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Abstract

This thesis examines manifolds of dimension at least five, their automorphism groups,
and moduli spaces thereof, by means of embedding calculus. The latter is a homotopy
theoretic approximation of manifolds, which, informally, remembers the homotopy type of
all spaces of framed configurations in a manifold M, together with the natural point-splitting
and forgetful maps between them.

In Paper A, we study the groups myHomeo(M) and m,Diff (M), for a given smooth
manifold M of sufficiently high dimension, and under some additional technical conditions.
In particular, we show that myHomeo(M) is a residually finite group, which, combined
with a theorem of Sullivan, implies it is an arithmetic group. In contrast, we isolate the
obstruction for residual finiteness of m,Diff (M), which came out in the form of exotic
spheres via the extension by identity morphism ,Diff5(D?) — mDiff(M), for some
embedded disc DY c M.

In joint work with Manuel Krannich and Alexander Kupers, we investigate in Paper B
whether the equivalence class of the truncated Disc-presheaf associated to a manifold is an
invariant that can distinguish exotic spheres. We give a complete answer in the cases d # 1
(mod 4) and k < oo, in terms of the Kervaire-Milnor exact sequence.

Sammenfatning

Denne afthandling undersgger mangfoldigheder af dimension mindst fem, deres auto-
morfigrupper og tilherende modulirum ved hjelp af indlejringskalkulus. Det sidstnaevnte
er en homotopiteoretisk approksimation af mangfoldigheder, som lost formuleret husker
homotopitypen af alle rum af indrammede konfigurationer i en mangfoldighed M, sammen
med de naturlige punktsplitnings- og glemsomme afbildninger imellem dem.

I artikel A undersgger vi grupperne moHomeo(M) og mDiff (M) for en given glat
mangfoldighed M af tilstreekkelig hgj dimension. Vi viser blandt andet, at mpHomeo(M) er
en residuelt endelig gruppe, hvilket, kombineret med en sztning af Sullivan, indebeerer, at
den er en aritmetisk gruppe. I diffeomorfitilfeeldet isolerer vi obstruktionen for residual
endelighed af 7, Diff (M), som viser sig i form af eksotiske sfeerer via homomorfien defineret
ved at udvide med identiteten 7 Diff 5(D?) — moDiff (M) for en indlejret disk D¢ c M.

I feelles arbejde med Manuel Krannich og Alexander Kupers underseger vi i artikel B
om &kvivalensklassen af det trunkerede Disc-preeknippe associeret til en mangfoldighed
er en invariant, der kan skelne mellem eksotiske sfeerer. Vi giver et fuldsteendigt svar i
tilfeeldene d # 1 (mod 4) og k < oo, udtrykt ved Kervaire-Milnor’s eksakte folge.
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Thesis statement

This thesis consists of an introduction and two articles, both of which have been
submitted to journals. The introduction is solely written by the author of the thesis. The
articles consist of:

A. Residual finiteness of some automorphism groups of high dimensional manifolds. Pub-

licly available on arXiV: 2410.08902.
B. Framed configuration spaces and exotic spheres (joint with Manuel Krannich and

Alexander Kupers). Publicly available on arXiV: 2509.19074.
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Introduction

"Misery is manifold."

—Edgar Allan Poe, Berenice

Background and motivation

The results obtained in this thesis have been largely the consequence of an attempt of
combining two approaches that have proved to be individually fruitful in the study of high
dimensional manifold theory over the last few decades: moduli spaces of manifolds and
embedding calculus. In this present introduction, we give an overview of the developments
of each of the above topics.

Moduli spaces of manifolds. Given a manifold M, the topological groups Diff (M)
of diffeomorphisms of M and its topological analogue, Homeo(M) of homeomorphisms,
occupy a central position in geometric topology. Their classifying spaces, BDiff (M) and
BHomeo(M) are equally as important, as they serve as universal objects for smooth and
topological manifold bundles with fibre M, respectively.

Classically, these spaces were studied through surgery theory. Tracing back to Kervaire
and Milnor’s breakthrough work on exotic spheres [KM63], the strategy of surgery the-
ory breaks into two steps, starting with the introduction of larger spaces BISEf?(M) and
BHomeo(M) of block diffeomorphisms and block homeomorphisms. The difference between
these moduli spaces and the moduli space BAut(M), the classifying space of the space
of homotopy automorphisms of M, can be understood by means of algebraic L-theory,
via the surgery fibration [Qui70]. The second step of this approach consists of studying
the difference between BDiftf (M), BHomeo(M) and their block analogues: in a range, this
difference is captured by Waldhausen’s K-theory of spaces [WW88]. While none of the
results in this thesis particularly pertains to surgery theory, many ideas and strategies have
been influenced by it.

The second strategy in the study of moduli spaces of manifolds has its origins in
cobordism theory at large. Originating from the landmark Madsen-Weiss proof of the
Mumford conjecture [MWO07], the determination of the homotopy type of the cobordism
category in [GMTWO09], and the works of Galatius and Randal-Williams in the high
dimensional setting [GRW 14, GRW 18, GRW17, GRW20], this approach culminated in
a detailed description of the cohomology group H*(BDiff"(M)) of characteristic classes of
oriented smooth manifold bundles, where M is an even dimensional oriented manifold (of
dimension not equal to 4) in a certain range of degrees. The range in this setup is given by
the genus: for g € N, we define W/ as the g-fold connected sum of copies of S” X S". The
genus of M is then defined as

g(M) = max{g € N | there exists M" such that M = M"#W'}

1



2 INTRODUCTION

A parametrised version of classical Pontrjagin-Thom theory yields, for an arbitrary con-
nected compact 2n-dimensional manifold M with non-empty boundary, a map

colim, (BDiffg(M#Wg’,‘l)) — (QMTO) /hAut(uy)

which was shown to be a homology equivalence on the components it hits; here, © is the
tangential structure obtained as the n-th stage Moore-Postnikov truncation of the map
M — BO(2n) classifying the tangent bundle of M, and uy, is the map ups: Bo — BO(2n)
in that Moore-Postnikov system, see [GRW 17, Corollary 1.9]. It is noteworthy to point out
that the target of the above map, the infinite loop space of a Madsen-Tillmann spectrum,
is amenable to homology computations; thus, the above homology equivalence yields
a complete description of the homology of the stable moduli space of manifolds. The
determination of the unstable homology from the stable one follows from the various
homological stability results for groups of diffeomorphisms listed above in the program of
Galatius and Randal-Williams; the stability range is expressed in terms of the genus g(M).

Embedding calculus. For d € N, we define Mang to be the co-category consisting of
smooth manifolds, not necessarily compact, of dimension d with oM = 0 as objects and
smooth embeddings as morphisms. The groupoid core of the above category splits off as

Man’; ~ ]_[ BDiff (M)
(M]
where the disjoint union runs over the set of diffeomorphism classes of manifolds. As a
consequence, the category Man, elevates itself to an interesting object of study. Embedding
calculus can be perceived as a homotopy theoretic gadget that approximates the category
of manifolds, which remembers more information than the classical surgery theoretic
approximation discussed above.

More precisely, we let Disc; € Many be the full subcategory of the category of
manifolds on those objects that are of the form Li;R? for some ¢ € N. The category of discs
admits a filtration by arity: that is, for a finite k € N, we can consider the full subcategory
of Discy < on objects of the form LI;R?, for £ < k. We thus obtain a tower of fully faithful
inclusions

Discg <1 € Discg <z C - -+ C colimgDiscy < = Discy € Many

For k € NU {oo}, we define 1 as the inclusion Discy <x < Many, and we define a functor

1 E: Many — PSh(Discy,<x) = Fun (®iSCZp<k’S)

as the composite
Mang > PSh(Mang) — PSh(Discg <)

where the left morphism is the Yoneda embedding. This construction yields a tower of
functors

PSh(Discy) — -+ — PSh(Discy <;) — PSh(Discy <1)

R

Many

We list two key characteristics of the above tower:

(i) The functor ;{E: Mang — PSh(Discg<;) = PSh(BO(d)), sends a manifold to its
frame bundle Fr(M);
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(ii) The differences of the stages of the tower admit a very concrete description, in
the sense that the category of lifts of X € PSh(Discy <k—1) along the restriction
PSh(Discg <x) — PSh(Discy <k—1) has a concrete description in terms of X.

On mapping spaces, the diagram (1) induces the embedding calculus tower. For M and N
two smooth, d-dimensional manifolds, and k € N U {co}, we define

TxEmb(M, N) := Mappsy(pisc, ) (Em> EN)

and
TiDiff (M) = Autpsh(Discy ) (Em)
The above two spaces play a central role throughout the current thesis.

Variants of embedding calculus that account for manifolds with boundary, tangential
structures, topological locally flat embeddings of smoothable topological manifolds and
embeddings in positive codimension are well-established by now; see for instance [KK24b,
§4 and 5]. Historically, embedding calculus was developed by Goodwillie, Klein and Weiss
[G0090, Wei99, GW99, GKW01], and was specifically aimed at studying embeddings in
codimension at least 3. The main result in that direction is that given a smooth d-manifold
M, and a smooth manifold W such that dim(W) — dim(M) > 3, the map

Emb(M, W) — T.Emb(M, W)

is an equivalence, in which case we say that the embedding calculus tower converges. The
analogous statement for manifolds with boundary and embeddings rel. boundary also holds
by their work.

In recent years, interest in codimension 0 embedding calculus has grown considerably
within the high dimensional manifold theory community. Codimension 0 embedding
calculus has been a crucial input in the following list of remarkable works: finiteness
results of moduli spaces of manifolds [Kup19, Wei21], disc-structure spaces [KK22],
Pontrjagin-Weiss classes for topological manifold bundles [KK25], detection of exotic
smooth structures [KK24a], the Alexander trick for contractible manifolds and homology
spheres [GRW24], diffeomorphisms of discs [KRW25], to name but a few. The two articles
making up the present thesis consist of a modest addition to this literature.

Summary of results

We present a brief description of the results of both papers. We refer to the introductions
of each of these papers for a more detailed exposition.

Mapping class groups. For M a smooth manifold, the smooth mapping class group
7oDiff (M) of smooth isotopy classes of diffeomorphisms of M, and its topological analogue,
the topological mapping class group myHomeo(M), occupy a central part of the two articles
in this thesis. By an application of parametrized smoothing theory [KS77, Essay 5, §3],
one observes that the natural map 7oDiff (M) — myHomeo(M) has finite kernel and finite
index in a large variety of cases, for instance when M is compact and of dimension at least
5. In these cases, experience has taught us that these two discrete groups behave fairly
similarly. The first article of this thesis is concerned with finding a concrete group theoretic
difference between them. This difference came out in the form of residual finiteness: for a
discrete group G, we define its finite residual fr(G) as

fr(G) = ﬂ H
H<G, [G:H] <

and we say a group G is residually finite precisely when fr(G) is the trivial subgroup.
In [KRW20], an interesting relation was obtained between finite residuals of smooth
mapping class groups and the Kervaire-Milnor groups of exotic spheres [KM63], which
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we present in the following. For d € N, we define ©, as the group of exotic spheres up to
diffeomorphisms. We may consider the following group homomorphisms

extod—
moDiff (DY) 4 oDttt (5971 X @y

where extgs-1 is defined as extension by identity after a choice of one (and hence any)
orientation preserving embedding of D?~! in $¢7!, and where tw sends an orientation
preserving diffeomorphism f of the (d — 1)-sphere to the diffeomorphism class of the
twisted sphere D U I D?. The morphism extga-1 is an isomorphism by an application of
the parametrized isotopy extension theorem, while the morphism tw is an isomorphism for
d > 6, by an application of the h-cobordism theorem and Cerf’s pseudo-iosotopy theorem.

With the above isomorphism tw o extgs at hand, we define the following morphism:
for any d-dimensional connected oriented smooth manifold M, let extys be the morphism

extyr: Oy — mDifft (M)

obtained as the extension by identity after choice of an orientation preserving embedding
D? < M. In [KRW20], it was shown that the morphism ext; obstructs residual finiteness
of mDiff* (M) for certain choices of smooth manifolds M, namely M = Wg", forg > 2 and
certain values of n; we later extend this result in the second paper to include all odd n. The
following consists of the main result of Paper A

THEOREM A. Let M be a closed, smooth 2-connected manifold of dimension d > 6.

(i) The topological mapping class groups mypHomeo(M) and myHomeo* (M) are residually
finite groups;

(ii) The finite residuals fr (o Diff (M)) and fr(moDiff* (M)) are contained in the image of the
morphism extys. In other words, any diffeomorphism of M that is in the finite residual
of the mapping class group is isotopic to a diffeomorphism supported in a disc in M.

The above theorem is proved by means of codimension 0 embedding calculus. A
sequence of intermediary groups are defined, namely the Ti.-mapping class groups, defined
as 7o T;. Diff (M) (and various analogues for manifolds with boundary). The technical heart of
the first article is showing that 7y Ty Diff (M) is indeed residually finite, for M a 2-connected,
smooth closed manifold of dimension at least 6.

Exotic spheres and configuration spaces. In joint work with Manuel Krannich and
Alexander Kupers, and taking advantage of the above group theoretic difference between
moDiff (W) and 7o Ty Diff (W), together with the role that the group of exotic spheres plays
in regards to the finite residual of 7, Diff (W}'), we turn our attention in the second article
to the question of detectability of exotic smooth structures on spheres in the category
of truncated Disc-presheaves. We give a complete answer to this question when d # 1
(mod 4), in terms of the Kervaire-Milnor exact sequence.

More precisely, the isomorphism class of the Disc-presheaf Ejs associated to a smooth
manifold M can be viewed as a diffeomorphism invariant, and as such, it is natural to
inquire about the robustness of this invariant. Currently, there are no known examples
of two non-diffeomorphic closed manifolds M, and M; of dimension at least 5 such that
Epm, = Epm,". The situation is different in the cases of k-truncated Disc-presheaves, for finite
k; this is a corollary of our result, which we state in the following. The input of our work
is again the set of exotic spheres up to diffeomorphisms; by Kervaire and Milnor’s work
[KM63], the set ©4 of d-dimensional exotic spheres admits the structure of a finite abelian

1In dimension 4, such examples exist, see [KK24a]
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group under connect sum, and fits into an exact sequence?

0 — bPy; — ©4 — cokerJ; — 0

where bP,, is the subgroup consisting of those exotic spheres that bound parallelisable
compact manifolds. The following is the main result of Paper B

THEOREM B. For exotic spheres 3y and % of dimensiond # 1 (mod 4), and for 1 <
k < co, we have i, Es, ~ i} Ey, € PSh('Disc;,Sk) if and only if o#%1 bounds a parallelisable
compact (d + 1)-dimensional manifold.

Original motivation and future directions

The first part of this section introduces a project undertaken during the writing of
this thesis, and vaguely related to its content. The second consists of a strategy, obtained
after discussions with Manuel Krannich, regarding generalizations of some of the results of
Paper A.

From tangential structures to embeddings. Disc-presheaves can be viewed as
a tool for relating various moduli spaces of manifolds of interest; in this section, we
introduce these moduli spaces, and point out how Disc-presheaves could serve as a tool
for interpolating between them.

For a closed smooth manifold M, the space of embeddings

Emb(M, R%) = colimy (Emb(M, RN))

is non-empty and contractible by the Whitney embedding theorem, and furthermore admits
a free action of Diff (M) by pre-composition. As a consequence, the moduli space BDiff (M)
may be modeled as the space

BDiff (M) ~ Emb(M, R®) /Diff (M)

By changing the target in the above embedding space to some fixed background manifold
X, we may consider the moduli space of submanifolds of type M in a fixed background
manifolds X, namely

M(M; X) = Emb(M, X) /Diff (M)

An important variant of the above moduli spaces accounts for tangential structures.
For © a space admitting an action by GLy(R%), a ©-tangential structure on a manifold M
is the datum of a GL;(R)-equivariant map Fr(M) — ©, where Fr(M) is the frame bundle
of M, endowed with the obvious GL;(R) action. We define the moduli space of ©-framed
manifolds of type M as

BDff® (M) := (Map®4 (™) (Fr(M), ©) ) /Diff (M)
Taking derivatives at the origin yields a map
Emb(R% R?) — GL4(R)
which can easily be seen to be an equivalence. From this, one can derive an equivalence

PSh(BGL4(R)) = PSh(Disc}')

“There are finitely many exceptions to the Kervaire-Milnor exact sequence precisely when the Kervaire
invariant 1 admits a solution; in these cases, the exact sequence extends once to the right to a Z/2Z, but this will
be irrelevant to our discussion
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where we refer to [KK24b, Thm A] for more details. As a consequence of the above
equivalence of categories, one observes:

BDiff® (M) =~ (MapPSh(DiSCd,SI) (GEm, 6)) /Diff (M)

~ (MapPSh(rDiSCd)(EM, (11)*6)) /Diff (M)

This motivates the following definition: given A € PSh(Disc), not necessarily of the
form (11),© as above, we define BDiff* (M) as

BDIfF* (M) = (Mappsppisc,) (Euss A) | /DIfE (M)

The above object interpolates between the moduli spaces presented above, in the sense that

« For Ag = (1;).© where O is a space with a GLy4(R)-action, BDiff*® (M) ~ BDiff® (M);

 For Ax = Ex, the d-dimensional Disc-presheaf associated to a manifold X of dimension
at least d + 3, BDiff*X (M) =~ M(M;X), which follows from the convergence of the
embedding calculus tower in codimension 3.

It is possible to modify the above definitions to account for manifolds with boundary,
following [KK22, KK24b]. The upshot of the above discussion is that we may now tackle
questions about moduli spaces of submanifolds of a background manifold in the same
manner and with the same techniques we use in the study of moduli spaces of ©-framed
manifolds. In particular, two questions stand out.

Question 0.1. Can one show homological stability for the system {M(Wy,1;X)}gen of type
Wy1 = #4(8" x S") \ D in a sufficiently high codimension manifold X, by switching to the
moduli spaces BDiff/a\X (Wg,1) and using a modification of the usual proof for BDiﬂg(Wb,lf?

Question 0.2. Can one define a cobordism category 30rd2 of A-framed manifolds that
interpolates between @-framed cobordism categories and embedded cobordism categories*?

A strategy for some generalizations. We recall the main result of Paper A. Given a
smoothable, 2-connected topological manifold M of dimension at least 6, the topological
mapping class group mpHomeo(M) of isotopy classes of homeomorphisms, is a residually
finite group, hence arithmetic. The conditions of dimensionality and connectivity of M,
while necessary for the proof as presented in the paper, seem somewhat restrictive. During
discussions with Manuel Krannich, a strategy was born with the specific aim of generalizing
to the situation where M is assumed to be smoothable, simply connected, and of dimension
at least 5.

Motivated by §4 of Paper B, we claim that one may construct a commutative square

BHomeo(M) Q) BT,Homeo (M)

@] l@
BHomeo (M) @) N(M)/Aut(M)

in S/BAut(M), where

» T;Homeo(M) is the space of automorphisms of Ej, in PSh(Disc/, -,) the topological
2-truncated Disc-presheaf category;

3The only positive result of homological stability for moduli of submanifolds is obtained in the case of
surfaces in a 5-manifold, in [CMRW17].
40ur working definition of the embedded cobordism category is as in [RW11].
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o N(M)/Aut(M) is the homotopy quotient of the space of normal invariants of M by the
group of homotopy automorphisms of M;

+ The map (@ is induced by the functor ;;E: Man, — PSh(@iscfi’ -,) from the category
of d-dimensional topological manifolds and locally flat topological embeddings to the
category of 2-truncated topologica Disc-presheaves;

+ The map @) could be constructed following §4 of Paper B, noting that the stable collapse
map of a manifold only depends on its 2-truncated Disc-presheaf, including the case of
topological manifolds (see Remark 4.8 loc.cit.);

+ (3 is the map obtained from the map S(M) — N(M) in the surgery fibration upon
passing to the homotopy quotient by the group Aut(M);

+ (@ is the natural map from the moduli space of topological manifolds of type M to its
block analogue.

Once such a commutative square is set-up, it follows rather readily that ryHomeo (M)

is a residually finite whenever M is closed, smoothable, simply connected and of dimension
at least 5.
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RESIDUAL FINITENESS OF SOME AUTOMORPHISM GROUPS OF HIGH
DIMENSIONAL MANIFOLDS

FADI MEZHER

ABSTRACT. We show that for a smooth, closed 2-connected manifold M of dimension
d > 6, the topological mapping class group 7o Homeo(M) is residually finite, in contrast
to the situation for the smooth mapping class group 7 Diff (M). Combined with a re-
sult of Sullivan, this implies that /) Homeo (M) is an arithmetic group. The proof uses
embedding calculus, and is of independent interest: we show that the Ty -mapping class
group, 7Ty Diff (M), is residually finite, for all k € N. The statement on the topological
mapping class group is then deduced from the Weiss fibre sequence, convergence of the
embedding calculus tower and smoothing theory.

1. INTRODUCTION

In his seminal work [Sul77], Sullivan shows, among other things, a structural result
on mapping class groups of smooth manifolds. Combining surgery theory and rational
homotopy theory, Sullivan shows that, for M a closed, simply connected manifold of
dimension d > 5, m, Diff (M), the group of isotopy classes of diffeomorphisms of M, is
commensurable up to finite kernel to an arithmetic group (see §4.5 for more details on this
equivalence relation).

The equivalence relation of commensurability up to finite kernel differs from the
classical notion of commensurability, and studying this difference is initiated in [KRW20].
Among groups commensurable up to finite kernel to an arithmetic group, being arithmetic
is equivalent to another classical group theoretic notion, that of residual finiteness. A group
G is said to be residually finite if its finite residual fr(G), the intersection of all finite index
normal subgroups of G, is the trivial group; see Definition 2.5 for further details. Building
on an example of Deligne of a Z-extension of the symplectic group Sp,,(Z) which is not
residually finite, Krannich and Randal-Williams show that not all smooth mapping class
groups of high dimensional manifolds are residually finite in [KRW20]. They consider the
following example: let W, := #,4(S5" X §") where we assume g > 5, and fix an embedding
D" s Wj'. Extension by the identity yields a group homomorphism

7 Diff 5(D*) — 1 Diff (W,")

where the domain may be identified with the group of exotic spheres ©;,.;. Whenever
n =5 (mod 8), Krannich and Randal-Williams show that the subgroup bP;,, of exotic
spheres bounding a parallelisable compact manifold embeds into fr(s Diff (W")). For
these values of n, bP;,, is known to be non-trivial [KM63]; this thus yields a family of
examples of closed smooth manifolds with non-residually finite smooth mapping class
groups.

Main results. Given the smooth nature of the above counterexamples, one may wonder
what happens in the category of topological manifolds. The following three theorems
constitute three of the main results of this work

Theorem A. Let M be a smoothable, closed 2-connected topological manifold of dimension
d > 6. Then, my Homeo(M) and my Homeo" (M) are residually finite groups. For W a
smoothable, 2-connected compact manifold of dimension d > 5, such that oW # @, then
1o Homeoy (W) is residually finite.
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This is shown in the text as Theorem 4.9 for the closed case, and Theorem 4.16 for the
boundary case. As a corollary, we obtain the following (in the text Theorem 4.14)

Theorem B. Let M be a smoothable, closed 2-connected topological manifold of dimension
d > 6. Then, 1y Homeo(M) and mo Homeo* (M) are arithmetic groups.

We furthermore show that the failure of residual finiteness of smooth mapping class
groups is entirely due to exotic spheres, as occurring in Krannich and Randal-Williams’
example. Indeed, we show the following (as Theorem 4.18 in the text)

Theorem C. Let M be a smooth, closed 2-connected manifold of dimensiond > 6, and fix
an embedded disc D* ¢ M. Then,
(i) fr(m Diff* (M)) C Im(sm Diff 5(D?) — o Diff* (M)), where the map 7o Diff 5(D?) —
7o Diff* (M) is given by extension by the identity;
(ii) fr(mo Diff(M)) C Im(sm Diff(D?) — o Diff(M)), where the map mo Diff 5(D?) —
mo Diff (M) is given by extension by the identity

Outline of proof. The proof of the above statements is broken into various key steps,
which we outline here. We begin by pointing out that Theorem A implies both Theorem B
and Theorem C: see §4.5 for the first implication, and the proof of Theorem 4.18 for the
second. We therefore focus on presenting an outline of the proof of Theorem A.

Weiss fibre sequences. The first key tool is the Weiss fibre sequence, as developed in
[Kup19, Wei21]. For a smooth manifold M of dimension d, let M° denote the manifold
with boundary M \ int(D?), where D? < M is a fixed embedding of a d-dimensional disc.
We then have a commutative diagram

BDiff(D?) ————— BDiff5(M°) ——— BEmb,,(M°, M°)

| | l»

* ~ BHomeo,(D¥) — BHomeoy(M°) — BEmbg(/)g’E(M",MO)

where both rows are fibre sequences, the smooth and topological Weiss fibre sequences (§4.1),
and where Emb /2(M°, M°) denotes the space of smooth embeddings that are isotopic to
a diffeomorphism, and that restrict to the identity on a neighbourhood around the lower

hemisphere D41 c §9-1 = oM°; Embz{/’g’E is its topological analogue. By the Alexander

trick, BHomeo,(D?) is contractible, so that BHomeoy(M®) ~ B Emb?/’g’g(M", M°®). Fol-
lowing [Kup19, Wei21], we study the space of self-embeddings relative half the boundary

using embedding calculus.

Embedding calculus. We consider the co-category Manf; consisting of d-dimensional
smooth manifolds with empty boundary as objects, and spaces of embeddings as 1-
morphisms. We can consider the full subcategory of Manf,, Discy, on those objects

of the form LU,R?, which further decomposes into full subcategories {Discjk}keN, where

for a given k € N, the objects of Discjk are precisely L,R?, for £ < k. We denote the
<k

5 < Manfy by i, for k € NU {eo}. Thus, we define a tower of functors

inclusions Disc
via

h I
1.E: Manf; — Psh(Manf ) =5 Psh(Discjk)
with the convention that i Eps is simply denoted by Ej;. Concretely, given a smooth

d-manifold M, Ey; is the disc-presheaf L;R¢ — Emb(LI,R? M). For each k € N U {co},
and smooth manifolds M, N € Manf;, we define

T Emb(M, N) = MapPsh(Discjk) (Em, EN)
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and
T Diff (M) = Mapy 1 <i. (B, En)

On mapping spaces, the above tower of functors yields the embedding tower. This consists
of a tower {Tx Emb(M, N) }xen;, receiving a map from Emb(M, N). We say the embedding
tower converges if the map

Emb(M,N) — T, Emb(M, N) =~ li]£n T Emb(M, N)

is an equivalence. By the celebrated result of Goodwillie-Weiss [GW99, Corollary 2.5], this
holds in the case where h dim(M) < d—3, where h dim denotes the handle dimension of M.

A setup for embedding calculus relative boundary can be formulated, and the analogous
convergence result holds; see, for instance, [GW99, Chapter 5] or [Kup19, §3.3.2]. We
shall make use of this setup as follows. Given M a closed, smooth 2-connected manifold
of dimension d > 6, a standard Morse theoretic argument shows that M° = M \ int(D%)
admits a handle decomposition of handle dimension at most d—3, relative half the boundary;
thus, the embedding calculus tower for Emb,/,(M°, M°) ~ Emb,(M*, M*), where M* :=
M°\ 9/2, converges. Consequently, one can infer information on Embj/2 (M°, M°) from
embedding calculus. As convergence of embedding calculus is not known in the topological
category, we restrict ourselves to the case of smoothable manifolds and use smoothing
theory to infer information in the topological setting. As the class of residually finite
groups is closed under taking limits, the convergence of embedding calculus allows us to
infer that Emb§/2 (M°, M®) is residually finite, by showing that 7T} Embj/2 (M°, M°)
is residually finite. The following is the technical heart of this paper (in the text as
Theorems 3.4 and 3.16 and Proposition 4.5).

Theorem D. For M a smooth, closed 2-connected manifold of dimension d > 5, and for any
k € N, the groups my Ty Diff (M) and 7y Ty Emb(f/z(M", M?°) are residually finite.

Profinite homotopy theory. Theorem D above builds on a known result, observed by Serre
in [Ser79, p. 108], as a corollary of Sullivan’s work on profinite completion of spaces,
namely [Sul74, thm 3.2]; we give a careful and modern exposition of its proof, that is
adaptable to embedding calculus.

Theorem E (Serre-Sullivan). Let X be a finite, simply connected CW-complex. Then,
7o hoAut(X) is a residually finite group.

As alluded to in the above, this follows from profinite homotopy theory. Roughly speak-
ing, profinite homotopy theory attempts to lift the group profinite completion functor
to spaces. We begin by briefly recalling group profinite completion. We consider the
functor (’\—) : Grp — Pro(Grp™), where Grp denotes the 1-category of groups and group
morphisms, and Grpfi” the full subcategory thereof, consisting of finite groups; the functor
is defined by sending a group G to the functor F + Hom(G, F) € Fun(Grpf", Grp)°P. The
latter is classically denoted by G, and coincides with the cofiltered system of finite quotients
of G. The above functor admits a right adjoint Mat?, the materialisation functor, sending a
pro-object of finite groups F to its limit in groups. The composite Maty o (’:): Grp — Grp
we denote by ®9. The unit of the adjunction (’—\) 4 Mat? yields, for every group G, a map
ng: G — ®IG, called the profinite completion map. More concretely, ®IG is the limit
over the diagram {G/N;} over {N;}, the cofiltered system of finite index subgroups of G.
Thus, ker(ng: G — ®9) coincides with the finite residual fr(G); consequently, a group
G is residually finite if and only if the map ng: G — ®9G is injective, which is the key
connection between residually finite groups and group profinite completion.
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As is the case for groups, one can also approximate spaces by certain spaces with a
finiteness condition. We say a space X is n-finite if

o X is a finite set;

 There exists some N € N such that for all x € X, and all k > N, m (X, x) = 0;

o 7, (X, x) is finite for all n € N and x € X.
We denote &, C & for the full subcategory of the oco-category of spaces consisiting of
n-finite spaces. We define a functor (/—\): 8 — Pro(8,), X — (F — Mapg (X, F)). This
functor similarly admits a right adjoint Mat: Pro(8,;) — &, obtained by applying the
limit in & of an object X € Pro(S,). We denote the composite Mat o (’\—) by @°, Y_Vklich we

call the finite completion functor following Sullivan. The unit of the adjunction (—) 4 Mat
yields, for each X, a natural map nx: X — ®°X. Residual finiteness of 7y hoAut(X) then
follows from [Sul74, thm 3.2], stating that the map

Map(Y, Z) — Map(Y,d°Z)

is my-injective, for nice enough spaces Y and Z. The key input of Sullivan’s proof of the
above statement, which we study in some detail, is that the functor ®° comes close to
preserving finite limits when restricted to nice enough spaces, namely componentwise
nilpotent spaces of finite type (Theorem 2.18 and Corollary 2.20).

