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Abstract

This thesis is a study on Diophantine estimates and transcendence results for invariants of
genus two curves; more precisely, on generalizations of the Stéphanois theorem. One of the
main objects of interest is the elliptic modular polynomials ® ; and its generalizations to genus
two, governing the behavior of (specific type of) isogenies.

It has two parts, Part [ with the preliminary literature and Part I, with our contributions.
Part IT contains three projects. The first article [BGP25], a joint project with Fabien Pazuki
and Florian Breuer, gives explicit upper and lower bounds for the (naive) height of @y,
extending previous results to arbitrary level N. It also points out a connection between its
growth in terms on N with other suitable notions of size for the classical modular curves
Xo(N).

The second article [Gij25], a single-authored project, is an analysis of the natural sources
of exceptions for our natural statement of transcendence for genus two curves. The CM points
are obvious candidates for such an exception, and we compare them with the other positive
dimensional subvarieties that we found.

The last project, split into the two last chapters, gives a generalization of all the steps of
the proof of the Stéphanois theorem, except for the last one, for the Igusa invariants of genus
two curves. It is informed by the previous study of exceptions, and it is the most general
result that one can attempt to prove for these invariants.
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Resumé

Denne afhandling er en undersggelse af diofantiske estimater og transcendensresultater for
invarianter af kurver af genus to; mere preecist af generaliseringer af Stéphanois ssetning.
Et af de vigtigste objekter af interesse er de elliptiske modulsere polynomier ® og deres
generaliseringer til genus to, som styrerkontrollerer opferslen af (en bestemt type af) isogenier.

Afhandlingen har to dele: Del I med den indledende litteratur, og Del II med vores bidrag.
Del IT indeholder tre projekter. Den forste artikel [BGP25]|, et feelles projekt med Fabien
Pazuki og Florian Breuer, giver eksplicitte gvre og nedre graenser for (den naive) hgjden
(naiv) af @y, og udvider tidligere resultater til vilkarlige niveauer N. Den peger ogsa pa en
forbindelse mellem vaeksten i N og andre passende stgrrelsesbegreber for de klassiske modulzere
kurver Xo(N).

Den anden artikel [Gij25], et eneenkeltforfatterprojekt, er en analyse af de naturlige kilder
til undtagelser for vores naturlige formulering af transcendens for kurver af genus to. CM-
punkterne er abenlyse kandidater til en sddan undtagelse, og vi sammenligner dem med de
andre positive-dimensionelle delmaengdervarieteter, som vi fandt.

Det sidste projekt, fordelt pa de to sidste kapitler, giver en generalisering af alle trin i
beviset af Stéphanois szetning, undtagen det sidste, for Igusa-invarianterne af kurver af genus
to. Det bygger pa den tidligere undersggelse af undtagelser og er det mest generelle resultat,
man kan forsgge at bevise for disse invarianter.
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Thesis Statement

This thesis includes material from the following;:

e Chapter 5 is a reproduction of [BGP25|, published work with Florian Breuer and Fabien
Pazuki.

e Chapter 6 is an improvement on the arxiv preprint |Gij25].
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Introduction

This PhD project had Nesterenko’s theorem |[Nes96, Theorem 1| as a starting point, which
states

trdegg Q(q, Fa(q), E4(q), Es(q)) = 3,

for the g-expansion of the Eisenstein series, for any value 0 < |q| < 1.

It is equivalent to a statement of algebraic independence on the j-invariant of elliptic
curves and its derivatives of first and second order with respect to the g-variable. From this
perspective, Nesterenko’s result is an improvement (and historically that is what happened) of
an algebraic independence statement for the j-invariant in the g-variable, previously known as
Mahler-Manin conjecture, which in French is referred to as the Stéphanois theorem [BDGP96,
Théoréme]:

trdegg Q(q, j(@)) > 1.

A natural question is what happens to the modular invariants for higher genus curves,
for instance genus two curves. There have been other work done in the direction of different
generalizations of Nesterenko’s theorem, see [Fon23|, but we take a different route in the thesis.
The j-invariant admits a generalization to genus two curves, called the Igusa invariants (from
[Igu60]). They are defined as functions on the indecomposable locus of the coarse moduli
space of principally polarized abelian surfaces A, evaluated at the point corresponding to the
Jacobian variety of a genus two curve. They are also Siegel modular functions with respect
to Spy(Z), a generalization of modular functions to higher dimensional analytic spaces.

They share other structural properties with the j-invariant (namely, they are the generators
of the field of functions on As). They also admit Fourier expansions, resulting from translation
symmetries of the type j(7 + 1) = j(7).

Our goal was to generalize the strategy of the Stéphanois theorem to the Igusa invariants.
As the g-expansions of the Igusa invariants are functionally algebraically independent, by
[BZ01, Theorem 2|, the expectation is a conjecture

trdeg@((haqQ7Q3>j1(q)7j2(q)7j3(q)) > 37 (1)

for g = (q1, g2, q3) generically, outside of a set of exceptions to be determined.

The material on this thesis is divided into two parts. Part I includes the preliminaries for
the material in Part II, which contains the new results. We have intended for Part II to be
read as independently as possible.

Part I is divided into four chapters. In Chapter 1, we present the Igusa invariants, together
with the geometric explanation to the locus where they are not defined. We state the necessary
results on principally polarized abelian surfaces and Siegel modular forms, but it is not an
exhaustive or self-included presentation. In Chapter 2, we introduce the Hilbert modular
surfaces, with the solution to the moduli problem they provide, and some basic results about
Hilbert modular forms. It closes with a finite degree map to the Siegel threefold As, which
allows us to pull back Siegel modular forms to (symmetric) Hilbert modular forms. The image
of this map is a Humbert surface, and Humbert surfaces are discussed in Chapter 3. This
chapter starts with a discussion on Humbert singular relations to define the Humbert surfaces
Ha and Ga. We then introduce a generalization given by the Humbert invariant and the
generalized Humbert varieties, which come from [Kan94] and [Kan19]. Chapter 4 discusses
the moduli problem of principally polarized abelian surfaces with quaternionic multiplication
by hereditary orders in an indefinite rational quaternion algebra. The corresponding coarse
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moduli spaces are Shimura curves and classical modular curves, and as it is the case of the
Hilbert modular surfaces, they admit finite degree maps to As. However, these maps are no
longer canonical and consequently the quaternionic loci they describe in Ay has several (but
finitely many) irreducible components. The analog of the explicit formula on Hilbert space
was given by [Has95] and we present them together with the reinterpretation of [LY20] and
[GY19] in terms of positive definite quadratic forms of a given discriminant and genus. They
are realized as Humbert varieties. We finally present this embedding problem for modular
curves as a solution given by [Kanl6| to a different problem, which extends the previous
morphisms to a general level N instead of a square-free level V.

Part II is also organized into four chapters, numbered from 5 to 8. Chapter 5 is a joint
published paper with Fabien Pazuki and Florian Breuer, in [BGP25] (the only part of this
thesis that is in collaboration). We provide explicit lower and upper bounds to h(®y), the
naive height of the classical modular polynomial, for any level N. The lower bound is the
first to be published, to the best of our knowledge. The upper bound gives in particular
explicit estimates of an asymptotic result from [Coh84]. Both bounds are optimal, up to the
second term. In addition, we remark that there are relations with the size of the modular
curve Xo(N). Chapter 6 is [Gij25], with some modifications. It is a study on the possible
sources of exceptions to (1), motivated by a question of Daniel Betrand. CM points are a
natural first candidate, and we prove that they are indeed exceptions to (1), and compute the
transcendence degree.! However, we found positive dimensional subvarieties of Ay where the
"type of exceptionality" of each CM point is generic: we can more precisely associate one such
variety to a given CM point. In particular, CM points are not the only exceptions; there exist
larger subvarieties that are exceptions. It is stated in Theorem 6.6. The previous study of the
exceptions suggests a differentiated behavior according to (some) special subvarieties of A, in
particular that trdeg Q(q1, 42, 43, j1(a), j2(a). j3(@)) = 1 for any q = (q1, g2, q3), which would
be a direct generalization of the Stéphanois theorem in [BDGP96|. The last two chapters
advance into a generalization of the steps from the strategy of the proof. Chapter 7 presents
the "modular" proof of the Stéphanois theorem as in [Wal96],2 with the modification that
one can restrict oneself to prime degree isogenies instead of all isogenies. This modification
is more suitable to our application to the Igusa invariants, as the generalizations of modular
polynomials in the literature are only considered for prime levels. This chapter is also to be
read as the one dimensional introduction to Chapter 8, as both part of the same project. In
Chapter 8, we generalize all the steps from the modular proof of Stéphanois, except for the
last one, hence we are only able to claim a partial Stéphanois.

Chapter 5 is one dimensional in nature, and focus on upper (and lower) bounds on the
naive height for the classical modular polynomials. The link with the rest of the thesis is
the modular polynomials themselves: they are fundamental in the Stéphanois theorem in
[BDGPY6], and our work on the Igusa invariants relies on modular polynomials in a higher-
dimensional setting. We focus only on the Siegel (see [BL09| and [Mill5]) and Hilbert (see
[MR20] or [Mar20], for a different approach) modular polynomials, but they can be defined in
the more general setting of Shimura varieties of PEL type, see [Kie21] and [Kie22].

There is another link with the rest of the thesis. In Chapter 5, we considered all the cyclic
isogenies of degree N, and during the proof we split them into two groups ("small d" and
"large d"), and the ones for "small d" were easier to analyze, as they did not require reduction

!conditional to Schanuel’s conjecture.
Zafter a suggestion of Daniel Bertrand.



modulo SLy(Z). When N is a prime p, this first selected group only has one isogeny. More
precisely, for 7 € H, these two groups of (cyclic) isogenies of degree p are given by

b
{p7}, and {T;, forogbgp—l}. (2)

It is a known result that the above points equidistribute in the upper half-plane H with respect
to the Poincaré metric, [CU04, Theorem 2.1|. With [Sage|, we computed the representatives
T € F in the standard fundamental domain and plotted them in Figure 0.1.

[

Figure 0.1: For 7 = 1.23i, and p = 1097, distribution of (2) in the standard fundamental
domain F. The imaginary part is in logarithmic scale. The black dot is the distinguished
isogeny pr.

Hence, the isogeny given by 7 — p7 is a distinguished one, because of the good properties
it translates to a sequence of isogenies {n7},>o: for every given point ¢ € H, the sequence
always tends to the cusp at infinity. By the equidistribution result mentioned above, that is
definitely not the case for any given sequence of isogenies, see Figure 0.2 for an example. The
sequence {nT},>0 is still distinguished on the higher-dimensional setting.

A large part of this work is devoted to a transcendence proof. Here is a really brief sketch
of how this type of strategy unfolds. Starting with numbers that are assumed algebraic, one
constructs an auxiliary function that is

e "small" in a domain,
e "large" evaluated at the point,

and these upper and lower bounds contradict each other. The lower bounds are derived from
the arithmetic information of the input (there are general constraints on how small an algebraic
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Figure 0.2: For 7 = 1.23i, it plots the sequence of isogenies (in increasing darkness of color)

{M

> }, for -] the floor function and p varying in the 400 first prime numbers.

number can be, in terms of arithmetic data as the degree or height), by results loosely known
as Liouville’s inequalities, whereas the upper bounds come from complex analysis. Usually,
one makes the auxiliary function F'(z) have a "high" order of vanishing at 0, let us say M, and
by holomorphicity that high order of vanishing "propagates" and makes the function "small"
on its domain: F(z)/z™ is holomorphic, and by the maximum principle on that new function,
F(z) = O(zM).

Some chapters have small appendices, and we end the thesis with a common bibliography
section.
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Part 1

Preliminaries



El valor para marcharse, el miedo a llegar.
Llueve en el canal, la corriente ensena

el camino hacia el mar.

Todos duermen ya.

Dejarse llevar

suena demasiado bien

jugar al azar,

nunca saber déonde puedes terminar...

0 empezar.

Copenhague, Vetusta Morla



Chapter 1

Invariants of genus two curves

The goal of this chapter is to present invariants for genus two curves that will help us study
their moduli space, with the following properties:

e They admit both a definition in terms of the coefficients of a model of the curve, and as
analytic function in a suitable moduli space.

e They are invariants of the isomorphism class (over an algebraically closed field) of the
curve.

e They detect algebraicity of the curve.

As such, they generalize the j-invariant of elliptic curves. We will present them from three
different perspectives, from algebraic, geometric and analytical point of view, respectively.

1.1 Algebra

On this section, we will focus mostly on describing the invariants algebraically. Fix now an
algebraically closed field k of characteristic zero.

A smooth curve of genus two over k is hyperelliptic (see [CF96, Chapter 1, Section 3|), i.e.
comes equipped with a ramified degree two cover to P'. Hence, it admits a model over k of the
form y? = p(z), with p € k[z] with all simple roots, as C' is smooth. The covering f : C' — P*
is ramified at n := deg(P) points. By the Riemann-Hurwitz (see [Har77, Corollary IV.2.4])
formula

2 —2g(C) = deg(f)(2—g(P")) = > (ex —1) =4 —n,
—_—— =~

— — zeC

where ¢ is the genus of the curve and e, means the ramification index at x. There are n
ramification points and because the degree of the cover is 2, necessarily e, = 2 in those points.
Therefore, a hyperelliptic curve of genus g has n = 2¢ + 2 ramifications points. As one of
those point could be the point at infinity in P!, if the curve is given by y? = p(x), then
deg(p) = 2g + 2 or 2g + 1, according to whether the cover ramifies at infinity or not. For our
case of genus two, that means that the polynomial has degree 5 or 6.

That it is also the case with elliptic curves, they admit models defined by polynomials of
degree 3 or 4. The standard choice in this case (Weierstrass models) is with degree three, and
in this case the model is additionally smooth at infinity.! However, this cannot hold for any

The degree four model is singular at the two points at infinity.

3
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higher genus situation, as the genus-degree formula for the arithmetic genus of irreducible plane
curves (see [Har77, Chapter V, Example 1.5.1]), predicts g(C) = 3(deg(P) — 1)(deg(P) — 2),
hence the only instance of the arithmetic and smooth genus of C' agreeing is for the degree
3 models of elliptic curves. In particular, the models that we can consider for genus two will
always be singular at infinity.?

Hence, consider for our smooth genus two curve C' with model given by y? = p(z) with
deg(p) = 6, and set a;, i = 1,...,6 for its (distinct) roots. We can define the following.

Lp) = (o1 — a2)*(az — as)*(as — ap)”,

Li(p) = ) (o1 — a2)*(az — a3)*(az — a1)*(au — a5)* (a5 — ag)*(as — @)’

3
L)) =Y 11 11 (ei—ey)? (1.1)

=1 (i,j)eC,
where C1 = {(1,2),(2,3),(3,1)},Ca = {(4,5),(5,6),(6,4)},Cs = {(1,4),(2,5),(3,6)},

Lo(p) = [ J(i — @),

where the sums range among all permutations of six elements. Note that I1g is the discriminant
of p. As I, are symmetric polynomial functions on the roots, they are polynomial functions
on the coefficients of f. Historically, they arise from the study of invariants of binary sextics
during the 19th century and in [Igu60]| they are linked to the study of genus two curves as
more suitable analytic functions. They are jointly called Igusa-Clebsch invariants.

We note that in [Igu60] five weighted invariants are considered instead of four, so that the
theory extends to fields of even characteristic.

Those are weighted invariants, with the weight given by the index in out notation. That
means that under an isomorphism ¢ of the curve C,* I.(¢*p) = (det ¢)*I.(p). In more precise
terms, they induce a map from Mo, the moduli space of projective smooth genus two curves,
to the weighted projective space P?*%19 which restricts to I;y # 0.

If we want to consider instead absolute invariants on the isomorphism class of the curve,
we have to make a non canonical choice of normalization. There are several choices in the
literature for normalization of the invariants. As I;9 # 0 if and only if C' is a smooth curve,
dividing by I¢ is allowed. A standard choice of normalization® is

, L. I IZ1s
Jl(C):fO»JQ(C):i 2

However, we will mostly work with the normalization (Igusa-Streng invariants) from [Str10].
Set Ié = 1/2([2[4 - 3[6), and

_ Ly

B I,I?
J1(C) = =24

2(C) =

I
s J2 ==
I J

=
IlO

, 13(C
I 3(0)

2for a smooth projective model, one can embed the curve in a weighted projective plane, as in [Gal12,
Section 10.1].

3a linear change of coordinates in (z, z) for p(z, z) the homogenization of p.

4up to constants.
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This second set of invariants have the advantage of having "smaller" denominators, as we
will see. In any case, one can pass from one set to the other via:

- Ja(j2 — 3J3) B
=, J1 =2,
J1 ]3

) 3
J2 = ],—2, and Jo = ‘227

Wil J3

-5 D[~ -
-3, . 72 —271)
J3 == = .

it I3 373

Notice that in both choices of absolute invariants, there is always a locus on My where they
vanish simultaneously: the locus Iy = 0, (resp. I; = 0) for the Igusa invariants (resp. Igusa-
Streng invariants), or equivalently j; = 0 and 73 = 0. That is an artificial side effect of the
normalization, and one can choose another normalization for those situations, for example see
[CQO5, before Lemma 1, page 74].

Finally, let us note that the Legendre normal form of an elliptic curve

v =z(z—1)(z —N), Ae P\ {0,1, 00},

obtained by prescribing 3 out of the 4 ramification points to be {0,1,00} admits a natural
generalization to genus 2 curves. It is called the Rosenhain normal form of the curve, for
algebraically closed fields of characteristic not equal to two,

y? =x(z —1)(z — M)(@ — A2)(z — A3), \i # N\, A € PP\ {0, 1,00},

and (A1, A2, Ag) are called the Rosenhain invariants. As with the elliptic A-form, they are only
invariants up to a level structure.

1.2 Geometry

The Jacobian of a curve C of genus g, (J(C),0¢) is a principally polarized abelian variety
(ppav) of dimension g, for more details see [BL04, Section 11| and [Mil86b, Section 1|. The
assignment M, — A, is called the Torelli map.

Theorem 1.1 (Torelli). Over an algebraically closed field, the Torelli map T : Mg — Ay is
injective.

Proof. This is [Mil86b, Theorem 12.1] [BL04, Theorem 11.1.7| O

The closure of the image of the Torelli map is called the Torelli locus, and we call the
image of the Torelli map the open Torelli locus. For genus 2,3 it follows from comparing the
dimensions of M, and A, that the Torelli locus is the full A, for g = 2,3. The open Torelli
locus in this low genus situation is also determined in the literature.

Definition 1.2. Given a ppas (A, ) € Ay, we say that it is decomposable in Ay if (A, \) =
(A1, A1) X ... (Ap, Np), where (A, Ni) € Ag,, meaning that X is the product polarization induced
by the \;.

Otherwise (A, \) is called indecomposable. We defined Ag”d C Ay as the locus of inde-
composable ppav.
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Observe that Ag”d = Ay \ Upckeg(Ar X Ag—i), where Ay x A, embeds naturally into
A, assigning the product polarization. For g = 2, then A = Ay \ (A5 x Ay).

Theorem 1.3 (Weil). For g = 2,3 the image of the Torelli morphism is exactly Agnd. Equiv-
alently, a principally polarized abelian surface (ppas) or threefold is either a Jacobian, or the
principally polarized product of lower dimensional varieties.

Proof. This can be found in [BL04, Corollary 11.8.2], and originally (for genus 2) comes from
Weil’s proof of the Torelli theorem in [Wei57, Satz 2]. O

Remark 1.4. The Torelli morphism extents to the Deligne-Mumford compactification of M,
given by stable curves of compact type Mgt, see [MO13, Section 1.3/, but this extension fails
to be injective at the boundary of ./\/lgt.

For complex principally polarized abelian varieties, it is well known that its moduli space
is given by Sp,,(Z)\Hy, see for example [BLO04, Section 8|. The analytic space is the Siegel
upper half-space of degree two:

Hy; = {7 € Maty,(C)| T = 7!, Im T is positive definite}.

We denote the symplectic group

Spoy(Z) = {M € Matoy(Z)| M*JM = J, where J = ( Oj]- (I)g> },
—1g Yy

which acts on H by linear fractional transformations: for M = (: ?) € Spy,y(Z), then

Mt = (at + B)(yr +0)L.

2
More precisely, for 7 € Hy, the associated ppas (A-, Hy) € A is parametrized by (C/TZQ ® 795
with Hermitian form is given by (Im7)~! with respect to the standard basis of C9. Alterna-

tively, the Riemann form on the basis 779 & Z9 is on the standard symplectic form ( O; ég > .
—yg

T T2

For now on we fix ¢ = 2. Then we set 7 = < >, and observe that Im 7 is positive

T2 T3
definite if and only if 71,73 € H; and Im(72)2 < Im7 Im 73.

1.3 Siegel modular forms

As it is standard in the classical modular forms, we define Siegel modular forms for finite index
subgroups I" of Sp,(Z). There are other definitions for Siegel modular forms, that map from
H, — V for V a finite-dimensional vector space, see [Gee08, Section 3|. The definition we are
going to use is what is customary called classical or scalar valued Siegel modular form.

Definition 1.5. Let I' a finite index subgroup of Spy(Z), and k € Z~g. Let f : Hy — C a
holomorphic function. We say that f is a holomorphic Siegel modular form of weight k with

respect to I' if for every M = (:ﬁ g) e I' it holds

F(MT) = det(y +8)" f(7).
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We call a quotient of two modular forms of the same weight for I' a Siegel modular function
for I

We denote the (finite) C-vector space of Siegel modular forms of weight k with respect to
I by Ag(T), and set A(T") = @, Ax(T) for the graded ring of Siegel modular forms with respect
to T'. We set the notation C(Az) for the field of functions of As, that corresponds to the field
of Siegel modular functions for Sp,(Z).

A holomorphic Siegel modular form f is in particular invariant under # — 7 4+ 7T for
T € Symy(Z), so admits a Fourier expansion of the form

f= Z af (T)eiZTr tr(T'T)

TeSymy (Z)

for Symy (Z) = {M € Symy(Q) : tr(MT) € Z for all M € Sym(Z)}, with Fourier coefficients
given by

o= [ jre g

where 7 = z+iy. One can see that Symy (Z) consists of matrices M such that 2M has integral
coefficients with the diagonal elements being even. These matrices are customary called half
integral symmetric. In addition, by the invariance of unimodular transformations 7 — UtU

for U € GLy(Z), one has
ar(UTU) = as(T), for all U € GLy(Z).

Remark 1.6. In Subsection 8.1.1, we will interpret the abstract Fourier expansions as a power
series with integral coefficients in terms of suitable q-variables.

The first important difference with respect to the one dimensional case is that it is not
necessary to impose boundness (or holomorphicity) conditions at infinity, as in the higher
dimensional case those are automatic when f is holomorphic at Hy (and any Hy), by what is
called the Koecher principle.

Theorem 1.7 (Koecher). Let f a holomorphic Siegel modular form of weight k. Then f is
bounded on any subset of Hy of the form {T € H. Im(7) > cla} for fized ¢ > 0, where A > B
means (A — B) is a positive definite matriz.

In terms of the Fourier coefficients, it holds that for all T not positive semi-definite,

ar(T) =0.

Hence the Fourier expansions of a Siegel modular form for Sp,(Z) is indexed over T' €
Symy (Z) such that T is positive semi-definite. We denote this subset by Symg'*(Z). Remark
that if T € Symy " (Z) then either det(T) > 0 and T is positive definite, or det(T") = 0.

Proof. See |Gee08, Section 4, Theorem 1 and Theorem 2|. O

Definition 1.8. Let f a Siegel modular form for Spy(Z). If a(N) =0 for all N € Sym;/’+(Z)
with det(N) = 0, we say that f is a cusp form. We denote the space of cusps forms of weight
k by Sk(Sp4(Z)).

Remark 1.9. In [Gee08, Section 5] there is an equivalent definition of cusp form using the
Siegel operator.
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Proposition 1.10. There are no non-trivial Siegel modular forms of negative weight.

Remark 1.11. There can be Siegel modular forms for Sp,(Z) of odd weight (and in general
for Spy,(Z) with g even).

We can define analogs of the Eisenstein series and the theta constants.

Definition 1.12. For k > 2 even we call the Eisenstein series® of weight k
Ex(T) = Z det(yr 4 8)7*,

(O‘ 5>eGL2<Z>\Sp4<Z>
v 0

where the sum ranges over a set of representatives of GLa(Z)\ Spy(Z), where GLo(Z) is iden-
tified with the subgroup of unimodular transformations (g 1UO_1> € Sp4(Z) acting by left

multiplication.

The Eisenstein series define a holomorphic Siegel modular form of weight & for Sp,(Z), by
[Gee08, Theorem 5.3].

We can also generalize the classical theta constants. We follow the conventions from [Str10,
Section 7].

Definition 1.13. We call an element ¢ € {0,1/2}* a theta characteristic. We define the
theta constant or Theta Nullwerte of characteristic ¢ to be the function 0[c| : Hy — C defined
by
Olc](T) = Z exp (z'7r ((n +co)T t(n +cp) +2(n+cq) tcb)) ,
nez?
where for ¢ = (¢1, ¢, c3,c4) we set c¢q = (c1,c2) and cp = (c3,¢4).
It follows that 6[c](7) is trivially zero if and only if 4c, ‘e, € {0,1} is odd. We call the

remaining ones even theta constants. Out of the 16 possible theta constants, there are 10 of
them that are even, and they are given by:

0 0 0 0 1/2 0 1/2 0 1/2 1/2
0 0 0 0 0 1/2 1/2 1/2 0 1/2
ol | o | {az2f {12l o {o]| [o] |12 |o] |12
0 1/2 0 1/2 0 0 0 0 1/2 1/2

We can also follow the convention by [Dup06], ¢ — 16¢2 + 8¢1 + 4cq + 2¢3 is injective on the
even theta characteristics and takes the values {0,1,2,3,4,6,8,9,12,15}, so we could also use
the notation 16c,+8¢,+4cs+2c5 = 0]c].

They are holomorphic functions on Hy and Siegel modular forms® of weight 1/2 for a
suitable subgroup of Sp,(Z).

Consider the following subgroups of Sp,(Z):

D(n) = ker (Spa(2) = 4 (Z2) )

T(n,2n) — {(: ?) ET(n), a'B=~% =0, (2n)}.

5On higher genus, one can even generalize them to Klingen Eisenstein series as in [Gee08, Section 5].
Swith respect to a certain multiplier system.
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Theorem 1.14. The following properties hold.

1. (Iqusa) We have A(T'(4,8)) = C[06,], where we mean the ring generated by polynomials
wn all products of two theta constants.

2. We have A(Sp4(Z))even = C[E4,E6,E10,E12], fOT‘ A(Sp4(Z))€ven = Zk Agk Sp4(Z))
There exists a Siegel modular cusp form of weight 35, x35, such that

A(Sp,(2)) = C[E4, Es, Ero, Enz, x35) =P

for P a specific isobaric polynomial in Ey4, Eg, E10, E12.

3. (Thomae’s formula, Rosenhain form) Let C € My a genus two curve, and T € Hy
a normalized period matriz for (Jac(C),0) € A¥e. Then, C is isomorphic to y? =
z(x —1)(x — A1) (z — Xo)(z — A3), for'

[ O1a(T)0a(T)\? _(06(T)012(T)\? _ (06(T)0a(T)\?
)\1(7)_(98(7')'90(7')> » 2olT) = <92<r>eg<r>> ’A?’(T)‘(%(T)eo(r)) |

Proof. See [Igu64, Theorem 1], [Igu62, Corollary to Theorem 2| and [Igu67, page 849]. The
second part is attributed to Rosenhain by Igusa in [Igu60], and a proof can be found in [Gru08,
Proposition 3.31]. O

Remark 1.15. In [Igu62, page 179] it is given the Taylor expansions of \; around 1o = 0.

It follows that they can be holomorphically extended to diagonal matrices T = (78 f), by
2

A (T) = Xa(7) = A3(7) = A(m1), for the elliptic modular A-function on Ti.

