY

d + oLHY
d

)
∥Φ(z)∥2 − Cρĝ(0)⟨nH+ ⟩Φ(z). (7.6)

The integral of the last term over {z ∈ C : |ρz − ρ| ≥ ε+ρ} can be bounded by

the integral over all of C, giving Cρĝ(0)⟨nH+ ⟩Ψ that, thanks to (E.3), is of order

oLHY
d .

• Now we want to prove the desired lower bound for |ρz − ρ| ≤ ρε+. Recall that

K(z) is given by

K(z) = Q(z) +Qex
2 (z) + (ρz − ρ)n+ĝ(0)− ρρz|Λ|ĝ(0) + ρ2|Λ|ĝ(0) + oLHY

d ,

where we have omitted the error term R(d)
1 (ρz), which is lower order when

ρz ≈ ρ. We diagonalize Q(z) with Proposition 4.1 to get

K(z)− oLHY
d (7.7)

≥ |Λ|
2
ρ2z ĝ(0) + ELHY

d (ρz) +Kdiag +Qex
2 + (ρz − ρ)n+ĝ(0)− ρρz|Λ|ĝ(0) + ρ2|Λ|ĝ(0)

=
|Λ|
2
ρ2ĝ(0) + ELHY

d (ρz) +Kdiag +Qex
2 +

1

2
(ρ− ρz)

2|Λ|ĝ(0) + (ρz − ρ)n+ĝ(0).

The last term we can bound by integrating and using (E.2),
∫

{|ρz−ρ|≤ρε+}
(ρz − ρ)⟨n+⟩Φ(z)ĝ(0) dz ≤ Cρε+ĝ(0)⟨n+⟩Ψ = oLHY

d , (7.8)

thanks to the choice of ε+. Therefore, we deduce
∫

{|ρz−ρ|≤ρε+}
⟨K(z)⟩Φ(z)dz ≥ (7.9)

∫

{|ρz−ρ|≤ρε+}

( |Λ|
2
ρ2ĝ(0) + ELHY

d (ρz)
)
∥Φ(z)∥2 + ⟨Kdiag +Qex

2 (z)⟩Φ(z) dz + oLHY
d .
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The contributions of Qsoft
3 , Qex

2 , and Kdiag are combined using Proposition 6.1.

Bounding the remaining positive terms by 0 and estimating the errors with the

relations from Appendix F, we deduce
∫

{|ρz−ρ|≤ρε+}
⟨K(z)⟩Φ(z) dz

≥
∫

{|ρz−ρ|≤ρε+}

(1
2
ρ2|Λ|ĝ(0) + ELHY

d (ρz)
)
∥Φ(z)∥2dz + oLHY

d . (7.10)

Finally, in this case we can replace ρz by ρ up to errors of order oLHY
d . Hence we

have a lower bound for all z, and we deduce from (7.5), from the contributions

of the integrals in (7.6) and (7.10) on the domains {z ∈ C : |ρz −ρ| ≥ ε+ρ} and

{z ∈ C : |ρz − ρ| < ε+ρ}, respectively, that

⟨H⟩Ψ ≥ ρ2

2
|Λ|ĝ(0) + ELHY

d (ρ) + oLHY
d , (7.11)

which concludes the proof of Theorem 1.1.

Appendix

Appendix A. Miscellaneous Estimates

Lemma Appendix A.1. There exists a constant C > 0 such that the following

estimate holds
∣∣∣ĝω(0)− 1

|Λ|
∑

k∈PH

ĝ(k)2

2k2

∣∣∣ ≤ Cĝ(0)K−1
H + Ed,

where

Ed ≤
{
CR2ℓ−2

δ ĝ(0)2 + Cĝ(0)2| logKHℓδℓ
−1|, if d = 2,

Cĝ(0)2KHℓ
−1, if d = 3.

The constant C in the error bounds depends on Lp-properties of the potential,

p > 1.

Proof. First of all, one can replace the sum by an integral,
∣∣∣ 1

|Λ|
∑

k∈PH

ĝ(k)2

2k2
−
∫

|k|≥KHℓ−1

ĝ(k)2

2k2
dk

(2π)d

∣∣∣ ≤ Cĝ(0)K−1
H . (A.1)

This can be proven by bounding the derivatives of the integrand on small boxes

of size (2π)ℓ−1, but depends on Lp-properties of the potential, since we need some

decay of ĝ(k) to control the decay of the summand. The estimate is obtained through

a Hölder inequality on the sum.

Now we can compare the integral with ĝω(0) (in d = 3 for instance),
∣∣∣ĝω(0)−

∫

|k|≥KHℓ−1

ĝ(k)2

2k2
dk

(2π)d

∣∣∣ ≤
∣∣∣
∫

|k|≤KHℓ−1

ĝ(k)2

2k2
dk

(2π)d

∣∣∣

≤ Cĝ(0)2KHℓ
−1. (A.2)
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The estimate is similar in d = 2, except we must bound |ĝk − ĝ(0)| ≤ R2ĝ(0)k2 for

small k’s, to have integrability.

We end this section by stating, without proof, the following simple bounds,

which will be useful for further estimates.

Lemma Appendix A.2. If |ρz − ρ| ≤ 1
2ρ and |k| ≥ KHℓ

−1. Then

|αk| ≤ C
|ρz ĝ(k)|
k2

, and |Dk − k2| ≤ Cℓ2ρĝ0K
−2
H k2. (A.3)

Appendix B. Localization of Large Matrices: restrictions of nL
+

Some of our errors depend on nL+. Thus, we need a priori bounds on this excitation

number, for low energy states. We explain how we can reduce the analysis to states

with bounded number of low excitations, nL+ ≤ M, in Proposition Appendix B.1.

Proposition Appendix B.1. There exist C, η > 0 such that the following holds.

Let Ψ ∈ L2
sym(Λ

N ) be a normalized N -particle state which satisfies

⟨H⟩Ψ ≤ 1

2
ρ2|Λ|ĝ(0) + CBρ

2|Λ|ĝ(0)λLHY
d (B.1)

for some CB > 0. Assume that M and ∥v∥1 satisfy (F.4). Then, there exists a

sequence {Ψm}m∈Z ⊆ L2
sym(Λ

N ) such that
∑

m ∥Ψm∥2 = 1 and

Ψm = 1[0,M2 +m](n
L
+)Ψ

m, (B.2)

and such that the following lower bound holds true

⟨Ψ,HΨ⟩ ≥
∑

2|m|≤M
⟨Ψm,HΨm⟩+ |Λ|

2
ρ2ĝ(0)

(
1 + 2CBλ

LHY
d

) ∑

2|m|>M
∥Ψm∥2 + oLHY

d .

The proof of Proposition Appendix B.1 will follow from the Lemmas Appendix

B.1 and Appendix B.2 below. The proof of Lemma Appendix B.1 is inspired by the

localization of large matrices result in [40]. It is also similar to the bounds in [41,

Proposition 21]. It can be interpreted as an analogue of the standard IMS localiza-

tion formula. The error produced is written in terms of the following quantities dL1
and dL2 (i.e the terms in the Hamiltonian that change nL+ by 1 or 2).

dL1 :=
∑

i̸=j

(Pi +QH,i)QH,jv(xi − xj)QH,iQH,j + h.c.

+
∑

i ̸=j

QH,i(Pj +QH,j)v(xi − xj)(Pi +QH,i)(Pj +QH,j) + h.c. (B.3)

and

dL2 :=
∑

i̸=j

(Pi +QH,i)(Pj +QH,j)v(xi − xj)QH,jQH,i + h.c. (B.4)
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where QH,j is defined in (5.4). These error terms are estimated in Lemma Appendix

B.2.

Lemma Appendix B.1. Let θ : R → [0, 1] be any compactly supported Lipschitz

function such that θ(s) = 1 for |s| < 1
8 and θ(s) = 0 for |s| > 1

4 . For any M > 0,

define cM > 0 and θM such that

θM(s) = cMθ
( s

M
)
,

∑

s∈Z
θM(s)2 = 1.

Then there exists a C > 0 depending only on θ such that, for any normalized state

Ψ ∈ L2
sym(Λ

N ),

⟨Ψ,HΨ⟩ ≥
∑

m∈Z
⟨Ψm,HΨm⟩ − C

M2

(
|⟨dL1 ⟩Ψ|+ |⟨dL2 ⟩Ψ|

)
, (B.5)

where Ψm = θM(nL+ −m)Ψ.

Proof. Notice that H only contains terms that change nL+ by 0,±1 or ±2. There-

fore, we write our operator as H =
∑

|k|≤2 H(k), with H(k)nL+ = (nL+ + k)H(k).

Moreover, H(k) +H(−k) = dLk for k = 1, 2. We use this decomposition to estimate

the localized energy,
∑

m∈Z
⟨Ψm,HΨm⟩ =

∑

m∈Z

∑

|k|≤2

⟨θM(nL+ −m)θM(nL+ −m+ k)Ψ,H(k)Ψ⟩

=
∑

m,s∈Z

∑

|k|≤2

⟨θM(s−m)θM(s−m+ k)1{nL
+=s}Ψ,H(k)Ψ⟩

=
∑

m,s∈Z

∑

|k|≤2

θM(m)θM(m+ k)⟨1{nL
+=s}Ψ,H(k)Ψ⟩,

where in the last line we changed the index m into s − m. We can sum on s to

recognize
∑

m∈Z
⟨Ψm,HΨm⟩ =

∑

m∈Z

∑

|k|≤2

θM(m)θM(m+ k)⟨Ψ,H(k)Ψ⟩. (B.6)

Furthermore the energy of Ψ can be rewritten as

⟨Ψ,HΨ⟩ =
∑

|k|≤2

⟨Ψ,H(k)Ψ⟩ =
∑

m∈Z

∑

|k|≤2

θM(m)2⟨Ψ,H(k)Ψ⟩, (B.7)

by definition of θM. Thus, the localization error is
∑

m∈Z
⟨Ψm,HΨm⟩ − ⟨Ψ,HΨ⟩ =

∑

|k|≤2

δk⟨Ψ,H(k)Ψ⟩, (B.8)

with

δk =
∑

m∈Z

(
θM(m)θM(m+k)− θM(m)2

)
= −1

2

∑

m

(
θM(m)− θM(m+k)

)2
. (B.9)
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Since δ0 = 0, δk = δ−k and dLk = H(k) +H(−k) we find

∑

m∈Z
⟨Ψm,HΨm⟩ − ⟨Ψ,HΨ⟩ = δ1⟨dL1 ⟩Ψ + δ2⟨dL2 ⟩Ψ, (B.10)

and only remains to prove that |δk| ≤ CM−2. This follows from (B.9) using that θ

is Lipschitz and restricting the sum to m ∈
[
− M

2 ,
M
2

]
.

To estimate the error in (B.5), we need the following bounds on dL1 and dL2 .

Lemma Appendix B.2. There exists a universal constant C > 0 such that, for

any Ψ ∈ L2
sym(Λ

N ), with our choices of parameters we have

|⟨dL1 ⟩Ψ|+ |⟨dL2 ⟩Ψ| ≤ C∥v∥1ρKH⟨n+⟩Ψ + C⟨Qren
4 ⟩Ψ. (B.11)

Proof. First note that we have the following bound on the operator norm

∥QH,xv(x− y)QH,x∥ ≤ CK2
Hℓ

−d∥v∥1. (B.12)

Indeed, for all φ ∈ RanQH,x,

⟨QH,xv(x−y)QH,xφ,φ⟩ ≤
∫

Λ

|φ(x)|2v(x−y)dx ≤ ∥φ∥2∞∥v∥1 ≤ Cℓ2−d∥∆φ∥∥φ∥∥v∥1,
(B.13)

by Sobolev inequality. Moreover such φ’s satisfy ∥∆φ∥ ≤ K2
Hℓ

−2∥φ∥ by definition

of QH , and (B.12) follows.

We split dL1 , d
L
2 in several terms multiplying out the parentheses in (B.3) and

(B.4). Here we just bound some representative examples to illustrate the procedure.

For instance, we can use the Cauchy-Schwarz inequality with weight KH and

equation (B.12) to find,

∣∣∣
〈∑

i,j

PiQH,jvQH,iQH,j

〉
Ψ

∣∣∣ ≤ KH
N

|Λ| ∥v∥1⟨n
L
+⟩Ψ +K−1

H ∥QHvQH∥N⟨nL+⟩Ψ,

≤ C∥v∥1KHρ⟨n+⟩Ψ

where we used nL+ ≤ n+.

We also estimate a term where the need for Qren
4 becomes clear. In order to do

that we complete the QH to a Q = QH +QH ,
∣∣∣
〈∑

i̸=j

QH,iPjvQH,iQH,j + h.c.
〉
Ψ

∣∣∣

≤
∣∣∣
〈∑

i̸=j

QH,iPjv(QH,iQH,j +QH,iQH,j)
〉
Ψ
+ h.c.

∣∣∣

+
∣∣∣
〈∑

i ̸=j

QH,iPjvQiQj

〉
Ψ
+ h.c.

∣∣∣+
∣∣∣
〈∑

i,j

PiQH,jvQH,iQH,j

〉
Ψ

∣∣∣.
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The first and the third terms can be estimated in the same manner as above, so let

us focus on completing the second term in order to obtain 4Q terms.

∣∣∣
〈∑

i ̸=j

QH,iPjvQiQj

〉
Ψ
+ h.c.

∣∣∣ (B.14)

≤
∣∣∣
〈∑

i ̸=j

QH,iPjv(QiQj + ω(PiPj + PiQj +QiPj))
〉
Ψ
+ h.c.

∣∣∣ (B.15)

+
∣∣∣
〈∑

i̸=j

QH,iPjvω(PiQj +QiPj))
〉
Ψ
+ h.c.

∣∣∣ (B.16)

+
∣∣∣
〈∑

i̸=j

QH,iPjvωPiPj)
〉
Ψ
+ h.c.

∣∣∣. (B.17)

The second and the third terms are treated as above, using that 0 ≤ ω ≤ 1 on the

support of v. By a Cauchy-Schwarz inequality on the first term we get

(B.15) ≤ ⟨Qren
4 ⟩Ψ + C

N

|Λ| ∥v∥1⟨n+⟩Ψ.

Now we can combine Lemmas Appendix B.1 and Appendix B.2 to prove Propo-

sition Appendix B.1.

Proof. [Proposition Appendix B.1] Given Ψ ∈ L2
sym(Λ

N ) satisfying (B.1), we can

apply Lemma Appendix B.1 and write Ψm = θM(nL+ −m)Ψ. In (B.5) we split the

sum into two. The first part, for |m| < 1
2M, we keep. For |m| > 1

2M, Ψm satisfies

⟨n+⟩Ψm ≥ ⟨nL+⟩Ψm ≥ M
4
∥Ψm∥2, (B.18)

due to the cutoff θM(nL+−m). Since we have from (F.5) thatM ≫ ρ2ℓ2|Λ|ĝ(0)λLHY
d ,

this is a larger bound than (E.2), and thus the assumption of Theorem Appendix

E.1 cannot be satisfied for Ψm and we must have the lower bound

⟨Ψm,HΨm⟩ ≥ ρ2|Λ|ĝ(0)
(1
2
+ CBλ

LHY
d

)
∥Ψm∥2. (B.19)

We finally bound the last term in (B.5), using Lemma Appendix B.2. We use the

condensation estimate (E.2) and the bound (E.4) on Qren
4 to obtain

M−2
(
|⟨dL1 ⟩Ψ|+ |⟨dL2 ⟩Ψ|

)
≤ CM−2

(
ρKH∥v∥1ℓ2 + 1

)
|Λ|ρ2ĝ(0)λLHY

d

= oLHY
d , (B.20)

for M and ∥v∥1 satisfying (F.4). Using the estimates (B.19) for m > 1
2M and

(B.20) in formula (B.5) we conclude the proof.
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Appendix C. Rigorous Bogoliubov Theory for Quadratic

Hamiltonians

C.1. Diagonalization of quadratic Hamiltonians

In the next proposition we show a simple consequence of the Bogoliubov method,

see [42, Theorem 6.3] and [34], that we use to diagonalize the quadratic term Q(z)

of Proposition 3.1.

Theorem Appendix C.1. Let a± be operators on a Hilbert space satisfying

[a+, a−] = 0. For A > 0, B ∈ R satisfying |B| < A and arbitrary κ ∈ C, we

have the operator identity

A(a†+a+ + a†−a−) + B(a†+a†− + a+a−) + κ(a†+ + a−) + κ(a+ + a†−)

= D(b†+b+ + b†−b−)−
1

2
αB([a+, a†+] + [a−, a

†
−])−

2|κ|2
A+ B ,

where D = 1
2

(
A+

√
A2 − B2

)
, and

b+ =
1√

1− α2

(
a+ + αa†− + c̄0

)
, b− =

1√
1− α2

(
a− + αa†+ + c0

)
, (C.1)

with

α = B−1
(
A−

√
A2 − B2

)
, c0 =

2κ̄

A+ B +
√
A2 − B2

. (C.2)

Remark Appendix C.1. Note that the normalization of b± is chosen such that

[b+, b
†
+] =

[a+, a
†
+]− α2[a−, a

†
−]

1− α2
, (C.3)

and we recover the canonical commutation relations [b+, b
†
+] = 1 when a+ and a−

satisfies them as well.

Proof. This follows directly from algebraic computations.

C.2. Evaluation of the Bogoliubov integral

In this section we report two lemmas for the calculation of the Bogoliubov integral.

The first one, under weak assumptions, gives a bound for general Bogoliubov-type

integrals, expressing the dependence on the parameters involved in the spectral

gaps. The second one is a more precise calculation which lets us obtain the exact

value of the Lee-Huang-Yang constant. Let us recall the definition of Gd in (1.18):

Gd(k) :=
ĝRd(k)2 − ĝRd(0)21d(ℓδk)

2k2
. (C.4)

Lemma Appendix C.1. Let A,B : Rd → R be two functions such that, for

parameters satisfying κ > 0, 0 < K2 ≤ K1, ℓ
−1
δ ≤ K < a−1,

A(k) ≥ κ[|k| −K]2+ + 2K1ĝ(0), |B(k)| ≤ 2K2ĝ(0),

|B(k)− B(0)| ≤ K2R
2ĝ(0)|k|2, (C.5)

167



May 22, 2023 13:19 proceeding

Lower bounds on the energy of the Bose gas 31

and let us introduce the integral, recalling (1.18),

I(d) =

∫

Rd

(
A(k)−

√
A(k)2 − B(k)2

)
dk − K2

2

κ

∫

Rd

Gd(k)dk, (C.6)

then there exists a constant C > 0 such that

• For d = 3,

I(3) ≤ C
KK2

2a

κ
ĝω(0) + Cĝ(0)K2

2

(
K−1

1 K3 + κ−1ĝ(0)K log((aK)−1)
)

+min
(
κ−3ĝ(0)4

K4
2

K3
,
K4

2

K2
1

ĝω(0)
)
.

• For d = 2,

I(2) ≤ Cĝ(0)K2
2

(
ĝ(0)(ρK−1

1 + κ−1R2ℓ−2
δ ) + κ−1ĝ(0)| log(2Kℓδ)|+ κ−1ĝ(0)

)

+min
(
κ−3ĝ(0)4

K4
2

K4
,
K4

2

K2
1

ĝω(0)
)
.

Proof. The proof of the 3D and 2D cases can be found in [11, Lemma C.1] and

[18, Lemma C.5], respectively.

Lemma Appendix C.2. There exists a C > 0 such that

1

2(2π)d

∫

Rd

(√
k4 − 2k2ρĝ(k)− k2ρĝ(k)− ρ2Gd(k)

)
dk

=
ρ2

2
IBog
d ĝ(0)λLHY

d + E int
d (ρ), (C.7)

where

|E int
d (ρ)| ≤

{
Cρ2ĝ(0)3ρR2 log(ĝ(0)), if d = 2,

Cρ2ĝ(0)3ρR2
√
ρĝ(0)3, if d = 3.

(C.8)

Proof. The idea of the proof is to estimate the error made approximating ĝ(k)

with ĝ(0) and then changing variables k 7→
√
ρĝ(0)k to reduce to IBog

d . The details

can be found in [18, Proposition C.3] and [11, Lemma C.2] for dimension 2 and 3,

respectively.

Appendix D. When ρz is far from ρ

Before establishing the lower bound when |ρ−ρz| ≥ ρε+, we first need the following

intermediate lemma, which states that the elements corresponding to the soft pairs

interaction in Qren
3 can be bounded at the price of a small part of the kinetic energy.

We recall the definition of Qsoft
3 in (5.7) and the definition of the momenta spaces

PL and PH in (5.2).
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Lemma Appendix D.1. There exists a universal constant C > 0 such that, for

any z ∈ C, any ε > 0, and any Φ ∈ Fs(RanQ) satisfying

⟨n+⟩Φ ≤ ρ|Λ|, (D.1)

we have

〈ε
2

∑

k∈PH

k2a†kak +Qsoft
3 (z)

〉
Φ
≥ −C|Λ|ε−1ρρz ĝ(0)

K2
ℓ

K2
H

⟨nL+⟩Φ
N

Kd
L. (D.2)

Proof. Introducing the operators

bk := ak +
2

ε|Λ|
∑

p∈PL

ĝ(k)

k2
za†p−kap, (D.3)

and

Kdiag
ε =

ε

2

∑

k∈PH

k2a†kak (D.4)

we can complete the square in the following expression, obtaining

Kdiag
ε +Qsoft

3 =
∑

k∈PH

(ε
2
k2b†kbk − 2|z|2

ε|Λ|2
∑

p,s∈PL

ĝ(k)2

k2
a†sas−ka

†
p−kap

)

≥ − 2|z|2
ε|Λ|2

∑

k∈PH

ĝ(k)2

k2

∑

p,s∈PL

a†s
(
a†p−kas−k + [as−k, a

†
p−k]

)
ap.

For the term without commutator, estimated on a state Φ which satisfies (D.1) and

using the Cauchy-Schwarz inequality

a†sa
†
p−kas−kap ≤ C(a†sa

†
p−kap−kas + a†pa

†
s−kas−kap) (D.5)

we have

2|z|2
ε|Λ|2

〈 ∑

k∈PH

ĝ(k)2

k2

∑

p,s∈PL

a†sa
†
p−kap−kas

〉

Φ

≤ Cε−1 ρz ĝ(0)
2

|Λ|
∑

k∈ 1
2PH

∑

s∈PL

1

k2
⟨a†sa†kakas⟩Φ

( ∑

p∈PL

1
)

≤ Cε−1ρρzℓ
2ĝ(0)2

⟨nL+⟩ΦKd
L

K2
H

, (D.6)

where in the last line we used that the sum over 1
2PH of a†kak can be bounded by

the number of bosons N = ρ|Λ|, while the sum over PL of the a†sas can be bounded

by C⟨nL+⟩Φ thanks to the assumptions on Φ.
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On the other hand, the commutator satisfies a†s[as−k, a
†
p−k]ap = δs=pa

†
pap, so

we get

2|z|2
ε|Λ|2

〈 ∑

k∈PH

ĝ(k)2

k2

∑

p,s∈PL

a†s[as−k, a
†
p−k]ap

〉

Φ

≤ C
|z|2
ε|Λ|2

∑

k∈PH ,p∈PL

ĝ(k)2

k2
⟨a†pap⟩Φ ≤ Cε−1ρz ĝ(0)⟨nL+⟩Φ, (D.7)

where we used Lemma Appendix A.1, and we obtain a term which is smaller than

the error stated in the lemma provided
K2

ℓK
d
L

K2
H

≤ 1.

Combining the inequalities from (D.6) and (D.7) we get the estimate of the

lemma.

We are now ready to state the theorem which gives a lower bound for the

expression (3.3) when |ρ− ρz| ≥ ρε+. We use the notation

Φ(z) := ⟨z|Ψ⟩, z ∈ C, (D.8)

where |z⟩ belongs to the family of coherent states of the form (3.1), so that, from

the c-number substitution, we can write

⟨Ψ,HΨ⟩ = 1

π

∫

C
⟨Φ(z), (K(z) +Qren

3 +Qren
4 +R0)Φ(z)⟩dz. (D.9)

We further observe that, since Ψ = 1[0,M](n
L
+)Ψ, we have

⟨nL+⟩Φ(z) ≤ M∥Φ(z)∥2, (D.10)

and the simpler

⟨n+⟩Φ(z) ≤ N∥Φ(z)∥2. (D.11)

Theorem Appendix D.1. Assume |ρ− ρz| ≥ ρε+ and that the relations between

the parameters in Appendix F hold true. If there exists a C > 0 such that ρad ≤ C−1,

then for any normalized, N−particle state Ψ ∈ Fs(L
2(Λ)) satisfying (E.1) and

Ψ = 1[0,2M](n
L
+)Ψ, the following lower bound holds,

⟨K(z) +Qsoft
3 (z) +R0⟩Φ(z) ≥

(1
2
ρ2|Λ|ĝ(0) + 2ELHY

d

)
∥Φ(z)∥2 − Cρĝ(0)⟨nH+ ⟩Φ(z).

Proof. We start by proving the following lower bound

⟨K(z) +Qsoft
3 ⟩Φ(z)

≥ |Λ|ĝ(0)
(1
2
ρ2z + ρ2 − ρρz − CK2

ℓK
−1
L (ρρz + ρ2z + ρ2)− Cρ2λLHY

d

)
∥Φ(z)∥2

− Cρĝ(0)⟨nH+ ⟩Φ(z). (D.12)
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We use Lemma Appendix D.1. Subtracting a small part of the kinetic energy from

K(z), we get a bound on Qsoft
3 (z),

ε

2π

〈 ∑

k∈PH

k2a†kak +Qsoft
3 (z)

〉
Φ(z)

≥ −C|Λ|ε−1ρρz ĝ(0)
K2

ℓ

K2
H

⟨nL+⟩Φ(z)

N
Kd

L

≥ −C|Λ|ε−1ρρz ĝ(0)
K6

ℓ

K3
L

∥Φ(z)∥2, (D.13)

where we used (D.10) and the assumption on Ψ to have ⟨nL+⟩Φ(z) ≤ CM∥Φ(z)∥2
and the relations between the parameters. Choosing

ε =
K4

ℓ

K2
L

≪ 1, (D.14)

this term can be absorbed in the K2
ℓK

−1
L term in (D.12).

Subtracting ε/2
∑
k2a†kak from KBog, for ε≪ 1, this is turned into

K̃Bog =
1

2

∑

k ̸=0

Ãk

(
a†kak + a†−ka−k

)
+

1

2

∑

k ̸=0

Bk

(
a†ka

†
−k + aka−k

)
, (D.15)

where

Ãk := (1− ε)k2 + ρz ĝk. (D.16)

The diagonalization procedure in Proposition 4.1 can be adapted with the mod-

ified kinetic energy, and we find

K̃Bog ≥ −1

2

∑

k ̸=0

(
Ãk −

√
Ã2

k − B2
k

)

≥ − |Λ|
2(2π)2

∫

Rd

(
Ãk −

√
Ã2

k − B2
k

)
dk + oLHY

d , (D.17)

where we approximated the series by the integral obtaining a small error absorbed

in the last term. Since

Ãk ≥ (1− ε)
[
|k| −

√
ρĝ(0)

]2
+
+

1

2
ρz ĝ(0), (D.18)

we satisfy the assumptions of Lemma Appendix C.1, with κ = (1−ε),K =
√
ρĝ(0),

K1 = 1
2ρz, K2 = ρz, and therefore we get the estimate

1

2
ρ2z|Λ|ĝω(0)−

|Λ|
2(2π)2

∫

Rd

(
Ãk −

√
Ã2

k − B2
k

)
dk

≥ −Cερ2z|Λ|ĝω(0)− Cρρz|Λ|ĝ(0)λLHY
d

− Cρ2z|Λ|ĝ(0)(1− ε)−1(λLHY
d +R2ℓ−2

δ 1d,2) + oLHY
d

≥ −Cρ2z|Λ|ĝ(0)(ε+R2ℓ−2
δ 1d,2 + λLHY

d )− Cρ2|Λ|ĝ(0)λLHY
d , (D.19)

where we reconstructed ĝω(0) obtaining an error reabsorbed in the first term of

the third line, and we used a Cauchy-Schwarz inequality on the second term in the

second line. Thanks to the choice of ε made in (D.14) and the relations between the
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parameters, we have that ε is the dominant term in the first addend, and it can be

reabsorbed in the K2
ℓK

−1
L term in (D.12), while the second addend is dominated

by error term in (D.12).

We bound by zero the positive terms in the quadratic elements in creation and

annihilation operators

⟨(ρz − ρ)n+ĝ(0) +Qex
2 (z)⟩Φ(z) ≥ −ρĝ(0)⟨n+⟩Φ(z)

≥ −Cρĝ(0)
(
M∥Φ(z)∥2 + ⟨nH+ ⟩Φ(z)

)
, (D.20)

where we used the simple bound n+ ≤ C(nL+ + nH+ ) and (D.10). The first term,

thanks to (F.6), contributes to the K2
ℓK

−1
L terms in (D.12), and the last term to

the relative nH+ term in (D.12).

Collecting the inequalities (D.13), (D.19) and (D.20), we deduce the lower bound

in (D.12).

By the simple algebraic equivalence

1

2
ρ2z + ρ2 − ρρz =

1

2
(ρ− ρz)

2 +
1

2
ρ2, (D.21)

and using that the coefficients of the K2
ℓK

−1
L in (D.12) can be bounded by

C(ρ− ρz)
2ĝ(0)|Λ|+ Cρ2ĝ(0)|Λ|, (D.22)

we get the bound

(D.12) ≥
(1
2
ρ2|Λ|ĝ(0) + 1

2
(ρ− ρz)

2|Λ|ĝ(0)(1− CK2
ℓK

−1
L )

− Cρ2|Λ|ĝ(0)K2
ℓK

−1
L − Cρ2|Λ|ĝ(0)λLHY

d

)
∥Φ(z)∥2 − Cρĝ(0)⟨nH+ ⟩Φ(z)

≥
(1
2
ρ2|Λ|ĝ(0) + 1

4
(ρ− ρz)

2|Λ|ĝ(0)− Cρ2|Λ|ĝ(0)K2
ℓK

−1
L

− Cρ2|Λ|ĝ(0)λLHY
d

)
∥Φ(z)∥2 − Cρĝ(0)⟨nH+ ⟩Φ(z), (D.23)

and we can conclude using the assumption |ρ − ρz| ≥ ρε+, where ε+ is chosen in

order to dominate the K2
ℓK

−1
L terms and the error and to have that the second term

in the previous expression positive and bigger than the Lee-Huang-Yang precision,

to obtain the desired bound.

Appendix E. A priori Bounds for the Number of Excited Bosons

In this section we bound the number of excitations for states of suitably low energy.

Theorem Appendix E.1. Assume the relations between the parameters in Ap-

pendix F and that ρad is small enough. There exists a CB > 0 such that, if

Ψ ∈ L2
sym(ΛN ) is a normalized state satisfying

⟨H⟩Ψ ≤ 1

2
ρ2|Λ|ĝ(0)(1 + CBλ

LHY
d ), (E.1)
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then there exists a C > 0 such that

⟨n+⟩Ψ ≤ C

{
CBNK

2
ℓ ĝ(0), d = 2,

CBNK
2
ℓ

√
ρa3, d = 3.

(E.2)

⟨nH+ ⟩Ψ ≤ C

{
CBN K−2

L K2
ℓ ĝ(0), d = 2,

CBN K−2
L K2

ℓ

√
ρa3, d = 3.

(E.3)

⟨Qren
4 ⟩Ψ ≤ CBρ

2|Λ|ĝ(0)λLHY
d . (E.4)

In order to prove the Theorem Appendix E.1, we need to prove a lower bound

on H localizing on boxes B with Gross-Pitaevskii length scale ℓGP ≪ ℓ, where

ℓGP := ρ−1/2ĝ(0)−1/2. (E.5)

We introduce the small box centered at u ∈ Λ to be

Bu = u+
[
− ℓGP

2
,
ℓGP

2

]d
. (E.6)

The associated localization functions are

χBu(x) := χ

(
x− u

ℓGP

)
, (E.7)

where χ ∈ C∞(Rd), 0 ≤ χ, suppχ ⊆ B 1
2
(0), ∥χ∥L2 = 1. We emphasize that

∫

Λ

∫

Bu

|χBu |2dxdu = |Λ|. (E.8)

We also introduce the projectors on the condensate in the small boxes PBu
and

their complements QBu ,

PBu
:=

1

|Bu|
|1Bu

⟩⟨1Bu
|, QBu

:= 1Bu
− PBu

. (E.9)

In order to construct the small box Hamiltonian, we introduce the localized poten-

tials

vB(x) :=
v(x)

χ ∗ χ(x/ℓGP)
, wBu(x, y) := χBu(x)v

B(x− y)χBu(y), (E.10)

vB1 (x) :=
g(x)

χ ∗ χ(x/ℓGP)
, w1,Bu

(x, y) := χBu
(x)vB1 (x− y)χBu

(y), (E.11)

vB2 (x) :=
g(x)(1 + ω(x))

χ ∗ χ(x/ℓGP)
, w2,Bu

(x, y) := χBu
(x)vB2 (x− y)χBu

(y), (E.12)

where we see that wB , w1,B , w2,B are localized versions of v, g, (1+ω)g, respectively.

For the kinetic energy, the localization to the small boxes is contained in the

lemma below.
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Lemma Appendix E.1. There exists a constant b > 0 such that, for s > 0 small

enough, the periodic Laplacian on Λ satisfies

−∆ ≥ |B|−1

∫

Λ

Tu du+
b

ℓ2
QΛ, (E.13)

where QΛ is the projector outside the condensate of the box Λ, and where the new

kinetic energy has the form

Tu := QBuχBu

(
−∆Rd − s−2ℓ−2

GP

)
+
χBuQBu + bℓ−2

GPQBu . (E.14)

Proof. The proof can be found in [43, Lemma 3.3].

Since we do not know how the particles distribute in the boxes, we introduce

a chemical potential ρµ. We will impose ρµ = ρ to be coherent with the original

density. In this way we can define the grand canonical large box Hamiltonian, on

the sector with n bosons, as

HΛ(ρµ)n :=

n∑

j=1

(
−∆j − ρµ

∫

Rd

g(xj − y)dy
)
+

n∑

i<j

v(xi − xj). (E.15)

The small-box Hamiltonian HB which acts on Fs(L
2(Bu)) is

HBu
(ρµ)n :=

n∑

j=1

(
Tj,u − ρµ

∫

Rd

w1,Bu
(xj , y)dy

)
+

n∑

i<j

wBu
(xi, xj). (E.16)

Joining Lemma Appendix E.1 and a direct calculation for the potential, we

obtain the relation between the last two Hamiltonians in the theorem below.

Theorem Appendix E.2.

HΛ(ρµ)n ≥
n∑

j=1

b

ℓ2
QΛ,j +

1

|B|

∫

Λ

HBu(ρµ)ndu. (E.17)

A lower bound for HBu
gives a lower bound for HΛ(ρµ)n still conserving the

contribution from the spectral gap. In the next proposition we give a lower bound

for HBu
. The proof, that we omit, is identical to the one given in [43] for the 3D

case (see also [10, Appendix B] and [18, Appendix D]).