Theorem F. Let F: D — S™M e a functor from a finite co-category to the category of
componentwise nilpotent spaces of finite type. Then, the canonical coassembly morphism

coass: ®°limF — lim ®°F
) D
induces an isomorphism on 1, for alln > 1, based at points coming from limg & via the
maps of the following commutative diagram
limy F
n limn
®° limy F

where all limits are taken in §.

> limgy ®F

coass

We now fix M a closed, 2-connected smooth manifold, and study residual finiteness
of myTy Diff (M). Given ;;Ey € Psh(Discjk), we may consider the finite and profinite
completions pointwise. As in the setting of homotopy automorphisms, residual finiteness
follows from the my-injectivity of the map

MapPsh(Discjk) (IZEM’ [ZEM) - MapPsh(Disc:;k) (IZEM’ lltq)sEM)

given by composition with the map i, Eyy — 1 ®°Epy. This is shown in the text as Theo-
rem 3.7, and occupies the technical heart of the paper.

Smoothing theory. Convergence of the embedding tower thus implies that 0 Emb3 /2 (M, M°)
is residually finite. In order to deduce the same for the topological analogue, we use
smoothing theory as follows: the fibre of the map

BEmb},,(M°, M°) — B Embj}?p (M°, M°) ~ BHomeo,(M°)
can be described as a collection of components of the space of sections I'5/2(&y) of a
bundle over M° with fibres Top(d)/O(d), relative some fixed section over 9/2. One can
show that I'y/;(&y) has finitely many components, and that on each of these components,
the fundamental group is a finite group. The long exact sequence on homotopy groups
associated to the above fibre sequence thus yields an exact sequence

mTa2(Em) — mo Emb§/2(M°, M?®) — myHomeoy(M®) — oLz (Em)
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where exactness on the last term is in the category of pointed sets. It now follows from
elementary group theoretic arguments (Lemmas 2.9 and 2.10) that 7y Homeoy(M°®) is
residually finite. Finally, to glue back in the deleted disc, we use parametrized isotopy
extension again to obtain a fibre sequence

Homeo,(M®) — Homeo(M) — Emb™P (D, M)

where the base space of the fibration is equivalent to the topological frame bundle of M,
which in particular has 7y Fr'°P (M) = Z/2Z, and m; Fr' (M) = Z/2Z; again, applications
of Lemmas 2.9 and 2.10 implies 7y Homeo(M) is indeed residually finite.

Remark on notation. It is common to use the notation X to denote profinite completion
of an object X, be it a set, group or space. In this work, the notation X is only reserved for
Pro-objects. To make clear the distinction between the different types of objects in use,
the endofunctor on our favorite category obtained after materialisation of the profinite
completion is denoted ®, with a decoration to emphasize which object we are looking
at. The choice of ® is to remind us that this functor is called finite completion, following
Sullivan. We will mainly be interested in three functors:

e ®9: Grp — Grp;

o ®'9: Grp — TopGrp;

e PS> S
the first of which is the group finite completion, whereas the second also remembers the
canonical topological group structure obtained on the finite completion ®9G of a group G,
and the last is the finite completion functor on spaces.

Conventions. Throughout this paper, we use the language of co-categories. However,
for the more geometrically minded reader, co-categories, while being sometimes more
convenient, can be substituted by more classical homotopy theoretic language without
much trouble. The reader is encouraged to think of classical homotopy theory for the idea
and intuition, and co-categories for the convenience. We will throughout attempt to point
out classical analogues of some stated co-categorical facts or constructions.

Furthermore, throughout the work, the sets of smooth embeddings and diffeomor-
phisms of smooth manifolds are endowed with the C*-topology, while sets of topological
embeddings and homeomorphisms are endowed with the compact-open topology.
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2. HOMOTOPY AUTOMORPHISMS

In this section, we lay out a careful exposition for a proof of the following theorem,
with a view towards later generalizations. This theorem was observed by Serre in [Ser79,
p. 108], building on work of Sullivan, namely [Sul74, thm 3.2].

Theorem 2.1 (Serre-Sullivan). For X a simply connected, finite CW complex, the group
7o hoAut(X) is residually finite.

As a build-up for the proof, we review some constructions on groups and spaces that
are crucial for the argument: the classical theory of profinite groups and group profinite
completion, Sullivan’s theory of profinite completions of spaces, along with a functorial
setup for some classical constructions in homotopy theory.

2.1. Profinite completion of groups. One approach to studying groups is by approx-
imating them by their finite quotients. For a group G, consider the cofiltered system
{G/N}, where N ranges over all finite index, normal subgroups of G. Equivalently, one
may look at all group morphisms G — F, where F is a finite group. The categorical
notion that captures this type of object is called a Pro-object; namely, if Grp™ denotes the
1-category of finite groups and group morphisms, a Pro-object in Grp'™ is then an object
in Fun(Grpf™, Set)°P, that preserves finite limits. The (group) profinite completion functor
is the functor Grp — Pro(Grp‘"), G + (F > Hom(G, F)). The group materialisation
functor is defined to be the functor Mat?: Pro(Grpfi") — Grp, sending a pro-object of
finite groups to its limit in groups, and we have an adjunction (5) 4 Maty. The composite

Grp — Pro(Grp™) — Grp

is denoted by ®9. The unit of the above adjunction gives a natural transformation id = @9,
and for a given group G, we denote by n¢ the associated map ng: G — ®9G. Note
that for a group G, the group ®9G carries a canonical structure of a topological group,
given by the subgroup topology it inherits from II(G/N), where the product is taken
over the same indexing set as above, namely over all finite quotients of G, and where
each factor is endowed with the discrete topology. When endowed with this topology,
we obtain a functor Grp — TopGrp, the category of topological groups and continuous
group homomorphisms; this functor is the finite completion functor of groups, which we
shall denote ®'9 (classically, ®*9 is referred to as profinite completion, and denoted by (’—\);
we call it finite completion to stay consistent with Sullivan’s terminology later). Such a
topological group has a fairly explicit description in terms of its topology: it is compact,
Hausdorff and totally disconnected. We thus define

Definition 2.2. A topological group G is said to be profinite if it is a compact, Hausdorff
totally disconnected group.

Let ProfGrp be the full subcategory of TopGrp consisting of profinite topological groups.
The functor ®'9 does indeed land in the above full subcategory, as can be seen through
the following classical result

Theorem 2.3. A topological group is profinite if and only if it can be written as a cofiltered
limit of finite groups (with its canonical topology).

We also obtain an adjunction ®'9 4 fgt between the group finite completion functor
and the forgetful functor. This adjunction thus allows us to write the following universal

property

Theorem 2.4 (Universal property of group finite completion). Let G be a group, and let
H be a profinite topological group. Given a group homomorphism f: G — H, there exists a
unique continuous group homomorphism ®9G — H making the following diagram
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G —— Y9G
|

X‘J/
H

commute.

2.1.1. Residual finiteness. The functor ®Y can furthermore be used to define residual finite-
ness, the main group theoretic notion under investigation in this study.

Definition 2.5. A group G is said to be residually finite if the canonical group homomor-
phism
G — dIG

is injective; equivalently, if the intersection of all finite index, normal subgroups of G is
the trivial subgroup. In other words, given any g € G such that g # 1, there exists some
finite group F; and a group homomorphism ¢4: G — F; such that ¢,(g) # 1 € Fy; we
will be informally referring to this property by saying that g € G can be detected by finite
groups.

For G a group, we denote {r(G) for the finite residual of G, namely, the intersection
of all finite index, normal subgroups of G. From the definitions, it follows that fr(G) =
ker(G — ®9G), and that G is residually finite if and only if fr(G) is the trivial subgroup.

Example 2.6. The following classes of groups are residually finite
« Finite groups;
 Free groups;
« Finitely generated nilpotent groups;
« Finitely generated subgroups of general linear groups;

The class of residually finite groups is closed under taking subgroups and inverse limits.
However, it is not closed under extensions:

Example 2.7. The following example is due to Deligne [Del78]. We consider the Lie group
Spag (R). We recall that nlsng(R) = 7Z; let %zg (Z) denote the pullback of the universal
cover of SpPag (R) along the inclusion map SpPag (2) — szg(R). We thus obtain a central
extension

1= Z = 5pyy(Z) = Spy,(Z) = 1

For g > 2, Deligne shows that the finite residual of §I;29 (Z) is 2Z.

The above example was used in [KRW20], to show that o Diff (#,(S™ x ")) is not
residually finite for certain n € N. Combining their result with one of the main results of
this paper (Theorem 4.9), we obtain a similar example:

Example 2.8. Let n =5 (mod 8) and g > 5, so that 7 Diff (W) is not residually finite,
where W' = #4(S™ x S™). One of the main results of this work, which is shown much
later, namely Theorem 4.9, implies that o Homeo(W') is residually finite. By smoothing
theory, we can describe the fibre F of the forgetful map

B Diff(Wg") — B Homeo(Wg")
as a collection of components of a space of sections I'(£) of a bundle & over W’ with fibres

Top(d)/O(d) as in [KS77, Essay V. §3,4], which in particular has finite 7; on each of its
components. Thus, we obtain an exact sequence

mF — m Diff(W)') — m Homeo(W,")

and restricting to the image and kernel, we obtain an extension of a residually finite group
by a finite group, which is not residually finite.
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The following two elementary lemmas concern certain properties of that class of groups,
that prove to be necessary in some arguments later.

Lemma 2.9. Let G be a residually finite group, and let N be a finite normal subgroup. Then,
G/N is again residually finite.

Proof. Let x € G/N be anon-zero element; we work to find a normal finite index subgroup
of G/N that does not contain x. Consider the set {X;};c(1,... n) oflifts of x via the canonical
morphism p : G — G/N, where n is the order of the finite group N. Since G is residually
finite, it follows that for each i, there exists H; normal, finite index subgroup of G that
does not contain ;. Consequently, H := N;H; is again a finite index normal subgroup with
the further property that x; ¢ H, for all i. Then, p(H) is a normal subgroup of G/N which
does not contain x. To see that p(H) is a finite index subgroup, we observe that

(G/N)/p(H) - (G/N )/(NH/N) = NH

where the latter is finite as it receives a surjection from the finite group G/H. O

We next see that residual finiteness can be already detected at the level of finite index
subgroups.

Lemma 2.10. Let G be a group, and let H be a finite index subgroup of G that is residually
finite. Then, G is also residually finite.

Proof. As normality is not transitive for subgroups, we use the equivalent formulation of
residual finiteness: we have to check that the intersection of all finite index subgroups of
G is the trivial group. Let g # 0 € G. If g ¢ H, then H is a finite index subgroup of G not
containing g. Otherwise, g € H, and g # 0. Since H was itself residually finite, there exists
some finite index subgroup K of H such that g ¢ K, and as H is finite index in G, then so
too is K. Consequently, K is a finite index subgroup of G not containing g, and thus G is
residually finite. O

2.1.2. Exactness properties of profinite completions of groups. In this section, we study the
exactness of the profinite completion functor of groups, on a certain subclass of groups.
The result is stated as [HR79, thm 2.2], which they credit to Bousfield and Kan [BK72], a
proof of which can be also found in [Sch78, §5.3]. Let NilGrp/? be the full subcategory of
Grp consisting of finitely generated, nilpotent groups.

Theorem 2.11. The functors ®9 and ®'9 are exact when restricted to NilGrp/9.

Remark 2.12. Exactness in the above theorem means that the functor sends short exact
sequences to short exact sequences. For the category of compact Hausdorff topological
groups, a short exact sequence is a triple (Gy, G, G3) of topological groups together with
consecutive continuous morphisms

1—)G1iGz£Gg—>l

that is an exact sequence on the underlying groups. It was shown in the above references
that ®'9 sends a short exact sequence of finitely generated nilpotent groups to a short exact
sequence of compact Hausdorff topological groups. Among the topological groups that we
are interested in, namely topologically finitely generated profinite groups, the two notions
of exactness agree: given a triple (K, G, H) of topologically finitely generated profinite
groups, and maps K — G — H, exactness as underlying discrete groups is equivalent to
exactness in the category of compact Hausdorff groups. This can be seen as a corollary of
[NS07, thm 1.1]. However, we strive to make our presentation independent of loc. cit., and
focus on the functor @Y.
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For the purposes of later application, we show that Theorem 2.11 implies that arbitrary
long exact sequences of finitely generated nilpotent groups are indeed sent to long exact
sequences by the group profinite completion functor. Such considerations would be
automatic should the category NilGrp/? be an abelian category, which it is not, and
consequently further arguments are in order.

Lemma 2.13. Consider a long exact sequence

P2 1 %o
> Gy — G — Gy

of finitely generated nilpotent groups. Then, the sequence

299, @99y @99

IG, G, IG,

is again exact.

Proof. We begin by showing that ®Y preserves injections on the category of finitely gener-
ated, nilpotent groups. This is clear when restricted to finitely generated abelian groups.
Fix now finitely generated nilpotent groups H and G, and an injective group morphism

1-HL G AsGisa finitely generated nilpotent group, it can be obtained by a finite
iteration of central extensions, starting from finitely generated abelian groups; in other
words, there exists a finite collection {Ag, Aj} U {A;}1<i<n of finitely generated abelian
groups and finitely generated groups {G;}o<i<n that fit into central extensions

1> A; > Gy— A — 1
and for all 1 < i < n — 1, central extensions
1> A =Gy G — 1

and finally, such that G, = G. We proceed by induction. We say that each G; is (i + 1)-
centrally extended from abelian groups: i.e. Gy is once centrally extended from abelian
groups, G is twice centrally extended from abelian groups, and so on. We show that if
I preserves injections when mapping into any group that is i-centrally extended from
abelian groups, then it also does for mapping into (i + 1)-centrally extended from abelian
groups. To see this, we consider the following diagram

1 —— ker(f o) > H > Im(fogp) — 1
! l° !
1 > Aj T Gin 7 > Gi > 1

where A; is finitely generated abelian, G; is i-centrally extended from abelian groups and
Gi41 is consequently (i + 1)-centrally extended from abelian groups. The two outermost
vertical maps are injective by definition; thus, the group ker(f o ¢) is finitely generated
abelian. By Theorem 2.11, it follows that we obtain a morphism of exact sequences af-
ter applying ®9. The outermost maps remain injective, by the induction hypothesis for
the rihtmost vertical morphism, and since ®9 preserves injections on finitely generated
abelian groups for the leftmost morphism. As a consequence, the middle vertical map
DIp: DIH — DIG;yq is injective; consequently, the claim follows by induction.

We now turn our attention to the following question. Given finitely generated nilpotent
groups G, H and a morphism ¢: G — H, how does ®J (Im(¢)) compare to Im(dI¢p),
and @I ker(¢p) to ker(®J¢p)? We show that the natural comparison maps are indeed
isomorphisms in the setting of finitely generated nilpotent groups. We begin by noting that
the image of the continuous group morphism ®9¢: ®'9G — ®'9H is a closed subgroup of
the profinite topological group ®*9H, and its kernel a closed subgroup of ®'9G;; thus, both
the kernel and image carry a profinite topological group structure, and by the universal
property of profinite completions, we obtain the following commutative diagram
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1 —— dker(p) — PIG —— PIIm(p) —> 1

l | l

1 — ker®9p — PIG —— Im(PIp) —— 1

We observe that the lower row in the diagram is an exact sequence by definition. As for
the upper row, we note that subgroups of finitely generated nilpotent groups are again
finitely generated nilpotent, and exactness follows from Theorem 2.11. As a consequence,
it follows that ®9Im(¢) — Im(P?¢) is surjective. We argue that it is injective; once done,
it also follows that ®9 ker(¢) = ker(®9¢). We have a commutative triangle

PIIm(p) —— Im(DIp)

!

dIH

Since @7 preserves injections on finitely generated nilpotent groups, it follows that
®IIm(¢p) — DIH is again injective, and thus it follows that ®Im(¢) — Im(PIg) is
injective, hence an isomorphism.

Consider now a long exact sequence
P1 Po
565G D Gy

of finitely generated, nilpotent groups. To show that the sequence obtained by applying
I to the above is exact, we use the above observation that ®/Im(¢,) = Im(®¢,), and
DI ker(¢p) = ker(®¢), for all n > 0. Thus, we may extend the above long exact sequence
to the right, as follows

--~G2f1—>G1f0—>Im(¢0)—>1—>1--~

and we would like to show that applying ®J yields a long exact sequence. The claim
follows from the following, more general statement. Let

"'—)H—ZE)H—I ﬂ)HOﬂ)Hl ﬁ)Hz—)
be a long exact sequence of finitely generated, nilpotent groups, that is infinite in both

directions. The claim is that Theorem 2.11 implies that such two-sided long exact sequences

. . Pk Phk+1
are sent to long exact sequences. To see this, consider the node Hy_; — Hy —— Hjp,q.

We consider the diagram

ker ¢ Im(@g+1)

Pk N

Hy_4 > H

~N ~

H,
Tmepy Y m(prs)

where all the diagonals are short exact sequences. We observe that the quotient Hy1 /Im(¢g+1)
is again a group, since Im (@) is a normal subgroup of Hy,1, as being equal to the kernel
of the successive map; this was the key reason to extend the exact sequence to the right.
Furthermore, all groups involved in the above diagram are finitely generated, nilpotent.
Applying @9 to the above diagram, and using Theorem 2.11, it follows that ®J preserves
two-sided long exact sequences, and the claim follows. O
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2.2. Profinite completion of spaces.

2.2.1. Definitions and main properties. In [Sul74], Sullivan considers an analogous situation
of profinite completion as above, but this time in the setting of spaces. The idea is to
approximate a space X by certain spaces with a finiteness assumption, namely

Definition 2.14 (z-finite spaces). A space X is said to be 7-finite if

« it has a finite set of path components;
o there exists k € N, such that for all n > k and all x € X, 7,,(X, x) is trivial;
« all homotopy groups are finite groups.

Roughly speaking, Sullivan considers the profinite completion of X as the limit of 7-
finite spaces F equipped with all possible maps from X; we briefly recall this construction,
following [Lur18, Appendix E]. The following is by no means a complete exposition, and
we refer to Lurie’s Appendix E for more details. Let $, C & be the full subcategory of
spaces consisting of 7-finite spaces, and consider the category Pro(S,) of pro-objects in
Sy, i.e. the full subcategory of Fun(S,, &)°P of functors preserving finite limits; objects
in that category are called profinite spaces, and we emphasize that such an object is not a
space, but merely a formal limit of spaces. Given a space X € &, we may associate to it the
functor 8, — &, F — Map(X, F). This association defines a functor, which we call the
pro-r-finite completion, and denote by (\—) : & — Pro(8,). For a space X, the pro-object
X can be identified with the diagram {X,} indexed by maps X — X,, where X, is a
r-finite space. The materialisation functor is then the functor Mat: Pro(8,) — &, sending
a pro-object {X,} to its limit in spaces. The above defines an adjoint pair (’:) 4+ Mat. The
composite

S ﬂ) PI'O(S,T) E) S
is denoted by ®°, and called finite completion, following Sullivan. The unit of the adjunc-

tion gives rise a to natural transformation id = @°; for a space X, we denote by nx the
associated map nx: X — &°X.

The first relation between profinite completion of spaces and that of groups is given
as follows. Following Lurie, given a profinite space X and a point x € X, we define
7 (X, x) = m,(Mat(X), x). By [Lur18, Corollary E.5.2.4, Remark E.5.2.5], the observation
is then that , (X, x) carries a canonical structure of a profinite group. Thus, if we start
with a space X and choose a basepoint, let x: X — ®°X be the canonical map given by
the counit of the adjunction, id = ®°. Then, 7, (®°X, nx(x)) carries a canonical structure
of profinite group; in particular, via the universal property of group profinite completion,
we obtain a commutative diagram

7n (X, x) —— 1, (D°X, nx(x))

A~
13!
|

DI, (X, x)
It is natural to then ask: for which spaces X is the comparison map ®I7z,(X,x) —
7 (®°X, nx (x)) an isomorphism? This is the content of [Sul74, thm 3.1].

Definition 2.15. Let C be a subclass of the class of groups. A connected space X is said
to be 7;-C of finite type, if, for all choices of basepoints x € X, (X, x) is a C-group, and
7 (X, x) is a finitely generated group for all n € N. An arbitrary space X is said to be
componentwise 71-C of finite type, if each of its connected components is 7;-C of finite

type.

Let $7184f e the full subcategory of spaces on those objects which are componentwise
711-Cyq of finite type, where Cyq is the class of "good" groups in the sense of Sullivan, namely
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all groups commensurable to a solvable group, with all subgroups finitely generated. We
emphasize that we require no further condition on the action of 7z; on the higher homotopy
groups.

Theorem 2.16 (Sullivan). Let X € S™3%" and fix x € X. Then, the comparison map
DI, (X, x) — m1,(P°X, nx(x)) is an isomorphism, for alln > 1.

In other words, the map nx: X — ®°X exhibits the underlying group of the profinite
completion of the homotopy groups of X as the homotopy groups of the space ®°X,
whenever X is a reasonable enough space. This class of spaces includes, among others,
componentwise nilpotent spaces of finite type; these will play a crucial role in what
follows.

Remark 2.17. Given spaces X,Y € & mgdft and a map f: X — Y, the natural transforma-
tion id = ®° yields a commutative square

X Xy osx

L P
Y — Y
For all basepoints x € X and y == f(x) € Y, Theorem 2.16 implies that for all n > 1, the

square of groups obtained by applying r, is isomorphic, in the category of squares of
groups, to the square

Tn (X, x) —— P9I, (X, x) = 1, (D°X, nx (x))

7n (f )\L lﬂn (@°f)

(Y, y) —— P9, (Y, y) = m (DY, ny (y))

A careful reading of Sullivan’s proof shows that the group morphism 7, (®°f) : 7, (9°X, nx (x)) —
7 (®°Y, ny(y)) agrees with the morphism &9 (1, f) : 97, (X, x) — P97, (Y, y). This could
also be seen as a corollary of [NS07, thm 1.1].

2.2.2. Finite completion and finite limits. In the following, we study how close the functor
®° comes to preserving finite limits. Observe that ®° depends on the functor Map(—, X),
so that preservation of any kinds of limits will not follow from a formal argument. Recall
that preserving finite limits is equivalent to preserving the terminal object and pullbacks;
we study how ®° behaves with pullbacks. Let X — Z « Y be a cospan in ™', the
category of finite type nilpotent spaces, and let P be its pullback. We can apply ®° to
the cospan and obtain ®°X — ®°Z « ®°Y, and let P’ denote its pullback. We have a

commutative diagram
P
P —— > P
The functor preserving finite limits is then equivalent to the map ®*P — P’ being an

equivalence, for all such P and P’. We show that the functor comes close to preserving
finite limits, when restricted to S™', The aim of this section is to show the following

Theorem 2.18. Consider a cospan X — Z « Y of componentwise nilpotent, finite type
spaces, and let P denote the pullback. Let P’ denote the pullback of the cospan ®°X — ®°Z
®%Y, so that we have a commutative triangle

N

PP —— P’
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Then, for all basepoints coming from P via the above diagram, the map ®*P — P’ induces
an isomorphism on m,, n > 1.
We begin by showing a special case of the above, for fibre sequences.

Lemma 2.19. Let F — E — B be a fibre sequence, where E and B are connected, nilpotent
spaces of finite type. Denote by F’ the fibre of the map ®°E — ®°B. Then, the natural map
®°F — F’ induces an isomorphism on m,, for alln > 1, with basepoints coming from F.

Proof. We begin by observing that F is itself a componentwise nilpotent space of finite
type. We have a commutative diagram

OF > O°F > O°B

!

F > O°F > O°B

Since F is a nilpotent space of finite type, it follows that 7, (®°F, np(x)) = ®Ix,(F, x),
where x € F, and this exhibits the induced map on 7, of the map np: F — ®°F as the
(group) profinite completion of 7, (F, x); the same holds for the other two spaces, E and
B. By Lemma 2.13, it follows that applying ®Y to the long exact sequence of homotopy
groups of the fibre sequence F — E — B yields again a long exact sequence of homotopy
groups; thus, even though the top row of the above diagram is not a fibre sequence, we do
have a long exact sequence of homotopy groups based at points coming from F, E and B
respectively. We thus obtain a map of long exact sequences

o = mn+1(®°B, np(b)) —— mn(®*F,np(f)) —— mn(®°E, ng(e)) —— mn(®°B,np(b)) — ---

H ! H H

o —> a1 (P°Bonp (b)) — m(F'. 0" (f)) — mn(Q°E.ne(e)) —— (@B, np(b)) — -+~

where n’: F — F’ is the natural map between the pullbacks. The claim now follows from the five
lemma. ]

With the above lemma at hand, we can prove Theorem 2.18.

Proof of Theorem 2.18. The strategy is to now deduce the general claim about pullbacks
from Lemma 2.19. Consider

P—X

Lo

Y — 7

where X, Y and Z are connected, nilpotent spaces of finite type. Let P’ be the pullback of
the associated cospan obtained after applying ®*. We aim to show that ®*P — P’ induces
isomorphisms on homotopy groups, based at points from P, using Lemma 2.19. Denote by
{Z, }nen the principal refinement of the Postnikov tower of Z. In particular, we note that
Z1 =~ K(A, 1), for some finitely generated abelian group. Furthermore, there is a sequence
K, of Eilenberg-Maclane spaces associated to a finitely generated abelian group A, (we
omit declaring the degree of the Eilenberg-Maclane space, for clarity), fitting into pullback
squares

Zn—>*

Lo

Zn—l — QI<n
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For each n € N, we consider the pullback P, = X Xz, Y of the cospan
X—>Z,«Y

obtained by composition with the canonical map Z — Z,, and observe that since the pull-
back functor cospan(8§) — & preserves limits, it follows that P =~ lim,, P,,. Furthermore,
we observe that we have a pullback square

Prpg —— *

||

Py —— Ky

for each n € N. In particular, for each k € N, 7 P can be read at a finite stage of the inverse
system {P,}, namely there is a Ny € N such that P — Py, induces an isomorphism on all
homotopy groups below degree k. As P is a componetnwise nilpotent space of finite type,
Lemma 2.27 implies that {®°P, },en is again the principal refinement of the Postnikov
system of ®°P, on the components coming from the image of the map np: P — ®°P,
Lemma 2.27. Consequently, the same analysis as above applies, and we obtain an inverse
system {P) }nen via
P, = X Xqsz, 'Y

and observe that P’ — lim,, P}, is again an equivalence. We similarly have pullback squares

Py ——

|

P —— ¥°K,

for all n € N, where we recall that ®°K,, is equivalent to the Eilnberg-Maclane space
obtained by applying @9 to the non-trivial homotopy group of K,.

Fix k € N, and let N € N be the integer after which both the inverse systems {P, } and
{P;,} induce isomorphisms on 7. We now consider the following commutative diagram

P —— P(X Xz, V) = (X, (X Xz, V)

i

* chsKNk ((I)s(* XKNk—l (X XZNk,z Y))

:
| |

P’ —) * Xq;sKNk (* chsKNk_l (* ek XfDSKl ((I)SX X q)SY)))

Without further reference, all homotopy groups under consideration are based at points
coming from the image of P via the canonical maps. By assumption, the lower horizontal
map induces isomorphisms on all 7, for n < k. Using Lemma 2.19, the same holds for the
top horizontal map, and that furthermore, all the rightmost vertical maps are isomorphisms
on all homotopy groups. Thus, the left vertical map induces an isomorphism on s, for all
n < k. This being true for all k, the claim follows. O

From Theorem 2.18, the claim about finite limit follows. Recall that a finite limit is a
limit over a category which is the nerve of a finite simplicial set, i.e. consisting of finitely
many degeneracies. Given a pushout for the indexing category
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S——D

Lol

X —>Y
the limit of the functor over this pushout is precisely the pullback of the evaluations. By
finite induction, we obtain the following

Corollary 2.20. Let F: @ — S™ be a functor from a finite diagram of componentwise
nilpotent spaces of finite type. Then, the canonical map

®*(lim F) — lim ®°F
D D

induces an isomorphism on m, forn > 1, based at points coming from limg F (via the
canonical maps), where all the limits are taken in §.

Rather informally speaking, the above is a categorical reformulation of the following
classical argument, that is used by Sullivan in [Sul74, p. 28]. Let X be a finite CW-complex,
and let Y be a nilpotent, finite type space. We would like to show that 7, Map(X, ®°Y),
based at the a map 5y o f: X — ®°Y, obtained as the composition

qyof:XLY”—YHI)sY
for some map f: X — Y, can be canonically identified with 7,®°* Map(X,Y), based at

NMap(x.y) (f). This is shown by induction on the finite cells of X, as follows. We consider
the situation where X = X’ U e, for some n-cell. Then, we have a fibration

F — Map(X,Y) —> Map(X’, Y)

where the fibre F = fib7|x (res) can be identified with Q™Y after choice of a nullhomotopy
of f|dey,. Thus, we obtain an exact sequence

, )
~—>7r2YX —>7In+1Y—>7T1YX—>JT1YX — 1,Y

where the basepoints of the mapping spaces are taken to be f and its restriction to X’,
correspondingly. The induction hypothesis is then that 7; YX is a finitely generated,
nilpotent group, and that its higher homotopy groups are finitely generated, abelian
groups; that is, YX' is a nilpotent space of finite type. It can further be shown that the
extension above on 7 is central; thus, it follows that 7, YX is again a finitely generated
nilpotent group (as being centrally extended from a finitely generated nilpotent group by
a finitely generated abelian group), and that all the higher homotopy groups are finitely
generated. Exactness of the group profinite completion functor on that class of groups
yields the identification 7, Map(X, ®°Y) = ®97, Map(X,Y) on the basepoints specified
above.

2.2.3. Diagrams of finite completions. The following theorem is crucial for the proof of
residual finiteness of the automorphism groups under consideration in this work.

Theorem 2.21. Let C be an arbitrary co-category, and consider a space valued functor
F:C - éfrl’ landing in the full subcategory of 1-connected finite spaces (i.e. simply
connected finite CW complexes), and denote by F the composition of & with the profinite
completion functor. Then, the group

7o Map;un(c’,Pro(cY,r)) (‘7’ 5{)
can be promoted to a profinite topological group.