Finally, it follows that As is a rational threefold, meaning that its field of functions (of
transcendence degree three) can be generated by three functions. In [Igu62, Section II], it
is furthermore realized as birational to a weighted projective variety, and given as a suitable
blow-up.® See also [K1i90, Proposition 11.3]. However, it is a low genus phenomena that the
Siegle modular varieties A, are rational, for g > 7 they are of general type, and Az(n) is also
of general type for n > 4, see [HS02, Theorem I1.2.1].

1.3.1 From geometry to algebra

By Theorem 1.14, theta constants allow us to express the algebraic invariants in Equation
(1.1) (invariants of the genus two curve in algebraic terms) as functions on A% (functions on
its Jacobians), by given an inverse to Torelli’s morphism.’

Therefore, they admits expressions in terms of theta constants. We follow the notation
form [Str10]. Consider the set T" of the 10 even theta characteristics, and define the following

"There are 720 choices for the Rosenhaim invariants, this is the choice of [Igu62].
8which is also the toroidal compactification of As.
9 According to [Str10, Remark 7.4], it was already done by Bolza and Spallek.
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functions, originally from [Igu67, page 848|:

ha =) 0,

ceT

o= S +(6blO6L)’
bedel.

hl() = H 9[6]2,

ceT

h12 = Z H 9[6]4,

Ces ceT\C
and see [Str10, Section 7.1| for where the sums are defined.

Proposition 1.16. Recall the (algebraic) Igusa-Clebsch invariants I, Iy, Ig, I1o, 112 from Equa-
tion (1.1). They define Siegel modular forms by evaluating them at C : y?> = z(x — 1)(x —
M (T)(z — A2(T)) (@ — A\3(T)), that we denote with the same letter. Then if T € AP?, it holds

_ h12 (T)
hio(T)

and each I, are holomorphic Siegel modular forms of weight k for Sp,(Z).

IQ(T)

, Ii(1) = ha(7), Ig(T) = he(T), Lio(T) = h1o(T),

Proof. This is [Igu67, page 848|, in the form of [Str10, Lemma 7.3]. O
It is customary to use another set of generators for A(Sp,(Z)), given by Eisenstein series

and cusp forms. Considering the normalized cusp forms of Igusa [Igu62, page 195]:

_ —43867
©212.35.52.7.53

X10 (E4Es — Evp)

and
131 - 593

T 9l3.37.53.72.337
One uses Fy4, Eg, x10, X12 as generators instead. Remark that xi9 resembles the formula for
the modular discriminant in terms of elliptic Eisenstein series. They can be related to the
functions h, from above.

X12 (3°-7°E} +2-5°Ef — 691E)>) .

Proposition 1.17. One has the following equalities for the Fisenstein series and cusp forms

X10 and x12-
ha = 2°Ey4, hg = 2°Eg, hip = —2"x10, h12 = 2'73x10.

The Fourier coefficients of Ey4, Eg,4x10,12x12 are all integers, with each one of them having
at least one Fourier coefficients being 1.

Proof. The first part is from [Igu67, page 848|, and the second is [Str10, Appendix 1]. O

We write the Igusa and the Igusa-Streng invariants in terms of the standard generators as:

=2 35@2 o = 3 Eaxiy iy = 3 Egxiy | 3% Eaxiy
X?O’ 23 Xéllo ’ 25 X?O 23 Xéll() ’
_ 1 E4Es o, .x12Ef . 1 E}
- =273 = A
L= 5910 X10 I X10 8= 18 X3o
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Remark 1.18. Both set of invariants have denominators with powers of x19, and the Igusa-
Streng invariants have them with lower powers.

Proposition 1.19. It follows that C(As) = C(j1, j2, j3)-

Proof. 1t follows from [Igu62| that the field of functions is generated by three algebraically
independent modular functions, and it follows form the formulas above that j; are algebraically
independent. O

By our geometric considerations, we expected those denominators: we constructed the
invariants for the image of the Torelli morphism Aé”d, passing back to the invariants from
M. By Proposition 1.16 and Proposition 1.17 above, x10 is a multiple of I1p, which does not
vanish on My for that the curves are smooth. The complement of A is A; x A;, identified
with the canonical polarized product of elliptic curves. By Remark 1.4, they can be realized
as generalized jacobians for curves in M, but not in a unique way. This is also corroborated
analytically for our choice of Rosenhain invariants from Remark 1.15: they are defined, but
they degenerate and become independent of 73, which would be absurd for invariants.

Reciprocally, on A4; x Ay, it follows that x10 = 0, by [Kl1i90, Proposition 9.2].






Chapter 2

Hilbert modular surfaces

This chapter is about Hilbert modular surfaces, from neither a self-contained nor exhaustive
perspective. We present them as a solution to the moduli problem of abelian surfaces with
real multiplication,! and then we present Hilbert modular forms. Finally, we consider the
"forgetful functor" on our moduli space to map then into the Siegel threefold As.

As we will see, complex tori with real multiplication are always polarizable, and hence the
complex moduli space is in bijection with a quotient of a Cartesian product HY, where our
group of transformations act component-wise. From this perspective, Hilbert modular forms
are a more direct generalization of classical modular forms that the Siegel modular forms.

2.1 Note on conventions

This first section is a warning that there exists different conventions in the literature for the
Hilbert modular group and its action on the Hilbert space. All of them are compatible (under
some extra conditions) and solve the same moduli problem, but in our explicit manipulations
these conventions do matter. Here we translate from one convention to another, that may be
useful for the reader when navigating other different sources. After this section we will fix
SLo(Ok) acting on H? as a default.

Set K a real quadratic field over Q of discriminant Ag, (-) for its non-trivial Galois

automorphism, O its ring of integer, a a fractional ideal, and a~! its inverse. Set also for a
a fractional ideal, a™ the subset of totally positive elements. Then:

SLy (O @ a) = {(‘CL g) €SLy(K) a,de€ Ok, bea,ce al} = <f_f§ O“K> N SLy(K),

which is the group of K-linear isomorphisms (Z Z) of K? — K? of determinant one that

satisfy?

(O @ a) (CCL Z) = (aOk + ca) ® (bOk + da) C Ok @ «a.

We set SLy(Ok) = SLa(Ok @ Ok), and dx = VAgOf and 0" = ﬁo;{ for the

different and codifferent of K, respectively. Remark that 9.5 = OY., where for a a fractional

Lthe details of the proof are omitted, for that in Section 4.1 in the next chapter we will give the proof for
quaternionic multiplication, and the details are of very similar flavor.
2Some authors [Gee88] and [Bru08] follow the convention of transposing such matrices.

13
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ideal in K, we denote the dual with respect to the trace as a¥ = {a € K : trgg(aa) C Z}.
Remark too that
0/ =a 'O} =a Oy (2.1)

We use the translation from [MR20, beginning of Section 2.2, Equations (4) and (5)] and
[EK14, Section 3]. Roughly, we can think of either

1. the group SL2(Ok) acting on H?,
2. the group SL2(Of) acting on H x (—H),
3. or the group SLo(Ox @ 8;(1) acting on HZ.

The action in any case is given by linear fractional transformations. As K ®gR = R? for that
K is totally real, there is an embedding of SLa(K) < (SL2(R))? acting on C? by component-

wise linear fractional transformations. In other words, Z Z) € SLy(K) acts on C2 by
az1 +b az +b

, . 2.2
cz2+d Gz +d 22)

(Zl, 22) — <

The three actions above are identified via the isomorphism, from number 2) to number 3)

SL2(Ok) — SLao(Ok © 93)

<a b> . a \/%—K
cd WAk d (2.3)
H x (—H) — H?

(21, 22) — < e 2 >
1, <2 ) .
VA Ak
More precisely, we have the following commutative diagram ([EK14, Section 3 p. 2308])

SLy(Ox) x (H x (—H)) —— H x (—H)

| |

SL2(Ox @8;(1) x H? > HQ,

where the horizontal maps are given by (v, z) — 7z as in (2.2) above, and the vertical maps
are induced by the isomorphisms in Equation (2.3).
Furthermore, assume that K has a fundamental unit € of norm —1, and set € > 0. Then

Yok ¢ O}, then there is an identification 1) to 3)

€
SL(Ok) — SLa(Ok @ 0")

ab . a b\/27
cd YAk g

€

(2.4)
H? — H?
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One would naively want to think of convention number 1). However, the more natural one
in the context of the moduli spaces (see Corollary 2.10) is number 3), which is only canonically
translated to number 2) via dividing by VA, of negative norm —A, and that makes the change
to H x (—H). We would want to change v/A so it is a totally positive element, so that the
final conversion requires units of norm —1 in the field, which needs the simplifying assumption
that the fundamental unit has negative norm.

The companion modular groups SLo(Ok @ a) naturally show up in both the moduli space
problem of abelian surfaces with real multiplication by O, and in the Fourier expansions
of Hilbert modular forms around cusps. From the point of view of Hilbert modular forms,
they allow us to work "cusp-free": the Hilbert modular surface has a finite number of cusps,
in bijection with the class group of K (see Lemma 2.15), and for a given Hilbert modular
form, to study its behavior around a different cusp entails changing the modular group by the
fractional ideal. We give more details in Subsection 2.3.2.

From a geometric perspective, they are also necessary to completely describe the moduli
space of polarized abelian surfaces with real multiplication, as we will see in the next section.
It is also the case that considering all groups SLo(Ox @ a) is a natural consequence to working
in the adelic language, as in [Gee88, Chapter I, Section 7).

2.2 Moduli space

We present the material of this section from |Gor02, Chapter 2, Section 2|, [Gee88, Chapter
IX, Section 1| and [EK14, Section 2|.

The following construction holds more generally for g-dimensional abelian varieties with
real multiplication by a totally real field of degree g, but we are only going to give the proofs
in dimension two for simplicity.

Definition 2.1. Consider a complex torus C' of dimension two, K a real quadratic field, and
O C K an order in K. We say that C' admits real multiplication by O C K if there is an
embedding of rings

O < End(0).

When O = Ok, the ring of integers of K we may say that C admits real multiplication by
K, or that it admits maximal real multiplication by K.

Consider a principally polarized complex abelian surface (A, E), and set End®*(A,\) C
End(A) for the subring of symmetric endomorphism with respect to the Rosati involution. We
say that A has real multiplication by O C K if

O < End*(A, B).

We say that (A, E 1) and (A, E',\") are isomorphic as ppas with real multiplication by O
if there is an isomorphism ¢ : (A, E) — (A’ E') such that v and (' are compatible, meaning
that for ¢* : Endg(A’) — Endg(A4), we have ¢* o/ = ¢.

Remark 2.2. Some authors, for example [Gee88, Chapter IX, Definition 1.3/, follow another
definition of real multiplication by K, requiring a Q-algebra embedding K — Endy(C'), then
setting O = K NEnd(C), C has real multiplication by O. We do not follow this convention
here.
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Alternatively, for the notion of isomorphism, one could pass through the universal cover C?
and, via fixing the analytic and rational representations p, and p, and fix the action of K as
in Equation (2.5) below. Then the compatibility condition is that the action of K commutes
with pa(¢) on C2. See [Gor02, Section 2.1, Assertion (A) above Equation (2.62)].

Example 2.3. Consider E an elliptic curve with End(E) = Z, and set A = E?. We will see
i Lemma 6.25 that, as a complex torus, it has RM by every quadratic field K.

However, with the standard product principal polarization on E?, the embeddings given
in Lemma 6.25 only make it a RM abelian surface for the quadratic fields K = Q(\/d), d
square free, such that d is the sum of two squares, which by Jacobi’s two square theorem, make
d=2pi...p. for j =1,2 and p; = 1 (mod 4). We will see in Example 4.2/ that these are
actually all of them.

We will see below that, unlike for general complex tori, that not always are abelian varieties,
a complex torus with real multiplication by O C K is always polarizable. This also happens
with complex torus admitting quaternionic and complex multiplication, see Remark 4.11.
From [Cla03, Paragraph under Proposition 5.1, Section 0.3.2], where they are called complex
tori with sufficiently many endomorphisms, they are always polarizable.?

The non-automatic detail is that the polarization is principal. 1t is a general fact of abelian
varieties that any polarization is induced from a principal polarization via an isogeny [BL04,
Proposition 4.1.2]. The endomorphism algebra is invariant under isogenies but that is not
true for the endomorphism ring, so this new abelian surface will have real multiplication by a
different order in the field.

Reciprocally, for a simple complex abelian variety (or over an algebraically closed field of
characteristic zero), one can find isogenous abelian varieties A with End(A) isomorphic to
any fixed order of the starting endomorphism algebra ([Rém17, Lemme 7.9]).* In the case of
real multiplication, for simple abelian surfaces one can always consider an isogenous one with
mazimal real multiplication, but it may not admit a principal polarization.

These two facts suggest the following duality. For a given polarized abelian surface with
real multiplication by an order O C K, then up to isogeny:

e the polarization can be assumed principal, or
e the order can be assumed maximal.

In general these two conditions do not need to happen at the same time, there are examples of
complex abelian varieties with neither of them, see [GR14a, Proposition 11.1].% Let us focus
now on the moduli problem of complex principally polarized abelian surfaces (A, \,¢) with

2
mazimal real multiplication. As a complex torus, A = C /A» with an embedding ¢ : O —

End(A), we can consequently consider A as an Og-module.

Lemma 2.4. With notation as above, A is a projective Og-module of rank two, and there
exists fractional ideals a and b of K such that A =2 a ® b as Og-modules. Furthermore,

3This notion requires care, there exists non-algebraizable complex tori with “many" endomorphisms, but
their endomorphism algebra are not Albert algebras, see [OZ95].

4and for non-necessarily simple, combining [Rém17, Théoréme 1.2] and [GR14a, Théoréme 1.6], there is
an isogenous A maximal with End(A).

Sremark that their construction of the counterexample does not work for genus 2, as there would be the
exceptions b) and c) of [BL04, Theorem 9.9.1].
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a®b=0Og ®ab and the isomorphism class of the module is completely determined by ab in
CI(K)

Proof. As rankz A = 4 and ranky Ox = 2, it follows that the Og-rank of A is two. As A is
torsion-free as an Ox-module, and Ok is a Dedekind domain, A is flat. Hence, it is a flat and
finitely generated module over a Noetherian ring, so it is projective.

The rest of the statement follows from [FT93, Chapter II, Section 4, Theorem 13]. O

In light of this result, let us know consider a, b fractional ideals of K and set A = a @ b.
We define an alternating bilinear form on A x A by restricting a multiple of the standard
alternating bilinear form on K? x K? — K given by the determinant, and then considering
the field trace to Q.

In details, consider for r € K*,

E.:AxA—-Q

(a1,b1) % (az,b2) — trg|g (7“ det <Zi Z;)) = tr(r(a1be — agby)).

For given z = (21, 29) € H?, define
b K® K — C?
(Lk) = lz+ k= (lzy + k,lzo + k),
and

Az = ¢Z(A) = ¢z<a@ b) = {(alzl +b17dv2z2 + 6;),&1,@2 € a, b17b2 € b} C CQ'

We observe that A, is an Og-module, via the module structure of A as an Og-module
and the map ¢,. Therefore, ¢, induces a ring embedding O — End(A,). More precisely,
tz : Ox — End(Az),l— (1) is given by

12(1) : C* = C?

(u1,ug) — (lu1,7u2), (2.5)

and it follows that ¢, ({)(A;) C A, hence ¢,() € End(A,).
We also define

E..: A xA, = Q
¢z(a1,b1) X ¢(az,b2) — Er((a1,b1),az,b2)).

Extend E, . R-linearly to C? — R and set H, . (u,v) = E,.(iu,w)) + iE, . (u,v) for u,v € C?
the associated hermitian form.

Proposition 2.5. The assignment E, above is an alternating bilinear form and it holds that

1. E.(A x A) C Z if and only if r € (xab)™ " = (ab)V. In that case, the determinant
det(E,) = N|o(rdxab)?, for the ideal norm.
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2. The hermitian form H, . can be written in coordinates, for u,v € C2:

UIoLT U9V T

Hr 2 ue), (v, 02)) = 10005 + 1005

Then H, . is positive definite if and only if r is totally positive.
3. The embedding v from Equation (2.5) restricts to v : O — End®(A, H, )

Proof. The first two items come from [Gor02, Lemma 2.8 and Lemma 2.9|, and we only
give the proof of item 1. Remark that (9xab)™' = (ab)V follows from (2.1) above, and
then the equivalence is tautological. For the determinant computation, notice first that it
follows from the first part that rOxab C Ok, so its ideal norm is its index in Ok and in
particular is a positive integer. Set A C AY C K the dual of A with respect to E,, i.e.
AN ={a € K& K| E,(a,A) C Z}, then we have

1 1
AF = ;bv @ ;av = (roRb) ' @® (ropa)

By the theory of elementary divisors applied to Ay D A,, there is a basis of A such that E,

admits a matrix < ), with D a diagonal matrix with the elementary divisors of A} D A,

-D 0
taking the determinant it follows: det FE, = (det D)? = [A* : A]. For the index computations,

(roRb) " @ (ropa) " : a@b} - [(rakb)—l : a} [(raka)—l : b] - [(r&kab)_l : oKr — [Ox : rdjab]>.

For item 3, by [BLO04, Proposition 5.1.1], one needs check that for [ € O, t5(1) is self-adjoint
with respect to H, ., i.e. Hy  (u,t(l)v) = Hy »(t5(l)u,v), which follows directly from the
definition of ¢,(!) in Equation (2.5) and Item 2. O

We take a small detour to notice that one can also think of the (non necessarily principal)
polarizations of the complex torus C?/A, as being parametrized by (ab)¥>**. This is a notion
for abelian surface with real multiplication by O, called the polarization module.

Consider the Néron-Severi group NS(A). For the following definition, we recall that a
polarization is equivalently an isogeny f: A — A to the dual abelian variety such that f = f
under the identification A 2 A. Observe that if A hab real multiplication by O, then A does
too, simply by setting 7: O — End(A) as 7(k) = L( ).

Therefore, it makes sense to consider isogenies f : A — A that furthermore are Ok-linear.

Definition 2.6. Let A be an abelian variety with real multiplication by O . Then we define
the polarization module® as

P(A)={f:A— A, f=f,fis Og-lincar} C NS(A),
and the positive cone:
P(AYTT ={f € P(A), fis a polarization} C NS(A)*™,

and the pair (P(A), P(A)™") is called the ordered polarization module.

Sthis notions depend on the embedding ¢, as it induces the @ x-module structure in the first place, but we
omit it form the notation for readability.
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Proposition 2.7. Let A an abelian surface with real multiplication by Ok .
e P(A) is a projective O -module of rank 1.

o P(A)T is non-empty, it is a positive cone in P(A), and generates P(A) as an Ok-
module.

Proof. This is [Gor02, Lemma 2.13] O

Corollary 2.8. The polarization module of A, is (¢, ¢t ) where ¢ = (Ogab)™t. E, . induces
a principal polarization if and only if ab = 8;(1 in the narrow class group C1(K)*.

In our notion of isomorphism in the moduli space of abelian surfaces with RM, one can
either ask for the isomorphism to respect the fized polarization, or only to leave the polarization
module invariant.” The second choice being weaker, the corresponding moduli space gets mod
out by GL2(Ok @ a)™, of invertible matrices with det € (O} )*" instead of SLy(Ox ® a).

Compare it too with the following result from [BL04, Theorem 5.2.4 and Remark 5.2.5]:
under the abelian group isomorphism NSy (A) and End§(A), there is a set isomorphism between
polarizations (of degree d) and totally positive elements (of analytic norm d). This is not a
contradiction with this result, as the positive cone of the polarization module only considers
polarizations that are Og-linear.

Theorem 2.9. Set [a] € CI(K)™T for representatives of the narrow class group of K. Then we
have the biyjections:

(A,) ab. surf. with RM by Ok
and polarization module (c,ct¥) [ fisom. pres. — GLQ(OK fast a)++\H2’
(e,cF)
for ¢ = (0ga)™!, and
(Ay) ab. surf. with RM by Ok
and polarization module (c,ct ) [/ isom. pres. — SLZ(OK sy a)\H?

the polarization

Therefore, we have

’ hi L A, ~ 2
[isomernhiom dasse of (10} | | SLy(Oxc ® o)\,
(et )

Proof. See |Gor02, Theorem 2.17 and Corollary 2.19]. O

Corollary 2.10. We have the following bijection

isomorphism classes of (A) | ~ -1 2
{ ppas with RM by Ok - SLQ(OK ® 61{ )\H .

Proof. Follows from Theorem 2.9 and Corollary 2.8. O

Tobserve that (a,a™™) admits an action by (O3)*™.
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We remark that in Theorem 2.9, the isomorphism notions are for abelian surfaces with
RM by Ok, meaning that the isomorphisms are compatible with the respective embeddings ¢ :
Ok — End®(A). Then, even for the case of principal polarization Ok ® 07}, the isomorphism
class of the ppas A, € As it is not the same that the one on the moduli spaces above.

We actually have a natural involution on the analytic spaces H? < H2, (21, 22) +— (29, 21),
given by

H? x SLy(Ox @ 0) — H? x SLa(Of @ 9%")
((21,22),’}/) = ((227Z1)7:?)7

where 7 means the real conjugation applied component-wise to the matrix. This induces a
well-defined involution in the Hilbert modular surface, but it is not trivial: no element in the
Hilbert modular group permutes the variables (z1, 22).

However, one can see from the explicit assignments that the corresponding principally
polarized abelian surfaces A, .,) and A(,, .,) are isomorphic in Az. The obstruction to be
Ox-isomorphic is that, if we set ¢ : O — End®(A(;, .,)) for the real multiplication structure,
then one can check that the induced one by the isomorphism on A, .y is 7 := ¢(-). From
the Definition 2.1, if we set f : A, .,) — 4 for the isomorphism, the compatibility

condition translates to fu(I) = «(I), which is not verified. Indeed, as maps on C? — C2, for
given [ € Ok,

22,21)

fouD)(ur,uz) = (lug, luy) # (lug, lug) = ¢(1).

We see more details about this in Subsection 2.3.1.

2.3 Hilbert modular forms

The results from the above section are true in any genus g: a complex torus with real mul-
tiplication by a totally real field of degree g is always polarizable, and for maximal real
multiplication we can parametrize the moduli space of principally polarized abelian varieties
of dimension g by a quotient of HY by a suitable discrete subgroup of (SLa(R))9. Being able to
consider all complex tori, the functions and vector bundles on this complex space are simply
functions on HY, satisfying symmetry properties coordinate-wise. In a way, if one where to ask
for a generalization of classical modular forms on H, Hilbert modular forms are more direct
ones than Siegel modular forms.
The material form this section comes from |[Bru08| and [Gee88]. We set again g = 2.

Definition 2.11. Let ' C SLy(K) commensurable with SLa(Ok @ a). Let f : H> — C a
meromorphic function. We say it is a meromorphic Hilbert modular form of weight k =

(k1. k2) € Z2 for T if for all y = (i Z) er,

F(y2) = (cz1 + A)F1 Gz + A2 £ (2).

In addition, if k1 = ko we say that f has parallel weight, and if f(z1,22) = f(22,21), we say
that it is symmetric.

If f is furthermore holomorphic as a complex function on H2, we say that f is a holomor-
phic Hilbert modular form.

Given two Hilbert modular forms of the same weight, we call its quotient a Hilbert modular
function, and if they are both symmetric, we call the quotient symmetric too.
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Remark 2.12. Note that if f as above is symmetric, then it has parallel weight.

Analogously to Siegel modular forms, there is a Koecher’s principle, see Theorem 2.18
below, so one does not need to impose boundedness conditions at infinity as an extra condition
for holomorphicity.

2.3.1 Symmetric Hilbert modular surfaces

It is natural to consider the symmetry condition f(z1,22) = f(z2,21) for Hilbert modular
forms, so in the definition we have singled them out. Note again that it is not given by any
~v € I', as the linear fractional transformations act independently in z1, 25.

Let us denote by o the involution o(z1,22) = (22,21). One could also extend SLa(Ok)
to SLa(Ok) x (o) = SLa(Ok) U SLa(Ok)o, and consider the corresponding analytic space.
It is called a symmetric Hilbert surface, for that its field of functions is given by symmetric
Hilbert modular functions. From a moduli problem perspective, it mods out by the canonical
involution we saw at the end of Section 2.2.

Observe that for Siegel modular forms with respect to Sp,(Z), there are fractional linear

. . . 1 .
transformations that permute the variables. For example, taking U = <(1) 0) and the unimod-

ular transformation <U 0_1> € Spy(Z), it acts as T +— UT U, hence as (Tl 7-2> — (Tg 7—2).

0U T2 T3 Ty T1
We will see in Proposition 2.26 that it is possible to pull-back Siegel modular forms to Hilbert
modular forms, via a finite degree map from the Hilbert modular surface to a subvariety of
As, and this pull back of the Siegel modular form will have to be symmetric.®

Remark 2.13. While As is a rational variety, which imply that its field of functions (of
transcendence degree three) admits three algebraically independent generators (the Igusa in-
variant), it is hardly ever the case that Hilbert surfaces are rational surfaces.” However, as
noted in [MR20],'° symmetric Hilbert surfaces are rational more often.

Theorem 2.14. Symmetric and non-symmetric Hilbert modular surfaces are of general type
except for finitely many discriminants.

o The Hilbert modular surface of discriminant A is rational for A =5,8,12,13,17.

e The symmetric Hilbert modular surface (equivalently, the Humbert surface) is rational
for all fundamental discriminants'' 1 < A < 100.

Proof. This is [HZ77, Theorem 3],'? and [EK14, second to last paragraph in page 2298]. For
the second result, it is not claim that the list is complete.

For more details for other Hilbert surfaces, see also |Gee88, Theorem VII.3.3|. O

81t is true for As, it may not be for covers by subgroups of Sp,(Z).

9Except for finitely many discriminants, a Hilbert modular surface is of general type.
1%and we thanked Damien Robert for pointing it out to us.

Hthere are thirty of them.

12i¢ is not Theorem 2 in loc. cit., as it is a different Hilbert modular surface.
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2.3.2 Cusps of the Hilbert modular surface

The complex manifolds SLa (O )\H? are not compact, as the one dimensional modular curves,
and they also admit a compactification by adding finitely many points called cusps. They are
defined analogously as the extension of the action of SLy(Ok) on H? as in (2.2) above, to

PYK) = K U{oco}. For (CCL Z) € SLo(K), we define

ab g_a%"‘b_aa—i—bﬂ
cd 5_c%+d_ca+d6'

We call a cusp of SL2(Of) to one of the orbits of SLa(O) in P}(K), and set oo = (1:0) €
P}(K) and denote its orbit the cusp at infinity.

Remark that (a : 3) € P*(K) is defined up to scalar multiplication 7 € K*, so the fractional
ideal aOk + SOk is only well defined in the class group CI(K).

Lemma 2.15. The assignment

SLa(Ox)\P (K) — CI(K)
(a: B) = [aOk + BOK]

s a bijection.

Remark 2.16. In the modular case SLo(7Z) acts transitively on P(Q), we note that the
argument over the integers do not generalize to Ok . For SLa(Z) it is enough to show that
every cusp is in the SLy(Z)-orbit of oo, or that for a/b € Q with (a,b) = 1, one needs to find
c,d € 7 with

ad —bc =1,

cd
as above is proven by Bézout’s lemma. It generalizes to principal domains, so to Dedekind
domains Ok with h(K) = 1. Lemma 2.15 hence proves that this is the only case where the
action of SLa(K) is transitive over P(K).

so that (Z Z) € SLy(Z) and (a b) oo = a/c. Quer the integers the existence of c¢,d € Z

Proof. We give the proof from [Bru08, Lemma 1.3] and [Gee88, Chapter I, Proposition (1.1)].
For well-definedness of the assignment, if (v : ) = (aa + b5 : cav + d) for <Z Z) € SLy(Ok),
take € K* so that v = r(aa + bf) and § = r(ca + d), then

YOk + 00k =1 ((aac + bB)Ok + (ca + d)Ok) = r (aOk + BOK) ,

. d> is invertible in SLy(Ok), so (aa+bpj), (ca+d)

is another Ok basis of the fractional ideal aOx + 8Ok . Hence, they are the same ideal class
in CI(K).