Proposition Appendix E.1. Assume the conditions in Appendix F are true, then

there exists a constant CB > 0 such that, for sufficiently small values of ρµa
d,

HB(ρµ)n ≥ −1

2
ρ2µ|B|ĝ(0)− CBρ

2
µ|B|ĝ(0)λρµ

d , (E.18)

where λ
ρµ

d has the same expression as λLHY
d , with ρµ in place of ρ.

Plugging the result of this last proposition into (E.17), and since all the HBu
are

unitarily equivalent, we get a lower bound for the large box Hamiltonian, contained

in the next theorem.
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Theorem Appendix E.3. We have the following lower bound for the large box

Hamiltonian

HΛ(ρµ)n ≥ b

2ℓ2
n+ − ρ2µ|Λ|ĝ(0)

(1
2
+ CBλ

ρµ

d

)
. (E.19)

To lower bound the large box Hamiltonian by the spectral gap plus the energy

contribution up to the Lee-Huang-Yang level, allows us to finally prove the bound

on the number of excitations for states of low energy.

Proof. [Proof of Theorem Appendix E.1] We only sketch the proof, details can be

found in [18, Appendix D] and [10, Appendix B]. Choosing ρµ = ρ we have that the

original large box Hamiltonian can be expressed, in relation to the grand canonical

one, as

HN = HΛ(ρ)N + ρĝ(0)N. (E.20)

Therefore, comparing the upper bound from the assumption (E.1) on Ψ and the

lower bound from Theorem Appendix E.3, we get

b

2ℓ2
⟨n+⟩Ψ +

1

2
ρ2|Λ|ĝ(0)− CBρ

2|Λ|ĝ(0)λLHY
d

≤ ⟨H⟩Ψ ≤ 1

2
ρ2|Λ|ĝ(0) + CBρ

2|Λ|ĝ(0)λLHY
d , (E.21)

which yields, for n+,

b

2ℓ2
⟨n+⟩Ψ ≤ 2CBρ

2|Λ|ĝ(0)λLHY
d , (E.22)

giving the desired bound.

The bound of nH+ follows from the one of n+ and a lower bound on the Hamil-

tonian in the large box Λ, and we give a sketch of the proof below.

We write the Laplacian in second quantization and on the N boson space as

−∆ =
∑

k∈Λ∗

τka
†
kak + b

K2
L

ℓ2
nH+ , (E.23)

where, for a b < 1
100 ,

τk := |k|2 − b1[KLℓ−1,+∞)(k)
K2

L

ℓ2
, (E.24)

isolating, in this way, the spectral gap for high momenta. Thanks to this observation

and Proposition 2.1, the Hamiltonian acting on the N Fock space sector can be

bounded as

Hn ≥ Kquad + b
K2

L

ℓ2
nH+ +

n0(n0 − 1)

2|Λ|
(
ĝ(0) + ĝω(0)

)

+Qren
3 +Qren

4 − Cnĝ(0)
n+
|Λ| ,
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where by Kquad we denoted the quadratic part of the Hamiltonian in a#k :

Kquad :=
∑

k∈Λ∗

τka
†
kak +

1

2|Λ|
∑

k∈Λ∗

ĝk(a
†
0a

†
0aka−k + h.c.). (E.25)

Here we do not need to reach the Lee-Huang-Yang precision, therefore we do not

have to work with soft pairs and the bound on Qren
3 and Qren

4 is easier. It is ob-

tained by an application of a Cauchy-Schwarz inequality on Qren
3 and estimating

the missing terms to reconstruct Qren
4 in a similar way as in (2.12):

Qren
3 +

1

2
Qren

4 ≥ −C n0
|Λ|n+ĝ(0). (E.26)

We introduce a new pair of creation and annihilation operators

bk := a†0ak, b†k := a0a
†
k, (E.27)

and adding and subtracting

A0 :=
ĝ(0)

2|Λ|
∑

k∈Λ∗

(b†kbk + b†−kb−k), (E.28)

where |A0| ≤ CNĝ(0)n+

|Λ| , we get

Kquad +A0 ≥ 1

2|Λ|
∑

k∈Λ∗

(
Ak(b

†
kbk + b†−kb−k) + ĝk(b

†
kb

†
−k + b−kbk)

)

where Ak := |Λ|
(N+1)τk+ ĝ(0). By the standard Bogoliubov theory of diagonalization

and recalling the definition of Gd in (1.18), we bound the previous expression by

the Bogoliubov integral

Kquad +A0 ≥ I(d)− N(N + 1)

2|Λ| ĝω(0), (E.29)

with

I(d) := − N

2(2π)d

∫

Rd

(
Ak −

√
A2

k − ĝ2k − N + 1

|Λ| Gd(k)
)
dk. (E.30)

We calculate the integral in a similar way as in Lemma Appendix C.1, splitting into

two regions for momenta higher or lower than KLℓ
−1, obtaining, since Kℓ ≪ KL,

that there exists a C > 0, such that

I(3) ≥ −CN(N + 1)

|Λ| ĝ(0)
√
ρĝ(0)3

KL

Kℓ
, I(2) ≥ −CN(N + 1)

|Λ| ĝ(0)2, (E.31)

Collecting the inequalities (E.31), the bound on A0 and (E.26), using the bound

we obtained for n+ and considering the quadratic form of the N−particle state Ψ

from the assumptions, we get the following lower bound for the Hamiltonian:

⟨H⟩Ψ ≥ b
K2

L

ℓ2
⟨nH+ ⟩Ψ +

1

2
⟨Qren

4 ⟩Ψ +
1

2
ρNĝ(0)×





(
1− C

√
ρa3

KL

Kℓ

)
, for d = 3,

(
1− Cĝ(0)

)
, for d = 2,

(E.32)
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which, together with the assumption (E.1) on Ψ, gives the bounds

⟨Qren
4 ⟩Ψ ≤ CρNĝ(0)

√
ρa3, (E.33)

b
K2

L

2ℓ2
⟨nH+ ⟩Ψ ≤ CρNĝ(0)×




C
√
ρa3

KL

Kℓ
, for d = 3,

Cĝ(0), for d = 2,

(E.34)

from which the bounds on nH+ and Qren
4 follow.

Appendix F. Parameters

In this appendix we list the parameters needed in the proof and the relations they

have to satisfy. Finally, in (F.15) below we give a concrete choice satisfying those

conditions. Throughout all the paper, the following parameters are used

εK , εgap ≪ 1 ≪ M,Kℓ,KL,KH , (F.1)

We use the notation A≪ B to mean

A≪ B ⇔
{
A ≤ C(ρa3)ζB, if d = 3,

A ≤ CδζB, if d = 2.
(F.2)

for a constant C > 0 and a ζ > 0.

Recall that KL and KH define the sets of low and high momenta respectively.

They must satisfy

Kℓ ≪ K4
ℓ ≪ KL ≪ KH . (F.3)

The chain of conditions is important in many inequalities throughout all the paper.

M is the bound on nL+ that we allow our states to satisfy. Our localization result

on nL+, Theorem Appendix B.1, respectively requires in equation (B.20) and in

equation (B.18)

M ≫ ℓρ1/2K
1/2
H ∥v∥1/21 , (F.4)

and

M ≫ ℓ2ρ2|Λ|ĝ(0)λLHY
d . (F.5)

The parameter M has to be smaller than the total number of particles according

to the following condition

M
N

≪
(Kℓ

KL

)4
≪ 1, (F.6)

where the last inequality follows from (F.3) using (F.1). The errors when localizing

the 3Q terms in Proposition 5.1 require the following condition

M
N
Kd

H ≪ 1. (F.7)
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When dealing with the 3Q terms, we need a small fraction εK ≪ 1 of Kdiag
H to

control some errors. This coefficient needs to be large enough,

ε2K ≫ ℓ8−dρ3ĝ(0)4K−8
H Kd

LM. (F.8)

Other errors from 3Q are controlled by nH+ using

K2
ℓ ≫ ℓ4−dρĝ(0)2K−2

H Kd
LM, (F.9)

or by a fraction εgap ≪ 1 of the spectral gap, which needs to satisfy

ρ3ĝ(0)4ℓ8−dKd−6
H ≪ εgap, (F.10)

εKℓ
2ρĝ(0) + Edℓ2ρ+K2

ℓK
−1
H ≪ εgap, (F.11)

R

ℓ
KLℓ

2ρĝ(0) ≪ εgap, (F.12)

where Ed is the error from Lemma Appendix A.1.

We explain here how to get explicit choices of parameters, starting from any

box Λ satisfying

Kℓ ≪
{
δ−

1
26 , if d = 2,

(ρa3)−
1
28 , if d = 3.

(F.13)

Given such a Kℓ, there exists an ε ∈ (0, 1) small enough such that
{
K−26−19ε

ℓ ≫ δ, if d = 2,

K−28−16ε
ℓ ≫ ρa3, if d = 3.

(F.14)

Then, with the choice

KL = K4+2ε
ℓ , KH = K4+3ε

ℓ , M
N = K−12−10ε

ℓ ,

εgap = K−2
ℓ , εK = K

−18+2d+(d−16)ε
ℓ ,

(F.15)

all the conditions (F.3), (F.4), (F.6), (F.7), (F.9), (F.8), (F.10), (F.11), (F.12) are

satisfied, for potentials satisfying ∥v∥1 ≤ C and ρĝ(0)R2 ≤ K−9
ℓ .
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Chapter 5

Paper: The free energy of dilute Bose
gases at low temperatures interacting
via strong potentials

This chapter contains the paper [Fou+24a] by Fournais,
Girardot, Morin, Olivieri, Triay and the author. It pro-
vides a lower bound for eq. (1.3). The paper is in-
cluded in its pre-print version, which can be found at
https://doi.org/10.48550/arXiv.2408.14222. It can be lo-
cated within the thesis by the colour ■) at the top of the
page.

181



ar
X

iv
:2

40
8.

14
22

2v
1 

 [
m

at
h-

ph
] 

 2
6 

A
ug

 2
02

4

The free energy of dilute Bose gases at low temperatures
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S. Fournais, L. Junge, T. Girardot, L. Morin, M. Olivieri, A. Triay

August 27, 2024

Abstract

We consider a dilute Bose gas in the thermodynamic limit and prove a lower bound on the free energy
for low temperatures which is in agreement with the conjecture of Lee-Huang-Yang on the excitation
spectrum of the system. Combining techniques of [15] and [17], we give a simpler and shorter proof
resolving the case of strong interactions, including the hard-core potential.

1 Introduction

The mathematical analysis of the interacting Bose gas has been subject of intense scrutiny and important
breakthroughs in the last decades. In particular, much effort has been dedicated to rigorously justifying
the seminal work of Lee, Huang and Yang [20] where they compute the spectral properties of the dilute
Bose gas. A corner stone of this program has been the proof of the leading term of the ground state
energy density in [24], wherein they complement Dyson’s upper bound [10] from 40 years before with a
matching lower bound. The successes of the approaches initiated around that time are well described in
the lecture notes [11].

According to [20] a dilute gas of Bosons behave similarly as a system of independent (quantum)
harmonic oscillators following Bogoliubov’s dispersion relation. Interestingly, the authors of [20] gave
their names to the correction to the leading order of the ground state energy density - the famous Lee-
Huang-Yang term - which corresponds to the zero point energy of such a system, and was rigorously
derived in [29, upper bound] and [14, 15, lower bound].

To see the effect of the rest of the spectrum, it is necessary to consider the system at positive
temperature and, for example, compute its free energy per unit volume. This was recently investigated
in the work [17] (see also [18] for the matching upper bound) where a two-term asymptotic expansion
for the free energy per unit volume was proved for temperatures that are low but for which the thermal
correction is of the order of the Lee-Huang-Yang (LHY) term.

Since the foundational work [20], a special role has been played by the hard core (or hard sphere)
potential. This potential is often chosen for its simplicity as it depends on one parameter only (its
scattering length, which equals its radius) and because the system in the dilute regime is not expected
to depend on the microscopic details of the potential, at least to some order. However, its rigorous
mathematical analysis is very challenging since it strongly penalises approximation schemes by having
infinite integral. It is therefore an important testing problem for techniques in the area and for the idea
of universality, i.e. that the scattering length should be the main parameter governing the dilute regime.

The purpose of the current paper is two-fold. First of all we extend the result of [17] to the case of
interaction potentials with large (possibly infinite) integral, thereby in particular for the first time rigor-
ously obtaining the lower bound on the free energy of the Bose gas in the case of hard core interactions.
The second purpose is expository. By combining the Neumann localization approach of [17] (see also
[6]) with the techniques of [14, 15], we provide a fairly simple and short proof of lower bounds in the
thermodynamic limit in a generality allowing for very singular potentials. Our proof is clearly shorter
than [15] which is restricted to T = 0 (although we here have slightly more restrictive assumptions on
the potential) and is also arguably shorter and simpler than [17].

We will now define the model considered and state the result of the paper. We consider a system
of N interacting, non-relativistic bosons in a large box of sidelength L in 3 dimensions governed by the

1
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1 INTRODUCTION

Hamiltonian

HN,L =
N∑

i=1

−∆i +
∑

i<j

V (xi − xj). (1.1)

The operator HN,L acts on the bosonic Hilbert space ⊗N
s L2(ΛL) = L2

sym(ΛN ), with ΛL := [0, L]3.
For concreteness, we will take Neumann boundary conditions in order to realize HN,L as a self-adjoint
operator. We define the ground state energy E(L,N) and the free energy F (L,N) at temperature T > 0
by

E(L,N) = inf SpecHN,L, F (L,N) = −T log Tr
(
e−

HN,L
T
)
. (1.2)

We recall that the free energy is the minimum of the variational problem

F (L,N) = inf
Γ

{
Tr
(
HNΓ

)
− T S(Γ)

}
, (1.3)

where the infimum is taken over trace-class operators Γ on L2
sym(ΛN ) such that 0 ≤ Γ ≤ 1 and TrΓ = 1

and S(Γ) = −Tr(Γ ln Γ) is the entropy of Γ. The particle density for finite systems is ρ = N/L3, and we
define the ground state energy density e(ρ) and the free energy density f(ρ, T ) by

e(ρ) = lim
N→∞

N/L3→ρ

E(L,N)

L3
, f(ρ, T ) = lim

N→∞
N/L3→ρ

F (L,N)

L3
. (1.4)

It is standard [27] that the limits exist and are independent of both the boundary conditions and the
sequence of (N,L) as long as N/L3 → ρ.

The main result of the paper is the following.

Theorem 1.1. (Free energy in the thermodynamic limit) For all C0 > 0 there exists C > 0 such that, for
η > 0 small enough the following holds. Let V be a non-negative, radially symmetric and non-increasing
potential with scattering length a and compact support of radius R ≤ C0a. Then for 0 ≤ ρa3 ≤ C−1,
ν ∈ (0, η

3
) and 0 ≤ T ≤ ρa(ρa3)−ν ,

f(ρ, T ) ≥ 4πaρ2
(
1 +

128

15
√
π

√
ρa3

)
+

T 5/2

(2π)3

∫

R3

log

(
1− e

−
√

p4+
16πρa

T
p2

)
dp− C(ρa)5/2(ρa3)η/4.

(1.5)

Remark 1.2.

• The result on the free energy in Theorem 1.1 confirms the picture of [20]. According to this, the
energy of a large dilute system should approximately be given by

E(L,N) ≈ 4πNρa

(
1 +

128

15
√
π

√
ρa3

)
. (1.6)

Furthermore, the excitation spectrum for low-lying eigenvalues should be given by the Bogoliubov
dispersion relation ∑

np

√
p4 + 16πρap2,

where p ∈ 2π
L
Z3 \ {0} denotes the momentum of an excitation, and np ∈ N denotes the number

of bosonic excitations with that momentum. Combining these two pieces of information leads to
the expression given in Theorem 1.1. Note that the expansion (1.5) is not expected to hold when
the temperature reaches the transition temperature for Bose-Einstein condensation, which should be
of order ρa(ρa3)−1/3. A leading order analysis in this temperature regime has been carried out in
[28, 30].

• As mentioned above, the leading term in (1.6) was proved by [10, 24] in the thermodynamic limit.
Further progress was [12] (upper bound to second order for soft potentials) and [16, 7] (two term
asymptotics for very soft potentials). The upper bound in the thermodynamic limit consistent with
the two-term asymptotics (1.6) was given by [29] (see also [4, 3]). The lower bound in the thermo-
dynamic limit was proved in [14, 15].

There is extensive work on confined systems, in particular in the Gross-Pitaevskii scaling regime.
We will not review this here but only refer to [2] for an overview and further references (see also
[5, 8] for recent developments).

2
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2 FREE ENERGY ON Λℓ

The energy of the dilute Bose gas is strongly dependent on the dimension of the ambient space, with
the discussion above concerning only the physical d = 3. Also the 1 and 2-dimensional situations
are interesting and physically realizable. The 1-dimensional gas with δ interactions was treated by
[22] and more recently [1] treated the case of general interactions. In 2 dimensions, the leading
order energy was proved by [25], and the correction term analogous to the Lee-Huang-Yang term
was proved recently in [13]. The free energy in 2-dimensions was analyzed to leading order in [26, 9].

The main part of our analysis relies on estimates on the free energy on boxes Λℓ with

ℓ = Kℓ
1√
ρa

, Kℓ = (ρa3)−η,

where η > 0 is the parameter in Theorem 1.1. It is reasonably straightforward to prove Theorem 1.1
based on a result for the localized free energy given as Theorem 1.3 below and the subadditivity of the
free energy. The details of the proof of Theorem 1.1 based on Theorem 1.3 are given in Appendix B.

Before stating the result on the localised energy, let us recall that we defined our operator HN,L to
have Neumann boundary conditions. At the scale L = ℓ the effect of boundary conditions is important,
and the boundary conditions are also relevant for the proof of Theorem 1.1 based on Theorem 1.3.

Theorem 1.3. (Free energy on Λℓ) For all C0 > 0, there exists C > 0 such that, such that for 0 <
η < 1

1026
the following holds. Let V be a positive, radially symmetric and non-increasing potential with

scattering length a, and compact support of radius R ≤ C0a. Then for all ρ such that 0 < ρa3 ≤ C−1,
0 ≤ T ≤ ρa(ρa3)−ν with ν < η/3 and n ≤ 20ρℓ3 we have

F (ℓ, n) ≥ FBog(ℓ, n)− Cℓ3(ρa)5/2(ρa3)η/4, (1.7)

where

FBog(ℓ, n) = 4πρ2n,ℓaℓ
3
(
1 +

128

15
√
π

√
ρn,ℓa3

)
+ T

∑

p∈π
ℓ
N3

0

log
(
1− e−

1
T

√
p4+16πaρn,ℓp

2
)
, (1.8)

with ρn,ℓ = nℓ−3.

In the following Section 2 we streamline the proof of Theorem 1.3 by shifting the proofs of the main
technical lemmas to the next sections. Since most of the paper will be focused on the box of size ℓ we
will often simplify notation and write Λ = Λℓ.

2 Free energy on Λℓ

This section is devoted to the proof of Theorem 1.3 (given at the end of this section) which is the main
ingredient in the proof of our main result Theorem 1.1.

2.1 Replacement by an integrable potential

We begin by replacing the initial interaction potential V by a suitable integrable potential v ≤ V , which
obviously lowers the free energy. We need however to control the difference between the scattering lengths
to ensure that the error coming from the substitution in the leading term does not affect the correction
term.

Let us first recall some facts about the scattering problem. We denote by ϕV the radial solution in
R3 to the zero-energy scattering equation

−∆ϕV +
1

2
V ϕV = 0, (2.1)

normalized such that lim|x|→∞ ϕV (x) = 1. Of particular interest throughout the paper are also the
functions

ωV := 1− ϕV , gV := V ϕV = V (1− ωV ). (2.2)

By these functions, it is possible to rewrite equation (2.1) as

−∆ωV =
1

2
gV , (2.3)

and from this, by the divergence theorem, recover the scattering length by

ĝV (0) =

∫
gV (x)dx = 8πa. (2.4)

We refer to Section 3 for more details.

3
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2.2 Splitting of the potential energy 2 FREE ENERGY ON Λℓ

Proposition 2.1 (Replacement by an integrable potential). There exists C > 0 such that the following
holds. Let V be a positive, radially symmetric and decreasing potential with scattering length a, and
compact support of radius 0 ≤ R ≤ C0a. Then we can construct another positive and radially symmetric
potential v ≤ V with scattering length a(v) satisfying

0 ≤ a− a(v) ≤ a
√

ρa3K−1
ℓ ,

∫
v(x)dx ≤ C(ρa)−

1
2Kℓ, v ≤ ℓ2a−4, (2.5)

and
gv(y) ≤ Cv(x) for |x| ≤ |y|, (2.6)

where gv = vϕv and ϕv is the scattering solution for v.

The proof is given in Section 3. We denote here by F (ℓ, n)[V ] and FBog(ℓ, n)[a] the free energy
(1.3) associated to the potential V in the box Λ and the expression (1.8) with scattering length a,
respectively. Assuming that the desired estimate (1.7) holds for the potential v and using that the free
energy F (ℓ, n)[V ] is a non-decreasing function of V , we obtain

F (ℓ, n)[V ] ≥ F (ℓ, n)[v] ≥ FBog(ℓ, n)[a(v)]− Cℓ3(ρa(v))5/2(ρa(v)3)η/4

≥ FBog(ℓ, n)[a]− Cℓ3(ρa)5/2(ρa3)η/4 − C
(
ℓ3ρ2 + T 3/2ρℓ3

)
|a(v)− a|

≥ FBog(ℓ, n)[a]− Cℓ3(ρa)5/2(ρa3)η/4,

where we used (2.5) to obtain the second line and [17, Lemma 9.1] for the replacement of a(v) by a in
the sum appearing in FBog(ℓ, n).

Therefore, it is enough to prove Theorem 1.3 for potentials v satisfying (2.5) and (2.6). In the sequel
we will abuse notation and write F (ℓ, n) for F (ℓ, n)[v], and also write g, ω and ϕ for gv, ωv and ϕv.

2.2 Splitting of the potential energy

Let us introduce the projections on and outside the condensate,

P =
1

ℓ3
|1〉〈1|, Q = 1− P, (2.7)

acting on L2(Λ). If Φ ∈ L2(ΛN ) and 1 ≤ i ≤ N , we denote by PiΦ and QiΦ the action of P and Q on
the variable xi. We also denote the number of particles in the condensate and the number of excited
particles respectively by

n0 =

N∑

i=1

Pi, n+ =

N∑

i=1

Qi = N − n0. (2.8)

The strategy carried out in [21] and used in many other works, is to expand 1(L2)⊗sN =
∏N

i=1(Pi +Qi)

which leads to identifying (L2)⊗sN with a truncated Fock space over the excitation space RanQ where

the vacuum vector is the pure condensate | 1

ℓ3/2
〉⊗sN . Having factored out the condensate, it remains to

extract the correlation energy. This strategy does not work for hard core potentials because the vacuum
(the pure condensate) does not even belong to the domain of the Hamiltonian: one needs to factor
out parts of the correlations first. In this spirit, the strategy initiated in [14] and then [15, 13] is to
renormalize the potential energy from the beginning by using the identity

1 = (QiQj + ω(xi − xj)(1−QiQj)) + ϕ(xi − xj)(1−QiQj). (2.9)

Lemma 2.2. For all positive and radially symmetric potentials v, we have the identity

∑

i<j

v(xi − xj) = Qren
0 +Qren

1 +Qren
2 +Qren

3 +Qren
4

4
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2.3 Spectral gaps 2 FREE ENERGY ON Λℓ

where

Qren
0 :=

1

2

∑

i6=j

PiPj(g + gω)(xi − xj)PjPi. (2.10)

Qren
1 :=

∑

i6=j

(
QiPj(g + gω)(xi − xj)PjPi + h.c.

)
, (2.11)

Qren
2 :=

∑

i6=j

PiQj(g + gω)(xi − xj)PjQi +
∑

i6=j

PiQj(g + gω)(xi − xj)QjPi

+
1

2

∑

i6=j

PiPjg(xi − xj)QjQi + h.c., (2.12)

Qren
3 :=

∑

i6=j

PiQjg(xi − xj)QjQi + h.c., (2.13)

Qren
4 :=

1

2

∑

i6=j

Π∗
ijv(xi − xj)Πij , (2.14)

with

Πij := QjQi + ω(xi − xj) (PjPi + PjQi +QjPi) .

Proof. This is proved by inserting (2.9) in each term of the potential
∑

i<j v(xi − xj) and expanding
using that 1−QiQj = PiPj + PiQj +QiPj . We recall that g = v(1− ω).

2.3 Spectral gaps

Many of our estimates will rely on analysis in momentum space. In this article, the momenta are elements
of π

ℓ
N3

0, and we define low and high momenta by

PL :=
{
p ∈ π

ℓ
N3

0, 0 < |p| ≤ KHℓ−1
}
, PH :=

{
p ∈ π

ℓ
N3

0, |p| > KHℓ−1
}
, (2.15)

where KH is a large ρ-dependent parameter. In the theorems below we always write our assumptions on
KH . The final choice of KH , and a few other parameters, will be specified in (2.42) below. We define
the corresponding localized projectors by

QL := 1PL(
√
−∆), QH := 1PH (

√
−∆), (2.16)

where ∆ is the Neumann Laplacian on Λ. The number of high and low excitations are respectively given
by

nH
+ :=

N∑

j=1

QH
j , nL

+ :=
N∑

j=1

QL
j , (2.17)

both acting on L2
sym(ΛN ). These definitions imply for instance that P + QL + QH = 1 and that

nL
+ + nH

+ = n+.
Many of our error terms will be bounded by n+, n

H
+ or nL

+. To control these errors, we will extract
some positive quantities from the kinetic energy, refered to as spectral gaps. They are gathered into one
operator

G :=
πn+

4ℓ2
+

KHnH
+

2ℓ2
+

πnL
+n+

4Mℓ2
+

KHnL
+n

H
+

2Mℓ2
, (2.18)

where M is some large ρ-dependent parameter, which will need to satisfy specific conditions in later
theorems. These spectral gaps are extracted from the kinetic energy, from which will only remain

N∑

j=1

Tj =
N∑

j=1

−∆j − πn+

2ℓ2
− KHnH

+

ℓ2
,

with

T = −∆− π

2ℓ2
Q− KH

ℓ2
QH ≥ 0. (2.19)

More precisely, we obtain the following result.

5
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2.4 Localization of the 3Q term 2 FREE ENERGY ON Λℓ

Theorem 2.3. There exist C > 0 such that the following holds. Let v be as in Proposition 2.1,
ρℓ3(ρa3)α ≤ N ≤ 20ρℓ3, T ≤ ρa(ρa3)−ν , with α + 5ν/2 < 6/17 and M ≥ ρℓ3(ρa3)γ , for some γ > 0,
then for ρa3 ≤ C−1 we have

F (ℓ,N) ≥ inf
Γ

{
Tr
(
Hmod

N Γ + T Γ ln Γ +GΓ
)}

− Cℓ3(ρa)5/2(ρa3)1/18−2γ−νK3
H ,

where the infimum is taken over trace-one operators Γ ≥ 0. Here the modified Hamiltonian is

Hmod
N =

N∑

i=1

Ti +
∑

i<j

v(xi − xj), (2.20)

and G was defined in (2.18).

The proof of Theorem 2.3 is given in Section 4 and relies on rough a priori bounds on the numbers
of excitations in Λℓ.

2.4 Localization of the 3Q term

Here we show that the main contribution of Qren
3 defined in (2.13) comes from the creation and anni-

hilation of the so-called “soft pairs” where one particle is in the condensate and the other has low but
non-zero momentum.

Lemma 2.4. Let v be as in Proposition 2.1. For all ε > 0, there exists a C > 0 such that the following
holds. Assume that ρa3 ≤ C−1, then for all KH ≥ CK4

ℓ ,

Qren
3 ≥ Q3,L − ε

(
Qren

4 +
1

ℓ2
n+ +

KH

ℓ2
nH
+

)
,

with
Q3,L :=

∑

i6=j

PiQ
L
j g(xi − xj)QiQj + h.c. (2.21)

The last two error terms will be absorbed by a fraction of the spectral gaps G by taking ε sufficiently
small but fixed. The proof of Lemma 2.4 is given in Section 7.

2.5 Symmetrization

To deal with Neumann boundary conditions, an important idea of [17] is to symmetrize the potential using
a mirroring technique to make it commute with the Neumann momentum. The mirror transformations
pz, for z ∈ Z3, are defined by

(pz(x))i = (−1)zi
(
xi − ℓ

2

)
+

ℓ

2
+ ℓzi, i = 1, 2, 3. (2.22)

Note that in particular pz(Λ) = {x+ ℓz : x ∈ Λ}. For p ∈ π
ℓ
N3

0, we denote by

up(x) =
1√
|Λ|

3∏

i=1

cpi cos(pixi), where cpi =

{
1 if pi = 0,√
2 if pi 6= 0,

(2.23)

the normalized eigenbasis of the Neumann Laplacian on Λ. For any f ∈ L1(Λ), the symmetrization of f
is defined by

f s(x, y) :=
∑

z∈Z3

f(pz(x)− y) (2.24)

for a.e. x, y ∈ Λ. If f is radial, as shown in [17, Lemma 3.2], the operator with kernel f s(x, y) commutes
with the Neumann basis.

Lemma 2.5. Let f : R3 → R be radial and integrable with supp(f) ⊂ B(0, R) for some R ≤ ℓ/2. Then
for p, q ∈ π

ℓ
N3 we have

∫

Λ2

f s(x, y)up(x)uq(y)dxdy = δp,q

∫

R3

f(x)

3∏

i=1

cos(pixi)dx = δp,q f̂(p). (2.25)

6
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2.6 C-number substitution 2 FREE ENERGY ON Λℓ

Here and through all the paper f̂ is the Fourier transform of f defined by

f̂(p) =

∫

R3

f(x)e−ipxdx.

Note that since supp g ⊂ supp v ⊂ B(0, R), the sum defining gs is finite, and gs agrees with g except
when x or y is at distance R from the boundary of Λ. We then define the symmetrized operators

Qsym
0 :=

1

2

∑

i6=j

PiPj(g + gω)s(xi, xj)PiPj , (2.26)

Qsym
1 :=

∑

i6=j

QiPj(g + gω)s(xi − xj)PjPi + h.c., (2.27)

Qsym
2 :=

∑

i6=j

PiQj(g + gω)s(xi − xj)PjQi +
∑

i6=j

PiQj(g + gω)s(xi − xj)QjPi (2.28)

+
1

2

∑

i6=j

PiPjg
s(xi − xj)QjQi + h.c.,

Qsym
3,L :=

∑

i6=j

PiQ
L
j g

s(xi, xj)QiQj + h.c. (2.29)

Theorem 2.6. For all ε > 0, there exists a C > 0 such that the following holds. Let v be as in Proposition

2.1 and assume that ρa3 ≤ C−1, KH ≥ CK4
ℓ , and KℓK

3
H ≤ (ρa3)−

1
2 , we have

Hmod
N ≥ Hsym

N − CNρa
R

ℓ
− εG,

where

Hsym
N :=

N∑

i=1

Ti +Qsym
0 +Qsym

2 +Qsym
3,L . (2.30)

The proof of Theorem 2.6 is given in Section 5.

Remark 2.7. The assumption that V is non-decreasing is only used here. It ensures that v satisfies
the condition (2.6) which is needed to estimate some error terms arising from the symmetrization of the
term Qren

2 .

2.6 C-number substitution

From now on, we work with the symmetrized Hamiltonian Hsym
N in second quantization. Recall the basis

{up}p defined in (2.23). We introduce the bosonic Fock space

F (L2(Λ)) =

∞⊕

n=0

L2(Λ)⊗sn, (2.31)

and the associated creation and annihilation operators that satisfy the canonical commutation relations

ap = a(up), a∗
p = a∗(up),

[
ap, a

∗
q

]
= δp,q (2.32)

for all p, q ∈ Λ∗ = π
ℓ
N3

0. It is convenient to extend this definition to p = (p1, p2, p3) ∈ π
ℓ
Z3, by denoting

up = u(|p1|,|p2|,|p3|) and ap = a(up) = a(|p1|,|p2|,|p3|). We also define Λ∗
+ = π

ℓ
N3

0 \ {0} and the set of
generalized low momenta as

PZ
L =

{
p ∈ π

ℓ
Z3, 0 < |p| ≤ KHℓ−1}.

With this notation we obtain

7

188



2.6 C-number substitution 2 FREE ENERGY ON Λℓ

Lemma 2.8 (Second quantization in the Neumann basis). We have the following identity on the sector
of F (L2(Λ)) with N bosons:

Hsym
N =

ĝ(0)(N(N − 1)− n+(n+ − 1))

2|Λ| +
ĝω(0)

2|Λ| a∗
0a

∗
0a0a0

+
∑

p∈Λ∗
+

(
τ (p)a∗

pap +
ĝ(p)

|Λ| a
∗
0a

∗
papa0 +

ĝ(p)

2|Λ|
(
a∗
0a

∗
0apap + h.c.

))

+
1

|Λ|
∑

k∈Λ∗
+, p∈PZ

L
p 6=k

c(p, k)ĝ(k)
(
a∗
0a

∗
pap−kak + h.c.

)
+

1

|Λ|
∑

p∈Λ∗
+

(
(ĝω(0) + ĝω(p))a∗

0a
∗
papa0

)
.

(2.33)

where

τ (p) = |p|2 − π

2ℓ2
1{p 6=0} − KH

ℓ2
1{p∈PH} (2.34)

is the symbol of the kinetic energy T and, recalling (2.23), c(p, k) are the normalizing factors given by

c(p, k) :=
3∏

i=1

cki−pi

cpicki

. (2.35)

Note that if none of the indices i in the product is 0, then the above constant is 1√
8
.

The proof of Lemma 2.8 is given in Section 6. Following Bogoliubov’s approximation and using [23],
we perform a c-number substitution, effectively replacing a0 by a complex number z and a∗

0 by z. The
transformed Hamiltonian acts on the excitation Fock space,

F⊥ = F
(
{1}⊥

)
.

We obtain the following lower bound on the free energy of Hsym
N .