The proof of the above theorem is of categorical nature, and consequently we delay it to
Appendix A. Let us first highlight how the above theorem is crucial for the later sections.
The following corrollary is an immediate application of the universal property of profinite
completion of groups (Theorem 2.4).
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Corollary 2.22. Let F be as in Theorem 2.21. Then, we have the following commutative
diagram

7o Mapy, . o 5y (F> F) ——— ®ImMapg,, ¢ (5 F)

| T b

o Map;un((?,é’) (@ 0F, 00 F) < m Map;un(G,Pro(Sn)) (7. 5)

Corollary 2.22 serves as a blueprint to showing residual finiteness: in order to show that
the top horizontal map is injective (which is equivalent to the top left group being residu-
ally finite), it suffices to show that the left vertical map is injective. The latter is amenable
to more homotopy theoretic methods. In fact, injectivity of that map in the setting of em-
bedding calculus follows from obstruction theory, and this is the topic for the later sections.

2.3. Postnikov decomposition. The main idea of Postnikov theory is to study a space X
via a particular sequence of truncations: for a given n € N, one can define a space 7<,X
receiving a map from X, satisfying the following two properties

(i) The map X — 7<,X induces an isomorphism on 7;, for 0 < i < n
(ii) mi(t<pX,x) =0foralli > nand x € X.

The collection {7<,X},en forms an inverse system approximating X, in the sense that
the induced map X — lim, 7<,X is an equivalence. A key property of the Postnikov
decomposition of a space X is that 7<,+1X is built out of 7<,X and some cohomological
datum, the Postnikov k-invariant. We now study how to do this construction functorially
in X. Classically, this cohomology class is constructed by transgression on the Leray-Serre
spectral sequence for the fibration K (741X, n+ 1) = 1< X — 7<,X. An co-categorical
setup can be found in [Pst23, §2], which we follow.

2.3.1. Non-principal case. A crucial ingredient is the Grothendieck construction: for a space
X, there is an equivalence of co-categories

S/x — Fun(X, §)

which informally sends a map f : Y — X to the functor x — fib,(f). Furthermore, for
n > 1,let 8111, ¢ 8§ be the subcategory consisting of spaces that have the homotopy
type of a K(G, n) where G is a group (abelian when n > 2). Let 7,(X, x): 7<1X — Grp®
be the classifying map for the ;-action on 7, where Grp™ is the 1-category of groups
and group isomorphisms. We then define K, (X) as the pullback in & (where we identify
the co-category of spaces with the oco-category of co-groupoids)

Kn(X) — &N,y

n n
In | Bt | Th
\ \
raX ——% A6*
Tn1 (X, ~)

where A 6% is the full subcategory of Grp™ of abelian groups, and where we note that the
right vertical map is well-defined, since an Eilenberg-Maclane space of type K(G,n + 1) is
simply connected. The map admits a section given by the delooping functor B**': A6~ —
&M, ., which thus gives a section 4,: 7<1X — K,(X). The map r<,X — &N,
obtained as the Grothendieck construction on the fibration 7<,4+1X — 7<,X, and the
truncation map 7<,X — 7<;X commute after passing to 6%, and thus give rise to a map

Kn : T<pX — K, (X). The key observation is then the following

Lemma 2.23. ForX € & andn > 1, we have a pullback square
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T<p1 X — 71X

Pn+1l \Ldn

T<nX ——> Kn(X)

Proof. We first observe that the fibre of the functor m,41: 811, — A6= at mp1 (X, x) €
A% is BK (71 (X, x),n+ 1) = K(my01X, n+ 2). Now, as 4, : 7<1.X — K,,(X) is a section
to the map K,,(X) — 7<1X, the homotopy type of the fibre at any basepoint (since K, (X)
is connected) is therefore QK (7,41(X, x),n + 2) ~ K(7p+1(X, x), n + 1). We thus obtain
the commutative diagram

K(ﬂn+1(Xs x),n+ 1) K(”YHI(Xs x),n+ 1)
T<n1 X > T<1X
| I
TSnX Kn ) Kn(X)

which induces an equivalence on the fibres, as the induced map is an isomorphism on
Tn+1 Dy construction. O

It follows readily that the above construction is functorial in equivalences, and we
obtain a functor ¥ — Fun(A! x Al, 8), i.e. a functor into the category of commutative
squares.

2.3.2. Principal case. The passage from 7<,X to 7<,1X involved a cohomology class
[xn] € Hn+2(7-'$nX§ Tn41X)

where the local coefficient system is induced from the action of 7;X on 7,X, and such a
group is usually unwieldy for computations. However, when the action of 7 is trivial,
it becomes significantly easier to grasp these cohomology groups. We first begin in the
case of a 1-connected space X; in this setting, one has 7<1X = *, and thus the map
T<n+1X — T<,X is a principal fibration fitting into the following pullback diagram

Tep X ————————> *

l |

T<nX K—n) K(ﬂn+1X, n+ 2)

Similarly, if 7z; (X, x) is non-trivial but acts trivially on 7, (X, x) for all x € X, one obtains
a decomposition K, (X) =~ K(p+1(X, x), n + 2) X 7<1X and a trivialization of the fibration
7<1X — K, (X), and we recover the same pullback diagram for the simply connected case
by gluing the two pullback diagrams

TSn+1X —) Tle ) *

i oo i

T<nX ——> K(mnnX,n+2) X 101X pr—oj> K(mp1X,n+2)
1

This defines a functor from the category of simple spaces to the category of towers
consisting of principal fibrations (we note that the k-invariants form additional data).

2.3.3. Nilpotent case. Among spaces whose Postnikov tower is not principal, one particu-
larly stands out for being close enough: nilpotent spaces. We give a brief reminder of this
notion. Fix a group 7 and a Zz-module A, i.e. an abelian group endowed with an action of
TT.



18 FADI MEZHER

Definition 2.24 (Lower central series of action). The lower central series of a Zz-module
A is a sequence of submodules

o CTHA) CTI Y (A)c---CT2A)C A

where T2(A) is generated by elements of the form g - x — x, with g € 7 and x € A, and
where I' (A) is inductively defined by

T (A) = (I (A)

The action of 7 on A is nilpotent if its lower central series is eventually trivial, i.e. if
there exists some r € N so that I’/ (A) is the trivial module.

Definition 2.25 (Nilpotent space). A space X is nilpotent if for all x € X, the group
71(X, x) is a nilpotent group, and if the action of 7 (X, x) on 7, (X, x) is nilpotent for all
nz2.

Let X be a nilpotent space. Then, for all n € N, the maps
T<nX = T<p1X

occuring in the Postnikov tower can be rewritten as a composition of finitely many maps,
each of which is a principal fibration. In fact, the converse is true: a space X is nilpotent
if and only if each map 7<,X — 7<,-1X can be decomposed as above. We call the tower
thus obtained a principal refinement of the Postnikov tower.

Remark 2.26. The above construction can be made functorial in the co-category of spaces;
however, this will not be needed for our purposes, and we will be treating the principal
refinement following classical homotopy theory.

We now record a lemma highlighting the behaviour of (refined) Postnikov towers under
finite completions, for nilpotent spaces of finite type; such a technical result will prove
useful in the proofs of the following sections.

Lemma 2.27. Let X be a connected, nilpotent space of finite type, and let {Xp}nen be a
refinement of its Postnikov tower. Then, {®°X,,} is a refined Postnikov tower for ®°X, where
the fibre of the map X,,11 — X, is an Eilenberg-Maclane space, obtained from the fibre of
Xn+1 — X by group profinite completion.

Proof. This follows immediately from Lemma 2.19. O

2.3.4. Moore-Postnikov decomposition. Given connected spaces X,Y and amap f: X — Y,
the Moore-Postnikov decomposition of f is a sequence of spaces {Z, },en along with maps
gn: X > Zy, hy : Zy —> Y and py, : Zyy1 — Z, fitting into the following commutative
diagram

X 9n+1
Lo
f Zn <P_n Zn+1
hn
Y hn+1

uniquely characterized by the following properties
(i) gn is n-connected: it induces an isomorphism on homotopy groups mx for k < n,
and a surjection for k = n;
(ii) hy is n-truncated (sometimes also referred to as n-co-connected in geometric
contexts): it induces an isomorphism on 7 for k > n, and an injection on k = n;
Given a morphism between two maps f : X — Y, f' : X’ — Y’ in Ar(§), namely a
commutative square
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X — X

7| I
Yy — Y
we obtain maps Z, — Z, between their Moore-Postnikov truncations, fitting into the
above square. This suggests that the Moore-Postnikov decomposition defines a system of
functors
MPn : Ar(S) -8

which to an object in the arrow category of spaces, namely a map X — Y, associates its
Moore-Postnikov truncation in degree n. To see that this describes a functor, we observe
that by [Lur09, Example 5.2.8.16] that (i), (ii) in the above describe a factorisation system.

2.4. Homotopy mapping class groups. We are now ready to show Theorem 2.1 of Serre
and Sullivan. Let X be a simply connected finite CW-complex. Consider the following
diagram

7o hoAut(X) ——— ®97y hoAut(X)

I T

7o hoAut(®°X) —— 7 Map}, ¢ (X, X)

The existence (and uniqueness) of the rightmost vertical morphism follows from the
universal property of profinite completion of groups, and Theorem 2.21. The purpose
of the above diagram is that injectivity of mp hoAut(X) — ®9m hoAut(X) follows from
injectivity of my hoAut(X) — mp hoAut(d°X); the latter follows from a more general
theorem of Sullivan, namely [Sul74, thm 3.2] (Theorem 2.28), stating that for reasonable
spaces X, Y, the map Map(X,Y) — Map(X, ®°Y), obtained by composition with the map
ny: Y — ®°Y, is mp-injective; we rewrite the proof in what follows, as we will be using a
similar strategy in later proofs.

Theorem 2.28 (Sullivan). Let Y be a finite CW complex, and let B be a nilpotent space of
finite type. Then, the map Map(Y, B) — Map(Y, ®*B), given by composition with the finite
completion B — ®°B, induces an injective map on .

Proof. Let {By,}nen be a principal refinement of the Postnikov decomposition of B, and
observe that {®°B,, },en yields a principal Postnikov decomposition of ®°B, by Lemma 2.27.
AsY isafinite CW complex (hence its cohomology is eventually trivial), any map f: Y — B
is uniquely determined by the composition fy: Y — B — 7<nB for some N € N, in the
sense that for all kK > N, one has unique lifts up to homotopy:

T<k+1B
2
fi
Y —— 7B

Consequently, given f # g: Y — B, we may consider f and g as maps to 7<xB for some
large N; the proof of injectivity then follows by working inductively on the Postnikov
tower. Consider the following situation:

QK

//5{ l
AMfg) o

!y By ——————>

/

Ve l
ol
Y > Bn n ‘= K(”ﬂ+1:n+2)

\
7
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We first describe the above diagram. The right hand square is a pullback square. We fix
amap ¢ : Y — By, and take two lifts f, g of ¢ over B,;;. Each of the previous two lifts
yields a nullhomotopy of the composition x, o ¢, which is equivalent to the data of two
maps N(f),N(g): CY — K from the cone of Y. Gluing the above two maps from the
cone, we obtain a map from the suspension XY — K, which by adjunction yields the
map A(f,g): Y — QK (which is rightly thought of as the difference between f and g).
The cohomology class represented by this map detects when f is homotopic to g as lifts:
f = g as lifts if and only if [A(f,g)] = 0. However, one can also obtain information on
when f and g are homotopic, but not necessarily through lifts, from the cohomology class
[A(f,g)]. Indeed, we obtain the following criterion:

Qkp
f~g = [Af,g)] €Im (ﬂqu, Map(Y, By) —2 10Q00 Map(Y,K))

Additionally, 7o Q, Map(Y, B,) and myQy,., Map(Y, K) carry group structures by concate-
nation of loops, and the map Qk,, induces a group homomorphism between them. By the
Brown representability theorem, we also see that myQ,,0, Map(Y, K) = H™U(Y, mpet).

We can repeat the same diagram after finite completion ®°B on the target, and compo-
sition with the natural map np: B — ®°B. We obtain the same diagram above, where B; is
replaced by ®°B;, and K by ®°K, and where Lemma 2.27 provides the required pullback
square. Our aim is now to show that if f # g, thennygo f # ygog.

Consider the following diagram

G = mQ, Map(Y, B,) — G’ = mQp0p Map(Y, ®°B,,)

anl lQ NBOKn

@ H"™ (Y, tps) ———> H"™(Y, ®Imp4q)
coker Qk,, > coker Qnp o Ky,

Note that f # g is equivalent to [A(f, g)] # 0 in coker Qxk,, (and similarly for ngo f, ngog),
and that A(f, g) maps to A(yg o f,np o g) via the middle horizontal morphism of the
diagram. Consequently, our aim reduces to showing that the group homomorphism
coker Qk,, — coker Qngky, is injective. To this end, we consider the following

* Claim: the upper square in diagram 1 is isomorphic, in the category Sq(Grp) of
squares in groups, to the square

ne N IG

QK,,\L \L@g (QKn)

H™ (Y, 741) Tt QIH" (Y, 7p41)

We delay the proof of the claim to the next paragraph, and show how this already implies
that the map coker Qk,, — coker Q®°k,, is injective, as desired. We begin by observing
that we have an isomorphism in the arrow category in groups Ar(Grp) between the arrow
(coker Qk,, — coker Qng o k), and the arrow (coker Qx,, — coker ®9(Qk,,)). The profi-
nite completion functor (remembering the topology) ®9: Grp — ProfGrp is left adjoint to
the forgetful functor ProfGrp — Grp, and is therefore right exact. Furthermore, as profi-
nite groups are compact, Hausdorff totally disconnected topological groups, the forgetful
functor ProfGrp — Grp is exact, so that the functor ®9: Grp — Grp remains right exact.

. . . U
Consequently, the latter arrow is itself isomorphic to the arrow coker Qk,, — ®9 coker Qx,,,
where 7 is the finite completion morphism. Now, as coker Qx,, is a finitely generated
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abelian group (as being the quotient of the cohomology group, itself a finitely generated
abelian group), it is in particular residually finite, whence injectivity of all the three previ-
ous arrows. It therefore follows that if f # g, then n o f # 5 o g, and the proof follows by
finite induction.

We now prove the claim. We begin by observing that the upper square diagram 1 is
obtained by applying 7; to the following square

Map(Y, B,) —2=5 Map(Y, ®°B,,)

KHO_\L \LCDS Kno—

Map(Y, K,,) g Map(Y, ®*K,,)

where the basepoint at the top left corner is chosen to be ¢ € Map(Y, B,) (and all other
basepoints are taken to be the images of ¢ by the corresponding maps). Given spaces X, Z,
we write the mapping space Map(X, Z) as the following limit

Map(X, Z) = li)r(nZ

and note that in the case X is a finite CW complex, the above is a finite limit. Rephrased
in these terms, the above comutative squares spells out to the following

;
limy B, —& limy ®*B,

lim K,,l \Llim Sk,

lil’ny Kn ﬁ) hmy @SKn
mhyg

Coassembly yields a natural transformation coass: ®*limy = limy ®°, which conse-
quently yields the following commutative diagram

i limy Bn
limy B, limnp > limy ®°B,,
(0% limk,
limx,, ~ lim &Sk,
@* limy K,

/ ~
coass
n ~

> limy ®°K,,

limy Kn -
limnx
By Theorem 2.18 and Corollary 2.20, both the coassembly maps in the above diagram induce
isomorphisms on 7, for all n > 1, and in particular on 7y, at the basepoint corresponding
to the image of ¢ € Map(Y, B,); this follows since B,, and K, are nilpotent spaces of finite
types. Theorem 2.16 identifies the arrow in groups (; (limy By, ¢) — 71 (®° limy By, n¢))
as n: m (limy By, ¢) — 997 (limy By, ¢), the group finite completion map (and the analo-
gous statement for Kj,), while Remark 2.17 identifies the induced morphism 7 (®° lim x;,)
as ®Imy (limk,). This consequently shows the claim, and the proof follows by finite
induction. O

Remark 2.29. Although not relevant for our purposes, the above theorem can, without
much trouble, be seen as a special case of a more general statement about section spaces
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of bundles. Indeed, given a bundle ¢: E — B over a finite CW complex B, with fibre F a
componentwise nilpotent space of finite type, the map on section spaces

I(8) — [(@,8)
can be shown to be my-injective, where @9, is the fibrewise finite completion: via the
Grothendieck construction, ¢ can be identified with a functor in Fun(B, &), where B is
viewed as an co-groupoid, and <I>; 5 1s given by composing the above functor with the
functor ®°: & — §. The above theorem is then the special case when ¢ is trivialisable.

3. Tx-MAPPING CLASS GROUPS

In this chapter, we generalize Sullivan’s result to the setting of mapping spaces in
categories of presheaves on discs. Given a smooth d-dimensional manifold M, and k €
N U {oo}, we define

Tk Diﬁ(M) = Maplgsh(Discﬁk) (EM’ EM)

where Ey is the disc-presheaf U,R? — Emb(L,R?% M). The goal of this section is to
use techniques similar to those of the previous section in order to show that the group
7o Ty Diff (M) is residually finite, when k < co, and M is closed and 2-connected.

3.1. Embedding calculus with tangential structures. Let Manf; be the topologically
enriched category of smooth d-dimensional manifolds (not necessarily compact) with
empty boundary, and smooth embeddings, endowed with the C*-topology; via the co-
herent nerve, we view this category as an co-category. As a full subcategory, we can
consider Disc; € Manfy, where objects are I_lng, for all ¢ € N; we denote by i the
inclusion Discy; < Manfy. This category has an obvious filtration: for each k € N we
can further consider the full subcategory Discjk consisting of objects of the form LIz R,
where ¢ < k; we denote the inclusions Discjk < Discy by 1. We define a functor
E: Manf; — Psh(Discy) as

E: Manf, LN Psh(Manf ;) =, Psh(Discy)

where h is the Yoneda embedding. Concretely, given M € Manfy, Ey is the disc-presheaf

LR? + Emb(LI,R? M). We can further compose E by the restriction functor 1., and

<k

obtain a functor Manf,; — Psh(Disc

). We thus obtain a tower of functors

Psh(Discg) — -+ ——> Psh(Discjk) —> --- — Psh(Disc3")

IJE
x Tl

Manf;

E

Given a smooth d-manifold M, and a smooth manifold N of dimension > d, we define

Ti Emb(M, N) = Mappg, ezt (e (ER)

for all k € N U {o0}, where Ei, is the disc-preseheaf sending LI;R¢ + Emb(L,R% N).
On mapping spaces, the above tower of functors gives a tower of spaces, the embedding
calculus tower, {Ty Emb(M, N)}cn, receiving a map from Emb(M, N). We say the tower
converges if the map

Emb(M, N) — Too Emb(M, N)
is an equivalence. The following theorem stands as a fundamental theorem of embedding
calculus
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Theorem 3.1 (Goodwillie-Weiss). Let M, N be two smooth manifolds of dimension d. If
hdimM < d — 3, then Emb(M, N) — T, Emb(M, N) is an equivalence, where h dim M is
the handle dimension of M.

The advantage of the above theorem is to give more homotopy theoretic methods to
study spaces of embeddings. In particular, given a fixed embedding f: M — N, we can
describe the fibre of the map

Tir1 Emb(M, N) — T Emb(M, N)

as a certain space of sections of a bundle over the unordered configuration space UConfy (M)
of M relative a fixed section on the fat diagonal, where the fibres are built out of cubes of
configuration spaces of N (see, for instance, the final paragraph of [Wei99], or [KK24, thm
4.9]). This fibre is denoted Ly Emb(M, N), and called the layer of the tower.

Given a smooth manifold M of dimension d, and k € N U {co}, the main object under
investigation in this work is

Ti Diff (M) = MaP;Sh(Discjk) (t.Em, t1.Em)
We refer to the group of components of the above space the Ti-mapping class group of M.

It is possible to set up embedding calculus to include manifolds with boundary, and
boundary conditions. We shall return to this once needed later.

We now study a method of imposing tangential structures on manifolds, and applying
embedding calculus, where now all embeddings are required to preserve those tangential
structures. Fix a dimension d € N, and let © € Psh(BO(d)) be a space with a Borel
action of O(d). Denote by ég: Bg — BO(d) the associated Borel construction through
the Grothendieck equivalence

Psh(BO(d)) =~ S/BO(d)
We define Manf? as the following pullback in co-categories

Manfd®  — S/B@

| -

Manf; ——> CS)/BO (d)

where the lower horizontal functor sends a manifold M to the map M — BO(d) classifying
the tangent bundle of M.

We may further restrict to discs. Given any tangential structure ® and k € N, we define
DiscS)’Sk as the following pullback in co-categories

Disc§<F —— S5

| i

Discjk Em— S/BO(d)

By the universal property of presheaf categories [Lur09, 5.1.5.6], we obtain a colimit

preserving functor Psh(Disc3¥) — §/BO(d), which sits in the following commuting

d
diagram
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. 0,<k S
DlSCd  — /B@

Psh(Discjk) — S/BO(d)

0,<

y ¥ ¢, where C is the pullback of the cospan

and which in turn yields a functor Disc
PSh(DiSCjk) b S/BO(d) — CSj/B@

Note that C again admits all colimits. Using once more the universal property of presheaf
categories [Lur09, 5.1.5.6], we obtain a colimit preserving functor Psh(Discde’Sk) — C,
which thus yields a commutative diagram

Psh(Disc§ <) —— S5

l l

Psh(Discjk) — S/BO(d)
The left vertical functor is obtained by left Kan extension

Disc=* —— Disc5¥ < Psh(Disc3¥)
r

-
_ -
-
_ -

-

Psh(DiscS’Sk)

We may further consider the full subcategory of Psh(Discjk) given by elements Ey for M

a d-dimensional manifold with empty boundary, which we denote by TyManf;. We may
also consider the full subcategory TkManfS given by pullback

TiManf§ —— Psh(Disc5=")

l l

TxManf; —— Psh(Discik)

For a d-dimensional smooth manifold M together with a fixed tangential ©-structure £ on
it, we define

. r® A_ ~ (¢] (C]
Tk Diff (M’ f) - MapPsh(Discg'Sk) (E ’ EM)

The following result, due to Krannich and Kupers [KK24, thm 4.15], gives a smoothing
theory description on the level of tangential structures.

Theorem 3.2 (Krannich-Kupers). Let © € Psh(BO(d)). For each k € N U {co}, every
square in the following commutative diagram is a pullback square of co-categories

DiscS’Sk —_— Manlea —_— Psh(Discde’Sk) _— CS)/B@

l | l l

s onsk s o<k S
Disc;* < Manfy T) Psh(Disc;"*) —— /BO(d)

As a corollary, we obtain the following

Corollary 3.3. Let ® € Psh(BO(d)) be a tangential structure, and fix a smooth, d-
dimensional manifold with empty boundary, together with a fixed ©-stucture £ on it. The
fibre of the map

BT, Diff® (M, ¢) — BT} Diff (M)
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is a collection of components of the space of tangential ©-structures on M, i.e. the space

Map® @ (Fr(M), ©)

3.2. Spin Tx-mapping class groups. Consider a closed, smooth 2-connected d-manifold,
together with a choice s of a spin structure on it, and define E]SVIIJln € Psh(Dichpm) by
LxR? — Emb P (L1 R, M). The aim of this section is to show the following.

Theorem 3.4. Let (M, s) be a closed, smooth 2-connected d-manifold, together with a choice
of a spin structure on it. Then, for allk € N,

1o Tie DIffSP (M) = 79 Map™

% pOpIn % Spin
Psh(DiscSpm’Sk)(lkEM alkEM )

d
is a residually finite group.

We begin with some notation. Given a space valued diagram X € Fun(C, &), we define
its profinite completion X to be performed pointwise, namely as the following composition

X: 0% 8 5 Pro(s,)

We may further compose with the materialisation functor Mat : Pro(S$,) — &, and
keeping with our conventions, we denote the composition as ®*X € Fun(C, &). Similarly,
we denote by 7<,X the composition

X T<n
T<nX:C—>8 — &8
In analogy to the similar situation in spaces, we call {<, X} en the Postnikov decomposi-
tion of X. A natural transformation « : X — Y is said to be principal if it is a principal
fibration pointwise. A Postnikov decomposition of X is then said to be principal if all
transformations 7<,+1X — 7<,X are principal.

Lemma 3.5. Forallk € N, and for (M, s) as above, EmbSpin(I_Ide, M) has the homotopy
type of a simply connected, finite CW complex.

Proof. Recall that Emb®P™™ (L R%, M) sits in the following homotopy pullback square

Emb P (LR, M) —— Fr¥Pin(M)k

| l

Confr (M) «—— 3 Mk

The rightmost vertical map is the cartesian product of the spin frame bundle of M, which
exists as M is assumed to be 2-connected and thus admits a spin structure. Furthermore,
we observe that the vertical fibre []; Spin(d) in the above is homotopy equivalent to a
finite CW complex; indeed, Spin(d) is the double cover of SO(d) (universal for d > 3), a
compact Lie group. Additionally, note that M \ Lig* is again a 2-connected manifold, for all
k. Induction on the Fadell-Neuwirth fibre bundle M\ Lig_;* — Confy (M) — Confy_;(M)
thus yields the result: one first observes that 7; Confy (M) and m,Confy (M) are trivial for
all k € N, so that the long exact sequence on homotopy groups applied to the fibration
[Tk Spin(d) — Emb*P™(LR% M) — Confi (M) implies that the space in question is
simply connected. That it has the homotopy type of a finite CW complex also follows from
the fact that it sits as the total space of a fiber bundle whose fibre and base space have
the homotopy type of finite CW complexes. Indeed, Confy (M) is homotopy equivalent
to a finite CW complex for all k, since it is homeomorphic to the interior of a compact
topological manifold with boundary via the Fulton-MacPherson compactification. O

The above analysis thus yields the following.
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Corollary 3.6. The presheaf JT:"]S\,II)in € Psh(Dichpm) admits a principal Postnikov decomposi-

tion. In particular, so do all restrictions I;;EM € Psh(Dichpm’Sk),fork e N.

Using the above corollary, we show the following proposition, which is a generalization
of Sullivan’s theorem (Theorem 2.28) to the case of certain diagrams of spaces.

Theorem 3.7. Let M be a closed, smooth 2-connected d-manifold, where d > 4. Then, for
every k € N, the composition map
) % poOpin & ~Spin ) % pOpINn % x ¢ ~Spin
Mappsh(Dichp‘"’Sk)([kEM By ) — Mappsh(DiSCSdpm,Sk)(lkEM e OE )
induces an injection on 7.

We present a proof for k = 1, and delay the case k > 2 for the following section, as
some more technology will have to go into a proof in that setting. We point out that
the following proof is precisely an equivariant version of the proof of Theorem 2.28, and
therefore we will be following the aforementioned proof quite closely.

Proof for k = 1. Observe that LTEISVII’i" ~ FrP"(M), the spin frame bundle of M. We fur-

thermore observe that Psh(Dichpin’Sl) ~ Psh(BSpin(d)), the category of spaces carrying

an action by the Lie group Spin(d). The strategy to show injectivity is to work up the
Postnikov ladder: given a Spin(d)-equivariant map ¢: FroP™(M) — 7, FrP™ (M), we
consider two non-homotopic lifts to 7<,4; FrP™(M). The key claim is that if we com-
pose with the finite completion on the target, the two lifts remain non-homotopic. As
FrP"(M) is a finite Spin(d)-CW complex, cohomological boundedness implies that for
some N € N, there are unique lifts to 7<, FrSpi“(M), for £ > N; thus, the claim follows by
finite induction from the above key claim. Consider the situation of the following diagram
in Psh(BSpin(d))

f//’} T<ns1 FIPR (M) > %

/7 ,//\’
/-9

FrSPin (M) — T<n FPP (M) —— K = K(7t41 FrP™ (M), n+ 2)

where the square is a pullback square in Psh(BSpin(d)), and where the action of Spin(d)
on the Eilenberg-Maclane space in the lower right corner is trivial. We fix a map ¢ :
Frn(M) — 7., FrP®(M), and consider two lifts f and ¢g. The goal is to study how
differen f and g can be. As the right hand side square is a pullback square, each of these
two lifts is equivalent to a nullhomotopy of k,, o ¢. Using the Grothendieck construction
Psh(BSpin(d)) ~ & /BSpin(d), and since the action of Spin(d) on the Eilenberg-Maclane
space is trivial, we obtain equivalences

Map™™@ (B (M), K) =~ Mapg /spin(a) (FrSPi“(M) //Spin(d), K x BSpin(d>)
=~ Map(M, K)

Consequently, it follows that a nulhomotopy of k, o ¢ through Spin(d)-equivariant maps,
is equivalent to a nullhomotopy of the corresponding map between M and K in §. For
the lifts f, g, we get maps N(f),N(g9) : CM — K from the cone of M, which can be
glued to a map XM — K, resulting in a map A(f,g): M — QK, whose corresponding
cohomology class [A(f,g)] € H"'(M; 7,1 FrP"(M)) characterizes when f and g are
homotopic through lifts:

f ~gaslifts &= [A(f,9)] =0 € H™(M; mps1 FrPR(M))

The cohomology class [A(f, g)] can similarly characterize when f and g are homotopic:

f~g & Af.g) €Im (G 2K (M 1y FrSPin(M)))



RESIDUAL FINITENESS OF SOME AUTOMORPHISM GROUPS OF HIGH DIMENSIONAL MANIFOLDS 27

where G = mQ,, MapSPin (FrSPin (M), 7., FrP (M)). We now apply finite completion on
the target, and observe that we obtain the same pullback square above, along with the
lifting problem for the map

noe: EPR(M) S o, B (M) L @S, FrPR (M)
Since 7,41 Fr™ (M) is a finitely generated group, we know that
O K (g PO (M), 1 +2) ~ K (cpgnnﬂ FrPi (M), n + z)

Given two lifts f, g prior to finite completion, we obtain two corresponding lifts of n o ¢
upon profinite completion, namely 5 o f,5 o g respectively. Composition with finite
completion
Hl’l+1 (M, Tna1 FrSpm (M))
maps the obstruction A(f, g) to the corresponding obstruction A(n o f, 5 o g). We further
denote G’ to be the group
G’ = 7Qpop Map P (Fr°P™ (M), @7, FrP™ (M)

We now consider the diagram

G > G’

QK"\L \LQUGK"

H™Y(M; mpyq FrP(M)) —— H™Y(M; &9, FrP(M))

! !

coker Qk,, > coker(Qn o ky,)

Similarly to the proof of Theorem 2.28, the argument boils down to showing the lower
horizontal map is injective. As coker Qk,, is a finitely generated abelian group - which we
recall are residually finite - it would suffice to show that coker Q®°x,, is isomorphic to the
underlying group of the profinite completion of coker Qk,,, and that the map is given by
profinite completion. This follows if we can show that the top square is isomorphic, in the
category Sq(Grp) of squares in groups, to the square

G 7 s ®IG

QKn\L \Ld)gQ(UOKn)

H™! (M 41 FrPP (M) —— ®IH™! (M; 41 FP™ (M)

obtained applying the natural transformation id = @Y to the arrow

Qkyp :
G = H™(M; 10y FEP™ (M)

we refer to the proof of Theorem 2.28 for further details.