Surjectivity follows from the known fact (see for example [Marl8, Theorem 17]) that for
every fractional ideal a in O there exists a, 8 € O with a = aOg + Ok.

where the last equality follows for that <a b
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For injectivity for (o : 8), (v : §) € PY(K), without loss of generalization, assume that
a0k + pOk = 70k + 00k and set any one of them as a. As 1 € aa~!, there exists
&, B,7,0 € a~! with

af —Ba=1
78_55/:17

so that the matrices

= < ~1
aa v A aa
M = -], N= = Lo(K
(55)-7=(33) € (aers) mstate0
send oo to o/ and /4, respectively. Notice that M, N do not have coefficients in SLa(Ok).
However, consider MN~! it sends v/§ to o/ and it belongs to SL2(Ok): as N has deter-
1

minant 1, its inverse is its adjoint, which belongs to ( 4 a ), hence

aa a

-1 1 -1
]\4.7\/v_1 € (a Cl_l) (Cl Cla ) C SLQ(OK).
O

As part of the proof above, for a given cusp in P}(K), o := (a : ), setting a = aOx +
POk € CI(K), the matrix
a
M, = =,
= (55)

sends oo to «/f, where @&, B e aland satisfy 1 = a8 — Ba, which does not necessarily lie
in Og. To work cusp-free for Hilbert modular forms, one could then fix the cusp at co and
consider instead all subgroups, for a € Cl(K):

MY SLy(Ox )M, C <“: “_1> <“ “f) c <O§ (Cg)K_ 1) (2.6)

a a

1

and it holds that M, ! SLy(Og)M, = SLa(Ok @ (a?)~!). This is another context in which
the companion modular groups show up naturally.

The analytic manifold SLa(Ox)\H? admits a compactification by adding the (finitely
many) cusps, as the extended (H?)* = H? UP!(K), and as SLa(Og)\(H?)*. This is actually
the Bailey-Borel compactification of the Hilbert surface (|[Bru08, Theorem 1.11] and [Fre90,
Theorem 11.4.1]), but in contrast to the one dimensional case, the cusps are singular.'®> A
minimal resolution of singularities was constructed in [Hir71].

Finally, the isotropy group of the cusp at oo in SLa(Ox @ (a?)~!) is given by

{(g u‘_ﬁ) cu € (Og), pe (a2)—1} . (2.7)

there are also quotient singularities at the elliptic points, as it happens in the elliptic case too.
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2.3.3 Fourier expansion at the cusp at co

We are going to present the Fourier expansions of holomorphic Hilbert modular forms at the
cusps of SLa(Ok). By Equation (2.6), it is equivalent as to describe the Fourier expansion at
oo with respect to all companion groups SLo(Og @ a).

We follow [Bru08, Section 1.3] and [Gee88, Chapter 6]. Consider f a holomorphic Hilbert
modular form for I' C SLa(O @ a). Setting M C (a?)~!, then as in Equation (2.7), the
isotropy group of the cusp at oo for I' is of the form

G(M,V) ::{Gj u’f1> uev, MEM},

for M C K some Z-module of rank two and V' C (Og)* a finite index subgroup that acts on
M.

Definition 2.17. In general, for a given cusp and I, the pair (M,V') describing the isotropy
group as above is called the type of the cusp (in [Gee88, End of Section 1.1, page 7]).

As f is a Hilbert modular form for I', then f(z 4+ p) = f(2) for all u € M. Therefore, f
admits a uniformly convergent Fourier series (see [Fre90, Lemma 1.4.1]),

f= Z af(w)eithr(wz)7

weMY

where tr(wz) 1= wz + @z and MY = {\ € K| trgg(An) € Z, for all up € M} is the dual
lattice of M with respect to trx|g. The Fourier coefficients are given by

1 —i27tr(wz)
f 2.
af(w) I(R2/ ) /2/M (z)e dxldajg, ( 8)

where M < R? via the two real embeddings of K.
As in the case of Siegel modular forms in Theorem 1.7, we have the following version of
the Koecher principle.!?

Theorem 2.18. Let f : H> — C a holomorphic Hilbert modular form for T' of weight k =
(k1,k2), and let (M, V') the type of the cusp at oo of I'. Then

o for allw € MY and u €V, ap(v’w) = vt ap(w);
e and if ar(w) # 0 then either w =0 or w > 0.

Therefore, f admits a Fourier expansion of the form

f=ap0)+ > apw)e? ),

weMV-t++

Proof. This is [Bru08, Theorem 1.20]. O

11 the Hilbert literature, it seems to be called the Gotzky-Koecher principle. By [Gee08, Section 4,
Theorem 2|, it was proved first by Gotzky for Hilbert modular forms and by Koecher in the Siegel case.



2.4. MODULAR EMBEDDINGS OF HILBERT SURFACES INTO THE SIEGEL
THREEFOLD 25

Definition 2.19. Let f a holomorphic Hilbert modular form as above, and consider its Fourier
coefficients at one of the cusps. If ar(0) = 0, we say that f vanishes at that cusp. If f vanishes
at all cusps, we say that f is a cusp form.

The Koecher principle has similar consequences as Proposition 1.10. In particular, we have
the following.

Corollary 2.20. Let f holomorphic Hilbert modular of weight k = (k1,ks) If k1 # ko then f
s a cusp form.

Proof. This is [Bru08, Proposition 1.23]. O]

It also holds a Hecke type bound for the Fourier coefficients of a modular form, and

hence the sequence of Fourier coefficients has polynomial growth in terms of the field norm
N = Ng|o-

Theorem 2.21 (Hecke’s bound). Let f be a holomorphic Hilbert modular form of paralel
weight k = ki1 = ko for SLa(Ok). Consider its Fourier expansion at the cusp at 0o,

f= Z af(w)ei%rtr(wz).

weMY

o Assume f is a cusp form. Then the function f(z)(Im z Im 22)k/2 is I-invariant and
bounded in H2, and we have af(w) = O(N(w)¥/2), where the implicit constant can be

taken as vol(R? /M) maxy f(2) (Im 23 Im Zg)k/Q,

e In general, if f is not a cusp form, then af(w) = O(N(w)*1).

Proof. This is [Bru08, Proposition 1.42| or [Gee88, Proposition 1.6.6]. The proof for cusp forms
is analogous to the Hecke proof, and for general forms one proves the bounds for Eisenstein
series and uses a decomposition of the finite vector space of Hilbert modular forms of parallel
weight (k, k) as the direct sum of the the space of cusps forms and the space of Eisenstein
series (see |[Bru08, Theorem 1.35 and Theorem 1.37]). O

2.4 Modular embeddings of Hilbert surfaces into the Siegel
threefold

In this section, we describe mappings from Hilbert surfaces into the Siegel threefold. Their
images define subvarieties of Ay called Humbert surfaces, which will be the object of study of
Chapter 3.

Remark 2.22. These maps are called modular embeddings in [Gee08] and [Gor02], but they
are not embeddings in general. There is a general notion of "modular embeddings” in the
literature, see [CWI90, Theorem 1], for Fuchsian groups I' and embedding into the uniformizing
space of abelian varieties with generalized complex multiplication. The terminology is then used
as complex analytic embeddings H — H" (or Hy in our case), that induces a finite degree map
between the analytic quotients T\H and the corresponding one in the codomain, that it is an
algebraic map of the corresponding algebraic varieties.



26 CHAPTER 2. HILBERT MODULAR SURFACES

A very general description is given at [GeeS88, end of Section IV.1, pages 209-210]'® and
at [Gee82, page 327-328],'° but we present the more explicit description from [LY11, Section
3] and [MR20, Section 2.3]. For simplicity, we assume there exists ¢ € K* with N(e) = —1,
and set € > 0, and we are going to fix the Hilbert group as SLo(Ok). Then by Corollary 2.10
and Equation (2.3), we can think of SLa (O )\H? as the moduli space of principally polarized
abelian surfaces with RM by Ok

By the moduli interpretation, we have the forgetful functor into A3, and we want to realize
it as an finite degree map

SLo (O )\H? — Sp,(Z)\Hs, (2.9)

by means of compatible embeddings H? < Hy and SLa(Of) < Sp,(Z). This kind of maps are
broadly called in the literature modular embeddings, and we will discuss them in more details
for the quaternionic multiplication and the Shimura curves case in Section 4.2.

Define * : K <+ Maty(K) by a* = diag(a,a), and * : H? < Hy by 2* = diag(z1, 22).
Consider also * : Maty(K) < Matq(K) by v = (vij) = v* = (7};)-

Fix {e1,es} a Z-basis of Ok, define R = (e~1 €2> and

€1 €2

A *
S = diag('R, R~ ')diag (IQ, (C) ) .
Theorem 2.23. The following embeddings are well defined

Pey.eq 2 H? < Hy

z— 'R (&z) R,
Pe,ez * SL?(K> — Sp4(Q)

v SyESTh
and satisfy the subsequent properties

e we have a restriction to
Pei,ea * SLQ(OK) — Sp4(Z).

e They are compatible with the respective actions of SLa(Ok) on H? and Sp,(Z) on Ha,
hence they induce a map as in in Equation (2.9), that we denote ®¢, ¢,.

o If {f1, f2} is another Z-basis of Ok, then there exists v € Spy(Z) such that for all
z €H2, ¢p, £,(2) = Ve, e0(2). In particular, the map

® : SLoy(Of)\H? — Sp,(Z)\Hs

is independent of the choice of Z-basis of Ok .

5into the moduli space of polarized abelian surfaces with a polarization of type (1,t), for Ox the maximal
order and all companion groups.
1for general orders in a real quadratic field, for the companion group of principal polarizations.
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e Denote o(z1,22) = (z2,21), then there exists M, € Spy(Z) such that ¢e, e,(0z) =
Mye, eo(2). Therefore, ¢e, e, and @e, e, also defines a map form the symmetric Hilbert
modular surface (SLa(Ok) x (o0))\H?, that we call ®*Y™. More precisely, we have the
following commutative diagram

/ ¢€1’62 ’ H2
SLy(Ox)\H? —— (SL2(Ok) x (0))\H? 2= Sp,(Z)\Ha
w
where all unnamed maps are the natural ones.
VA2, if A =0(4),

Taking the standard Z-basis of Ok given by {1,w} where w = .
g f Orc given by {1,w} {(1+\/Z)/2, if A =1(4)

& if A =0(4
Set too (k,l) = {(4 ) i o )’, so that A = 4k+1 withl € {0,1} and x®—~lx—k =0

(7141, fA=1(4)
1s the minimal equation for w. Then the maps are given explicitly by

£z1—E29 Ewz] —EWzo
_ VA VA
¢1,w(21, 22) | cwz1—EWzo ew?z1—Ew3zo

VA VA
ai as bo by + lbo
& (al + aow by + b2w> . kao a1 + lag by + lby kby + 1 (bl + bg)
Yle +ewd +dw) ™ |kea—ler @ dy kds
cl Co do di + lds

Furthermore, for ™ = <Zl :2> € Im ¢1 ., it holds
2 T3

A A
{417'1—1-7'2—7'3:07 if A=1(4), (2.10)

%7‘1 —13=0, if A=0(4).

Proof. The details are in [LY11, Proposition 3.1|, with the reformulation from [MR20,
Proposition 2.3 and Equations (7), (10)], and [Run99, proof of Lemma 4| for the embed-
ding SL2(Ok) < Spy(Z). Note that via Equation (2.4), one reformulates to an analogous
statement for the Hilbert group SLo(Ox @ 8;(1), for that this is the one naturally associated
with the moduli problem of abelian surfaces with RM by Ok and principal polarization. [

The equation (2.10) is a particular case of a Humbert singular relations, that will be the
object of study of the next chapter. We will also see that the image of the map ¢ in Ao defines
a subvariety of Ay called the Humbert surface of (the fundamental) discriminant Ag-.

Proposition 2.24. The map ¢°Y"™ as in Theorem 2.25 is a birational map onto the Humbert
surface of discriminant Ag.

Proof. This is [MR20, Proposition 2.§]. O
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Remark 2.25. We have stated the result for the full Hilbert modular group, but there are
analogous results by passing through compatible subgroups of SLa(Ok) and Spy(Z) and in
terms of covers of Hilbert surfaces into covers of Asg, see [MR20, Section 2.5].

2.4.1 Pull-back of modular forms

We close this chapter by observing that the map from Theorem 2.23 induces a pull-back map
from the respective field of functions, and from the modular forms of fixed weight.

As we mentioned already, the pullback is to the symmetric Hilbert surface. This pullback
can also be determined in terms of the Fourier expansions and we can give formula for the
Fourier coefficients.

Proposition 2.26. Assume K has a fundamental unit of norm —1 and set € such a unit, with
e > 0. Set{e1,ea} a Z-basis for Og and ¢pe, ¢, from Theorem 2.23. Consider f a holomorphic
Siegel modular form of weight k for Spy(Z). Then g = 61,6, defines a symmetric holomorphic
Hilbert modular form for SLa(Ok) with (paralel) weight k.

Consider the Fourier expansion of f at oco.

f _ Z af (T)eiQﬂ' tr(TT) ,

TeSym,(Z)V,T>0

then the Fourier expansion of g at the cusp at 00 ag(0) + > _o-1.++ ag(w)e?m v @2) s given
K

by ag(0) = as(02) and for w € 8;(1’++, setting t = —VéKw € OfT, then

ag (w) = Z ar (T)¢

TeSym,(Z)V, T>0
Qr(e1,e2)=t
where Qr(x,y) is the associated binary quadratic form for T.
* *
Proof. For the first part, from Theorem 2.23, we only need to check that if we set < ) =
C¢(v)) D(o(7))

¢(y) for v = <Z Z) € SLy(Ok), then det(C(y)d(2) +D(7)) = (cz1 +d)(¢z2 +d). This follows

from the same matrix computations as in the proof of [LY11, Proposition 3.1].
The second part is [LY11, Proposition 3.2]. Recall that for a given holomorphic Hilbert
modular form g with respect to SLa(Ok), its Fourier expansion at the cusp at oo is given by

ag(0)+3 e o) -1+ g (w)e™™ 1(@2) - Observe that a Z-basis of 95" is given by {e1/vAx, ea/VAK},
and that w € 8;{1’++ if and only if ¢ := —Vwa € (’)}L(Jr.
By the map ¢, ¢, from Theorem 2.23, a Siegel modular form is indexed in 7' € Symy(Z)"-+.

Then, restricting to the Im ¢, ¢, € Hy, for R = <21 22>’
1 €2

e 0 e 0
1(T7) = t1 (Tbe, 0y2) = tr (T ‘R (ﬂzl . ) R) —tr <RT ‘R (ﬂzl . ))
0 —ﬁZQ 0 _ﬁZQ

=(e; e)T (Z;) %m + (1 €) T (el> \;» \/>21 +t- \5/>z2 = tr(wz)

for t = Qr(e1,e2) where Qr is the associated binary quadratic form to 7" and w = ﬁt, as

above.



Chapter 3

Humbert singular relations

In this chapter, we present an alternative solution to the real multiplication moduli problem
directly on As. Then we recover the surfaces birational to the symmetric Hilbert varieties
from the end of the previous chapter, and generalize them to not maximal real multiplication,
on one hand, and to loci of points in As isogenous to product of elliptic curves. In a way, this
last example is a degeneration to Hilbert modular surfaces, and includes A; x A; C As.

We have a first section presenting the Humbert singular relations, that describe the before
mentioned loci. Then, we describe generalizations of these loci via the refined Humbert in-
variant and generalized Humbert varieties. For the former, the original definition comes from
[Kan94|, but we present an equivalent one by [GRV24|, for any dimension and any characteris-
tic. For the latter, in this chapter we simply present them and recopilate some general results
from [Kanl9] and [Kanl6]. We will close the chapter with an alternative proof of Appendix
6.5.3.

At the end of Chapter 4, we will recover the notion of Humbert curves to discuss Shimura
and modular curves on As on the same footing, and to relate them to the loci of quaternionic
multiplication in As.

3.1 Endomorphisms of abelian surfaces and Humbert singular
relations

The material of this section is a reproduction of [Gij25, Section 4|, which in turn comes from
[BWO03], a modern exposition on the original papers [HumO1], and [LY20, Section 3|.

-1, 0
associated Riemann form (alternatively, with Hermitian form H = (Im7)~!). Setting the
lattice A, := (7 I5)Z* C C2, as a complex torus A, is identified with C2/AT.

Consider furthermore the endomorphism ring (as a complex torus) End(A,) and the en-
domorphism algebra End’(A,) := End(4,) ® Q.

By [BL04, Prop 1.2.1], the elements of End(A;) correspond to C-linear maps F : C* — C?
such that F(A;) C Ar. We have therefore two representations for End(A) : considering the
linear map C? — C? induces the analytical representation p, -~ : End(A;) — Matz(C), and

the linear map on the lattice A — A induces the rational representation py,r : End(A,) —
Mat4(Z). The compatibility condition that for any f € End(A;) par(f)(A) C A implies for

Consider a principally polarized abelian surface (A, E) for 7 € Hy, E = ( 0 IQ) the

29
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any f € End(A-):
Par(F)(T I2) = (7 12)pr.(f)- (3.1)

A B

Remark 3.1. Setting p,+(f) = (C’ D

> for matrices in Matg(Z) then this is equivalent to

(Par(F)T par(f))=(TA+C 7B+ D)

and solving for pa r(f)T yields the equation

(tA+C)=(tB+ D). (3.2)

The fact that Ar admits a group structure implies that Z C End(A, which identifies with
matrices nly, n € Z under the rational representation. Note that in this case Equation (3.2)
verifies trivially as A = D = nly for somen € Z and B=C = 0.

Generically in Ha, we observe that End(A) = Z for an abelian variety, as Equation (3.2)
yields restrictions on the period matrix.

Furthermore, the two representations are related as by [BL04, Prop. 1.2.3]: the extended
rational representation:

pr®1: (End(4) ® Q) ® C — Endc (A ® C) = Endc(C? x C?)

satisfies p, ® 1 & p, ® pg (wWhere p; means the complex conjugated representation to pg).
Note that these representations depends on the choice of period matrix 7 € Hy. If M €
Sp4(Z) then
Pr.MT = Mﬁlprﬂ' M7 (33)

as ‘M is the rational representation on the isomorphism of the complex tori A, and A,/

Likewise, if M = (3 g) the analytic representation of said isomorphism is t(’)/T + 0), hence

Pa,MT = t(’YT + 5)_1,0(1,1' t(’YT + 5) (34)

The principal polarization induces an anti-involution on End(A) called the Rosati involu-
tion, " : End(A) — End(A) corresponding to the adjoint operator to the Riemann form F.
That implies ([BLO4|[Prop. 5.1.1]) for all \,u € A, f € End(A;)

E(pr,‘r(f)()‘)7 :u) = E(/\¢ Pr.r(f) (/’L))

or, in term of matrices,

t 0 12 - O I2 !
pel0) (L 5) = (L, 8) ot (35
Likewise, for the analytic representation, as H = (Im7)~!, we have
pa,‘r(f/) Im7=1Im7 tpa,‘r(f)7 (3'6)

where - indicates complex conjugation.

We call f € End(A) symmetric if f' = f. We denote End*(f) C End(A) the subring
of symmetric endomorphisms. We have the following result ((from [BWO03, Lemma 4.1]) for
symmetric endomorphisms.
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Lemma 3.2. Consider an endomorphism f € End(A;), with rational representation given

A B a1 a .
by prr(f) = (C’ D)’ Denote A = (a;l), ai), b = Bia, and ¢ = Cio. For the following
statements, we have (1) <= (2), and any of them implies (3).

1. The endomorphism f is symmetric.

2. The matrices B and D are antisymmetric and D = 'A: more precisely it follows that

B_ 0 b (0 ¢ n_t
_<—bo>’c_<—00>’ -
T1 T2

then it sati
. 7_3>, en it satisfies

3 Ifr = (
as71 + (a4 — CL1)TQ — as73 + b (T22 — 7'17'3) +c=0.

In particular, for non-trivial equations, {1,71, T2, 73,det(7)} are Q-linearly dependent.

Proof. The equivalence (1) <= (2) comes from unwinding (3.5), which gives
—ct4A\ (C D
-D'B) T~ \-A -B)’

hence D = 'A and B and C' are antisymmetric. This equation is equivalent to f = f’.
Now (2) = (3) is a consequence of (3.2), that is equivalent to

(TA+C) = (tB+'A) T,
TBT — C = (TA—Y7A4)),

and as the three matrices involved are antisymmetric, the matrix equation above holds if and
only if it holds for the off diagonal element, which is the equation of the statement. O

Remark 3.3. As before, Z C End(A) and actually Z C End®(A), but this yields trivial
equations for T. In addition, note that if f € End®*(A), then n+mf € End®*(A), with rational
representation nly + mpy+(f).

Remark that on the linear equation in Lemma 3.2 we can take a; = 0, as that means con-
sidering f —a; € End®(A;) instead of f, with rational representation p, (f) —ails. Likewise,
can also asume ged(ag, as,aq,b,c) = 1: otherwise, it means that for r = ged(ag, as, aq, b, c),
then p, . (f) = rM for M € Maty(Z), which means that f = rg for g € End*(A4,).

For given (a,b,c,d,e) € Z5, one can define the following matrix Rapede) = (A B>

C A
0 a 0 d 0 e
= (50) o= () o= (50

Lemma 3.4. If we have (a,b,c,d,e) € Z5 such that

where

aty +bmy +cm3 + d(T2 —11713) + e =0,

then there exists f € End®(Ar) with prr(f) = Riap,cde)-
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Proof. By the argument at the end of the proof of Lemma 3.2, the equation in the statement
is in fact equivalent to
(TA+C)=(tB+'4) T,

which is equivalent to (3.2), and to the compatibility condition (3.1). Hence, there exists an
endomorphism f € End(A;) with such a rational representation. It is symmetric by Lemma
3.2. O

Remark 3.5. In the proof of Lemma 3.2 and Lemma 3.4, the only instance where we use that
the abelian variety has dimension g = 2 is that the matrix equation involves antisymmetric
matrices in Mato(C), so it is a subspace of dimension one. That is why Humbert singular
relations only arise naturally in this dimension.

In conclusion, the existence of f € End®(A;) with f ¢ Z is determined, via p, ~(f), by
certain quadratic relations for the components of the period matrix 7.

Definition 3.6. We call Humbert singular relation (HSR for short) the following equation
fora,b,c,d,e € Z,
ary + by +er3 +d(5 — T113) +e = 0.

If in addition ged(a, b, c,d,e) = 1, we say that the relation is primitive.

Let us consider now the analytic representation p,(f) of a symmetric endomorphism,
and its characteristic polynomial as a matrix in Maty(C):

Pf(t) = det(tI2 - pa,‘r(f)) =t - tr(foa,‘r(f))t + det(pa,‘r(f))' (37)

By (3.1) and Lemma 3.2, for f € End®*(A,),

—drs+adro+b

P (f):TB—I-tA:< —dTQ d7'1—0>'

Hence, it follows (using the singular relation solved by 7):

tr(pa,‘r(f)) =b,
det(pa,r(f)) = ac + de.

Therefore, Ps(t) = t* — bt + (ac+ de). More is true, p, - induces a ring isomorphism ([BW03,
Corollary 4.4])

{n+mf, n,meZ}— Z[t]/(tz _ bt+ac+de)'
Note that A = A(f) := Disc(Pf) = b*> — 4(ac + de). Remark that A = 0,1 mod 4.
Lemma 3.7. If f € End®(A;) then A(f) >0, and A(f) =0 if and only if f € Z.

Proof. (From [BWO03, Proposition 4.7]). By (3.6), it follows that p, -(f)Im7 is a Hermitian
matrix. Consider Ay an eigenvalue of p,(f) with eigenvector vy, for k£ = 1,2. Because f is
symmetric,

AeH (g, v) = H(pa(f)vr, vk) = H (vk, pa(f)vr) = MeH (v, vr),
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therefore A is real, and is Ay, is a root of Py, it follows that A(f) > 0 and A(f) = (A — A2)%
It can only be 0 if the two eigenvalues of p,(f) coincide and are integers, say m € Z, as
Py(t) € Z[t]. Therefore, po(f) — mls = pa(f —m) is a nilpotent matrix (with exponent two,
necessarily, for it is a 2 x 2 matrix). Then g = f —m € End®*(A) and g¢ = ¢?> = 0, but
the Rosati involution is a positive definite involution, which implies tr(gg’) = 0 if and only
if g = 0. For a more elementary argument, one can check that the following linear algebra
problem on Maty(C)

72 =0
Z Im(7) is Hermitian

only has as solution Z = 0, and then p,(f —m) = 0, and f € Z. A possible proof goes by
inspection: in dimension two a nilpotent matrix is characterized by trace and determinant
zero, so there exists z,u,v € C with —22 = wv such that

7 = (Z " ) :
v —z
One can impose the Hermitian conditions on
z w\ (Im(m) Im(m2)\ _ [zIm(m)+ wlIm(m) zIm(m) + v Im(7s)
v —z) \Im(72) Im(73) )  \wIm(ry) — 2Im(7) vIm(rz) — 2Im(73) )’
resulting on the equations (where we set y; = Im(7;), remark that y;,ys > 0):

zy1 + uy2 = Zy1 + uys,
VY2 — 2Y3 = VY2 — ZY3,
VY1 — 2Y2 = ZYy1 + uys,

equivalent to

Im(2)yr = — Im(u)ys, (3.8)
Im(2)ys = Im(v)ys, (3.9)
9 _
o= 2Re()y2 + s (3.10)
Y1
Note that (3.10) implies
y1Im(v) = —y3 Im(u). (3.11)

As —2% = uw, it follows from (3.10) that
y12° 4 2ypuRe(2) + y3|ul? = 0, (3.12)
which implies, as Re(z?) = Re(z)? — Im(2)?
y1(Re(2)? — Im(2)?) + 22 Re(u) Re(2) + y3(Re(u)? 4 Im(u)?) = 0,
or equivalently,

y1 Re(2)? + 2y2 Re(u) Re(2) + y3 Re(u)? = 1 Im(2)? — y3 Tm(u)?. (3.13)
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We rewrite the right hand side. Together with (3.8) and (3.9),

y1 Im(2)? — y3 Im(u)? = — Im(z) Im(u)y2 + 1 Im(v) Im(u) = Im(u) (—y2 Im(2) + v Im(v))
= Im(u) (

—Im(v)y3

+un Im(v)) = Im(u) Im(v)w <0,
Y3

because Im(u) Im(v) < 0 by (3.11), det(Im7) > 0 and y3 > 0. But on the other hand,

y1 Re(2)? + 2ya Re(u) Re(2) + y3 Re(u)? = (Re(z) Re(u)) <‘Z; Zi) (g‘igi%) >0,

as Im(7) is positive definite. Therefore, the only possibility for Equation (3.13) to hold is if
Re(z) = Re(u) = 0 and Im(u) Im(v) = 0. By (3.10) we have 0 = Im(u) = Im(v), and by (3.8)
Im(z) = 0. Hence z,u,v € R and we have z = u = 0, so by (3.10) we conclude v = 0. O

Remark 3.8. We remark that the end of the proof of Lemma 3.7 implies that there are mo
symmetric nilpotent endomorphisms. When A, ~ E?, the endomorphism algebra is a matriz
algebra and contains nilpotent elements, therefore they cannot be symmetric with respect to the
Rosati involution.

Compare this with [BL04, Section 5.3] (for any dimension g): there exist symmetric idem-
potents, the norm-endomorphisms detecting abelian subvarieties. Roughly speaking, they are
constructed as "projections” fx = f € End®(A) to a subvariety X C A such that
flx = e(X)x], for e(X) the exponent of the induced polarization. These endomorphisms are
symmetric with respect to the Rosati involution and satisfy f?> = e(X)f. One can further
consider the (canonical) idempotent e(X)™1f € End§(A). By [BL04, Theorem 5.3.2], the
symmetric idempotents of Endg(A) are in bijection with the abelian subvarieties of A.