Theorem 2.9. For any m > 3 there exist C > 0 and ε > 0 such that the following holds. Let v
be as in Proposition 2.1 and assume ρa3 ≤ C−1. Then for all 0 ≤ 10µ ≤ ℓ−2, C ≤ N ≤ 20ρℓ3,

0 ≤ T ≤ Cρa(ρa3)−ν , C ≤ M ≤ C−1ℓ/a, and KH ≥ CK4
ℓ , KℓK

3
H ≤ (ρa3)−

1
2 , we have

−T log Tr
(
e−

1
T

(H
sym
N

+ 1
2
G)
)
≥ 4πa

N2

|Λ| − T log

∫

C
TrF⊥

(
e−

1
T

(Hµ(z)+εG(z))
)
e−

µ
T

Ndz − Cρa,

where

Hµ(z) =
∑

p∈Λ∗
+

(
τ (p)a∗

pap +
|z|2
|Λ| ĝ(p)a

∗
pap +

1

2|Λ| ĝ(p)(z
2apap + z2a∗

pa
∗
p)
)

− µ|z|2 + 8πa(ρa3)
1
4

( |z|4
|Λ| − ρN

)

+
1

2|Λ| ĝω(0)|z|
4 +

|z|2
|Λ|

∑

p∈Λ∗
+

(ĝω(0) + ĝω(p))a∗
pap +Qsym

3,L (z), (2.36)

Qsym
3,L (z) =

1

|Λ|
∑

k∈Λ∗
+,p∈PZ

L
p 6=k

c(p, k)ĝ(k)
(
za∗

pap−kak + h.c.
)
, (2.37)

and

G(z) = π2n+

2ℓ2
+

KHnH
+

ℓ2
+

nL
+n+

Mℓ2
+

KHnL
+n

H
+

Mℓ2
+

ρa

Nm
(|z|2m + |z|2m−2n+ + |z|2m−4n2

+). (2.38)

The proof of Theorem 2.9, including details of the c-number substitution, is given in Section 6.

Remark 2.10.

1. In the physically relevant region |z|2 ≃ N we control the number of particles using the chemical
potential µ. To estimate the contribution of the physically non-relevant region |z|2 ≫ N , we will
use the last terms in (2.38).
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2. The term proportional to (ρa3)
1
4 in (2.36) is artificially added to the energy to provide convexity in

the variable |z|2 (see (2.46)).

For |z|2 ≥ K
1/4
ℓ N = (ρa3)−η/4N we have a simple lower bound on the Hamiltonian.

Lemma 2.11. Under the assumptions of Theorem 2.9, if |z|2 ≥ K
1/4
ℓ N and m > 2η−1 + 14 such that

KH ≤ K
m+1
12

ℓ , then there exists a constant c > 0 such that

Hµ(z) + εG(z) ≥ 1

2

∑

p∈Λ∗
+

τ (p)a∗
pap + cρaK

m−1
4

ℓ

|z|2
N

,

where we recall that τ (p) is given by (2.34).

The proof is given at the end of Section 6. It remains to deal with |z|2 ≤ K
1/4
ℓ N .

2.7 Bogoliubov diagonalization

We now diagonalize the main quadratic part of the Hamiltonian Hµ(z) appearing in the first line of

(2.36). The second line will be estimated later. For |z|2 ≤ K
1/4
ℓ N , using the CCR (2.32), we obtain the

identity

∑

p∈Λ∗
+

(τ (p) + ρz ĝ(p))a
∗
pap +

1

2|Λ| ĝ(p)(z
2apap + z2a∗

pa
∗
p)

=
∑

p∈Λ∗
+

Dp(z)b
∗
pbp +

1

2

∑

p∈Λ∗
+

(√
τ (p)2 + 2ρz ĝ(p)τ (p)− τ (p)− ρz ĝ(p)

)
, (2.39)

where we denoted ρz = |z|2
|Λ| and

Dp(z) :=
√

τ (p)2 + 2τ (p)ρzĝ(p), bp :=
ap + αpa

∗
p√

1− α2
p

, αp :=
τ (p) + ρzĝ(p)−Dp(z)

ρzĝ(p)
. (2.40)

One easily checks that the argument of the square root is non-negative using that |ĝ(p) − ĝ(0)| ≤
R2ĝ(0)|p|2 ≤ Ca3p2.

2.8 Contribution of the 3Q terms.

It remains to bound the terms in the second line of (2.36), this is done in the following lemma.

Theorem 2.12. Under the assumptions of Theorem 2.9 and if K
5/4
ℓ K2

H ≤ C−1(ρa3)−
1
2 and KH ≥ K4

ℓ ,

then for all |z|2 ≤ K
1/4
ℓ N and all M ≤ C−1ρℓ3K−3

H K
−17/4
ℓ we have

(1−K−1
H )

∑

k∈PH

Dk(z)b
∗
kbk +

|z|2
|Λ|

∑

p∈Λ∗
+

(
(ĝω(0) + ĝω(p))a∗

pap

)
+Qsym

3,L (z) ≥ −εG(z)− CNρa
√

ρa3K−1
ℓ .

Theorem 2.12 is proven in Section 7. As a corollary, and combining with the Bogoliubov diagonal-
ization, we obtain the following lower bound on Hµ(z).

Corollary 2.13. Under the assumptions of Theorem 2.9 and Theorem 2.12, for all |z|2 ≤ K
1/4
ℓ N we

have

Hµ(z) + εG(z) ≥ 4π|z|2ρza · 128

15
√
π

√
ρza3 +

∑

p∈Λ∗
+

D̃p(z)b
∗
pbp − µ|z|2

+ 8πa
( |z|4
|Λ| − ρN

)
(ρa3)

1
4 − Cℓ3(ρa)5/2K

−1/4
ℓ

where

D̃p(z) =

{
Dp(z) if p /∈ PH ,

K−1
H Dp(z) if p ∈ PH .

(2.41)
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Proof. We start from (2.36) and diagonalize the main quadratic part using (2.39) and then bound the
last two terms using Theorem 2.12. This results in the bound

Hµ(z) + εG(z) ≥ 1

2

∑

p∈Λ∗
+

(√
τ (p)2 + 2ρz ĝ(p)τ (p)− τ (p)− ρz ĝ(p)

)
+

1

2|Λ| ĝω(0)|z|
4

+
∑

p∈Λ∗
+

D̃p(z)b
∗
pbp − µ|z|2 + ĝ(0)(ρa3)

1
4

( |z|4
|Λ| − ρN

)
− CNρa

√
ρa3K−1

ℓ .

We then approximate the sum by an integral according to Lemma A.1, and the largest error is of order
ℓ3(ρa)5/2K

−1/4
ℓ .

2.9 Proof of Theorem 1.3

We make the following choice for the parameters, recalling that Kℓ = (ρa3)−η,

KH = K5
ℓ , γ = 20η, α =

1

4
+

η

2
, M = ρℓ3K−21

ℓ , m = 10η−1. (2.42)

In particular we have α+ 5ν
2

< 6
17

for all ν < η
3
and η < 1

1026
.

Case N ≤ (ρa3)αρℓ3. Discarding the interaction for a lower bound, we find similarly as in (4.7),

F (ℓ,N) ≥ T
∑

p∈Λ∗
+

log(1− e−
p2

T ) ≥ T
∑

p∈Λ∗
+

log

(
1− e

−1
T

√
p4+16πaNℓ−3p2

)
−C

aN

Tℓ3
T 5/2ℓ3

≥ FBog(ℓ,N) −Cℓ3(ρa)5/2
(
(ρa3)2α−1/2 + (ρa3)α−3ν/2

)
, (2.43)

where we used [17, Eq. (8.16)] to estimate the difference between the two sums. Note that we need
α > 1/4 for the error term to be subleading compared to LHY order. We choose α = 1/4 + η/2 where
we recall that Kℓ = (ρa3)−η, so that (ρa3)2α−1/2 + (ρa3)α−3ν/2 = K−1

ℓ + (ρa3)1/4+η/2−3ν/2 ≤ CK−1
ℓ .

Case N > (ρa3)αρℓ3. We combine Theorems 2.3, 2.6 and 2.9, to obtain the lower bound

F (ℓ,N) ≥ 4πa
N2

|Λ| − T log
[ ∫

C
TrF⊥

(
e−

1
T

(Hµ(z)+εG(z))
)
e−

µ
T

Ndz
]
− E . (2.44)

with

E ≤ Cℓ3(ρa)5/2(ρa3)1/18−2γ−νK3
H + CK2

ℓ ρa,

which holds for KH ≥ CK4
ℓ , KℓK

3
H ≤ (ρa3)−

1
2 , KH ≤

√
ℓ/a = (ρa3)−1/4−η/2 and since M ≤

C−1ρℓ3K−3
H K

−17/4
ℓ . These conditions are satisfied with our choice of parameters, and the error is

E ≤ Cℓ3(ρa)5/2K−1
ℓ .

Let us decompose the integral in (2.44) as
∫
C =

∫
|z|2≤K

1/4
ℓ

N
+
∫
|z|2>K

1/4
ℓ

N
= X+Y . We will use that

if −T logX ≥ Z and −T log Y ≥ Z, then

−T log(X + Y ) ≥ −T log(2e−Z/T ) = Z − T log 2. (2.45)

For the relevant region of z, where |z|2 ≤ K
1/4
ℓ N , we can use Corollary 2.13, which gives

Hµ(z) + εG(z) + µN ≥ 4π|z|2ρza · 128

15
√
π

√
ρza3 +

∑

p∈Λ∗
+

D̃p(z)b
∗
pbp − µ|z|2 + 8πa(ρa3)

1
4 ρz|z|2

+N(µ− 8πρa(ρa3)
1
4 )− E ′

with
E ′ ≤ Cℓ3(ρa)5/2K

−1/4
ℓ .

Now using Lemma A.2, we obtain

−T log TrF⊥

(
e
− 1

T

∑
p∈Λ∗

+
D̃p(z)b

∗
pbp
)
= T

∑

p∈Λ∗
+

log
(
1− e−

1
T

D̃p(z)
)
≥ T

∑

p∈Λ∗
+

log(1− e−
1
T

ωp(z))−Cℓ3(ρa)3
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and denoting ωp(z) =
√

p4 + 16πa|z|2ℓ−3p2, we have

−T log TrF⊥

(
e−

1
T (Hµ(z)+εG(z)+µN)

)
≥ F (|z|2) +N(µ− 8πρa(ρa3)

1
4 )− E ′

with

F (|z|2) := 8πa(ρa3)
1
4 ρz|z|2 + 4π|z|2ρza · 128

15
√
π

√
ρza3 + T

∑

p∈Λ∗
+

log(1− e−
1
T

ωp(z))− µ|z|2, (2.46)

By Lemma B.1, we deduce that F is convex for ρa3 and η small enough. Choosing µ so that F ′(N) = 0,
F achieves its minimum at |z|2 = N . We obtain

− T log

∫

|z|2<K
1/4
ℓ

N

TrF⊥

(
e−

1
T

(Hµ(z)+εG(z))
)
e−

µ
T

Ndz

≥ 4πa
N2

|Λ| ·
128

15
√
π

√
Na3

|Λ| + T
∑

p∈Λ∗
+

log(1− e−
1
T

ωp(
√

N))− E ′ − T log(CK
1/4
ℓ N). (2.47)

On the other hand when |z|2 ≥ K
1/4
ℓ N , and since our choice of m satisfies both m > 2η−1 + 14 and

KH ≤ K
m+1
12

ℓ , we use Lemma 2.11 to obtain

−T log

∫

|z|2≥K
1/4
ℓ

N

TrF⊥

(
e−

1
T

(Hµ(z)+εG(z))
)
e−

µ
T

Ndz

≥ T
∑

p∈Λ∗
+

log(1− e−
τ(p)
2T ) + µN − T log

∫

|z|2≥K
1/4
ℓ

N

exp
(
− cρa|z|2

TNKℓ

)
dz

≥ T
∑

p∈Λ∗
+

log(1− e−
p2

4T ) + µN − T log

(
CTN

ρaK
m−1

4
ℓ

exp
(
− cρaK

m
4

ℓ

T

))

≥ −CT 5/2ℓ3 − T log


 CTN

ρaK
m−1

4
ℓ


+ cρaK

m
4

ℓ ,

for ρa3 small enough. We used that τ (p) ≥ p2/2 and that µ ≥ 0. The above is clearly bigger than the
right-hand side of (2.47) for ρa3 small enough due to the constraint on N and the assumptions on m.
Thus for ρa3 small enough, using (2.45), we obtain

−T log
[ ∫

C
TrF⊥

(
e−

1
T

(Hµ(z)+εG(z))
)
e−

µ
T

Ndz
]
≥ 4πa

N2

|Λ| ·
128

15
√
π

√
Na3

|Λ| + T
∑

p∈Λ∗
+

log(1− e−
1
T

ωp(
√

N))

− E ′ − T log(CK
1/4
ℓ N).

We combine the above with (2.44) to obtain for N > (ρa3)αρℓ3

F (ℓ,N) ≥ 4πa
N2

|Λ|
(
1 +

128

15
√
π

√
Na3

|Λ|
)
+ T

∑

p∈Λ∗
log(1− e−

1
T

ωp(
√

N))− CT log(N)− E − E ′. (2.48)

We have

CT log(N) + E + E ′ ≤ Cℓ3
(
(ρa)5/2(ρa3)1/18−2γ−νK3

H +
T

ℓ3
logN + (ρa)5/2K

−1/4
ℓ

)

≤ Cℓ3(ρa)5/2
(
K

−1/4
ℓ + (ρa3)−νK−3

ℓ | log(ρa3)|
)

≤ Cℓ3(ρa)5/2K
−1/4
ℓ .

Combining the cases N ≤ (ρa3)αρℓ3 and N > (ρa3)αρℓ3 finishes the proof of Theorem 1.3.
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3 APPROXIMATION BY INTEGRABLE POTENTIALS

3 Approximation by integrable potentials

This section is devoted to the proof of Proposition 2.1. We begin by recalling the definition of the
scattering length and related quantities. For more details see [11].

Definition 3.1. Let V : R3 → R+ ∪ {∞} be measurable and radial with support in B(0, R). The
scattering length a = a(V ) is defined as

4πa = inf
{∫

|∇ϕ|2 +
1

2
V |ϕ|2dx

∣∣∣ϕ ∈ Ḣ1(R3), lim
|x|→∞

ϕ(x) = 1
}
, (3.1)

An important special case is the hard core potential of radius R > 0

Vhc(x) :=

{
+∞, |x| ≤ R,

0, |x| > R.
(3.2)

For this special potential it is not difficult to see that a(Vhc) = R. For general potentials, inserting the
test function max{0, 1− R

|x|}, we find a ≤ R. It is also easy to verify that a is an increasing function of
V . The minimizer ϕV solves the corresponding Euler-Lagrange equation

−∆ϕV +
1

2
V ϕV = 0, (3.3)

in a weak sense. It is easy to check with Newton’s theorem that

ϕV (x) = 1− a

|x| , for |x| ≥ R, (3.4)

and furthermore ϕV is non-decreasing, non-negative and radial. We will also use the following standard
monotonicity result from [11, Lemma C.2]: if V1 ≥ V2 ≥ 0, then ϕV1(x) ≤ ϕV2(x) for all x. We will omit
the v from the notation of the scattering length and write ϕ := ϕV , if the potential is clear from the
context. We then recall the notation

ω = 1− ϕ, g = V ϕ = V (1− ω). (3.5)

Clearly,

−∆ω =
1

2
g, and ĝ(0) =

∫
g dx = 8πa. (3.6)

Having introduced the necessary theory and notation we may provide the proof of Proposition 2.1. The
proof will rely on the following two lemmas.

Lemma 3.2. For all v1 ≥ v2 ≥ 0 and v′ ≥ 0 we have

a(v1)− a(v2) ≥ a(v1 + v′)− a(v2 + v′).

Proof. For all t ∈ [0, 1], we introduce ϕt
1 and ϕt

2 as the scattering solutions for v1 + tv′ and v2 + tv′

respectively. By definition we have for j = 1, 2,

4πa(vj + tv′) =

∫ (
|∇ϕt

j |2 +
1

2
(vj + tv′)|ϕt

j |2
)
dx.

In particular, rearranging the terms we find

4πa(v1 + tv′)− 4πa(v2 + tv′) =

∫ (
∇ϕt

1 · ∇(ϕt
1 − ϕt

2) +
1

2
(v1 + tv′)ϕt

1(ϕ
t
1 − ϕt

2)
)
dx

−
∫ (

∇ϕt
2 · ∇(ϕt

2 − ϕt
1) +

1

2
(v2 + tv′)ϕt

2(ϕ
t
2 − ϕt

1)
)
dx

+
1

2

∫
(v1 − v2)ϕ

t
1ϕ

t
2 dx.

When we integrate by parts, we find that the two first lines vanish by (3.3). For instance,

∫ (
∇ϕt

1 · ∇(ϕt
1 − ϕt

2) +
1

2
(v1 + tv′)ϕt

1(ϕ
t
1 − ϕt

2)
)
dx =

∫
(−∆ϕt

1 +
1

2
(v1 + tv′)ϕt

1)(ϕ
t
1 − ϕt

2)dx = 0.
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Therefore,

a(v1 + tv′)− a(v2 + tv′) =
1

8π

∫
(v1 − v2)ϕ

t
1ϕ

t
2dx,

for all t ∈ [0, 1]. Comparing with t = 0 we deduce

a(v1 + tv′)− a(v2 + tv′) = a(v1)− a(v2) +
1

8π

∫
(v1 − v2)(ϕ

t
1ϕ

t
2 − ϕ0

1ϕ
0
2)dx.

Since vj + tv′ ≥ vj , we have 0 ≤ ϕt
j ≤ ϕ0

j pointwise, and thus the last integral is negative. The result
follows with t = 1.

Lemma 3.3. Given K > 0 and a non-increasing potential v, the potential min(v,K) satisfies

a(V ) ≥ a(min(V,K)) ≥ a(V )− 2
√
2√
K

Proof. Using that V is decreasing, we get {V > K} = B(0, RK) for some RK ≥ 0. Note that the hard
core potential with radius RK has scattering length RK . Then comparing to the hard core potential, we
have

a(V )− a(min(V,K)) ≤ a(V 1B(0,RK ))− a(K1B(0,RK )) ≤ RK − a(K1B(0,RK )), (3.7)

where in the first inequality we used Lemma 3.2 with V ′ = V 1B(0,RK )c , and in the second inequality
that V 1B(0,RK ) is smaller than the hardcore potential Vhc of radius RK . Now one can compute aK :=
a(K1B(0,RK )) by solving

−∆ϕ+
1

2
K1B(0,RK )ϕ = 0,

to find that there is a c > 0 such that

ϕ(x) =




c
sinh(

√
K
2
|x|)

|x| , |x| ≤ RK ,

1− aK
|x| , |x| ≥ RK .

Knowing that ϕ is continuous and differentiable yields we find that

RK − aK =
1− e−2γ

γ − 1 + e−2γ(γ + 1)
aK where γ =

√
K

2
RK . (3.8)

Lastly we observe that for γ ≥ 2 the right-hand side of (3.8) is bounded by 2
γ
aK , and if γ ≤ 2 we have

RK ≤ 2
√

2√
K
. Thus combining (3.7) with (3.8), using aK

RK
≤ 1, we get

a(V )− a(min(V,K)) ≤ RK − aK ≤ 2
√
2√
K

.

Before giving the proof of Proposition 2.1, we explain the construction of v in the case where V = Vhc

is the hard core potential of radius a. In [15] it was explained that to get (2.5) the (almost optimal)
approximation of Vhc is by a ‘thin shell’ potential supported on the annulus A := {a− a2ℓ−1 ≤ |x| ≤ a}
and of height ℓ2a−4. However, this potential clearly doesn’t satisfy (2.6), since it vanishes inside the
shell. The remedy is to fill the inside of the shell, without changing too much the L1 norm. Therefore,
the final choice of v is

v = ℓa−31B(0,a−a2ℓ−1) + ℓ2a−41A, when V = Vhc is the hard core.

Let us now give the details starting from an arbitrary V . For convenience we include the following lemma.

Lemma 3.4. There exists a universal constant C0 > 0 such that the following is true. Suppose that

V : R3 → [0,∞] is radial and of class L1 with compact support of radius R and that S ≥ 0. If S ≥
∫
V

8πa(V )

define the potential VS := V . If S <
∫
V

8πa(V )
define

VS := V 1[RS ,∞),

with RS chosen so that
∫
VS = 8πSa(V ). Then VS satisfies

a(V ) ≥ a(VS) ≥ a(V )(1−C0S
−1).
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This is a reformulation of [15, Lemma 3.3] using the fact that the proof gives the explicit construction
of vS . Using this Lemma we can prove Proposition 2.1.

Proof of Proposition 2.1. By Lemma 3.3, we may assume that V ≤ K, with K = ℓ2a−4. This choice
guarantees that the change to the scattering length is of order a2ℓ−1. By Lemma 3.4, we can find
0 < RS < R such that the potential

VS(x) =

{
V (x) |x| ≥ RS

0 |x| < RS

has integral
∫
VS ≤ 8πSa(V ) and satisfies

a(V ) ≥ a(VS) ≥ a(V )(1−C0S
−1). (3.9)

Note that this error is small enough with the choice S = ℓ/a(V ). However note that VS does not satisfy
(2.6), so it requires further modifications. First, we extend slightly VS and define

wS = VS(RS)1[RS−ε,RS ] + VS, (3.10)

where we used the convention 1I(x) = 1{|x|∈I} for a subset I ⊂ R, and where ε > 0 will be chosen later.
Let gS = wSϕwS , and let x0 be the maximal point of gS,

gS(x0) = sup gS.

Note that x0 ≥ RS by construction. Then we define our potential v by

v := min
(
gS(x0),M

)
1[0,RS−ε] +wS , (3.11)

where the parameter M will be chosen to bound the L1 norm of v. Indeed, choosing ε = a(V )2ℓ−1 and
M = ℓR−3

S ,

∫
v ≤ CR3

SM + Ca(V )2ℓ−1R2
SVS(RS) +

∫
VS ≤ Cℓ,

where we used that VS(RS) ≤ K = ℓ2a(V )−4, RS ≤ R ≤ Ca(V ) and
∫
VS ≤ 8πℓ. We can compare the

scattering lengths of v and v using that V ≥ v ≥ VS and therefore, we get from (3.9) that

a(V ) ≥ a(v) ≥ a(V )(1− Ca(V )/ℓ).

Let us now show that the potential v satisfies (2.6). We consider |x| < |y|.
• If |x| ≥ RS − ε then v is non-increasing on this region, and therefore since ϕv ≤ 1 we have

v(x) ≥ v(y) ≥ v(y)ϕv(y) = gv(y).

• When |x| ≤ RS − ε. Notice that vϕv is increasing on [0, RS ]. Therefore,

gv(y) ≤ sup
|x|≥RS

vϕv ≤ sup
|x|≥RS

wSϕwS = gS(x0), (3.12)

where the last inequality follows since ϕwS ≥ ϕv. If gS(x0) < M then gS(x0) = v(x) and we are
done. In the other case, when M ≤ gS(x0) we introduce an auxiliary potential,

v0 = v(x0)1[RS−ε,|x0|]. (3.13)

We observe that v0 ≤ wS and this implies that ϕwS ≤ ϕv0 . Therefore

gS(x0) ≤ V (x0)ϕv0(x0) = V (x0)
(
1− a(v0)

|x0|
)
. (3.14)

We estimate the difference between a(v0) and |x0| identified with the scattering length of the hard-
core of radius |x0|. We use Lemma 3.3 with K = v(x0) to cut the hard-core potential, and then
compare the resulting potential to v0 using Lemma 3.4 (with 8πS|x0| =

∫
v0) to get

|x0| − a(v0) ≤ C√
v(x0)

+ C
|x0|2∫
v0

.
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Inserting this bound in (3.14) we get

gS(x0) ≤ C

√
v(x0)

|x0|
+ Ca(V )

V (x0)∫
v0

≤ C
ℓ

a(V )2RS
+ C

a(V )

min(ε,RS)R2
S

≤ CM,

where we used V (x0) ≤ ℓ2a(V )−4, ε = a(V )2/ℓ, and RS ≤ |x0| ≤ R ≤ Ca(V ). Therefore,

gS(x0) ≤ CM = Cv(x)

which combined with (3.12) gives the desired bound.

4 Localization of large matrices: Proof of Theorem 2.3

One of the main ingredients to prove Theorem 2.3 is a rough condensation estimate for low energy states.
This is by now a well known result and its proof can be found in [11], and the technique was also crucial
in [17]. At positive temperature, we need to extend this property to mixed states.

Lemma 4.1 (Condensation of low energy states). There exists a C > 0 such that the following holds.
Assume that ρℓ3(ρa3)α ≤ N ≤ 20ρℓ3, T ≤ ρa(ρa3)−ν , with α+ 5ν/2 < 6/17 and (ρa3) ≤ C−1. Let Γ be
a trace-class operator on L2(ΛN ) such that Γ ≥ 0, TrΓ = 1, and

Tr(HNΓ) ≤ 4πN2ℓ−3a(1 + (ρa3)
1
17 ). (4.1)

Then we have

Tr(n+Γ) ≤ CNK2
ℓ (ρa

3)
1
17 . (4.2)

In particular, this holds for the Gibbs state

Γ0 =
e−

HN
T

Tr(e−
HN
T )

. (4.3)

Proof. The result follows from the following lower bound, which holds as long as N(ρa3)
1
17 ≥ 1,

HN ≥ 4πa
N2

ℓ3
(1− C(ρa3)

1
17 ) + C′n+

ℓ2
, (4.4)

and which can be found in [11, Lemma 4.1 and Lemma 5.2]. The constraint on α ensures in particular
the condition on N . Together with the upper bound (4.1) we deduce

Tr
(n+

ℓ2
Γ
)
≤ CNρa(ρa3)

1
17 , (4.5)

which is the expected condensation estimate. It remains to show that Γ0 satisfies the upper bound (4.1),
which is not obvious due to the entropy term. To prove this, we use the upper bound on the free energy
from [11],

Tr(HNΓ0 + T Γ0 ln Γ0) ≤ inf σ(HN) ≤ 4πρNa(1 + C(ρa3)1/3). (4.6)

The upper bound on the ground state energy was proven by Dyson [10] (see also [3] for an improvement
to the order of the LHY correction, but here we do not need such precise estimates). Therefore, using
(4.6) and the Gibbs variational principle we can bound the energy for any 0 < ε < 1,

Tr(HNΓ0) ≤ (1 + ε)Tr(HNΓ0 + T Γ0 ln Γ0)−
(
εTr(−∆R3NΓ0) + (1 + ε)T Tr( Γ0 ln Γ0)

)

≤ (1 + ε)4πρNa(1 + C(ρa3)1/3) + (1 + ε)T log Tr
(
e
− ε

(1+ε)T
(−∆R3N ))

, (4.7)

In the second term, the free energy of the ideal gas is bounded by

T log Tr
F

≤N
+

(
e
− ε

(1+ε)T

∑
p 6=0 p2a∗

pap
)
≤ T

∑

p∈ℓ−1N3\{0}
log
(
1− e

− ε
(1+ε)T

p2) ≤ Cε−3/2T 5/2ℓ3,
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where F≤N
+ =

⊕N
n=0(RanQ)⊗n ≃ L2(ΛN ) is the truncated bosonic Fock space of excitations. Using

that T ≤ Cρa(ρa3)−ν and N ≥ ρℓ3(ρa3)α, we obtain

Tr(HNΓ0) ≤ 4πρNa(1 + C(ρa3)1/3 + C(ε+ ε−3/2 T
5/2ℓ3

Nρa
))

≤ 4πρNa(1 + C(ρa3)1/3 + C(ε+ ε−3/2(ρa3)1/2−α−5ν/2))

≤ 4πρNa(1 + C(ρa3)1/3 + C(ρa3)(1−2α−5ν)/5),

where we optimized in ε to obtain the last inequality. The condition that α+ 5ν/2 < 6/17 leads to the
estimate (4.1).

Theorem 2.3 follows from Proposition 4.2 below, together with the a priori bounds on n+ from
Lemma 4.1. The proof of Proposition 4.2 is inspired by the localization of large matrices as in [15],
and simplified in [13]. It is also similar to the bounds in [19, Proposition 21]. It can be interpreted as
an analogue of the standard IMS localization formula. It roughly says that, for a lower bound, we can
restrict the estimates states ΓM which have bounded number of low excitations.

Proposition 4.2 (Localization to {nL
+ ≤ M}). Let Γ0 be the Gibbs state associated to HN . Let M ≥

N(ρa3)γ, for some γ > 0, then there exists a trace class operator ΓM on L2(ΛN ) with ΓM ≥ 0 and trace
1 such that

1{nL
+
≤M}ΓM1{nL

+
≤M} = ΓM, (4.8)

and

F (ℓ,N) ≥ Tr
(
HNΓM + T ΓM ln ΓM)− C

1

M2

(
Tr(HNΓ0) + ‖v‖1K3

Hℓ−3NTr(n+Γ0)
)

− CT
Tr(n+Γ0)

M

(
1 +

∣∣∣∣log
Tr(n+Γ0)

M

∣∣∣∣
)
.

Theorem 2.3 follows from this proposition.

Proof of Theorem 2.3. Using the a priori bounds on n+ from Lemma 4.1, we have for M ≥ N(ρa3)γ ,

Tr(n+Γ0)

M ≤ (ρa3)1/17−γK2
ℓ . (4.9)

We use Proposition 4.2, and bound the error terms using (4.9) and the upper bound (4.1) on the energy
of Γ0,

F (ℓ,N)− Tr
(
HNΓM + T ΓM ln ΓM

)

≥ −Cℓ−3
(
a(ρa3)−2γ + ‖v‖1K3

H(ρa3)1/17−2γK2
ℓ

)
−CT (ρa3)1/17−γK2

ℓ | log(ρa3)|

≥ −Cℓ3(ρa)5/2
(
(ρa3)1/2−2γK−6

ℓ +K3
HK−3

ℓ (ρa3)1/17−2γ + (ρa3)1/17−γ−νK−1
ℓ | log(ρa3)|

)

where we used that ℓ = Kℓ(ρa)
−1/2, T ≤ C(ρa)(ρa3)−ν and that ‖v‖1 ≤ ℓ. For ρa3 small enough and

using that Kℓ ≥ 1, this is smaller than the claimed error term of Theorem 2.3. It remains to extract the
spectral gaps. By definition of Hmod

N in (2.20) we have

Tr
(
HNΓM

)
= Tr

((
Hmod

N +
π

2ℓ2
n+ +

KH

ℓ2
nH
+

)
ΓM

)

≥ Tr
((

Hmod
N +

π

4ℓ2
n+ +

KH

2ℓ2
nH
+ +

πnL
+n+

4Mℓ2
+

KHnL
+n

H
+

2Mℓ2

)
ΓM

)

= Tr
((

Hmod
N +G

)
ΓM

)
.

This concludes the proof of Theorem 2.3.
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4.1 Proof of Proposition 4.2

The rest of this section is dedicated to the proof of Proposition 4.2. It will follow from the Lemmas 4.3
and 4.4 below, both of which are adapted from [13].

Lemma 4.3. Let θ : R → [0, 1] be any compactly supported smooth function such that θ(s) = 1 for
|s| < 1

8
and θ(s) = 0 for |s| > 1

4
. For any M ≥ 1, define cM > 0 and θM such that

θM(s) = cMθ
( s

M
)
,

∑

s∈Z
θM(s)2 = 1.

Then there exists a C > 0 depending only on θ such that, for any normalized state Γ,

Tr(HNΓ) ≥
∑

m∈Z
Tr(HNΓm)− C

M2
(|Tr(d1Γ)|+ |Tr(d2Γ)|) (4.10)

where Γm = θM(nL
+ −m)ΓθM(nL

+ −m) and

d1 =
∑

i6=j

QL
i (1−QL

j )v(xi − xj)[Q
L
i Q

L
j + (1−QL

j )(1−QL
j )] + h.c., (4.11)

d2 =
1

2

∑

i6=j

QL
i Q

L
j v(xi − xj)(1−QL

i )(1−QL
j ) + h.c. (4.12)

Proof. Notice that HN only contains terms that change nL
+ by 0,±1 or ±2. Therefore, we write our

operator as HN =
∑

|k|≤2 H(k), with H(k)nL
+ = (nL

+ + k)H(k). Moreover, one easily checks that for
k = 1, 2,

H(k) +H(−k) = dk.

For |k| ≤ 2, we have

∑

m∈Z
Tr(H(k)Γm) =

∑

m∈Z
Tr(θM(nL

+ −m)H(k)θM(nL
+ −m)Γ)

=
∑

m∈Z
Tr(θM(nL

+ −m)θM(nL
+ −m+ k)H(k)Γ)

=
∑

m∈Z
θM(m)θM(m+ k)Tr(H(k)Γ),

where we used the commutation property of H(k) and that the function
∑

m∈Z θM(X−m)θM(X−m+k)
is constant on Z. Using that

∑
s∈Z θM(s)2 = 1, we obtain that

∑

m∈Z
Tr(HNΓm) = Tr(HNΓ) +

∑

|k|≤2

δkTr(HkΓ)

= Tr(HNΓ) + δ1Tr(d1Γ) + δ2Tr(d2Γ),

with

δk =
∑

m∈Z

(
θM(m)θM(m+ k)− θM(m)2

)
= −1

2

∑

m∈Z

(
θM(m)− θM(m+ k)

)2
.

It remains to prove that |δk| ≤ CM−2. This follows from the fact that θ is smooth and has support in
[−1/4, 1/4], so that we can restrict the sum to m ∈

[
− M

2
, M

2

]
, and cM > C−1M.

To estimate the error in (4.10), we need the following bounds on d1 and d2.

Lemma 4.4. There exists a universal constant C > 0 such that, for any trace-class operator Γ with
Γ ≥ 0 and TrΓ = 1 we have

|Tr(d1Γ)|+ |Tr(d2Γ)| ≤ CTr
(∑

i6=j

v(xi − xj)Γ
)
+C‖v‖1K3

Hℓ−3NTr
(
n+Γ

)
. (4.13)
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Proof. We start by noting the following bound. For x, y ∈ Λ, denoting vy(x) = v(x− y), we have

QLvyQ
L =

∑

0<|p|,|q|<KH

(∫

Λ

vyupuq

)
|up〉 〈uq | ≤ C

K3
H

ℓ3
‖v‖1n+, (4.14)

where {up} is the Neumann basis defined in (2.23). Therefore, expanding all the prefactors in (4.11), we
can bound dk, k ∈ {1, 2}, using the Cauchy-Schwarz inequality by

±dk ≤ C
∑

i6=j

v(xi − xj) +QL
i v(xi − xj)Q

L
i +QL

i Q
L
j v(xi − xj)Q

L
i Q

L
j

≤ C
∑

i6=j

v(xi − xj) + CK3
H
‖v‖L1

ℓ3
n+N.

From which the claim follows.

Now we can combine Lemmas 4.3 and 4.4 to prove Proposition 4.2.

Proof of Proposition 4.2. Let Γ0 = e−HN/T /Tr
(
e−HN/T

)
be the Gibbs state. Lemma 4.3 gives

Tr(HNΓ0) ≥ Tr(HNΓ≤) + Tr(HNΓ>)− C

M2
(|Tr(d1Γ0)|+ |Tr(d2Γ0)|), (4.15)

where
Γ≤ :=

∑

|m|≤M/8

Γm, Γ> :=
∑

|m|>M/8

Γm. (4.16)

Denoting by αΓ := Tr(Γ>), we have 1 − αΓ = Tr(Γ≤), and from the sub-additivity of the entropy
S(Γ) = −Tr

(
Γ ln Γ

)
we have

S(Γ0) ≤ S(Γ≤)+S(Γ>) = αΓS
(Γ>

αΓ

)
+(1−αΓ)S

( Γ≤
1− αΓ

)
−αΓ log(αΓ)− (1−αΓ) log(1−αΓ). (4.17)

Combining (4.15) and (4.17) we obtain

F (ℓ,N) = Tr(HNΓ0)− TS(Γ0)

≥ (1− αΓ)

[
Tr
(
HN

Γ≤
1− αΓ

)
− TS

( Γ≤
1− αΓ

)]
+ αΓ

[
Tr
(
HN

Γ>

αΓ

)
− TS

(Γ>

αΓ

)]

− C

M2
(|Tr(d1Γ0)|+ |Tr(d2Γ0)|) + TαΓ log(αΓ) + T (1− αΓ) log(1− αΓ).