We show how this works for the arrow G — G’ first; the statement for the square works
in the same way, as showcased in the proof of Theorem 2.28. By the Grothendieck equiv-
alence Psh(BSpin(d)) =~ &)gspin(d), We note that Fr¥ (M) is mapped to M — BSpin(d),
classifying the spin tangent bundle. As M =~ m # in &, this gives a description of
M — BSpin(d) as coi)nM(* — BSpin(d)), since colimits in overcategories are computed
in the underlying category. Going back via the Grothendieck equivalence, we obtain

FriPin (M) ~ colim Spin(d)
M
where the diagram is given by sending p € M to Spin(T,M). The above equivalence is the
categorical analogue of the fact that FrP™ (M) admits a free, finite Spin(d)-CW-structure,
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obtained by pulling back a finite CW-structure on M against the principal Spin(d)-bundle
FrP" (M) — M. We thus obtain the equivalences
MapSpin(FrSpi“(M), 7, FroPN(M)) ~ MapSPin(colim Spin(d), ®* 1<, FrPin(M))
M
~ hArAn Map®P"(Spin(d), ®°7<, FrPm(M))

g M (82, BP0
~ %n @7, FrPn (M)

We observe that 7, Fr" (M) is a simply connected space of finite type, and that the
above limit is a finite limit, as M is a closed manifold; thus, Corollary 2.20 applies, and
supplies an isomorphism on 7;

P lim <, FrPn (M) — lim 57, FroP (M)

on choices of basepoints coming from the images of ¢ € limy <, Fr°P"(M) via the two
canonical maps. Theorem 2.16 now implies that G’ = ®9G, and that the map G — G’ —
®IG agrees with the finite completion map. The remainder of the proof carries through as
for the proof of Theorem 2.28. O

3.3. Restricted Postnikov truncations. We now aim for a proof of Theorem 3.7 for
k > 2. In order to do this, we wish to construct a restricted Postnikov decomposition for
X e Psh(Discjk ), namely an inverse system {7<, X },en, along with morphisms X — 72,X
satisfying the following
(i) The induced map
X - lirrln TenX

is an equivalence
(ii) For ¢ < k, and for all n € N, the map

X(URY) = 75, X (LURY)

is an equivalence
(iii) The tower evaluated on LItR? is given by a sequence of fibrations with fibre
Eilenberg-MacLane spaces.

Construction 3.8. Any X € Psh(Discjk) comes equipped with a canonical morphism
X = (1k-1)+1;_,X. From X, we define a functor

X/Te-1X: (Disc3F)P — Ar(S)

by D (X(D) — (tk_l)*l;;lX(D)). For each n € {-1,0} UN, we define 7<,X to be the

composition
X[Tjo1X

— MP,,
72.X: (Disc3F)°P Ar(S) Ky
where MP,, is the n-th stage Moore-Postnikov functor of §2.3.4.

The following is immediate from the above construction.

Lemma 3.9. The inverse system 7<,X is a restricted Postnikov decomposition of the presheaf
X e Psh(Discjk), i.e. satisfies (i), (ii) and (iii) from above.

Remark 3.10. The above construction can be seen as a certain localization onto a full-
subcategory of Psh(Discjk): for each n € {-1,0} UN, we say X is n-truncated over
Discjk_1 if the map X (LxR%) — (lk—l)*lZ_IX(Ude) is n-truncated. C, is then defined
to be the full subcategory of Psh(Discjk) of those objects X € Psh(Discjk) which are n-

truncated over Discjk . Observe that for any X € Psh(Discjk), T<nX € C,. We thus define
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a direct system of full subcategories C,, of Psh(Discﬁk) such that C_; ~ Psh(Discjk_l),
colim C, =~ Psh(Discjk ), and the map C_; — colim C,, agrees with the inclusion functor
—>n —>n

Psh(Disc3') < Psh(Discjk). For each n, the inclusion c,: C, < Psh(Discik) admits a
left adjoint (cp,).: Psh(Discjk) — C,, and it can be shown that (¢,).X =~ T<,X.

Recollement/Reedy extensions, following [KK24, Theorem 4.9 (i)] and [HRS], allow
=k,Spin
d

object LitR?, where the morphism space is Emb

be the category consisting of a single
Spin (LUkRY, Lk R?) of those embeddings

To-inj

us to show the following key step. Let Disc

that induce a bijection on 7. We observe that Disczk’Spin is equivalent to the category

BGy, where Gy, = & = Spin(d), the action given by permutation of factors. There is

=k,Spin <k.,Spin
k,Spi ¢ s 4

o . <k, . =k,

J*+ Psh(Disc;, L Psh(Disc, Py,

an inclusion functor j : Disc — Disc , which induces a restriction functor

Theorem 3.11. We have the following pullback diagram of co-categories

Psh(Disc; ™) —2— Fun(A? Psh(Disc;""™))

ol lo

Psh(Discfik_l’Spin) F) FUD(Al,Psh(Disc;k’SPin))

where the three other functors are the following
- (D: Psh(Discjk’Spin) — Fun(A?, Psh(Disc;k’Spm)) maps X € Psh(Disc

the triangle in Psh(Disc;k’Sp )

<k,Spin
” ) to

J - X —— j°X

i

{]’*(lk—l)*lz_lx

« The functor @): Fun(A?, Psh(Disc;k’SPin)) — Fun(Al,Psh(Disc;k’Spin)) is given by
precomposition with the map A — A%, 0+ 0 and 1 +— 2.

« The functor (3): Psh(Discjk_l’Spm) — Fun(Al,Psh(Disc;k’Spm)) maps X to the
arrow

J (=) X = J" (e-1)X

Remark 3.12. We emphasize that the above theorem works in general for all tangential
structures © € Psh(BO(d)).

We now combine the previous pullback square with Construction 3.8. For X €

Psh(Discjk’Spm), let {7<,X} be its restricted Postnikov decomposition. In our aim of
<k,Spin

studying self-maps of X in Psh(Disc ), we observe that

MapPsh(Discjk’SPm) (X, X) = Mappsh(Discjk,Spin) (X, hrrzn T< nX)

~ llrl;n MapPsh(DiSCj k.Spin ) (X, T< nX)

It would be ideal for our purposes if the consecutive stages of the above limit are governed,
as for usual mapping spaces, by some cohomology group; the following result is a step in
this direction, and follows readily from Theorem 3.11.
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Proposition 3.13. For any X € Psh(Discjk’Spin), evaluation at D = LIitRY yields an
equivalence

T<nnX J ()X (D) ——> J T<nr1 X (D)
- | x = N
Llﬂpsh(Discjk,Spm) /// l i LlftGk l ///// l
X — X J*X (D) ——— j*7<,X(Dy)

where G = S x Spin(d)k ~ Embi};i_?nj(l_lde, UgRY), and where the target space denotes
the space of Gi-equivariant lifts.

Spin
M —

first observe the following. For a closed manifold, we let Conf; (M) denote the Fulton-
MacPherson compactification of Confy(M); this is a compact manifold with corners
containing Confy (M) as its interior. Let dConf (M) denote its boundary.

We now specialize to the case of X = E,- for a 2-connected closed manifold. We

Lemma 3.14. For M a 2-connected closed manifold, and for Dy = LixR¢, (]’*(lkfl)glzilE]SVI;in(Dk)
sits in the following pullback diagram

J (o)t E™(Dy) —— Emb™™(Dy, M)

l [

dConfy (M) — Confi (M)
where the bottom arrow is defined after choice of a boundary collar on Conf (M).

Proof. This follows from [KK24, Proposition 5.12]. O

It follows in particular that the pair ({/*Ei};in(Dk),j*(tk,l)gtz_lEifm(Dk)), for Dy =
LIde, is equivalent to a finite, free Gx-CW pair, which, for simplicity, we henceforth
denote by

(Eyi " (De). 9Eyy " (D)

We now start with a warm-up to the proof of Theorem 3.7. The main advantage of
Proposition 3.13 is that it enables us to study a space of lifts of maps in a complicated
category in terms of obstruction theory of equivariant spaces. We now carry out this
analysis for X = Ei;m. For ease of notation, we let Dy denote the disjoint union of k-many

discs, and we again let G, = S = Spin(d)¥. We first observe that ﬂlEi/I;in (Dg) = 1, so that

the fibration rSnHE]S\fm(Dk) — ?;Eif;in(Dk) may be delooped to a pullback diagram in
Psh(BGy)

Tem Epp ™ (D) ————— =

i

TenEp " (D) —> K(tnFon+2)

where F is the fibre of the map Els;in(Dk) — (tk_l)*tz_lEifm(Dk), on which Gy acts. Ob-
serve now that 7,4, F is a finitely generated group, which admits a potentially non-trivial ac-
tion of Gg, as Gy is not connected. We now fix a pair of maps (¢, 9¢) : (Iz"js\f[)in (Dy), 3E]S\f;m (Dg)) —
(?;Eifm(Dk), rgnﬂEifm(Dk)), where aElsV};in(Dk) is to be understood as in Lemma 3.14.

We are thus looking at the following lifting problem in Psh(BGy)
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. ) .
IE™ (D) =% o B (Dy) ———— *

L]
Ex™(Di) —5— Tznbyy (D) —— K(mauiF,n+2)

As the right hand square is a pullback square, a lift f is therefore equivalent to a null-
h . Spin
omotopy of k,, o ¢ relative to 9E,,

of (Ei;m(Dk), anS\fm(Dk)) to K(mp1F, n + 2). Given two lifts f, g, we may glue the two
maps from the cone to obtain a map from the suspension, which by adjunction yields a
relative map A(f,g): (Ei};m(Dk), 8Ei5m(Dk)) — (K(mp41F,n + 1),%). Considered up to
homotopy, this gives a class [A(f, g)] € Hg:l(Ejs\f[’m(Dk), 3EZSVII’m (Dg); et F) in the relative
Gg-equivariant cohomology group with coefficients in the ZGg-module 7,,,1F. We note
that the above cohomology group is a finitely generated abelian group, as the pair is
equivalent to a finite, free G-CW pair, and 7,41 F is finitely generated. The class A(f, g)
satisfies, as usual, the following property

[A(f,9)] =0 & f =~ g through equivariant lifts
As in the previous setting, we are after a subgroup K of Hg:l (E]S\/]?in (Dy), aEifi“ (Dg); mni1 F),
with the further property that
f=g9 = [A(f.9)] €K
It can be readily seen that such a subgroup is given by the image of

Spi Spi — _Spi Spi
7082 (p,0p) MAP pr(psh(BG,)) ((EA};m(Dk)» O, (D)), (tznEyy " (Dy), T$n+1EN}1)m(Dk)))

in the equivariant cohomology group by the obvious composition morphism. We can
repeat the above after finite completion on the target. We first record some technicalities
that prove useful.

We now treat the case of relative mapping spaces.

(Dg), or equivalently, a map from the relative cone

Lemma 3.15. The maps

FEP™ (D) team ™ (Dy) FEP™(Dy) D repmiEr " (Dp)
e I SMap%| | !
EXM(Dp)  teamEgt EXN(Dy) @ tamEy”
and
Spin Spin
oE;, (D) * OE™ (Dy) .
@ Map©r J/ , J/ — Map©* J/ > l
Spm(D ) K(mp41F,n+2) Spm(D ) O°K(mp41F,n+2)

induce isomorphisms on all r,, n > 1, on basepoints coming from the image of the corre-
sponding spaces before finite completions. In the above, the mapping spaces are taken in the
category Fun(A!, Psh(BGy)), the category of arrows in spaces with an action of Gy.

Proof. We prove it for one of the above spaces, as the next one works in the exact same
way. By the description of mapping spaces in arrow categories, the mapping space in
consideration can be seen as the pullback of the following cospan

Map% (OE;P™ (D), @ Tzpm Epo ™ (Dy))

i

Map% (2™ (Dy), T2, Ey2 ™ (Dy)) ——— MapC* (JE 2™ (Dy), B T2, B2 (D))
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where the maps are the obvious post/pre-composition, and where we observe that all
the spaces in the above diagram can be written as finite limits of the finite completion
of finite type, simply connected spaces. The result follows from iterated application of
Theorem 2.18. O

We now proceed to show Theorem 3.7.

Proof of Theorem 3.7. The proof proceeds by induction, and follows a strategy similar to
that of Sullivan’s proof. Let n € N, and consider the following lifting problem

Spin
T< n+1EM

-

Spin —— -Spin
Ey" —5—> TznEy;

By Proposition 3.13 and Lemma 3.14, this translates to a lifting problem in Psh(BGy),
where Gy = &} = Spin(d)*:

A 5 ,
IE" (D) — TopmEyy " (Dg) ———— =

L] |

Ex™(Dy) —5— TenEyy (D) — K(pFon+2)

Given two lifts f, g, the above analysis yields a cohomology class in the Gi-equivariant
cohomology group

[A(f.9)] € HE (Ex2™ (D), 0B (Di): i1 F)

whose vanishing implies the equivalence of f and g as lifts (we refer to the discussion
after Lemma 3.14 for more details). For the sake of ease of notation, we denote the above
equivariant cohomology group by H throughout the proof. We also consider the group

Spi Spi —— Spi Spi
G = m0Q(p,0p) MaP pr (ps(BGy ) ((E,ﬁ‘“(Dk), OEy; " (Dy)), (tznEy; " (Dy), r3n+1EA§"“(Dk)))

which maps to H by post-composition with the right hand square of the above diagram;
we call the group morphism «: G — H. We observe that

f=g9 &= [A(f.9)] € Im(G — H)

We may repeat the same analysis after composing with finite completion on the target.
Namely, given the above lifts f, g, we get lifts o f, n o g fitting in the following diagram

PER"™ (D) % & T B (D) —————

[

EX™(Dy) —5 O TLER™ (D) —— O K (T Fyn+2)

The rightmost square is again a pullback square, and since 7,41 F is a finitely generated
abelian group, we furthermore obtain an equivalence

O°K(mp1 F,n+2) = K((®Imp1F),n+2)

We thus obtain a cohomology class

[A(7 £.n09)] € HE™ (Esp™ (D), Gy ™ (De)s 7,11 ) |



RESIDUAL FINITENESS OF SOME AUTOMORPHISM GROUPS OF HIGH DIMENSIONAL MANIFOLDS 33

whose vanishing implies that 5 o f, 5 o g are equivalent as equivariant lifts. Again for ease
of notation, we denote the above cohomology group by H’. We define G’ analogously to
G, by finite completion on the target:

Spi Spi —— Spi Spi
G" = MR (yp.ang) MAP A (bsh(BGy ) ((Eﬁ“‘(Dw, IE " (Di)), (P72, Eyy " (D), @SrgnﬂEﬁ‘“(Dk)))

The above group maps to H’ by composition with the pullback square on the target, and
we call the group homomorphism «’. Again, obstruction theory tells us that

f~0'g & [A(nof,nog)] em(G — H')

The theorem follows by induction once we show that if f # g, thenno f £ npog. To
that end, we observe that we have a commutative diagram

G— G’

al l“/

(2) H—— S H

)

coker(a) ——> coker(a’)

such that [A(f,g)] is mapped to [A(5 o f,n o g)] via the middle horizontal map. The
claim follows if we can show that the lower horizontal map is injective. Indeed, f # g is
equivalent to p([A(f,g)]) # 0 in coker(a), and hence if the map coker(a) — coker(a’) is
injective, we obtain that p’ ([A(no f,nog)]) # 0 in coker(a’), which in turn is equivalent
tono f # nog. As H is a finitely generated abelian group, so is coker(«). In particular,
as finitely generated abelian groups are residually finite, the map coker(a) — coker(a’)
would be injective if we can show that the arrow coker(a) — coker(a’) is isomorphic

in the category Fun(A!, Grp) of arrows in groups, to the arrow coker(a) NN coker(a),
which is injective by residual finiteness of finitely generated abelian groups. To that end,
we show that the top square of diagram 2 is isomorphic, in the category Sq(Grp) of squares
in groups, to the square

G 5 996

o Jove

H —— ®H

By Lemma 3.15, we observe that G’ and H’ are the fundamental groups (based at a point
coming from G and H, through the canonical map) of a finite limit of the finite completion
of some (componentwise) finite type, nilpotent space. Then, Corollary 2.20 implies that
the map G — G’ and H — H’ are identified with the group profinite completion maps.
Consequently, the remainder of the proof of Theorem 2.28 carries through, and we obtain
the desired result.

O

Having finished the technical heart of the argument, we can now assemble the pieces
and show that 7, Ty Diff>P™ (M) is a residually finite group, for every k.

Proof of Theorem 3.4. Consider the following diagram
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% pSpin 4 ~Spin ~ % pOpin 4 ~Spin
79 Map )(lkEM W Ey ) ——— ®ImyMap spm<k. (Ep 5 Epp )

Psh(Disc ¥ )

L Tk

Spin % pSpin ~ % popin 4 HSpin
OSE, D E <— 1y Ma - CEC ICE
)( k=M k=M ) 0 pFun(Dichpm'Sk,Pro(cS’,,))( k=M k™M )

Psh(Dichpi"‘S k

7o Map™

Psh(Dichpm’Sk

The existence (and uniqueness) of the right vertical map follows from Theorem 2.21, and
the universal property of profinite completion of groups. Consequently, the injectivity of
the top horizontal morphism follows from the injectivity of the leftmost vertical morphism.
Furthermore, we observe that from the canonical morphism Ei};m - QSEJS\}I)m, we obtain
the following commuting diagram

) % popin 4 -Spin ) % popin % popin
MapPsh(Dichp‘“'Sk)('kEM 0 Dy ) —> MapPSh(DiSCme,gk)(CDtkEM QL Ey )

\ l

) % pSpin % pSpin
MapPsh(Dichp’"’Sk)(lkEM P Ey )

We deduce the injectivity of the horizontal map on m; from the injectivity of the di-
agonal one, as given by Theorem 3.7. Finally, the injectivty on the invertible parts of
Ti Emb*P™ (M, M) follows from the following commutative diagram

~ Spin 4 -Spin ~ s % pOpin x4 Spin
9 May ) CE L CE — 1y Ma . OSFE DSIE
0 pPsh(Dichpm’Sk)( kM k=M ) 0 pPsh(Disczpm’Sk)( k™M k=M )

! !

) s« popin 4 ~Spin ) s % pOpIn x4 SpIin
o MapPSh(DiSCme.Sk)([kEM LEy ) — m MapPsh(DiSCZ})m,Sk)(q) wEy O RE,T)

O

3.4. Main result: residual finiteness. We are now ready to prove the main theorem of
the section.

Theorem 3.16. Let M be a smooth, 2-connected closed manifold of dimension d > 5. Then,

mo Ty Diff® (M) is a residually finite group, for 0 the spin, oriented or non-oriented tangential
structure.

Proof. We fix s a Spin-structure on M, and let ¢ be the associated ©-structure. By Corol-
lary 3.3, the fibre F of the map

BT, DiffP™ (M, s) — BT} Diff? (M, ¢)

over the identity is a collection of components of the space of lifts

BSpin(d)
Lift A l

M “—— BO(d)

and it is fairly straigthforward to see that both 7y and 7, (at each basepoint) of the above
space are finite. We thus have an exact sequence

1 F — BT Diff>P™ (M) L, r.BT, DIff@ (M) > mF
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By Theorem 3.4 and Lemma 2.9, we know that 71 BT} Diff®@) /Im(f) is a residually finite
group whenever M is 2-connected, and can furthermore be identified with a finite index sub-
group of m; BTy Diff®@ (M). Thus, by Lemma 2.10, it also follows that 7, BTj Diff®@ (M)
is residually finite. The latter is isomorphic to m,Ti Diff®¥ (M), and the result follows.

Remark 3.17. Via smoothing theory for embedding calculus, as in [KK24, Theorem 4.15],
one concludes that myTxHomeo(M) is residually finite, under the same assumptions
on M, where Ty Homeo(M) is the space of automorphisms of i, Ey in the category of
Psh(DiscEOp’Sk).

O

3.5. Remarks on mapping class groups of W' and disc-structure spaces. In [KK22],
Krannich and Kupers study the fibre of the embedding calculus map

S§PB(M) = fibg,, (Manf; — Psh(Discy)¥)

where M is a smooth, closed manifold, and where Manfj denotes the groupoid core of the
oo-category of smooth, d-dimensional manifold with empty boundary and embeddings
as spaces of 1-morphisms. The fibre over Ey; is called the disc-structure space of M. Two
important properties of the above space are

. QS’DfSC(M) is not contractible, when M admits a spin structure, and dim M > 8.

« &§Disc(M) only depends on the tangential 2-type of M.

In particular, in the case M = Wg" = #,(S" X S") where n > 3, we know that

Emb(W}, Wq”) — T Emb(WP", Wg”) is not an equivalence. Using Theorem 3.16, we ob-
serve that the non-equivalence can be already detected on 7.

Proposition 3.18. Forn =5 (mod 8) andg > 5, the group homomorphism my DiffB(Wg”) —
7o Too Diffg(Wg") induced by the embedding calculus tower is not an isomorphism, for 0 either
the unoriented or oriented tangential structure.

Proof. We begin by showing that m; T}, Diff? (M) is finitely generated for all k € N, where
the basepoint here is taken to be the identity. Indeed, we know that Ty Embe(M, M) ~
Bune(TM, TM), which sits in a fibration

Map(M, Gg(d)) — Bun®(TM, TM) — Map(M, M)

where the fibre is taken over the identity, and where Gy (d) is O(d) in the unoriented case,
SO(d) in the oriented case. By [Kup19, Lemma 2.21], the base and the fibre of the above
fibration are have finitely generated homotopy groups on each component (we regard the
mapping space as a space of sections of the trivial bundle). Consequently, the fundamental
group of the total space is also finitely generated. Furthermore, we have a fibration

L Emb® (M, M) — T Emb® (M, M) — Ti_, Emb® (M, M)

where Ly is the layer of the embedding tower, obtained as a space of relative sections of a
fibration over Confy (M) relative the fat diagonal; its homotopy groups can be seen to be
finitely generated, as follows again from [Kup19, Lemma 2.21]. By finite induction, we
conclude that 7; T, Emb? (M, M) is indeed finitely generated, and hence so is 7 Ty Diff o(M).
The same holds for the other path components, as Tj Diff’ (M) is a grouplike E;-space.
Now, we observe that the Milnor exact sequence

1 — limg 7, i Diff® (M) — 7T Diff? (M) — 1i]£n moTie Diff? (M) — 1

which is a priori an exact sequence of pointed sets, is indeed an exact sequence of
groups. Indeed, as T, Diff? (M) and limy, Ty Diff? (M) are grouplike E;-spaces, and the map
T, Diff? (M) — limy, Tj Diff (M) is an E;-map, the above exact sequence occurs as the Mil-
nor exact sequence computing the fundamental groups of their deloopings BT, Diff’ (M)
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and BT} Diff? (M), based at the identity; furthermore, the lim' term now consists of abelian
groups. By [MP11, thm 2.3.3], limllc 71T, Diff? (M) is either trivial or uncountable. In the
case it is trivial, then 7Ty, Diff? (M) = limy 7o Ti Diff? (M). By Theorem 3.16, the latter
is again residually finite. Observe that Embe(Wg”) = Diff? (M), as any self-embedding of
a closed manifold is necessarily surjective. If the map Embe(Wg") - Ty Embe(%") was

indeed an equivalence, it induces an equivalence Diff (M) - T, Diff® (M) which in turn
induces an isomorphism of groups on 7. In particular, this would imply that z, Diff G(Wg")
is residually finite, which is not the case as follows from [KRW20].

In the case lim}< 71T Diff? (M) is non-trivial, it follows from the Milnor exact sequence

that m,To, Diff? (M) is uncountable, and hence cannot be isomorphic to Diff? (M), a
finitely generated group, as can be seen from [Sul77, thm 13.3]. O

We observe that in the above proof, ;T Diff? (M) is shown to be a finitely generated
group, and by [MP11, thm 2.3.3], it follows that lim" ;T Diff’ (M) is a divisible group. In
particular, we obtain the following

Corollary 3.19. In the above setting, lim! 7, Tj Diffe(M) embeds, via the Milnor exact
sequence, into the finite residual of myTo, Diff® (M).

In the case the above lim' vanishes, one obtains an interesting application to the disc-
structure space cS’gISC(DZ"). We restrict ourselves to the case n =5 (mod 8), and consider
the following diagram

bPyy4o

s
Ve
Ve
Ve
7

3,7 Diff (W,") 0

s

i’ l

1 — lim' 7, T Diff (W) — 7oTeo Diff (W) —— limy 7o Tie DifF(W)") — 1

We observe that the map bPy,2 — limy 7T Diff (M), obtained by restricting the em-
bedding calculus map, is trivial. This follows from the fact that bP,,., is embedded as
a subgroup of the finite residual of x, Diff (an)' In case bPy,+2 — limy my T Diff (Wgn) is
non-trivial, and since limy 7y T Diff (Wg") is itself residually finite, then some non-trivial
bP-sphere will be detected by some map 7o Diff (W) — F where F is a finite group, contra-
dicting the fact that bP2, is indeed in the finite residual of 7y Diff (%"). Thus, we obtain a
lift bPy,45 — lim? 7, Ty, Diff (Wq”); if the latter is trivial, then bPy,» < ker(s Diff (Wq") —
mo T Diff (W) = Im(ﬂlc?DiSC(Wg”) — mo Diff (W)")), i.e. every bP-sphere can be hit by
an element in ﬂlcS)DiSC(W(]"), and in particular, cS’DiSC(Wg") ES é’giSC(DZ") is not simply
connected.

4. TOPOLOGICAL MAPPING CLASS GROUPS

Combining the Weiss fibre sequence and convergence results for embedding calculus
relative half the boundary, Theorem 3.16 implies that 7y Homeo(M) is residually finite,
whenever M is a smoothable closed manifold of dimension d > 6. This is the content of
the current section. We begin by setting up the Wess fibre sequence, both in the smooth
and the topological categories; embedding calculus allows us to infer some consequences
on embeddings relative boundary conditions. We then use smoothing theory in order to
describe the difference between the smooth and topological Weiss fibre sequences.
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4.1. The Weiss fibre sequence. Let M be a smooth, closed 2-connected manifold of
dimension d > 6, and fix a smooth embedding D9 < M. In what follows, we denote by
M?° as the manifold M \ Int(D), with boundary diffeomorphic to $¢~!. We decompose the
boundary sphere into upper and lower hemispheres as

§i-1 = p¢-ty pd-!

We fix a collar D¢~! x I < M°, and denote P := M° \ (int(D%~! x I)). We furtermore
denote D! by 9/2. For Cat € {O, Top}, the parametrized isotopy extension theorem
yields a fibre sequence

AwG (M \ int(P)) — AutS™ (M°) — EmbS5i= (P, M°)

where the base is the space of Cat-embeddings of P into M, relative 9/2, which extend
to a diffeomorphism of M°, and where Aut“® denotes the space of automorphisms in
the corresponding category. We observe that M° \ int(P) = D! x I = D?. Finally,
another application of parametrized isotopy extension and contractibility of spaces of
neighborhood collars implies that the map

= Cat o o = Cat o
EmbC™ (M°, M®) — EmbZS™ (P, M°)

is an equivalence, where the target is the space of Cat-embeddings, relative half the
boundary, that extend to an automorphism of M°. We thus obtain a fibre sequence of
E;-spaces

Autgat (Dd) N Autgat (MO) — Embj}gat (MO, MO)
which upon delooping, yields the Weiss fibre sequence. It is perhaps noteworthy to mention
that the Weiss fibre sequence can be delooped once, as in [Kup19]; this will however not be
necessary for our purposes. Forgetting smooth structures yields a map of fibre sequences

BDiff5(D?) —————> BDiffy(M°) ——— BEmb,(M°, M°)

| | »

* ~ BHomeo,(D?) —— BHomeoy(M°) ——3 BEmbj}§°P(M°,M°)

By the Alexander trick, we observe that the map B Homeoy(M°®) =B EmbjﬁoP(M °, M°)
is a homotopy equivalence, which is a crucial observation to deduce results on homeo-
morphism groups via embedding calculus. We next study the fibre of the map ¥; this is

the subject of parametrized smoothing theory, relative half the boundary.

4.2. Parameterized smoothing theory rel. half boundary. Smoothing theory is the
study of the space of smooth structures on a topological manifold. Given a smoothable
manifold M with empty boundary, smoothing theory describes the fibre (over the identity)
of the map B Diff (M) — BHomeo(M) as a space of sections of a bundle over M with fibres
Top(d)/O(d), and this space is amenable to computations using homotopical methods.
The proof of the following can be extracted from the proof of [Kup19, Corollary 5.15].

Lemma 4.1. Let W be a smooth compact manifold with boundary oW = S%~', and let
D1 ¢ §971 denote the lower hemisphere. Let ¢ : BEmb ,(W) — BEmbj}?p(W) be the
forgetful map. Then, the fibre over the identity is given by

fibia(¢) = Top2(E > W)
where the right hand side is a space of sections of a bundle over W with fibres equivalent to

Top(d)/O(d), relative a fixed section on the lower hemisphere.

Proof. By [Las76, Corollary 2], the natural inclusion maps of Cat-embeddings spaces into
Cat-immersion spaces, for Cat € {Top, O}, induce an equivalence on fibres

fibig (Embj/z(M°,M°) — Emb P (M, M°)) ~ fiby (Immj/z(Mo, M°) — mm’ P (M, M°))
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where the fibre is taken over the identity. By immersion theory, the fibre on the right hand
side can be identified with the fibre of a map

1wa/z(EO — M°) = Tpp2(E™ — M°)

where E — M° is a bundle with fibres Cat(d), over some fixed section in the base. The
result thus readily follows. O

As observed previously, one can show that the homotopy groups of these section spaces
are finitely generated, at all choices of basepoints. However, one further thing can be said
about its set of connected components and the fundamental group over each of them: they
are indeed finite. First, we recall that by [KS77, p.246], we have the following isomorphisms

7/2Z k=3

i (Top/O) = { o dw

where Oy are the groups of exotic spheres. We also note that the map
Top(d)/O(d) — Top/O

is (d + 2)-connected, for d > 5, again by [KS77, p.246]. In particular, 7 Top(d)/O(d) is
finite for k < d + 1. By obstruction theory, we have the following.

Proposition 4.2. Let W be a compact d-manifold with boundary oW = S9!, and let
9/2 = D% 1 c S9°1 be the lower hemisphere. Then, the space Ty/2(E — W) has finitely
many path components, and for any choice of basepoint, its fundamental group is finite.