In particular, for ppas, it follows that for f € End®(A), then either f is invertible in

Endg(A) or there exists p € Z such that f — p is a multiple of an idempotent element in
Endp(A).

After Lemma 3.7, we can consider the following definition. Remark that Ho = As, so we
do not consider it.

Definition 3.9. For A > 0, A =0,1 mod 4, we define the following loci in As:

G = {A € Ay there ezists f € End®(A) with A(f) = A} C Ay,
Ha :={A € Ag| there exists f € End®(A) primitive with A(f) = A} C Ay,

where we call f € End(A) primitive if there not exists m € Z with f = mg with g € End(A).
We call Ha the Humbert surface of discriminant A.!

Note that G,,2 is well defined for any m € Z and Ga C G,,2a. In addition, we have

ga = U ’H%

m2|A

We saw the notation Ga in [Gee88, Equation above Proposition IV.2.3, page 211], but it does not appear
to have a proper name.
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Lemma 6.21 will imply that the discriminant of a HSR is invariant under Sp,(Z)-action, so
the corresponding preimages in Hsy are

{7 € Hy : there exists a HSR [ with A(l) = A such that 7 satisfies (},
{7 € Hy : there exists a primitive HSR | with A(l) = A such that 7 satisfies [}.

If A€ Ga there exists m?|A such that A € Has with A’ = %.
We distinguish the following cases in terms of this discriminant, which is the content of
[BWO03, Proposition 4.8, Proposition 4.9].

Proposition 3.10. Suppose that T satisfies a primitive HSR with discriminant A. Then the
following holds:

e If A is a fundamental discriminant, then there exists an embedding of the ring of integers
OQ(\/E) — End®(A).

More generally, if A is the discriminant of an order O in a real quadratic field, then
there exists an embedding
O — End®(A).

In both cases, there is an embedding of a real quadratic field K — End§(A).

o If A =62, then A is not simple. More precisely, there exists an isogeny of degree §°:

(E1 % E2,p10E, (0) ® py05,(9)) = (A, H).

Corollary 3.11. Taking 6 = 1 above, it follows that A1 x A1 = H;.

We will proof in the next subsection that for choose a basis for p, -(f) in order to obtain
a symmetric (non trivial) endomorphism of the following special shape:

(a4a) 2=(55)

(a,b) = (%,O) if A =0 mod 4,
e (%,1) if A =1 mod 4.

with

Therefore, as per Lemma 3.2, given 7 € Hy satisfying a HSR of discriminant A, we have a
distinguished one, which we call the normalized HSR of discriminant A.

Proposition 3.12 (Humbert’s lemma). For T € Hy, if A; satisfies a Humbert singular
relation of discriminant A, then there exists M € Spy(Z) such that T/ = Mt solves:

—A
TT{+T§:OifAEOm0d4,

1-A
TT{+T£+T§:OifAzlmod4.
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We will say more on how Humbert singular relations behave under Sp,(Z)-action in the
next section.
Remark that as a corollary, we have the following.

Corollary 3.13. For any discriminant A, Ha is an irreducible surface, and the number of
connected components of Ga is #{m € Zwq, m?|A}.

Remark 3.14. For the more general definition of a Humbert surface in [Gee88, Chapter IX,
Section 2/, that is is defined a subvariety of the moduli of (1,t)-polarized abelian surfaces, for
t > 1, it is not always the case that Ha is irreducible, see [Gee88, Chapter IX, Theorem 2.4].

3.1.1 Proof of Humbert’s lemma

We study in more detail the Sp,(Z)-action on a given HSR. Remark that for M = <: ?) €
Sp4(Z), its action on Hy is given by fractional linear transformations:

Mt = (a1 + B) (v +6)" L.
and by Equation (3.2), Lemma 3.2, and Lemma 3.4, given 7 € Hj satisfying

am + by + c73 +d(7’22 —7’173) +e=0,

(0 a> <0 d>
then we consider f € End*(A;) with p,~(f) = <é IB;) = (_OC Z ~40/ 1 Then
t
A
—e O>

7/ = M solves a Humbert singular relation associated with the matrix ‘M ~1p,. - (f). Let us
study the effect on the singular relations by families of elements in Sp,(Z). We eventually be
interested in the effect they have on the quadratic term.

By [K1i90, Chapter I, Section 3, Proposition 6] we have two alternative sets of generators

for Spy(Z).

Proposition 3.15. The modular group Sp,,(Z) is generated by either:

o The union of J = <_In 0

for Sym,,(Z).

01 > and the translations (1;)2 ?), for T in any generator set
2

o The union of the set of the subgroup of unimodular transformations

U= {(g ,UO_I) Ue GLn(Z)},

and the n subgroups composed by "diagonal” transformations of SLa(7Z) given by o — mp,
for i = 1,...,n, where the four elements of o are sent to the elements in positions
(4,4), (4,5 +n), (i +n,i) and (i +n,i+n), and the elements of Iz, elsewhere
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In the case of Sp,(Z) these embeddings are given by

SLa(Z) — Spy(Z)
a11 0 a1 0
<a171 04271) N 01 00
o192 99 a12 0 aso 0
0 0 0 1

and

SLa(Z) — Spy(Z)

1 0 0 O
ant a1y 0ai1 0a;
Q12 (22 0 0 1 0

00120 a2

Notice that these are the generators of the "diagonal transformations":

Dy D,

D3 Dy)’
for D; diagonal matrices. One can check that a matrix of this form belongs to Sp,(Z) if and
only if, writing D; = diag(a, §;) for i = 1,...,4, it holds D1 Dy — Dy D3 = I, or equivalently

oy — agag = B1fs — P2ffs = 1.

Therefore, only if and only if it is in the image of the morphisms:

(O3 SLQ(Z) X SLQ(Z) — Sp4(Z)

ey (sy - [(70) ()
() (2 5) () ()

Notice that ® is a group homomorphism, so ®(«a, ) = ®(a, I2)P (I3, ), which are precisely
the matrices given in the above Proposition.

One can likewise check that matrices of the form ®(«,lz) act on Hy almost as a one-
dimensional fractional transformation for 7:

- a171taz 2
1
= ( 1 2> N 043771—2—&—044 3Tl ;30;_422
73 T4 a3t 1+ay 73— 3Tty
and analogously for ®(Is, 3).
We therefore have the following four families of matrices to consider.

0 I .
2) , acting as 7 > —7r L

e The inverse J = (—IQ 0

e The translations ({)2 ?), for T € Symy(Z), acting as 7 — 7+ T.
2
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e The unimodular transformations (g 7]0_1> for U € GLa(Z), acting as 7 — Ut U.

e The diagonal transformations ®(«, ) with «, 5 € SLy(Z), acting as 7 — (D11 +
DQ)(D3T + D4)_1 for D; = diag(ai, ﬁz) fori=1,...,4.

Proposition 3.16. Consider T € Hy satisfying a Humbert singular relation (a,b,c,d,e).
Consider 7/ = Mt

e for M = J, then ' satisfies the Humbert singular relation given by

(—c¢,b,—a, —e, —d).

niy n2

e for M a translation by T = <
9 N3

>, then 7' satisfies the Humbert singular relation
given by
(a + dns,b — 2dng,c+ dny,d,e — (any + bng + cng + ddet T'),

in particular, if d =0 then (a,b,c,0,e — (any + bng + cn3);)
e for M a unimodular transformation, then ' satisfies the Humbert singular relation given

by
(q,s — p,—7r,£d, Le)

where (];g) :U1<O Z) U, sob=s+p and ac = ps — qr;

Dy D
e for M = (Dl DQ)’ then T’ satisfies a Humbert singular relation associated to (a’,b', ¢, d',e’)
3 Dy

where

d' = a3 — cagBy + dasBy — easPs,
e = —aanf + caiBa — doofs + eaq f1.

Proof. The proof follows simply by computations of M ~'p, - (f) M, and general properties
of symplectic matrices. For easy computation, note that if M = (: ?) € Spy(Z), then

_ b —'p
M l: <_tfy t@),

We also use that an antisymmetric matrix in dimension two is completely determined by its
off diagonal element, which in determine up to sign by the determinant of the matrix.

0 a 0 d 0 e A B
sa=(22). 5= (%) = (% c) man=(22).
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Then the computations M TR :

A —C
trpty
JRJ—<_B A)

I A B 12 A+ BT B A+ BT B
T C ‘A TI2 - C+"'AT 'A -TA—-TBT+C+"'AT —BT +'A
U0\ [(AB tU 0 _ tU‘lAtU v-BU!
0 UJ\C'A “\uvcUu uv'Au?
Dy, —Ds A B Dy Ds3 . Dy —Ds ADy{+ BDy ADs + BDy
—Dy Dy J\C'A)\Ds Dy) ~ \-Dy Dy ) \CD;+'ADy CD3+'AD, )"
Item 1 now follows immediately. Item 2 follows from the fact that —T A — TBT + C + AT =
C + ("AT — TA) + (=T BT) is antisymmetric matrix. Now

TA— <n1 n2> <0 a) _ ( * an1+bn2>
N9 N3 —cb —ngc * ’
hence (‘AT — TA)12 = —ngc — (any + bng). In addition, det(—TBT) = — det(T)%d?, so
(=TBT)12 = £det(T)d, but to determine the sign on has to compute the product, getting
the negative sign. Therefore, (=T A —TBT + C + 'AT)12 = e — (any + bny + cnz + d det(T)).
For Ttem 3, we use again properties of antisymmetric matrices, noticing that det(U) = +1.
In Ttem 4, we only compute the product that we have for C” :

' = DyADs + DyBDy — D3sCDs — D3 'ADy = (D4ADs — D3 'ADy) + DyBDy — D3CDj
(o d
=0
with d’' = aayB3 — casfBs + day By — 3azfs, that follows from

- * aoa463
D,AD; = (_% e ) |

and
(D4BDy)1,2 = dayBy.

And analogously for B’, it follows from

B' = —(D3AD;y — Dy 'AD;) — DsBDs + Dy 'AD;

We remark what happens if d = 0 in the Proposition 3.16.

Corollary 3.17. Consider T € Hsy satisfying a linear Humbert singular relation given by
l=(a,b,c,0,e). Then if M € Sp,(Z) is one of the following:

e a translation by T € Symy(Z),
e a unimodular transformation,

or composition of such matrices, then M satisfies a linear Humbert singular relation. If in
addition [ is homogeneous (e = 0), then J is also included in the list.
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Proof of Humbert’s lemma. We sketch the algorithm in [BWO03, Proposition 4.5] and [Run99,
Theorem 2|, with our general considerations from Proposition 3.16. We only present the steps
until a homogeneous linear relation e = d = 0. First we will make the following observa-
tions about the diagonal transformations from 3.16, as those are the one with more freedom
to transform d. Start with | = (a,b,c,d,e), to trasnform it to a linear HSR via diagonal
transformations, we would like to solve for ay, 84, a3, 83 such that

0 = aouufB3 — casfy + doufs — ea3 3.

Remark then that «;, 5; for i = 1,2 can be determined via the Bézout’s lemma, for that

aray — agag = P18y — B2z = 1.
Assume ay = 0, then it reduces to

0 = —a3(chs + ef3),

hence we simply require ¢y + ef3 = 0. So if g = ged(e,e), set ag = 0, B3 = —c¢/g and
B4 = e/g. We express such a matrix as

< diag(x, *) diag(*, *) ) (3.14)
diag(, Wie)) diag(0, M) ’ '

where * means that the rest of parameters can be recovered from 1 = —asas = S1e/g+ Ba2c/g.
Assume now what happens with [ = (a,b,¢,0,¢e). To preserve its linearity, we argue as
above, but in this case we can also make €’ = 0, so we want to solve simultaneously

0 = aayfl3 — cazfBs — ez B3
0 — aagf + ca1 B2 + ea1 By

if we assume a4 = 0 again, as 1 = ayay — o3 = —asag, we can assume o = 1 and ag = —1,
hence

0= (cB4 + ef3)
0= —af + ca1 P2 + ea1 1,

so if g = ged(c, e) then and if we consider r, s such that rc + se = ged(c, e), then we can set
Bs = —c/g, Ba =€/g, 1 = s, P2 = r, which in our system above implies

0=—as+ crag +esa; = —as + aj(es + cr) = —as + ayg,

or gag = as. If we can assume gla, we can solve for ay. We express such a matrix as

(diag(*gcd‘(ZW), %) diag(x, %) ) 7 (3.15)

e

diag(, W&e)) diag(0, m)

where * means that those coefficients are solved from 1 = —asag = $184 — [B2033.
This extra technical condition ged(c,e)|a can be assured for linear HSR via translations

of the form T = <n 0

0 0). Then e — e — na € Zged(e,a), and by Dirichlet’s theorem on
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primes of arithmetic progressions, there exists a prime number p with p > |c| such that
e —na = ged(e, a)p. Under this translation

(a,b,c,0,€) — (a,b,c,e —na),
——
=e’
Hence ged(e, €') = ged(e, ged(e, a)p)|ged(e, a)|a, because p fc by construction.
In conclusion, the steps of the algorithm are as follows: starting with [ = (a,b,c,d,e) a
Humbert singular relation,

1. Use a diagonal transformation as in Equation (3.14) to get (a1, b1,c¢1,0,e1).

2. Use a translation by 7' = <g 8) to transform it to (a1, b1, c1, 0, e2) such that ged(cq, e2)|aq.

3. Use a diagonal transformation as in Equation (3.15) to transform it to (ag, ba, c2,0,0).
]

Remark 3.18. In some special cases, one could design a simpler algorithm that the one in the
proof above, assuming that in Steps 1 and 3 one has solution to the corresponding Diophantine
equation.

Proof. By our proposition above, we can transform the HSR (a,b, ¢, d, e) using J and trans-
lations by a matrix T" as follows.

1. Use a translations T3 to get (ay, b1, c1,d,0).
2. Use J and get (—c1,b1,—a1,0,—d).
3. Use a translation T3 to get (ag, ba, c2,0,0).
That relies of being able to solve for ni,ns,ng € Z the equation
any + bng + cng + d(ning — n3) = e. (3.16)

For d = 0 there always exists such (n1,ng,n3) if and only if ged(a,b,c¢) = 1. For d # 0,
we assume that such an integral solution exists, which is equivalent to the following. For
readability, we change the notation to the variables to (z,y,z). We follow the general solu-
tion by Lagrange [Lag68| to the general quadratic binary Diophantine equation, see [SSW0S,
Introduction].? We can then rewrite as
dlzz —y>) +ax+by+cz=e
z(dz+a)—dy* +by+cz=e
——
=z
dez' — d*y? + dby + ¢z’ — ac = de
2 (dx 4 ¢) —d®y? + dby — ac = de
N——
=z’
22’ = dy (dy — b) +de + ac
——

=y

2o = (y +b)y +de+ ac.

2we saw it here


https://math.stackexchange.com/questions/9269/how-to-solve-inhomogeneous-quadratic-forms-in-integers
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The last equation has infinitely many integers solutions: for any given y' € Z, take (2/,2’)
pair of divisors of (¢ 4+ b)Yy’ + de + ac. To recover solutions in (x,y, z), we furthermore need
to impose the congruences 2/ = ¢, 4/ = —b and 2’ = a mod d. Taking congruences mod d, it
holds that 2’2" = ac (mod d). O

3.1.2 The Néron-Severi group of an abelian surface

We finish this section with the relation between End®*(A) and the Néron-Severi group NS(A),
the group of divisors modulo algebraic equivalence, or the image of the first Chern class
Pic(A) — H?(A,Z). For a line bundle L on A and for any x € A, the line bundle ¢;L ® L™!
has first Chern class zero, so it belongs to Pic’(A) = A. This induces a map ¢, : A — A given
by o+t L ® L™, that only depends on the first Chern class of L in NS(A). For a principal
polarization Hy, it is moreover an isomorphism ¢g : A — A. We can consider the assignment:

NS(A) — End(A)
L+— gf)al o ¢r.

In fact, it is compatible with the Rosati involution, restricting to NS(A) — End®(A). More
can be said:

Proposition 3.19. The assignment

NS(A) — End®(A)
L ¢ytogr
s a group isomorphism.
Proof. This is [BL04, Proposition 5.2.1]. O

This actually generalizes to an isomorphism of Q-vector spaces for Hy not necessarily
principal. Conversely, we can think of End®(A4) as parameterizing other line bundles in A,
in particular, other (principal) polarizations: by [BL04, Theorem 5.2.4], there is a bijection
between the polarizations of degree d in NS(A) and the totally positive endomorphisms in
End®(A) of norm d.

3.2 The refined Humbert invariant

In Subsection 6.4.1, we will consider the positive definite lattice of Humbert singular relations.
The definitions, as presented, only work for principally polarized abelian surfaces. As comple-
mentary to that, we present here a generalization for every genus and every characteristic. *
This is known as the Humbert refined invariant and it is originally defined by Kani in the series
of papers [Kan94|, [Kan16| and [Kanl19]|, but our presentation here will be more influenced by
the reinterpretation in [GRV24, Section 2|.

We will see in Subsection 6.4.1 that the lattice of singular relations £ from Definition 6.18
will fit into a the following short exact sequence (Equation (6.4)

0—Z— End*(A;) » L — 0. (3.17)

3However we only prove statements for characteristic zero.
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By Proposition 3.19, for a principally polarized abelian variety, NS(A) = End®(A). Hence, it
makes sense to define a generalization of the quadratic form A directly on either one of them.*
Kani’s original definiton is defined on the Néron-Severi group of the abelian variety, and
the quadratic form is defined in terms of intersection pairing of divisors. In [GRV24, Section
2|, it is defined directly on End®(A), and this is the approach we present here.
Consider A € A, a complex® principally polarized abelian variety of dimension g. Then
for any f € Endg(A), we can consider the characteristic polynomial of p,(f) € Moy (Q)

PF(t) = det(thy — pr(/)) € QI

a rational polynomial of degree 2g. Likewise, with the analytic representation, p,(f) and
P(t) = det(tly — pa(f)) € C[t]. Remark that P? is the polynomial we used in (3.7) above in
the g = 2 case.

We furthermore define tr,.(f) = tr(p,(f)) and tro(f) = tr(pa(f)). Notice then that they are
terms appearing in the 2g — 1 and g — 1 term, respectively, in the corresponding characteristic
polynomials.

We collect the following properties of these polynomials.

Proposition 3.20. For any f € Endg(A) :

e P(t) = PF(1) P} (D).

e For':Endo(A) — Endo(A) the Rosati involution, Pf(t) = P{(t).

e For every n € Z, Pf(n) = deg(na — 1),% where na € End(A) is multiplication-by-n
endomorphism.

o If f € End(A) then P;(t) € Z[t], and if f € Endj(A) then P{(t) has real coefficients
and Pf(t) = (P§(t))*.

o tr,.(f) = 2Re(tra(f)).

e We have a positive definite symmetric bilinear form on Endg(A) given by (f,g9) —

trr(f,g)'

Proof. This is [BL04, Proposition 5.1.2, Corollary 5.1.3, Lemma 5.1.4, Theorem 5.1.8|. O

In particular, there is an integral positive definite quadratic form End®*(A) — Z given by
f > tr,.(f?). As what happens with our analysis of the Humbert singular relations, we would
want to mod out the effect of the trivial symmetric endomorphisms Z C End®*(A). For that,
observe that for n € Z tr.(n) = 2gn and tr,.(n?) = (tr,(n))?, so one can consider the following
definition.

“more precisely, it descents to a quotient by a subgroup.

Sthe following construction does work over fields of any characteristic, though we only present the charac-
teristic zero case here.

5This the more general definition of the rational characteristic polynomial in any characteristic.
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Definition 3.21. ( [Kan94, Section 3| and [GRV24, Definition 2.1]) Consider (A, E) a prin-
cipally polarized abelian surfaces and End®(A) C End(A) the subring of symmetric endomor-
phisms with respect to the Rosati involution. We define the refined Humbert invariant

gap : End’(A) - Z

3.18
fe 1 (20000 — (e (1)?) 1

It takes integral values by [GRV24, Remark 2.7]. We gather the following results.

Proposition 3.22. Let (A, E) be a complex ppas and ¢ = qa g its refined Humbert invariant
as above. Then

1. For any f € End®(A), qap(f) = gtra(f?) — (tra(f))?.

2. For anyn € Z and f € End®(A), q(f +mna) = q(f). Furthermore, q(f) > 0, ¢(f) =0
if and only if f € Z. Hence, it induces a well defined positive definite quadratic form in
the quotient

[ .- End'(4),

3. If g = 2, it agrees with the positive quadratic form from Subsection 6.4.1, A(f) =
Disc(Pf) = (tr(pa(f))? — 4 det(pa(f))-

Proof. For item 1), by Proposition 3.20, as f € End®(A) then tr,(f) = 2tr,(f), and the
formula follows. For item 2), ¢(f +n) = ¢(f) is a simple computation using trace properties:

29 tr,((f+n)%)—(trr (f4n))? = 2g (tr, (f?) + 2gn® + 2ntr, (f)) —(tr. (f)+2gn)? = 2g tr.(f2)—(tr, (f))>.

The rest is is [GRV24, Remark 2.2]: setting h := 2¢gf — tr,.(f), then tr,(h) = 0 and

g
49%(f) = a(h) = 3 tre(h*) > 0,

where the last inequality comes from the quadratic form tr,(f’g) being positive definite. Re-
mark too that then ¢(f) = 0 if and only if 2gf — tr,(f) = 0, and that it is equivalent to
fez.

For item 3), it follows because 2tr(A%) — (tr(A))? = (tr(A))? — 4det(A) holds for any
matrix A € Maty(C). Indeed, it is equivalent to (tr(A))?—tr(A%) = 2det(A). As A € Maty(C)
satisfies A% — tr(A)A + det(A)Is = 0, one takes traces in det(A)ly = tr(A)A — A2 O

3.3 Generalized Humbert varieties

Likewise, one can generalize the concept of Humbert surfaces of discriminant A in Definition
3.9 to a Humbert variety associated to a quadratic form. This definition comes from [Kanl6,
Section 3].

First recall the following notion for quadratic forms in several variables from [AB04, Defi-
nition 3.5 and Definition 3.12]
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Definition 3.23. Consider a f, g two quadratic forms over Z of n and r variables respectively,
with v < n. Consider M(f) € Sym, (Z[1/2]), M(g) € Sym,(Z[1/2]) their corresponding
matriz representation. We say that f represents g (over Z) and we write f — g, if there
exists P € Maty,x,(Z) of full rank r, that we call a representation, such that

PM(f)P = M(g).

If it holds that ged{det(M)} = 1 for M ranging over all r X t minors of P, we say that the
representation is primitive. We say that f represents g primitively if there exist one primitive
representation, and we write f —P" g.

We notice that specializing r = 1, we recover the usual notions of a quadratic form repre-
senting an integer N (primitively), identifying N with the unary quadratic form Nx?.

Definition 3.24. Let q a positive definite r-ary integral quadratic form r =1,2,3. We define
the following locus of Ao, that we call Humbert variety associated with q:

H(q) = {(A,E) € As : qa g primitively represents q} C As,

where qa.g is the refined Humbert invariant associated to (A, E) as in Definition 3.21.
FEquivalently [Kanl16, pg.5 paragraph above Remark 8/, (A, E) € H(q) if and only if there

exists an injective homomorphism f : 2" — L = EndS(A)/Z with E/Imf torsion free such
that g = qago f.

Remark 3.25. For unary quadratic forms, it follows that H(Ax?) = Ha. We also have
H(q) C Ha if and only g —P" A.

It follows that dim H(q) = 3—r, so that is why we restrict » = 1,2, 3 in the above definition.
For ternary quadratic forms, it will follow from Theorem 6.28 that H(q) is a union of isotypic
CM points,” and they have been studied recently in [Kir22| and [GRV24].

For binary quadratic forms, we will discuss them in detail in Subsection 4.1.2 and Section
4.2. Here, we just say that among the special curves of As as listed in [DO21, Table 1], their
irreducible components correspond to Shimura and modular curves. We do not recover the
third type Q x CM, because again by Theorem 6.28, rank £ = 1 generically on these curves,
and the refined Humbert invariant is unary.

In [Kan19, Section 2| it is furthermore proven that this locus defines closed subsets of Aj,
so they are a finite union of curves, which can be either Shimura or modular curves.

Remark 3.26. In general, H(q) is not irreducible.

Describing Shimura and modular curves in Ay conjunctly as H(q) for suitable binary
quadratic forms q allows us to describe an intersection of Humbert surfaces Ha, N Ha,, when
Ay # Ay. This problem was previously studied in [HM95] and [Run99|, and more recently in
[Gru0s].

First, let us observe a natural restriction on the values represented by the quadratic forms.

Lemma 3.27. Assume that q is a positive definite quadratic form such that H(q) # 0. Then
for any n € Z~qo such that ¢ — n, n is a discriminant, i.e. n = 0,1 (mod 4). We shorthand
this property by f = 0,1 (mod 4).

"here we mean that they correspond to an abelian surface that is CM isotypic.
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Proof. It follows from the definition that #(q) C Ha if and only if ¢ represents A primitively,
or ¢ —P" A. Hence, as Ha # () if and only if A > 0 and A is a discriminant (i.e. A = 0,1 (mod
4) by Lemma 3.7, it follows that H(q) # () implies that the integers primitively represented
by ¢ are discriminants, and the conclusion follows. O

Proposition 3.28. For Ay # Ag € Z~q discriminants, it follows

Ha, NHA, = U H(q),
q—PT A
q—=P" A2
when q ranges through the finite union of GLo(Z)-equivalence classes of positive definite binary
quadratic forms q with ¢ = 0,1 (mod 4) that primitively represent both Ay and As.

Proof. This is [Kan19, Proposition 12] and by [Kan19, Remark 13|, the discriminant of a such
a quadratic form ¢ is bounded by 4A1As. O

Notice that such an intersection has a priori Shimura and modular curves. The rest of the
work of [Kan19] focuses in the case of Aj = N2, an in that case necessarily the intersection
only has modular curves, for that it is contained in H =2, and the generic points of Shimura
curves correspond, in particular, to simple surfaces (generically). We will resume in Subsection
4.2.

In [Run99| the case of general A; is considered and the following results are obtained.

Proposition 3.29. Assume H(q) # 0 and q in the conditions of Theorem /.18 1. Then
H(q) C Ha, NHa, if and only if q is in the GLa(Z)-equivalence class of a form given by
A1z + xzy + Aoy

If q is primitive, then H(q) is irreducible. Furthermore, H(q) admits a "Humbert’s pre-
sentation” in H? by the intersection of the following Humbert singular relations

li = (k,1,-1,0,0) : k1y + lmo — 3 = 0,
lo = (a,t,0,¢,1) s ary + tmo + C(T22 —7m73)+1=0,

where 1y is the normalized Humbert singular relation for A1 and a,t,c satisfy Ao = t? — 4ec.
In particular, if ged(A1, As) = 1 then Ha, NHa, contains all H(A12% + axy + Asy?) for
0 < a such that a®> < A1As, and they are irreducible.

Proof. This [Run99, Corollary 9, Theorem 10, Corollary 15| O]

3.3.1 An alternative proof of Appendix 6.5.3
We give now an alternative proof of Appendix 6.5.3.

Theorem 3.30. Let A € Ay and assume it has a normalized period matrix T € Hy such that
rank £ = 2. Then End’(A) = Mat(Q).

Proof. Alternatively, if A € Ay is a generic point in a Shimura curve, then rank £" = 1 for
any period matrix 7 of A.