By the variational principle, the second term above is bigger than αΓF (ℓ,N), and subtracting this
quantity on both sides and dividing by 1− αΓ, we obtain

F (ℓ,N) ≥ Tr
(
HN

Γ≤
1− αΓ

)
− TS

( Γ≤
1− αΓ

)
− C

(1− αΓ)M2
(|Tr(d1Γ0)|+ |Tr(d2Γ0)|)

+ T
αΓ

1− αΓ
log(αΓ) + T log(1− αΓ).

Lastly we see that

αΓ = Tr(Γ>) ≤ Tr(1{n+≥M
8

}Γ) ≤ Tr
(
8
n+

MΓ
)
.

Defining ΓM =
Γ≤

1−αΓ
and using the bounds in Lemma 4.4, we obtain the claim.

5 Symmetrization: Proof of Theorem 2.6

In this section we prove Theorem 2.6, which estimates the error made replacing the Hamiltonian Hmod
N

in (2.20) by its symmetrized version Hsym
N . We begin by gathering some important properties of the

symmetrization. Recall the definition (2.22) of the symmetry pz, for z ∈ Z3, and the symmetrized
version f s of a function f in (2.24).

Lemma 5.1. For all z ∈ Z3, x, y ∈ Λ and f : R3 → R radial such that with supp(f) ⊂ B(0, R) for
some R ≤ ℓ/2, we have

1. f(pz(x)− y) = 0 if one of the |zi| ≥ 2,
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2. f s(x, y) = f s(y, x),

3. |pz(x)− y| ≥ |x− y|,
4. up(pz(x)) = up(x), for p ∈ π

ℓ
N3

0.

Proof. Property 1 is a consequence of the assumption on the support of f . Property 2 follows from that
f is radial and |pz(x)−y| = |pz(y)−x|. Property 3 is obvious from the definition of pz, observing that x,
y ∈ Λ. The last property follows from that the definition (2.23) of the Neumann eigenbasis (up), noting
that ((−1)z+1 + 1)/2 + z ∈ 2Z for all z ∈ Z.

We now proceed to the proof of Theorem 2.6. From (2.20) and (2.30), we need to find a lower bound
on

Hmod
N −Hsym

N =

3∑

j=0

(Qren
j −Qsym

j ) +Qren
4 ,

where the Qren
j were defined in (2.10)-(2.14) and the Qsym

j were defined in (2.26)-(2.29).

Symmetrization of Qren
0 . From P = 1

ℓ3
|1〉〈1| ≤ 1, we obtain

0 ≤ Qsym
0 −Qren

0 =
1

2

∑

i6=j

PiPj(g
s − g + (gω)s − gω)PjPi

=
1

2

∑

z 6=0

∑

i6=j

PiPj

(
g(pz(xi)− xj) + (gω)(pz(xi)− xj)

)
PjPi

≤ CN2

|Λ|2
∑

z 6=0

∫

Λ2

g(pz(x)− y)dxdy,

where we first used the definition of gs in (2.24) and that gω ≤ g. Since supp g ⊂ {|x| ≤ R}, we can
restrict the sum to |z| ≤ 1 and the integration over x to Λ \ ΛR, with ΛR = [R, ℓ−R]3. We obtain that

Qsym
0 −Qren

0 ≤ CN2

|Λ|2
∑

|z|≤1

∫

Λ2

1{Λ\ΛR}(x)g(pz(x)− y)dxdy ≤ CNρĝ(0)
R

ℓ
. (5.1)

Symmetrization of Qren
2 . Recall the definition of Qren

2 in (2.12). We have three different kinds
of terms from Qren

2 − Qren
2 to treat, which we denote in a self-explanatory way by PQPQ, PQQP and

PPQQ. We start with

PQQP :=
∑

i6=j

PiQj(g
s − g + (gω)s − gω)QjPi ≤ 2

|Λ|
∑

z 6=0

∑

i6=j

Qj

∫

Λ

g(pz(xj)− y)dyQjPi

≤ C
N

|Λ| ĝ(0)
N∑

j=1

Qj1{Λ\ΛR}(xj)Qj .

where we used the same properties as above plus the symmetry |pz(x) − y| = |pz(y) − x|. To estimate
this last sum, we first isolate the high momenta using Q = QH +QL defined in (2.16) to get

PQQP ≤ Cρĝ(0)

N∑

j=1

QL
j 1{Λ\ΛR}(xj)Q

L
j + Cρĝ(0)nH

+ . (5.2)

For the low momenta part, we decompose with respect to the basis (up) introduced in (2.23). Using the
Cauchy-Schwarz inequality, we obtain

QL1{Λ\ΛR}Q
L =

∑

p,q∈PL

(∫

Λ\ΛR

upuq

)
|up〉 〈uq| ≤ C

R

ℓ
|PL|QL = C

R

ℓ
K3

HQL

where we used |up(x)up′(x)| ≤ C|Λ|−1 and |Λ \ ΛR| ≤ CRℓ2. Inserting the above in (5.2), we deduce
that

PQQP ≤ Cρĝ(0)
R

ℓ
K3

HnL
+ + Cρĝ(0)nH

+ . (5.3)
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The next term to bound in Qren
2 is the PQPQ. By the Cauchy-Schwarz inequality PiQjPjQi ≤

PiQjQjPi +QiPjPjQi and the symmetry of gs and (gω)s we obtain the same bound as (5.3).
In order to bound QQPP , we need to use Qren

4 . To this end we reconstruct the projector Πij =
QjQi + ω(xi − xj) (PjPi + PjQi +QjPi) appearing in the definition of Qren

4 . We have

QQPP :=
∑

i6=j

QiQj(g
s − g)PjPi + h.c.

=
(∑

i6=j

Πij(g
s − g)PjPi + h.c.

)
−
(∑

i6=j

(QiPj + PiQj + PiPj)ω(g
s − g)PjPi + h.c.

)

We can bound the second term by Qsym
0 − Qren

0 and PQQP , which have already been estimated, using
the Cauchy-Schwarz inequalities and ω ≤ 1. The first term is also bounded using the Cauchy-Schwarz
inequality, giving

QQPP ≤ Cε−1Nρĝ(0)
R

ℓ
+ Cρĝ(0)

R

ℓ
K3

HnL
+ + Cρĝ(0)nH

+ + ε
∑

i6=j

Π∗
ijω(g

s − g)Πij ,

for all ε > 0. The last term is estimated using that Qren
4 and ω ≤ 1,

g(pz(x)− y) ≤ C0v(x− y) (5.4)

for some C0 > 0, which follows from that g and v satisfy (2.6), and |pz(x) − y| ≥ |x − y| from Lemma
5.1. Choosing ε = C0/100, we conclude that

Qsym
2 −Qren

2 ≤ Cρĝ(0)
R

ℓ
K3

HnL
+ + Cρĝ(0)nH

+ + CNρĝ(0)
R

ℓ
+

1

100
Qren

4 (5.5)

Note that the first two errors can be estimated by a fraction of the gap operator G defined in (2.18), as

soon as KH ≥ CK2
ℓ and KℓK

3
H ≤ (ρa3)−

1
2 . The last fraction of Qren

4 is absorbed by the positive 1
2
Qren

4

in Hmod
N .

Symmetrization of Qren
1 . From the Cauchy-Schwarz inequality, we have

Qsym
1 −Qren

1 ≤ C(QPPQ+Qsym
0 −Qren

0 ) ≤ Cρa(
R

ℓ
N +

R

ℓ
K3

HnL
+ + nH

+ ). (5.6)

which we already estimated in (5.1) and (5.3), and that are absorbed by a fraction of the gap operator
G for ρa3 small enough. It remains to note that Qsym

1 = 0, indeed

Qsym
1 =

∑

z

∑

i6=j

PiPjg(pz(xi)− xj)PiQj + h.c. =
1

|Λ|
∑

z

∑

i6=j

Pj

∫

Λ

g(pz(x)− xj)dxPiQj + h.c.

=
1

|Λ|
∑

i6=j

Pj

∫

R3

g(x− xj)dxPiQj + h.c. =
ĝ(0)

|Λ|
∑

i6=j

PiPjQj = 0.

Symmetrization of Qren
3 . In view of Lemma 2.4, it is enough to estimate

Qsym
3,L −Q3,L =

∑

z 6=0

∑

i6=j

(PiQ
L
j g(pz(xi)− xj)QiQj + h.c.).

For the rest of the proof we use the notation g 6=0 :=
∑

z 6=0 g(pz(xi) − xj). We want to reconstruct Qren
4

as before, we write

Qsym
3,L −Q3,L =

(∑

i6=j

PiQ
L
j g 6=0Πij + h.c.

)
−
(∑

i6=j

PiQ
L
j g 6=0ω(PiPj + PiQj +QiPj) + h.c.

)
(5.7)

From the Cauchy-Schwarz inequality we obtain, as before using (5.4), that

Qsym
3,L −Q3,L ≤ C(QPPQ+Qsym

0 −Qren
0 ) +

1

100
Qren

4 ,

where the first term is estimated in (5.6). This concludes the proof of Theorem 2.6.
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6 C-number substitution

In this section we prove Lemma 2.8, Theorem 2.9 and Lemma 2.11.

6.1 Proof of Lemma 2.8

The second quantization of the kinetic energy is immediate. Then by definition of n+ and from Lemma 2.5
we have

Qsym
0 =

ĝ(0) + ĝω(0)

2|Λ| (N − n+)(N − n+ − 1).

Again using Lemma 2.5, we have

Qsym
2 =

1

|Λ|
∑

p∈Λ∗
+

(
̂g(1 + ω)(p) + ̂g(1 + ω)(0)

)
a∗
0a

∗
papa0 +

1

2
ĝ(p)

(
a∗
0a

∗
0apap + h.c.

)

From that (N −n+)(N −n+ −1) = N(N −1)−2n+(N −n+)−n+(n+−1) and that
∑

p∈Λ∗
+
a∗
0a

∗
papa0 =

n+(N−n+) we recover the first two lines of (2.33). The second quantization of the Qsym
3,L is not expressed

as simply. We start from

Qsym
3,L =

∑

q,p,k,s∈Λ∗
〈uq ⊗ up|PxQ

L
y g

s(x, y)QxQy|uk ⊗ us〉a∗
qa

∗
pakas + h.c. (6.1)

where we observe that we can restrict the sum to q = 0, p ∈ PL and k, s ∈ Λ∗
+. We are left to compute

the integral

〈u0 ⊗ up|PxQ
L
y g

s(x, y)QxQy|uk ⊗ us〉 = 1

|Λ|1/2
∫

Λ2

up(y)g
s(x, y)uk(x)us(y)dxdy.

Using the trigonometric formulas we obtain

up(y)us(y) =
1

23|Λ|
3∏

i=1

cpicsi(cos((pi − si)yi) + cos((pi + si)yi))

=
1

23|Λ|1/2
3∏

i=1

cpicsi
∑

σ1,σ2,σ3∈{±}

up1+σ1s1,p2+σs2,p3+σ3s3

cp1+σ1s1cp2+σ2s2cp3+σ3s3

,

where ck was defined in (2.23). Using Lemma 2.5 we obtain

∫

Λ2

up(y)g
s(x, y)uk(x)us(y)dxdy

=
1

23|Λ|1/2
3∏

i=1

cpicsi
∑

σ1,σ2,σ3∈{±}

δk1,|p1+σ1s1|δk2,|p2+σ2s2|δk3,|p3+σ3s3|
c|p1+σ1s1|c|p2σ2s2|c|p3+σ3s3|

ĝ(k).

Noting that we can replace
∑

p∈PL

∑
{±} by

∑
p∈PZ

L
, using the convention ap = a(up) = a(|p1|,|p2|,|p3|)

and changing variable s = k − p we obtain

Qsym
3,L =

1

|Λ|
∑

p∈PZ
L
,k∈Λ∗

+\{p}

c(p, k)ĝ(k)a∗
0a

∗
pakap−k + h.c. (6.2)

where c(p, k) is given by

c(p, k) =
3∏

i=1

cpicki−pi

2cki

2δpi,0 =
3∏

i=1

cki−pi

cpicki

. (6.3)
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6.2 Proof of Theorem 2.9

The c-number substitution is an important step of Bogoliubov’s approach to the dilute Bose gas and
it is well known that it can be performed in a rigorous way. We start from Lemma 2.8, where the
Hamiltonian Hsym

N has been written in second quantization (2.33). It is initially defined on L2(Λ)N but
naturally extends to the Fock space F (L2(Λ)).

We subtract the leading order of the energy and introduce a chemical potential µ, which we will
choose later, in order to finely tune the number of particles. Thus, we define

Hsym
µ :=

ĝω(0)

2|Λ| a∗
0a

∗
0a0a0 +

∑

p∈Λ∗
+

(
τ (p)a∗

pap +
ĝ(p)

|Λ| a
∗
0a

∗
papa0 +

ĝ(p)

2|Λ|
(
a∗
0a

∗
0apap + h.c.

))

+
1

|Λ|
∑

k∈Λ∗
+
, p∈PZ

L

c(p, k)ĝ(k)
(
a∗
0a

∗
pap−kak + h.c.

)
+

1

|Λ|
∑

p∈Λ∗
+

(ĝω(0) + ĝω(p))a∗
0a

∗
papa0

− µN + ρa
Nm

Nm
+

8πa(ρa3)
1
4

|Λ| (n2
0 −N2)

= Hsym
N − ĝ(0)(N(N − 1)− n+(n+ − 1))

2|Λ| − µN + ρa
Nm

Nm
+

8πa(ρa3)
1
4

|Λ| (n2
0 −N2) (6.4)

where the last term, which is negative on L2(Λ)N , is added to ensure convexity in “n0” (see Remark 2.10)
and we introduced the number operator which acts on the Fock space on each sector as

(NΨ)(N) = NΨ(N), for any Ψ ∈ F (L2(Λ)). (6.5)

Note that
ĝ(0)n2

+|Λ|−1 ≤ CρanH
+ + Caℓ−3nL

+n+ ≤ C(ρaℓ2K−1
H +Maℓ−1)G

where G is the gap operator defined in (2.18). Using that, from assumptions, CK4
ℓ ≤ KH and M ≤

C−1ℓ/a, we obtain that for ρa3 small enough,

−T log TrL2(ΛN )e
− 1

T
(H

sym
N

+ 1
2
G) ≥ 4πa

N2

|Λ| − T log TrF(L2(Λ))e
− 1

T
(Hsym

µ + 1
4
G) + µN − Cρa. (6.6)

In the above we artificially inserted Nm

Nm (which is equal to 1 on the N particle sector) at the expanse of an
error of order ρa. This will ensure that we never have too many particles after the c-number substitution
via (6.12) and will be used to prove Lemma 2.11.

We follow [23] and perform the c-number substitution. The decomposition L2(Λ) = RanP ⊕ RanQ
leads to the splitting of the bosonic Fock space F (L2(Λ)) = F (RanP )⊗ F (RanQ). Denoting by Ω the
vacuum vector, we introduce the class of coherent states in F (RanP ), labeled by z ∈ C,

|z〉 = e−
(

|z|2
2

+za
†
0

)
Ω, (6.7)

which are eigenvectors for the annihilation operator of the condensate. One easily checks that

a0|z〉 = z |z〉 and 1 =

∫

C
|z〉〈z|dz (6.8)

where dz = π−1dxdy, z = x + iy. For any Ψ ∈ F (L2(Λ)), we denote by Φ(z) = 〈z|Ψ〉 the partial inner
product, which is in F (RanQ). We write any monomial in a0 and a∗

0 as a polynomial sum of terms
in anti-normal order thanks to the commutation rules. Using theses definitions and the inequality [23,
Eq.(7)] we are allowed then to replace a0 with a complex number (called upper symbol) according to the
following substitution rules

a0 7→ z, a0a0 7→ z2, a0a
∗
0 7→ |z|2,

a∗
0 7→ z, a∗

0a
∗
0 7→ z2, a0a0a

∗
0a

∗
0 7→ |z|4

(6.9)

which also give the substitutions

a∗
0a0 7→ |z|2 − 1, a∗

0a
∗
0a0a0 7→ |z|4 − 4|z|2 + 2 (6.10)
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6.3 Proof of Lemma 2.11 6 C-NUMBER SUBSTITUTION

before integrating over z in front of the trace in (6.6). For the specific case of a power of the n0, we use
again the commutation rules to write it as polynomial of anti-normal ordered monomials in a0, a

∗
0 and

apply the rules (6.9) to define the polynomial in |z|2

nm
0 = (a∗

0a0)
m 7→ pm(z) = |z|2m + smaller order terms, (6.11)

where the smaller order terms have explicit, constant coefficients.
We first bound below the new term using that

ρa
Nm

Nm
≥ ρa

nm
0 + nm−1

0 n+ + nm−2
0 n2

+

Nm
. (6.12)

The upper symbol of the right hand side is

ρa

Nm

(
pm(z) + pm−1(z)n+ + pm−2(z)n

2
+

)
. (6.13)

We observe that, for |z|2 > N, (and N sufficiently large) the polynomials satisfy the bound pm(z) ≥
1
2
|z|2m and therefore, in this region, (6.13) can be bounded from below by

ρa

2Nm

(
|z|2m + |z|2m−2n+ + |z|2m−4n2

+

)
. (6.14)

When |z|2 ≤ N , the error made replacing (6.13) by (6.14) is of order N−1ρa. The last term in (6.4)
becomes

8πa(ρa3)
1
4

|Λ| (n2
0 −N2) 7→ 8πa(ρa3)

1
4

|Λ| (|z|4 − 3|z|2 + 1−N2). (6.15)

Using that, for m > 3,

3
a

|Λ| |z|
2 − 2 ≤ C

a

|Λ|

(
KℓN1|z|2≤KℓN

+
|z|2m
Nm

NK1−m
ℓ 1|z|2>KℓN

)
≤ Cρa

(
Kℓ +

|z|2m
Nm

)
(6.16)

we recover the last term of (2.36) up to an error Cρa (because from the assumptions Kℓ ≤ (ρa3)−1/26)
and a fraction of the gap G(z).

When proceeding to the c-number substitution in the other terms of the Hamiltonian Hsym
µ we obtain

errors from the terms proportional to a∗
0a0 and a∗

0a
∗
0a0a0, which are

E = ĝω(0)
2− 4|z|2

2|Λ| −
∑

p∈Λ∗
+

ĝ(p) + ĝω(0) + ĝω(p)

|Λ| a∗
pap − µ(n+ − 1). (6.17)

Note that |ĝω(p)|+ |ĝ(p)| ≤ Ca. Therefore, we can estimate the first term above as in (6.16). The second
and third terms are estimated by by C(a|Λ|−1 + µ)n+ ≤ ℓ−2n+ which is absorbed by a fraction of the
gap (recall that 0 ≤ 10µ ≤ ℓ−2 by assumption). In the end, we recover Hµ(z) as well as G(z) and the
inequality stated in Theorem 2.9.

6.3 Proof of Lemma 2.11

We conclude this section with the proof of Lemma 2.11, which gives a lower bound for the Hamiltonian
in the physically irrelevant region |z|2 ≥ K

1/4
ℓ N . Starting from the Hamiltonian (2.36), we use that

|z|2
|Λ|

∑

p∈Λ∗
+

(ĝ(p) + ĝω(p))a∗
pap ≤ Cρa|z|2 n+

N

and we drop all the non-negative terms except the kinetic energy and the spectral gaps. Using that
|z|2 ≥ K

1/4
ℓ N , we obtain

Hµ(z) + G(z) ≥
∑

p∈Λ∗

(
τ (p)a∗

pap +
ĝ(p)

2|Λ| (z
2a∗

pa
∗
p + h.c)

)
+Qsym

3,L (z)− µ|z|2

+
ρa

2Nm
(|z|2m + |z|2m−2n+ + |z|2m−4n2

+). (6.18)
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We now show that a fraction of this last term absorbs all the negative terms of (6.18). First note that
µ ≤ Cℓ−2 ≤ K−1

ℓ ρa. To bound Qsym
3,L we use the Cauchy-Schwarz inequality, we obtain for all δ > 0

±Qsym
3,L ≤ δ

∑

p∈PZ
L
,k∈Λ∗∪{0}

k2a∗
kak + δ−1|z|2 1

|Λ|2
∑

p∈PZ
L
,k∈Λ∗

+

ĝ(k)2

k2
a∗
pap−ka

∗
p−kap

≤ Cδ|PL|
∑

p∈Λ∗
τpa

∗
pap + δ−1C|z|2

ℓ3
(an+ + a2ℓ−1n2

+)

≤ 1

2

∑

p∈Λ∗
τpa

∗
pap +CρaK3

HK−2
ℓ aℓ−1|z|2(n+ + aℓ−1n2

+)

where we used (7.12) to estimate the sum and chose δ = 1
2
C−1|PL|−1. The second term above is bounded

by a fraction of the last term in (6.18) using the assumptions on m. Recalling that τp is given by (2.34),
we can replace it by p2 by absorbing the negative n+ℓ

−2 and KHnH
+ ℓ−2 terms, and we are left with

∑

p∈Λ∗

(1
2
p2a∗

pap +
ĝ(p)

2|Λ| (z
2a∗

pa
∗
p + h.c)

)
=
∑

p∈Λ∗

1

2
p2d∗pdp − |z|4

|Λ|2
∑

p∈Λ∗

ĝ(p)2

2p2
apa

∗
p (6.19)

where

dp =
z2ĝ(p)

|Λ|p2 a∗
p + ap.

Then the first term of (6.19) is positive and dropped for a lower bound and the second is bounded by a
fraction of the last term of (6.18) if m > 2η−1 + 14, similarly as before.

7 Bounds on the 3Q terms

In this section we prove the bounds on the 3Q terms stated in Lemma 2.4 and Theorem 2.12. We start
with Lemma 2.4, which estimates the error made by replacing Qren

3 in (2.13) by Q3,L in (2.21).

Proof of Lemma 2.4. From the definitions we have

Qren
3 −Q3,L =

∑

i6=j

(PiQ
H
j g(xi − xj)QjQi + h.c.). (7.1)

In the right-hand side we aim at reconstructing Qren
4 as

∑

i6=j

(PiQ
H
j gQjQi + h.c.) =

∑

i6=j

(
PiQ

H
j gΠij + h.c.

)
−
∑

i6=j

PiQ
H
j gω(PjPi + PjQi +QjPi) + h.c. (7.2)

We use a weighted Cauchy-Schwarz inequality on both terms. Using that g ≤ v, the first term in (7.2)
is controlled by

Cδ−1
∑

i6=j

PiQ
H
j gQH

j Pi + δQren
4 = Cδ−1ĝ(0)

n0n
H
+

|Λ| + δQren
4

for all δ > 0. The other terms can be estimated similarly to above. For instance,
∑

i6=j

(PiQ
H
j gωQjPi + h.c.) ≤ Cδ−1

∑

i6=j

PiQ
H
j gωQH

j Pi + δ
∑

i6=j

PiQjgωQjPi

≤ Cĝ(0)
n0

|Λ|
(
δ−1nH

+ + δn+

)
, (7.3)

where we used ĝω(0) ≤ ĝ(0). We collect the previous inequalities to obtain

|〈Qren
3 〉Ψ − 〈Q3,L〉Ψ| ≤ δ〈Qren

4 〉Ψ + Cρĝ(0)
(
δ〈n+〉Ψ + δ−1〈nH

+ 〉Ψ
)
, (7.4)

where we bounded n0 ≤ N . Choosing δ = εK−2
ℓ , the two last terms are bounded by spectral gaps if

KH ≥ CK4
ℓ .

Then Q3,L was symmetrized in Theorem 2.6, leading after c-number substitution to Qsym
3,L (z), defined

in (2.37). The following Lemma shows that in Qsym
3,L (z), only the soft pairs contribute, up to errors

controlled by spectral gaps.
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Lemma 7.1. For all ε > 0 there exists a C > 0 such that the following holds. Let v be a positive, radially
symmetric potential with scattering length a and assume ρa3 ≤ C−1. Then for all |z|2 ≤ K

1/4
ℓ N and

M ≤ C−1ρℓ3K−3
H K

−17/4
ℓ we have

Qsym
3,L (z)−Qsoft

3 (z) ≥ −εG(z). (7.5)

where

Qsoft
3 (z) =

1

|Λ|
∑

p∈PZ
L
,k∈PH

c(p, k)ĝ(k)za∗
pap−kak + h.c., (7.6)

and the spectral gaps G(z) are defined in (2.38).

Proof. Recalling the definition of Qsym
3,L (z) in (2.37) with PZ

L = {p ∈ π
ℓ
Z3, 0 < |p| ≤ KH

ℓ
} we take the

difference

Qsym
3,L (z)−Qsoft

3 (z) =
1

|Λ|
∑

p∈PZ
L,k∈PL
p 6=k

c(p, k)ĝ(k)
(
za∗

pap−kak + h.c.
)
. (7.7)

We use the Cauchy-Schwarz inequality with weight δ > 0 and deduce

Qsym
3,L (z)−Qsoft

3 (z) ≥ −C
ĝ(0)

|Λ|
∑

p∈PZ
L,k∈PL
p 6=k

(
δ|z|2a∗

pap + δ−1a∗
ka

∗
p−kap−kak

)
, (7.8)

where we bounded the c(p, q) by a constant.
Recall that the commutation relation [ap, a

∗
q ] = δp,q only holds when p and q are in πℓ−1N3

0. To
deal with the negative components that can appear due to the set where p belongs, we use that ap =
a(|p1|,|p2|,|p3|). In particular, note that

∑

p∈PZ
L

a∗
pap ≤ 8

∑

p∈PL

a∗
pap, (7.9)

and therefore the first term of (7.8) is bounded by n+ and a cardinal of PL. Similarly in the second

term, we bound the p-sum by Cn+ and the k-sum by nL
+. Choosing δ = εC−1K

−9/4
ℓ K−3

H and using that

ρz ≤ ρK
1/4
ℓ we get

Qsym
3,L (z)−Qsoft

3 (z) ≥ −Cδρĝ(0)K
1
4
ℓ K3

Hn+ − Cδ−1ρĝ(0)
n+n

L
+

ρℓ3
(7.10)

≥ −ε
n+

ℓ2
−C

K3
HK5

ℓ

ερℓ3
n+n

L
+

ℓ2
. (7.11)

These errors can be absorbed in spectral gaps if M ≤ C−1ρℓ3K−3
H K

−17/4
ℓ .

In order to prove Theorem 2.12, we need the following approximations of ĝω(0).

Lemma 7.2. The following estimates hold.

1. For all Ψ ∈ F⊥,
∣∣∣
∑

p∈Λ∗
+

ĝω(p)〈a∗
pap〉Ψ − ĝω(0)〈n+〉Ψ

∣∣∣ ≤ Cĝ(0)〈nH
+ 〉Ψ + Cĝ(0)K2

HR2ℓ−2〈n+〉Ψ.

2. Moreover,

∣∣∣ĝω(0)− 1

8|Λ|
∑

k∈π
ℓ
Z3\{0}

ĝ(k)2

2k2

∣∣∣ ≤ Ca2ℓ−1 (7.12)

1

|Λ|
∑

k∈PZ
L

ĝ(k)2

2k2
≤ CKHa2ℓ−1, (7.13)

25

206



7 BOUNDS ON THE 3Q TERMS

Proof. 1. For the first estimate we split the sum into high and low momenta,

∑

p∈Λ∗
+

ĝω(p)a∗
pap =: S(PL) + S(PH). (7.14)

The high momenta part is controlled by nH
+ ,

S(PH) =
∑

p∈PH

ĝω(p)a∗
pap ≤ ĝ(0)nH

+ , (7.15)

where we used ĝω(0) ≤ ĝ(0). For low momenta, we use a Taylor approximation ĝω(p) ≃ ĝω(0) +
O(p2ĝ(0)R2), which follows using ĝω′(0) = 0 (by radiality) and |ĝω′′(p)| ≤ ĝ(0)R2 (since supp(g) ⊂
B(0, R)). This way

∣∣S(PL)− ĝω(0)nL
+

∣∣ ≤ Cĝ(0)R2
∑

p∈PL

|p|2a∗
pap ≤ Cĝ(0)K2

HR2ℓ−2n+. (7.16)

Finally, the remaining ĝω(0)nH
+ is controlled by ĝ(0)nH

+ .
2. To prove the second estimate, we introduce a cutoff version of the scattering function. Let χ be a

smooth and radial function so that 0 ≤ χ ≤ 1 and χ(x) = 1 for |x| ≤ 1/3 and χ(x) = 0 for |x| > 1/2.
Let us define ωc(x) = ω(x)χ(x/ℓ), it has support inside Λℓ/2 and satisfies

−∆ωc =
1

2
g − a

ℓ3

(
χ′′

| · |

)
(xℓ−1).

Denoting U = χ′′
|·| , which is smooth and compactly supported, we have

p2ω̂c(p) =
1

2
ĝ(p)− aÛ(ℓp).

Using that χ(x/ℓ) = 1 for x ∈ supp g we have that ĝω(0) = ĝωc(0). The Plancherel formula then gives

∣∣∣∣∣∣∣

∫
gωc − 1

8ℓ3

∑

k∈π
ℓ
Z3\{0}

ĝ(k)2

2|k|2

∣∣∣∣∣∣∣
≤ 1

8ℓ3

∑

k∈π
ℓ
Z3\{0}

a

∣∣∣∣∣
ĝ(k)Û(kℓ)

|k|2

∣∣∣∣∣ ≤ Ca2ℓ−1,

where we used that ‖ĝ‖∞ ≤ Ca. This proves (7.12). The bound (7.13) follows by using again that
‖ĝ‖∞ ≤ Ca and the definition of PZ

L.

Now we can prove Theorem 2.12, combining Qsoft
3 with the remaining quadratic part of the Hamilto-

nian after the Bogoliubov diagonalization. This process also uses a fraction of the diagonalized Hamil-
tonian.

Proof of Theorem 2.12. First of all, we can use Lemma 7.1 to replace Qsym
3,L (z) by Qsoft

3 (z) defined in
(7.6). In this expression we replace ak by bk using (2.40) and find

Qsoft
3 (z) =

1

|Λ|
∑

k∈PH

p∈PZ
L

c(p, k)ĝ(k)√
1− α2

k

(
za∗

pap−kbk + h.c.
)
− 1

|Λ|
∑

k∈PH

p∈PZ
L

c(p, k)ĝ(k)αk√
1− α2

k

(
za∗

pap−kb
∗
k + h.c.

)
.

=: T1 − Tα.

(7.17)

The second term Tα is an error, which we can bound as follows, using a Cauchy-Schwarz inequality,

Tα =
1

|Λ|
∑

k∈PH

p∈PZ
L

c(p, k)ĝ(k)αk√
1− α2

k

(
za∗

pap−kb
∗
k + h.c.

)

≤ C

|Λ|
∑

k∈PH

p∈PZ
L

ĝ(k)αk√
1− α2

k

(
ρak−2K−2

H K−4
ℓ |z|2bkb∗k + (ρa)−1k2K2

HK4
ℓ a

∗
pap−ka

∗
p−kap

)
.
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We then use that |αk| ≤ Cρzak
−2 ≤ CK

1/4
ℓ ρak−2 and |PZ

L| ≤ CK3
H to obtain

Tα ≤ C
Nρ2a3KHK

−4+1/2
ℓ

|Λ|
∑

k∈PH

1

k4
(b∗kbk + 1) + C

aK2
HK5

ℓ

|Λ|
∑

k∈PH

p∈PZ
L

a∗
pap(a

∗
p−kap−k + 1)

≤ CK−5
H K

5/2
ℓ

∑

k∈PH

k2b∗kbk + CNρa
√

ρa3K−1
ℓ +CMaK2

HK5
ℓ

ℓ

nL
+n+

Mℓ2
,

where in the last inequality we used k6 ≥ K6
Hℓ−6. Since CK−5

H K
5/2
ℓ ≤ K−1

H and k2 ≤ CDk, the first term
is absorbed in a fraction of the Bogoliubov Hamiltonian, and the last term is absorbed in a fraction of the
spectral gaps if M ≤ C−1ρℓ3K−7

ℓ K−2
H , which is guaranteed by the assumptions on M and KH ≥ K4

ℓ .
We can now focus in T1. Using the remaining fraction of the diagonalized Hamiltonian, we complete a
square to find

T1 + (1− 2K−1
H )

∑

k∈PH

Dkb
∗
kbk =

∑

k∈PH

(1− 2K−1
H )Dk(bk + Ak)

∗(bk + Ak)−
∑

k∈PH

(1− 2K−1
H )DkA

∗
kAk,

(7.18)
where

Ak =
zĝ(k)

|Λ|(1− 2K−1
H )Dk

√
1− α2

k

∑

p∈PZ
L

c(p, k)a∗
p−kap.

The first term in (7.18) is positive and can be dropped for a lower bound. We are left with a term in
A∗

kAk, which we can rewrite in normal order as

(1− 2K−1
H )

∑

k∈PH

DkA
∗
kAk =

∑

k∈PH

ρzĝ(k)
2

|Λ|(1 − 2K−1
H )Dk(1− α2

k)

( ∑

p,s∈PZ
L

c(p, k)c(s, k)a∗
p[ap−k, a

∗
s−k]as

+
∑

p,s∈PZ
L

c(p, k)c(s, k)a∗
pa

∗
s−kap−kas

)
.

(7.19)
We call the two terms of above Tc for the commutator term and T0 for the other one, so that

T1 + (1− 2K−1
H )

∑

k∈PH

Dkb
∗
kbk ≥ −Tc − T0. (7.20)

We start by estimating the main term Tc, and then we bound the error term T0.
Commutator term Tc. Recall that the commutation [ap, a

∗
q ] = δp,q only applies when p, q ∈ π

ℓ
N3

0.
In the above commutators, due to the sets on which we sum, this may not be the case. We can however
use that ap = ap+ where p+ = (|p1|, |p2|, |p3|), and deduce that

[ap−k, a
∗
s−k] 6= 0 ⇔

(
pj = sj or 2kj = pj + sj , ∀j = 1, 2, 3.