Proof. The claim regarding path components follows readily from obstruction theory. For
1, we fix a section 4 € Ty/2(E — W) as a basepoint. We begin by observing that (W, 9/2)
is equivalent, as a pair, to a finite, d-dimensional CW-pair, i.e. a finite relative CW-complex
where all cells have dimension < d. Given (X, 9/2) a skeleton of (W, 9/2), attaching an
n-cell yields the following fibre sequence by restriction
Topn (E|D™ — D™) — Ta(E|X UD™ — X UD") 25 T, 5 (E|X — X)

where the fibre is taken over the restriction of the section 4 to I'y/;(E|X — X). The fibre of
the above fibre sequence can be identified with Q" (Top(d)/O(d)), where n < d; thus, its
fundamental group is again finite, on all possible choices of basepoints. The statement thus
follows from finite induction, as on fundamental groups, the above fibre sequence exhibits
m1Ty/2(E]X U D™® — X U D") as an extension of a finite group by a finite group. O

4.3. Embedding calculus rel. half boundary. We set up embedding calculus to study
embedding spaces of manifolds, fixing boundary conditions. This section follows closely
the account of [Kup19, §3.3.2].

Fix P, a closed (d — 1)-dimensional smooth manifold. We consider the topological
category Manf; p, consisting of smooth d-dimensional manifolds (not necessarily compact)
with boundary diffeomorphic to P, and where morphisms are taken to be embeddings
preserving the boundary identifications; we also view Manf;p as an co-category via
coherent nerve. Inside Manf; p, we can consider the collection of full subcategories
Disci';,, for k € N U {co}, on objects of the form (P x [0, o)) L (LI;R?), for £ < k. Yoneda
followed by restriction defines a tower of functors

Manfyp — Psh(Discj’;)

which, on morphism spaces, yields the rel d embedding tower, Emb,(—, —) — T Emb,y(—, —).
The same convergence theorem relative boundary also holds with the same codimension
estimates, [GW99, Chapter 5] and [Kup19, §3.3.2].



RESIDUAL FINITENESS OF SOME AUTOMORPHISM GROUPS OF HIGH DIMENSIONAL MANIFOLDS 39

The above setting is in fact well-suited for our purposes. Let M be a closed, smooth
d-dimensional manifold, and as above, denote M° to be the manifold obtained from M
by removing the interior of some embedded disc. We note that 9M° = $¢~!, which
decomposes into $?~! = D?~1 U D1, where we let 9/2 stand for the lower hemisphere.
The space we are interested in is precisely Emb,/, (M°, M°) of those self embeddings that
are the identity on /2. We let M* = M° \ D41,

Lemma 4.3. In the above setting, M° is isotopy equivalent to M*, relative d/2. We conse-
quently obtain an equivalence

Emba/z (MO, Mo) = Emba(M*, M*)

We observe that with the above equivalence, we have a method of attacking the embed-
ding space by means of embedding calculus relative to the full boundary of M*. We conse-
quently obtain a tower {Tj Emb,/,(M°, M°)} ke receiving maps from Emb 5 (M°, M°).

Proposition 4.4. If M is a 2-connected closed manifold, then the embedding calculus tower
forEmbgy/, (M°, M®) converges.

This is proved as follows: using a Morse theoretic argument, one can show that M
admits a handle decomposition of dimension < d — 3, relative 9/2 [Kup19, Lemma 3.14].
Convergence of embedding calculus for embeddings relative half the boundary can be
deduced from [KK24, thm 6.3], and the increasing connectivity of the layers of the tower
can be deduced from Remark 6.11 (ii), loc. cit.

With the above observation in mind, we work towards showing Proposition 4.5 below.
Proposition 4.5. For M a closed, 2-connected smooth manifold, and k € N, the group
7o Ty Emb§/2 (M°, M®)
is residually finite.

Proof. The following proof follows from the proofs of Theorem 3.7 and Theorem 3.16
above, with the modifications that we present here. We recall that Tx Emb,/, (M°, M°) was
defined as the space T Emb,(M*, M*), where M* is the manifold M \ D¢~! with boundary
$4=1\ D41 i.e. the endomorphism space in the category Psh(Disci’;) of the object 1; Ey:.
Following the proof of Theorem 3.16, it suffices to consider residual finiteness in the case
where we remember spin structures. In that setting, we fix once and for all a spin structure
on a collar of $9~1\ D4~ and endow M* a spin structure extending the fixed spin structure.
We now claim that pointwise, LZEJSVI;,EH is a 1-connected finite space. To see this, we recall

that objects of Discjl“9 are of the form (9 x [0, o)) L (L,R?), where ¢ < k. The restriction
map

Emb"" (9 x [0, 00) U (LURY), M*) — Emb™™ (L,R?, Int(M"))

is an equivalence, by the contractibility of the space of boundary collars, and the space
on the right hand side is a simply connected, finite space as follows from Lemma 3.5.
Furthermore, we consider the following diagram

Psh(Dichf);n’Sk) &) Fun([2], Psh(Dichf)am’:k))

3) l;;_ll l@

. Spimk— . Spin=k
Psh(Disc;f* =) —== Fun([1], Psh(Disc;f}" ™))

where

Spin,<k—1 .
pin <> DiscSk

* 1, is induced by the inclusion 1y : Dlscd,a s
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+ The category Disczp;n’:k consits of a single object D = (9 x [0, 00)) LI (LR,
and where the space of morphisms is Emb‘z,P in707inj (1)
to the group S = Spin(d)*.

« The functor D sends X € Psh(Dichp;n’Sk) to the commutative triangle

J* (et X (DY) ———— j*X(D7?)

—,

J* (1)t X(DY)

: D,‘z), which is equivalent

. .. Spin=k . Spin,<k . L .
and where j: Disc dp;n — Disc dp ;n is the obvious inclusion functor.

« The functor ) sends X € Psh(DichP ;H’Sk_l) to the arrow

7 (=X (D) = " (1k-1):X (DY)
+ The funtor (3 is induced by the map [1] — [2],0+ 0Oand 1 > 2.
By [KK24, thm 4.15], we conclude that diagram (3) is a pullback square. Furthermore,
for n € N, we consider the restricted Postnikov truncation of X € Psh(Dichl’);n’Sk), as
constructed in Construction 3.8, namely as the composite

Ar(s) X, g

— . Spin,<k\%P X/Ti-1X
T<pX: (Dlscdp;n‘ ) —_

where the first functor sends D to the arrow X (D) — (ik-1)«1;_,X (D), and where the
second functor is the n-th stage Moore-Postnikov truncation. As per the proof of The-
orem 3.16, residual finiteness of the above group follows from the my-injectivity of the
map
. . S
MapPsh(Disc(ng"Sk) (EM*’ EM*) - MapPsh(Disc‘Sif’g"Sk) (EM*’ o EM*)

induced by composition with the map 1: Ey~ — @° o Ep+. By diagram (3), we have an
equivalence

Tpr1Eare J (=i Eme === [ T<nnEme
. _ 7 x G
LlﬂPsh(Discffg"Sk) e l — Map™k l \L
Ep+ —— T<nEm JEpme —————-- > J T<nEm-

where Gy = & = Spin(d)¥, and where the mapping space on the right hand side is the
mapping space in the arrow category Fun(A', Psh(BGy)) of spaces with an action of Gy.
We observe that the pair (j*Ep, j* (tk-1)11;_,Em-) is a finite, free Gx-CW pair, as can be
seen from [KK24, Proposition 5.15]. The remainder of the obstruction theoretic proof of
Theorem 3.7 carries through.

O
As a consequence of Proposition 4.5, we obtain the following residual finiteness result
Proposition 4.6. The group m, Embz/Z(Mo, M?°) is residually finite.

Proof. By Proposition 4.4, the embedding calculus map is an equivalence, and in particular
induces a group isomorphism

a/2
We identify T Emb;/2 (M°, M°) with limgey Tr Embz/z(M",M"). By the Milnor exact

sequence, we obtain a short exact sequence of groups

(M°, M°) — myToo Emb

7o Emb 22

(M°, M®) = 7yToo EmbZ,, (M°, M°)

a/2

M°, M°) — 1i Ti. Emb
3/2( ) klergﬂ-O k Em

1— lim}cmTk Emb 2/2

(M°,M°) = 1
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By the proof of the convergence of the embedding tower, we know that the connectivity
of the fibres Ly over the identity of the maps strictly increases with k (see for instance,
[KK24, Remark 6.11 (ii)]). Consequently, the system {7;Tx Emb™(M®, M°) };.ci eventually
consists of isomorphisms, so that in particular it satisfies the Mittag-Leffler condition. As
a consequence, lim' vanishes, and the above short exact sequence yields an isomorphism

70T Embz/z(M ,M°) — Ilcigl\i Ty Embz/z(M ,M®)
As the class of residually finite groups is closed under inverse limits, the claim follows. O

Remark 4.7. The above proof generalizes to the situation where we consider a smooth,
compact 2-connected manifold W of dimension d > 5, where oW # @, with the following
technical condition. Let )W C oW be a compact, codimension 0 submanifold of the
boundary, such that 9;W < W is 2-connected, where o;W = oW \ gyW. In that case,
the same proof of Proposition 4.6 implies that 7T Emb§0 (W, W) is residually finite, and
[KK24, Remark 6.11 (ii)] yields convergence of embedding calculus rel 9;. In particular,
we conclude that 7 Emb}, (W, W) is residually finite. This is developped in more details
in the proof of Theorem 4.16 below.

4.4. Residual finiteness of topological mapping class groups. We now combine
the three previous sections to show that topological mapping class groups are indeed
residually finite.

Theorem 4.8. For any 2-connected smoothable closed topological manifold M of dimension
d > 6, the group mo Homeoy(M°) = m B Embj}?p (M°) is residually finite.

Proof. We consider the smooth and topological Weiss fibre sequences, and the forgetful
map between them

fib(¥) = Ty/2(Em — M)

It

BDiffy(D?) ————— BDiffy(M°) ————> BEmb,(M°, M°)

| | »

* ~ BHomeo,(D%) — BHomeoy(M°) —— BEmbj}?p(M",Mo)
By Lemma 4.1 and Proposition 4.2, the fibre of the map ¥ has a finite set of components,
and on each of them, 7; is a finite group. The long exact sequence on homotopy groups
thus yields an exact sequence

L = o o W, =T ) o a
mLy(Ep) — ﬂlBEmb(;/Z(M ,M°) — mB Emba/;p(M s M®) — moTa2(Em)

where exactness on 9 is exactness as pointed sets. We note that =B Emb;/2 (M°, M®°)
is residually finite by Proposition 4.6. Furthermore, Im(1,) = ker ¥, is a finite, normal
subgroup of 7;BEmb ,(M°, M°). Thus, by Lemma 2.9, it follows that

BB M)

isresidually finite. ¥, embedds this group into a finite index subgroup of 7; B Embj}?p (M°, M°).
Thus, by Lemma 2.10, it follows that 7, B Embjg‘)p (M°, M®) is residually finite. The Alexan-

der trick yields an equivalence

BHomeo,(M°) = B Embjg”’ (M°, M°)

and thus identifies their fundamental groups, implying the desired result. O
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In order to now study 7o Homeo(M) from 7y Homeoy(M®), we use isotopy extension
to obtain the fibre sequence

Homeo,(M®) — Homeo(M) — Emb™P (D%, M)

We note that Emb™P(D?, M) =~ Fr™P(M); consequently, 7, Emb™P (D¢, M) = Z/2Z, and
on each basepoint, 7r; Emb(D?%, M) = Z/2Z. Running the long exact sequence on homotopy
groups, we obtain an exact sequence

Z,/2Z — myHomeoy(M®) — my Homeo(M) — Z/2Z
As a corollary of Lemmas 2.9 and 2.10, we obtain the following

Theorem 4.9. For M a 2-connected closed, smooth manifold, the group my Homeo(M) is
residually finite.

Remark 4.10. It readily follows that the same holds for 7o Homeo* (M).

4.5. Arithmeticity of topological mapping class groups. We follow [Kup24b, §2] for
all conventions regarding arithmetic groups. We consider two equivalence relations on
the class of groups. The first is generated by
(i) isomorphisms;

(ii) passing to finite index subgroups;

(iii) taking quotients by finite, normal subgroups
Two groups in the same equivalence class of the above relation are said to be commensurable
up to finite kernel. Dropping condition (iii), the equivalence relation thus obtained is the
classical notion of commensurability. In [Sul77, thm 13.3], Sullivan shows that smooth
mapping class groups of closed, simply connected smooth manifolds of dimension d > 5
are commensurable up to finite kernel to an arithmetic group.

Theorem 4.11 (Sullivan). For a closed, smooth simply connected manifold M of dimension
d > 5, the group mo Diff (M) is commensurable up to finite kernel to an arithmetic group.

To go from the smooth category to the topological, we use smoothing theory as follows

Lemma 4.12. For a smoothable, closed topological manifold M of dimension d > 5,
7o Homeo(M) and mo Dift (M) are commensurable up to finite kernel.

Proof. Using Kirby-Siebenmann’s bundle theorem [KS77, Essay V, §3], we have a fibre
sequence
F — BDiff (M) — BHomeo(M)

where the fibre F is given as a collection of components of the space I'(£yr) of sections of
a bundle over M with fibre Top(d)/O(d). By obstruction theory, and using the fact that
7 (Top(d)/O(d)) is a finite group for k < d + 1, it follows that 7o' (£x) is finite, and for
all basepoints, 71" (£y) is a finite group. Let Homeo®™ (M) be the subgroup of Homeo(M)
of those homeomorphisms isotopic to a diffeomorphism. Using the long exact sequence on
homotopy groups associated to the above fibre sequence, we have a short exact sequence

1 — ker p — o Diff (M) LN 1o Homeo®™ (M) — 1
where ker p < 7y F is a finite normal subgroup of x Diff (M). Thus,
o Homea™(a) = DO
and consequently, 7o Homeo®" (M) is commensurable up to finite kernel to o Diff (M).

Again using the same long exact sequence as above, we notice that the quotient

Homeo(M
Ty ( )/71_0 Homeosm(M) C ﬂor(th)

is a finite set; thus, 7o Homeo®™ (M) is a finite index subgroup of 7y Homeo(M). We thus
conclude that 7 Diff (M) and 79 Homeo(M) are commensurable up to finite kernel. O
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As a corollary, we obtain

Corollary 4.13. Let M be a smoothable closed manifold of dimension d > 5. Then,
7o Homeo(M) is commensurable up to finite kernel to an arithmetic group.

However, as observed in [KRW20, Remark, p.470], commensurability and commensura-
bility up to finite kernel agree among residually finite groups. Indeed, if G is a residually
finite group, and K is a finite, normal subgroup, then G and G/K are commensurable. To
see this, we observe that for any g # 1 in G, there exists a finite group F; and a group
morphism ¢g4: G — Fj such that ¢4(g) # 1 € F;. In particular, for a finite normal subgroup
K < G, we can find a finite group F and a group morphism ¢: G — F such that the product
map p X ¢: G — (G/K) X F is injective. The image of the above group morphism is
isomorphic to G, and is a finite index subgroup of (G/K) X F. Finally, G/K is evidently a
finite index subgroup of (G/K) X F, and as a consequence, G is commensurable to G/K.
Combining Theorem 4.9 and Corollary 4.13, we obtain the following

Theorem 4.14. For M a smoothable, 2-connected closed topological manifold of dimension
d > 6, mp Homeo(M) is an arithmetic group.

Remark 4.15. Similar considerations also show that y Homeo* (M) is arithmetic.

4.6. Compact manifolds with boundary. All of our results have so far focused on
the case of closed manifolds: the strategy was to delete the interior of a disc inside a
closed manifold M, and study embedding calculus relative boundary for this manifold. We
study here generalizations to the case of compact manifolds with non-empty boundaries.
Let W be a compact, d-dimensional manifold of dimension d > 5, such that oW # @.
We furthermore assume that W is 2-connected. The aim of this remark is to show the
following

Theorem 4.16. Let W be a smoothable, 2-connected compact manifold of dimension d > 5,
with OW # @. Then, 1y Homeoy(W) is residually finite.

Proof. We fix a smooth embedding D4~! < aW, and denote ;W = dW \ D4~!. The aim
is to show that 79 Emb}, (W, W), the group of path components of the space of embeddings
fixing 9, that are isotopic to diffeormophisms, is residually finite. Indeed, the smooth and
topological Weiss fibre sequences yields a commutative diagram

BDiff3(DY) ——— BDiffy(W) ——— BEmbj, (W, W)

l | |

BHomeos(D) = * —— BHomeos(W) —— BEmb, (W, W)

The fibre of the rightmost vertical map is understood by smoothing theory, and has
finite 7y, and finite fundamental groups over each component (Lemma 4.1 and Proposi-
tion 4.2). Thus, residual finiteness of 7o Emb}, (W, W) implies the residual finiteness of

o Embz’TOp(W, W) = 1y Homeo,s(W), by Lemmas 2.9 and 2.10.

We now focus on showing that 7, Emb(fl (W, W) is residually finite. This follows the
same embedding calculus strategy, and we first consider the case where we remember

spin structures. Fix a Spin(d) structure on a collar of 9;, and consider embedding calculus
Spin, <k Spin, <
d,al d,al

the form 9; X [0, c0) X I_lng, for ¢ < k, along with choices of spin structures extending the

fixed spin structure on 9; X [0, o), and embeddings rel. 9; respecting the spin structures.

rel. boundary Psh(Disc ) where Disc ¥ is the category consisiting of objects of
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By [KK24, thm 4.20], we obtain a pullback square of co-categories

Psh(Disc}fy" ) —2— Fun([2], Psh(Disc}fy* ™)

(4) l;;,ll l@

. Spin,<k-1 . Spin,=k
PSh(DlSCdi;T< ) ? Fun([l],Psh(Dlscdlf)(;Il1 )

where (D), @), ®) are as in the proof of Proposition 4.5. We denote Tx Emb ™= (W, W) as the
p p o

space of automorphisms of 17 Ey« in the category Psh(Dichp;T’Sk), where W* = W\ D41,
Pointwise, this presheaf has the homotopy type of a simply connected, finite CW-complex
(Lemma 3.5). In order to run the same obstruction theoretic proof as in Theorem 3.7, we

observe that diagram (4) yields an equivalence

Tp1Ewe I (- Ewe === j*T<pr1Ew-
. _ E X G
LlﬂPsh(Dichﬁ’S"Sk) 7 l — Map™* l l
Eyw+ —— T<nEwe A P ——— 3 j*tenEw-

Gk in the above denotes the group S < Spin(d), and the space on the right hand side is
the space of morphism in the arrow category Fun(A!, Psh(BGy)) of spaces with an action
of G, where j* is the restriction functor along the inclusion BG;, — Discfg?’gk. The
pair (j*Ew=, j*(ix—1)Ew+) is equivalent to a finite, Gx-CW pair, as follows from [KK24,
Proposition 5.15]. The remainder of the obstruction theoretic proof of Theorem 3.7 follows,
and implies that Ty Emb?: i]“’E(W”‘, W*) is residually finite, for all k € N. Convergence
of embedding calculus, along with increasing connectivity of the layer ([KK24, Remark
6.11(ii)]) implies the same for 7 Emb(sfin(W*, W*). The proof of Theorem 3.16 allows us
to forget the spin structures, and implies that 7o Emb} (W*, W*) is residually finite, as
required. O

4.7. Finite residuals of smooth mapping class groups. As mentioned previously, the
smooth mapping class group 7y Diff (M) of a smooth manifold M may fail to be residually
finite, as was shown in [KRW20]. In the situation of the counterexample in loc. cit., we fix
an embedding D?" — Wy = #(S" X S"), where n = 5 (mod 8), for g > 5. Extension by
the identity yields a morphism

7o Diff o (D*") — o Diff (W)

which embeds the subgroup bP;p12 < Ogp11 = 7 Diff ,(D?") (non-trivial for these values
of n by [KM63]) to the finite residual of o Diff (W;"). The following two results imply
that this is the only phenomenon preventing residual finiteness. We split it into two
statements, one regarding smooth mapping class groups relative boundary, and one for
smooth mapping class groups of closed manifolds.

Lemma 4.17. Let M be a closed, 2-connected smooth manifold of dimension d > 6, and
denote M° = M \ Int(D?), for some disc D ¢ M. Fix another embedding D* <> Int(M°).
Then, fr(m Diff 5(M°)) C Im(m Diff9(D?) — o Diff 5(M°)), where fr(m Diff o(M°)) is
the finite residual, and where the map mo Diff 5(D?) — 1 Diff 5(M°®) is extension by identity.

Proof. Let M° denote M \ Int(D?), where D? < M is a fixed embedded disc. We also fix
an embedding D? < Int(M°). The proof boils down to showing that the quotient group

_ 7 Diff,(M°)
G="0" (Im(ﬂo Diff,,(D%) — 7, Diffa(MC’))

is a residually finite group: indeed, if that is the case, we take g € my Diff 5(M°) which does
not lie in the image of 7 Diff 5(D?). This g maps to a non-trivial element in the quotient



RESIDUAL FINITENESS OF SOME AUTOMORPHISM GROUPS OF HIGH DIMENSIONAL MANIFOLDS 45

group, and if the quotient group G is residually finite, this element can be detected by
a finite group, hence is not in fr( Diff 3(M°)). To show that G is residually finite, we
consider the smooth Weiss fibre sequence

BDiffy(D?) — BDiff 5(M°) — BEmb) 1 (M°, M°)
which, on homotopy groups, yields an exact sequence
7o Diff o (D?) — 9 Diff 5(M®) — 7o Emb , (M°, M°)

As a consequence, we observe that the image of the morphism 7y Diffo(D?) — 7, Diff 5(M°)
is a normal subgroup, and hence the quotient is indeed a group. By Proposition 4.6, we
know that Embj /Z(MO, M?®) is residually finite. Thus, the quotient group G, which is

identified as a subgroup of 7y Emb, /2 (M°, M®), is consequently itself a residually finite
group, as subgroups of residually finite groups are residually finite. O

We now study the case of the mapping class groups of M, 7y Diff (M).

Theorem 4.18. Let M be a smooth, closed 2-connected manifold of dimension d > 6, and
fix an embedded disc D ¢ M. Then,
(i) fr(m Diff* (M)) C Im(sm Diff9(D?) — o Diff* (M)), where the map 7y Diff (D) —
7o Diff (M) is given by extension by the identity;
(ii) fr(mo Diff(M)) C Im(mo Diff9(D?) — o Diff(M)), where the map mo Diff o(D?) —
1o Diff (M) is given by extension by the identity

Proof. We begin by showing (i). For the proof, we make use of the following three fibre
sequences below, where M is a smooth, 2-connected closed manifold, and where M°
denotes, as usual, M with the interior of an embedded disc deleted; this new disc is taken
to be disjoint from the fixed disc D? ¢ M. These fibre sequences are the following:

(5) BDiffy(D?) — BDiff 5(M°) — BEmb 1 (M°, M°)
(6) BDiff5(M°) — BDiff™ (M, ) — BSO(d)
(7) M — BDiff* (M, ) — BDiff" (M)

The fibre sequence (5) is the Weiss fibre sequence, and fibre sequences (6) and (7) are as
in [Kra21, equation (6) and (10)]; Diff* (M, %) denotes the group of orientation preserving
diffeomorphisms that fix a basepoint of M, and the morphism Diff3(M°) — Diff* (M, x)
is given by extension by the identity. As BSO(d) is 1-connected, and M is 2-connected, it
follows that the morphism B Diff (M) — BDiff* (M) is surjective on 7y; therefore, the
morphism 7y Diff 5(M°) — o Diff* (M) is surjective. Additionally, we observe that the
image of 7y Diff5(D?) = @4, in m Diff 5(M®) is normal, as can be seen from the exact
sequence on ; for the fibre sequence (5). Thus, the image of 7 Diff 5(D?) in 7o Diff* (M)
is also normal, as surjective group homormophisms send normal subgroups to normal
subgroups. We thus obtain a group morphism

7 Diffo(M?) Diff* (M)
®d+1 ®d+1

where by the quotient by ©4.1, we mean the quotient by the image of ©4,, in each of
the respective groups. By Lemma 4.17, we know that the group on the left hand side is
residually finite. We claim that the above morphism is an isomorphism. Surjectivity follows

from the fact that the group morphism 7, Diff (M°) — mo Diff *(M) is surjective prior to
taking quotients. For injectivity, we consider an element [g] € %, represented by
an isotopy class of diffeomorphisms in 7y Diff 5(M®), that is mapped to the trivial element
in %;(M). Thus, the diffeomorphism g U, id, given by extension by the identity applied
to g, is in the image of ©4,,. However, we have a commutative diagram
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©as1 = m Diff (DY) —— o Diff o(M°)

— |

7 Diff* (M)

where all morphisms are given by extensions by the identity. Thus, g is itself in the
o Difft (M) .
2 ——1is

image of © 44 in 7y Diff 5(M°), so that [g] = 0 in the quotient. Consequently, o

residually finite, and (i) follows.

We now show (ii). The non-oriented analogue of fibre sequence (7) holds, namely we
have a fibre sequence

(8) M — BDiff(M, *) — BDiff(M)

where Diff (M, %) is the group of diffeomorphisms preserving a basepoint * € M. As M is
assumed 2-connected, the group morphism 7y Diff (M, %) — my Diff (M) is an isomorphism.
As a consequence, we observe that Im(©y4,; — o Diff(M)) is a normal subgroup of
7o Diff (M): indeed, any diffeomorphism of M is isotopic to a diffeomorphism that fixes a
point, and hence fixes a neighborhood disc around that point setwise. As a consequence,
we have a group morphism

TTo Dlﬁa(Mo) N TTo DIH(M)
Od+1 Od+1

where we use the same convention regarding the quotient by ©4,; as in the proof of (i).

The above group morphism is injective, for the same argument above; however, it may
Ty Diﬂ:a (Mc )
Ody1

fail to be surjective. Nonetheless, it embedds

%?M). As the domain of the map is residually finite, Lemma 2.10 implies the target is

also residually finite, and (ii) follows. O

as a finite index subgroup of

As a corollary, it follows that sy Diff (M) and 7o Diff* (M) are residually finite, for M
a closed smooth 2-connected manifold of dimension d > 5, whenever ©4,; is the trivial
group. By [BHHM20, Corollary 1.3], this holds for d € {5, 11, 55, 60}, for instance.
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APPENDIX A. DIAGRAMS OF FINITE COMPLETION

The content of this appendix builds up to a proof of Theorem 2.21 and Corollary 2.22.
We wish to thank Thomas Blom for the main ideas presented here.

Definition A.1 (Tensoring/cotensoring). We consider the following two functors

8§ X Pro(S8,) — Pro(S,)

(K, X) » K® X = colimX
K

and
8P x Pro(S8,;) — Pro(S$,)
(K, X) - XK = lim X

both of which are taken over the constant diagrams.

The following couple of lemmas consist of showing that the above tensoring-cotensoring
define a Pro(8,)-enriched mapping space between X and Y, whenever X and Y are finite,
simply connected spaces, which recovers Mapp,, (g (X, Y) upon materialisation.

Lemma A.2. Let K be a space, and X a profinite space. Then,
Mapp,o(s. ) (K. X) = Mat(X*)
Proof. By adjunction, we have an equivalence
Mappyq(s,.) (K. X) = Map,s (K, Mat(X))
In spaces, we may write K as a colimit over the constant diagram

K =~ colim *
-
K

which in turns gives an equivalence

Map (K, Mat(X)) = liIEnMapé,(*, Mat(X)) = lilgnMat(X)

As materialisation is a right adjoint, it preserves limits, and we consequently obtain the
desired equivalence
= K
Mappm(sn)(K, X) ~ Mat(X™)
O

Lemma A.3. Let X € Pro(S8,), and fix K a simply connected, finite space. Then, K ® X =~
K X X, naturally in K and X.

Proof. By definition, X = lim; X;, where X; is a cofiltered system of z-finite spaces, and
where the limit is meant as a formal limit. Then, since cofiltered limits commute with
finite colimits, we get the equivalence

K ® X ~ colim lim X;
—
~ limcolimX; ~ limK ® X;
i— i

We now check that for a fixed n-finite space X;, K ® X; ~ X; X K where we view X;
as a constant Pro-object in &,. By the Yoneda lemma, it suffices to show that for all
Y € Pro(8,), we have a natural equivalence

MapPro(cS’,[) (K ® Xi, Y) = Mappro(cg”) (K X X, Y)
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which we may further restrict to the case where Y is a z-finite space, viewed as a constant
Pro-object in &,;. We have the following chain of natural equivalences

@
Mappygs,.) (K ® Xi.Y) = Mappy(s,,) (X YY)
@ Map ¢ (X;, Mat(YX))
® _
=~ Map (Xi, Mapp,, (s, (K, Y))
@
= Mapg(X;, Mapg (K, Y))
@ Mapg(X; X K,Y)

® P
= MapPrO(S”) (K X Xi, Y)

where
« (D is given by the tensoring-cotensoring adjunction;
o 2 follows from the fact that X; = )/(\i, as X; is a n-finite space;
« (® follows from Lemma A.2;
+ (@ is obtained from the adjunction (’—\) 4 Mat adjunction, along with the fact that
Mat(?) ~ Y, since Y is z-finite;
« (5 follows from the usual tensor-hom adjunction in §;
« () is again obtained from the adjunction (/\—) 4 Mat

As a consequence, we obtain an equivalence K ® X; ~ K x X;. We conclude by showing

that the natural map
KxX; > KxX; =KxX;

is an equivalence. First, observe that 7o (K X X;) = mX; is a finite set, as K is a connected
space. As (space) finite completion induces the set profinite completion on 7, it follows
that nO(M) = no(f X X;) = mX;. As the functor Mat: Pro(S$,) — & is conservative
[Lur18, thm E.3.1.6], it follows that the above map is an equivalence of profinite spaces if
it induces an isomorphism on all homotopy groups, and all choices of basepoints. Now,
we note that K X X; satisfies Sullivan’s conditions for [Sul74, thm 3.1] (??), and we see that
(omitting basepoint notation) the map induces the morphism

DI (7, (K X X;)) = ¥, K X DI, X;

Since group profinite completion preserves finite products, it follows that the above is an
isomorphism, for all n € N, and thus that K X X; ~ K X X;. Combining with the above, we
conclude that K ® X; ~ K X X;, and thus that K ® X ~ K X X, as desired. O

While showing the above lemma, we also show a separate result of interest; we record
it as a separate lemma and reprove it, and point out the similarity between the proofs.

Lemma A4. Let X,Y € & be arbitrary spaces. Then, there are equivalences
X®Y=XxY=Y®X
that are natural in both variables.