The following suggestion comes originally from Daniel Bertand. Observe first that a
Shimura curve in Ajg is compact. Consider the sequence of matrices {n7},>0. They de-
fine (n,n)-isogenous abelian surfaces to A, and they tend to the boundary of A,. Hence,
they eventually leave the Shimura curve.
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Consider I, and ls two linear and primitive Humbert singular relations that generate £L".
Write I; = (a4, b, ¢, 0, €;) € Z so that

a;71 + bjTo + ¢;3 +e; =0,

and consider too A; := A(l;) = (b;)? —4a;c; for i = 1,2. It then follows that A, € Ha, UHA,.
Consider nt for n € Z-g. It then solves

ai(nm) + bi(n1e) + ¢;(n73) + ne; =0,

which has the same discriminant A; and for almost all n, ged(a;, b;, ¢;,ne;) = 1. In other
words, as T solves a linear HSR, then n7 parametrizes an isogenous variety A, which stays
in the same Humbert surface. Therefore, the sequence {Anr}nez., C Ha, NHa,-

But by [Kan19, Proposition 12| above, such an intersection is a finite union of Shimura
and modular curves. But if Endo(AT) is a division algebra, as End® is invariant by isogeny, the
same is true for End®(A,,,). This implies that if A, belongs to a Shimura curve, the sequence
{An+}nez., stays in the union of the Shimura curves in Ha, NHa,, but this is a finite union
of compact curves, while the sequence {Ay}nez., goes to the boundary of Ay. This is a
contradiction, hence A, was in a modular curve, as those are the non-compact ones. O






Chapter 4

Shimura and modular curves in the
Siegel threefold

This chapter has two different sections. In the first section, we present the construction of the
Shimura curves as solutions to the moduli problem of quaternionic multiplication.! We present
the problem of mapping them into Ay, with a solution given by [Has95], and the complications
derived with the non-existence of a canonical embedding. We reformulate this problem as in
[LY20] and [GY19], who associated GLa(Z)-equivalence classes of positive definite quadratic
forms to each embedding, or to each connected component of the quaternionic loci in Ao, and
derive formulas for counting them in terms of class numbers.

In this constructions, the classical modular curves Xo(N) are realized as Shimura curves
associated with D = 1. In the second section, we present a solution in [Kanl6] to a different
problem, the moduli problem of Jacobians isomorphic to products of elliptic curves, that
describes the same loci as the quaternionic loci, without the restriction of square-free level
on Xo(N). Finally, we recall the language of generalized Humbert varieties from the end of
Chapter 3, and translate the previous results in those terms.

4.1 Quaternionic multiplication: moduli space and quaternion
modular embeddings

In this section we recall the classical construction (going back to Shimura in [Shi63|) of Shimura
curves as a solution to a moduli space problem. We present the whole proof of this construction
in the case of hereditary orders (subcase of Eichler orders) in a indefinite quaternion algebra
over Q. We then state the rest of the theory in this context, though it is known to experts
that it is generalizable to Eichler orders.

We remark that there are other modular interpretations to the Shimura curves X (N)
([ABO4, Section 2.4|), that mimic the modular interpretation of the classical modular curves
Xo(N) (the data of an elliptic curve with a cyclic subgroup of N-torsion points of order N, or a
cyclic isogeny of degree N). We do not use that modular interpretation, but for a comparison
of the moduli problems, see [Cla03, Section 0.3.2, Proposition 53].

1On higher level N, the moduli problem is not quite the standard one associated with the modular curves
X§'(N)

49
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We follow [Voi21, Section 43.6] and [LY20, Section 2|. As the construction is fairly tech-
nical, we do not present all the details here, but we intent to point out the steps where
the hereditary condition is used. In general terms, it is on the one hand to guarantee the
polarization to be principal, and to have surjectivity of the asginment.

Let B a quaternion algebra over Q of discriminant D. We say that B is indefinite if it does
not ramify at the infinity place, i.e. Bos := B®gR = Maty(R). Remark that the discriminant
D of a indefinite quaternion algebra is a product of an even number of primes,” and that

D =1 if and only if B = Mat2(Q).

Definition 4.1. Let B an indefinite quaternion algebra over Q with discriminant D € Z~y.
We say that O C B is an Eichler order if it is the intersection of two maximal orders.

They admit a local description ("locally maximal at every prime except for finitely many"),
and we have the following equivalent characterization of Eichler orders.

Proposition 4.2. An Eichler order O C B as above is completely determined by its level
N € Z with (N,D) = 1. They admit the local description:

o for every p°||N, Oy is isomorphic to
Ly Zp )
<p€Zp Zp> C Matg(Zp),

e for every p|D, O, is the unique discrete valuation ring in the division algebra B;
e for every other prime p, O, is isomorphic to Mata(Zy).

Proof. The local characterization follows from [Voi21, Section 23.4|. For Eichler orders, local
isomorphisms lift to a global isomorphism by [Voi21, Theorem 28.2.11],> which are given
by conjugation by a suitable element. Therefore, an Eichler order is characterized, up to
conjugation, by its level. O

We focus on the Eichler orders such that the level is square-free. Those are furthermore
hereditary orders, by [Voi21, §23.3.1 v)|.

Definition 4.3. In the same context as above, an order O C B is called hereditary if ev-
ery (left/right) ideal I C O is projective as a (left/right) O-module. Equivalently, if every
(left/right) fractional O-ideal is invertible.

It can be proven that the distinction left /right is unnecessary ([Voi2l, §21.4.2]). As B is
an indefinite quaternion algebra, B := B ®g R = Mata(R), we may fix an embedding

t: B — Maty(R).

2A quaternion algebra over Q ramifies at a finite even number of places, and its discriminant coincides
with the product of the (finite) primes where it ramifies.
3Eichler orders in indefinite quaternion algebras have class and type number 1.
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Remark 4.4. Such an embedding is unique up to conjugation by a matriz in GLa(R) by the
Skolem-Noether theorem (see [Voi2l, Theorem 7.7.1]), so we could even set it as the following

one. Assume B is given with the description <a@b) as a quaternion Q-algebra. Then B is

indefinite if and only if either a or b are positive by [Voi2l, Ezercise 2.4], so we assume a > 0.
Then we have the Q-algebra embedding B — Mata(Q(1/a)) C Mato(R) given by

xr1 + :EQ\/& xr3 + $4\/a>

+ xol + x3J + 24l J —
1 T2 3 T4 <b($3 — .7}4\/6) xr1 — xQ\/ﬁ

Consider the subgroup O! of elements on quaternionic norm 1, ¢(O!) as a discrete subgroup

of SLo(R), and set*
o L(Ol)
=941,y C PSLa(R). (4.1)

4.1.1 Principally polarized abelian surfaces with QM

Consider first a principally polarized abelian surface A with End(A) = O. The polarization
induces a Rosati involution ’ on End(A), that extends to Endg(A4) := End(4) ®z Q = D.
Hence via ¢ and extending scalars to R, the Rosati involution ’ induces a positive involution
on D ®qg R = Maty(R). The positive involutions in Maty(R) are characterized as follows.

Lemma 4.5. All positive involutions on Mata(R) are given by i € GL2(R) such that u? < 0
° via

fef=u"Fn,
where f — f is the standard involution on Mats(R) given by adjugation of matrices. Such an
element p is unique up to scalar multiple.

Proof. Let us observe first that one positive involution in Maty(R) is given by A +— 'A. In
terms of the standard involution, it gets written as

-1
0-1 — (0 —1
AH<1 O) A<1 O).

By an application of the Skolem-Noether theorem (see [Voi21, Proposition 8.4.7 and Example
8.4.15]), any other positive involution in Ms(R) has the form A ~ p~! ‘Ap with g € Symy(R)
positive definite. Suppose that there is another v such that p = ‘Ay = v~ ‘Av, which implies
that (uv=1) " tA(uv=1) ='A, or (uv~1) is a central element in Mato(RR), so it is a scalar.

Note that u positive definite implies u = u and fip = det(u)I> with det(u) > 0. Hence
we can rewrite them to A +— p~ 171 Aju, with j = <(1) _01> - Now p="u=j""mj = —juj,
hence det(u)ly = fip = juj 'y = —(ju)?. Identifying R with RIy in Maty(R), note that
(jp)? = —det uly < 0, as we wanted. O

As our positive involution in B ® R was induced by a positive involution in End(A), the
element ;2 which parametrizes it also belongs to End(A). Remark that p? < 0 is equivalent to

4Up to conjugation, I" only depends on D and N.
®via the characteristic polynomial, equivalent to tr(u) = 0 and det(u) > 0.
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tr(u) = 0 and n(p) > 0, where tr, = and n are the quaternionic trace, conjugation and norm,
respectively, induced by End(A4) = O.

We will see (the discussion right below together with Remark 4.11) that the fact that the
polarization of A is principal forces

_ (4.2)
'€ End(A)Y := {a € End(A)| tr(aB) € Z for all § € End(A)}.

On the other direction, let us consider O C B an hereditary order of level N (square-free)
and D the discriminant of B. For 7 € H|, set v, = <71—> To construct principally polarized

abelian surfaces with QM by O, first we assign the complex torus. Defined the lattice in C?

A; = 1(O)v; C C2.
2
As rankz O = dimg B = 4, we have that A, is a lattice of the correct rank, and A, = C /A
is a complex torus of dimension two.
For the polarization on A, assume p € O such that y> = —DN and p~' € OV, as in
Equation (4.2) above, and define

T

E, A xA —7Z
(t(@)vr, l(B)or) = tr(u~ ).

Observe that p (more precisely pu~!) is recovered as setting 3 = 1 above: it is the unique
element (via non-degeneracy of the trace) on OV such that E,(t(a)v,,v,) = tr(u~la).

It is a technical computation to verify that E; is a Riemann form ([Voi21, Lemma 43.6.16.]).
There is a priori a sign ambiguity (either E, or —FE; induces a Hermitian positive definite
form) and by [LY20, Lemma 3] it is resolved by setting

b .
() = (CCL —a) € Mats(R), with ¢ > 0.

We do single out the computation of E, inducing a principal polarization in A, ([Voi2l,
Lemma 43.6.22.]) for hereditary orders, i.e. that E is unimodular: for o; i = 1,...,4 an
integral basis of ©0,% the determinant of the following matrix is one:

det((E(c(as)or, e(az)or)iz) = det((tr(u™ aiaz)i )
= det(L,1) det(tr(a;aj); ;) where Ly (y) = xy
=n(p 1) det(tr(oy@;)ij) as det L, = (n(x))? [Voi2l, Remark 3.3.8]
=:disc(O)
= (D]l\f)2 (DN)? =1 as disc(0) = (DN)? by [Voi2l, Equation (15.1.2), §23.4.19].

Finally, by construction we have that A; is an O-module (via ¢), hence we have a ring
embedding @ — End(A;). Furthermore, p was chosen at the beginning, by Lemma 4.5, so

SWe can assume o = 1 and that o, i # 1 has trace zero, so that — det(tr(z;x;): ;) = det(tr(zZ;)s,;).
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that (A;, E;) satisfies the following compatibility condition with respect to pu:
B« Endy(A,)
fr=u"fu ’
B — 5 Endy(A,)

Compare with the notion of a ppas with RM from Definition 2.1: there is also a compati-
bility condition imposed regarding the Rosati involution. In that case, for the only positive
involution in a real quadratic field is the identity, the Rosati involution has to restrict to the
identity in the image of O (alternatively, the ring embedding maps to the symmetric subring
End®(A)). In the case of quaternionic multiplication, the compatibility condition is agreeing
with a fixed positive involution in O, which it is not unique. Hence one could be more detailed
in the definition and consider ppas with QM by (O, *), for * a fixed positive involution in O.

Definition 4.6 ([Rot04b|). Consider O C B a hereditary order of level N in a indefinite
quaternion algebra over Q with discriminant D, and consider p as in Equation (4.2) above.
Consider a ppas (A, E). We say that (A, E, 1) has QM by (O, p) if there exists a ring embedding
1 : O < End(A), such that the restriction of the Rosati involution to O agrees with f +— pu~' fpu.

We say that (A, E,.) and (A, E',\) are isomorphic as (O, p)-ppas if there is an iso-
morphism ¢ : (A, E) — (A, E’) such that v and (' are compatible, meaning that for ¢* :
Endy(A") = Endo(A), we have ¢* ot/ = 1.

We state the following main result of this section.

Theorem 4.7. Consider the moduli space XP(N) := {(A, E) principally polarized complex
abelian surfaces with QM by (O, u)}, up (O, p)-isomorphism, and T' as in Equation (4.1). The
assignment

H — XP(N)
T+ (A, E;)

induces a bijection T\H — X (N).

Z
Nz 7) ¢
then T' is precisely the Hecke congruence subgroup T'o(N), hence for D = 1, on the analytic
side one recovers the classical modular curves, with a different modular interpretation. We
will discuss that in more detail in Section 4.2.

Remark 4.8. When D = 1, the Fichler orders of level N are all isomorphic to nd

Remark 4.9. Different choices of u yield abstract isomorphisms XP(N)(u) =2 XP (N)(y') so
they are dropped from the notation. But there is no canonical choice of u. If one would want
to consider the forgetful functor

XP(N) = As,

different choices of u give rise to different mappings, with different images in As.
They are not an embedding either, as the notion of isomorphism in the moduli space X(?(N)
is finer than the one in Ag, for that it requires to respect the distinguished element p. In
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particular, those mappings XP(N) — As factor through the quotient by a subgroup of the
group of Atkin-Lehner involutions (see [GY19, Theorem A (4)], [Rot0ja, Corollary 4.5] for
mazximal orders). This subgroup is generically of order two, generated by one involution, and
it can be of order four, with a second involution called a twisting involution if the quaternion
algebra B admits twisting elements ([Rot04a, definition after Proposition 4.1.]).

Finally, these quotients of X (N) are birational to its image in Ay ([Rot04b, Theorem
3.5] for mazimal orders), being the Heegner points in the Shimura curve the obstruction.

Proof of Theorem 4.7. We have to prove the following:
1. Well-definedness and injectivity.

2. Existence of y € O with the desired properties, namely

a’) /'62:_DN7
b) pte0Y,
c) ¢>0in o(p) = <Z _ba>

3. Surjectivity.

The last two items are those that explicitly use properties of . For 2a, it is enough to show
that there is an embedding of orders” ¢ : Zyx — O, for K = Q(v/—~DN) (remark that N is
square free as we assumed O hereditary) and Z its ring of integers. We can prove more: such
an embedding exists and it is optimal (i.e. if we extend ¢ to a Q-algebra embedding K — B,
then ¢(K)NO = ¢(Zk)). The theory of optimal embeddings allows us to count the number
of such embeddings up to conjugation by elements in O*. More precisely, by [Voi21l, Example
30.7.5], together with the fact that as O is Eichler order in an indefinite quaternion algebra
over Q,% we have the following formula for the number of embeddings in terms of the local
embedding numbers:

#{O*-conjugacy classes of optimal Zg — O}

Se(-EEE)

p|D p|N

where h(Z) is the usual class number, and the splitting symbol is defined by

" 1, it K, ~Q, x Q, is split;
<> =<0, if K, O Q) is a ramified field extension;

p
-1 if K, O Q, is an unramified field extension.

Then it is enough to show that the right hand side in Equation (4.3) does not vanish. Assume
by contradiction that:

e For some p|D, Q,(v—DN) ~ Q, x Qp, but that cannot happen for Q,(v/—DN) is a
field.”

only in this section we will use this notation for the ring of integers of a number field.
8then the class number of O is one and the sum in the formula is just one term.
there is no square root of 7 in Q, if v,(r) = 1.
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e For some p|N, Q,(vV/—DN) D Q, is unramified. This cannot happen, as for every p, there
is a unique unramified quadratic extension of Q, and it is known ([Voi21, §13.1 under
Equation (13.1.2)]) that such extension is given by Q2(v/—3) for p = 2 and otherwise by
Qp(v/e) for e a quadratic non-residue modulo p. But DN is not a quadratic non-residue
modulo p, as p|N.

Therefore, the number of embeddings in Equation (4.3) is non-zero, so there exists u € O
such that y? = —DN.

It is a consequence of u?> = —DN that p=' € OV [Voi2l, Lemma 43.6.7|. Finally, we
require a choice of sign so that the Hermitian form is positive definite, and that choice of
sign is checked in [LY20, Lemma 3|, by evaluating the Hermitian form at one carefully chosen
element.

For surjectivity of the assignment, assume (A, F) a principally polarized abelian surface

with QM by (O, ). Consider the complex torus A = (CQ/A. It then follows that A has a
natural left O-module structure, and likewise A ®7 Q is a B-module. As Q-vector spaces
dimg(A ®z Q) = rankz A = 4 = dimg(B), so A ®z Q is a B-module of rank one. If B is a
division algebra (equivalently D > 1) then A ®z Q is a free B-module: there exists w € C?
such that A ®z Q = Bw, and so A = Iw for some left O-ideal (a lattice I C B with left order
containing O). In the case of B = Maty(Q) the same conclusion holds using that B is a simple
Q-algebra.

We need more of I, we need it to be principal as an O-ideal. As O is hereditary, I is
invertible, and by [Voi21, Main Theorem 16.1.3], this is equivalent to being locally principal.
In turn, as O is Eichler in an indefinite quaternion algebra, it has class number one by [Voi21,
Theorem 28.2.11], so I is a principal O-ideal. Changing w if necessary, we have that A = +(O)w
for w € C2.

We have A in the form that we need, except for having w = <i1> in the form (I) for
2

7 € H, but that comes from the theory of elementary divisors for the period lattice of a
polarized abelian variety. The last thing to check it is that the given principal polarization
FE agrees with the one induced by E;. In this context, it all stems form the fact that they
induced Rosati involutions are prescribed to agree on O ([Voi2l, Lemma 43.6.23]).

First, to check that E. induces a Rosati involution that agrees with f — p~'fu on O,
remark that by definition of the Rosati involution, for f € End(A), f’ is uniquely determined
by the adjoint condition E,(x, fy) = E;(f'z,y), for all x,y € A;. Hence, it is enough to check
that for «(f) € ¢-(O), and o, f € O,

E, (l(a)vr, efu(B)vor) = Er((pt f)e(@)or, u(B)vr),

and that is a straightforward computation unravelling the definitions.

Second, there is a unique principal polarization compatible with u: for another such E,
compatibility with p implies in particular that (the extension to R-scalars of) the induced
Rosati involution restricts to'” +(B) C Endg(4,), and as ¢(B) = Maty(R) can argue as the
beginning, as in Lemma 4.5, there will be v € O with such that the Rosati involution induced
by E agrees with f — v~!fv. But by Lemma 4.5, it follows that u = \v for some scalar \,
which implies that E; = AE, but as both E, and F are principal, necessarily u = v. O

this is automatic in the generic case Endo(A) = B.
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Remark 4.10. Observe that in the generic case End(A) = O (equivalently, when A is simple),
by our argument above Lemma 4.5, there always exists u € O such that A has QM by (O, ).
However, it can happen, when Endo(A) is strictly larger than B (i.e. when A is CM isotypical)
that A is principally polarized, we have an embedding O — End(A), but that A does not have
QM by any p € O. That comes from the fact that there are more positive involutions of
Endg(A) ® R = Mata(C), and that they do not leave B ®@ R = Mato(R) C Mato(C) invariant.
For an example, see [LY20, Remark 1, Example 32].

Remark 4.11. As it happens analogously with abelian surfaces with real multiplication, a com-
plex torus C2/A with "enough" endomorphisms (as in Q-algebra embedding B — End(C?/A)®
Q) admits automatically a polarization. We cannot guarantee a principal polarization for any
giwen order O C B, but we can for hereditary ones. Furthermore, if the Rosati involution is
determined on O, then the principal polarization is unique.

Recall that in the case of real multiplication, the birational map from Theorem 2.23 from
the symmetric Hilbert modular surface to the Humbert surface is indeed canonical, and by
Corollary 3.13, the Humbert surface is irreducible. We notice that the difference with the QM
case comes from the fact that the Rosati involution always acts as the identity of the totally
real fields embedded in the endomorphism algebra of a polarized abelian variety. Therefore, the
only positive involution to consider on a totally real field is the identity.

4.1.2 Quaternion modular embeddings

As said above, there are mappings from the Shimura curves XOD (N) — Ag (depending on the
distinguished element p). In [Has95], they are written down explicitly as embeddings H — Hs.

Remark 4.12. These maps are called "quaternion modular embeddings” in classical literature
and we keep it for historical reasons and for coherence with the Hilbert case, but they do not
seem to be used in recent literature. As with the morphisms from Section 2.4, and recall
Remark 2.22, they are not embeddings of XOD(N) into Ag: the factor through an extension
of T by (one or two) Atkin-Lehner involution, and on that quotient they induced a birational
morphism into the image.

The dependence on . was translated as follows: B = Q1 4+ QI + QJ 4+ QIJ was recovered

DN.

as a quaternion algebra as (%) for p a prime number solving some explicit congruence

relations. Then, as O is uniquely determined up to conjugation, one could specify O by a
Z-basis, such that I € O, and one could fix p = I in the explicit calculations of the Riemann
form and period matrix for (A, E;). A priori it might look like a canonical choice of u, but
the overall effect it is that the embedding depends explicitly on the prime p.

In [LY20], for maximal orders, and later in [GY19] for hereditary orders, the dependence
of the prime is reformulated as dependence on positive definite quadratic forms that represent
p, associated with the pair (D, N). Alternatively, consider the following loci in As.

Definition 4.13. Consider an indefinite quaternion algebra B over Q of discriminant D and
a hereditary order O C B of level N. We define the quaternionic locus of QM by O as

QD,N = U/J,%/J,y (44)

where € O runs for the allowed elements as in Equation (4.2) above, and X, is the image
of XP(N) (i) into As after the forgetful functor.
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Remark 4.14. By Remark 4.10, it contains in particular all A € Ag such that End(A) = O.
Hence, if one would consider the locus Q/D,N of A € Ay with an embedding O — End(A),
without further conditions on the Rosati involution, then Q/D,N \ Op,n s a discrete union of
CM points.

These loci for N = 1 (for maximal orders, but in more general settings that abelian
surfaces) were first study in [Rot03b], [Rot04b] and [Rot04al, as part of his PhD thesis [Rot03a).
The results in [LY20] and [GY19] extend them to refine the count of the number of components
of Op n.

Let us explain first how to associate a positive definite quadratic form to a ppas (A, F) with
QM by (O, u), with O hereditary order of level N in a indefinite quaternion algebra B over Q
of discriminant D. Assume that Endg(A) = B, we are going to construct a positive definite
lattice in O, isometric to (L5, A), for 7 a normalized period matrix for (A, E). Remark that
we have the quaternionic trace and the norm in B, tr: B - Q, a+— a+a@ and nr: B — Q,
o — ada, and that any a € Q solves the monic polynomial

22 — tr(a)z + nr(a),

and if @ € O this polynomial is furthermore in Z[x] by [Voi21, Corollary 10.3.3 and Corollary
10.3.6].

We first note that we have a natural candidate for quadratic form in B, given by nr.

Lemma 4.15. For B and indefinite quaternion algebra over Q, there exists a two dimensional
Q-vector subspace where nr is negative definite.

Proof. If we have a presentation of B = Q1+ QI +QJ +QIJ by (‘f@b), then [Voi21, Equation

(4.1.1)]
nr(t 4+l +yJ +21J) = t? — az® — by? + abz?.

As B is indefinite, B ® R = Maty(R), there are non-zero elements with vanishing norm, and
over R that can only happen if one of a,b is positive (without loss of generalization, assume
a > 0). In particular, the quadratic form is indefinite over R, and it is in any case not definite
over Q. But if we restrict to a suitable two dimensional vector space, namely QI + QJ or
QI + QIJ, depending on the sign of b, we get a binary negative definite quadratic form. [

We now follow [LY20, Section 3|, [GY19, Section 2.2| and [Run99, Section 6]. As (A4, E)
has QM by (O, 1), the Rosati involution is given by a — p~'au on O. Consider a € O is

Rosati invariant, meaning o = =@y, and equivalently

pa = ap = —aj = —fa,
as tr up = 0. Hence, the Rosati invariant elements on O are exactly,
p = {B € O| tr(uf) =0} C O.

It is a lattice of rank 3, as u* ® Q is a Q-vector space Q-isomorphic (via p) to the subspace
of traceless quaternions {a € Bltr(a) = 0}. Notice that Z C pu* and that for any = € p*,
y := 2x—tr(z) € pt and tr(y) = 0. We consider then the distinguish sublattice of the traceless
quaternions:

{Lu}t ={B€0|tx(8) =0, tr(uf) =0} ={€ 0,8+ 5 =0, ub+ =0} CO.
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The quadratic form we consider is given by the discriminant of the polynomial 22 — tr(a)z +
nr(a),

g pt—7Z
o tr(a)? — 4nr(a).

It will be shown in Proposition 4.16 below that ¢ induces a quadratic form on 'UJ_/Z, that
we will identify with {1, u}* via z +— 2z —tr(z). If tr(a) = 0 then g(a) = —4nr(a), so {1, u}+
is a two dimensional lattice where the restriction of nr is negative definite.

We can more canonically consider (a, 3) + —tr(af) as the bilinear quadratic form on

L, = (20 +2Z)n{1,u}*.

Remark that this bilinear form is not the associated with —nr, but with —2nr, but for com-
putations it is more natural to work with it, as det(—2nr) = — disc(nr), and we are eventually
more interested in the quadratic form. Compare with Proposition 3.22.

Proposition 4.16. We have the following properties.
1. For any o € p* and any n € Z, q(a +n) = q().
2. For any o € p*, q(a) = 0,1 mod 4, g(a) > 0 and q(a) = 0 if and only if o € Z.

i 1
3. The form q induces a positive definite quadratic form on * /7, and (® /7, 4) 1s isometric
to (L, — ().

Proof. Ttem 1) follows from a calculation. For item 2), ¢(a) = 0,1 mod 4 follows from
the definition. With respect to positive definitiveness, we tensor with R and argue over
Matz(R), where by Lemma 4.5, the positive involutions were analogously given by A — ‘A and
conjugation by positive definite symmetric matrices. As tr and nr are given by the standard
trace and determinant on A, it is equivalent to argue that the invariant matrices by a positive
involution of Maty(IR) have real eigenvalues. For A = ‘A it is clear, for a general positive
involution one argues as in Lemma 3.7. Simmilarly, if g(a) = 0, then its polynomial ramifies
as (a —n)? = 0 for some n € Z, and one concludes as in Lemma 3.7 that nilpotent elements
cannot be invariant under a positive involution because otherwise 0 < tr(aa*) = tr(a?) = 0.

The isometry is given by [LY20, Lemma 17|, it is the inverse to o € pt, o = 2a — tr(a) €
(20 +Z) N {1, u}*+ = L,, and it follows that

4q(a) = q(2a) = disc(2a — tr(a)) = —4nr(2a — tr(«a)),
so q(a) = —nr(2a — tr(a)). O

Corollary 4.17. We have that the quadratic form q above represents squares if and only if
D =1.

Proof. Let D = 1, so B ~ Maty(Q). Then B does have elements of norm zero. But in the
proof of the proposition above, there cannot be nilpotent elements on u C O. There can still
be elements of norm zero on -, recall remark 3.8, but in particular for those element tr # 0.
Hence, for such an element «a, g(a) = tr(a)? is a perfect square.

Reciprocally, if for an element o we have g(a) = k? for k € Z, then its polynomial
2?2 —tr(a)z +nr(a) € Z[z] has integer roots (x —ny)(x —ng). If we consider 3 := a —ny, then
B(B — (n1 4+ n2)) =0 so B is a zero divisor and nr(8) = 0. O
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Now we give an important result from [LY20] and [GY19], clarifying the link between the
quadratic form above and the distinct Shimura curves X,.

i
Theorem 4.18. Fiz now {«, 8} a Z-basis of ¥ /7, and the binary positive definite quadratic
from Qu(z,y) = q(za+yB) = ax’+bzy+cy?®. Furthermore, consider'! its GLa(Z)-equivalence
class [Qu)ar.-

1. It verifies the following properties.

e The discriminant of Qu(x,y) as a quadratic form is
b?> — 4ac = —16DN.

e Consider n € Zxq represented by Q. Then
—n=0,1 mod 4.