)
(7.21)

For p, s ∈ PL, the second case in (7.21) implies |kj | ≤ KHℓ−1. Therefore, if p 6= s,

[ap−k, a
∗
s−k] 6= 0 ⇒

(
|kj | ≤ KHℓ−1 for some j

)

and we deduce

Tc =
∑

k∈PH

ρzĝ(k)
2

|Λ|(1− 2K−1
H )Dk(1− α2

k)

∑

p,s∈PZ
L

c(p, k)c(s, k)a∗
p[ap−k, a

∗
s−k]as

≤
∑

k∈PH

ρzĝ(k)
2

|Λ|(1− 2K−1
H )Dk(1− α2

k)

∑

p∈PZ
L

c(p, k)2a∗
pap +

∑

k∈PH

Cρz ĝ(k)
21{|k1|≤KHℓ−1}

|Λ|(1 − 2K−1
H )Dk(1− α2

k)

∑

p∈PZ
L

a∗
pasp,k ,

(7.22)

where the components of sp,k are either equal to pj or 2kj − pj . In any case, we can always bound the
last p-sum by n+ using a Cauchy-Schwarz inequality. We also use CDk(1− α2

k) ≥ k2 to get

Tc ≤
(
1 + CK−1

H

) 1

|Λ|
∑

k∈PH

ρzĝ(k)
2

k2

∑

p∈PZ
L

c(p, k)2a∗
pap +

C

|Λ|
∑

k∈PH

ρzĝ(k)
2

k2
1{|k1|≤KHℓ−1}n+. (7.23)
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We recall that the normalization coefficients c(p, k) ∈ [ 1√
8
,
√
8] are defined in (6.3). We write them as

c(p, k) =
cp−k

ckcp
with the notation ck = ck1ck2ck3 . Note that the cp’s (defined in (2.23)) are such that

∑

p∈PZ
L

c−2
p a∗

pap =
∑

p∈PL

a∗
pap = nL

+. (7.24)

We can also bound c2p−k ≤ 8 and we deduce

Tc ≤
(
1 +CK−1

H

) 1

|Λ|
∑

k∈PH

8ρzĝ(k)
2

c2kk
2

nL
+ +

C

|Λ|
∑

k∈PH

ρz ĝ(k)
2

k2
1{|k1|≤KHℓ−1}n+. (7.25)

Similarly as in (7.24), we can complete the k-sum to PZ
H up to an extra factor c−2

k . Moreover, c4k = 82

unless at least one of the components kj vanishes. Therefore, the terms for which c4k 6= 82 can be
controlled by the last term in (7.25), and we obtain

Tc ≤
(
1 + CK−1

H

) 1

|Λ|
∑

k∈PZ
H

ρzĝ(k)
2

8k2
nL
+ +

C

|Λ|
∑

k∈PH

ρzĝ(k)
2

k2
1{|k1|≤KH ℓ−1}n+. (7.26)

In the first term we use point 2. of Lemma 7.2 to replace the k-sum by 2ĝω(0) ≤ Cρa ≤ Cℓ−2K2
ℓ . The

second term is bounded in Lemma 7.3 below, and we get

Tc ≤ 2ρz ĝω(0)n+ + C
(
K2

ℓK
−1
H + (ρa3)1/2K2

H

)
K

1/4
ℓ ℓ−2n+. (7.27)

By point 1. of Lemma 7.2, the first term of above is precisely the remaining quadratic term we want to
cancel in Theorem 2.12. The second one is absorbed in spectral gaps when KH ≥ K4

ℓ and K2
HK

1/4
ℓ ≤

C−1(ρa3)−
1
2 .

The error term T0. It only remains to control T0. We use similar bounds as for Tc and a Cauchy
Schwarz inequality and find

T0 =
∑

k∈PH

ρzĝ(k)
2

|Λ|(1− 2K−1
H )Dk(1− α2

k)

∑

p,s∈PZ
L

c(p, k)c(s, k)a∗
pa

∗
s−kap−kas

≤ C

|Λ|
∑

k∈PH

ρzĝ(0)
2

k2

∑

p,s∈PZ
L

a∗
pa

∗
s−kas−kap ≤ C

ĝ(0)K3
ℓ

|Λ|K2
H

∑

k∈PH

∑

p,s∈PZ
L

a∗
pa

∗
s−kas−kap,

(7.28)

where in the second inequality we used |k| ≥ KHℓ−1 and ρz ≤ 2ρ. The k-sum can be bounded by n+,
the p-sum by nL

+, and remains the cardinal of PZ
L, i.e.

T0 ≤ C

|Λ| ĝ(0)K
3
ℓKHn+n

L
+. (7.29)

This is absorbed in spectral gaps under the condition M ≤ C−1ρℓ3K−5
ℓ K−1

H , for C large enough.

Lemma 7.3. Under the assumptions of Theorem 2.12 we have

1

|Λ|
∑

k∈PH

ρĝ(k)2

k2
1{|k1|≤KH ℓ−1} ≤ Cℓ−2(ρa3)1/2K2

H .

Proof. We first remove the very high momenta from the sum, for |k| > K0ℓ
−1, with K0 > 0 to be chosen

later,
1

|Λ|
∑

|k|>K0
ℓ

ρĝ(k)2

k2
1{|k1|≤KH ℓ−1} ≤ Cρℓ2‖g‖22

K2
0

≤ C
ρℓ4

K2
0a

3
= Cℓ−2K6

ℓ (ρa
3)−2K−2

0 (7.30)

where in the last inequality we used that ‖g‖22 ≤ ‖g‖∞‖g‖1 ≤ Cℓ2a−3. We now deal with the rest

1

|Λ|
∑

|k|≤K0
ℓ

ρĝ(k)2

k2
1{|k1|≤KHℓ−1} ≤ Cρa2ℓ−1KH logK0 = Cℓ−2(ρa3)1/2KHK−1

ℓ logK0.

Choosing K0 = K3
ℓ (ρa

3)−5/4 and using that logK0 ≤ KH concludes the proof.
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A Estimates on the LHY terms

Lemma A.1. There exists a C > 0 such that, if |z|2 ≤ K
1/4
ℓ N ≤ Cρℓ3K

1/4
ℓ , we have

ρ2zĝω(0) +
1

|Λ|
∑

p∈Λ∗
+

(√
τ (p)2 + 2ρz ĝ(p)τ (p)− τ (p)− ρzĝ(p)

)
= 8π(ρza)

5/2 128

15
√
π
+O((ρa)5/2K

−1/4
ℓ ),

We recall that τ (p) is defined in (2.34).

Proof. Using (7.12) and that |p−2 − τ−1
p | ≤ Cp−4ℓ−2(1 +KH1p∈PH ), we can rewrite the left-hand side

of the above equation as

∑

p∈Λ∗
+

(√
τ (p)2 + 2ρz ĝ(p)τ (p)− τ (p)− ρz ĝ(p) +

(ρzĝ(p))
2

2τ (p)

)
+O(|Λ|(ρa)5/2K−1/2

ℓ ),

where the error can be absorbed in E . To estimate the sum, we define G(t) =
√
1 + 2t− 1− t+ t2/2 ≥ 0,

which is such that xG(y/x) =
√

x2 + 2xy − x − y − x/(2y). Let us introduce a cut-off 1 < K < KH

which we will choose at the end. Using that G(t) ≤ Ct3, we have for ρz ≤ K
1/4
ℓ ρ,

∑

|p|>Kℓ−1

τ (p)G
(ρz ĝ(p)

τ (p)

)
+

∑

|p|>Kℓ−1

p2G
(8πρza

p2

)
≤ CK

3/4
ℓ (ρa)3

∑

|p|>Kℓ−1

1

p4
≤ Cℓ3(ρa)5/2K

7/4
ℓ K−1,

where we recall that the sums are over p ∈ 2πℓ−1Z3. Let us now deal with |p| ≤ Kℓ−1. Note that
G(t) ≤ Ct2 and |G′(t)| ≤ C(1 + t) for some C > 0 and all t ≥ 0, so that

∣∣∣∣(τ (p)− p2)G
(ρzĝ(p)

τ (p)

)∣∣∣∣ ≤ CK
1/2
ℓ (ρa)2ℓ−2p−4

p2
∣∣∣∣G
(ρz ĝ(p)

τ (p)

)
−G

(8πaρz
p2

)∣∣∣∣ ≤ CK
1/4
ℓ (ρa)p2(1 +K

1/4
ℓ ρap−2)(p−4ℓ−2 +R2)

where we used that |τ (p) − p2| ≤ Cℓ−2 for |p| ≤ Kℓ−1 and that |ĝ(p) − ĝ(0)| ≤ R2ĝ(0)|p|2. We obtain
that
∣∣∣∣∣∣
∑

|p|≤Kℓ−1

τ (p)G
(ρz ĝ(p)

τ (p)

)
− p2G

(8πρza
p2

)
∣∣∣∣∣∣
≤ CK

1/4
ℓ (ρa)

(
ℓ−2R2K5 + ρaR2K

1/4
ℓ K3 +K +K

9/4
ℓ

)

≤ Cℓ3(ρa)5/2K
− 11

4
ℓ

(
ρa3K5K−2

ℓ + ρa3K3K
1/2
ℓ +K +K

9/4
ℓ

)

where we used that R ≤ Ca. Choosing K = K2
ℓ and using that Kℓ ≤ C(ρa3)1/10 we can absorb the

error terms in E . Next, we approximate the sum by the integral, recalling that Λ∗ = πℓ−1N3
0, one easily

checks that
∣∣∣∣∣∣
π3

ℓ3

∑

p∈Λ∗
+

p2G
(8πρza

p2

)
− 8

∫

R3
+

p2G
(8πρza

p2

)
dp

∣∣∣∣∣∣
≤ C(ρza)

3ℓ−1 ≤ CK
−1/4
ℓ (ρa)5/2.

Finally, it is a standard result that
∫
R3 p

2G
(

8πρza
p2

)
= −64π4 128

15
√

π
(ρza)

5/2 (see for instance [14]).

Recall that

D̃p(z) =

{
Dp(z) if p /∈ PH ,

K−1
H Dp(z) if p ∈ PH .

, Dp(z) :=
√

τ (p)2 + 2τ (p)|z|2ℓ−3ĝ(p). (A.1)

Lemma A.2. If ν < 2η < 1/5 and |z|2 ≤ CK
1/4
ℓ ρℓ3, then we have

T
∑

p∈Λ∗
+

log(1− e−
1
T

D̃p(z)) ≥ T
∑

p∈Λ∗
+

log(1− e−
1
T

ωp(z))−C|Λ|(ρa)3,

where ωp(z) =
√

p4 + 16πa|z|2ℓ−3p2.
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Proof. First note that Dp(z) ≥ p2/4 which gives

T
∑

p∈PH

log(1− e−
1
T

D̃p(z)) ≥ −T
∑

p∈PH

e−p2/(4TKH ) ≥ −CT 5/2ℓ3K
3/2
H e−CKH/(Tℓ2),

which is smaller than the expected error since KH/(Tℓ2) is big. Similarly, we can neglect the term

T
∑

p∈PH
log(1− e−

1
T

ωp(z)). Now note that there is a constant C > 0 such that, for all p ∈ PL,

∣∣Dp − ωp

∣∣ ≤ C
(
1 +

√
|z|2ℓ−3a

|p|
)
|p2 − τ (p)| ≤ C

√
ρaK

1
8
ℓ

|p|
1

ℓ2
(A.2)

Moreover, denoting G(x) = log(1− e−x), we have G′(x) = 1
ex−1

and a Taylor expansion gives

T
∑

p∈PL

log(1− e−
1
T

Dp(z))− T
∑

p∈PL

log(1− e−
1
T

ωp(z)) ≥ −C

√
ρaK

1/8
ℓ

ℓ2

∑

p∈PL

1

|p|(e p2

4T − 1)

≥ −C

√
ρaK

1/8
ℓ

ℓ2
T 2ℓ3 log(T 1/2ℓ)

≥ −C|Λ| log(ρa3)(ρa3)7/2+15η/8−2ν

and the result follows from the assumptions on η and ν.

B Reduction to small boxes: proof of Theorem 1.1

In this section we prove Theorem 1.1 in the thermodynamic limit using the lower bound on small boxes
from Theorem 1.3. We follow the proof of [17, Theorem 1.1]. It applies to our case, but we want to
keep track of our parameters. The limit (1.4) is independent of the choice of N and L, we can therefore
choose L such that L/ℓ is an integer and define M = (L/ℓ)3. We can now divide ΛL into M translates
of Λℓ. From [17, Eq. (9.6)], we obtain immediately that, for all µ ∈ R,

F (L,N) ≥ −TM log

N∑

n=0

e−
1
T

(F (ℓ,n)−µn) + µρL3. (B.1)

For n ≤ 20ρℓ3, we use Theorem 1.3 to obtain

F (ℓ, n)− µn ≥ FBog(ℓ, n)− µn− Cℓ3(ρa)5/2(ρa3)η/4,

where we recall that

FBog(ℓ, n) = 4πρ2n,ℓaℓ
3
(
1 +

128

15
√
π

√
ρn,ℓa3

)
+ T

∑

p∈Λ∗
+

log
(
1− e−

1
T

√
p4+16πaρn,ℓp

2
)
.

It is easy to check that it is convex in n for ρa3 small enough using to the following lemma.

Lemma B.1. There exists C > 0 such that for all ρ ≥ 0, ℓ, T > 0,

0 ≤ ∂

∂ρ
T
∑

p∈Λ∗
+

log(1− e−T−1
√

p4+16πaρp2) ≤ CT 5/2ℓ3, (B.2)

0 ≤ − ∂2

∂ρ2
T
∑

p∈Λ∗
+

log(1− e−T−1
√

p4+16πaρp2) ≤ CT 5/2ℓ3. (B.3)

Choosing µ so that ∂
∂n

FBog(ℓ, ρℓ
3) = µ, it follows that

FBog(ℓ, n)− µn ≥ FBog(ℓ, ρℓ
3)− µρℓ3 (B.4)

for all n ≥ 1 and one can easily check from (B.2) that

|µ(ρ, a, T, ℓ)− 8πaρ| ≤ Cρa(ρa3)1/2−5ν/2 (B.5)
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which gives
F (ℓ, n)− µn ≥ FBog(ℓ, ρℓ

3)− µρℓ3 − Cℓ3(ρa)5/2(ρa3)η/4. (B.6)

For n > 20ρℓ3, denoting n0 = ⌊5ρℓ3⌋ and r0 = n−
⌊

n
n0

⌋
n0, we use the subadditivity of the free energy

F (ℓ, n) to obtain

F (ℓ, n)− µn ≥
⌊
n

n0

⌋
(F (ℓ, n0)− µn0) + (F (ℓ, r0)− µr0)

≥
⌊
n

n0

⌋
(FBog(ℓ, n0)− µn0) + (FBog(ℓ, r0)− µr0)− C

⌊
n

n0

⌋
ℓ3(ρa)5/2(ρa3)η/4,

where we used Theorem 1.3 to obtain the second inequality, since n0, r ≤ 20ρℓ3. To estimate the first
term, we use the bound (B.5) on µ and that, for T ≤ Cρa(ρa3)−ν ,

FBog(ℓ, n0)− µn0 ≥ 4πa
(n0

ℓ3
)2
ℓ3 − 8πaρn0 −Caρ2ℓ3(ρa3)1/2−5ν/2 ≥ 10πaρ2ℓ3,

for ρa3 small enough. Therefore, estimating FBog(ℓ, r0) with (B.4) we obtain for n > n0,

F (ℓ, n)− µn ≥ FBog(ℓ, ρℓ
3)− µρℓ3 + 10

⌊
n

n0

⌋
πaρ2ℓ3

≥ FBog(ℓ, ρℓ
3)− µρℓ3 + naρ. (B.7)

Hence, from (B.1) and the bounds (B.6) and (B.7), we obtain

1

L3
F (L,N) − 1

ℓ3
FBog(ℓ, ρℓ

3) ≥ − T

ℓ3
log


 ∑

n≤20ρℓ3

eC
1
T

ℓ3(ρa)5/2(ρa3)η/4

+
∑

n>20ρℓ3

e−n ρa
T




≥ −(ρa)5/2(ρa3)−νK−3
ℓ log(n0e

Cℓ3
(ρa)5/2

T
(ρa3)η/4

+ e−n0
ρa
T /(1− e−

ρa
T ))

≥ −C(ρa)5/2(ρa3)η/4 +C
T

ℓ3
log(ρa3).

where we used that e−n0
ρa
T /(1− e−

ρa
T ) ≤ 1 and that n0 ≃ (ρa3)−1/2K3

ℓ . Now from [17, Lemma 9.1], we
obtain

∣∣∣∣∣∣
T

ℓ3

∑

p∈π
ℓ
N3

0

log
(
1− e−

1
T

√
p4+16πaρp2

)
− T 5/2

(2π)3

∫

R3

log

(
1− e

−
√

p4+
16πρa

T
p2

)
dp

∣∣∣∣∣∣

≤ C(Tℓ2)−1/2T 5/2 ≤ C(ρa)5/2(ρa3)−2νK−1
ℓ .

From which Theorem 1.1 follows since ν < η/3.

Proof of Lemma B.1. Let us define wp(ρ) =
√

p4 + 16πρaT−1p2 and G(x) = log(1− e−x). For all p we
have

w′
p(ρ) =

8πaT−1p2

wp(ρ)
, w′′

p (ρ) = −
(
8πaT−1p2

)2

wp(ρ)3

and G′(x) = 1/(ex − 1), G′′(x) = −ex/(ex − 1)2. We deduce that

0 ≤ ∂

∂ρ
G(wp(ρ)) =

8πaT−1p2

wp(ρ)2
wp(ρ)

ewp(ρ) − 1
≤ Ce−p2

and that

0 ≥ ∂2

∂ρ2
G(wp(ρ)) = −

(
8πaT−1p2

)2

wp(ρ)4
w2

p(ρ)

(ewp(ρ) − 1)2

(
ewp(ρ) +

ewp(ρ) − 1

wp(ρ)

)

≥ −Ce−wp(ρ)(wp(ρ) + 1)2 ≥ −Ce−p2/2(p2 + 1)2,

where we used that wp(ρ)
2 ≥ 16πaT−1p2, that (ex−1)/x ≤ ex and that x/(ex−1)) ≤ Ce−x(x+1). The

result follows by estimating the associated Riemann sum.
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free energy of the two dimensional
Bose Gas.
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A second order upper bound to the free energy of the two

dimensional Bose gas

Florian Haberberger∗, Lukas Junge†

August 30, 2025

1 Introduction

1.1 Setting and Main Result

We consider the Hamiltonian

Hn =
n∑

i=1

−∆i +

n∑

i<j

v(xi − xj) (1.1)

acting on the symmetric n−particle Hilbert space L2
s(Λ

n) where Λ = [−L
2 ,

L
2 ]

2 is a torus. Here
v ⩾ 0 and radial. We will then compute the free energy at temperature T ⩾ 0 given by

E(L, T ) = inf
Γ

Tr(HΓ)− TS(Γ) (1.2)

where the infimum is taken over density matrices and

S(Γ) = −Tr(Γ log(Γ)).

The Berezinskii–Kosterlitz–Thouless critical temperature is given by

Tc =
4πρ

log | log(ρa2)| .

By variational principle the minimizer is given by

ΓT =
e−βH

Tr(e−βH)

and its energy
E(L, T ) = Tr(HΓT )− TS(ΓT ) = −T log(Tr(e−βH)) (1.3)

In these notes we come up with a trial state with the correct energy on a smaller box. The Trial
state we will use is the following

Γ0 =
FΓBF

Tr (FΓBF )
, ΓB =

WN0e
Be

−β
∑

p∈Λ∗
+

Dpa∗pap
1{N0=0}e−BW ∗

N0

Tr
(
e
−β

∑
p∈Λ∗

+
Dpa∗pap

1{N0=0}
) , (1.4)

∗Department of Mathematics, LMU Munich, Theresienstrasse 39, 80333 Munich, Germany.
†Department of Mathematics, Copenhagen university, Lyngbyvej 2, 2100 Copenhagen, Denmark. Emails:

haberberger@math.lmu.de, lj@math.ku.dk
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with
Dp =

√
p4 + 2p2ρ0ĝ(p), (1.5)

WN0 a Weyl transformation creating the condensate and B a Bogoliubov transformation. The
Weyl transform will ensure that our final state has exactly the number of particles needed,
in order to use the Legendre transform to go back to the canonical setting. We denote by
ap = a

(
|ΛL|−1/2eip ·

)
for p ∈ Λ∗ := 2π

L Z2 the usual annihilation operator and analogously the
creation operator a∗p. They satisfy the canonical commutation relation

[ap, a
∗
q ] = δp,q, [ap, aq] = 0 = [a∗p, a

∗
q ].

Moreover, we denote the set of excited momenta by Λ∗
+ := Λ∗ \ {0} and the excited Fock

space by F⊥. We will construct a trial state Γ0 on F(L2(Λ)) for the periodic, grand-canonical
Hamiltonian on the box Λ

H = Hv =

∞⊕

n=0

Hn =
∑

p∈Λ∗
p2a∗pap +

1

2|Λ|
∑

p,q,k∈Λ∗
v̂(k)a∗pa

∗
q+kaqap+k. (1.6)

All the log we use are natural log. We use the following definition of the Fourier transform

f̂(p) =

ˆ

R2

f(x)e−ipxdx, f(x) =

ˆ

R2

f̂(p)eipx
dp

(2π)2
.

Theorem 1. For a radial positive potential v with compact support R and scattering length a.
There exist a constant c (only depending on the support and scattering length of v) such that
for T ⩽ cTc = cβ−1

c and ρa2 ⩽ c we have

f2(ρ, T ) ⩽ 2πρ2δ

(
1 +

(
Γ +

1

4
+

log(π)

2

)
δ

)
+

T 2

(2π)2

ˆ

R2

log

(
1− e

−
√

p4+ 8πρδ
T

p2
)

+ c−1ρ2δ

(
δ2| log(δ)|+ T 2

T 2
c

)
.

Here Γ = 0.577 . . . is the Euler-Mascheroni constant and

δ =
2

| log(ρa2)|+ | log
(
| log(ρa2)|

)
| .

Remark. • The above result yields a better precision than [11] for T ⩽ ρ
√
Y , For larger

temperatures the term T 2

T 2
c
becomes too big. In fact the above expansion is equal to the

expansion of [11] if the constant in front of T 2

T 2
c
was 1, for our state, however, the constant

is 2, implying that for larger temperatures the Bogoliubov transform is incorrect.

1.2 Proof of Theorem 1

In this section we collect the main lemmata and prove Theorem 1.

Lemma 2. For a compactly supported radial v with scattering length a > 0 and L = ρ−
1
2Y −α

with α ⩾ 5
2 and T ⩽ cTc for some c small enough. For any ρ̃ ∈ [ρ, ρ(1 + Y 2)] we can choose

WN0 in Γ0 from (1.4) and it satisfies the energy bound

Tr (HΓ0) ⩽ 2πL2ρ2δ

(
1 + δ

(
γ +

1

4
+

log(π)

2

))
+Tr F⊥

( ∑

p∈Λ∗
+

Dpa
∗
pape

−β
∑

p∈Λ+∗ Dpa∗pap
)

+ CL2Y | log(Y )|2(ρY + T )2,

Moreover, we have

Tr (NΓ0) = L2ρ̃. (1.7)

2

217



Lemma 3. Let h(x) = −x log(x), x ∈ [0, 1] and T ≪ Tc. Then there is a constant C > 0 such
that

−TS(Γ0) ⩽ −TS(ΓB) + CL2T 2| log(Y )|2∥Γ0 − ΓB∥1 + Th(∥Γ0 − ΓB∥1) + L3T 3Y 1/2b.

Moreover,
∥Γ0 − ΓB∥1 ⩽ C

√
b2ρN.

We can extend the trial state Γ0 to the thermodynamic box Ω by first obtaining a Dirichlet
version of Γ0 on a slightly smaller box and then gluing copies of them together. This is a
standard technique and we have the following result.

Proposition 4. Let T ⩽ cTc and let 0 < R < ℓ < L such that supp(v) ⊂ B(0, R). Let
ΓL be a density matrix on the Fock space F(ΛL), i.e. a non-negative operator on F(ΛL) with
Tr (ΓL) = 1, satisfying periodic boundary conditions and Tr (NΓL) <∞. If

ρ =
1

(L+ 2ℓ+R)2
Tr (NΓL), (1.8)

then there exists a constant C > 0 such that

f(ρ, T ) ⩽ 1

(L+ 2ℓ+R)2
[Tr (HΓL)− TS(ΓL)] +

C

L3ℓ
Tr (NΓL).

We are now ready to prove Theorem 1.

Proof of Theorem 1. We take ℓ = 1
4Y

α−1/2L. Then

L2

(L+ ℓ+R)2
⩽ 1 + Y 2. (1.9)

Thus according to Lemma 2 we may take the Γ0 satisfying (1.8). Thus Proposition 4 implies

f(ρ, T ) ⩽ Tr (HΓ0)− TS(Γ0)

L2
+ C

ρ

Lℓ
. (1.10)

and Theorem 1 follows by combining Lemma 2 and Lemma 3 and noting ρ/(Lℓ) = ρ2Y α+1/2.

2 Scattering Length

Definition 5. Let v : R2 → R be positive, radial and compactly supported. We define its
scattering length a(v) by the variational problem

2π

log( R
a(v))

= inf

{
ˆ

B(0,R)
|∇ϕ|2 + 1

2
v|ϕ|2dx | ϕ ∈ H1(B(0, R)), ϕ|∂B(0,R)

= 1

}
(2.1)

for R such that supp(v) ⊂ B(0,R).

One readily checks that the variational problem (2.1) has a unique minimizer ϕR. We have
0 ⩽ ϕR ⩽ 1, ϕR is radial and satisfies the scattering equation in B(0, R)

(−∆+
1

2
v)ϕ = 0 (2.2)
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in a distributional sense. Let supp(v) ⊂ B(0, R0) ⊂ B(0, R). Then from the fundamental
solution of the Laplace equation in two dimensions we obtain

ϕR(x) =
log(|x|/a)
log(R/a)

, R0 < |x| < R. (2.3)

By comparing with the solution in B(0, R0), we find that a is independent of R.
Our proof works with a wide range of R, but choosing a specific R̃ depending on ρa2 simplifies

the computations. Moreover, we introduce the variable Y := | log ρa2|−1 for convenience, though
also for historical reasons as it is the small expansion parameter appearing in [10].

R̃/a =

√
|log(ρa2)|

ρa2
=

1√
ρa2Y

≫ 1, δ =
1

log(R̃/a)
=

2

| log(ρa2Y )| .

Let ϕ̃ be an extension of ϕ
R̃

to the full space, that is ϕ̃(x) =

{
ϕ
R̃
(x), |x| < R̃

δ log(|x|/a), |x| ⩾ R̃.
In

particular ϕ̃ satisfies the scattering equation (2.2) on the full space. We further define ω = 1− ϕ̃
and

g := ϕ̃v. (2.4)

In the following lemma we collect some facts about g, see also [6, Chapter 3.4].

Lemma 6. It holds that

ĝ(0) = 4πδ (2.5)

and

ĝω(0) =

ˆ

R2

ĝ(p)2 − ĝ(0)21{|p|⩽2e−γ−1/δa−1}
2p2

dp

(2π)2
(2.6)

Proof. We compute with partial integration

ĝ(0) = 2

ˆ

B(0,R̃)
∆ϕ

R̃
= 2

ˆ

∂B(0,R̃)
∇ϕ

R̃
· n⃗dS = 4πδ.

The second identity (2.6) requires some work, mainly since ω̂ is a distribution and has a singular
part at 0, different than in the three-dimensional case, where p−2 is locally integrable. From
(2.2) we find −∆ω = g

2 . Thus ω̂(u) =
´

R2
ĝ(p)
2p2

u(p)dp for all test functions u ∈ C∞
c (R2 \ {0}).

We write ω = −δ log(e−1/δ|x|/a) + ω̃ so that ω̃ ∈ L1(R2) ∩ L∞(R2). Let u ∈ C∞
c (R2) be a test

function. Then for all ε > 0 we may write u = uε + (u − uε) for some uε ∈ C∞
c (B(0, ε)) such

that u− uε ∈ C∞
c (R2 \ {0}). We obtain

⟨ω̂, u⟩ = ̂̃ω(uε)− δ ⟨log(e−1/δ|x|/a)
∧

, uε⟩+
ˆ

R2

ĝ(p)

2p2
(u(p)− uε(p))dp.

We immediately get ̂̃ω(uε) ε→0−−−→ 0. Moreover, one can calculate the distributional Fourier
transformation of the logarithm, see e.g. [15, 9.8d)], and for u ∈ C∞

c (R2) one obtains

−δ ⟨log(e−1/δ|x|/a)
∧

, u⟩ = 4πδ

ˆ

R2

u(p)− u(0)1{|p|⩽2e−γe−1/δa−1}
2p2

dp.
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Since ĝ(0) = 4πδ this implies

⟨ω̂, u⟩ =
ˆ

R2

ĝ(p)u(p)− ĝ(0)u(0)1{|p|⩽2e−γ−1/δa−1}
2p2

dp+ lim
ε→0

ˆ

R2

uε(p)

2p2
(ĝ(0)− ĝ(p))dp

=

ˆ

R2

ĝ(p)u(p)− ĝ(0)u(0)1{|p|⩽2e−γ−1/δa−1}
2p2

dp,

where we used that uε → 0 almost everyhwere and that ĝ(0)−ĝ(p)
p2

is locally integrable. This

implies (2.6) by noting that ĝω(0) = ⟨ω, g⟩ = 1
(2π)2

⟨ω̂, ĝ⟩ .

2.1 Jastrow Factor

In our trial state we will use a ”Jastrow factor” F : F → F . It was introduced in [9] and for
example used by Dyson [3] in his proof of an upper bound for the ground state energy of a
Dilute Bose gas in 3D. It was also used with great success in the study of the 3D ground state
[1] and [1] as well as in 2D [7]. The idea is to implement correlations, thus ”softening” the
potential, while controlling its action by the inequality Fn ⩽ 1. F is given by

Fn(x) =

n∏

i<j

f(xi − xj), x ∈ R2n, (2.7)

where f is a truncated, and therefore well-behaved, scattering solution

f(x) =

{
ϕb(x), |x| < b

1, |x| ⩾ b,
(2.8)

where ϕb is the scattering solution (2.3) that is normalized to 1 at |x| = b. We will choose b as

b/a =
Y m

√
ρa2

, m ∈ N, (2.9)

with m to be fixed later. Here we think of m large. Thus, b is much bigger than the scattering
length a however much smaller than the average particle distance ρ−1/2. When we conjugate
the Hamiltonian H with F we obtain an effective potential whose properties we summarize in
the following lemma.

Lemma 7. Let v : R2 → R be positive, radial and compactly supported with scattering length a,
and let f be its associated scattering solution truncated at b such that supp(v) ⊂ B(0, b). Then

(−2∆ + v)f = δ|x|=b
2

b log( ba)
=: ṽ,

in a distributional sense. Furthermore, the scattering lengths of v and ṽ agree. Lastly, if g̃ is
given as in (2.4) with respect to ṽ and b as in (2.9) then

ˆ

ṽ ⩽ 2Y,

ˆ

ṽ − g̃ ⩽ 2mY 2| log(Y )|. (2.10)

Both ṽ and g̃ are uniform measures on a sphere and thus their Fourier transforms are Bessel
functions and we get the following decay

|̂̃v(p)| ⩽ C
̂̃v(0)√
b|p|

(2.11)

Proof. The proof is a straightforward computation, see also [7, Lemma 3.10].

5
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3 Hamiltonian part

In this section, we provide the proof of Lemma 2. This involves finding a state Γ0 with the
correct energy and enough particles. The method follows that of [7], however having to include
excitations we need to keep track of terms of the Hamiltonian, which in the setting [7] would
simply vanish when acting on the ground state. We consider a box of fixed length Λ = [−L

2 ,−L
2 ]

with
L = ρ−

1
2Y −α, α > 3/2. (3.1)

Moreover, we introduce N = ρL2 for convenience.

3.1 Bogoliubov trial state

We first use a Weyl transformation with a parameter N0, to be specified in (3.5), to factor out
the condensate

WN0 = exp[
√
N0(a

∗
0 − a0)].

Here one should think of N0 being approximately the number of particles in the condensate. In
particular N0 ≈ N . We readily obtain

W ∗
N0
apWN0 = δp,0

√
N0 + ap. (3.2)

Next, we aim to approximately diagonalize the resulting excitation Hamiltonian. Since the
Jastrow factor will soften the potential, a quadratic Bogoliubov transformation is sufficient.
Thus we consider

B =
1

2

∑

p∈Λ∗
+

φpa
∗
pa

∗
−p − h.c.

We choose the kernel φ as the minimizer of the main term of the energy, as was done in [6]

following ideas from [4]: tanh(2φp) = − ρ0ĝ(p)
p2+ρ0ĝ(p)

so that for p ̸= 0

e−BapeB = ap

√
1

2

(
p2 + ρ0ĝ(p)

Dp
+ 1

)
− a∗−p

√
1

2

(
p2 + ρ0ĝ(p)

Dp
− 1

)

=: cpap + spa
∗
−p,

(3.3)

with ρ0 := N0
|Λ| . Here Dp =

√
p4 + 2p2ρ0ĝ(p) and Dp is well defined due to ĝ(0) ⩾ 0 and the

continuity of ĝ. In particular there is a C > 0 such that ĝ(p) > 0 for |p| ⩽ C. Moreover, this
choice will turn out to naturally satisfy cpsp ≈ −ρ0ω̂(p), see [14, Section 4] for a nice heuristic
argument.

For convenience we introduce HD :=
∑

p∈Λ∗
+
Dpa

∗
pap and its Gibbs state

ΓD =
e−βHD1{N0=0}
TrF⊥(e−βHD)

. (3.4)

Furthermore, recall (1.4)
ΓB =WN0e

BΓDe
−BW ∗

N0
.

From (3.2), the fact that ΓD satisfies Wicks theorem and does not contain any particles
in the zero mode we find Tr (NΓB) = N0 + Tr (e−BN+e

BΓD) with N+ =
∑

p∈Λ∗
+
a∗pap. This

motivates the choice
N0 := N − Tr (e−BN+e

BΓD) (3.5)

so that Tr (NΓB) = N . The following proposition ensures that N0 ⩾ 0 and quantifies N0 ≈ N .

6
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Proposition 8. Let cp and sp be given according to (3.3) then

Tr(NΓB) = N0 +
∑

p∈Λ∗
+

s2p +
∑

p∈Λ∗
+

(s2p + c2p) Tr(a
∗
papΓD). (3.6)

Moreover, ∑

p∈Λ∗
+

s2p ⩽ CNY. (3.7)

Lastly for T ⩽ ρ we have
∑

p∈Λ∗
+

(s2p + c2p) Tr(a
∗
papΓD) ⩽ CNT | log(Y )|ρ−1. (3.8)

In particular, if T ≪ Tc we find 0 ⩽ N0 ⩽ N and |N −N0| ⩽ CN(Y + T | log(Y )|ρ−1).