Proof. It suffices to show that we have a natural equivalence X ® Y=~XxY. Using the
Yoneda lemma, we restrict ourselves to showing that for all Z € Pro(&;), there are natural
equivalences

MapPro(cS’”) (X ®Y, Z) = MapPro(cS’,,) (X XY, Z)
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As Z can be written as a limit of z-finite spaces {Z,}, and as we are mapping into a
limit, we may further restrict to the case Z € &,. We consider the following chain of
equivalences

Mapy,q s, (X ® ¥, 2) ? Mapypo(s,) (Y, 2%)
2 Map, (Y, Mat(2*))
2 Mapy (Y, Map (X, Z))
@ Mapg(X XY, Z)

® N
= Mappro((sﬂ) (X X Y, Z)
where

+ (D follows from the tensoring-cotensoring adjunction;
« (2) follows from the adjunction (/:) 4 Mat;

« (® follows from Lemma A.2;

+ (@ follows from the tensor-hom adjunction in §;

+ (B follows from the adjunction (—) 4 Mat, along with the fact that Z is n-finite
m]

We combine the previous two lemmas to obtain an interesting result; it will not play
an important role in what follows, but is worth mentioning.

Lemma A.5. Let X € & be an arbitrary space, and let Y € cS’frll be a finite, 1-connected
space. The comparison map

XxY > XxY

is an equivalence of profinite spaces.

Proof. By Lemma A.4, we have an equivalence
Y®X~XxY

By Lemma A.3, we have an equivalence
YOX=~YxX

and by chasing through the proofs of the above two lemmas, we see that the equivalence
is indeed given by the natural map

XXxY -5 XxY

Using Lemma A.3, one can construct a composition morphism on the cotensoring.

Construction A.6. Let X, Y and Z be simply connected, finite spaces. We recall that we
have a composition morphism

—0o—: Mappm(é)ﬂ)()?, Y) X Mappm(&r)(i 2) — MapPr(,(S”)()’(\, 2)

Similarly, we know that Mapp, s ) ()’(\ , ?) ~ Mat(?x ), where YX is the cotensoring. We
construct a map

- Y x 7" - ZX
as follows. We first observe that we have an equivalence

Mapp,os, ) (YX X Z¥, Z%) = Mapp,s, (X ® (YX x ZV),2)
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and using this equivalence, we construct the desired composition as an element of the
mapping space on the right hand side. This is done as follows

X T x7) g x X x 2¥
@

—>?X2Y

®

éz

where D follows from Lemma A.3, and where (2) and (3) are given by the corresponding
image of the identity morphism via the following equivalence

Mapypq(s, ) (Y5, YX) = Mapp s , (X ® Y, Y) = Mapyp,, (s, , (X x YX,Y)
We have thus constructed, for simply connected finite spaces X, Y and Z, a map
oYX xZ¥ — ZX
We now aim at generalizing the above composition morphism to the case of profinite

completion of space-valued functors. This will be done using the universal properties of
endomorphism objects of Lurie [Lur17, §4.7.1]. The setup is as follows: for C an arbitrary

we denote F to be the composite

F:0 2L sin D pro(sy)

oo-category, and a functor 5: C — Sﬁ”ll

We then show that there is an E;-algebra F7 in Pro(S,) which, upon materialisation, is
equivalent to the space of endomorphisms

Mapg, e ,pro(s,)) (F > F)

as spaces, and such that both compositions agree.

We begin by constructing the above object, first as an object of Pro(8,), and show
that its materialisation is equivalent to the mapping space. We later use Lurie’s theory
of endomorphism objects to check that the object defined promotes to an E;-algebra in
Pro(Sy), and compare the multiplications of Mat(§ 7) to that of End(§ ).

Corollary A.7. Let C be an arbitrary co-category, and let ¥: C — &, G: C — Pro(Sy)
be two functors. Then, there exists an object in Pro(S,), denoted Q‘q , such that

Mapg e pro(s,)) (7> G) = Mat(G7)

Proof. We rewrite the mapping space in the category Fun(C, Pro(S,)) as a limit over the
twisted arrow category of C ([GHN20, Prop. 5.1])

Mapg,, ¢ pro(s,)) (F> G) = (a—>b1)ig"ll‘w( o Mapp,, (s, (F (a), G(b))

~ I Mat(G (b)”7 (@)
(a—>b)1gll‘w(c’) a (g( ) )

Defining ¢ € Pro(S,) as

¢7 = li b)7 (@)
& (ab) eTw(C) G
the claim follows from the fact that Mat is a right adjoint, hence preserves all limits. O

fin
>1°

C to the category of finite, simply connected spaces; we denote by F the composite

We now proceed as follows: we fix #: C — &, a functor from an arbitrary category

e L sin 2 pro(sy)
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We consider 77 as the object constructed in the above proof, namely
= lm Fb)
(a—b)€Tw(C)

By Corollary A.7, we already know that

Mapg, cpro(s, ) (F» F) = Mat(F7)
We furthermore observe that the space on the left hand side admits a structure of E;-
algebra in & (with respect to the cartesian monoidal structure), where the multiplication
is given by composition of natural transformations F = 7. The aim in what follows is to
first show that 7 promotes to an E;-algebra in Pro(S,;) (with respect to the cartesian
monoidal structure), and then show that the multiplication map p: FIxF? - F7,

obtained as part of the datum of the E;-algebra structure on F7, agrees with the usual
composition multiplication on End(¥) upon materialisation; note that Mat, being a right
adjoint, in particular preserves finite products. This requires the technology of [Lurl7,
§4.7.1]. In what follows, we give a brief summary of the required results.

Let C be a monoidal co-category, and let 771 be an co-category left-tensored over C. Given
an object M € 171, an action of an object C € C on M is precisely the datum of a map

CeM—-M

in 171. The endomorphism object of End(M) is then defined to be universal among objects
acting on M in the following sense: if for any C € C, we have an equivalence

Map (C,End(M)) =~ Map,,;(C ® M, M)

which is natural in C. Should such an object exits, Lurie shows it admits the structure of
an Ej-algebra in C ([Lur17, Corollary 4.7.1.40]).

In our setting, we consider the monoidal category (Pro(8,), X), and view Fun(C, Pro(S,))
as left-tensored over Pro(8,), via

(X,F) = X X F, X € Pro(8y), F € Fun(C, Pro(S$,))

Lemma A.8. Let C be an arbitrary co-category, and fix a functor : C — Si“ll landing in
the full subcategory of finite, simply connected spaces. Then, ¥ is an endomorphism object
for & inPro(S,).

Proof. We have to check the universal property for endomorphism objects. Namely, we
need to check that for all X € Pro(8,), we have equivalences

=z =5
Mapgy, e pro(s,)) (X X F, F) = Mapp,, (g1 (X, F7)

that are natural in X. For this, we consider the following list of equivalences

G _
MapFun((?,Pro(cS’,,)) (X X g, Sf) = lim MapPro(é’”) (X X g(a), g(b))
(a—b)Tw(C)
@

lim M X ®F(a). 7 (b
(aﬁbl)l"}lw(c’) ame(‘SH( ® F(a),F (b))

RE)

——F(a)

(a—»%)i)r'{‘lw((?) Mappro (s, (X, F (b))

@ ——F(a)
2 Ma X, lim (b
pPro(c?n)( (a—b)Tw(C) ®) )
= MapPro(cYn) (X’ 97)
where

« (D follows from the limit description of mapping spaces in functor categories;
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+ (2 follows from Lemma A.3;
+ (3 follows from the tensoring-cotensoring adjunction;
+ (@ follows after pulling the limit into the mapping space

As all the above equivalences are natural in X, it follows that F7 isan endomorphism

object for F,and in particular promotes to an E;-algebra in (Pro(S8y), X). O

We now stick to the situation of Lemma A.8. We fix a functor ¥ : ¢ — S from an
oo-category C to the co-category of finite, 1-connected spaces. Using Lemma A.8, we
obtain an evaluation morphism

ev: T xF - F
obtained explicitly as the adjoint of the identity map via the equivalence described in the
proof, namely

Mapg,, e pro(s,)) (F7 xF,.F) = Mapp,,s,) (F7,57)

The multiplication morphism of the E;-algebra F7 is explicitly described as the adjoint of
the composition
FIxFIxF L 5755 F
which we henceforth denote _ R _
n:FxF - F7
We denote End(§ ) as the space of endomorphisms
End(g) = MapFun(G,PrO(Sﬂ)) (g, .7)

We note that the above is indeed an endomorphism object of F, with respect to the follow-
ing tensoring: we consider the monoidal co-category (&8, X), and view Fun(C, Pro(S,,)) as
left-tensored over § via:

X, Q) X®(C,Xed8, G e€Fun(C,Pro(S,))

Similarly to the proof of Lemma A.8, we have natural equivalences
) MaPpyn(cpro(s, ) (X ® F, F) = Mapg (X, End(F))
exhibiting End(§ ) as the endomorphism object of Fin S. The composition
— o —: End(#) x End(¥) — End(¥)
thus occurs as the adjoint of applying twice the action map
End(F)® F — F

given by the adjoint of the identity id: F > Fin equation 9. Consequently, to compare the
multiplication maps, it suffices to compare the action maps. The counit of the adjunction

(=) 4 Mat yields a map

counit: Mat(F7%) — 57
We consider the following commutative diagram

Mapr ¢ pro(s,)) (77 X F, F) ———— Mappy(s,) (57, 57)

—0(counit><id)l —0(c0unit)l
—~ ~ =~ @ —~ —~
Mapyg,n(cpro(s, ) (Mat(F7) X F,F) —=— Mapp,,(s, ) (Mat(F7), F7)
~ ‘@ ~ ‘@

Maprp ¢ profs,)) (End(F) © F,F) —— Map (End(5), End(5))

where
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« (D and (2) are the natural equivalences constructed in the proof of Lemma A.8;

+ (3 follows from the adjunction (/—\) 4 Mat, and Corollary A.7;
+ (@ is obtained by combining the equivalences

End(7)® F ~ F @ End(F) ~ Mat(F7) x F
which follow from Lemmas A.3 and A.4
« (B follows from equation 9

With the above diagram at hand, we see that the action map ev: FIXF > F exhibiting
F7% asan endomorphlsm object of F in Pro(8,), and which is adjoint to the 1dent1ty in
Mapp, s, )(9’ F7 ), is mapped by materialisation to the action map End(9’ ) ® F -7,
exhibiting End(g ) as an endomorphism object of F in &, and which is adjoint to the
identity in Map ¢ (End(%), F). As a consequence, the two multiplication morphisms on
End(F) ~ Mat(F7), namely the usual composition — o — and Mat(J7) agree.

Combining the results of the section, we have shown the following

Lemma A.9. LetF: C — cS’ﬁn. Then, we have a commutative diagram

Mat(F7) x Mat(F7) End(F) x End(F)

Mat (ﬁ)l \L— o—

Mat(77) ———— End(F)

We observe that the techinques described above are better aimed at showing that
mEnd(F) admits the structure of a monoid in profinite spaces. The following lemma

serves as a bridge to conclude that 7T0Allt(§ ), i.e. the group of units of the above monoid,
admits the structure of a profinite group compatible with that of its monoid.

Lemma A.10. Let M be a monoid in Pro(8y), i.e. a topological monoid whose underlying
topological space is a Stone space. Then, u(M), its group of units, admits the structure of a
profinite group via the subspace topology.

Proof. We begin by observing that the category of profinite monoids, i.e. pro-objects
in the category Mon'™, is equivalent to the category Prof(Mon), the category of topo-
logical monoids with underlying topological space a compact, Hausdorff, totally discon-
nected space; this follows from [Joh82, Chapter VI, §2.9]. More precisely, the functor
Pro(Mon™) — Prof(Mon), sending a cofiltered system of finite monoids to its limit,
where we endow the limit with the profinite topology, is an equivalence of categories. The
anologous statement in the case of profinite groups is classical, but a proof can also be
found in loc.cit. Consider the adjunction ¢ 4 u:

Grp <!y Mon
e —

uw

where Grp is the category of discrete groups and group homomorphisms, Mon is the
category of discrete monoids and monoid homomorphisms, : is the inclusion functor and
« is the group of units functor. The above adjunction restricts to the analogous one on
finite groups and monoids. Applying Pro: Cat, — Cat., We obtain a diagram

Pro(Grp) PL(I)) Pro(Mon)
v

Pro(u)

which can also be seen to be an adjunction, as ¢ itself preserves all limits. As a consequence,
we obtain a commutative diagram
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Prof(Mon) =~ Pro(Monf") M Pro(Grp'™) = Prof (Grp)

| |

Mon > Grp

u

which in particular implies that given a profinite monoid M, the group of units of its
underlying discrete monoid lifts to profinite groups via the above diagram. O

We are now ready to show Theorem 2.21.
Proof of Theorem 2.21. The goal is to show that
G =m Map;un((?,Pro(cS’,,)) (F.5)

admits the structure of a profinite group. Let M = 7 Mapgyy, ¢ pro(s,)) (§ F ), and observe
that G is the group of units of M. Lemma A.10 gives therefore a reduction to showing that
M is a profinite monoid. The latter fact follows readily from Lemma A.9. O
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FRAMED CONFIGURATION SPACES AND EXOTIC SPHERES

MANUEL KRANNICH, ALEXANDER KUPERS, AND FADI MEZHER

ABSTRACT. We determine when an exotic sphere ¥ of dimension d # 1 (mod 4) can be detected
through the homotopy type of its truncated Disc-presheaf. The latter records the diagram of
framed configuration spaces of bounded cardinality in ¥ with natural point-forgetting and
-splitting maps between them. Our proof involves three ingredients that could be of independent
interest: a gluing result for Disc-presheaves of manifolds divided into two codimension zero
submanifolds, a version of Atiyah duality in the context of Disc-presheaves, and a computation
of the finite residual of the mapping class group of the connected sums §9 (§2K*1 x §2k+1),
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1. INTRODUCTION

How “much” of a closed d-dimensional manifold is seen by the homotopy types of its
configuration spaces? There are several ways to make this question precise, and to some of
them partial answers have been given [Lev95, AK04, LS05, AS22, KK24a, KK24b]. In this work
we answer an instance of this question in the case of exotic spheres.

To explain the result, we write Many for the co-category with smooth manifolds M as ob-
jects and spaces of smooth embeddings Emb(M, N) as morphisms. This has a full subcategory
Discq € Many spanned by the manifolds S x R for finite sets S. To a smooth d-manifold M,
we can associate a presheaf Eps on Discy with values in the co-category of spaces 8, given by

E
Discy 5 S xR =5 Emb(S x RY, M) € 8, (1)
and this construction extends—via postcomposition—to a functor out of Many
E
Mang > M +— Ep; € PSh(Discy)

with values in the co-category PSh(Discy) = Fun(@isczp, 8) of presheaves. The individual
values of the presheaf Ej at objects S x R? are equivalent to the framed configuration spaces,

¢
Emb(S x R, M) = FE(M) = {(ms, Tn,M = RY)se5 € Fr(TM)® | m; # m; fori # j},  (2)

so Ey € PSh(Discy) encodes, roughly speaking, the homotopy types of all framed con-
figuration spaces in M together with natural maps between them (e.g. the value of Ey at
(1xidga): SXR < §" xR for an injection 1: S < S’ corresponds under (2) to forgetting some
of the points). The equivalence class of the presheaf Ey; € PSh(Discy) is a diffeomorphism-
invariant of M from which many other invariants can be extracted, including the factorisation
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homology of M with coefficients in any framed E;-algebra [Sal01, AF15, Lur17] or the embed-
ding calculus tower for spaces of embeddings into or out of M [Wei99, BABW13]. In fact, for
d > 5, there is still no known example of two closed non-diffeomorphic d-manifolds M and N
such that Ey and Ey are equivalent in PSh(Discy)’.

There are several variants of the presheaf Ey; one can consider, e.g. one for topological
manifolds M based on a variant of the co-category Discy involving topological embeddings, or
one for manifolds M equipped with a tangential structure: for instance, if M comes equipped
with an orientation one can consider the analogue Disc}; of Discy where one restricts to
orientation-preserving embeddings, and the presheaf Ej € PSh(Disc}) defined as in (1) but
using spaces of orientation-preserving embeddings. As another variant, instead of considering
presheaves on the full co-category Discy, one may for fixed k > 1 restrict to the full subcategory
Discy <k € Discy spanned by SxR? for |S| < k and consider the presheaf Ey; € PSh(Discy <k)
obtained from Ejs by restriction; this is called the k-truncated Disc-presheaf of M. In terms
of diagrams of framed configuration spaces, passing to the truncated setting amounts to
imposing an upper bound on the number of points.

The main result. In this work, we study the question which homotopy d-spheres can be
distinguished by their truncated Disc*-presheaves. Recall that a homotopy d-sphere is a closed
smooth d-manifold ¥ that is homotopy equivalent to a standard d-sphere, and thus—by the
solution to the topological Poincaré conjecture—also homeomorphic to it. To state our main
result, we write M{N for the connected sum of two oriented d-manifolds M and N, and M for
M equipped with the opposite orientation.

Theorem A. For oriented homotopy d-spheres 3y and X1 withd % 1 (mod4) and1 < k < oo, we
have Es, = Es, in PSh(Disc}, ;) if and only if %0l bounds a compact parallelisable manifold.

Remark.

(i) Theorem A answers [KK24a, Question 5.5] in many cases and its proof also yields a
partial answer to Question 5.6 loc.cit..

(ii) The question which homotopy d-spheres bound compact parallelisable manifold has
been studied extensively in the past and features in Kervaire—Milnor’s classification
of homotopy spheres [KM63]. For example, from the latter one can deduce that there
are 16256 oriented homotopy 15-spheres up to orientation-preserving diffeomorphism,
of which precisely half bound compact parallelisable manifolds. By Theorem A, this
implies that also precisely half of them have the property that they can be distinguished
from the standard 15-sphere by their k-truncated Disc*-presheaf for any 1 < k < oo.

On the assumptions. We comment on the assumptions on d and k in Theorem A:

The case k = 1. Two oriented d-manifolds M and N have equivalent k-truncated Disc*-
presheaves for k = 1 if and only if there is a tangential homotopy equivalence between them,
i.e.a homotopy equivalence ¢: M — N covered by an orientation-preserving fibrewise
isomorphism of the tangent bundles [KK24c, Proposition 5.10]. Since it is known that any two
oriented homotopy d-spheres %, and X; are tangentially homotopy equivalent (see e.g. [RP80,
Lemma 1.1]), one gets that Es, ~ Es, in PSh(@isc;’Sk) for k = 1 and all 3 and 3.

Remark. As any homotopy equivalence between homotopy spheres is homotopic to a home-
omorphism, one can even choose a tangential homotopy equivalence ¢: %y — ¥ that is a
homeomorphism. The latter induces homotopy equivalences Fgr(Zo) ~ Fg‘(Zl) between all
framed configuration spaces, so in view of (2), this shows that the truncated Disc-presheaves
Es, and Ey, can never be distinguished by considering any of their individual values.

For d = 4 such examples are known by [KK24a, Theorem B].
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The case d = 1 (mod 4). Our proof of the “only if” direction in Theorem A also goes through
in the excluded dimensions d = 1 (mod 4) (see Section 2.2). The “if” direction however
(i.e. whether E5, ~ Ey, if zoﬁz_l bounds a compact parallelisable manifold) does not. By the
solution of the Kervaire invariant one problem, it is known that for d = 2t —3 with ¢ < 7, only
the standard sphere bounds a compact parallelisable manifold, so there is nothing to show, but
in all other dimensions d = 1 (mod 4), there is a single nontrivial oriented homotopy sphere
that bounds a compact parallelisable manifold, called the Kervaire sphere. This leads us to ask:

PSh(Disc) _,) where 2k is the (4m + 1)-dimensional Kervaire sphere?

Question 1.1. For whichm > 2 and 2 < k < oo is there an equivalence Es, =~ Egim+ in

The case k = co. In the excluded case k = oo, the “only if” direction of Theorem A follows from
the case 1 < k < o0, since an equivalence of nontruncated presheaves induces by restriction
one of all their truncations. However, the “if”-direction does not follow: similarly to how there
are non-equivalent spaces whose finite Postnikov truncations are all equivalent [Ada57], there
may be non-equivalent presheaves X and Y in PSh(Disc}) that are equivalent in PSh(Disc; _; )
for all k < co. Theorem A thus leaves open the question for which homotopy d-spheres %
and X; such that the connected sum Zoﬁfl bounds a compact parallelisable manifold there
exists an equivalence Es, ~ Es, € PSh(Disc};), without truncation. In particular we ask:

Question 1.2. For which oriented homotopy spheres % that bound a compact parallelisable
manifold does there exist an equivalence Es, = Ega in PSh(Disc))?

Ingredients in the proof. The proof of Theorem A involves three ingredients that could be
of independent interest:

(i) A description of Disc-presheaves of manifolds that are decomposed into two codimen-

sion 0 submanifolds that intersect in their common boundary (see Theorem 3.2).

(ii) A proofthat the Atiyah duality equivalence D(23 M) =~ Th(—TM) for closed d-manifolds
is natural in equivalences of Disc-presheaves (see Theorem 2.6 and Section 4), based on
a variant of a construction due to Naef-Safranov [NS24, Section 4.2] (see Remark 4.7).
This also suggests a relation between algebraic L-theory and the Disc-structure spaces
as introduced in [KK24b] (see Section 2.3).

(iii) A computation of the finite residual (the intersection of all finite-index normal subgroups)
of the group of isotopy classes of orientation-preserving diffeomorphisms of the iterated
connected sums #§9(5?™*! x §2M*1) (see Theorem 2.3 and Section 5).

Acknowledgments. FM would like to thank Seren Galatius for the many helpful discussions
regarding this work. AK and MK would like to thank Oscar Randal-Williams for useful
conversations. AK acknowledges the support of the Natural Sciences and Engineering Research
Council of Canada (NSERC) [funding reference number 512156 and 512250]. FM is supported
by the Danish National Research Foundation through the Copenhagen Center for Geometry
and Topology (DNRF151).

2. Disc-PRESHEAVES OF EXOTIC SPHERES

In this section, we prove Theorem A (or rather a strengthening of it) assuming three
ingredients (Theorems 2.2, 2.3, and 2.6) which are established in the subsequent three sections.

Convention. We work in the setting of co-categories throughout, so a “category” is always
an oo-category. Unless mentioned otherwise, manifolds and embeddings are always assumed
to be smooth. Given a homotopy d-sphere X, we write ¥ € bPg,; if £ bounds a compact
parallelisable d-manifold. To treat the categories Discy < and Discy from the introduction
on the same footing, we write Discy <o = Discy (similarly for the oriented variant).



4 MANUEL KRANNICH, ALEXANDER KUPERS, AND FADI MEZHER

2.1. Disc-presheaves of bP-spheres. The “if” direction of Theorem A follows from the
following more general result by specialising to M = §%:

Theorem 2.1. For a connected oriented d-manifold M withd # 1 (mod 4) and two oriented
homotopy d-spheres 3, %1 with 2o € bP 41, there is for all 1 < k < oo an equivalence

EMﬂZO = EMﬁzl in PSh(DlSC;}’Sk)
In particular, for all 3. € bPg.1, we have Eyyys = Ep in PSh(Disc), Sk) whenever 1 < k < oo,

The proof of Theorem 2.1 has two main ingredients—one homotopy-theoretic and one
group-theoretic. The homotopy-theoretic one—which we prove in Section 3—is the following
criterion to show that two manifolds obtained by gluing together the same pair of manifolds
along different diffeomorphisms of their boundaries have equivalent Disc-presheaves:

Theorem 2.2. Fix d-manifolds My and M; and two diffeomorphisms @o, p1: oMy — M,
between their boundaries. If for some 1 < k < co we have

[E%] = [E<P1] € o MapPSh(Discd,l,Sk)(EaMo’E3M1)’

then there is an equivalence
EMUU%MI o~ EM0U¢1M1 in PSh(@iSCd,Sk).

Moreover, the analogous statement holds when My and M, are oriented, the ¢; are orientation-

reversing, and Discq_1 <k and Discy <k are replaced by Disc), | _, and Disc, _,.

The second ingredient in the proof of Theorem 2.1 is related to a certain group-theoretic
difference between mapping class groups of manifolds and the analogue in the context of
Disc-presheaves, which was discovered in [Mez24]. To explain this, recall that a discrete
group G is residually finite if its finite residual

fr(G) := (N a6 with [6/:G]< G7) LG
vanishes. It was observed in [KRW20] that there are 2-connected closed high-dimensional
manifolds M for which the group m, Diff"(M) of isotopy classes of orientation preserving
diffeomorphisms is not residually finite (more specifically this was shown for the iterated
connected sums W, = #9(S" x S") for certain values of g and n). On the contrary, the
analogous group 7y Autpsh(Disc, ) (Em) for the truncated Disc-presheaf of M is residually
finite for any k < o0, as shown in [Mez24]. The proof of Theorem 2.2 will exploit this
difference, based on an extension of the result from [KRW20] which we explain now. Recall
that by Cerf’s “pseudoisotopy-implies-isotopy” theorem and Smale’s h-cobordism theorem,
extending diffeomorphisms of D?~! along the inclusion of a hemisphere D¢~ ¢ 597! via
the identity, and gluing two copies of D¢ together along a diffeomorphism of $%~!, yields for

d > 6 isomorphisms of abelian groups
ext

lue
710 Diff ,(D41) F 1, Diff* (54°1) *='0,. 3)

where 7o Diff 5(D?1) is the group os isotopy classes of diffeomorphisms of a closed (d—1)-disc
that pointwise fix the boundary and ©, is Kervaire-Milnor’s group of oriented homotopy
d-spheres [KM63]. For an oriented (d — 1)-manifold M with an embedded codimension 0 disc
D¢l M compatible with the orientation, we write

770 Diff o (D4~1) =2, 7, Diff (M)

for the morphism given by extending diffeomorphisms along D?~! ¢ M by the identity. In
these terms, the extension of the result of [KRW20] which we prove in Section 5 is:

Theorem 2.3. Forn > 3 odd and g > 0, setting W, := §9(S" x S"), we have
' (bP <04 Y 7 Diff(D?) 2, D'ﬂ‘*(w)) ifg > 2

fir (7o Diff*(Wy)) = { H\PF2nt2 = Bd = Mo Diita 7 Diff* (W) ) ifg >2,

0 ifg < 2.
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Remark 2.4. The morphism exty, turns out to be injective (see Section 5.1 (b)), so in the first
case of Theorem 2.3 we have fr(m Diff"(W)) = bP;,».

Assuming the two ingredients Theorems 2.2 and 2.3, we finish the proof of Theorem 2.1:

Proof of Theorem 2.1. Throughout, we implicitly use the topological Poincaré conjecture to
identify the topological manifold underlying a homotopy sphere with the standard sphere.

We first assume d < 6. For d < 3 or d = 5,6, there is nothing to show since there are
no nontrivial homotopy spheres. For d = 4 there may be, but we show that Eppys =~ Ey
in PSh(Disc}) for all oriented homotopy d-spheres ¥ (and hence also in PSh(Disc}, _, ) for
any k, by restriction). This is closely related to [KK24a, Theorem B]. By smoothing?heory
for embedding calculus [KK24c, Theorem 5.21 (ii)], it suffices to show that the two lifts of
the topological tangent bundle M — BSTop(4) along BSO(4) — BSTop(4) induced by the
smooth structure of M and of M{3Y are homotopic as lifts. For that it is enough to show
that the two lifts of D* — BSTop(4) induced by the smooth structure of D* and of D*4¥ are
homotopic as lifts, relative to the given lift on 9D* induced by the standard smooth structure.
But the obstruction for the existence of such a homotopy of lifts lies in m4(Top(4)/0(4))
and this group vanishes, since 74(Top(4)/0(4)) = m4(Top/O) by [FQ90, Theorem 8.7A] and
74 (Top/O) vanishes by [KS77, V.5.0 (5)].

Turning to the case d > 7, we begin with a general observation: Given a decomposition
M = My U M; of an oriented d-manifold M into two codimension 0 submanifolds My, M; C N
that intersect in their common boundary P := 0N, = 9Ny, then for any embedded disc
D?' ¢ P compatible with the orientation, there is an orientation-preserving diffeomorphism
MHY = My Uetp (tw(s)) M1 where tw: ©4 — mo Diff 5(D?1) is the inverse of the isomorphism
from (3). Combining this with Theorem 2.2, when given oriented homotopy d-spheres %
and 31 € Og, to show Eyys, = Epys, in PSh(@isc;’Sk) for some fixed 1 < k < oo it suffices
to show that tw(Z#2;) = tw(Zg) o tw(Z;) ! lies in the kernel of the composition of extp
with the morphism E: s, Diff* (P) — g AUtPSh@isc;_Lgk) (Ep). Since bPg,; = 0 for d even by
[KM63, Theorem 5.1, Lemma 2.3] and we assumed d # 1 (mod 4), this shows that in order
to prove Theorem 2.1, it suffices to find for d = 2n + 1 with n > 3 odd a decomposition
M = My U M; as above, such that the following composition is trivial for 1 < k < oco:

(3) . ext oot E
bPonsz < Ognst = 7o Diffo(D*") — mo DIff*(P) — mo Autpsh(piscy, ) (Ep).  (4)

The decomposition we use is the following: for any fixed g > 0, choose an embedding of
the iterated boundary connected sum V; := §D"*! X §” into M (such an embedding exists
since V; embeds into a closed disc D***! which in turn embeds into any nonempty manifold),
set My to be the image of the embedding and M; to be the closure of its complement. The
submanifolds M, and M; intersect in their common boundary which is diffeomorphic to
Wy = a(V) = #9S™ x S". It thus suffices to show that (4) is trivial for P = W, for some value
of g > 0. This is true for any g > 2, since the composition bP3,4, — o Diff* (W) lands in
the finite residual of my Diff*(W,) by Theorem 2.3 (it is in fact equal to it, but we will not
need this), so as finite residuals are preserved by group homomorphisms, the image of the
composition (4) is for g > 2 contained in the finite residual of 7 Autpsh(fDiSC;ék) (Ewy). But
the latter finite residual is trivial by [Mez24, Theorem 3.16], so the claim follows. O

2.2. Disc-presheaves of coker(J)-spheres. We now turn on the “only if” direction of The-
orem A. In dimensions d < 6 any homotopy d-sphere bounds a compact parallelisable
manifold (combine [KM63, p. 504] with [Ker69, Theorem 3]), so there is nothing to show. In
dimensions d > 7, we use that by Kervaire-Milnor’s exact sequence [KM63], the condition
>0 ﬁil € bPg4; in Theorem A is equivalent to ¥, and %, having the same image under the
morphism ©4 — coker(J)g from loc.cit., so the “only if” direction of Theorem A follows from:
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Theorem 2.5. For oriented homotopy d-spheres 3 and 31 whose associated oriented 2-truncated
Disc-presheaves Es,, Es, € PSh(Disc; Sz) are equivalent, we have

[Z0] = [21] € coker(])g4.