%) has discriminant D (equivalently, it is iso-

— The quaternion algebra <
morphic over Q to B).

2. (Supposing N square-free) Assume Q satisfying the properties above, then there exists
€ O such that Q,, is GLa(Z)-equivalent to Q.

3. (Supposing N square-free) There is a bijection between:
{components of Qp N} { quadratic forms satisfying 1)}/GL2(Z)
Xy Qu
In the language of Section 3.3, for N square-free,

QpN = UH(Q)7

where q ranges through the GLo(Z)-equivalence classes of the quadratic forms in 1. The Hum-
bert varieties H(q) are furthermore irreducible and non-empty.

1
Remark 4.19. As part of the proof of [LY20, Lemma 18], for {a, B} Z-basis'> of * /7, then
aff — Ba = tu and the order O admits a Z-basis given by

O=7Z+Za+ 7B + Zap,

but observe that «, 8 are not given as standard generators of a quaternion algebra, as by the
proof of [LY20, Lemma 18] a8 # —Ba in general.

Remark 4.20. Let us rewrite the condition disc (7%\[’" = D. It can be expressed in terms

of Hilbert symbols as (—DN,n), = —1 for the primes p with p|D, and (—DN,n), = 1 for
any other prime, including the prime at c0.'3 Assume now that ged(n, —16DN) =1 and n is

Yyemark this is well-defined and independent of the choice of basis.

124 specific choice of representative of a, 8 depending on the parity of their traces.
13This is simply that the quaternion algebra is indefinite, and it always holds because —DN and n have
different signs.
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primitively represented by Q. By [Cox22, Lemma 2.5/, —16DN (hence —DN ) is a quadratic
residue modulo n and for any p odd prime:

_ vp(n)
< DN ) 1
p

Remark that by [Ser73, Chapter 111, 1.2, Theorem 1], Hilbert symbols can be computed in terms
of Legendre symbols. More precisely, for p an odd prime and a,b € Q written as a = p*u and
b = pPv with v,(u) = v,(v) = 0, it follows that

@i = 0 (3 (5)

Therefore, for p an odd prime and p = oo,

*]-a pr = 00,
1, if p JDNn,
—DN,n), = _ vp(n) ,
( )p ILZN> ’ =1, pr’na
1), if pIDN

and for p = 2 there is a similar formula, or it can be deduced from the product formula of the
Hilbert symbol. Hence, the only non automatic conditions are for the quadratic form @, are
the last one for p|DN.

Proof. This is [LY20, Lemma 18, Lemma 20, Lemma 21] (for the case N = 1) and [GY19,
Theorem A] claims and extension to the case N square-free. We give a sketch of the relevant
proofs.

For item 1, one passes to the isometric positive definite lattice (L,,—nr(-)). For the
discriminant of the quadratic form, it is (changing sign) the determinant of (L, —tr(:,~)),
and it can be computed locally at every prime. It also follows that every integer represented
by @ is congruent to 0,1 mod 4. Set now n = Q(xo,%o) and consider v € L, corresponding

1
to (zoa +yoB) +Z € M /7, hence n = —nr(y) = 72 and pa + ap = 0. That implies that the
Q-subalgebra of B, Q[u, ] C B generated by p and « satisfies
©> = —DN, v* =n, po = —ay,

so it is isomorphic to the quaternion algebra (_D(év ’"), and as in particular 4 = rankg B =

Q
Item 2) is [LY20, Lemma 21]. Given a quadratic form Q(x,y) = ax? + bxy + cy? satisfying
the properties in item 1), set the algebra over Q of rank 4, B’ = Q + QX + QY + QXY with
multiplication rule:

rankg(Q[u, 7]), it holds that Q[u,~] = B. Therefore, (ﬂ) has discriminant D.

X2=q, Y?=¢, XY +YX =0
We identify it with a more standard presentation of a quaternion algebra via:

;XY -YX VX b
o 4 4

J:=Y,
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with inverse

Y =J
AT +b (b4l (4.5)
- 2X 2a

X:

and one checks that I? = (b — 4ac)/16 = —DN and IJ = —JI, so this is the quaternion
algebra (%) ~ B. Setting ¢/ := I, it follows that x> = —DN. On the other hand,
consider «, 8 defined by:

oo {)2( if a =0 mod 4, 5i={§ if ¢ =0 mod 4, (4.6)

% if a =1 mod 4; % if c=1 mod 4.

One can check the following by computation ([LY20, Equation (11)]):

e The element aff + Ba € Z 4+ Za + Z3 + ZaS. In particular the same is true for Sa, so
O =7+ Za+ 7S + Zaf is an order in B.

e The determinant of the Gram matrix of tr(-,~) with respect to {1, a, 3, a8} is (DN)?,
hence disc(O') = DN, so O is conjugate to O as both are Eichler orders in B of level
N.

e One checks that a8 — fa commutes with 4/, so it belongs to Q(¢'), and furthermore
afS — Ba = £/, In particular ¢/ € O'.

e The lattice L,y := (Z+20")N(y')* is given by L/, = ZI+7.J and — nr(zI4+yJ) = Q(z, y).
Therefore {«, 5} is a Z-basis for '“//Z.

In conclusion, setting p as the conjugate element to p’ under O ~ O’ and (after maybe

considering —p') is an allowed element in O and we can consider the Shimura curve X, with

its associated quadratic form @, and it follows that [Q.]qL = [@]aL-
Item 3) is [LY20, Lemma 21]. O

Lemma 4.21. Consider one of the quadratic forms Q(x,y) = ax? + bxy + cy® in Theorem
4.18, and assume N square free, then either @Q is primitive (meaning ged(a,b,c) = 1) or
Q =4Q' for Q' a primitive quadratic form of discriminant —DN only in the case of DN = 3
mod 4.

Proof. This is [LY20, Lemma 23]. O

For simplicity, for the rest of the section we consider the first case.

We circle back to our original goal of writing explicit quaternion modular embeddings. For
that, we have to write down a choice for u and an explicit symplectic Z-basis v1,...,74 for
O with respect to E,, (u,v) — tr(u~'uv). With that choice, and recalling the embedding

t: B < Maty(R), and vy = (I) for 7 € H, then (A;, E,) € X, has a (big) period matrix

(1) = (s(yr)or, - e(ya)or) = (€ (7), 2(7))

so we can consider a normalized period matrix given by Qo(7)71Q1 (7).
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First, we need an explicit symplectic Z-basis of the order 0. Let us first consider the
problem of finding an explicit integral basis of the order . This was first stated in [[bu82],
but we deduce these formulas from the data of a primitive quadratic form @ and the prime p.

Consider p a prime number, represented by @ such that p fDN. Then by Theorem 4.18,

p=1mod 4 and B = <_DQN P ) . Write I, J, IJ for its standard generators as a quaternion
algebra:

I?=—-DN, J?>=p, IJ =—JI.

We want to write p and O in terms of this data. We can set p = I, let us focus of setting a
Z-base for the order.

Recall the formulas in the proof of Theorem 4.18, so that we could write O = Z + Za +
ZB + Zapf. We have formulas for o and § in Equation (4.6), and we could use them via
Equation (4.5), but for that we need to consider the term b, writing Q as ax?® + bxy + cy?.
To avoid fixing a specific form for ), we are going to "recover" b from the data that ) has
discriminant —16 DN and represents p (primitively, for that p is prime). By [Cox22, Lemma
2.3], Q is SLa(Z)-equivalent to a quadratic form of the form px? + bzy + cy?, and we would

like to solve for b and ¢ in b?> — 4pc = —16DN (hence (%) =1). Asp /DN, let us assume

DN |b, ¢, and further set that they are divisible by 4. Write b = s4DN and ¢ = t4DN. Hence
the discriminant equation reads (s4DN)? — 16pt DN = —16 DN, which implies

s?DN — pt = —1,

or, equivalently, s2DN + 1 is divisible by p. Observe that s is necessarily even. There exists
a solution for such s because —DN is a quadratic residue modulo p: then its multiplicative
inverse in F,, for (that we write (—DN)~!) is also a quadratic residue, so there exists z such
that 22 = (=DN)~! mod p, or 22 + (=DN)~! = 0 mod p, hence z2DN + 1 = 0 mod p.
Applying formulas (4.5) and (4.6) one gets:

1+J
a=—
2
= (sDN +1)J
p Y

and for the product af,
sDNJ +1J —psDN —pl
2p ‘

This last generator of Z + Z«a + 7 + ZaS has a more complicated expression, but it can be
traded as a generator for w

This expressions for Eichler orders come from [Has95|, which are a generalization of [[bu82].
Note that they are not a symplectic basis for E7, see [Has95, Lemma 2.4].

We can now state the following result for quaternion modular embeddings: originally from
[Has95] and explained in terms of GLa(Z)-equivalence classes of quadratic forms in [LY20] and

[GY19).

0ff = 21p(1 + J)(sDN + I)J =

Theorem 4.22. Consider Q,p,s,t as above. Then the order O C B given by Zey + Zes +
Zes + ZLey with
1+J I(1+J) sDNJ+1J

61:17 Qg = 2 ; €3 = 2 ) €4 = p ’
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1
is an Eichler order of level N in B. Then I € O and with the choice of u = I, ¥ /7, 18
identified with Zea + Zes, and Q,(x,y) = disc(xes + yes) is given by

Qu(z,y) = px? + 4sDNzy + 4t DNy?.

Furthermore, a symplectic basis y1,7v2,7v3,va of O for the alternating bilinear form (v, w) —
tr(p~tvw) is given by
—1
2

p
Y1 =e3— eq, Y2=—SDNejy —eq, 7v3=e€1, y4=e2,

and with respect to this choice of symplectic basis, the normalized period matriz of (A, E,) is
given by

1 /—E)?2+ Mz + DNe?22 £~ (p—1)sDNz — DNez?
pz \ €— (p—1)sDNz — DNez? —1—2sDNz+ DNz? ’

for e = == and € = —5*=, with singular relations (corresponding to ex and ey) given by

1—
<1, 1, 41’,0,0) , (0,2sDN,0,1, DN(s*DN — 1)) .

Proof. This is the first case of [GY19, Lemma 4 and Lemma 5|, originally proven in [Has95,
Theorem 2.2, Theorem 3.5|. O

Remark 4.23. This embedding is not in the "Humbert presentation” of Proposition 3.29.

4.1.2.1 On the number of components of the quaternionic loci

Following [Rot04b], [LY20] and [GY19]|, we provide more details on the quaternionic loci Qp, n
defined in Equation (4.4).

By Theorem 4.18, the number of components of Qp x is the number of GLy(Z)-equivalence
classes of binary quadratic forms satisfying the properties of said result. In [LY20, Theorem
1], for the case N = 1, a formula for the number of components in terms of class numbers.
Remark that the class number of a discriminant is the number of primitive positive definite
quadratic forms of said discriminant modulo SLy(Z)-equivalence, and Theorem 4.7 is stated
in terms of GLy(Z)-equivalence.

In Theorem 4.18, starting with a quadratic form Q(x,y) of discriminant —16Dg for Dy a
square-free number, one could ask in more general terms how to assign the pair (D, N). In
the context of the theorem, that from the condition that for every a represented by @, all

—Do,a

quaternion algebras ( ) have the same discriminant D, a factor of Dgy. There is another

way to phrase it, as in [GY19, Introduction, pg 2|, by considering the genus of the quadratic
form. Two positive definite quadratic forms of the same (negative) discriminant N are said to

*
belong to the same genus if they represent the same values'® in (Z/ NZ) , and every genus

contains the same (finite) number of SLa(Z)-equivalence classes by [Cox22, Corollary 3.14].

MEquivalently, by [Cox22, Theorem 3.21] if they are equivalent over the p-adic integers Z, for every prime
p, or equivalent over Q with a matrix with denominators prime to 2/N.
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Assume that Q(z,y) = az®+bxy+ cy? is a positive definite quadratic form of discriminant
—16Dy for Dy a square-free number, and that every number represented by @) is congruent to
0,1 mod 4. That property, together with Dy being square free, implies by Lemma 4.21 that
Q is either primitive or @ = 4Q’ for ' a quadratic form of discriminant —Dy (necessarily
primitive), and that can only happen if Dy = 3 mod 4. As we did above, we are going to give
details only in the former case and one may check [GY19, Introduction, page 2| for the latter.

Set C_16p, for the class group of primitive binary quadratic forms of discriminant —16Dy,
and write Dy = py - - - pg. By [Cox22, Proposition 3.11, Theorem 3.15], there are 2¥*1 genera
of forms of discriminant —16Dg, and they are described as follows. Consider the following
characters on C_1¢p,

X-4:C_16p, = {£1} Xp; : C-16py = {£1}

P — <_4> _ (_1)(7171)/2; P {(Pj) lfpj odd

Z (3) = ()0 it py = 2

where n is any positive integer represented by P with ged(n,2Dg) = 1 and (f) is the Jacobi
symbol. In the proof of [Cox22, Theorem 3.15] (remark we are in the two last cases of the
table), these are the assigned characters to describe the genera of C_i6p,. Furthermore, it
also holds that either x_4Xxp, - - Xp, OF Xp: - - - Xp,, is the trivial character, depending on if the
odd part of Dy is congruent to 1 or 3 mod 4.

For our quadratic form @, it follows that x_4(Q) = 1, so in any of the cases above,
necessarily x,,;(Q) = —1 for an even number of primes. Define now:
Dg = H pj, Ng = H Dj-
PjsXp; (Q)=-1 Pj:Xp; (Q)=1

Then DgoNg = Dy and D¢ has an even number of prime factors, so it is the discriminant of
an indefinite quaternion algebra over QQ, and can consider O an hereditary order of level N.
In conclusion, the pair (D, N) is determined by the genus of the quadratic form. Observe
that D = 1 if and only if the quadratic form belongs to the principal genus.
Reciprocally, by Remark 4.20, (—DN,n),, = Xxp,(Q). Therefore, the quadratic forms we
consider form a full genus in this case. In the case Dy = 3 mod 4, one considers both C_1¢p,
and C_p, and one genus in each discriminant, see [LY20, Lemma 24].

Example 4.24. For any N, consider the quadratic form Q(x,y) = x? + 4Ny?, which its
SLa(Z)-equivalence class is the principal class of C_1gn. We will see in the next subsection that
1> and the diagonal map of Xo(N) — As

this is the quadratic form associated to p = <](\]7 _0

given by T — (g ]\?T> In particular, for N = 1, 2% + 4y? is the quadratic form associated

to (generic) self-products A = E? with the product polarization. By Remark 3.25, A admits
maximal real multiplication by a quadratic field K if and only A(K), the discriminant of the
quadratic field, can be expressed as a sum x% + (2y0)%. Hence, the quadratic fields we described
in Example 2.3 are all the quadratics fields such that A has maximal real multiplication by.



4.2. MODULAR CURVES AND JACOBIANS ISOMORPHIC TO PRODUCTS OF
ELLIPTIC CURVES 65

4.2 Modular curves and Jacobians isomorphic to products of
elliptic curves

Following the previous section, when D = 1 we recover modular embeddings for the classical
modular curves Xo(N) for N square-free. In this section, we are going to present an alternative
approach to describe the associated quadratic forms, with the advantage that works for any
N, not necessarily square-free. We follow [Kan16].

Before that, note that Theorem 4.22 also applies when D = 1, but in this specific case
one can directly give different embeddings that are linear. We will state them in Lemma 6.31,
following the examples in [LY?20, Section 6].

In Subsection 6.5.2.2, when N is square-free, we will explicitly construct all such embed-

dings Xo(N) — Qi n, as they are indexed in every allowed p € ( ]\%Z %), but we cannot
conclude that for general N. We also compute the quadratic form A associated with £, for
T in the image of those embeddings, hence the quadratic form associated with each allowed
L.

These quadratic forms are precisely the ones given in [Kan16| by an alternative approach,
for general N. That allowed us to reframe our embeddings in this more general set up. We
do not claim is it the full Q1 n for general N.

We present now the problem of [Kanl6|. This is an extended version of [Gij25, Section
5.2.2].

In concerns the following problem. From Theorem 1.3 it follows that for any C' € Ms and
its Jacobian (Jac(C),0), and any F, E’ elliptic curves

(Jac(C’),Q) % (E X E/, >\E X /\El),

as ppas, where Ag @ Agr is the canonical induced principal polarization on E x E’. But it does
not impede Jac(C') to be isomorphic to E x E’~ as unpolarized abelian varieties. Equivalently,
there could be another principal polarization A on E x E’ such that

(Jac(C),0) = (E x E', ), (4.7)

Equation (4.7) imposes conditions on E, E’ and C. Before stating them, we set some facts
about NS, End and End® for a product E x E’ equipped with the product polarization, that
we extracted from [Kanl6, Appendix].

Consider (E1,\1) and (F2, A2) and the maps p; : E1 X Fs — E;, v; : E; — Ey X Ej for
i=1,2.

Lemma 4.25. There is an isomorphism
P x P2 Er x By — Ey x B
and
End(E1 x Ep) — (Hom(E;, Ej)), ;
[ (pifui)ig.
The Rosati involution corresponding to A\ @ Az is (fij)ij — t(()\i)*lﬁz)\j), i.e.

<f11 f12> N <>\11fi1)\1 )\21f§1>\1) _
Jo1 fo2 A fi2de At faada )
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so we identify

End®(E; x Fp) = {(

a1l 12

. .. S . .
A2_1a12)\1 0422) s ay € End®(E;, \), agg € HOm(El,EQ)} )

Furthermore, End® " (Ey x Ey, A\| ® A\3) corresponds to
lalg, g ) }
1. 2 a,b € Z~g, ar1a € Hom(E, Es), ab — deg(aqe) >0 ;.
{ <A1 Lot b, >0, (12 (E1, E) g(12)

Proof. This is the content of [Kan16, Paragraph after Equation (64) in pg.35, Proposition 61,
Corollary 25|. Remark that [Kan16, Corollary 25| applies also if the elliptic curves have CM,
for that End®*(E) = Z. O

Proposition 4.26. Assume C, E, E" satisfying (4.7) above, and set F : Jac(C) — E x E' for
the isomorphism. Then

e The elliptic curves E, E' are isogenous. Let ¢ : E — E’ be an isogeny between them.

e The principal polarization on E x E' depends on deg ¢ as follows. Consider A\g @ \g
the canonical product principal polarization on E x E'. Then there exists a,b € Z~q with

ab—deg¢p =1, (4.8)
such that for

(e 9 ) o s
fo= <AE1¢AE/ b,y ) € d(E x E"),

then X == (\g ® Agr) o f is a principal polarization with

0 =F*\

Proof. This is [Kan16, Proposition 26|, where the isogeny can furthermore be taken cyclic. [

Observe that an isogeny between elliptic curves ¢’ : E — E' is always of the form ¢’ = k¢
with ¢ cyclic. Then the condition (4.8) for ¢ = ke¢:

ab — k* deg(¢) = 1. (4.9)

In the generic case of (4.7) that End(F) = Z, by Proposition 4.26 E and E’ are isogenous

and E’ does not have CM either. Therefore Hom(E, E’) = Z, so there exists an isogeny ¢

such that Hom(FE, E') = Z¢. Such an isogeny is cyclic and of minimal degree, suggesting the
following definition.

Definition 4.27 ([Kanl16]). Let C € My and consider (Jac(C),0) € AP and N € Z~o. We
say that Jac(C) is a Jacobian of type N'° if

Jac(C’) = E1 X EQ,

and there exists a cyclic isogeny ¢ : E1 — Ey with deg¢ = N.
Furthermore, we define the following locus in Ay for N € Zg:

K(N) = {Jac(C) € A"| Jac(C) has type N}.

5the original terminology in [Kan16] is "curve of type N", for that it is a property of the curve C, but it
is more natural to us to thing of C' as a point in the moduli space, so we change the notation for Jacobian of
type N.
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By [Kan16, Theorem 1|, these loci are one-dimensional, covered by finitely many irreducible
components which are the image of modular embeddings of Xy(N). More precisely, in the
language of Section 3.3, K(N) = H(q) with ¢ a quadratic form of type N, as defined below.

Definition 4.28. ([Kanl6, Definition pg.6]) Let N € Z~g, and let f(x,y) = ax® + bxy + cy?
an integral binary quadratic form. We say that f is of type N if

1. for any z,y € Z, f(z,y) =0,1 (mod 4).
2. its discriminant A(f) = b* — dac = —16N,

3. There exits § € Z~o with ged(8, N) = 1 such that f —P" 2, meaning that f represents
82 primitively.

The first condition in the definition is natural by Lemma 3.27, and in terms of characters
and genera as in Subsection 4.1.2.1, it means x_4(f) = 1. The last condition implies that
(when ged(a,b,c¢) = 1), f belongs to the principal genus of C_ygp.

It will also follow form Proposition 4.29 below that either f is primitive or f = 4¢ for g a
primitive form. Compare it with Lemma 4.21 in the case of quaternionic multiplication, but
that one is only under the condition of N square free.

More can be said, following [Kanl6, Section 5].

Proposition 4.29. Let N € Z~o and f an integral binary form. Then the following are
equivalent.

1. f has type N as in Definition 4.28 above.

2. either f is primitive, or f = 4g for g primitive (and in that case N = 3(mod 4)), and f
(resp. g) belongs to the principal genus of C_16n (resp. C_4n ).

3. f is SLa(Z)-equivalent to one of the following forms. Consider the parameter set
P(N) = {(a,b,k) € Z2y x Z: ab— k*N = 1}, (4.10)
and for any (a,b,k) € P(N), set

Fapr) = a’2x® +2kN(ab + 2) + b>N(ab + 3)y>. (4.11)

Proof. This is [Kan16, Theorem 13]. O

Remark 4.30. There are trivial solutions to the parameter set (1,1,0), which give f110 =
22 +4Ny?, which is the SLa(Z)-equivalence class the principal form in C_1x5. More generally,
there are trivial solutions parametrized by (1,1 + k2N, k) for any k € Z, and all JL14+k2N k)
are SLo(Z)-equivalent to the principal form, for that they represent 1.

Finally, from Equation (4.10) and Equation (4.9) it is natural to think there is a link, which
we specify in Theorem 4.31 below, describing K (V) as an union of H(q) for ¢ quadratic forms
of type N. Before that, observe that our locus K (N) was defined inside A4 = A5\ (A1 x Ag) =
Ag \ Hi. Therefore, we should discard quadratic forms that represent 1, so the class of
22 + 4Ny?2.
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Theorem 4.31. Consider N € Z~q, then

KV =g < Ay,

q

where H"(q) = H(q) \ H1, and q ranges through the GLo(Z)-equivalence class of quadratic
forms of type N, minus [z% + 4Ny2]GL2(Z).

For such a q as above, H(q) # 0 and H(q) is irreducible: more precisely, for every (a,b, k) €
P(N), there exists a proper morphism Xo(N) — Ag with either degree 2 or degree 4 such that
its image is H(fapk). This morphism induces a birational isomorphim with XO(N)/wN for
wy the Fricke involution,'® or a degree four quotient of Xo(N).

For N square free, it follows that K(N) = Q) n.

Proof. This is [Kanl16, Theorem 12, Theorem 31 and Proposition 45|. The morphism can be
seen as an algebraic counterpart to Theorem 4.7 for D = 1 and general N. We will realize
them as quaternion modular embeddings in Lemma 6.31. O

There are other results about irreducibility and non-triviality for #(q) that we collect here.
This is not exhaustive.

Proposition 4.32. Let g a positive definite quadratic form with ¢ = 0,1 (mod 4).

e (Modular curve case) Assume that q represents a square primitively (not necessarily
coprime with its discriminant). Then H(q) # 0, ([Kan19, Theorem 1]), and it may not
be irreducible ([Kan19, Theorem 4 b)]), but there are bounds for the number of irreducible
components. If q is primitive then H(q) is irreducible. ([Kanl19, Corollary 5])

e (Shimura curve case) Assume q is in the conditions of 4.18 1, in particular disc(q) =
—16DN with D an product of an even number of primes, and ged(D, N) = 1.

— Assume N square-free, then H(q) # (0 and it is irreducible. If N is not square-free,
then H(q) may not be irreducible ([LY20, Remark 3]), see [Run99, Ezample 13].

— If q is primitive then H(q) is irreducible [Run99, Theorem 10).

From Proposition 3.28, Theorem 4.18 and 4.31 we have several loci in As that admit
description in terms of unions of generalized Humbert curves. We compare them here. In the
intersection Ha, N Ha, the corresponding quadratic forms may have different discriminants,
while in both Qp y and K(N) is the same discriminant. If one of the A; is a perfect square,
then Ha, N Ha, can only contain modular curves, whereas Ha, N Ha, in for non squares A;
contains both types of curves

For D square-free and (general) N we have

p.n €| JH(a),
q

for ¢ ranging through GL2(Z)-equivalence classes of quadratic forms as in Theorem 4.18 1),
and #H(g) may not be irreducible.

164 distinguished Atkin-Lehner involution of the modular curve.



4.2. MODULAR CURVES AND JACOBIANS ISOMORPHIC TO PRODUCTS OF
ELLIPTIC CURVES

For D, N square-free, we have

o = JH(a),

for ¢ ranging through the same set, and every H(q) is irreducible and non-empty.
For D =1 and N square-free, we have

K(N)= Qi n\ H1.

For general N, we have K(N) C Qi n \ H1, but more precisely, consider

On = UXﬂ C 1N
i

the subset given by the embeddings from Lemma 6.31, then

K(N)= 0Oy \ Hi.

69

Finally, all possible CM points that occur in Uy Q1 x belong already to Uy On. More precisely,
set €N the subset of Uy Q1 n consisting of all CM points that occur in any of Q1 n. Alterna-

tively, €M is the set of all CM isotypic abelian surfaces in A2. Analogously, set €9t C Uyx On.
Then €90 is the set of all abelian surfaces A that are isomorphic as unpolarized abelian vari-
eties to By X Ea, with E; isogenous CM elliptic curves. Then, by the theorem of Shioda and

Mitani [BL04, Corollary 10.6.3], €9t = €.
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Sacame de aqui, mi corazon,

si no logran encontrarnos,

ya so6lo seremos municiéon

disparada contra el fango

una bala que no sabe que ha fallado.

Figurantes, Vetusta Morla



Chapter 5

Explicit bounds on the coefficients of
modular polynomials and the size of

Xo(N)

Abstract. We give explicit upper and lower bounds on the size of the coefficients of the
modular polynomials @y for the elliptic j-function. These bounds make explicit the best
previously known asymptotic bounds. We then give an explicit version of Silverman’s Hecke
points estimates. Finally, we give an asymptotic comparison between the Faltings height of
the modular curve Xo(NN) and the height of the modular polynomial ®y. !

Keywords: Modular polynomials, modular curves, elliptic curves, heights.
Mathematics Subject Classification: 11F32, 11G05, 11G50, 14G40.

5.1 Introduction

Modular curves play a central role in modern arithmetic questions. They are a key feature in
the solution of famous diophantine equations, in the study of the Mordell-Weil group of elliptic
curves (both for the torsion subgroup and for the Birch and Swinnerton-Dyer conjecture) and
in isogeny-based cryptography. It is thus useful to be able to represent these curves explicitly
and to estimate how complicated their models are.

A classical way to estimate complexity of models is via height theory. For any non-zero
polynomial P in one or more variables and integer coefficients we define its height to be

h(P) :=logmax|c|, where c ranges over all coefficients of P.