Proof. From (3.5) and (3.3) we readliy obtain (3.6), where we used that Tr (a∗pa
∗
−pΓD) = 0 since

ΓD is the Gibbs state of a diagonal Operator.
To show (3.7) we split the sum as follows

∑

p∈Λ∗
+

s2p =


 ∑

p2⩽ρ0ĝ(0)

+
∑

p2>ρ0ĝ(0)


 p2 + ρ0ĝ(p)−Dp

2Dp

⩽
∑

p2⩽ρ0ĝ(0)

[
p2 + ρ0ĝ(p)

2|p|
√
2ρ0ĝ(p)

]
+ C

∑

p2>ρ0ĝ(0)

[
1 + ρ0ĝ(p)p

−2 −
√

1 + 2ρ0ĝ(p)p−2
]

⩽ CL2ρ0ĝ(0) ⩽ CNY,

where we used the elementary inequality 1 + x−
√
1 + 2x ⩽ x2, x ⩾ −(

√
2− 1).

Let us consider the bound (3.8). We first note that s2p + c2p = (p2 + ρ0ĝ(p))/Dp and that a

standard ideal gas computation shows Tr (a∗papΓD) =
1

eβDp−1
. This yields

∑

p∈Λ∗
+

(s2p + c2p) Tr(a
∗
papΓD) =

∑

p∈Λ∗
+

p2 + ρ0ĝ(p)

Dp

1

eβDp − 1
.

We separate the sum as before. For p2 ⩽ ρ0ĝ(0) we find

∑

p2⩽ρ0ĝ(0)

p2 + ρ0ĝ(p)

Dp

1

eβDp − 1
⩽

∑

p2⩽ρ0ĝ(0)

[
1

eβp2 − 1
+

√
ρ0ĝ(p)

2|p|
1

eβ|p|
√

ρ0ĝ(p) − 1

]

⩽ 2T
∑

p2⩽ρ0ĝ(0)

p−2 ⩽ CL2T

ˆ

√
ρ0ĝ(0)

2πL−1

|p|−1dp ⩽ CL2T log(L2ρ0ĝ(0)/(2π)).

For |p| >
√
ρ0ĝ(0) we use p2/2 ⩽ Dp ⩽

√
3p2 and obtain

∑

|p|>
√

ρ0ĝ(0)

p2 + ρ0ĝ(p)

Dp

1

eβDp − 1
⩽ 4

∑

|p|>
√

ρ0ĝ(0)

1

eβp2/2 − 1
⩽ CL2T

ˆ ∞
√

βρ0ĝ(0)

|p|
ep2/2 − 1

dp

= CL2T | log(1− e−βρ0ĝ(0)/2)| ⩽ CL2T max{| log(βρ0ĝ(0)/2)|, 1}.

Combining these two inequalities and using our choice of L, (3.1) and the condition T ⩽ ρ
concludes the proof.

7
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3.2 Bogoliubov Diagonalization

Proposition 9. Recall the periodic Hamiltonian H (1.6). Let v ⩾ 0 be a radial potential
supported in B(0, R) for some R > 0 and assume that v has positive scattering length a. We
further assume ρR2 ⩽ Y and

|ĝ(p)| ⩽ c
ĝ(0)√
R|p|

for |p| ⩾ a−1. (3.9)

Let ΓB be the state given by (1.4), then there exist constants C, c > 0 such that for T ⩽ cTc and
Y ⩽ c we have

Tr(HΓB) ⩽ 2πNρδ

(
1 + δ

(
γ +

1

4
+

log(π)

2

))
+TrF⊥(HDΓD) + C TrF⊥

(
(Q0 +Q2 +Q4)ΓD

)

with

Q0 = NρY 3 + v̂(0)ρNY 2(Y α−3/2| log(Y )|+ 1) + ρ(N −N0 +NY )(v̂(0)− ĝ(0))

Q2 = ρ
(
(v̂(0)− ĝ(0)) + v̂(0)Y + v̂(0)Y α+1/2| log(Y )|

) ∑

p∈Λ∗
+

(s2p + c2p)a
∗
pap

Q4 =
v̂(0)

|Λ|
( ∑

p∈Λ∗
+

c2pa
∗
pap

)2
.

Proof. From (1.6) and (3.2) we obtain

W ∗
N0

HWN0 =
∑

p∈Λ∗
p2a∗pap +

N2
0

2|Λ| v̂(0) +
N

3/2
0

2|Λ| v̂(0)(a
∗
0 + a0) +

N0

|Λ|
∑

p∈Λ∗

(
v̂(p) + v̂(0)

)
a∗pap

+
N0

2|Λ|
∑

p∈Λ∗
v̂(p)a∗pa

∗
−p + h.c.+

N
1/2
0

|Λ|
∑

p,q∈Λ∗
v̂(p)a∗p+qapaq + h.c. (3.10)

+
1

2|Λ|
∑

p,q,k∈Λ∗
v̂(k)a∗pa

∗
q+kaqap+k.

Therefore, the odd terms, i.e., the third term in the first line and the last term in the second
line vanish in the trace. Moreover, ΓD does not have any particles in the zero mode so that all
sums restrict to Λ∗

+.
Recall (3.5) N0 = N − Tr (e−BN+e

BΓD), which allows us to combine the second term with
a part of the last term in the first line.

Tr



( N2

0

2|Λ| +
N0

|Λ|
∑

p∈Λ∗
+

a∗pap
)
e−BΓDe

B


 =

N2

2|Λ| −
1

2|Λ| Tr(e
−BN+e

BΓD)
2 ⩽ N2

2|Λ| . (3.11)

We now apply the Bogoliubov transformation on (3.10) using (3.3) and commuting to normal
order. We also use that ΓD is the Gibbs state of a diagonal operator so Tr (a∗pa

∗
qΓD) = 0 for all
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p, q and Tr (a∗paqΓD) = 0 for p ̸= q. A straightforward calculation then shows the upper bound

Tr(HΓB) ⩽ v̂(0)
Nρ

2
+

1

2|Λ|
∑

p,k∈Λ∗
+

v̂(k)cpspcp+ksp+k +
∑

p∈Λ∗
+

p2s2p + ρ0v̂(p)s
2
p + ρ0v̂(p)spcp

+
∑

p∈Λ∗
+


(p2 + ρ0v̂(p))(s

2
p + c2p) + 2ρ0v̂(p)cpsp +

2

|Λ|
∑

k∈Λ∗:
p+k ̸=0

v̂(k)cpspcp+ksp+k


Tr(a∗papΓD)

+
Cv̂(0)

|Λ|


∑

p∈Λ∗
+

s2p +
∑

p∈Λ∗
+

c2pTr (a
∗
papΓD)




2

, (3.12)

where we also used the simple inequalities |v̂(k)| ⩽ v̂(0) and s2q ⩽ c2q .
Let us simplify the constant term in (3.12). First, we note that we can replace all sums in the

first line by integrals up to an error of order v̂(0)L−1Nρ1/2Y 1/2| log(Y )| = v̂(0)ρNY α+1/2| log(Y )|.
This approximation follows from the standard technique of passing from sums to integrals in
the limit; We use the mean value theorem and can bound the error in terms of bounds on the
gradient of the considered function. For further details, see [6, Appendix G]. In particular, this
estimate makes use of ∑

p∈Λ∗
+

|spcp| ⩽ CN, (3.13)

which can be shown as in the proof of Proposition 8 while using the decay assumption on g
(3.9).

Secondly, as mentioned earlier, we know cpsp ≈ −ρ0ω̂(p) and therefore we write

1

2

ˆ

R2×R2

cpspv̂(k)cp+ksp+kdpdk =
1

2
⟨cs, v̂ ∗ (cs)⟩

=
1

2
⟨cs+ ρ0ω̂, v̂ ∗ (cs+ ρ0ω̂)⟩ − ⟨cs, v̂ ∗ ρ0ω̂⟩ −

1

2
⟨ρ0ω̂, v̂ ∗ ρ0ω̂⟩

=
1

2
⟨cs+ ρ0ω̂, v̂ ∗ (cs+ ρ0ω̂)⟩ − ρ0(2π)

2 ⟨cs, v̂ω⟩ − ρ20(2π)
4

2
v̂ω2(0).

According to [6, Lemma 4.7] the first term in the last line is bounded by Cv̂(0)ρ2Y 2 so that

v̂(0)
Nρ

2
+

1

2|Λ|
∑

p,k∈Λ∗
+

v̂(k)cpspcp+ksp+k +
∑

p∈Λ∗
+

p2s2p + ρ0v̂(p)s
2
p + ρ0v̂(p)spcp

⩽ v̂(0)
Nρ

2
− N0ρ0

2
v̂ω2(0) + |Λ|

ˆ

R2

p2s2p + ρ0v̂(p)s
2
p + ρ0cpspĝ(p)

dp

(2π)2

+ Cv̂(0)ρNY 2(Y α−3/2| log(Y )|+ 1)

= ĝ(0)
Nρ

2
+
N0ρ0
2

ĝω(0) + |Λ|
ˆ

R2

p2s2p + ρ0ĝ(p)s
2
p + ρ0cpspĝ(p)

dp

(2π)2

+ Cv̂(0)ρNY 2(Y α−3/2| log(Y )|+ 1) +
Nρ−N0ρ0

2
v̂ω(0) + |Λ|ρ0

ˆ

R2

(v̂(p)− ĝ(p))s2p
dp

(2π)2

⩽ 2πδNρ+
|Λ|
2

(
ρ20ĝω(0) +

ˆ

R2

Dp − p2 − ρ0ĝ(p)
dp

(2π)2

)

+ Cv̂(0)ρNY 2(Y α−3/2| log(Y )|+ 1) + Cρ(N −N0 +NY )(v̂(0)− ĝ(0)),
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where we used

p2s2p + ρ0ĝ(p)s
2
p + ρ0ĝ(p)spcp =

1

2
(Dp − p2 − ρ0ĝ(p))

and (3.7). We use the integral representation of ĝω(0), see (2.6), and we may replace ĝ(p)
by ĝ(0) everywhere up to an error of ρ2Y 3, see [6, Proposition C.3]. Then we can explicitly
compute

1

2

ˆ

R2

Dp − p2 − ρ0ĝ(0) + ρ20
ĝ(0)2

2p2
1{|p|>2e−γ−δ−1

a−1}
dp

(2π)2

=
(ρ0ĝ(0))

2

16π

(
2γ +

1

2
+ log(π) + log(

ρ0δ

2ρY
)

)

⩽ 2πρ2δ2
(
γ +

1

4
+

log(π)

2

)
,

where we used ρ0 ⩽ ρ, δ ⩽ 2Y. We obtain

v̂(0)
Nρ

2
+

1

2|Λ|
∑

p,k∈Λ∗
+

v̂(k)cpspcp+ksp+k +
∑

p∈Λ∗
+

p2s2p + ρ0v̂(p)s
2
p + ρ0v̂(p)spcp

⩽ 2πNρδ

(
1 + δ

(
2γ +

1

2
+ log(π)

))
(3.14)

+ CNρY 3 + Cv̂(0)ρNY 2(Y α−3/2| log(Y )|+ 1) + Cρ(N −N0 +NY )(v̂(0)− ĝ(0)).

Returning to the second line of (3.12) we find that

∣∣∣ 1|Λ|
∑

k∈Λ∗:
k+p ̸=0

v̂(k)cp+ksp+k + ρ0v̂ω(p)
∣∣∣ ⩽ Cv̂(0)ρY + Cv̂(0)ρY α+1/2| log(Y )|, (3.15)

which follows as before by replacing sums with integrals and using that

| ⟨cs+ ρ0ω̂, v̂(p− ·)⟩ | ⩽ Cv̂(0)ρY

uniformly in p, which is shown in the first step of the proof of [6, Lemma 4.7]. Inserting (3.15)
in the second line of (3.12) using

(p2 + ρ0ĝ(p))(s
2
p + c2p) + 2ρ0ĝ(p)cpsp = Dp (3.16)

yields

∑

p∈Λ∗
+


(p2 + ρ0v̂(p))(s

2
p + c2p) + 2ρ0v̂(p)cpsp +

2

|Λ|
∑

k∈Λ∗:
p+k ̸=0

v̂(k)cpspcp+ksp+k


Tr(a∗papΓD)

⩽
∑

p∈Λ∗
+

DpTr(a
∗
papΓD)

+ Cρ
(
(v̂(0)− ĝ(0)) + v̂(0)Y + v̂(0)Y α+1/2| log(Y )|

) ∑

p∈Λ∗
+

(s2p + c2p) Tr(a
∗
papΓD).

Inserting this inequality and (3.14) in (3.12) implies the result.

In the next subsection we will soften the potential. The following Corollary, which applies
to soft potentials, is immediate from Proposition 8 and Proposition 9.
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Corollary 10. Under the assumptions of Proposition 9, if we further assume that

v̂(0) ⩽ CY, v̂(0)− ĝ(0) ⩽ CY 2 log(Y ) (3.17)

and that α > 3/2. Then

Tr(HΓB) ⩽ 2πNρδ

(
1 + δ

(
γ +

1

4
+

log(π)

2

))
+TrF⊥(HDΓD)

+ CNρY
(
Y | log(Y )|+ T | log(Y )|ρ−1

)2
.

(3.18)

3.3 Soften the Hamiltonian

Observe that Corollary 10 implies Lemma 2 if we assume that the potential v is soft, i.e., that
it satisfies (3.17). Therefore, we employ the Jastrow factor (2.7), which ”softens the potential”.
This method was in particular used in the 3D Gross-Pitaevskii scaling [1] and for 2D in [7]. Due
to the positive temperature we need to keep track on the higher order excitations the Jastrow
factor creates.
In this subsection we explicitly display the potential in the Hamiltonian as Hv, recall (1.6).

Lemma 11. Let v be as in Theorem 1 and Γ a periodic density matrix on F . Let F be the
Jastrow factor from (2.7). Then

Tr (HvFΓF ) ⩽ Tr (ΓHṽ)− Tr (ΓR),

where

ṽ = (−2∆ + v)f =
2

b log( ba)
δ|x|=b and R =

∞⊕

n=0

Rn, Rn = F 2
n

n∑

i ̸=j ̸=k

(∇f)ij
fij

· (∇f)ik
fik

with the notation {i ̸= j ̸= k} = {pairwise distinct indices i, j, k running from 1 to n}.

Proof. Let Pn be the projection onto the n−particle sector L2
s(Λ

n). Then Pn commutes with
H and F so that

Tr (HvFΓF ) =
∞∑

n=0

Tr (FnHvFnPnΓPn). (3.19)

PnΓPn is a density matrix on L2
s(Λ

n) thus we may write PnΓPn =
∑

m∈N λn,m|ϕnm⟩⟨ϕnm| for
some ϕnm ∈ L2

s(Λ
n), λn,m ⩾ 0. Therefore, by linearity, it is enough to considernthe following

expression for ϕ ∈ L2
s(Λ

n)

Tr (FnHvFn|ϕ⟩⟨ϕ|) = ⟨HvFnϕ, Fnϕ⟩ (3.20)

=

n∑

i=1

ˆ

Λn

F 2
n |∇iϕ|2 + |ϕ|2|∇iFn|2 + (ϕ∇iϕ+ ϕ∇iϕ) · Fn∇iFn +

n∑

i<j

ˆ

Λn

v(xi − xj)F
2
n |ϕ|2.

Partial integration yields
ˆ

Λn

ϕ∇iϕ · Fn∇iFn = −
ˆ

Λn

ϕ∇iϕ · Fn∇iFn − |ϕ|2|∇iFn|2 + |ϕ|2Fn(−∆iFn). (3.21)

From the definition Fn =
∏n

i<j fij we find

−
n∑

i=1

∆iFn = Fn

n∑

i ̸=j

−∆ifij
fij

− Fn

n∑

i ̸=j ̸=k

∇ifij
fij

· ∇ifik
fik

. (3.22)
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We insert (3.21) and (3.22) into (3.20), use Fn ⩽ fij ⩽ 1 and obtain

Tr (FnHvFn|ϕ⟩⟨ϕ|) ⩽
n∑

i=1

⟨ϕ,−∆iϕ⟩+
n∑

i<j

ˆ

Λn

|ϕ|2
(
(v − 2∆)f

)
(xi − xj)− ⟨ϕ,Rnϕ⟩

= Tr (Hṽ|ϕ⟩⟨ϕ|)− Tr (Rn|ϕ⟩⟨ϕ|).

Inserting this into (3.19) concludes the proof.

The next lemma is the final ingredient for Lemma 2 and shows in particular that we can
bound the error R and the difference between Tr(FΓBF ) and Tr(ΓB).

Lemma 12. Let v be as in Theorem 1, ΓB the state (1.4), F the Jastrow factor from (2.7) and
R the operator defined in Lemma 11. Then for T ≪ Tc

Tr(FΓBF ) ⩾ 1− Cb2ρN, (3.23)

Tr(NFΓBF ) ⩾ N(1− Cρb2N), (3.24)

Tr(RΓB) ⩽ Cb2ρ2N. (3.25)

Remark. From N = ρL2 = Y −α we find b2ρN = Y m−α so that the corrections are small for
m > α.

Proof. From the inequality

F 2
n =

n∏

i<j

(1− (1− (fij)
2)) ⩾ 1−

n∑

i<j

1− (fij)
2 =: 1−

n∑

i<j

uij , (3.26)

we find
Tr(FΓBF ) ⩾ 1− Tr(ΓBUu),

where the operator Uu in second quantized form is given by

Uu =
1

2|Λ|
∑

p,q,k∈Λ∗
û(k)a∗pa

∗
q+kaqap+k. (3.27)

We can bound Tr (ΓBUu) by computing the action of the Weyl and the Bogoliubov transforma-
tion on Uu, which was done in the proof of Proposition 9, and estimating terms with (3.13)

Tr(ΓBUu) ⩽ C
û(0)

|Λ|

(
N +

∑

p

(c2p + s2p) Tr(a
∗
papΓD)

)2

. (3.28)

We can bound û(0) by using the explicit formula for f (2.8) when |x| ⩾ R, and |f | ⩽ 1 for
|x| ⩽ R

û(0) ⩽ πR2 +

ˆ

R⩽|x|⩽b
1− log(|x|/a)2

log(b/a)2
dx ⩽ CR2 +

πb2

log(b/a)
⩽ Cb2, (3.29)

where we used that b≫ a. From (3.8) and T ≪ Tc we find (3.23).
Let us turn our attention to (3.24). From the fact that F commutes with the number

operator and inequality (3.26) we obtain

Tr(NFΓBF ) ⩾ Tr(NΓB)− Tr(NUΓB) = N − Tr(NUΓB).
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By a similar computation as before we find

Tr(NUΓB) ⩽ C
û(0)

|Λ|

(
N +

∑

p

(c2p + s2p) Tr(a
∗
papΓD)

)3

⩽ Cb2ρN2.

To show (3.25) we use Rn ⩽
∑n

i ̸=j ̸=k |(∇f)ij ||(∇f)ik|, which implies the following inequality
in the second quantization formalism

R ⩽ 1

|Λ|2
∑

p,q,r,s,k∈Λ∗

̂|∇f |(k)̂|∇f |(s)a∗pa∗qa∗rar−saq−kap+k+s.

By the same argument as above we find

Tr(ΓBR) ⩽ C
̂|∇f |(0)2
|Λ|2

(
N +

∑

p

(c2p + s2p) Tr(a
∗
papΓD)

)3

.

From a Cauchy–Schwarz inequality and the definition of f we find

̂|∇f |(0)2 ⩽ Cb2
ˆ

|x|⩽b
|∇f |2 ⩽ Cb2,

where the last inequality used f = ϕb on {|x| ⩽ b} and that ϕb is the minimizer of (2.1). (3.8)
then implies (3.25).

Proof of Lemma 2. Recall the definition of Γ0 from (1.4). We pick b that appears in the defini-
tion of Jastrow factor as

b = ρ−
1
2Y α+2. (3.30)

Then by Lemmata 11 and 12 we find that

Tr(HvΓ0) ⩽
(
Tr(HṽΓB)− Tr (ΓBR)

) 1

Tr (FΓBF )
⩽ Tr(HṽΓB)(1 + CY 4) + CNρY 4,

where ṽ was defined in Lemma 7. In particular it has the same scattering length as v and
satisfies the conditions of Corollary 10 from which we find

Tr(HvΓ0) ⩽ 2πNρδ

(
1 + δ

(
2γ +

1

2
+ log(π)

))
+TrF⊥(HDΓD)

+ CNρY
(
Y | log(Y )|+ T | log(Y )|ρ−1

)2
.

(3.31)

In order to ensure (1.7) we change WN0 and keep the Bogoliubov tranform fixed. By Stones
theorem

N0 7→ Tr(NΓ0) (3.32)

is continuous in N0 and by (3.24) we can make it satisfy

Tr(NΓ0) = L2ρ̃ (3.33)

and for ρ̃ ⩽ ρ(1 + Y 2) our state still satisfies (3.31).
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4 Proof of Lemma 3

In the previous section we saw that we could soften the potential by using the Jastrow factor
F , see Lemma 11. In this section we show that the Jastrow factor does not change the entropy
much. This essentially follows from a Fannes type inequality [5] (see also Thm 11.6 in [12]),
which allows us to control the entropy difference by the trace difference. However, the Fannes
inequality only holds on finite spaces. Thus we truncate the density matrices by restricting to
eigenfunction with at most M particles in each state and no particles with momenta higher
than

√
K. We obtain the following lemma, which implies Lemma 3 by choosing appropriate K

and M .

Lemma 13. Let K ⩾ 0, M ∈ N, b2ρN ≪ 1 and T ≪ Tc. Then for Γ0 and ΓB given as in (1.4)
there is a constant C > 0 such that

−TS(Γ0) ⩽− TS(ΓB) + CL2T 2(L2T + 1)
(
M−1 + e−βK/2

)
+ CL2T 2βK log(M)∥Γ0 − ΓB∥1

+ Th(∥Γ0 − ΓB∥1), (4.1)

where h(x) = −x log(x), x ∈ [0, 1]. Moreover,

∥Γ0 − ΓB∥1 ⩽ C
√
b2ρN. (4.2)

Proof of Lemma 3. LetM = Y −1/2L/b, βK = log(M). Our previous choices L = ρ−1/2Y −α, b =
ρ−1/2Y m then imply the Lemma.

Proof of Lemma 13. Let us start by showing (4.2), i.e., that Γ0 and ΓB are close in trace norm.
Recall (1.4)

Γ0 =
FΓBF

Tr (FΓBF )
, ΓB =

WN0e
Be

−β
∑

p∈Λ∗
+

Dpa∗pap
1{N0=0}e−BW ∗

N0

Tr
(
e
−β

∑
p∈Λ∗

+
Dpa∗pap

1{N0=0}
) .

Due to the spectral theorem we may write

ΓB =
∑

i⩾1

λi|Ψi⟩⟨Ψi|, Γ0 =
1

Tr (FΓBF )

∑

i⩾1

λi|FΨi⟩⟨FΨi| =
∑

i⩾1

λFi |ΨF
i ⟩⟨ΨF

i |

for decreasing sequences of eigenvalues λi, λ
F
i ⩾ 0, i ∈ N and normalized eigenfunctions Ψi,Ψ

F
i ∈

F(L2(Λ)) of ΓB respectively Γ0. The triangle inequality yields

∥Γ0 − ΓB∥1 ⩽ |1− Tr (FΓBF )|∥Γ0∥1 +
∑

i⩾1

λi∥|Ψi⟩⟨Ψi| − |FΨi⟩⟨FΨi|∥1. (4.3)

We further estimate the second term on the right-hand side as follows

∥|Ψi⟩⟨Ψi| − |FΨi⟩⟨FΨi|∥1 ⩽ 2∥(1− F )Ψi∥ ⩽ 2
√
⟨Ψi, U1−fΨi⟩,

where we used 1 − Fn ⩽
∑n

i<j 1 − fij for n ∈ N, recall (3.26), and where U1−f was defined in
(3.27). Then, applying the Jensen inequality in (4.3) gives

∥Γ0 − ΓB∥1 ⩽ |1− Tr (FΓBF )|+ 2
√
Tr (U1−fΓB).
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We bound the first term with (3.23). The second term can be bounded with (3.28), where as

in (3.29) we may show 1̂− f(0) ⩽ Cb2. We find

∥Γ0 − ΓB∥1 ⩽ Cb2ρN + C
√
b2ρN.

By the choice of our parameters we get (4.2).
Next, we want to show the entropy inequality (4.1). As explained before we need to truncate

the problem to a finite dimensional one. Thus let I ⊂ N a finite subset and note that the entropy
function h(x) = −x log(x) is concave and positive on the unit interval [0, 1]. We find

S(Γ0) =
∑

i⩾1

h(λFi ) ⩾
∑

i∈I
h(λFi ) = S(ΓB)−

∑

i/∈I
h(λi) +

∑

i∈I

[
h(λFi )− h(λi)

]
. (4.4)

Our choice of I will be such that the second term on the right-hand side is small, that is, I
includes all entropy-relevant momenta. The third term is bounded with a Fannes type inequality
and will only depend logarithmically on the cardinality of I.

Let us start with the third term. We want to show the following Fannes type inequality.
∣∣∣∣∣
∑

i∈I

[
h(λFi )− h(λi)

]
∣∣∣∣∣ ⩽ log(|I|)∥Γ0 − ΓB∥1 + h

(
∥Γ0 − ΓB∥1

)
. (4.5)

Since we are not in the setting of the reference [5] we provide a complete proof. As a first step
we show ∑

i⩾1

|λFi − λi| ⩽ ∥Γ0 − ΓB∥1. (4.6)

Indeed, this is a very general statement. We may write Γ0 − ΓB = P − Q, where P,Q are
the projections onto the positive respectively negative eigenspace of Γ0 − ΓB. Let µi(·) denote
the i−th largest eigenvalue of an operator. Then from the definition of λi, λ

F
i we find λFi =

µi(Γ0) ⩽ µi(Q+ Γ0) = µi(P + ΓB) ⩾ µi(ΓB) = λi. We obtain

µi(Q+ Γ0) + µi(P + ΓB) ⩾ 2max{λFi , λi} = λFi + λi + |λFi − λi|.

We conclude the proof of (4.6) as follows

∥Γ0 − ΓB∥1 = Tr (P +Q) ⩾
∑

i⩾1

[
λFi + λi + |λFi − λi|

]
− Tr (Γ0 + ΓB) =

∑

i⩾1

|λFi − λi|.

We can now show (4.5) by using |λFj − λj | ⩽
∑

i∈I |λFi − λi| ⩽ ∥Γ0 − ΓB∥1 ≪ 1 for all j ∈ I,
which follows from (4.6) and (4.2), as well as the elementary observations that h is concave,
monotone on [0, 1/e] and that for x, y ∈ [0, 1] with |x−y| ⩽ 1

2 we have |h(x)−h(y)| ⩽ h(|x−y|).
∣∣∣∣∣
∑

i∈I

[
h(λFi )− h(λi)

]
∣∣∣∣∣ ⩽ |I|h

(∑
i∈I |λFi − λi|

|I|

)
= log(|I|)

∑

i∈I
|λFi − λi|+ h

(∑

i∈I
|λFi − λi|

)

⩽ log(|I|)∥Γ0 − ΓB∥1 + h
(
∥Γ0 − ΓB∥1

)
.

As a last step, we show that the second term on the right-hand side of (4.4) is small, i.e.
that we did not make too much of an error when truncating the density matrices. We use the
explicit knowledge of the eigenvalues of ΓB; since ΓB is unitarily equivalent to

ΓD =
e
−β

∑
p∈Λ∗

+
Dpa∗pap

1{N0=0}

Tr F⊥

(
e
−β

∑
p∈Λ∗

+
Dpa∗pap

) ,
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each eigenvalue λi of ΓB uniquely corresponds to a finite sequence {np}p∈Λ∗
+
, np ∈ N0 with

λi =
e
−β

∑
p∈Λ∗

+
Dpnp

Tr F⊥

(
e
−β

∑
p∈Λ∗

+
Dpa∗pap

) .

For K ⩾ 0,M ∈ N we define {np}p∈Λ∗
+
∈ I if and only if np ⩽ M for all p and np = 0 for all

|p| >
√
K. We then define i ∈ I if and only if its corresponding sequence {np}p∈Λ∗

+
∈ I. In

other words, i ∈ I if and only if its corresponding eigenfunction has at most M particles in each
state and no particles with momenta higher than

√
K. We compute

∑

i/∈I
h(λi) = β

∑
{np}/∈I

∑
p∈Λ∗

+
Dpnpe

−β
∑

q∈Λ∗
+

Dqnq

Tr F⊥

(
e
−β

∑
p∈Λ∗

+
Dpa∗pap

)

+ log
(
Tr
(
e
−β

∑
p∈Λ∗

+
Dpa∗pap

1{N0=0}
)) ∑

{np}/∈I e
−β

∑
p∈Λ∗

+
Dpnp

Tr F⊥

(
e
−β

∑
p∈Λ∗

+
Dpa∗pap

) . (4.7)

From Ic ⊂ ⋃|q|⩽
√
K{nq > M} ∪⋃|q|>

√
K{nq > 0} it follows that

∑

{np}/∈I
e
−β

∑
p∈Λ∗

+
Dpnp ⩽

∑

|q|⩽
√
K

∑

{np}:
nq>M

e
−β

∑
p∈Λ∗

+
Dpnp

+
∑

|q|>
√
K

∑

{np}:
nq>0

e
−β

∑
p∈Λ∗

+
Dpnp

=
∏

p∈Λ∗
+

1

1− e−βDp


 ∑

|q|⩽
√
K

e−βDq(M+1) +
∑

|q|>
√
K

e−βDq


 , (4.8)

where the last step is a standard ideal gas computation. This ideal gas computation also shows

that
∏

p∈Λ∗
+

1
1−e−βDp

= Tr F⊥

(
e
−β

∑
p∈Λ∗

+
Dpa∗pap

)
and

log
(
Tr F⊥

(
e
−β

∑
p∈Λ∗

+
Dpa∗pap

))
= −

∑

p∈Λ∗
+

log
(
1− e−βDp

)
⩽ C

L2

β
, (4.9)

where in the last step we bounded the sum by an integral. We may also bound the sums in
(4.8) with integrals and find

∑

|q|⩽
√
K

e−βDq(M+1) ⩽ C
L2

βM
and

∑

|q|>
√
K

e−βDq ⩽ C
L2

β
e−βK . (4.10)

Combining (4.8)–(4.10) shows that we may bound the second term on the right-hand side of
(4.7) by CL2TL2T

(
M−1 + e−βK

)
. We proceed similar for the fist term on the right-hand side
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of (4.7) and find

β

∑
{np}/∈I

∑
p∈Λ∗

+
Dpnpe

−β
∑

q∈Λ∗
+

Dqnq

Tr F⊥

(
e
−β

∑
p∈Λ∗

+
Dpa∗pap

)

⩽ β
∑

|q|⩽
√
K


 ∑

p∈Λ∗
+\{q}

[
Dp

eβDp − 1

]
e−βDq(M+1) +Dq

∑∞
n=M+1 ne

−βDqn

1/(1− e−βDq)




+ β
∑

|q|>
√
K


 ∑

p∈Λ∗
+\{q}

[
Dp

eβDp − 1

]
e−βDq +Dq

∑∞
n=1 ne

−βDqn

1/(1− e−βDq)




⩽ CL2T
∑

|q|⩽
√
K

e−βDq(M+1) +
∑

|q|⩽
√
K

Dqe
−βDq(M+1)

(
(M + 1) +

1

eβDq − 1

)

+ CL2T
∑

|q|>
√
K

e−βDq +
∑

|q|>
√
K

Dq

eβDq − 1

⩽ CL2T

(
L2T + 1

M
+ (L2T + 1)e−βK/2

)
.

Inserting this into (4.7) concludes the bound of the second term in (4.4)
∑

i/∈I
h(λi) ⩽ CL2T (L2T + 1)(M−1 + e−βK/2).

Moreover, we can estimate |I| ⩽MCL2K so that from (4.5) we obtain
∣∣∣∣∣
∑

i∈I

[
h(λFi )− h(λi)

]
∣∣∣∣∣ ⩽ CL2K log(M)∥Γ0 − ΓB∥1 + h(∥Γ0 − ΓB∥1).

Inserting this into (4.4) yields Lemma 13.

5 Proof of Proposition 4

The proof of Proposition 4 is standard and can be found in [8], respectively [2] for the three
dimensional case and its adaption to two dimensions is straightforward. We outline the steps of
the proof that need to be modified. The next lemma says that we can extend a periodic state
on a fixed box to a state with Dirichlet boundary conditions on the thermodynamic box. The
second lemma states, that the information we have on grand canonical states is enough to make
a statement about the canonical free energy.

Lemma 14. Let ΓL be a normalized density matrix on F(ΛL) with periodic boundary condi-
tions. Then there is a density matrix ΓD

L̃
that satisfies Dirichlet boundary conditions on the

thermodynamic box Λ
L̃
such that

TrΓD
L̃
= 1, Tr (NΓD

L̃
) = t2Tr (NΓD

L+2ℓ), S(ΓD
L̃
) = t2S(ΓD

L+2ℓ).

and

Tr (HΓD
L̃
) ⩽ t2

(
Tr (HΓL) +

C

Lℓ
Tr (NΓL)

)
.

Here L̃ = t(L+ 2ℓ+R) with R > 0 such that supp(v) ⊂ B(0, R).
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Proof sketch. From periodic to Dirichlet on fixed boxes. See [2, Lemma A.1] and [8, Lemma
27]. We write ΓL in its eigenbasis ΓL =

∑
j∈N λj |Ψj⟩⟨Ψj |. Then we extend each periodic

eigenfunction Ψj to a function with Dirichlet boundary conditions on the bigger box ΛL+2ℓ by
multiplying it with an appropriate cosine in all directions. We combine the Dirichlet functions
to obtain a state ΓD

L+2ℓ on F(ΛL+2ℓ) with Dirichlet boundary conditions and one can verify that

S(ΓD
L+2ℓ,u) = S(ΓL), Tr (ΓD

L+2ℓ,uN j) = Tr (ΓLN j) ∀j ∈ N.

and

Tr (HΓD
L+2ℓ,u) ⩽ Tr (HΓL) +

C

Lℓ
Tr (NΓL).

Extension to the thermodynamic box. See [2, Lemma A.2] and [8, Chapter B.2]. We take the
previously constructed state and copy it t2 times. Additionally, we insert small corridors of size
R between the boxes so that the different boxes do not interact with each other. We obtain a
thermodynamic trial state ΓD

L̃
and its computation of the number of particles, the entropy and

the energy is almost trivial since the different boxes do not interact with each other.

Lemma 15. (From grand canonical to canonical) Let ΓD
L̃

be a sequence of normalized states

with Dirichlet boundary conditions on Λ
L̃
for L̃∞ and

ρ =
Tr (NΓD

L̃
)

|Λ
L̃
| , ∀L̃.

Then

f(ρ̃, T ) ⩽ lim inf
L̃→∞

Tr (HΓD
L̃
)− TS(ΓD

L̃
)

|Λ
L̃
| .