In particular, if [2] # 0 € coker(J)q, then Es, # Ega in PSh(DichgSz).

The main ingredient for proof of Theorem 2.5 says, informally speaking, that the Atiyah
duality equivalence for manifolds can be made natural in equivalences of 2-truncated Disc-
presheaves. To explain the precise statement, recall that a k-truncated Disc-presheaf X €
PSh(Discy <k ) has for k > 1 an underlying space, given by the orbits

IX| := X(RY)/Aut(RY) € 8

of the action of Aut(R?) := Autpsh(Discy <) (R%) =~ O(d) on X(R?) by functoriality, and this
space comes with a d-dimensional vector bundle &x over it, classified by the map

IX| = X(R?)/Aut(R) LN JAut(R%) ~ BO(d). (5)

If X ~ Ejs for a smooth d-manifold M, then |X| ~ M and &x models the tangent bundle TM
(see [KK24c, Proposition 5.10]). If M is a closed manifold, then the Pontryagin-Thom collapse
map induced by the choice of an embedding M c R¥¥ for k > 0 gives a map S — Th(-TM)
from the sphere spectrum to the Thom spectrum of the stable normal bundle of M, called
the stable collapse map, which is natural in diffeomorphisms. In Section 4 we will show that
it is even natural in equivalences of 2-truncated presheaves, in the sense of the following
theorem. In the statement and henceforth, we write map(—, —) for mapping spectra and
D(-) := map(—,S) for Spanier—-Whitehead duals.

Theorem 2.6. To any 2-truncated presheaf X € PSh(Discy <2), one can associate a zig-zag of
maps of spectra which is natural in equivalences in PSh(Discg <2),

S —» D(ZTIX]|) « Zx — Th(-£&x) for some spectrum Zx, (6)

and has the property that if X = Ep for a closed smooth d-manifold M, then the wrong-way map
is an equivalence and the resulting map S — Th(—TM) agrees with the stable collapse map.

Remark 2.7. Some remarks on Theorem 2.6:

(i) The construction in the proof Theorem 2.6 is closely related to work of Naef—Safronov
(c.f. [NS24, Section 4.2], and Remark 4.7 below). There is an alternative construction
based on constructing collapse maps for Disc-presheaves, inspired by [KK25, Section 4].

(ii) A related result was obtained by Prigge [Pri20, Theorem 7.1.8].

(iii) The first map in (6) is induced by the unique map |X| — *, so considering only the
right two maps in (6), Theorem 2.6 can be interpreted as saying that the Atiyah duality
equivalence D(Z’M) ~ Th(—TM) can be recovered from the 2-truncated presheaf Ey,
associated to M, naturally in equivalence of presheaves.

(iv) A variant of Theorem 2.6 holds in the setting of topological manifolds (see Remark 4.8).

(v) Theorem 2.6 suggests the following notion: a k-truncated presheaf X € PSh(Discy <)
for 2 < k < oo is closed if (a) |X| lies in the full subcategory 8“ C 8 of compact objects
in the co-category of spaces, (b) the wrong way map in (6) is an equivalence, (c) and
the resulting map cx: S — Th(—£x) exhibits —&x as the dualising spectrum of |X| (in
the sense of e.g. [Lan22, p. 227]). In particular, in this case the underlying space |X| is a
d-dimensional Poincaré duality space (see p. 228-220 loc.cit.).

Assuming Theorem 2.6, we prove Theorem 2.5 on Disc-presheaves of coker(J)-spheres:

Proof of Theorem 2.5. We first recall the definition of the element [X] € coker(J)y associated to
an oriented homotopy d-sphere (cf. [KM63, Section 4]): Given an oriented homotopy d-sphere
3, consider its stable collapse map S — Th(-TZ). Choosing a stable framing of ¥ gives an
equivalence Th(=T%) ~ $~¢, so the stable collapse map gives an element in 77(S™%) = 74(S).
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Its image in coker(J)y turns out to be independent of the choice of stable framing as long
as the latter is chosen to be compatible with the given orientation of X; this defines the
homomorphism ©; — coker(J)y. In particular, we see that the class [2] € coker(J)y only
depends on, (a) a classifier of the stable oriented tangent bundle TX: ¥ — BSO and (b) the
homotopy class of the stable collapse map S — Th(—T2). By the discussion above, in particular
Theorem 2.6, both of these can be recovered from the equivalence class of the 2-truncated
presheaf Es € PSh(Disc;’ S2), so the claim follows. O

2.3. Digression: Disc-structure spaces and L-theory. Theorem 2.6 allows one to relate the
Disc-structure spaces from [KK24b] to algebraic L-theory. We intend to take up this direction
in future work, but briefly sketch how this goes:

We write Poinc]; for the co-groupoid of d-dimensional Poincaré spaces (in the sense of
e.g.[Lan22, p.228-220]; this is a full subgroupoid of the core of the full subcategory 8¢
of compact objects in the co-category & of spaces) and Toinc;’: for the oco-groupoid of
d-dimensional Poincaré space together with a stable vector bundle refinement of its Spi-
vak fibration (this can be constructed as a full subgroupoid of the core of the pullback of
the composition STZXBO - S‘/"sz — Sp whose second functor is induced by taking colim-
its in the category Sp of spectra, along Sps, — Sp). In these terms Theorem 2.6 yields
a lift |—|": PShY(Discy)™ — Poinc);” of the functor |-|: PSh (Discy)™ — Poinc};, where
PSh (Discy) € PSh(Discy) is the full subcategory of closed presheaves as in Remark 2.7 (v).
Moreover, with some effort, one ought to be able to construct a commutative square

J\/[anj’E SN PShCl(ﬁiscd)z

forgetl b — (7)

cl= .
Man, ——— Poinc

where J\/Ean;l’E (respectively JT/[‘aleﬁ) is the oco-groupoid of closed d-dimensional smooth
manifolds and spaces of diffeomorphisms (respectively block-diffeomorphisms) between them.
The map v is induced by taking stable normal bundles and constructed such that it agrees
after taking fibres over Poinc}; with the normal invariant map in surgery theory. The fibre
of the top map at Eys for M € J\/[anzl’E is by definition the Disc-structure space ST¢(M) as
introduced in [KK24b], so taking horizontal fibres yields a map

Disc cl= T
S7P(M) — fibym)(Man;  — Poinc;”).

Moreover, if d > 5, then by surgery theory, the collection of the components (N, v(M) = v(N))
of the target whose underlying homotopy equivalence M ~ N is simple (with the finiteness
structure on M and N induced from their manifold structures), is equivalent to loop space of the
quadratic L-theory space LZ(M) of M, so writing ST*¢(M)* c §P¢(M) for the components
of (N, Ep ~ En) whose underlying homotopy equivalence M ~ N is simple (note that we
have SP¢(M) = ST¢(M)* if M is simply connected, or more generally—by [NS24, Corollary
C]—if the Dennis trace Wh(sr; (M)) — H; (LM, M) is injective), one obtains a map of the form

sPise(pns — QLI(M). (8)

As a result of [KK24b, Theorem A], the source of this map depends up to equivalence only on
the tangential 2-type of M, and by the 7-7-theorem the same holds for the target (in fact it only
depends on the 1-truncation of M and the first Stiefel-Whitney class). It seems conceivable
that the map (8) also only depends on the tangential 2-type of M.

3. GLUING Disc-PRESHEAVES

This section serves to establish the first of the three ingredients assumed in Section 2:
Theorem 2.2 on the dependence of Disc-presheaves of glued manifolds on the gluing diffeo-
morphism. We will deduce this from a general gluing-result for presheaves.
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3.1. Gluing Disc-presheaves.

3.1.1. Manifolds with boundary. Write Manz for the co-category whose objects are d-manifolds
M (potentially non-compact and with boundary) and whose morphisms are spaces Emb® (M, N)
of embeddings e: M < N with e"}(dN) = aM (see Remark 3.4 for a precise construction of
Mang). It contains as a full subcategory the category Man, of d-manifolds without boundary
and embeddings between them. Taking boundaries yields a functor 9: Mans — Mang_,
which has a fully faithful left adjoint x: Mang_; — Manj given by taking half-open collars,
i.e.it sends P € Many_; to P X [0, ). The reason that these functors are adjoint is that the
restriction map Emb?(P x [0, c0), M) — Emb(P, dM) is an equivalence for all P € Mangy_,
and M € Man? as its fibres are equivalent to spaces of collars, which are contractible. Note
that the unit of this adjunction id — 0k is an equivalence, as P = d(P X [0, 0)). Since 9 is
right adjoint to k, the left Kan extension o : PSh(Manz) - PSh(Mang_ ,) is right adjoint to
K1, SO since restriction is also left adjoint to left Kan extension, we get an equivalence 9 ~ k*
of functors PSh(Man9) — PSh(Mang_y).

3.1.2. Disc-subcategories. Writing H? := [0, co) X R%~! for the d-dimensional halfspace, we
consider the tower (in the sense of [KK24c, Section 1.2]) of full subcategories of Mang

.9 ] ;] _ s a0
Dlscd,glCDlscd,gzc"'CDISCd,goo_Dlscd 9)

where Discg <« C Manj is the full subcategory on those manifolds that are diffeomorphic
to S x RY UT x H?! for finite sets S and T with |S| + |T| < k. Note that intersecting (9)
with Many, C Mang yields the tower of full subcategories Discy <o € Many on manifolds
diffeomorphic to S X R? with |S| < e, as in the introduction. The functor x preserves these
subcategories and gives a map of towers k: Discg_1 <o — @iscz <. and thus a map of towers
K*: PSh(DiSCZ <o) — PSh(Discy_1,<.) by restriction. Note that the adjunction k + 0 from
Section 3.1.1 restricts to adjunctions k: Discg_1, <k 2 Discg i+ 0 for all k, so as above we
obtain 9 ~ x* as functors PSh(Dich’Sk) — PSh(Discd_Lsk).,Writing 19: @iscs,g. — Mans
and i: Discy_1 <o = Mangy_; for the respective inclusions, this implies that the square

la *
PSh(Man?) — PSh(Disc? _,)

)| I @

PSh(Mang_;) ——> PSh(Discy_1 <a)

of towers of categories commutes in that the Beck-Chevalley transformation o (1)* — 1*9, is

an equivalence. We denote by
E? = ((1%)" oy): Manj — PSh(Disch.)
the tower of restricted Yoneda embeddings.

3.1.3. Gluing manifolds and Disc-presheaves. Writing
Man)) := Manz XMang_ Mang

for the pullback of o: Mang — Man,_; along itself, naturality of the Yoneda embedding
yields a functor Man), — PSh(Mang) XPpSh(Many_ ;) PSh(Mans) to the pullback of the left
vertical functor in (10) along itself.

Remark 3.1. An object in Man) is given by a triple (Mo, M, ¢) where the M; are d-manifolds
and ¢: oMy — dM, is a diffeomorphism between their boundaries. The spaces of morphisms in
Man is given by the pullback of embedding spaces Emb?(M,, Ny) XEmb(aM,dN; ) Emb? (M, Ny).
Note that given a d-manifold W without boundary with a decomposition W = W, U W} into
two codimension 0 submanifolds that intersect in their common boundary P := dy)W = o; W,
we obtain an object (W, Wy, idp), and it turns out that any object (My, My, ¢) is equivalent to
one of this form, by considering the glued manifold W = M, U, M;.
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We can postcompose the functor Man!, — PSh(Manj) XPSh(Many_;) PSh(ManZ) with
the functor to the pullback of the right vertical functor in (10) along itself, induced by the
commutativity of the square, to arrive at a functor of towers of the form

E": Man} — PSh(Disc] _,) Xpsh(Discy.; ) PSh(Disc _,).

In arity 1 < k < oo, it sends a triple (Mo, My, ¢) as in Remark 3.1 to the triple consisting of the
presheaves (E9, EY) in PSh(Disci<k) and the equivalence 9, (EY;) ~ Eyy =~ Egy = 9(EY) in
PSh(Discy_1,<k) induced by the diffeomorphism oM = 9N and (10). The goal of the remainder
of this section is to prove that the latter data (E2, Ei], Eom = Egn) is sufficient to reconstruct
the presheaf Epry,n € PSh(Discy <« ) of the glued manifold. More concretely, gluing manifolds

along their boundary yields a functor y: Man, — Man (see Remark 3.4), and we will show:

Theorem 3.2. There exists a commutative square of towers of categories

Man) £, PSh(DisciS.) XPSh(Discg_1.<a) PSh(Dich’S.)

yl ly‘D isc

Many £ PSh(Discg <o)

Disc

for some functor of towers y with the indicated source and target.

Remark 3.3.

(i) There is a variant of Theorem 3.2 for topological manifolds, by replacing all categories
of (smooth) manifolds and (smooth) embeddings between them by the corresponding
categories of topological manifolds and topological embeddings between them. The
proof is the same as in the smooth setting.

(if) From [KK24c, Theorem 5.3] one can extract a similar commutative square of towers

Man; — RMod(PSh(Discy <o) X Ass(PSh(Discq <o) LMod(PSh(Discg <.))

Yl l@

Many £ PSh(Discg <s)

where LMod(—), RMod(—), Ass(—) are the categories of left-modules, right-modules,
and associative algebras in a symmetric monoidal category respectively, the symmetric
monoidal structure on PSh(Discy <) is a localisation of the Day convolution structure
induced from the symmetric monoidal structure on Discy by disjoint union, and ®
denotes the relative tensor product of modules. The square in Theorem 3.2 avoids
algebras, modules, and tensor products of such, which turned out to be more convenient
for the purpose of this work.

Remark 3.4 (Point-set models). Above we only gave informal definitions of the categories Mang
and Man,_; in that we only described their objects and spaces of morphisms, and we also only
informally specified the functors 9: Manj — Mang_; and y: Man$ Xatan,_, Manj — Mang
(all other constructions, however, were formally obtained from these). Precise constructions
of these categories and functors can be extracted from [KK24b, Section 3] as follows:

Recall (e.g. from [KK24c, Section 1.1]) that a double category M is a category-object in Cato,
i.e.a simplicial object M € Fun(A°P, Cat) in categories that satisfies the Segal condition.
It has a category of objects ob(M) := Mo and for c,d € ob(M) a category of morphisms
Mea = {c} X M1 Xom;, {d} where the pullback is taken over the source and target functors
induced by 0,1: [0] — [1]. Letting source or target vary, we write M. _ = {c} X, M|y
and M_ 4: M[1] X, {d}, and these come with functors £: M- — ob(M) and s: M_ 45 —
ob(M) by taking targets or sources, respectively. We have a composition functor

(0<2)*
Me,— Xob(vt) Mg = {c} Xov;; M2y Xy {dt — {e} Xy Mpa) Xty {d} = Mea
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where the first equivalence uses the Segal condition. The opposite M°P of a double category
M is the double category obtained by precomposing the simplicial object M with the functor
op: A — A with op([n]) = [n] and op(a: [m] — [n])(i) = n — a(m — i)). Note that one has
ob(M) = ob(M°®P) and MS‘; =My,

In [KK24b, Section 3, éteps @ and (®], we constructed a double category ncBord, of
(possibly noncompact) (d — 1)-manifolds and bordisms between them. It comes with an
anti-involution (—)"": ncBordy; — (ncBord,)°P given by “reversing bordisms”, which is—
in the language of Section 3 Steps @ loc.cit.—induced by sending a [p]-walled d-manifold
(W cRXR®, i: [p] = R) to ((=1Xigpe ) (W), ((=1) o o (i = p —i)): [p] — R). Moreover,
there is an equivalence (ncBordg)z e =~ ob(ncBordy,;) induced by sending a [1]-walled
d-manifold (W ¢ RxR®, pu: [1] — R) to (R X W|[‘u(0),ﬂ(1)], 0: [0] = R). We set

Mang_; = ob(ncBord;) and Mang = (ncBordy)g, -

The functor 9: Man? — Man,_; is defined as ¢: (ncBordy),, - — ob(ncBordy) and the func-
tor y: Man; = Man§ Xptan,_, Mang — Many is given by the composition of the equivalence
(ncBordg)e,— Xob(neBord,) (NcBordg)e - = (ncBordg)g - Xob(neBordy) (NcBordy) - o whichis
induced by the anti-involution (—)™" in the second argument, with the composition functor

(ncBordg)g,— Xob(neBordy) (ncBordy)_ 5 — (ncBordy)g e =~ ob(ncBordg,;) = Mang.
3.2. Some category theory. The proof of Theorem 3.2 relies on the following lemma:

Lemma 3.5. Fix categories Do1, Do, D1 and fully faithful functorsk;: Dy; — D; fori=0,1
that admit right adjoints 9;: D; — D;.
(i) The natural functor 1: Dy Up,, D1 — Dy Xp,, D1 from the pushout of the k; to the
pullback of the 9;, is fully faithful.
(ii) The value at an object (dy,d;) € Dy Xp,, D1 of the unit X — 1,1"X of the adjunction
1": PSh(Dy Xp,, D1) 2 PSh(DyUp,, D1): 1. between restriction and right Kan extension
is naturally equivalent to the map from the top left-corner in the square

(id,e1)”
X(do, dy) — 25 X(dy, k101 (dy))

(eoid)" | Jteviar

id,e1)*
X (xod0(do), i) “22%5 X (xpan(do), k101 ()

to the pullback of the remaining entries. Here the maps €; are the counits of k; + 9;.
(iit) For full subcategories Dy, C Doy and D} C D; fori = 0,1 to which the functors k; and o;
restrict, the diagram of categories of presheaves

PSh(Do Up,, D1) —— PSh(D; Up; D))

| b

PSh(Dg Xp,, D1) ——> PSh(Dj xp; D))

commutes, i.e. the Beck—Chevalley transformation C* 1. — 1}, C* is an equivalence.
(iv) In the situation of (iii), the unitid — 1, (1")* is an equivalence on the essential image of the
restricted Yoneda embedding (C* oy): Dy Xp,, D1 — PSh(Dj X, D).
Proof. We begin with a few preliminary observations:

(a) Using the adjunctions ; + 9; and that mapping spaces in pullbacks of categories are given
by the pullbacks of mapping spaces, one sees that the two projections Dy Xp,, D1 — D;
induce for d;, d] € D; equivalences

Mapp, ., p, ((do, k130(do)), (g, df)) —> Mapap, (do, dy),
MangX901D1 (1001 (dy), dv), (dg, d})) — Mapy, (di,dy).
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(b) The functor : in (i) is induced by the two functors (id, k19p): Dy — Dy Xp,, D; and
(x001,id) : Dy — Dy Xp,, Dy which are both fully faithful as a result of (a), and agree on
Dy since d1x; =~ id =~ Jyk, as the k; were assumed to be fully faithful.

(c) Since fully faithful functors are preserved under pushouts [HRS25, Theorem 0.1], the
inclusion functors D; — Dy Up,, D; are fully faithful for i = 0, 1.

Combining (b) with (c) and observing that D; — Dy Up,, D1 fori = 0, 1 are jointly essentially

surjective, to show the claim in (i) it suffices to show that for d; € D;, the functor induces an

equivalence on the mapping space from d, to d; and on that from d; to dy. By symmetry;, it

suffices to check the former. By Theorem 0.1 loc.cit., the map

[(Do)dy/ XDy Dor Xm0, (D1)/a,| — [(Do Uny, Di)dys X(Doun,, D1) (Do Uy, Di)ya

~ Mapqp,,, »,(do, d1)

(11)
induced by the inclusions of Dy, D1, Dy, into DyUxp,, D is an equivalence (for the equivalence,
see Remark 3.4 loc.cit.). Here |—|: Cato,, — & denotes the left adjoint to the inclusion § C Cat,.

Now consider the commutative diagram of pullbacks of categories
Mapo, (do, 691 (d1)) —— (Do)ay/ X, (Do X, (D1)ja;) —— (Doday

lprz lforget
Do

J/ a
91 (dy),k101(dy)—d K
(91(d1),k101(dr) 1) DO] x ) (@1)/ ! opry

The leftmost vertical map is a cocartesian fibration (it classifies the functor Mapy, (do, —)), so
as cocartesian fibrations are closed under pullback, pr, is one as well and is thus by [Lur09,
4.1.2.15] smooth in the sense of 4.1.2.9 loc.cit.. The bottom left horizontal map is the inclusion
of a terminal object and therefore cofinal, so by 4.1.2.10 loc.cit. the upper left horizontal map
is also cofinal and thus an equivalence after applying |—| by 4.1.1.3 (3) loc.cit.. Combining this
with the equivalence (11), we conclude that the composition

Mapq, (do, ko1 (d1)) — Mapmu@mg)l(do, K01 (d1)) = Mapp,,, D, (do, k101 (dy)) — MaP@(,UDm'Dl(do, di)

induced by the inclusion Dy — Dy Up,, D; and the counit k19 (d;) — dj, is an equivalence.
This implies the claim in (i), since postcomposition of this composition with the map induced
by ¢ is equivalent to the identity on Map., (do, k991(d1)) as a result of (b).

We now turn to proving (ii). By the limit-formula for right Kan extensions, the unit map in
the claim is naturally equivalent to the map X(do, d1) — lim(,(4)—(dy.d,)) X (1(d)) where the
limit is taken over (Dy Up,, ’Dl)/(do,dﬂ = (Do Up,, D1) X(Doxn,, D) (Do XDy, Dl)/(do,d1)'
The commutative square of fully faithful inclusions

(Do1)/(dody — (D1)/(do)
! ! (12)
(Do) /dodyy — (Do Uy, D1)/(dy.ar)

is a pushout (e.g. by an application of (1)), so lim,(g)— (dy,d,)) X (¢(d)) is the pullback of the limits
of the restriction of the diagram to the full subcategories in (12). The latter all have terminal
objects induced by the units of the (k; 4 9;)-adjunction (for example (€,id): (koo (dp),d;) —
(do, dy) is a terminal object in (D), (4,.4,)), so the claim follows.
We prove (iii) more generally: assume we have maps of adjunctions (maps of bicartesian
fibrations over A! [Lur17, 4.7.4], e.g. obtained by restricting an adjunction to full subcategories)
P == Dy, Dyydo == D,

¢ol K l¢o1 and ¢01l ' l¢1 (13)

Ko K1
Dy —>a Do sDo1 <a—; Dy
0 1
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where the k; and «] are fully faithful. In addition to commutativity of the four squares obtained
from (13) by forgetting the k; and ] or the 9; and 9/, maps of adjunctions give compatibilities
between the unit transformations, which yields a map of commutative diagrams

P, Ko K1
Dy Doy D] Dy Do D,
from lid lid lid to lid lid lid
Dy Dy D, Do Dy D

N ) 2 2}

This yields an equivalence 1, ~ ¢ 1" where ¢, and ¢« are the induced functors between the
pushouts of the top rows or the pullbacks of the bottom rows, respectively. The more general
version of (iii) we show is that the diagram
4L , ’
PSh(Dy Up,, D) —— PSh(Dy Upr, DY)
| &

PSh(Dy X, D1) —— PSh(D} xm; D)),

commutes, that is, the Beck—Chevalley transformation ¢5 1. — 1,¢; is an equivalence. It
suffices to prove this after precomposition with i* since the latter is essentially surjective as a
result of (i). Then the transformation has the form ¢} 1.1* — 1/, ¢/1* =~ 1, (I")* ¢« and the claim
that it is an equivalence follows from the description of i, (+")* and r.t* from (ii).

Finally, (iv) follows by combining (ii), observation (a), and the fact that mapping spaces in
pullbacks of categories are the pullbacks of the mapping spaces. ]

3.3. Proof of Theorem 3.2. Equipped with Lemma 3.5, we now move towards the proof
of Theorem 3.2. Setting Disc); := Disc) Xpisc,_, Discy, the gluing functor y: Man!, — Mangy
from Section 3.1.3 restricts to y: Disc); — Discy, so writing Disc'&)s. =y 1(Discy <o), We
getamap y: Disc)) _, — Discy <o of towers. There is also a commutative square of towers

Discq-1,<s ——— Disc) _,
Kl l(id,xa(—))
farO fapll
Dlscd’s. W ZDlscd’S.

which induces a map of towers j: Discs’ <o — Disc); _, out of the tower of levelwise pushouts
of categories Discy]_, = Disc] _, Unisc, , ., Disc] _,. As further preparation for the proof
of Theorem 3.2, we will show that left Kan extension along y and right Kan extension along j

interact well with restriction along the inclusions between the Disc-subcategories:

Lemma 3.6. The following diagrams commute for1 <k <1 < oo

PSh(Disc) _,) —=— PSh(Disc}_,)  PSh(Discf_) —— PSh(Disc_,

wl lm j*l lj* (14)

PSh(Discg <) ——> PSh(Discger)  PSh(Disc} ) —— PSh(Disc) _,)

i.e. the Beck—Chevalley transformations yy C*—C* y, and inc* j, — j.inc" are equivalences.

Proof. The claim regarding the first square follows from the argument in the proof of [KK24c,
Lemma 4.4] (in fact, it is a special case of it, using that source and target of y: Disc); — Discy
can be seen to be equivalent to the underlying categories of the symmetric monoidal envelope
of unital operads, and the functor y to be induced by a map of operads).

Regarding the second square, we first recall that Disc, _ was defined as a certain full
subcategory of the pullback Disc; = Discg XDisc ;s 'Discg, namely the preimage of Discy <,

under y. This is contained in the full subcategory Discg, <n XDisca_1.<n Discz’ n C Disc)}, but
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is strictly smaller. However, since right Kan extension along a full subcategory inclusion
is fully faithful, it suffices to prove commutativity of the second square when replacing the
subcategories Disc) _ with Disci <n XDiscy-12n ZDiscz, <, for n = k1, and then the claim
becomes an instance of Lemma 3.5 (iii). O

As a result of Lemma 3.6, we have maps of towers

Ju: PSh(DichfS.) — PSh(Disc,; ,) and y: PSh(Disc,; ) — PSh(Discy<a).  (15)

d,<e

Now consider the following (potentially non-commutative) diagram of towers of categories
Man, — PSh(Man}) -2 PSh(Disc!, _,) —— PSh(Disc_,)

v] L i % (16)

Mang ———> PSh(Mang) ——> PSh(Discg <.)

The bottom row agrees by definition with the bottom map in the claim of Theorem 3.2. More-
over, recalling the definition of the top map E" in Theorem 3.2 and using that PSh(-): Cat®® —
Cat sends pushouts to pullbacks, one sees that the top row in (16) agrees with E", so setting
yPi := y1j, in order to prove Theorem 3.2 it suffices to show that the outer two compositions
Man!, — PSh(Discg <o) are equivalent as maps of towers. The two ingredients for this are:

Lemma 3.7. The unitid — j.j* is an equivalence on the essential image of (1")* o y.

Proof. By an application of the triangle identities, one sees that it suffices to show the claim
after replacing the tower Disc), _, by the larger tower Discg, <o XDiiscy <o CDiscS’ <. inwhich
case it is an instance of Lemma 3.5 (iv). O

Lemma 3.8. The second square in (16) commutes, i.e. the Beck—Chevalley transformation
n(")* — 1"y is an equivalence.

Proof. Since we have already seen in (15) that y; is a map of towers, it suffices to prove the state-
ment for e = co. Both sides of the Beck—Chevalley transformation §: y;(1")* — "y, commute
with colimits, so since presheaf-categories are generated under colimits by representables,
it suffices in view of Remark 3.1 to show that for each d-manifold M with no boundary
and codimension 0 submanifolds M,, M, € M that intersect in their common boundary
P = 0M; = dM,, the transformation J is an equivalence on Map,,, (— M") € PSh(Man},)
for M" := (M, My,id) € Man);. To do so, we consider the poset O‘l (M) of open subsets
O C M such that the manifolds with boundary O N M; and O N M, are both contained
in Disc?. Inclusion gives a functor O! (M) — (Man)),pr that sends O € O (M) to

d
0" := (0N My, 0N M,,idonp) € M". Now consider the commutative square in PSh(Disc,)

@

y1 (1) (colimoe o, (1) Mapyan (= 0")) —5—> *yi(colimoe oy, () Mapyyy, (= 0"))
le . Is
Y!([“)*(MapMang(_’ M")) s 'y (MapMan‘{;(_= M")).

We will show that (D-(3) are equivalences, which implies that @) is one as well, so the claim
will follow. To do this, we repeatedly use the facts that restriction and left Kan extension
preserve colimits and that left Kan extension preserves representables. From these facts,
together with the observation that 0" € Disc!}, one sees that (D is equivalent to the identity
on colimpe vy, (M)yMapqp;g., (= O), so in particular an equivalence. Using the above facts again,
the map () is equivalent to the map colimoeor, (myMapy oy, (1(—), O) = Mapy,,  (1(=), M).
Since {O}oeco!, (M) is a complete Weiss co-cover of M in the sense of [KK24a, Definition
6.3], the proof of Lemma 6.4 loc.cit. shows that this map is indeed an equivalence. Since
it will be relevant later, recall that the key step in the proof of this result in loc.cit. is an
application of [DI04, Proposition 4.6 (c)] to the open cover {F,(O)}oecor M) of the space
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F,(M) of ordered configurations of n points in M, for n > 0, using that this is a complete
cover in the sense of Definition 4.5 loc.cit.. We will now show by a similar argument that
the map colimpeor, (pyMapy g, (1"(=), 0") — MaPMang,(‘”(_)’MH) is an equivalence, which
will imply that y;(—) of it—which is precisely 2—is an equivalence as well, so the claim
will follow. Adapting the argument in the proof of [KK24a, Lemma 6.4] to this map reduces
the claim to showing that for r,s,t > 0 the open cover {F,s;(0)}oeco" m) of the space
Fy5:(M) of ordered configurations of r + s + ¢ points in M where the first r points lie in
int(M;), the second s points in P, and the final ¢ points in int(M,), is a complete cover. But
we have F, 5 ;(0) = Fri54:(0) N F,5; (M), so the claim follows from the corresponding fact
for {Fris+¢(0)}oe o, (M) we have already used above by observing that complete covers are
preserved by taking intersections with a fixed subspace. O

We end the section by finishing the proof of Theorem 3.2 and deducing Theorem 2.2.