Let N be a positive integer and denote by &y = &n(X,Y) € Z[X,Y] the modular
polynomial for the elliptic j-function. It vanishes at pairs of j-invariants of elliptic curves

!The authors thank Pascal Autissier, Joe Silverman, and Emmanuel Ullmo, for conversations around this
topic at the occasion of the Hindry 65 conference in Bordeaux. They also thank Autissier for comments
on an earlier version of the text. They thank Riccardo Pengo and Paolo Dolce for providing the reference
[DM24]. They thank the referee for constructive feedback. The authors were supported by the IRN GandA
(CNRS). The first author is supported by the Alexander-von-Humboldt Foundation. memorThe third author
is supported by ANR-20-CE40-0003 Jinvariant.
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linked by a cyclic N-isogeny, see |[Lan87, Chapter 5]. The equation ®x(X,Y) = 0 is a plane
affine integral model for the modular curve Xo(N) (but not in general a smooth model).
Paula Cohen Tretkoff [Coh84| proved that when N tends to +oo
h(®n) = 69(N)[log N — 2kn + O(1)], (5.1)

where

W(N)=N]] <1+;> and EN:Zbgp.

p
p|N pIN

Work of Autissier [Aut03| and Breuer-Pazuki [BP24] show that one may profitably replace

kn with Ay, where
n

pt—1
AN = g —— 5 logp.
- -1
P

The terms xy and Ay are compared in [BP24|, which leads in particular to

h(®n) = 69(N)[log N — 2Ay + O(1)]. (5.2)

Numerical computations as reported in [BP24] suggest that the bounded term implied by the
O(1) in (5.2) is smaller than the one in (5.1).

As modular polynomials have various cryptographic or algorithmic applications, it is useful
to obtain explicit bounds on the O(1) term. In [BS10]|, Broker and Sutherland obtained
asymptotically optimal bounds in the case where N is prime, and Pazuki [Paz19a| provided
explicit bounds in the case of general N, but these were not quite asymptotically optimal.

The most recent work providing an explicit upper bound is [BP24|, where the first and
third authors proved that for any N > 2,

h(®N) < 6¢(N)[log N — 2\y + loglog N + 4.436]. (5.3)

The term loglog N was superfluous, an unfortunate artifact of the method used in [BP24].
A natural idea to try to remove it is via equidistribution results. However, that would be at
the cost of losing the explicit nature of the upper bound, hence jeopardizing our other efforts.
We are nevertheless now able to remove the loglog N in the following theorem, where we
provide both explicit upper and lower bounds.

Theorem 5.1. Let N > 1. The height of the modular polynomial ® N (X,Y") is bounded by
6¢(N)[log N — 2\y — 0.0351] < h(®y) < 63(N)[log N — 2\n + 9.5387].

The main new idea to improve the upper bound comes from technical inequalities involving
Farey sequences. We use both reduced and non-reduced elements in the upper half plane in
the key equation (5.5), which help us obtain better estimates of the Mahler measures at play.

To obtain the lower bound, we use a specialization trick to reduce the calculations to the
Mahler measure of the one-variable polynomial ®x(X,0) = ®(X,j(p)), where we can use
explicit complex multiplication properties.

After presenting some preliminaries in Section 5.2, we prove the upper bound of Theorem
5.1 in Section 5.3. We prove the lower bound of Theorem 5.1 in Section 5.4.
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As a corollary to Theorem 5.1, we add the following explicit result on Hecke points in
Section 5.5, giving an explicit version of a result of Silverman [Sil90]. For any elliptic curve

E defined over Q, for any N > 2 and any cyclic subgroup C' C E(Q) of order N, denote by
JjE/c the j-invariant of the isogenous elliptic curve E/C.

Theorem 5.2. Let E be an elliptic curve defined over Q with j-invariant jg. Let hoo(*)
denote the absolute logarithmic Weil height. For any N > 2, one has

. 1 .
(CL) hoo(]E) - chc:lichoo(]E/C)
#C=N

L h(®)  2log(¥(N) + 1)
=) ()

() hoo@E)—w(l) S helisye)

> —6log N 4+ 12\ y — 58.34.

C cyclic
#C=N

< 6.67 + 6min {0,log (1 4+ hoo(jr)) — log N + 2Ay + 0.25}.

The proof is given in Section 5.5. It combines Silverman’s method, Mahler measure esti-
mates, and the explicit bounds from Theorem 5.1.

The height of ®x is a way to measure the size of the curve Xo(N). But there are other
ways of measuring the size of Xo(N): the Faltings height of the curve, the Faltings height of
its Jacobian Jy(NN), the height of a Hecke correspondence with respect to a carefully chosen
metrized line bundle, the self-intersection of the Arakelov canonical sheaf, are all used in
the literature. One could even think of the size of classical Heegner points on the modular
Jacobian as a way to measure the complexity of Jo(V), hence of X((IN). So what is the
size of Xo(N)? We gather in the following theorem some asymptotic results that are easy to
derive from the existing literature, and which explain that the height of ®, despite being
elementary, captures some of this deeper information.

Theorem 5.3. We have the following properties.

(a) Let hgaye denote the stable Faltings height as recalled in Definition 5.21. For any integer
N > 1, one has the equality hpa(Xo(N)) = hpaie(Jo(N)). Then when N is square-free
and coprime to 6 and tends to infinity, one has

1
hpai(Xo(N)) ~ o5 h(Pn).
(b) Let Ty be the Hecke correspondence in P! x P and let L be the associated metrized line

bundle as given by Autissier in [Aut03]. Then when N tends to infinity one has
hp(Tn) ~ 2h(PnN).

(c) Let k be a quadratic field of discriminant Dy, of class number hy, with 2uy, roots of unity.
Assume Dy, < 0, Dy, = 1(mod4), and consider xp, € Xo(N) the related Heegner point
for each compatible N. It gives rise to a cycle cp, = (xp,) — (00) € Jo(N). Then when
N tends to infinity, one has

- h
oo (e0.) ~ G H(@N):
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(d) Letw? denote the self-intersection of the Arakelov canonical sheaf of the minimal reqular
model of Xo(N), for any N > 2 coprime to 6. Then when N tends to infinity, one has

1
—2
~ —h(Py).
w 24h( N)

We prove Theorem 5.3 in Section 5.6.

5.2 Preliminaries

Denote by H = {7 € C : Im(7) > 0} the upper half-plane, on which SLs(Z) acts via fractional
linear transformations. A fundamental domain for this action is

1 1
f:{TGH sl > 1, —2<ReT§2andRe7'2()if|T:1}.

For any 7 € H, we denote by 7 € F the unique representative in this fundamental domain
of the SLg(Z)-orbit of 7.
The j-function j : H — C is SLy(Z)-invariant, and satisfies a g-expansion of the form

§(r) =q '+ 744+ 196884+ -, where g = 2™

We will also consider the modular discriminant function A : H — C, which is a cusp form of
weight 12 for SLy(Z), and we choose to normalise it such that its g-expansion is

Alr)=q ] —q")* =q—24¢* +252¢° + - - (5.4)
n=1

This modular form plays a key role in this paper. Let us start by computing in the next
lemma two special values which will be used in the sequel.

Lemma 5.4. Let A be the discriminant modular form, normalized as in (5.4). We have

3 1 36 T
(a) A(p) = —(23;)241“ <3> ., where p=-e€3 and D stands for Euler’s Gamma function,

and

(b) AG) = ?Tlﬁlgr <111>24'

Proof. Let us start with (a). We have classically (27)'2A(p) = g2(p)? — 27g3(p)?, with go, g3
the normalized Eisenstein series, and g2(p) = 0 is a direct computation. For the value g3(p),
we work with the elliptic curve in complex Weierstrass form y? = 423 — 4, which has period
lattice A = wZ + pwZ, with period

)

2/+°0 dt /+°° dt Ly (1 1) r(3)?
w = —_— = — oy =
VA —4 i VB -1 3 \6'2 257
where B(.,.) is the Euler B function, as classically defined for any complex numbers zj, 29
with positive real part by

['(21)T (22)

1
B(z, » ::/ 11— )2 = .
(21, 22) ; (1-1) (o1 1 22)
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Writing in generic Weierstrass form 4z3 —4 = 423 — gox — g3, we simply read off go(A) = 0 and
g3(A) = 4. We can now compute g3(A) = w0¢3(Z + pZ) = w8g3(p), hence g3(p)? = 4%w'?,
which gives the claim for A(p).

We treat part (b) similarly: (2m)'2A(1) = go(i)® — 27g3(7)?, and g3(i) = 0 is a direct
computation. For the value go(7), we work with the elliptic curve in complex Weierstrass form
y? = 42® — 4z, which has period lattice A = wyZ + iwpZ, with period

dt oo dt 13(1 1>_F}1)2
4’2 '

+o00
wo = 2 —_—— = —_—_— -
’ /1 Vas—a L VBt 2
Writing in generic Weierstrass form 42% — 4z = 423 — gox — g3, we read off g3(A) = 0 and
g2(A) = 4. We can now compute ga(A) = wy*ga(Z +iZ) = wy *g2(i), hence g2(i) = 43w?,
which gives the claim for A(7). O

Remark 5.5. From old work of Hurwitz, one can also derive another expression of A(i) using
another period. From equation (7) page 201 of [Hur98| we get

Al = (227:)812 </01 1di t4)12'

Our first analytical tool is the following result, which is a refinement of (3.18) of [Paz19a).

Lemma 5.6. Let () =logmax {|A(7)|,|5(T)A(7)|}. Then for all T € F,

. 33 1 24

Proof. We have

L g(r)?
I = GryeAwE)
where go(7) is again the normalized Eisenstein series of weight 4. Thus
f(r) = log [A(7)] if |j(7)| <1
3log|gz(7)| — 12log(2m) if [j(7)| > 1.

The boundary of F consists of a circular arc C from p to p?, where p = e, as well as the
two vertical half-lines L from p to ioco and L’ from p? to ioo.

Since j(7) has simple zeros at p and p?, and no other zeroes near F, one finds that
|7(7)] <1 in small neighbourhoods of these two points. Their intersection with F consists of
two connected components, DU D’ = {r € F : |j(7)| < 1}, where p € D and p* € D'.

By the Maximum Modulus Principle, f(7) attains its extrema either at the cusp ico or on
the boundary components L', C, L, 9D and dD’.

Using SageMath [Sage|, we computed f restricted to these boundary components. The
computations can be found on the GitHub repository https://github.com/florianbreuer/
ModularPolynomials.

The results are symmetric around the imaginary axis, so Figure 5.1 shows the plot of f(7)
for 7 on the contour from 7 via p to ico, as well as on dD.

We find that f attains its maximum at f(i) < 1.1266 and its minimum > —5.5335 where
0D meets L. At the cusp, f(ico) = 0, which lies between these two extreme values. The
formula for f(i) comes directly from Lemma 5.4.

O


https://github.com/florianbreuer/ModularPolynomials
https://github.com/florianbreuer/ModularPolynomials
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” ”

Figure 5.1: (Left) The fundamental domain F. (Right) Plot of f(7) for 7 € C UL U 9D and
Re(7) > 0.

Remark 5.7. Repeating the computations in [BP2j] using the upper bound in Lemma 5.6
instead of [BP24, (13)], we obtain in the following corollary a slight improvement on the
constant in (5.3).

Corollary 5.8. Let N > 2. the height of the modular polynomial ®n(X,Y") is bounded by
h(®n) < 69 (N)[log N — 2Ay + loglog N + 4.238].

5.3 Proof of the upper bound in Theorem 5.1

5.3.1 Strategy of proof.
Let us start by denoting, for N > 1,

CNZ{(S Z) ca,bdeZ, ad=N,a>1,0<b<d—1, gcd(a,b,d)zl}.

We have

pox =Y Y 1= %0y,

dN 0<b<d AN
(br)=1

where we denote the ged r = (d, %) for each d.
The relevance of the matrices in Cy is the following. For each v € Cny and 7 € H, define

a,T + b
Ty ::7(7):77d T
gl

Then the elliptic curves C/7Z + Z and C/7,Z + 7Z are linked by a cyclic isogeny of degree N.
Conversely, up to isomorphism, all cyclic N-isogenies from C/7Z + Z are obtained this way.
In particular, the modular polynomial ® 5 (X,Y) satisfies

oy (X i) = ] (X i)

veCn
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An interpolation argument (see Lemma 5.14) allows us to estimate the height of ® 5 (X,Y)
in terms of the heights of the specialised polynomials ® (X, j(7)) for suitable values of 7 € H.
These, in turn, are related to their logarithmic Mahler measures:

SNn(T) = m(@N(X,j(T))) = Z logmax{l, \j(ﬁ)]}

veCn

This Mahler measure is now our top priority. Let us work on the formula defining Sy (7)
and start with equation (14) from [BP24], valid for any N > 1 and 7 € H:

Sn(r) = logmax{|A(%)], |i(7)A(F)[}+6 Y [logIm 7, ~logIm 7] —1(N)log|A(7)].
v€CN veCN
(5.5)

Recall that here 7, € F denotes the representative of 7, in the fundamental domain F. We
invoke [Aut03, Lemme 2.3|:

S log T = u(N)(lo N — 22), (5.6)
veCN v

which combined with

b
Im7, =Im (a’ﬂ——i_ 7> = aiImT
d, d

gives
— Y logIm7, = ¢(N)(log N — 2Ay — logImT). (5.7)

veCN

Inject equality (5.7) in equation (5.5) and use the upper bound from Lemma 5.6 (note that
j(1y) = j(7y)) to get:

Sn(t) = Z log max{|A(7,)], [5(7) A(F)[} + 6¢(N) [log N — 2An] (5.8)
veCn
+6 ) logIm7, — ¢(N)log [|A(7)|(Im 7)¢]
veCN
< 6¢(N)[log N — 2Ay + 0.1878] + 6 Z log Im 7, — ¢(N) log [|A(7)|(Im 7)°].
veCN
(5.9)

Our strategy is to set 7 = iy with y > 1 and obtain an explicit upper bound for the sum
Z logIm 7., which we will decompose into a sum with large d and a sum with small d:
veCN

Z logIm 7, = Z logIm 7., + Z log Im 7,,. (5.10)
vECN v€CN v€CN
dy>V/Ny dy<v/Ny

Our strategy is inspired by [Coh84], where the author uses a similar decomposition.
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5.3.2 Large d

Consider v € Cy for which d = d, > /Ny. As in [Coh84]|, we will approximate 7, with a
representative 7, € SLa(Z)7, satisfying Im 7., > %
We start with the following lemma, which relies on the Farey sequence of order M.

Lemma 5.9. Let M > 1 be an integer. Then one can express the interval

o[ M+2_ML’“JI h
M= \My1 M+1) M%)

as a disjoint union of intervals Ins (%) of the form [p1, p2) containing % and such that

1 h
D P G
oMk =k 'S (M0
R ho 1
oMk =" k= (M + 1)k
Proof. This is [Coh84, Lemma 3]. O

Recall that 7 = 4y with y > 1 and d > /Ny. Then we set

e

Let v = <8 Z) e Cy. If g € [0, ﬁ) then we replace b by b + d; this merely has the

effect of replacing 7, by 7, + 1, which is in the same SLy(Z)-orbit.

Z _uh> € SL2(Z) for which % € IM(%) and define

Next, choose a matrix § = (
7y 1= 6(y(7)).

The entries s and u may be chosen in such a way (multiplying § by a suitable translation
matrix) that —% < Re(?,) < 1.

Lemma 5.10. The elements 7, constructed above satisfy the following estimates.

1
(a) Im’f_’)’ 2 57
d2
(b) loglm 7., < log Ny and

(¢) logIm 7, <logIm7, + log4.

Proof. We compute

N 1 d? 1
i o (5.11)
d

BE2 Ny 2 Nyk?’
(3) + -0 s

Im7, =
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and so

@ (G—%)

logIm 7., = log NukZ
Yy

It follows that )

logIm 7, < log

Nyk?’
We also have |4 — 2| < %, S0
b _ h)2
o< la=k) Ny at &
= <M>2 = @k2 NZyZ  Nyk?
32

, & M2
Furthermore, as Ny > 93

> 1, we also find in equation (5.11)
Im7, > —.
mty 2 g

Finally, combining this with —% <Re7, < % it follows that

7, € FUSFUST 'FUSTF,

0-1 11
S—( 0) and T—<01>

are the standard generators of SLg(Z). In particular, we find

where

logIm 7, < logIm 7, + log 4.

Now we estimate the sum in (5.10) for those v € Cn with d > \/Ny. We note that
2log M < 2logd — log(Ny).

Lemma 5.11. Suppose 7 =iy with y > 1 and N > 1. Then

0.5 + log 2
> logIm#, < (4.75 +3.5log2 + +Og) P(N).
et 2V N

dy2VNy
Proof. Let us start with

Z logIm 7, < Z Z (log Im 7, + log 4)
~ECN AN 0<b<d
dy>V/Ny d>y/Ny (br)=1

< Z Z logIm 7, | + log(4)y(N),

dIN  0<b<d
dZ\/ Ny (bvr)zl

81

(5.12)
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as the number of terms in the sum is bounded by #Cx = ¥(N). By Lemma 5.11,

Z Z logIm 7., < z:zzlogdiz2 (5.13)
dN  0<b<d d b Nyk
=2
d

d>/Ny (br)=1

Mk
ZZ Z [2logZ—log(Ny).

k=1 h=1 %EIM(%)
————
(4)

Let us bound the number of terms in the sum (i) above. By Lemma 5.9, the length of

1 M(%) is bounded by ﬁ’ hence the number of terms in the inner sum is bounded by the

number of integers b with (b,7) =1 in dIM(%), for fixed k and h = 1,... k. For an interval of
length r, we have o(r) integers coprime with r. Therefore?, for fixed d and k,

2d

#{8eniposv<d =1} <o |12t <o) (G 1)
(5.14)

Summing over 1 < h < k, we bound the number of terms in the sum () by

m + ko(r).

Hence we split the sum in Equation (5.13) in two:

> Y loglm#, (5.15)

dN  0<b<d
d>y/Ny (br)=1
M M
2dp(r) d d
< ————— [2log — — log(INV k 2log — — log(IV
_%:;(MH)T[ og ;- — log( y)}+zd:; 90(7")[ og ;- — log(Ny)

2The referee pointed out the stronger upper bound “’i,r) (Midl)k + o(r)(1 - “"(%),71), which didn’t lead to

manageable expressions.
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We deal with the first sum in the right hand side of inequality (5.15).

M
2dp(r d
Y Gr i)y [2 log - — log(Ny)] (5.16)
d k= 1
2dp(r M
_Z M+1 2Mlogd—2;logk:—Mlog(Ny)]

2d d? 1 log(v2r M
<§j olr 2 + log - _losV2mM) |
M1 M2Ny ~ 6M(M +1) M
2d<p M M+1 1 log(2mw M)
< 2421 - -
Z 1 [ Rl T T T MM+ 1) M (i)

where to reach (i) we used

Z log k = log(M!) and by [Rob55] we have for any integer M > 1:

MM MA\M
Vet (M) e < an < vamr () en
€ e
so in particular
1 M
MlogM — M +logV2rM + ———— < log k
og + log V27 +12(M+1)_§_:0g ,

and in (79i) we used the fact that M < F < M + 1 implies

2
Lo B (M1
M2Ny M

and the inequality (iv) holds because for any M > 1 we have

M+1 1 log(2m M)
2421 - <2
[ e TS+ 1) M =7

which can be verified through direct computation.
Let us bound the second sum in the right hand side of inequality (5.15).

M+1

U d
Z chp(r) (2 log ol 2log k:>

d|N, k=1
d>+/Ny

= Z (@(T)M(M+1)10g\/7—2(,0 Zklogk)

d|N,
d>+/Ny
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M
We bound — Z klog k as follows. By Abel’s summation formula,
k=1

M M(M +1) My (lu) +1) 1
;klogk: 21ogM—/1 e du

lu]
hence, as + = <

M
~2) klogk = —M(M+1)logM+/M L]+ 1) g,

1 u

M(M +1)

—M(M +1)log M + 5

— 1.

We set M := so M < M < M + 1. Therefore,

\/W

Z <cp(r)M(M +1)log \/7 —2¢(r Zklog k>

dIN, d>v/Ny
M+1\  M(M+1)

< o(r) | M(M +1)log + -1

L2 e ()55 )

S M(M +1)

< Z o(r) (M(M +1)log2+ 2)

dIN, d>/Ny

1\ - -

- o(r) ( (log2+ = ) M(M +1) (5.17)

P RCICIHEES)
< <1og2+ 1> (Z so(r)ff + ) so(r)d) (5.18)

2 dIN Y d|N, d>vVN VNy
<log2+ > (3 2\}) W(N). (5.19)

For the first sum in (5.18), remark that a = % also runs through the divisors of IV and that
= (d,a), hence a > r, and

3ol Z o< S EE LS Ha ) < v

d|N L y d|N

For the second sum in (5.18), if we also set p(z) =0 if z € N, we get

S o) d 1 3 Wqﬂg\/ﬁ 3 soir)gw(N)JrsO(\/N)' (5.20)

Y a 2
d|N, d>V/N a|N, a<v/N a<v/'N
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The last inequality in (5.20) comes from

d>vV'N d<v'N VN
=3 2 (0r ) eI 22N 3 A0 )

as (d+ ) >2V/N for any 1 < d < N. Notice also that SD(E/N? < \/—» because p(vVN) < VN
and 1 (N) > N. Equation (5.19) now follows.
This finishes the proof. O

Remark 5.12. We remark that we can obtain the slightly worse bound (8 + 2log2)y(N) in
Lemma 5.11 with a simpler argument. With the notations in (5.14), it can be checked that the
following inequality is true,

2 >1
(M + 1)kr —

for any 1 < k < M. This implies that the second sum in (5.15) is bounded by the first, so we
could use the bound of Equation (5.16) for both of them.

5.3.3 Small d
Now we consider the sum over v € Cy with d, < /Ny.
Lemma 5.13. Let 7 =iy withy > 1 and N > 1. Then we have
1
Z logIm 7, < 9(N) ( +logImT> .
veCN €
dy<v/Ny

Proof. In this case Im7, > 1, so Im 7, = Im 7,. We write a = % and compute

Z logIm 7, = Z Z log%‘y

7ECN dN  b<d
dy<v/Ny d<yNy (br)=1
d
= Z de(r) [log —i—logy}
r d
d|N
d<+/Ny
N)logy + Z log -
dN
d<+/Ny
The crude estimate log § < %% (which holds as lo% has a maximum at x = e for x > 0)
gives us
dp(r) a 1 ap(r) 1
log — < — = —¢(N). 5.21
S gt <SS Sy (521)
d|N ©uN
d<y/Ny

As y = Im 7, this concludes the proof. O
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5.3.4 Final steps of the proof

As shown in [BP24], computations by Andrew Sutherland confirm Theorem 5.1 for N < 400,
so we may assume N > 401. In this case, the coefficient in Lemma 5.11 is

0.5+ log 2
2V N

Adding the bounds in Lemma 5.11 and Lemma 5.13, we obtain

4.75 4 3.51log2 + < 7.2059.

Z logIm 7, < ¢(N)(7.5737 + log Im 7).
v€CN

We choose 7 = iy such that j(7) € [1728,3456], so 1 < y < 1.2536, for which we compute
(using SageMath [Sage])
—log [|A(7)|(Im 7)°] < 6.5296,

and so in equation (5.9) we have
Sn(7) < 63(N)[log N — 2Ay +0.1878] +6 > logTm 7, — ¢»(N)log [|A(7)|(Im 7)°]
veCN
< 69(N) [logN —2AN + 9.0756].
We add a classical interpolation lemma.

Lemma 5.14. Let N > 1. For any real L > 1,

1+ log L

h(®Py) < max Sy(7)+ ¥(N) ( T

< + 4log 2) .
L<j(r)<2L
Proof. This is obtained in [BP24] equation (19), and comes from Lemma 10 in [BS10]. O

We can finally use Lemma 5.14 with L = 1728 (corresponding to the smallest permissible
value of y, which gives the best constants), and obtain

<
h((I)N) B 1728§I]n(§§<§3456 SN(T) + @ZJ(N) (

< 6¢(N)[log N — 2\ + 9.5387].

141
+ log 1728 1log 2
1728

This concludes the proof of the upper bound in Theorem 5.1.

5.4 Proof of the lower bound in Theorem 5.1

We now turn to the lower bound in Theorem 5.1. For any 7 in the complex upper half plane,
recall that the logarithmic Mahler measure of ® (X, j(7)) is equal to

m(@x(X,§(r)) = S (1) = 3 logmax{L,]j(r)]}.
veCN

We start with an upper bound that will be used later in the proof.

Lemma 5.15. For every N > 1 we have
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(a) Sn(7) < 21og(¥(N) + 1) + $(N) log max{1, [5(r)|} + h(®y).
(b) Sn(p) <log(th(N) + 1) + h(®y), where p=e3.

Proof. Write ®n(X,Y) = Zw(N) P,(Y)X*, where each P.(Y) € Z[Y] has degree < 1(N).
Denoting H(P;,) = e%) the maximum absolute value of the coefficients of P}, we have

|PL(5(7))] < (@(N) + 1) max{1, [ (1) [}* "V H(Py) < (¢(N) + 1) max{1, [(r) }Y N H(®y).
Comparing the Mahler measure to the length of a polynomial [BZ20, Lemma 1.7], we get

Sn(t) =m(®n(X,j(7))) < log [Z ‘Pk ] (5.22)

< log [ ((N) + 1) max{1, [j(r)|}* ™ H(@n)] .

This proves part (a).
Since Py(0) is the constant coefficient of Py (Y"), we see that

log [P (0)| < h(Pg) < h(®n).
As j(p) = 0, in this case (5.22) gives

P(N)

Sn(p) <log | > [P(0)] | <log(¢(N) +1) + h(Dy).
k=0

Part (b) follows. O

To obtain a lower bound on h(®y), it is thus enough to bound Sy (p) from below, which
is the goal of the next lemma.

Lemma 5.16. Let p = e . Then for for any N > 1,

33 1\*°| 5.5335
(o) |22
2m2 \3 6
Proof. We bound the two sums in equation (5.8) for Sy (7) from below, starting with Lemma
5.6 which gives us

1
Sn(p) > 69(N) (10gN —2\y — clog

Z log max{|A(7,)], [7(7)A(Ty)|} > —5.5335¢(N). (5.23)

veCn

Also, for any v € Cv, we have Im 7, > \[ We thus obtain

Sn(7) > =5.5335¢(N) + 6¢(N)(log N — 2An) + 6¢(N) log \ég — (N)log|A(T)(Im7)°|.

(5.24)
We will now specialize 7 = p. We obtain via Lemma 5.4 and equation (5.24):
33 1 36

Sn(p) > —5.53350(N) + 64(N)(log N — 2\y) — (V) log T (3) . (5.25)

which leads to the claim. O
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By combining Lemma 5.15(b) and Lemma 5.16, we finally obtain

33 1 36
A ol et
o (5)

+ 5.5335) < 0.0351

h(®y) > —5.5335¢(N) + 61(N)(log N — 2\ n) — 1 (N) log
and
log(¢(N) +1)

1 33 1\
6<1°g et (3) |5

when N > 401. This proves the lower bound from Theorem 5.1 in the case N > 401, whereas
the numerical computations by Andrew Sutherland (see [BP24]) show that the Theorem also
holds when N < 400.

5.5 Explicit Hecke points estimates

So far, we have only obtained bounds on ZvecN log Im 7, for the special values 7 = iy. One
can deduce a general bound from Theorem 5.1, which we record in the following result.

Proposition 5.17. Let 7 € F. Then
V3 ~
(a) max { log 7,logImT —log N + 2y} < Z log Im 7, < 10.832 + log Im 7.
veCN

b
»(N)

(b) If Im7T > N, then Z logIm 7, = logIm7 —log N + 2\ y.

veCN

1
»(N)

\%

Proof. For each v € Cn we have Im 7., > Im 7, and also Im 7, > 2. Thus

3
logIm 7., > max {log ImTy,log\g} .

Now (5.7) implies the lower bound in part (a).
Furthermore, if In7 > N, then Im7, = Im 7, for all v € Cy, and so (5.7) implies part

(b).

We now prove the upper bound in part (a). From Lemma 5.15(a) we obtain
Sn(7) < 2log($(N) + 1) + ¢(N) log max{L, |[5(7)|} + (D).