Proof. We use the equivalence of the canonical and grand-canonical ensemble, see e.g.[13]. The
(grand-canonical) pressure is defined as

p(µ, T ) := − lim
L̃→∞

|Λ
L̃
|−1 inf {Tr (H− µN )Γ)− TS(Γ) | Γ : F → F ,Γ ⩾ 0,TrΓ = 1}

so that

−p(µ, T ) ⩽ lim inf
L̃→∞

Tr (HΓD
L̃
)− TS(ΓD

L̃
)

|Λ
L̃
| − ρµ.

From the equivalence of ensembles:

f(ρ, T ) = sup
µ
{ρµ− p(µ, T )}

we obtain

f(ρ̃, T ) ⩽ lim inf
L̃→∞

Tr (HΓD
L̃
)− TS(ΓD

L̃
)

|Λ
L̃
| .

Proof of Proposition 4. This is a direct application of Lemma 14 and Lemma 15.
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Chapter 7

Paper: Ground state energy of a
dilute Bose gas with three-body
hard-core interactions

This chapter contains the paper [JV24], of Visconti and
the author. The paper provides a short argument us-
ing a generalisation of techniques implemented by Dyson
[Dys57] to derive an upper bound. The paper is in-
cluded in its pre-print version, which can be found at
https://doi.org/10.48550/arXiv.2406.09019. It can be lo-
cated within the thesis by the colour ■ at the top of the page.
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GROUND STATE ENERGY OF A DILUTE BOSE GAS WITH
THREE-BODY HARD-CORE INTERACTIONS

LUKAS JUNGE AND FRANÇOIS L. A. VISCONTI

Abstract

We consider a gas of bosons interacting through a three-body hard-core potential
in the thermodynamic limit. We derive an upper bound on the ground state energy
of the system at the leading order using a Jastrow factor. Our result matches the
lower bound proven by Nam–Ricaud–Triay [15] and therefore resolves the leading
order. Moreover, a straightforward adaptation of our proof can be used for systems
interacting via combined two-body and three-body interactions to generalise [22,
Theorem 1.2] to hard-core potentials.
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1. Introduction

A system of N bosons trapped in a box ΛL := [0, L]3 interacting via three-body
interactions can be described by the Hamiltonian operator

HN,L =
N∑

i=1

−∆xi +
∑

1≤i<j<k≤N

w(xi − xj , xi − xk) (1)

acting on the Hilbert space L2
s (Λ

N
L ) - the subspace of L2(ΛN

L ) consisting of functions
that are symmetric with respect to permutations of the N particles. Such systems
have received a lot of attention in recent years and have been the subject of many
mathematical works [1, 5–7, 12, 13, 17–19, 21, 23, 24].

In [15], Nam–Ricaud–Triay proved that for a nonnegative, compactly supported
potential w ∈ L∞(R6), the Hamiltonian (1) satisfies

lim
N,L→∞
N/L3→ρ

inf σ(HN,L)

N
=

1

6
ρ2bM(w)(1 +O(Y ν)) (2)

when Y := ρbM(w)3/4 → 0, for some constant ν > 0. Here, bM(w) is the scattering
energy associated to w (see [16]). This was then improved in [22], where it was shown

1
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2 L. JUNGE AND F. L. A. VISCONTI

that (2) holds for w ≥ 0 compactly supported and satisfying

‖w‖L2L1 :=

(
ˆ

R3

‖w(x, ·)‖2L1(R3) dx

)1/2

< ∞.

It was also shown in [22] that (2) holds with an error in o(1) for w of class L1. The
goal of this paper is to prove that (2) remains valid for particles interacting with a
hard-core potential.

We consider a gas of N bosons with three-body hard-core interactions in ΛL =
[0, L]3. We are looking for an upper bound on the ground state energy

EN,L = inf

〈
Ψ,

∑N
i=1 −∆xiΨ

〉

‖Ψ‖2 , (3)

with the infimum taken over all Ψ ∈ L2
s (Λ

N
L ) satisfying the three-body hard-core

condition Ψ(x1, . . . , xN ) = 0 if there exist i, j, k ∈ {1, . . . , N}, i 6= j 6= k 6= i with
|(xi − xj, xi − xk, xj − xk)|/

√
3 ≤ a. 1 Here, | · | is the euclidean norm in R9 and∑N

i=1−∆xi is to be understood in the quadratic form sense in H1
s (Λ

N
L ). Note that

the scattering energy associated to the hard-core potential

whc(x− y, x− z) =

{
+∞ if |(x− y, x− z, y − z)|/

√
3 ≤ a,

0 otherwise

is given by

bM(whc) =
64

3
√
3
π2a4.

Theorem 1. There exists C > 0 (independent of a and ρ) such that

lim
N,L→∞
N/L3→ρ

EN,L

N
=

32

9
√
3
π2ρ2a4

(
1 + C

(
ρa3

)ν) (4)

for all ρa3 small enough and for some ν > 0.

The matching lower bound was proven in [15]. Here are some remarks on the
result:

(1) The strategy of the proof of Theorem 1 can be used to generalise (2) to w

of class L1 with an error uniform in w assuming that R0/bM(w)1/4 remains
bounded, where R0 is the range of w.

(2) In [14, Conjecture 8], a heuristic approach was used to predict that the ground
state energy of a system described by the Hamiltonian (1) should satisfy

lim
N,L→∞
N/L3→ρ

inf σ(HN,L)

N
=

1

6
ρ2bM(w)(1 + C(w)ρ+ o(ρ)) (5)

in the low density regime ρ → 0, for some constant C(w) depending only on
w. The error yielded by the proof of Theorem 1 is of order (ρa3)4/7 ≫ ρa3,
meaning that it does not capture the error at the correct order. The same
problem arises in the two-body case when only using cancellations between
the numerator and the denominator similar to the ones used in (18)–(20) (see
for example [3]). To extract an error at the correct order in the two-body

1Though there is no canonical choice for the three-body hard-core potential, the present choice
is motivated by the Physics literature (see e.g. [8, 20]).
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case one needs to push the analysis much further and identify additional
cancellations, as was done in [2].

(3) A straightforward adaptation of the proof of Theorem 1 can also be used to
derive a correct upper bound at the first order of the ground state energy
of a system interacting via two-body and three-body interactions. More
specifically, the ground state energy E′

N,L of a system of N bosons interacting
via a two-body hard-core potential of radius a2 and a three-body hard-core
potential of radius a3 > a2 in ΛL is such that

lim
N,L→∞
N/L3→ρ

E′
N,L

N
≤

(
4πρa2 +

32

9
√
3
π2ρ2a43

)(
1 + C

(
ρa32

)1/3
+ C

(
ρa33

)4/7)

for ρa32 and ρa33 small enough. To prove this one considers a trial state of the
form

Ψ(x1, . . . , xN ) =
∏

1≤i<j≤N

f̃ℓ1(xi − xj)
∏

1≤i<j<k≤N

fℓ2(xi − xj , xi − xk),

where f̃ℓ1 describes the two-body correlations up to a distance ℓ1 and fℓ2
describes the three-body correlations up to a distance ℓ2. This generalises
[22, Theorem 1.2] to hard-core potentials.

2. Scattering properties of the three-body hard-core potential

Since we are considering a dilute Gas the correlation structure is encoded in the
zero-scattering problem

(−∆x −∆y −∆z)f(x− y, x− z) = 0 (6)

on
(
R3

)3, where f satisfies the conditions f(x − y, x − z) = 0 if |(x − y, x − z, y −
z)|/

√
3 ≤ a and f(x) → 1 as |x| → ∞. Note that f satisfies the three-body symmetry

properties

f(x, y) = f(y, x) and f(x− y, x− z) = f(y − x, y − z) = f(z − x, z − y), (7)

for all x, y, z ∈ R3.
By removing the centre of mass using the change of variables

r1 =
1

3
(x+ y + z), r2 = x− y, and r3 = x− z, (8)

we find that the scattering problem (6) is equivalent to the modified zero-scattering
problem

−2∆Mf(r2, r3) = 0 (9)

on
(
R3

)2, with f satisfying the conditions f(r2, r3) = 0 if
∣∣M−1(r2, r3)

∣∣ ≤
√
2a and

f(x) → 1 as |x| → ∞. Here we introduced the modified Laplacian

−∆M = −|M∇R6 |2 = − divR6(M2∇R6),

where the matrix M : R3 × R3 → R3 × R3 is given by

M :=

(
1

2

(
2 1
1 2

))1/2

=
1

2
√
2

(√
3 + 1

√
3− 1√

3− 1
√
3 + 1

)
,

with inverse

M−1 =

(
2

3

(
2 −1
−1 2

))1/2

=
1√
6

(
1 +

√
3 1−

√
3

1−
√
3 1 +

√
3

)
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4 L. JUNGE AND F. L. A. VISCONTI

(see [16] for a more in depth discussion on the matter). Note that detM =
√
3/2.

Let f denote a solution to (9) and define f̃ := f(M·). Then, f̃ solves

−∆f̃ = 0

on R6, with the conditions f̃(x) = 0 for |x| ≤
√
2a and f̃(x) → 1 as |x| → ∞. By

rewriting the previous problem in hyperspherical coordinates we find that (9) has for
unique solution

f(x) =





1− 4a4

|M−1x|4 if |M−1x| >
√
2a,

0 otherwise.

Let us also define
ω(x) := 1− f(x),

for all x ∈ R6.
We shall need a truncated version of f with a cut-off. Let χ̃ ∈ C∞(R6; [0, 1]) be

a radial function satisfying χ̃(x) = 1 if |x| ≤ 1/2 and χ̃(x) = 0 if |x| ≥ 1, and define
χ := χ̃(M−1·). For all ℓ ∈ (a, L), we define

χℓ := χ(ℓ−1·), ωℓ := χℓω, and fℓ := 1− ωℓ. (10)

Note that ω, f, ωℓ and fℓ satisfy the three-body symmetry (7). Moreover, they have
the following properties:

Lemma 2. Let ℓ ∈ (a, L). Then, we have

|∇fℓ(x)| ≤ Ca4ℓ−11{C1ℓ≤|x|≤C2ℓ}
|x|4 (11)

and

0 ≤ 1− f2
ℓ (x) ≤ Ca4

1{C1a≤|x|≤C2ℓ}
|x|4 , (12)

for all x ∈ R6. Here, C,C1, C2 are universal positive constants such that C1 < C2.
Moreover,

ˆ

R6

dx
(
|(M∇R6fℓ)(x)|2

)
≤ 32

3
√
3
a4

(
1 + C

(a
ℓ

)4
)

(13)

Furthermore, by defining ℓ̃ :=
√

3/2ℓ and

gℓ(x) := 1{|x|≥ℓ̃}, (14)

we have
fℓ(x1, x2) ≥ max(gℓ(x1), gℓ(x2)), (15)

for all x1, x2 ∈ R3.

Proof. Both (11) and (12) follow directly from the definition of fℓ and |∇χ(x)| ≤
Cℓ−11{ℓ/2≤|M−1x|≤ℓ} and σ(M−1) =

{√
2/3,

√
2
}

. To compute (13) we first write
ˆ

R6

dx
(
|(M∇R6fℓ)(x)|2

)
=

ˆ

R6

dx
(
|(M∇R6ω)(x)|2χℓ(x)

2
)

+ 2

ˆ

R6

dx
(
(M∇R6ω)(x) · (M∇R6χℓ)(x)ωℓ(x)

)

+

ˆ

R6

dx
(
ω(x)2|(M∇R6χℓ)(x)|2

)
.
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The only contribution of order a4 comes from the first term. Indeed, using again
|∇χ(x)| ≤ Cℓ−11{ℓ/2≤|M−1x|≤ℓ} and (11) we have
ˆ

R6

dx
(
2(M∇R6ω)(x) · (M∇R6χℓ)(x)ωℓ(x)+ |ω(x)2|(M∇R6χℓ)(x)|2

)
≤ Ca4

(a
ℓ

)4
.

Moreover, by writing ω = ω̃(M−1·) with ω̃(x) = 4a4/|x|4, we get
ˆ

R6

dx
(
|(M∇R6ω)(x)|2χℓ(x)

2
)
=

ˆ

R6

dx
( ∣∣(∇R6ω̃)(M−1x)

∣∣2 χ̃ℓ(M−1x)2
)

= detM
ˆ

R6

dy
(
|(∇R6 ω̃)(y)|2 χ̃ℓ(y)

2
)

≤ 32

3
√
3
π2a4.

In the second equality we used the change of variables y = M−1x. In the last
inequality we used ∇R6 ω̃ = 0 on B(0,

√
2a) and χ̃ℓ(x) ≤ 1{|x|≤ℓ} and ∇y(1/|y|4) =

−4y/|y|6 and detM =
√
3/2 and that the surface of the 5-dimensional sphere in R6

is given by |S5| = 8π2/3. This proves (13).
Finally, notice that fℓ(x1, x2) = 1 when |M−1(x1, x2)|−1 ≥ ℓ, which is true when-

ever |x1| ≥ ℓ̃ or |x2| ≥ ℓ̃. This immediately implies (15) and concludes the proof of
Lemma 2. �

3. Proof of the upper bound

To get an upper bound on (3), we need to evaluate the energy on an appropriate
trial state. To do so, we add correlations among particles to the uncorrelated state
ΨN,L ≡ 1. Since correlations are produced mainly by three-body scattering events,
we consider the trial state

ΨN,L(x1, . . . , xN ) =
∏

1≤i<j<k≤N

fℓ(xi − xj, xi − xk), (16)

where ℓ is a parameter satisfying a ≪ ℓ ≪ L that will be fixed later; ΨN,L is
clearly an admissible state. The function fℓ defined in (10) describes the three-body
correlations up to a distance ℓ. Such trial states have been first used in [4, 9, 11] and
are usually referred to as Jastrow factors (in [10] Dyson worked with a nonsymmetric
trial state describing only nearest neighbour correlations). For readability’s sake we
from now on write

fijk = fℓ(xi − xj, xi − xk)

and
∇ifijk = ∇xifℓ(xi − xj, xi − xk) (17)

for all i, j, k ∈ {1, . . . , N}.
To compute the energy of the trial state (16), we first notice that

∇x1ΨN,L(x1, . . . , xN ) =
∑

2≤p<q≤N

∇1f1pq
f1pq

∏

1≤i<j<k≤N

fijk,

which when combined with the three-body symmetry (7) implies
〈
ΨN,L,

∑N
i=1 −∆xiΨN,L

〉

‖ΨN,L‖2
= N

〈∇x1ΨN,L,∇x1ΨN,L〉
‖ΨN,L‖2
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=
N(N − 1)(N − 2)

3

´

dxN

(
|M∇f123|2

f2
123

∏
1≤i<j<k≤N f2

ijk

)

´

dxN

(∏
1≤i<j<k≤N f2

ijk

)

+N(N − 1)(N − 2)(N − 3)

´

dxN

(
∇1f123
f123

· ∇1f124
f124

∏
1≤i<j<k≤N f2

ijk

)

´

dxN

(∏
1≤i<j<k≤N f2

ijk

)

+
N(N − 1)(N − 2)(N − 3)(N − 4)

4

´

dxN

(
∇1f123
f123

· ∇1f145
f145

∏
1≤i<j<k≤N f2

ijk

)

´

dxN

(∏
1≤i<j<k≤N f2

ijk

)

=: I1 + I2 + I3.
In the second equality we used

|∇x1fℓ(x1 − x2, x1 − x3)|2 + |∇x2fℓ(x1 − x2, x1 − x3)|2

+ |∇x3fℓ(x1 − x2, x1 − x3)|2 = 2 |(M∇R6fℓ)(x1 − x2, x1 − x3)|2 .
Let us now bound each term one by one. Thanks to (14), we have

∏

3≤j<k≤N

fℓ(x1 − xj, x1 − xk)
2 ≥

N∏

j=3

gℓ(x1 − xj)

and
∏

3≤j<k≤N

fℓ(x2 − xj , x2 − xk)
2 ≥

N∏

j=3

gℓ(x2 − xj).

Hence, by defining uℓ := 1− f2
ℓ and vℓ := 1− gℓ we have the estimate

1−
N∑

j=3

v1j −
N∑

j=3

v2j −
N∑

k=3

u12k ≤
∏

3≤j<k≤N

f2
1jkf

2
2jk

N∏

k=3

f2
12k ≤ 1,

where we used the short-hand notations vij = vℓ(xi −xj) and uijk = uℓ(xi −xj, xi−
xk). This allows us to decouple the variables x1 and x2 in the numerator and in the
denominator of I1; with (12) and (13) we obtain

I1 ≤
N3

3

´

R6 dx
(
|(M∇R6fℓ)(x)|2

)

L6 − CL3N
´

dx(vℓ(x))− CN
´

dx(uℓ(x))

≤ 32

9
√
3
π2 Nρ2a4(1 + C(a/ℓ)4)

1− Cρℓ3 − Cρℓ2a4/L3

≤ 32

9
√
3
π2Nρ2a4

(
1 +C

(a
ℓ

)4
+ Cρℓ3

)
, (18)

under the assumption that ρℓ3 ≪ 1 and a ≪ ℓ ≪ L. In the last inequality we used
ℓ2a4/L3 ≤ ℓ3. To bound I2 we similarly decouple the variables x2, x3 and x4. Using
again (11) and (12) we can bound

I2 ≤ CN4

´

dxdy dz(|∇fℓ(x, y)| · |∇fℓ(x, z)|)
L9 − CNL6

´

dx(vℓ(x))− CNL3
´

dx(uℓ(x))

≤ CNρ2a4
[
ρa4ℓ−1

] (
1 + Cρℓ3

)

≤ CNρ2a4
(
ρℓ3

)
, (19)

243



REFERENCES 7

when ρℓ3 ≪ 1 and a ≪ ℓ ≪ L. Analogously, we bound I3 by decoupling the variables
x1, x2 and x4. Namely, using once more (11) and (12) we get

I3 ≤ CN5

(´
dx|∇fℓ(x)|

)2

L12 − CNL9
´

dx(vℓ(x)) − CNL6
´

dx(uℓ(x))

≤ CNρ2a4
[
ρ2a4ℓ2

] (
1 + Cρℓ3

)

≤ CNρ2a4
(
ρℓ3

)
(20)

again under the condition that ρℓ3 ≪ 1 and a ≪ ℓ ≪ L. From (18)–(20) we conclude
that

EN,L ≤ 32

9
√
3
π2Nρ2a4

(
1 + C

(a
ℓ

)4
+ Cρℓ3

)
.

Taking ℓ = a
(
ρa3

)−1/7 finishes the proof of Theorem 1.
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Chapter 8

Derivation of Hartree theory for
two-dimensional attractive Bose
gases in very dilute regime

This chapter contains the paper , of Visconti and the author.
Here we provide a proof of convergence towards hartree en-
ergy in much more singular regmies than previously consid-
ered. The paper is included in its pre-print version, which
can be found at https://doi.org/10.48550/arXiv.2410.23150.
It can be located within the thesis by the colour ■ at the top
of the page.
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DERIVATION OF HARTREE THEORY FOR TWO-DIMENSIONAL
ATTRACTIVE BOSE GASES IN VERY DILUTE REGIME

LUKAS JUNGE AND FRANÇOIS L. A. VISCONTI

Abstract. We study the ground state energy of trapped two-dimensional Bose gases with
mean-field type interactions that can be attractive. We prove the stability of second kind of
the many-body system and the convergence of the ground state energy per particle to that of a
non-linear Schrödinger (NLS) energy functional. Notably, we can take any polynomial scaling of
the interaction, and even exponential scalings arbitrarily close to the Gross–Pitaevskii regime,
which is a drastic improvement on the best-known result for systems with attractive interactions.
As a consequence of the stability of second kind we also obtain Bose–Einstein condensation for
the many-body ground states for a much improved range of the diluteness parameter.
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1. Introduction

We consider N two-dimensional bosons interacting via a pair potential wN and trapped by an
external potential V . The system is described by the N-body Hamiltonian

HN =
N∑

i=1

(−∆xi + V (xi)) +
1

N − 1

∑

1≤i<j≤N

wN (xi − xj) (1)

acting on

HN =
N⊗

sym

H,

the symmetric tensor product of N copies of the one-body Hilbert space H := L2(R2). The
interaction potential wN and the trapping potential V satisfy the following assumptions.

Assumption 1. The two-body interaction is either of the form

wN = N2βw(Nβ·), (2)

for some fixed β > 0, or of the form

wN = e2N
κ
w(eN

κ ·), (3)

for some 0 < κ < 1. The function w : R2 → R is fixed and satisfies

w ∈ L1(R2) ∩ L1+η(R2) and w(x) = w(−x),

Date: June 30, 2025.
1

248



2 L. JUNGE AND F. L. A. VISCONTI

for some η > 0. The external trapping potential V : R2 → R satisfies

V (x) ≥ C−1|x|s − c (4)

for some constants s > 0 and c, C > 0.

Under these assumptions the Hamiltonian HN is bounded from below with the core domain
HN ∩ C∞

c (R2N ) and can thus be extended to a self-adjoint operator by Friedrichs’ method.
The system we are considering is a mean-field system and is expected to exhibit Bose–Einstein

condensation, meaning that almost all particles would live in the same quantum state. In terms
of wavefunctions this roughly translates to

Ψ(x1, . . . , xN ) ≈ u⊗N (x1, . . . , xN ) := u(x1) · · ·u(xN ). (5)

Taking the trial state wavefunction u⊗N , it is therefore natural to look at the Hartree energy
functional

EH
N [u] =

〈
u⊗N , HNu

⊗N
〉

N
= ⟨u, hu⟩+ 1

2

ˆ

R2

(wN ∗ |u|2)|u|2, (6)

where we defined
h := −∆+ V.

Since
wN ⇀ aδ0 with a :=

ˆ

R2

w

in the limit N → ∞, the Hartree functional (6) formally converges to the non-linear Schrödinger
(NLS) energy functional

Enls[u] = ⟨u, hu⟩+ a

2

ˆ

R2

|u|4. (7)

The speed at which the convergence of the Hartree functional (6) to the NLS functional (7)
occurs is measured by the parameter β in the polynomial case and κ in the exponential case. In
general, the faster the convergence, the harder the analysis.

For the repulsive case w ≥ 0, it is known that the limiting energy functional (7) admits a subtle
correction when the potential scales exponentially with N . Indeed, when taking κ = 1 in (3) and
removing the mean-field factor (N − 1)−1 in (1), we obtain the so-called Gross–Pitaevskii regime,
for which the convergence to point-wise like interactions still occurs, but where the limiting
functional is now (7) with a ≈ 8π/ log(N/a2), where a is the scattering length of w [15–17]. This
is because the ground state of (1) includes a non-trivial correction to the ansatz (5), in the form
of a short-range correlation structure.

When w is not purely repulsive (e.g. w ≤ 0), the problem is more difficult since we have to
deal with the issue of the system’s stability. More precisely, the energy Enls is bounded from
below under the constraint ∥u∥2 = 1 if and only if

a ≥ −a∗, (8)

where a∗ is the optimal constant of the Gagliardo–Nirenberg inequality(
ˆ

R2

|∇u|2
)(
ˆ

R2

|u|2
)

≥ a∗

2

ˆ

R2

|u|4, ∀u ∈ H1
(
R2
)
. (9)

Thus, a ≥ −a∗ is a necessary condition for stability [6, 18, 25, 26]. Furthermore, the Hartree
energy functional (6) is stable in the limit N → ∞ only if

inf
u∈H1(R2)




ˆ

(w ∗ |u|2)|u|2

2∥u∥2L2∥∇u∥2L2


 ≥ −1 (10)

and we shall thus say that w is Hartree stable if (10) holds. Indeed, if (10) fails to hold, then the
ground state energy of the Hartree functional (6) converges to −∞ when N → ∞, as was shown
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in [11, Proposition 2.3]. Hence, Hartree stability (10) is a necessary condition for stability of
second kind [14] of the many-body system:

HN ≥ −CN. (11)

The goal of the present paper is to show that the Hartree stability is also a sufficient condition
to ensure the stability of second kind of the many-body system. For practical reasons, we need
to assume the slightly stronger strict Hartree stability

inf
u∈H1(R2)




ˆ

(w ∗ |u|2)|u|2

2∥u∥2L2∥∇u∥2L2


 > −1. (12)

Note also that (12) in particular holds if
ˆ

R2

w− < a∗,

where w− := −min(0, w) is the negative part of w. Such an assumption was for example
considered in [20]. In the polynomial case (2) and under the condition (12), the many-body
stability (11) has been proved in [10, 11] for β > 0 sufficiently small, and later in [20] for 0 < β < 1.
In the present work, we extend this stability result to all β ∈ (0,∞) and to exponential scalings
(3) for all κ ∈ (0, 1).

Alongside proving stability of second kind, we also prove the convergence of the many-body
ground state energy to that of the NLS energy functional (7) for any β ∈ (0,∞) (or any κ ∈ (0, 1)).
Consequently, we also obtain the convergence of the many-body ground states to those of the
NLS functional (7). Though both the defocusing (a ≥ 0) and focusing (a ≤ 0) cases are covered,
the main novelty of the paper lies in the latter case.

Acknowledgments. We thank Phan Thành Nam for his continuous support and his precious
feedback. L. J. was partially supported by the European Union. Views and opinions expressed
are however those of the authors only and do not necessarily reflect those of the European Union
or the European Research Council. Neither the European Union nor the granting authority can
be held responsible for them. L. J. was partially supported by the Villum Centre of Excellence
for the Mathematics of Quantum Theory (QMATH) with Grant No.10059. L. J. was supported
by the grant 0135-00166B from Independent Research Fund Denmark. F. L. A. V. acknowledges
partial support by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation)
through the TRR 352 Project ID. 470903074 and by the European Research Council through the
ERC CoG RAMBAS Project Nr. 101044249.

2. Main result

2.1. Notations. For ψ1 ∈ HN1 and ψ2 ∈ HN2 , we define the symmetric tensor product ψ1⊗sψ2 ∈
HN1+N2 as follows:

ψ1 ⊗s ψ2(x1, . . . , xN1+N2) :=
1√

N1!N2!(N1 +N2)!

×
∑

σ∈SN1+N2

ψ1(xσ(1), . . . , xσ(N1))ψ2(xσ(N1+1), . . . , xσ(N1+N2)).

Here SN is the group of permutations of {1, . . . , N}. We denote the i-fold tensor product of a
vector f ∈ H by f⊗i ∈ Hi, and the i-fold tensor product of an operator A : H → H by A⊗i. We
denote by

S(X) :=
{
Γ ∈ S1(X) : Γ = Γ∗ ≥ 0,TrX Γ = 1

}
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4 L. JUNGE AND F. L. A. VISCONTI

the set of all states on a given Hilbert space X. Here S1(X) is the space of all trace-class operators
on X [23]. The k-particle reduced density matrix of a given state Γ ∈ S(HN ) is obtained by
taking the partial trace over all but the first k variables:

Γ(k) := Trk+1→N (Γ).

Moreover, we denote the k-particle reduced density matrix of a normalised wavefunction Ψ ∈ HN

by
γ
(k)
Ψ := Trk+1→N |Ψ⟩⟨Ψ|.

2.2. Statement of the main result. We prove the convergence of the many-body ground state
energy per particle

eN :=
1

N
inf σ(HN ) =

1

N
inf
{
⟨Ψ, HNΨ⟩ : Ψ ∈ HN , ∥Ψ∥ = 1

}

to that of the NLS functional (7)

enls := inf
{
Enls[u] : u ∈ H, ∥u∥ = 1

}
.

The convergence of the ground states of HN to those of Enls follows directly from the convergence
of the energies, thanks to arguments from [11].

Theorem 2 (Convergence to NLS theory). Let wN and V satisfy Assumption 1. Then,

lim
N→∞

eN = enls > −∞

and
HN ≥ −CN,

for some constant C > 0 that depends only on w and V . Moreover, for a sequence {ΨN}N of
ground states of HN , there exists a Borel probability measure µ supported on the minimisers of
Enls such that, along a subsequence,

lim
N→∞

Tr

∣∣∣∣γ
(k)
ΨN

−
ˆ

|u⊗k⟩⟨u⊗k| dµ(u)
∣∣∣∣ = 0, ∀k ∈ N.

If Enls has a unique minimiser u0 (up to a phase), then for the whole sequence

lim
N→∞

Tr
∣∣∣γ(k)ΨN

− |u⊗k
0 ⟩⟨u⊗k

0 |
∣∣∣ = 0, ∀k ∈ N.

Remarks.
(1) Thanks to the diamagnetic inequality [13, Theorem 7.21], we can easily add an external

magnetic field B = curlA with A ∈ L2
loc(R2) to the system, meaning that −∆xj can be

replaced by (i∇xj +A(xj))
2 in (1). Moreover, the same proof can also be used when

working on the unit torus or in a finite box with Dirichlet boundary conditions instead of
a trapping potential V . Heuristically, one can think of this as s = ∞ in (4).

(2) When considering the dynamics of a two-dimensional Bose gas with attractive interac-
tions, that is when trying to prove that Bose–Einstein condensation is preserved by the
Hamiltonian flow eitHN , one is also confronted with issues of stability of second kind. The
best-known result in this direction is the range 0 < β < 1 and follows from the method
of [8] and the stability of second kind proven in [20]. It would be interesting to know
whether Theorem 2 allows for an improvement of the previous result. More restrictive
ranges had previously been obtained in [19] (without the use of (11)) and in [4] (for
s = 2). See [5, 21] for related results in 3D. In the defocusing case w ≥ 0, we refer to
[7, 9] for results in 2D and [1, 4] for the effectively 2D dynamics of strongly confined
3D systems. We mention as well that the instability regime, that is a < −a∗ (see (9)),
poses natural and interesting questions for the dynamics, namely whether Bose–Einstein
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DERIVATION OF HARTREE THEORY IN 2D 5

condensation persists until the blow-up of the Hartree solution. See [2] for new results in
this direction.

(3) Stability of second kind is an issue as well for three-dimensional Bose gases with interaction
potentials

N3βw(Nβ·)
having an attractive part in the dilute regime β > 1/3. For stability of second kind to
hold one must make the additional assumption that the potential is classically stable
[11, 24]. Regrettably, a straightforward adaptation of the proof of Theorem 2 only works
up to β < 1/3, thus failing to capture the dilute regime. The best-known results in the
dilute regime are the ranges 1/3 < β < 1/3 + s/(45 + 42s) [24], where s is the exponent
in (4), and 1/3 < β < 9/26 [20].

2.3. Strategy of the proof. We wish to compare the many-body ground state energy per
particle eN to that of the Hartree functional (6)

eHN = inf
{
EH
N [u] : u ∈ H, ∥u∥ = 1

}
,

and then use the convergence
lim

N→∞
eHN = enls

(see [10, Lemma 7]). The upper bound eN ≤ eHN can immediately be obtained using the trial
state u⊗N , and the difficult part is to prove a matching lower bound. Note that, for practical
reasons, we shall not compare eN to eHN , but to the ground state ẽHN of a slightly modified Hartree
functional, which also converges to enls.

To prove the lower bound, we shall use a localisation technique in momentum space in order to
reduce the infinite dimensional problem to multiple finite dimensional ones (similarly to [10, 11,
20]). Then, we shall apply the following quantitative version of the quantum de Finetti theorem
[3, 12].

Theorem 3. Given a Hilbert space X of dimension d and a symmetric state ΓK ∈ S(XK), there
exists a probability measure µ on S(X) such that

∣∣∣∣∣Tr
[
A⊗B

(
Γ
(2)
K −

ˆ

S(X)
γ⊗2dµ(γ)

)]∣∣∣∣∣ ≤ C

√
log d

K
∥A∥op∥B∥op

for all self-adjoint operators A and B on X, and for some universal constant C > 0.

Proof. In [3], the statement was proven with A,B replaced by quantum measurement. See [22,
Proposition 3.3] and [20, Lemma 3.3] for an adaptation to self-adjoint operators. □

We shall apply Theorem 3 on energy subspaces of the one-body Schrödinger operator h acting
on H defined by the spectral projections

P1 := 1{√h<Nε} and Pi := 1{N(i−1)ε≤
√
h<N iε}, 2 ≤ i ≤M, (13)

for some ε,M > 0. Note that thanks to Assumption (4) we have the Cwikel–Lieb–Rosenblum
(CLR) type estimate

dim
(
1{√h<N iε}H

)
≤ CN (2+4/s)iε, (14)

for all i ∈ {1, . . . ,M} (see [11, Lemma 3.3] and references therein). When working on the unit
torus or on a box with Dirichlet boundary conditions, the estimate (14) should be replaced by
the usual Weyl asymptotic.

Before applying Theorem 3 we shall write the energy of a ground state Ψ of HN as

⟨Ψ, HNΨ⟩ = N

2
Tr
(
H2,NΓ(2)

)
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6 L. JUNGE AND F. L. A. VISCONTI

using the two-particle reduced density matrix Γ(2) of Ψ and the two-body Hamiltonian

H2,N := h1 + h2 + wN (x1 − x2) =: T + wN .

Decomposing the identity according to the spectral projections defined in (13) we will then
roughly get

Tr
(
H2,NΓ(2)

)
≳

∑

1≤i1,i2≤M
1≤i′1,i

′
2≤M

Tr
(
Pi1 ⊗ Pi2H2,NPi′1

⊗ Pi′2
Γ(2)

)
,

where the Sobolev inequality shall be used to neglect the terms containing the last spectral
projection PM+1 := 1{NMε≤

√
h}.

After that, we will decompose the many-body state Ψ according to the occupancy of its energy
levels (defined by the spectral projections 13), namely

Tr
(
H2,NΓ(2)

)
≳
∑

J,J ′

∑

1≤i1,i2≤M
1≤i′1,i

′
2≤M

Tr
(
Pi1 ⊗ Pi2H2,NPi′1

⊗ Pi′2
Γ
(2)

J,J ′

)
,

where the sum is taken over the multi-indices J = (j1, . . . , jM+1) satisfying |J | = N and with

ΓJ,J ′ = |ΨJ⟩⟨ΨJ ′ | and ΨJ = P⊗j1
1 ⊗s · · · ⊗s P

⊗jM+1

M+1 Ψ.

Then, we shall define

imax(J) := max
{
i ∈ {1, . . . ,M} : ji ≥ N1−δε

}
,

for some δ > 0, and make an important distinction between the terms that satisfy imax(J) =
imax(J

′) and for which i1, i2, i′1 and i′2 are all less than imax(J), and the other terms. In the latter
case, we shall use Proposition 4 and Lemma 5 (see below) to show that their potential energy is
much smaller than the overall kinetic energy of the system and that their contribution to the
many-body energy is therefore negligible. Doing so, we shall be left with

Tr
(
H2,NΓ(2)

)
≳

∑

J,J ′

imax(J)=imax(J ′)

imax(J)∑

i1,i2=1
i′1,i

′
2=1

Tr
(
Pi1 ⊗ Pi2H2,NPi′1

⊗ Pi′2
Γ
(2)

J,J ′

)
, (15)

where a small amount of the kinetic energy has been sacrificed to bound the error terms. Fixing
i = imax(J) and defining Pi =

∑i
k=1 Pk, we can rewrite the sum over i1, i2, i′1, i′2 as

i∑

i1,i2=1
i′1,i

′
2=1

Tr
(
Pi1 ⊗ Pi2H2,NPi′1

⊗ Pi′2
Γ
(2)

J,J ′

)
= Tr

(
Pi ⊗ PiH2,NPi ⊗ PiΓ

(2)

J,J ′

)
,

which is almost of the right form to apply Theorem 3 on X = PiH.
The only remaining obstacle is that, instead of having ΓJ,J ′ , which is in general not a even a

state, we would like to have a state belonging to S(XK) for some K. In other words, we would
like to know exactly how many particles have momenta in Pi, and discard the information about
the others. This can rigorously be done by not only fixing i = imax(J), but also the number K of
particles that have momenta in Pi, and using Lemma 6 to construct a state γi,K ∈ S(P⊗K

i HK).
Having done so, we shall get

Tr
(
H2,NΓ(2)

)
≳

M∑

i=1

∑

K

(
N

2

)−1(K
2

)
∥Ψi,K∥2Tr

(
H2,Nγ

(2)
i,K

)
, (16)
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where

Ψi,K :=
∑

J
imax(J)=i
jmax(J)=K

ΨJ with jmax(J) :=

imax(J)∑

k=1

jk.