Proof of Theorem 3.2. By the discussion above the diagram (16), it suffices to show that the
outermost two compositions in it agree. As a result of Lemma 3.7, it suffices to show that the
two leftmost squares in the diagram commute. For the second square, this is Lemma 3.8 and
for the first square it is an instance of the naturality of the Yoneda embedding. o

Proof of Theorem 2.2. For manifolds M; and diffeomorphism ¢; as in the statement, we have
that EMyu,, My In PSh(Discy <x) for i = 0,1 are the values of (M, My, ¢;) € Man); under the
counterclockwise composition in the square of Theorem 3.2 for e = k, so by commutativity
they are also the values under the clockwise composition. But the assumption implies that
their images (E;?,IO, Ej‘alo, E(Pi) under the top horizontal map E" agree, so the claim follows. The
addendum follows in the same way, using a variant of Theorem 3.2 for oriented manifolds
which is proved in the same way as the non-oriented version. ]

4. STABLE COLLAPSE MAPS OF Disc-PRESHEAVES

In this section we establish another one of the three ingredients that we assumed in
Section 2, namely Theorem 2.6 regarding the naturality of Atiyah duality in equivalences of
2-truncated presheaves. We adopt the notation from Section 2.2.

4.1. Proof of Theorem 2.6. We begin by fixing some notation:

(a) For a space B, we write 8/p, (8,p)«, and Spy for the co-categories of spaces over B,
retractive spaces over B (spaces over B equipped with a section), and parametrised spectra
over B, respectively. By straightening, they are equivalent to the functor categories
Fun(B, §), Fun(B, 8..), and Fun(B, Sp), respectively.

(b) We denote various fibrewise constructions in 8,5, (8,5)«, and Spg by adding a B-subscript.
For instance, X7 (-): (8,p)« — Spp denotes taking fibrewise suspension spectrum,
(=)+.B: 88 = (8,B)~ fibrewise adding a disjoint basepoint, (=) ®g (=) : SpgxSpg — Spp
fibrewise tensor product, mapg(—,—): Spy X Spy — Spj fibrewise mapping spectra, and
Dp(-) = mapg(—,Sp): Sp%p — Spp fibrewise Spanier—-Whitehead dual given by taking
fibrewise mapping spectra into the constant parametrized spectrum Sg with fibre S.

(c) For a map of spaces f: B — C, the restriction functor f*: Sp. — Spy has a left adjoint
fi: Spg — Spc, given by left Kan extension under straightening. In particular, for the
constant map f = p: B — * the adjoint p,: Spz — Sp, = Sp is given by taking colimits.

(d) For amap ¢: V — W in §,p, we denote the pushout in 8 of V.— W along V — B as
Cg(¢) and think of it as a relative mapping cone. Note that Cg(¢) comes with canonical
maps to and from B, which turn it into a retractive space. This construction is natural in
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that a commutative square in 8,

V — V

‘/’l lga/ (17)

W — W
induces a map Cg(¢’) — Cg(¢p) in (8;p). For V' = @ and W’ = W this in particular
gives a map W, g — Cg(¢) n (8/p).. An important class of examples for us is when ¢ is
the projection S(¢) — B of the (d — 1)-dimensional spherical fibration of a d-dimensional
vector bundle ¢ over B given by removing the 0-section. In this case, Cg(¢) — B agrees
with the retractive space given as the d-dimensional spherical fibration obtained from &
by fibrewise one-point compactification, or equivalently obtained from S(¢) by fibrewise
cone. Then X3 Cg(¢) is the usual parametrised spectrum with fibres $¢ associated to a
d-dimensional vector bundle &, so p)(35Cp(¢)) =~ Th(¢) is its Thom-spectrum.

Construction 4.1. Given a space B, we view B X B as a space over B via the projection to the
first coordinate. Given V € 8,5 and a map ¢: V — B X B in §,p, we may apply X7 (-) to the
map (B X B)yp — Cg(¢) from (d) to arrive at a map p*(3°B) =~ X3’ ((B X B)4,5) — 25 Cp(¢@).
Combining this with the fibrewise evaluation map Dp (23 Cp(¢)) ®p X5 Cp(¢@) — p*(S),
we obtain a map Dg(25Cp(¢)) ®p p*(27'B) — p*(S) which yields using the tensor-hom
adjunction a map Dy(E5Cp(¢)) — mapy(p* (S3B), p*(S)) ~ p'map(E7B,S) = p"D(STB)
which in turn yields via the (p, 4 p*)-adjunction a map of spectra of the form

pDp(X5Cr(9)) — D(ETB). (18)

Construction 4.2. Suppose we are given a d-dimensional vector bundle ¢: B — BO(d) over a
space B and a commutative square in 8 of the form

S —C
x| li (19)

B—2 5 BxB

where S(¢&) is the (d — 1)-dimensional spherical fibration induced by ¢, the bottom horizontal
map is the diagonal, and i is any map. Viewing this square as a square in 8,5 via the projection
of B X B onto the first coordinate, the naturality in (d) yields a map Cg(S(¢)) — Cg(i) and
thus by applying p:Dp(25 (-)) a map pDp(25Cp(i)) — prDp(25Cp(S(£))) = Th(={) (see
(d) for the final equivalence). This features in a natural zig-zag of spectra

§ = D(37*) — D(2YB) «— pDp(X5Cp(i)) — Th(-£) (20)

where the first map results from applying D(2$(—)) to the map p: B — *, the second map is
an instance of (18), and the final map is the one we just described.

Example 4.3. For us, the most important example of a square as in (19) is the square in &
S(TM) —— M x M\A

) I @

M—2 5 MxM

where B = M is a d-manifold, £ = TM is its tangent bundle and i: C — B X B is the inclusion
M x M\A € M x M of the complement of the diagonal. This square arises as follows: a choice
of tubular neighbourhood of the diagonal M ¢ M X M yields an embedding of manifold
pairs (TM, TM\{0-section)) — (M x M, M x M\A) from which one obtains (21) by using the
equivalence of pairs of spaces (TM, TM\{0-section}) ~ (M, S(TM)) induced by the projection.

If M is a closed manifold, then the wrong-way map in the instance of the zig-zag (20)
associated to (21) turns out to be an equivalence (see e.g. [ABG18, Proposition 4.12]) and the
resulting map S — Th(—TM) agrees with the stable collapse map (see e.g. Section 4.3 loc.cit.
or [NS24, Section 4.2] for explanations of this).
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Example 4.4. Any k-truncated presheaf X € PSh(Discy <) for k > 2 also yields an example
of a square as in (19): using the notation |X| and &x from Section 2.2 and writing Map(—, —)

and Aut(—) for the mapping and automorphism spaces in Discy <k, we have a square

M Rd,Rd X2 X Rd Rd
S(éx) = (M X Aut(R4) X(Rd)) — 2R

Aut(R9)*2 Aut(R9)*2 (22)
22
1 1
IXI X% 1X].

obtained as follows: the map Map (R LU R%, R?) — Map(R%, R?%)*? given by precomposition
with the inclusions, and the functoriality of X, yields a map of pairs

Map(R?,R?) | X2 Map(R?LR4 R4
((M)X X aur(rd) X (RY), Mep®LR' R X Aut(R4) X(Rd))

Aut(R9) Aut(R9)*2
¥ (23)
(( X (RY) )><2 X(RduRd))
Aut(R9) > Aut(R9)*2

from which one obtains (22) by using Map(R% R%)/Aut(R?) = x, |X| = * X Aut(R9) X(RY)
together with the GL4(R)-equivariant equivalence Map(R? U R?, R%)/Aut(R%)*? ~ R4\ {0}
to identify the source in (23) with the pair (S(£x), |X|) given by the projection.

The previous two examples turn out to be closely related:

Lemma 4.5. For a smooth d-manifold M, there is an equivalence of squares between (21) and (22)
for X = Epr. More specifically, there is an equivalence of spherical fibrations S(TM) =~ S(¢g,,)
such that the resulting equivalences between the left vertical and bottom horizontal maps in (21)
and (22) can be lifted to an equivalence of squares.

Proof. To see this, one first uses that evaluation at the centre induces an equivalence between
the map of pairs (23) for X = Epy = Emb(—, M) and the map of pairs
(Emb(*, RY)*2 X, 1 vty Emb(RY, M), Emb (i U % RY) Xy ey Emb(RY, M))

N2
(Emb (%, M)*2, Emb(x LI ¥, M)) = (M x M, M x M\A).

(24)

induced by composition of embeddings. It thus suffices to construct an equivalence of pairs
(TM, TM\{0-section}) =~ (Emb(*, RY) 25 ety Emb(RY, M), Emb(Li%, RY) X gy e Emb(RY, M))

such that its postcomposition with (24) agrees with the map (TM, TM\{0-section}) — (M X
M, M x M\A) used in Example 4.3 (involving the choice of a tubular neighbourhood). By
the uniqueness of tubular neighbourhoods, we may assume that the tubular neighbourhood
TM — M X M involved is on the first coordinate given by the projection and on the second
coordinate given by a smooth retraction e: TM — M of the 0-section that is an embedding
when restricted to each individual tangent space. Such a map e yields an GL4(R)-equivariant
equivalence Fr(TM) — Emb(R?, M) out of the frame bundle, which together with the O(d)-
equivariant equivalence of pairs (R%,R?\{0}) — (Emb(*,R%)*% Emb(* LI +, R?)) given by
R? 3 x > (0,x) € Emb(x, R)*? yields an equivalence of pairs of the form

(RY X1, (r) Fr(TM),R1\{0} Xcr,(r) Fr(TM))
\L:
(Emb(*, RY)2 X 5 ety Emb(RY, M), Emb ( U % R) Xy ey Emb(RY, M))

Going through the construction, the precomposition of this equivalence with the standard
identification of its source with (T M, TM\0-section) has the desired properties. O
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Theorem 2.6 now follows by merely putting things together:

Proof of Theorem 2.6. Specialising (20) to Example 4.4 yields a natural zig-zag
S — D(ETIX]) «— pDp(27Cp(i)) — Th(-Ex), (25)

as in the claim. The asserted property of it in the case X = Ejs follows by combining Lemma 4.5
with the discussion at the end of Example 4.3. ]

4.2. Further remarks. We end this section with some remarks on the proof of Theorem 2.6.

Remark 4.6 (Configuration space models). We constructed the square (21) from a strictly
commutative square of topological spaces after replacing the lower left corner M up to
equivalence with TM. There is also a way to model (21) as a strictly commutative square of
topological spaces where one instead replaces the top map up to homotopy equivalence, but
keeps the diagonal at the bottom (c.f. [KK24c, Remark 5.16(a)]), namely as

OFMy (M) —=— FM,(M)

1 1 @

M—2 s MxM

where FM; (M) is the Fulton—-MacPherson bordification of F, (M) = M X M\ A (see e.g. [Sin04]),
JdFM, (M) is its boundary consisting of “infinitesimal configurations,” and the left vertical map
is the “macroscopic location” map.

Remark 4.7 (Work of Naef—Safronov). The proof of Theorem 2.6 is closely related to work
of Naef and Safronov [NS24]. They explain in Section 4.2 loc.cit. how the square (26) for a
closed smooth manifold M can be used to show that the constant parametrised spectrum Sy
over M is relatively dualisable in the sense of Definition 1.16 loc.cit. with dual X3,S(-TM).
Our construction above uses the diagram square to construct the copairing—in their notation
n—while they in Proposition 4.13 loc.cit. use it to construct the pairing—in their notation PTx.
These contain essentially the same information (see Remark 1.3 loc.cit.).

Remark 4.8 (Topological collapse maps). Theorem 2.6 also holds in the topological setting,
that is, for Disc, replaced by the analogous category Disc’, involving topological embeddings,
M being a closed topological d-manifolds M, and &x being an R%-bundle (a fibre bundle with
fibre R?) instead of a vector bundle, from which one obtains a spherical fibration by removing
a section. In fact, the version Theorem 2.6 for smooth manifolds can be deduced from that for
topological ones by left Kan extending along the forgetful functor Disc!, _, — Discy <.

We briefly explain how to obtain the claimed extension of Theorem 2.6 to the topological
setting: Construction 4.2 goes through verbatim for R¢-bundles. In Example 4.3 one replaces
TM by the topological tangent bundle T*M, obtained by choosing using Kister’s theorem
[Kis64] a normal R?-bundle inside the normal microbundle of the diagonal M ¢ M x M; this
yields a tubular neighbourhood with the property used in Lemma 4.5 by construction. With
this choice, the proof of Lemma 4.5 goes through with minor changes. Finally, the reference
[ABG18, Proposition 4.12] we cite in Example 4.3 smooth manifolds, but the proof can be
extended to the topological setting:

One picks a locally flat embedding M ¢ R** with a normal R*-bundle vy for k > 0
[Hir66, Theorem (B)], which is unique up to isotopy after further stabilisations by Theorem
(C) loc.cit.. The Pontryagin-Thom construction applied to M C R%* with normal bundle vy
gives a pointed map S™* — Th(vy), which yields the stable collapse map S — Th(-TM).
Performing the Pontryagin-Thom construction to both the inclusion M x M c R¥k x M
with normal bundle vy, as well as its precomposition with the diagonal inclusion gives a
map Th(vy) A My — S¥* A M,. Postcomposing with the projection to S4*¥, yields a pairing
Th(-T!M) ® Z°M, — S, which is the evaluation map that exhibits Th(—T*M) as the Spanier—
Whitehead dual of 2*M,. Using this, the proof of [ABG18, Proposition 4.12] goes through
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and shows that the wrong-way map in (20) is in the case of Example 4.3 an equivalence and
that the constructed map S — Th(-T’M) agrees with the stable collapse map.

5. FINITE RESIDUALS OF MAPPING CLASS GROUPS

In this section we establish the remaining ingredient that we assumed in Section 2 and we
have not proved yet, namely Theorem 2.3 regarding the finite residual of the group

T, == 7 Diff* (W)
of isotopy classes of orientation-preserving diffeomorphisms (we omit the dependence on n
in the notation) of the g-fold connected sum W, = #9(S" x §") for n > 3 odd. The main input
for this is an algebraic description of these mapping class groups which was established in

[Kra20]. We will also use the following properties of finite residuals fr(G) of discrete groups
G (see Section 2.1 for the definition):

Lemma 5.1.
(i) For a group homomorphism ¢: E — E’, we have fr(E) C ¢~ (fr(E’)).
(ii) For a monomorphism of groups ¢ : E — E’ such that its image ¢(E) < E’ has finite index,
we have fr(E) = ¢ 1 (fr(E")).
(iii) Fix a group G with finite abelianisation and fr(G) = 0, a torsion-free abelian group A, and
two central extensions of G by a fixed abelian group A,

0—>AL>E,~—>G—>O fori=0,1,

such that their extension classes in H?(G; A) agree in Hom(H,(G), A). Then the finite
residuals of Ey and E; agree in the sense that

fr(E;)) c 1;(A) fori=0,1 and 15" (fr(Eo)) = 1 ' (fr(Ey)).

(iv) Fix a group G with finitely generated abelianisation and {fr(G) = 0, a finitely generated
abelian group A, and a central extension 0 - A — E — G — 0 whose extension class in
H?(G; A) is trivial in Hom(Hy(G), A). Then fr(E) = 0.

Proof. Item (i) and (ii) follow directly from the definition of the finite residual. The claim
fr(E;) € 1;(A) in (iii) follows from fr(G) = 0 and (i) applied to E; — G, so we are left to show
151 (fr(Ep)) = 17 (fr(E1)). To do so, we write k for the (finite) order of H; (G) and A; € H%(G; A)
for the extension class of E;. From the assumption that the A; agree in Hom(H(G), A) together
with the naturality of the universal coefficient theorem and the fact that multiplication by k
annihilates Ext(H; (G), A) since it annihilates H; (G) we get that k - 4y = k - 1; € H%(G; A).
The latter implies that there is a commutative diagram of groups with exact rows of the form

0 A—25E, G 0
k~(—)1 7 14)0 ||

0 A——E G 0
S R

0 A—5 E G 0

whose middle row is by definition the central extension classified by k - Ay = k - A;. Since A is
torsion free, the leftmost vertical morphisms are monomorphisms and their images have finite
index, so the same holds for the middle vertical morphisms. From (ii) applied to ¢; we thus get
fr(E;) = ¢; ' (fr(E)) and thus 1; ' (fr(E;)) = 1; ' (¢; }(fr(E))) for i = 0,1. But g; 01; = o (k- (—))
does not depend on i, so 1, (fr(Eo)) = 17" (fr(E;)) as claimed.

To show (iv), note that it follows from the universal coefficient theorem that the assumption
on the extension class in the statement is equivalentto0 - A — E — G — 0 being pulled
back from an abelian extension 0 - A — E’ — H;(G) — 0 along the abelianisation G —
H;(G). In particular, we have a monomorphism E < E’ X G. Since A and H;(G) are
finitely generated abelian by assumption, the same holds for E’, so fr(E’) = 0 and thus
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fr(E’ X G) = fr(E’) x fr(G) = 0, since we assumed fr(G) = 0. The claim then follows from an
application of (i) to E — E’ X G. ]

Before turning to the computation of the finite residual fr(T,), we will discuss another
preparatory lemma. It involves the signature class sgn € HZ(szg(Z); Z) which is a certain
second cohomology class of the symplectic group over the integers, constructed in terms of
signatures of certain symmetric bilinear forms that one can associate to a bundle of symplectic
forms over surfaces (see e.g. [KRW20, p. 471] for a definition for g > 3; for g < 2 the class is
defined via pullback along the standard inclusions Sp,,(Z) < Sp,, (Z) for g < g').

Lemma 5.2. Fixg > 2, a subgroup A < Sp,,(Z), and a cohomology class A € H%(A; Z) such
that the following conditions are satisfied:
(i) A< szg(Z) has finite index.
(ii) The abelianisation of A is finite.
(iii) The class 8 - A € H%(A; Z) and the pullback of the signature class sgn € HZ(szg(Z); Z)
have the same image in Hom(H,(A; Z), Z).

Then the extension 0 — Z — E(A) — A — 0 classified by A satisfies fr(E(A)) = 1(Z).

Proof. Consider the maps of extensions

0—2Z-—25EN) — A —0 O—>Zi“'>E(sgn’)—>A—>0
sof e N
0—>Zﬂ>E(8-A)—>A—>O O—>ZﬂE(sgn)—>Sp2g(Z)—>0

where the left-hand diagram arises from pushing out the top extension along 8 - (—): Z — Z
and the right-hand diagram arises from pulling back the bottom extension classified by the
signature class along the inclusion A < Sp,,(Z). By the discussion in [KRW20, p. 472], we
have fr(E(sgn)) = 154n(8 - Z). Applying Lemma 5.1 (ii) to § using assumption (i) yields
fr(E(sgn’)) = B~ (1sgn(8 - Z)) = 1sgn’ (8 - Z). Moreover, using the assumptions (ii) and (iii) as
well as the fact that fr(A) = 0 by Lemma 5.1 (i) applied to the inclusion A < Sp,,(Z), an applica-
tion of Lemma 5.1 (iii) to E(8:A) and E(sgn’) yields ts_i(fr(E(S <)) = ls_gln’ (fr(E(sgn’))) =8-Z
and fr(E(8 - 1)) C 13.1(Z), so we conclude the equality fr(E(8 - 1)) = 15.1(8 - Z). Finally, from
an application of Lemma 5.1 (ii) to «, we get fr(E(1)) = @™ (15.2(8 - Z)) = 13(Z) as claimed. O

5.1. Proof of Theorem 2.3. We fix g > 0 and an odd integer n > 3 throughout and adopt

the notation from [Kra20, Section 1]. In particular:

(@) G, < szg(Z) denotes the image of the morphism p: I, — szg(Z) given acting on
H,,(W,;Z) = Z%. The latter isomorphism involves the choice of a hyperbolic basis with
respect to the intersection form on H,(W,,1; Z), which we fix once and for all. For n = 3,7,
we have G, = Sp,;(Z) and for n # 3,7 the subgroup G, < Sp,,(Z) has finite index
and agrees with a certain subgroup G, = Spgg(Z) < Spy,(Z) whose definition involves a
quadratic refinement (see e.g. Section 1.2 loc.cit.).

(b) Fixing an embedded codimension 0 disc D** c W, the groups I}; = m(Diff 5(Wy1))
and Ty, = m(Diffy,5(W,1)) are the groups of isotopy classes of diffeomorphisms of
Wy1 = (#9(S" x §™))\int(D*") that fix pointwise a neighbourhood of the boundary or a
fixed embedded codimension 0 disc in the boundary, respectively. We need a few facts
on these groups: Firstly, the morphism I;; — Ij; induced by extending diffeomorphisms
along Wy, C W, by the identity is an isomorphism (see Lemma 1.1 loc.cit.). Secondly, the
forgetful morphism I; — T}/, is surjective and its kernel can be identified with ©3,4; via
the morphism @y, = 7y (Diff (D)) — I,1 induced by extension diffeomorphisms of a
disc D*" C int(W,,;) by the identity (see (1.6) loc.cit.). Thirdly, the morphism p: I;;; — G,
factors over Iy, (see (1.7) loc.cit.).
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(c) Fixing a stable framing F of W1, acting on F yields a morphism (sg, p): Iy, — (Z% ®
7, (SO)) > G, which is an isomorphism for n # 3,7, and is for n = 3,7 a monomorphism
onto a subgroup of finite index (see (2.2) and Lemma 2.1 loc.cit.).

The main ingredient in the proof of Theorem 2.3 is the identification from loc.cit. of the
extension of groups resulting from (b) of the form

0 — Ozp41 — Iy — Iy, — 0. (27)
This identification involves two morphisms
sgn: Hy(Spyy(Z);Z) — Z and X°: Hy(Z% > Spoy(Z);Z) — Z,
defined in Sections 3.4-3.5 loc.cit., which enjoy the following properties:
(i) When pulled back along sz (Z) < Spy,(Z), the first morphism becomes divisible by 8

and there is a preferred lift of the resultmg morphism sgn/8: Hg(Sp2 g(Z) Z) > Ztoa
cohomology class (see Definition 3.17 (i) loc.cit.)

% € H:(Spj,(2);2). (28)

(ii) When pulled back along the inclusion Z% = Spgg(Z) — Z% = Sp,,(Z), the second
morphism becomes divisible by 2 and there is a preferred lift of the resulting morphism
x2/2: Hy(Z%9 > sz (Z);Z) — Z to a class (see Definition 3.20 (i) loc.cit.)

9‘7 € H%(Z* = Sp] g(Z);Z). (29)

(iii) When pulled back along the inclusion (s, p): Ty, — 729 > szg(Z), the morphism
x% —sgn: Hy(Z% szg(Z); Z) — Z becomes for n = 3,7 divisible by 8 and there is a
preferred lift to the resulting morphism (y* — sgn)/8: Ha(I;1,; Z) — Z to a class

2_
Xngn € H? (I‘g’l/z; Z)

(iv) The morphism sgn is induced by the same-named signature class sgn € H?(Sp, 0(2);2)
featuring in Lemma 5.2 above. For g = 1, the morphism sgn: Hy(Sp,,(2);Z) — Z is
trivial (see Lemma 3.15 loc cit.) and the lift (28) vanishes too (see Lemma 3.21 loc.cit.).

(v) For k € Z, we have y* o (k,id). = k* - y* as morphisms Hy(Z% = Sp,,(Z);Z) — Z
where (k,id): Z% » Sp,,(Z) — Z% = Sp,,(Z) is given by multiplication by k in Z%.
The claimed identity follows directly from the definition. In particular, for k = 0,
this implies that the precomposition of y? with the map induced by the inclusion
Spag (Z) < 7% = SpPag (Z2) vamshes Moreover, gomg through the construction of (29),
one sees that (k,id)* % g2 L H?(Z% > sz (Z);Z).

The identification of the extension (27) also involves two exotic spheres Ep, 2o € Ozp1, Which
are defined in Section 3.2.1 loc.cit.. All we need to know about them is that Xp generates the
subgroup bP+2 < ©2,41. In terms of the pullbacks of the cohomology classes in (i)-(iii) above
to I;1/, and the two exotic spheres, the extension (27) is classified by the class (see Theorem
3.22 and Lemma 3.4 loc.cit.)

Sg?“-zp n=1(4)
s+ L5, n=34)andn#37 € H2(: Ome) 30
Tz' pt5 20 N= (4) and n # 3, g.1/25 O2n+1). (30)
_w.zp n=37

3
We now turn to the proof of Theorem 2.3, which is divided into four sub-claims. We write

sgn
. T n+# 3, 7 2 .
M= {_)(Z_SSgn n=3 eH (Fg’1/2,Z)

and write 0 — @z,1 — E(p - £p) — Iy, — 0 for the extension classified by - 3p.
Claim @: We have fr(Ty;) N Ozpyy = fr(E(p - Zp)) N Ozpyy.
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Proof. Forn = 1(4) or n = 3,7, we have I;;; = E(y - 3p) by (30), so there is nothing to show.
We thus assume n = 3(4) and n # 3, 7. Fixing an isomorphism 7, (0) = Z, we identify T,
with Z%9 > Sng(Z) via (sp, p) from (c), and we consider the map of extensions

0 Ot (k,id)*Ty,; —— Z% Spgg(Z) — 0
‘ I Llkia) (31)
0 O2n41 Iy VARY Sng(Z) —0

obtained by pulling back the extension (27) along the self-monomorphism (k, id) from (v) for
some k # 0. From Lemma 5.1 (ii), we get fr(I1) N @zn11 = fr((k,1d)*Ty 1) N Ozpyy, so it suffices
to show that there exists k # 0 such that the top extension in (31) is classified by =5 B2 3p,
which in view of (30) is equivalent to showing that

(k,id)* (£2) - 5p + (k, id)* (L) - S = % € H2(T 1705 Ozns1). (32)

sgn

Since the endomorphism (k, id) commutes with the projection to Sp, g(Z) and is pulled
sgn

back from Sp, g(Z) we have (k,id)* (Sgn) = . Moreover, as explained in (v) we have
(k,id)* (X ) = k*- £, so if we choose k to be any multiple of the order of £¢ in @1, then

(k,id)* (X )-Zp= O and thus the identity (32) holds and the claim follows. O
Claim 2): We have fr(I};;) C bP2po.

Proof. Since Iy, is residually finite since it arises as a subgroup of the residually finite
group (Z% ® m,(0)) = szg(Z) by (c), we have fr(I;) C ©,,41 by applying Lemma 5.1 (i)
to the morphism I;; — T, with kernel @,,4;. Together with Claim @, we get fr(I;) =
fr(E(u-2p))NOypy1. As the extension involving E(p- X p) becomes trivial after taking quotients
by the subgroup bP;,.2 < @yp41 since Xp € bPyy,s, it follows from Lemma 5.1 (i) applied to
E(y . Zp) - E(u . ZP)/bP2n+2 = ®2n+1/bP2n+2 X rg,1/2 that fr(y . Zp) C bPsp40, SO We get that
fr(Iy1) = fr(E(p - 3p)) N Ozpy1 C bPyyyy, as claimed. |

Claim 3): For g < 1, we have fr(I;;;) = 0.

Proof. For g = 0 we have I;; = ©,,,1, so since O,y is a finite group, we have fr(Iy;) = 0
as claimed. For g = 1 and n # 3,7, this follows from Claim @) together with the fact from
(iv) that the class %1 is trivial for g = 1, which implies that E(% -2p) =T, 1/2 X Ogpy1 18
residually finite. In the case n = 3,7 and g = 1, there is an isomorphism I}, = Z 29 % Spay(Z)
with respect to which the monomorphism (sg, p): Iy, — Z 29 >4 Spag (Z) from (c) is given
by (2,id): Z% > SPyg (Z) — Z% = szg(Z) (combine Theorem 2.2 and Lemma 2.1 in loc.cit.).
Using this 1somorphlsm we obtain a map of extensions as in (31) with Sp, g(Z) replaced by
szg(Z) Arguing as in the proof of Claim @), we have fr(Ty1) N Ognyr = fr((k,id) Ty 1) N Oz
forany k # 0. Moreover, by (30), the extension 0 — ©z,.1 — (k, id)* Ty, — Z% sz (Z2)—>0
is classified by the class (k, id)* (- Ve Sg;n) Zp. Combining (iv) and (v ) the induced morphlsm
H,(Z*9=Sp,,(Z); Z) — sy of the class (k,id)*(~ Losgn L8 . Spisgivenby —k-(x*(-)/8)-Zp,
so it vanishes if we choose k to be a multiple of the order of 3p in ©,4;. An application
of Lemma 5.1 (iv) then shows fr((k,id)*T,;) = 0, so together with Claim ) we conclude
fr(Ty1) = 0 as claimed. O

Claim @: For g > 2, we have bP;,,, C fr(I},;), and thus bP;p4; = fr(I;) by Claim .
Proof. We first form the pullback involving the monomorphism (sg, p) from (c)

F
Loy s Spy(2)

[LF [ (33)

LRYA m} (Zzy ® 1,(0)) = szg(Z)
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and consider the diagram of horizontal of extensions

0 O2n41 E(ipp-2p) FFI/Z 0
, = | F - T e
T A R N “
0 ” o O2n41 l E(p-Zp) l > Ty 0
0 7 — e E(y) Ty 0

obtained from the front bottom row classified by y € Hz(rgil/z; Z) by pulling it back along the
inclusion f to obtain the front part of the diagram, and then pushing out along Xp: Z — 03,41
to obtain the back part. In a moment, we will show that fr(E(i;,u)) = Z. Assuming this for now,
the proof concludes as follows: Applying Lemma 5.1 (i) to the map E(:;u) — E(p - Xp) and
using commutativity of the diagram as well as that Zp generated the subgroup bPs,+2 C O241,
it follows that bPy,,,» C fr(p - Xp), which yields the claim when combined with Claim (.
We are thus left to show that fr(E(tl";p)) = Z which we do by verifying the assumptions
of Lemma 5.2 for the class ipu € HZ(I‘ 1 ;Z), viewing TF , as a subgroup of Sp, (Z) via the
inclusion pr in (33). The first condltlon holds since the 1nc1u31on (s, p) in (33) has finite index
by Item (c), so the same holds for pr. To show the second condition, i.e. that Hy (F ,) is finite,
note that since the right vertical inclusion in (33) is a split injection, the same appfles for the
left vertical inclusion, so H; (T, ,) is a summand of H;(Iy,). The latter is finite for g > 2
by a combination of Corollary 2. 4 and Table 2 in loc. cit.,, so the former is too. This leaves
us with establishing the third condition, i.e.that 8 - y o (i1f). = sgn o (pr). as morphisms
HZ(I“ " ) — Z. From the definition of ; and commutativity of (33), we see that the left hand

side of the claimed equation is given by the composition

(pr)«
Hy (L),,) = Ha(Spy, (2)) —> Hy(Z% @ m,(0) % Sp,, (2)) — Z

where the final arrow is sgn o (pr,). if n # 3,7 and —y? + (sgn o (pr,).) if n = 3,7. as y* o inc,
vanishes by Item (v) and we clearly have pr, o inc = idsng(z), the composition indeed agrees
with sgn o (pr). in both cases, so the claim follows. ]

Combining Claims (3) and @), we conclude Theorem 2.3.
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