For each state γi,K , an application of Theorem 3 - which can be done since PiH has finite
dimension controlled by the CLR type estimate (14) - shall yield

Tr
(
H2,Nγ

(2)
i,K

)
≳
ˆ

S(PiH)
Tr
(
H2,Nγ

⊗2
)
dµ(γ) ≳ 2ẽHN , (17)

where ẽHN is the ground state energy of a slightly modified version of the Hartree functional 6
that satisfies

ẽHN ≥ −C and lim
N→∞

ẽHN = enls.

Finally, injecting (17) into (16) and controlling the error terms using Proposition 4 shall yield
the desired result.

Proposition 4 (Plane wave estimate). Let ek be the multiplication operator on H by cos(k · x)
or sin(k · x). Let Pi := 1{

√
h<N iε}. Then, for all p ∈ N0 and k ∈ R2 \ {0},

±PiekPi ≤ Cp
Npiε

|k|p Pi, (18)

for N large enough and for Cp > 0 depending only on p. Consequently, for all i1, i2 ∈ {1, . . . ,M},
we have

Pi1 ⊗ Pi2 |wN (x− y)|Pi1 ⊗ Pi2 ≥ −CN2min(i1,i2)εPi1 ⊗ Pi2 , (19)

for N large enough and for some constant C > 0 (depending only on ∥w∥L1).

Lemma 5. Let P1, P2 and Q be orthogonal projections on H. Given a state

Γ ∈ S
(
P⊗j1
1 ⊗s P

⊗j2
2 ⊗s Q

⊗(N−j1−j2)HN
)
,

for some 0 ≤ j1, j2 ≤ N , we have

Tr
(
P1Γ

(1)
)
=
j1
N
, Tr

(
P⊗2
1 Γ(2)

)
=
j1(j1 − 1)

N(N − 1)
(20)

and

Tr
(
P1 ⊗ P2Γ

(2)
)
=

j1j2
N(N − 1)

. (21)

Lemma 6. Let P and Q be orthogonal projections on H. Given a state

Γ ∈ S
(
P⊗j ⊗s Q

⊗(N−j)HN
)
,

for some j ≥ 1, there exists another state

Γj ∈ S
(
P⊗jHj

)

such that

P ⊗ PΓ(2)P ⊗ P =

(
N

2

)−1(j
2

)
Γ
(2)
j . (22)

Organisation of the paper. We prove Theorem 2 in Section 3. Then, we prove Proposition 4,
as well as Lemmas 5 and 6 in Section 4. Lastly, an important technical lemma used in the proof
of Theorem 2 is proven in Section 5.
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8 L. JUNGE AND F. L. A. VISCONTI

3. Proof of Theorem 2

We begin the proof by splitting L2(R2) into M + 1 annuli in momentum space according to

P1 := 1{
√
h<Nε}, Pi := 1{N(i−1)ε≤

√
h<N iε}, 2 ≤ i ≤M (23)

and
PM+1 := 1{NMε≤

√
h}, (24)

for some ε,M > 0 that shall be chosen later. Moreover, we define

Pj :=

j∑

i=1

Pi and Qj :=

M+1∑

i=j+1

Pi.

In the polynomial case, that is for wN of the form (2), the parameter ε shall be universal, and
M shall be a constant taken such that

2β +
1 + η

η
ε < Mε < 4β +

1 + η

η
ε, (25)

where η > 0 is such that w ∈ L1+η(R2). In the exponential case, that is wN of the form (3), ε
shall only depend on κ. The parameter M shall be taken such that

2Nκ

logN
+

1 + η

η
ε < Mε <

4Nκ

logN
+

1 + η

η
ε, (26)

where η > 0 is again such that w ∈ L1+η(R2). In both (25) and (26), the lower bound arises
when getting rid of the projection PM+1, and the upper bound states that we do not want M
too large.

Let Ψ be the ground state of HN defined in (1). Then, using the symmetry of Ψ and HN , we
have

inf σ(HN ) = ⟨Ψ, HNΨ⟩ = N

2
Tr
(
H2,NΓ(2)

)
,

where
Γ := |Ψ⟩⟨Ψ| and H2,N := h1 + h2 + wN (x1 − x2) =: T + wN .

Since we need to extract a small amount of the kinetic energy to control some error terms, we
define

H̃2,N :=

(
1− 1

logN

)
T + wN .

We claim that

Tr
(
H2,NΓ(2)

)
≥ Tr

(
PM ⊗ PMH̃2,NPM ⊗ PMΓ(2)

)
+

C

logN
Tr
(
hΓ(1)

)
− CN−ε. (27)

Indeed, using the identity 1 = PM + PM+1, we see that, to prove (27), we need to bound terms
of the form

Tr
(
PM+1 ⊗ PMwNPM ⊗ PMΓ(2)

)
,

and terms with more than one projection PM+1, which are bounded in the same way. Thanks to
the Hölder inequality and the Sobolev inequality, we have
∣∣∣Tr
(
PM+1 ⊗ PMwNPM ⊗ PMΓ(2)

)∣∣∣

≤ CN−εTr
(
PM+1 ⊗ PM (N

4β+2ε 1+η
η + h1)PM+1 ⊗ PMΓ(2)

)

+ CN−εTr
(
PM ⊗ PM (1 + h1)PM ⊗ PMΓ(2)

)

≤ CN−εTr
(
PM+1 ⊗ PM (1 + h1)PM+1 ⊗ PMΓ(2)

)

+ CN−εTr
(
PM ⊗ PM (1 + h1)PM ⊗ PMΓ(2)

)
.
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In the first inequality we used the Sobolev inequality with weights

∥f∥2Lp ≤ Cpτ
−(p−2)/p

(
∥f∥2 + τ∥∇f∥2

)
, ∀f ∈ H1(R2),

which holds for any p ≥ 2 and for all τ > 0, and that can be proven following the same
proof as [13, Theorem 8.5]. In the second inequality we used (25) (or (26)) and the estimate
N2MεPM+1 ≤ PM+1hPM+1. This proves (27) for N large enough.

After that, we decompose Ψ according to the occupancy of the energy levels defined by the
projections (23) and (24). For this, we define, for any multi-index J = (j1, . . . , jM+1) satisfying
|J | = N ,

ΨJ := P⊗j1
1 ⊗s · · · ⊗s P

⊗jM+1

M+1 Ψ,

as well as
ΓJ :=

∣∣ΨJ

〉 〈
ΨJ

∣∣ and ΓJ,J ′ :=
∣∣ΨJ ′

〉 〈
ΨJ

∣∣ .
Moreover, for any multi-index J , we define

J (i1,i2) :=

{
(j1, . . . , ji1 + 1, . . . , ji2 + 1, . . . , jM+1) if i1 ̸= i2,
(j1, . . . , ji1 + 2, . . . , jM+1) otherwise.

Then, using that

Pi1 ⊗ Pi2Γ
(2)Pi′1

⊗ Pi′2
=
∑

J

Pi1 ⊗ Pi2Γ
(2)

J(i1,i2),J(i′1,i
′
2)
Pi′1

⊗ Pi′2
,

we can write

Tr
(
H2,NΓ(2)

)
≥
∑

J

∑

1≤i1,i2≤M
1≤i′1,i

′
2≤M

Tr

(
Pi1 ⊗ Pi2H̃2,NPi′1

⊗ Pi′2
Γ
(2)

J(i1,i2),J(i′1,i
′
2)

)

+
C

logN
Tr
(
hΓ(1)

)
− CN−ε, (28)

where we are summing over multi-indices J satisfying |J | = N − 2.
Let us bound the first term in the right-hand side of (28). To do so, we define

imax(J) := max
{
i ∈ {1, . . . ,M} : ji ≥ N1−δε

}
, (29)

for some δ > 0 that shall be fixed later. We shall sometimes omit J and simply write imax for
readability’s sake. We take the convention that imax(J) = 0 if the set on the right-hand side is
empty. Then, we make the following important distinction regarding the sum over i1, i2, i′1, i′2:
either imax(J) = imax(J

′) and i1, i2, i′1, i′2 ≤ imax(J) - in which case we shall use Theorem 3 - or
not. In the latter case, we need to bound terms of the form

Tr

(
Pi1 ⊗ Pi2wNPi′1

⊗ Pi′2
Γ
(2)

J(i1,i2),J(i′1,i
′
2)

)
,

where one of the four indices, say i1, is such that ji1 < N1−δε. This is done in the following
lemma, whose proof is given in Section 5.

Lemma 7. Take wN as in Assumption 1, and M and ε satisfying either (25) or (26). Let δ ≥ 6
and define imax as in (29) for any given multi-index J . Then,

∑

J

M∑

i1=imax+1

M∑

i2,i3,i4=1

∣∣∣∣Tr
(
Pi1 ⊗ Pi2wNPi′1

⊗ Pi′2
Γ
(2)

J(i1,i2),J(i′1,i
′
2)

)∣∣∣∣

≤ C(N−ε +N2ε−(1−κ)) Tr
(
(1 + h)Γ(1)

)
(30)

for some constant C that depends only on ∥w∥1, and with κ = 0 in the polynomial case (25).
Here, we are summing over all multi-indices J satisfying |J | = N − 2.
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10 L. JUNGE AND F. L. A. VISCONTI

Injecting (30) into (28), we obtain

Tr
(
H2,NΓ(2)

)
≥
∑

J

imax∑

i1,i2=1
i′1,i

′
2=1

Tr

(
Pi1 ⊗ Pi2H̃2,NPi′1

⊗ Pi′2
Γ
(2)

J(i1,i2),J(i′1,i
′
2)

)

+
C

logN
Tr
(
hΓ(1)

)
− CN−ε − CN2ε−(1−κ), (31)

under the condition

ε <
1− κ

2
, (32)

with κ = 0 in the polynomial case (2). We do not mention the condition (32) further since it will
be fulfilled by our choice of ε.

Before we can apply Theorem 3, we need to do a bit of rewriting. We start by decomposing
over the different values that imax can take:

∑

J

imax∑

i1,i2=1
i′1,i

′
2=1

Tr

(
Pi1 ⊗ Pi2H̃2,NPi′1

⊗ Pi′2
Γ
(2)

J(i1,i2),J(i′1,i
′
2)

)

=
M∑

i=1

i∑

i1,i2=1
i′1,i

′
2=1

∑

J
imax(J)=i

Tr

(
Pi1 ⊗ Pi2H̃2,NPi′1

⊗ Pi′2
Γ
(2)

J(i1,i2),J(i′1,i
′
2)

)
.

Then, we use that, at fixed i1, i2, i′1, i′2, the sum over J can be rewritten as
∑

J
imax(J)=i

Pi1 ⊗ Pi2Γ
(2)

J(i1,i2),J(i′1,i
′
2)
Pi′1

⊗ Pi′2
=

∑

J ′,J ′′

imax(J ′)=i
imax(J ′′)=i

Pi1 ⊗ Pi2Γ
(2)

J ′,J ′′Pi′1
⊗ Pi′2

, (33)

where we are summing over J ’s satisfying |J | = N − 2 on the left-hand side, and over J ′, J ′′

satisfying |J ′| = |J ′′| = N on the right-hand side. Notice first that, due to the presence of the
projections Pi1 ⊗ Pi2 and Pi′1

⊗ Pi′2
, the multi-index J ′′ is entirely determined by the choice of J ′.

Said differently, the double sum on the right-hand side is in essence only a single sum. Moreover,
for every J ′, there is exactly one J such that J (i1,i2) = J ′. Combining the previous two arguments
is enough to prove (33). We now define

jmax(J) :=

imax(J)∑

i=1

ji,

as well as
Ψi,K :=

∑

J
imax(J)=i
jmax(J)=K

ΨJ and Γi,K := |Ψi,K⟩ ⟨Ψi,K | . (34)

As it shall be useful later, we use the convention that, when i = 0, the condition jmax = K in
the definition of Ψ0,K (34) should be replaced by jM+1 = K. With these new definitions, we
may rewrite (33) as

∑

J
imax(J)=i

Pi1 ⊗ Pi2Γ
(2)

J(i1,i2),J(i′1,i
′
2)
Pi′1

⊗ Pi′2
=
∑

K

Pi1 ⊗ Pi2Γ
(2)
i,KPi′1

⊗ Pi′2
.
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Summing up, we have

Tr
(
H2,NΓ(2)

)
≥

M∑

i=1

∑

K

Tr
(
Pi ⊗ PiH̃2,NPi ⊗ PiΓ

(2)
i,K

)
+

C

logN
Tr
(
hΓ(1)

)

− CN−ε − CN2ε−(1−κ), (35)

where we are summing over N −MN1−δε ≤ K ≤ N .
Given that Ψi,K is in P⊗K

i ⊗s Q
⊗(N−K)
i HN and is symmetric, Lemma 6 allows us to find a

symmetric state γi,K ∈ S
(
P⊗K
i HK

)
such that

Pi ⊗ PiΓ
(2)
i,KPi ⊗ Pi =

(
N

2

)−1(K
2

)
∥Ψi,K∥2 γ(2)i,K .

Then, writing wN (x− y) in Fourier, applying Theorem 3 and using Proposition 4 and the CLR
type estimate (14) to bound the error terms, we obtain

Tr
(
H̃2,Nγ

(2)
i,K

)
=

ˆ

S(PiH)
Tr
(
H̃2,Nγ

⊗2
)
dµ(γ)

+

(
1− 1

logN

)
Tr

(
T

[
γ
(2)
i,K −

ˆ

S(PiH)
γ⊗2 dµ(γ)

])

+

ˆ

R2

dkŵ(N−βk) Tr

(
eik·xe−ik·y

[
γ
(2)
i,K −

ˆ

S(PiH)
γ⊗2 dµ(γ)

])

≥
ˆ

S(PiH)
Tr
(
H̃2,Nγ

⊗2
)
dµ(γ)

− C

√
Mε logN

K

(
N2iε +

ˆ

R2

dk∥Pie
ik·xPi∥2op|ŵ(N−βk)|

)

≥ 2ẽHN − C

√
Mε logN

K
N2iε, (36)

where ẽHN is the ground state energy of the Hartree functional (6) with h replaced by (1 −
(logN)−1)h. To prove the last inequality, we decomposed the integral over k just as we did in
the proof of Proposition 4. As a result of (35) and (36), we have

Tr
(
H2,NΓ(2)

)
≥ 2ẽHN

M∑

i=1

∑

K

(
N

2

)−1(K
2

)
∥Ψi,K∥2

− C

M∑

i=1

∑

K

(
N

2

)−1(K
2

)
∥Ψi,K∥2

√
Mε logN

K
N2iε

+
C

logN
Tr
(
hΓ(1)

)
− CN−ε − CN2ε−(1−κ). (37)

For the first term, we use the bound

1 ≥
M∑

i=1

∑

K

(
N

2

)−1(K
2

)
∥Ψi,K∥2 =

M∑

i=1

∑

K

Tr
(
Pi ⊗ PiΓ

(2)
i,K

)

=

M∑

i=0

∑

K

∥Ψi,K∥2 −
∑

K

∥Ψ0,K∥2
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−
M∑

i=1

∑

K

(
Tr
(
QiΓ

(1)
i,K

)
+Tr

(
Qi ⊗ PiΓ

(2)
i,K

))

≥ 1−
∑

K

∥Ψ0,K∥2 − CN−δε,

where we used Lemma 5 to bound the error terms. Note that since the last sum is over
N −MN1−11ε ≤ K ≤ N and ẽHN is bounded from below independently of N (see e.g. [20]), the
term

ẽHN
∑

K

∥Ψ0,K∥2 ≤ CN−2MεTr
(
hΓ(1)

)

is easily absorbed by the last term in (37). Lastly, using again
(
N
2

)−1(K
2

)
≤ 1, we can bound the

second term in the right-hand side of (37) by

N δε/2−1/2
√
Mε logN

M∑

i=1

∑

K

(
N

2

)−1(K
2

)
∥Ψi,K∥2N2iε

≤ N δε/2−1/2
√
Mε logN

∑

J

∥∥ΨJ

∥∥2N2imax(J)ε

≤ CN (3δ/2+2)ε−1/2
√
Mε logN

∑

J

∥∥ΨJ

∥∥2N2(imax(J)−1)ε jimax(J)

N

≤ CN (3δ/2+2)ε−1/2
√
Mε logN Tr

(
hΓ(1)

)
.

Choosing δ = 6 and ε < 1/22 in the polynomial case (2), and δ = 6 and ε < (1− κ)/22 in the
exponential case (3), we see that the previous term can be absorbed by the last term in the the
right-hand side of (37). Summing up, we have shown that

Tr
(
H2,NΓ(2)

)
≥ 2ẽHN − CN−ν ,

for N large enough and for some ν > 0. We conclude the proof of Theorem 2 by using that ẽHN
converges to enls as N → ∞ (this follows directly from [10, Lemma 7]). Stability of second kind
follows from the boundedness of ẽHN (see again [20]).

4. Plain wave estimate and other results

Proof of Proposition 4. Take k ∈ R2 \{0} and let us prove (18) for ek = cos(k ·x) (ek = sin(k ·x)
being similar). The bound for p = 0 is just |ek| ≤ 1. For p = 1, we take some smooth compactly
supported function f and write

⟨Pif, cos(k · x)Pif⟩ =
ˆ

R2

|Pif |2 cos(k · x) dx = −
ˆ

∇|Pif |2
k sin(k · x)

|k|2 dx

≤ 2

|k|

ˆ

R2

∣∣∇|Pif |
∣∣|Pif | dx ≤ 2

|k|

(
ˆ

|∇Pif |2
) 1

2

∥Pif∥

≤ C
N iε

|k| ∥Pif∥2,

for N large enough. Here, we wrote cos(k · x) = k · ∇ sin(k · x)/|k|2 and used an integration by
parts. Similarly, to prove (18) for p ≥ 2 we do p integration by parts instead of a single one.

To prove (19), we first decompose wN in Fourier space

wN (x− y) =

ˆ

R2

dkŵ(N−βk)eik·(x−y)
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=

ˆ

R2

dkŵ(N−βk) (cos(k · x) cos(k · y) + sin(k · x) sin(k · y)) . (38)

Conjugating the previous expression by Pi1 ⊗ Pi2 , we see that we must bound terms of the form
PiekPi. Decomposing the integral (38) into integrals over {|k| ≤ N i1ε}, {N i1ε < |k|} (taking
i1 ≤ i2), and using the estimate (18) with p = 0 for the first integral and p = 3 for the second
one, we obtain

Pi1 ⊗ Pi2wN (x− y)Pi1 ⊗ Pi2 ≥ −
ˆ

|k|≤N i1ε
dk
(
|ŵ(N−βk)|

)
Pi1 ⊗ Pi2

−
ˆ

N i1ε<|k|
dk

(
|ŵ(N−βk)|N

3i1ε

|k|3
)
Pi1 ⊗ Pi2 .

Bounding |ŵ| by ∥ŵ∥L∞ ≤ ∥w∥L1 and integrating over k directly implies (19), thereby finishing
the proof of Proposition 4. □

We now prove Lemmas 5 and 6. Define the permutation operator Uσ : HN → HN , for some
σ ∈ SN , acting as

UσΨ(x1, . . . , xN ) = Ψ(xσ(1), . . . ,σ(N) ),

for all Ψ ∈ HN . Then, that a state Γ ∈ S(HN ) is symmetric can be restated as

UσΓU
∗
σ = Γ, ∀σ ∈ SN .

Moreover, for any family {P1, . . . , Pk} of orthogonal projections on H, we can write

P⊗n1
1 ⊗s · · · ⊗s P

⊗nk
k =

1

n1! · · ·nk!
∑

σ∈SN

UσP
⊗n1
1 ⊗ · · · ⊗ P⊗nk

k U∗
σ , (39)

for any nonnegative integers n1, . . . , nk such that
∑k

i=1 ni = N .

Proof of Lemma 5. We only prove (21) since (20) follows similarly. We begin by writing

Tr
(
P1 ⊗ P2Γ

(2)
)
= Tr

(
P1 ⊗ P2 ⊗ 1⊗(N−2)Γ

)

= Tr
(
P1 ⊗ P2 ⊗ (P1 + P2 +Q)⊗(N−2)Γ

)
.

Developing (P1+P2+Q)⊗(N−2) and using that, since Γ acts on P⊗j1
1 ⊗sP

⊗j2
2 ⊗sQ

⊗(N−j1−j2)HN ,
the only terms that do not vanish are the ones containing j1 − 1 times P1, j2 − 1 times P2 and
N − j1 − j2 times Q, we obtain

Tr
(
P1 ⊗ P2Γ

(2)
)
= Tr

(
P1 ⊗ P2 ⊗

(
P

⊗(j1−1)
1 ⊗s P

⊗(j2−1)
2 ⊗s Q

⊗(N−j1−j2)
)
Γ
)
.

Conjugating Γ by Uσ, which can be done for free because Γ is symmetric, this becomes

Tr
(
P1 ⊗ P2Γ

(2)
)

=
1

N !

∑

σ∈SN

Tr
(
U∗
σP1 ⊗ P2 ⊗

(
P

⊗(j1−1)
1 ⊗s P

⊗(j2−1)
2 ⊗s Q

⊗(N−j1−j2)
)
UσΓ

)

Then, using the cyclicity of the trace as well as (39), we find

Tr
(
P1 ⊗ P2Γ

(2)
)
=

1

N !(j1 − 1)!(j2 − 1)!(N − j1 − j2)!

∑

σ∈SN

∑

π∈SN−2

Tr
(
U∗
σP1 ⊗ P2 ⊗ U∗

πP
⊗(j1−1)
1 ⊗ P

⊗(j2−1)
2 ⊗Q⊗(N−j1−j2)UπUσΓ

)
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=
(N − 2)!

N !(j1 − 1)!(j2 − 1)!(N − j1 − j2)!

×
∑

σ∈SN

Tr
(
U∗
σP

⊗j1
1 ⊗ P⊗j2

2 ⊗Q⊗(N−j1−j2)UσΓ
)

=
j1j2

N(N − 1)
Tr
(
P⊗j1
1 ⊗s P

⊗j2
2 ⊗s Q

⊗(N−j1−j2)Γ
)

=
j1j2

N(N − 1)
.

□
Proof of Lemma 6. Define

Γj :=

(
N

j

)
Trj+1→N

(
P⊗j ⊗Q⊗(N−j)Γ

)
.

Firstly, it is easy to verify that Γj is a symmetric state and that it lives in the desired space.
Secondly, using again the symmetry of Γ and the cyclicity of the trace, we have

Γ
(2)
j =

(
N

j

)
Tr3→N

(
P⊗j ⊗Q⊗(N−j)Γ

)

=

(
N

j

)
1

(N − 2)!

∑

σ∈SN−2

Tr3→N

(
P⊗2 ⊗ U∗

σP
⊗(j−2) ⊗Q⊗(N−j)UσΓ

)

=

(
N

j

)
(j − 2)!(N − j)!

(N − 2)!
Tr3→N P 2

(
P⊗2 ⊗

(
P⊗(j−2) ⊗s Q

⊗(N−j)
)
Γ
)
P⊗2

=
N(N − 1)

j(j − 1)
P⊗2Tr3→N

(
P⊗j ⊗s Q

⊗(N−j)Γ
)
P⊗2,

which is the desired claim. □

5. Proof of the main technical estimate: Lemma 7

This section is dedicated to the proof of Lemma 7. Although the proof used in the exponential
case covers polynomial scalings as well, we provide first a simpler in that case for the reader’s
convenience.

Proof of Lemma 7 in the polynomial case. Thanks to the Cauchy–Schwarz inequality, Proposi-
tion 4 and Lemma 5, we have
∣∣∣∣Tr
(
Pi1 ⊗ Pi2wNPi′1

⊗ Pi′2
Γ
(2)

J(i1,i2),J(i′1,i
′
2)

)∣∣∣∣

≤ N3ε

2
Tr
(
Pi1 ⊗ Pi2 |wN |Pi1 ⊗ Pi2Γ

(2)

J(i1,i2)

)

+
N−3ε

2
Tr

(
Pi′1

⊗ Pi′2
|wN |Pi′1

⊗ Pi′2
Γ
(2)

J(i′1,i
′
2)

)

≤ CN2min(i1,i2)εN3ε (ji1 + 1)(ji2 + 1)

N(N − 1)
TrΓJ(i1,i2)

+ CN2min(i′1,i
′
2)εN−3ε

(ji′1 + 1)(ji′2 + 1)

N(N − 1)
TrΓ

J(i′1,i
′
2)
,

On the one hand, using that ji1 < N1−δε and Lemma 5, we have

N2min(i1,i2)εN3ε (ji1 + 1)(ji2 + 1)

N(N − 1)
TrΓJ(i1,i2) ≤ N (5−δ)εN2(i2−1)ε ji2 + 1

N
TrΓJ(i1,i2)
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≤ CN (5−δ)εTr
(
Pi2(1 + h)Pi2Γ

(1)

J(i1,i2)

)
.

On the other hand,

N2min(i′1,i
′
2)εN−3ε

(ji′1 + 1)(ji′2 + 1)

N(N − 1)
TrΓ

J(i′1,i
′
2)

≤ CN−εTr

(
Pi′1

⊗ Pi′2
(1 + h1)Pi′1

⊗ Pi′2
Γ
(2)

J(i′1,i
′
2)

)
.

Taking δ ≥ 6, and using ∑

J

Pi2Γ
(1)

J(i1,i2)
Pi2 ≤ Pi2Γ

(1)Pi2

and ∑

J

Pi′1
⊗ Pi′2

Γ
(2)

J(i′1,i
′
2)
Pi′1

⊗ Pi′2
= Pi′1

⊗ Pi′2
Γ(2)Pi′1

⊗ Pi′2
,

we therefore get

∑

J

∣∣∣∣Tr
(
Pi1 ⊗ Pi2wNPi′1

⊗ Pi′2
Γ
(2)

J(i1,i2),Ji′1,i
′
2

)∣∣∣∣ ≤ CN−εTr
(
Pi2(1 + h)Pi2Γ

(1)
)

+ CN−εTr
(
Pi′1

⊗ Pi′2
(1 + h1)Pi′1

⊗ Pi′2
Γ(2)

)
.

Finally, we sum over i1, i2, i′1, i′2, and use that M is a constant to obtain (30). □

In the exponential case, M is no longer bounded, which prevents us from using the previous
simple proof (except for κ small), and we consequently have to be much more precise.

Proof of Lemma 7 in the exponential case. We distinguish between |i1− i2| ≤ 2 and |i1− i2| > 2,
and similarly for i′1, i′2 and i1, i

′
1. Because we only to use ji1 ≤ N1−δε when |i1 − i2| ≤ 2,

|i′1 − i′2| ≤ 2 and |i1 − i′1| ≤ 2, we begin by treating the other cases. Namely, we first bound
∑

J

∑

i1≤i2
i1+2<i2

∑

i′1≤i′2

∣∣∣∣Tr
(
Pi1 ⊗ Pi2wNPi′1

⊗ Pi′2
Γ
(2)

J(i1,i2),J(i′1,i
′
2)

)∣∣∣∣ (40)

and ∑

J

∑

i1≤i2
|i1−i2|≤2

∑

i′1≤i′2
|i′1−i′2|≤2
i1+2<i′1

∣∣∣∣Tr
(
Pi1 ⊗ Pi2wNPi′1

⊗ Pi′2
Γ
(2)

J(i1,i2),J(i′1,i
′
2)

)∣∣∣∣ . (41)

In both cases we can take the sum over i1 to start from 1 rather than imax + 1 for simplicity.
Thanks to the Cauchy–Schwarz inequality, Lemma 5 and Proposition 4, we have
∣∣∣∣Tr
(
Pi1 ⊗ Pi2wNPi′1

⊗ Pi′2
Γ
(2)

J(i1,i2),J(i′1,i
′
2)

)∣∣∣∣

≤ τCN (i1+i′1)ε
(ji1 + 1)(ji2 + 1)

N(N − 1)
TrΓJ(i1,i2)

+ τ−1CN (i1+i′1)ε
(ji′1 + 1)(ji′2 + 1)

N(N − 1)
TrΓ

J(i′1,i
′
2)
,

(42)

for all τ > 0. Thus, an appropriate choice of τ and an application of Lemma 5 allow us to write
∣∣∣∣Tr
(
Pi1 ⊗ Pi2wNPi′1

⊗ Pi′2
Γ
(2)

J(i1,i2),J(i′1,i
′
2)

)∣∣∣∣

262



16 L. JUNGE AND F. L. A. VISCONTI

≤ CN (i1−i2+1)εN (i′1−i′2+1)εTr

(
Pi2(1 + h)Pi2 ⊗

(
Pi′1

+
1

N

)
Γ
(2)

J(i1,i2)

)

+ CN (i1−i2+1)εN (i′1−i′2+1)εTr

(
Pi′2

(1 + h)Pi′2
⊗
(
Pi1 +

1

N

)
Γ
(2)

J(i′1,i
′
2)

)
.

The reason we have the factor 1
N in the right-hand side is to deal with the possibility of ji1 and

ji′1 being null. Using that
∑

J

Pi1 ⊗ Pi2Γ
(2)

J(i1,i2)
Pi1 ⊗ Pi2 = Pi1 ⊗ Pi2Γ

(2)Pi1 ⊗ Pi2 , (43)

we may carry out the J sum in (40) first to obtain

∑

J

∑

i1+2<i2

∑

i′1≤i′2

∣∣∣∣Tr
(
Pi1 ⊗ Pi2wNPi′1

⊗ Pi′2
Γ
(2)

J(i1,i2),J(i′1,i
′
2)

)∣∣∣∣

≤
∑

i1+2<i2

∑

i′1≤i′2

CN (i1−i2+1)εN (i′1−i′2+1)εTr

(
Pi2hPi2 ⊗

(
Pi′1

+
1

N

)
Γ(2)

)

+
∑

i1+2<i2

∑

i′1≤i′2

CN (i1−i2+1)εN (i′1−i′2+1)εTr

(
Pi′2

hPi′2
⊗
(
Pi1 +

1

N

)
Γ(2)

)
.

Then, carrying out the remaining four sums using the geometric series formula, the resolution of
the identity

M+1∑

i=1

Pi = 1

and the fact that M satisfies (26),we obtain

∑

J

∑

i1+2<i2

∑

i′1≤i′2

∣∣∣∣Tr
(
Pi1 ⊗ Pi2wNPi′1

⊗ Pi′2
Γ
(2)

J(i1,i2),J(i′1,i
′
2)

)∣∣∣∣

≤ CN−εTr
(
(1 + h)Γ(1)

)
.

To bound (41), we again use (42) to write
∣∣∣∣Tr
(
Pi1 ⊗ Pi2wNPi′1

⊗ Pi′2
Γ
(2)

J(i1,i2),J(i′1,i
′
2)

)∣∣∣∣

≤ CN (i1−i′1+1)εN (i′1−i′2+1)εTr
(
Pi′1

(1 + h)Pi′1
⊗ Pi1Γ

(2)

J(i1,i2)

)

+ CN (i1−i′1+1)εN (i′1−i′2+1)εTr

(
Pi′2

(1 + h)Pi′2
⊗
(
Pi2 +

1

N

)
Γ
(2)

J(i′1,i
′
2)

)
,

when ji′1 ≥ 1. When ji′1 = 0, the previous expression cannot by made true by simply replacing
Pi′1

by 1/
√
N , and we instead write

∣∣∣∣Tr
(
Pi1 ⊗ Pi2wNPi′1

⊗ Pi′2
Γ
(2)

J(i1,i2),J(i′1,i
′
2)

)∣∣∣∣

≤ CN2εN−(1+κ)/2Tr
(
Pi1(1 + h)Pi1Γ

(1)

J(i1,i2)

)

+ CN2εN−(1−κ)/2Tr

((
Pi2 +

1

N

)
⊗ Pi′2

(1 + h)Pi′2
Γ
(2)

J(i′1,i
′
2)

)
.

Carrying out the sums similarly as before yields
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∑

J

∑

i1≤i2
|i1−i2|≤2

∑

i′1≤i′2
|i′1−i′2|≤2
i1+2<i′1

∣∣∣∣Tr
(
Pi1 ⊗ Pi2wNPi′1

⊗ Pi′2
Γ
(2)

J(i1,i2),J(i′1,i
′
2)

)∣∣∣∣

≤ C(N−ε +N2ε−(1−κ)/2) Tr
(
(1 + h)Γ(1)

)
.

What now remains is to deal with
∑

J

∑

i1≤i2
|i1−i2|≤2

∑

i′1≤i′2
|i′1−i′2|≤2
|i1−i′1|≤2

∣∣∣∣Tr
(
Pi1 ⊗ Pi2wNPi′1

⊗ Pi′2
Γ
(2)

J(i1,i2),J(i′1,i
′
2)

)∣∣∣∣ ,

where the sum over i1 starts with i1 = imax+1, meaning that we always have ji1 ≤ N1−δε. Using
once more (42), as well as Lemma 5 and the fact that ji1 ≤ N1−δε, we obtain
∣∣∣∣Tr
(
Pi1 ⊗ Pi2wNPi′1

⊗ Pi′2
Γ
(2)

J(i1,i2),J(i′1,i
′
2)

)∣∣∣∣

≤ CN (i1−i2+1)εN (i′1−i′2+1)εN−δε/2Tr
(
Pi2hPi2Γ

(1)

J(i1,i2)

)

+ CN (i1−i2+1)εN (i′1−i′2+1)εN−δε/2Tr

(
Pi′2

hPi′2
Γ
(1)

J(i′1,i
′
2)

)
.

Carrying out the sums as above, we finally obtain
∑

J

∑

i1≤i2
|i1−i2|≤2

∑

i′1≤i′2
|i′1−i′2|≤2
|i1−i′1|≤2

∣∣∣∣Tr
(
Pi1 ⊗ Pi2wNPi′1

⊗ Pi′2
Γ
(2)

J(i1,i2),J(i′1,i
′
2)

)∣∣∣∣

≤ CN2ε−δε/2Tr
(
(1 + h)Γ(1)

)
.

Gathering the previous estimates and taking δ ≥ 6 yields (30). □
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