Next, we replace the left hand side by (5.8) and extract

Z log Im 7, (5.26)
760
[ logN—i—Q)\N}
1
6 log max {|A(7)|, |5(T)A(T)|} — ) Z log max { |A(7,) |, [5(7) A (%)}
veCn

log((N) +1)

+logIm 7 +
3Y(N)
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Now Theorem 5.1 and Lemma 5.6 give us

1 . 1 log 3
i) > logIm7, < 9.5387 + 51:1266 4 5.5335] + —-= + log Im 7.
veCN
The result follows. O

We now prove Theorem 5.2, which is an explicit version of Silverman’s Theorem 5.1 page

417 of [Si190].

Proof. (of Theorem 5.2) Fix N and E, and let K be a sufficiently large number field that £
and every E/C as well as the isogenies linking them are defined over K.

It follows from [Sil90, Prop. 2| that only the infinite places contribute to the difference, so

1
hoo(ji) — —r hoo _
UE) = 5wy Czy:l (e/c) (5.27)
#C=N
1 , 1 .
“[X.0) J:KZ% logmax {1,|o(jE)|} — chmlogmaﬂl,la(m/o)l} :
#C=N

Notice that the Hecke sum in [Sil90] is over all subgroups C' C E of order N, not just the
cyclic ones, but the argument in [Sil90, Prop. 2| gives the same result in our situation.

Let 7, € F be such that o(jg) = j(75), then

Z. logmax {1, |0(jp/c)|} = SN (7o) = m(®Nn(X,0(jE))

is the Mahler measure of ® (X, j(7,)). Now Lemma 5.15(a) gives
m(2n(X,0(jp))) < 21og(¥(N) + 1) + ¢(N) logmax{L, |o(jp)|} + h(Pw).

log(¢(N) + 1) < log 3
b(N) T2

To show part (b), we write 7 = 7, € F and combine (5.8), Lemma 5.6 and Proposition

Part (a) now follows from Theorem 5.1 and the estimate
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logmax{1,|a(jE)|}¢(1) S logmax {1, |o(ixyc)} (5.28)

cyclic

C
#C=N

= logmax{l, |j(T)\} — w(lN)SN(T)

= [lormax{|AMLHMAMI} - o 3 Tormax{| AL i(F)AGR)])
veCN
6 -
R Z logIm 7, + 6[ logIm 7 — log N + 2|

veCN
< [1.1266 + 5.5335]

— 6 max{log \ég,logImT —log N +2An} + 6[logIm 7 — log N + 2Ay]
. V3
< 6.6601 + 6 min{— log - +logIm 7, —log N + 2A\y, 0}.

We now insert this into (5.27) and invoke [Paz19a, Lemma 2.6, which gives us

hoouE)—w(lN) S heolic)

C cyclic
#C=N

3
< 6.6601 4 6 min {O, —log \Qf + log (1 + hoo(jE)) 4+ 1.94 — log 2m — log N + 2)\N}.

This proves part (b) of Theorem 5.2.
O

Remark 5.18. The inequalities (5.28) and (5.22) imply the following lower bound on the
height of the specialised polynomial ® (X, 7), which can be seen as a measure of non-cancellation:

hMON(X, 7)) =2 Sn(T) —log(¥(N) +1)
> (N) [log max{1,|j(7)|} — 6.6601] — log(e)(N) + 1)
> (N) [log max{1,|j(7)|} — 7.2095]. (5.29)

~— —

Remark 5.19. If N < Im7, for every o : K — C, then the above proof, together with
Proposition 5.17(b) gives

hoo(jE)—w(lN) > heolipse)| < 6.6601.

C cyclic
#C=N

Remark 5.20. Theorem 5.2 may be regarded as a “Hecke-averaged” version of [Paz19a, Thm
1.1], with improved bounds.
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If we replace the Weil height of the j-invariant with the stable Faltings height (see Definition
5.21) of elliptic curves in Theorem 5.2, Autissier [Aut03, Cor. 3.3] obtained the even neater
result:

1 1
o) Z hpai(E/C) = hpaie(E) + ilogN —An.

C cyclic
#C=N

5.6 What is the size of X((N)?

In this final section we give a proof of Theorem 5.3. We start with the first item and recall
the definition of the Faltings height of an abelian variety and of a curve.

5.6.1 Faltings height and modular polynomials

Let A be a semi-stable abelian variety defined over a number field k, of dimension g > 1. Let
m: A — Spec(Oy) be the Néron model of A over Spec(Oy), where Oy, is the ring of integers
of k. Let e: Spec(Or) — A be the zero section of 7 and let w 4,0, be the maximal exterior
power of the sheaf of relative differentials

— *0O9
wA/Ok =& Q.A/(’)k'

For any archimedean place v of k, let o be an embedding of k£ in C associated to v. The
associated line bundle

WO 0 = Waj0, ®0o C~ H'(A;(C), Q% (C))

is equipped with a natural L?-metric |||, given by

o2 = 22 /
S = SAS.
Y @2m9 A

The Og-module w40, is of rank 1 and together with the hermitian norms |||, at infinity
it defines an hermitian line bundle w40, = (wa/0,, (|-llv)vere) over O.

Recall that for any hermitian line bundle £ over Spec(O}) the Arakelov degree of L is
defined as -
deg(L) =log # (L/s0x) — > dylog||s]. ,

veEMp®

where s is any non zero section of £. The resulting real number does not depend on the choice
of s in view of the product formula on the number field k.

The natural idea is then to consider d/%(w A/0,)- This Arakelov degree of the metrized
bundle W 4,0, will give a translate (by a term of the form gcy with ¢y an absolute constant)
of the classical Faltings height.

Definition 5.21. The stable height of A is defined as

1 —
hra(A) = mdeg@ft/ok) -

In the same spirit, we can also define the Faltings height of a stable curve.
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Definition 5.22. Let k be a number field and C'/k a smooth algebraic curve defined over k,
with semi-stable reduction and genus g > 1. Let p : C' — S be a semi-stable integral model of
C on S = Spec(Oy). The Faltings height of C'/k is the quantity

1

d/e\det W ,
Q) g(det puweyg)

hFalt (C) =

o e . '92 J—

where the hermitian metrics are chosen as ||a|? = (ST)Q Jana.

This height is often referred to as the stable height, as it is stable by extension of the base
field k. The following proposition is well known to experts.

Proposition 5.23. Let k be a number field and C/k a smooth algebraic curve defined over k,
with semi-stable reduction and genus g > 1. Let Jo denote the Jacobian of C. Then we have

hrait(Jo) = hraie (C).
Proof. See for instance Proposition 6.5 in [Paz19b]. O

By specializing to Xo(N), we get hpai(Xo(NV)) = hraie(Jo(N)). We now recall a result of
Jorgenson and Kramer on the asymptotic of the Faltings height of the modular Jacobian.

Theorem 5.24. (Theorem 6.2 page 36 of [JK09]) Let N be square-free and coprime to 6. Let
g(N) be the dimension of the abelian variety Jo(N). When N tends to infinity, one has

hFalt(JO(N)) = 9(31\[) log N + O(Q(N) log N)

We now need an estimate on the size of g(N) as a function of N. The formula for g(NV)
is classical and estimates abound in the literature (see for instance [Paz10]), with various
conditions on N. The following variant is most relevant to this paper. We give a proof here
for the sake of completeness.

Lemma 5.25. Let N be square-free and coprime to 6. When N tends to infinity, we have for
any e >0

T 12 12
p|N b

o) =11 (1 n 1) Loy = YN 4o,

where o(N) = Z 1. For a general N,
N

g(N) = ¢§]2V) + O(V'N loglog(2N)).

Proof. The dimension of Jy(NN) equals the genus of Xy(NV), which is given in Proposition 1.43
page 25 of [Shi94] by the formula, valid for N coprime to 6,

A0+ 0 ()50 () e

gN) =1+ —
pIN p|N dIN
(5.30)
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where ¢ is Euler’s function and (5> is the quadratic residue symbol. In the general case, the
formula has the same structure, with the products vanishing according to some divisibility
conditions.

Let us solve first the square-free case. One can check that the second and third products
in the above expression either vanish or coincide with o(N) up to the corresponding constant
factor in front of the product. With respect to the sum, if N square-free then (d, %) =1 for
any d|N, and the sum equals o(N). The statement follows from the known growth rate of
0(N) = O-(N°¢) (see Theorem 315 from [HWO0S|).

In the general case, the products are still bounded by o (V). Define now

=Yoo ((a3)).

d|N

where (a, b) denotes the greatest common divisor of the integers a and b, and ¢ is Euler’s totient
function. Let us study this arithmetic function. Note that ¢ is a multiplicative arithmetic
function, i.e. ¢ (ab) = 1 (a)y(b) if (a,b) = 1.

For p a prime number, k£ > 1 odd,

. 2 1 i
since =5 < (1 + p) for any prime.
>

Likewise, if k£ > 1 is even,
k -1
~ . . k k_ k
") = e, p") =2 o)+ e(p?) =p2 ' +p? =
=0 1=0
1
- (1+2) Vi
p
Therefore, as 1; is multiplicative,
~ 1
$(N) < VN]] <1+> .
p
pIN
As B(N) = NTTn(1+ 1),
~ N
av) < 2N (5.31)

VN’
and it is known that ¢)(N) = O(N log(log(2N))) (see [BDGP96]||Lemme 2 (i)]). This finishes
the proof. O

Remark 5.26. It follows further from the proof of Lemma 5.25 that for any e > 0, i(N) =
O; (N%+€) with explicit constant

co= I v~ <1 + 1) . (5.32)

p
1>p »
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We can therefore give an explicit (but worse) error term in the genus formula (5.30). In
particular, from (5.31), Y(N) > N and o(N) < 2v/N we can deduce:

- (22

Y(N) ~
‘Q(N)_ (1+T)‘ _19(N) | To(N) _5 1
$(N) T 2¢(N)  12¢(N) T 3N
It can also be shown, by inspecting how many primes verify the condition under the product in
(5.32), that the constant C. verifies:

C.Nzte 4 1—720(1\1) <VN (C;ENE + g) ., and

e C. <1, fore > 0.585 (as the product is empty),
e C. < 1.2527 for e > 0.26 (as the product only has the prime 2),
e C. < 1.5788 for e > 0.132 (as the product only has the primes 2 and 3).

We can now conclude on the first item of Theorem 5.3: by Proposition 5.23, hpayt(Xo(N)) =
hgas(Jo(N)). By Theorem 5.24, hga(Jo(N)) ~ @ log N when N tends to infinity and is
square-free, coprime to 6. By Lemma 5.25, g(N) ~ @ Use the Corollary page 390 of

[Coh84] which gives h(®y) ~ 6¢(N)log N to conclude that

Bt (Xo (V) ~ G%h@N). (5.33)

5.6.2 Hecke correspondences and modular polynomials

Let us move to the second item of Theorem 5.3. In [AutO3], Autissier uses a morphism
in @ Xo(N) — P! x P!, which for two elliptic curves E1, E5 and a cyclic isogeny a : By — Ey
is defined by in((E1, Ea,a)) = (§(E1),j(E2)). He denotes by Ty the image of Xo(N) by iy,
and by £ a natural metrized lined bundle on P! x P!. Theorem 3.2 page 427 of [Aut03] gives

he(Tn) = 12(N)(log N — 2Ay + 45y),

where k1 = 12¢'(=1) — logm — 3. This implies that for any N > 1, [hs(Tn) — 2h(®n)] is
bounded by a quantity linear in ¢(/N). This further implies, as the main term is of order of
magnitude bigger than ¥ (N), the fact that when N tends to infinity

ha(Ty) ~ 2h(Dy).

5.6.3 Heegner points and modular polynomials

The third item in Theorem 5.3 comes from an asymptotic estimate computed in [Paz10| and
heavily based on the Gross-Zagier computations [GZ86]. Corollaire 1 page 164 in [Paz10]
provides us, when N tends to infinity and satisfies the Heegner conditions (there are infinitely
many such N for each fixed discriminant Dy), with

~ 3hiuy

ho(vy (€D ) ~ WhFalt(JO(N))v
where h Jo(n) is the Néron-Tate height on the Jacobian Jo(N) as defined in [GZ86]. Use
hpate (Jo(N)) = hpait (Xo(V)) and (5.33) to obtain this third item.
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5.6.4 Arakelov canonical sheaf of X,(V)

The fourth item in Theorem 5.3 comes from the following asymptotic estimate, first computed
in Théoréme 1.1 page 646 of [MU98| in the case where N is coprime to 6 and square-free, and
recently generalised to any N coprime to 6 in Theorem 1.1 of [DM24]:

@? ~ 3g(N)log N. (5.34)

As we have g(N) ~ @ by Lemma 5.25 and by Corollary page 390 of [Coh84] we have

h(®n) ~ 6¢(N)log N, hence we get the result. This concludes the proof of Theorem 5.3.






Chapter 6

On the CM exception to a
generalization of the Stéphanois
theorem

This chapter is a reproduction of [Gij25] with minor modifications except for the following:
[Gij25, Section 4.1] is now in Section 3.1, and we have included a second appendix.

The material referenced in [Gij25, Section 5.2 and Section 5.3] (here as Sections 6.5.2.1
and 6.5.2.2) was presented and extended in Sections 4.1.2 and 4.2, but here it has been kept
as in [Gij25] for readability. Finally, we gave a different proof of Appendix 6.5.3 in Section
3.53.1.

Abstract

There are two classical theorems related to algebraic values of the j-invariant: Schnei-
der’s theorem and the Stéphanois theorem. Schneider’s theorem for the j-invariant states
that the transcendence degree trdeg Q(7, (7)) > 1 with the sole exception of CM points.
In contrast, CM points do not constitute an exception to the Stéphanois theorem, which
states trdeg Q(q, j(q)) > 1 for the Fourier expansion (g-expansion) of the j-invariant, for
any ¢g. Schneider’s theorem has been generalized to higher dimensions, and in particular
holds for the Igusa invariants of a genus 2 curve. These functions have Fourier expansions,
but a result of Stéphanois type is unknown. In this paper, we find that there are positive
dimensional sources of exceptions to the generic behavior expected in genus 2, and we
discuss their relation to CM points. We utilize Humbert singular relations, putting them
into the transcendental framework. The computations of the transcendence degree for
CM points are conditional to Schanuel’s conjecture.

Keywords: transcendence theory, genus 2 curves, complex multiplication, Shimura varieties
Mathematics Subject Classification: 11J89, 11G10, 14K22, 14G35
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6.1 Introduction

Consider the elliptic j-invariant j : HH — C, where H = {7 € C| Im7 > 0}, a SLg(Z)-invariant
modular function, which classifies elliptic curves over Q. It admits a Fourier expansion:

1 .
Ji(g) = P 744+ 196884q + - - - € Z[[q]], ¢ = €™,
which defines a meromorphic function on D = {q € C: |¢| < 1}.

For a field Q C L we denote trdeg L for the transcendence degree of L over Q. The following
two results are classical.

Theorem 6.1 (Schneider’s theorem [Sch37]). For 7 € H, trdeg Q(7,j(7)) > 1 with the sole
exception of T quadratic imaginary.

Theorem 6.2 (The Stéphanois theorem! [BDGP96]). For 0 < |q| < 1, trdeg Q(q,5(q)) > 1.

The j-invariant admits a generalization for curves of genus two, which we call Igusa invari-
ants ji,j2,J3, see |Igu60]. Remark that, in the literature, Igusa invariants, or Igusa-Clebsch
invariants, usually refer to weighted projective invariants, while we mean absolute ones. Also
note that in [Igu60| there are five weighted invariants instead of four, so that the theory
extends to fields of even characteristic.

A curve of genus two is necessarily hyperelliptic and admits a (singular) model C : y? =
f(x) for f a polynomial of degree 6. Set «; for its six complex roots. We define the following:

L(f) = (o1 — a2)*(a3 — as)*(as — a6)?,

L(f) = (a1 — a2)*(as — az)*(az — a1)*(as — a5)* (a5 — ag)*(as — au)?,

3
() =>_TI II (ci—e?

=1 (i,5)eCy
where C7 = {(17 2)7 (27 3)7 (37 1)}7 Co = {(47 5)7 (57 6)7 (674)}7 Cs = {(17 4)7 (27 5)7 (37 6)}7

Lo(f) = [ [ (@i = ay)?,

where the sums range among all permutations of six elements. Note that I1g is the discriminant
of f. Therefore, as we are considering smooth curves of genus two, we assume in the following
that I 10 7& 0.

We set the following normalization of the Igusa invariants

IS
i (C) = 2’
7€) I
JEIN
. C — 2 ,
72(C) T
, 127,
J3(C) = 7; o
10

!This is the standard name for this result in French, but to the best of our knowledge this theorem does
not have a consistent name in English, save for the previous denomination as the Mahler-Manin conjecture.
The French name comes from the result being proven in St-Etienne and "stéphanois" is its gentilic in French.
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if Is # 0. There are other normalizations to choose when Is = 0, but we would not need them
in this paper. As I, are symmetric polynomial functions on the roots of f, they are functions
on the coefficients of f. This mimics the situation with the j-invariant of an elliptic curve,
which also admits a formula in terms of its Weierstrass model. They characterize completely
the geometric isomorphism class of the curve ([Igu60, Section 6, Theorem 2]), and they detect
algebraicity of genus two curves (see [Mes91]): a curve C is defined over Q if and only if
71(C) € Q for I = 1,2,3. In contrast to the case of elliptic curves, this does not hold over a
fixed number field K: if j;(C) € K for i = 1,2,3, then C' may not be defined over K, but over
a quadratic extension of K.

However, we need to consider the Igusa invariants as analytic functions on the moduli space
of genus two curves My. These analytic functions are not directly defined on My, but on its
image under the Torelli map in Ay (Torelli locus), the moduli space of principally polarized
abelian surfaces. In other words, they can also be seen as invariants of the Jacobian of the
curves (endowed the principal polarization). By the Torelli theorem (see [CS86, Theorem
12.1]), this map is injective, or equivalently, the Jacobian variety equipped with the principal
polarization completely distinguishes the curve.

It is a classical result (|[Wei57, Satz 2|, or [BL04, Corollary 11.8.2 a)]) that the Torelli locus
is precisely the indecomposable locus of Az, which we denote A¥¢ = Ay~ (A x A1), where for
A1 x A1 we mean the identification with the locus of products of elliptic curves with the product
principal polarization. We remark that an abelian surface in the indecomposable locus can be
isogenous to a product of elliptic curves, or even isomorphic, if considering another principal
polarization in the product of elliptic curves that is not induced as a product polarization.

The moduli space As is coarsely represented by a quotient of a symmetric space, analo-
gously to A; with respect to SLo(Z)\H. The analytic space is the Siegel upper half-space of
degree two:

Hy = {7 € Maty(C)| T = 7', Im T is positive definite}.

1 T2

o ) Note that Im 7 is positive definite if and only if:
2 T3

In the following, we set 7 = <

1,73 € H, Im(Tg)2 < Im(7y) Im(73).

We denote the symplectic group

pal?) = {M € Maty(Z)] M'JM = J, where J = < ; {)2)}
—42

which acts on Hy by linear fractional transformations: if M = (: ?) € Spy(Z) then

Mt = (a1 + B)(yT + )"t

The theory of modular forms generalizes to these functions, which are Siegel modular
functions. In particular, they admit higher dimensional Fourier expansions (as they satisfy
analogous relations to j(7 + 1) = j(7)) of the form

Z a(n)627ri tr(nT),

neGLg (Q)
n half integral symmetric
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where tr(n7T) = nim + nats + 2neme. Therefore, they admit series expansions in terms of
q = q(T) =€ forl=1,2,3.

As we are interested in geometric invariants of abelian surfaces, they are always consid-
ered as defined over an algebraically closed field, and all our related definitions (morphisms,
isogenies, simplicity, etc.) are geometric as well.

The analog of Schneider’s theorem is a known result for every genus, and in more general
settings.

Theorem 6.3 (Cohen-Shiga-Wolfart? [SW95] and [Coh96]). Consider a principally polarized
abelian variety A with a (small) period matriz . Then the following are equivalent:

e the abelian variety A is defined over Q and T € M,(Q),

e the abelian variety A has complex multiplication.

In our set-up, it implies that the components of the matrix 7 and j;(7) for [ = 1,2, 3 are
all simultaneously algebraic if and only if 7 parametrizes a CM abelian surface.

We recall the definition of a CM (complex multiplication) abelian surface; they are the
natural generalization of CM elliptic curves. By Poincaré’s irreducibility theorem, an abelian
variety A admits an isogeny to a product

S

[[ 4

k=1

for A simple abelian varieties. We use the notation A ~ B for isogenous abelian varieties.
We denote End(A) for the (geometric) endomorphism ring and Endg(A4) = End(A) ® Q for
the endomorphism algebra.

Definition 6.4. We say that a simple abelian variety A has CM if its endomorphism algebra
Endg(A) = K for K a CM field with [K : Q] = 2dim(A). An abelian variety is said to have
CM if all the simple factors given by its isogeny decomposition have CM. We call T € Hy a
CM point if it parametrizes a CM abelian variety.

We also remark that this property does not involve the polarization of the abelian variety.
An abelian surface A with CM is necessarily one of the following. We follow the notation
from [DO21, Table 1].

e Either A is simple, then Endy(A) is a quartic CM field (CM simple);

e or A~ E x FE’ for two not isogenous C'M elliptic curves (with necessarily different CM
fields K, K'), then Endg(A) = K x K’ (CM split),

e or A~ E? then Endy(A) = My(K) (CM isotypic).

We remark that in the literature, the CM split case is sometimes also called CM non-simple
(but that does not necessarily mean non simple), for clarity we will use split in this document.

More generally, we will say an abelian surface A is split if it is isogenous to E x E’, for
E,E' non isogenous elliptic curves, and isotypic if it is isogenous to E?, E an elliptic curve.

2The set-up of abelian surfaces with quaternionic multiplication was historically first study in [Mor72].
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6.1.1 Questions and our main result

A higher dimensional analog of the Stéphanois theorem is still open, but the corresponding
functional transcendence statement does hold: it follows from [BZ01, Theorem 2|. (On that
direction of functional transcendence, see [Pil13, Theorem 2.5|.) One could tentatively predict
a "generic" behavior

trdeg Q(q1, 42, 93,71(9), 72(q), j3(q)) > 3, (6.1)

where ¢ = (¢1, g2, q3), that would be satisfied outside a set of exceptions.
The purpose of this paper is to answer two questions, posed to us by Daniel Bertrand.

Question 1. Can CM points be exceptions to Equation (6.1)?

Question 2. In case of an affirmative answer, are such exceptions exclusively due to being
CM, or are they explained by belonging to a larger "exceptional subset”?

This last question makes sense from the perspective of Shimura varieties, and the work be-
hind the proof of the André-Oort conjecture. Likewise, the functional transcendence statement
in [Pil13, Theorem 2.5] has weakly special subvarieties as unique sources of exceptions, as well
as [CFN20, Theorem 1.1] and [PT16, Theorem 1.3]. Also note that, under the Grothendieck’s
period conjecture, in [And04, Proposition 23.2.4.1], for abelian varieties defined over Q, there
is an equality between trdeg Q(7) (for the field generated by the coefficients of the matrix 7)
and the smallest dimension of Shimura subvariety containing it. More precisely, in [Fon23|,
special subvarieties also appear as obstructions to algebraic independence results (and con-
jecturally, the only ones), see [Fon23, Conjecture 13.1.2| for Hilbert modular surfaces and
Hirzebruch-Zagier divisors.

In very broad terms, in the higher dimensional setting the CM points are understood as
special points, or zero dimensional special subvarieties. Because Ay (and any A, for g > 2)
does have positive dimensional special subvarieties, one would be inclined to think that special
subvarieties should play a role in this generalization.

The answer we give to Question 1 is positive, and for Question 2, we can associate to every
CM point a special subvariety of As along which this type of exception for the transcendence
degree
trdeg Q(q1, 92, 3, 71(q), j2(q), j3(q)) is achieved for other points, not necessarily CM, in a
"generic" sense, cf. Theorem 6.6. This is a marked contrast with the statement of The-
orem 6.3, which implies that for problems in terms of trdeg Q(7i, 72, 73, j1(7), j2(7), j3 (7)),
the CM points are "isolated" exceptions. The computation of the transcendence degree
trdeg Q(q1, 92, g3, 71(q), j2(q), j3(q)) for some CM points is conditional to Schanuel’s conjec-
ture 6.7, or more precisely to the Gelfond-Schneider conjecture 6.8.

It is noteworthy to highlight the role played by the Humbert singular relations (see Sec-
tion 3.1), and that, unconditionally, knowledge about Humbert singular relations in moduli
spaces of abelian surfaces gives insight on these questions stemming from the transcendence
framework. We believe, however, that it might be difficult to generalize these results to higher
genus curves: the antisymmetric relations in Remark 3.5 in the case of surfaces lead to the
elegant (and one dimensional) Humbert relations (6.3) (below in Section 4), but this changes
as soon as the abelian varieties have larger dimension.

Remark 6.5. We state the result in terms of mingy, (z) because, as we will see in the following
section (Example 6.13), trdeg Q(q1, q2,q3,71(q),72(q), j3(q)) is not invariant under isomor-
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phism of principally polarized abelian surfaces. With this notation, we mean

MGHSl;T(Z){trdeg Q(QI(MT>7 qQ(MT)7 q3(MT)7j1 (MT))aJQ(MT))7]3(MT))}

Remark that it is only the exponential functions q = €™ forl = 1,2,3 that are not invariant
under Spy(Z).

Throughout this paper, for 7 € Hs, by abuse of notation, we write A, € Ay instead
of [Ar] € Az for the corresponding isomorphism class of ppas (principally polarized abelian
surface).

Theorem 6.6. Let T € Hy a CM point with associated CM ppas Ay € AP, and set q = €™,
q= (Q17 q2, Q3) and ]Z(Q) = jl(T); fO’I” l= ]-7 27 3.

1. If A is simple, it belongs to a unique Humbert surface, where, for any ppas defined over
Q (which we associate with the notation §), it holds
mingy, (z) trdeg Q(q1, G2, G3, 71(4), j2(q), j3(q)) < 2. Moreover, under Schanuel’s conjec-
ture 6.7, ming, (z) trdeg Q(q1, 92, 93,71(q), j2(q), j3(q)) = 2.

2. If Ay ~ E' x E" with E', E" not isogenous CM elliptic curves, then the same statement
holds verbatim. In this case, the special subvariety can also be taken as a special curve
of type Q x CM . Moreover, under Schanuel’s conjecture 6.7,

mingy,, (z) trdeg Q(q1, 42, g3, 71(q), j2(q), j3(q)) = 2.

3. If Ar ~ E? with E a CM elliptic curve. Then A, belongs to one of the modular curves
in the collection specified in Section 6.5.2.2, and for any ppas in C defined over Q, it
holds mingy, (7 trdeg Q(q1, G2, @3, 71(4), j2(d), j3(§)) < 1. Unconditionally,
trdeg Q(q1, g2, g3, 1(q), j2(q) j3(q)) = 1.

6.1.2 Special subvarieties of A,

The definition of special subvarieties requires the set-up of Shimura varieties. In As, they may
be explicitly described as loci of principally polarized abelian surfaces with some conditions
(in particular, they are all of PEL type). We simply list them, as they appear in [DO21, Table
1]. We will eventually focus on the special subvarieties completely contained in A9, We do
not impose that a special subvariety needs to be connected.

The special surfaces are of the following two types, where the second one can be considered
as a "degenerate case" of the first. They are jointly called Humbert surfaces.

e Surfaces that parametrize ppas with real multiplication by a quadratic field.
e Surfaces that parametrize ppas isogenous to a product of elliptic curves.

For more details on these surfaces see Section 3.1. As an example, note that A; x A; is a
special surface.
The special curves come in three types that we denote as follows.

e Type Q x C'M: they parametrize ppas isogenous to a product E x E' with E CM.
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e Shimura curves: they parametrize ppas with quaternionic multiplication (QM) by an
indefinite division quaternion algebra over Q.

e Modular curves: they parametrize ppas isogenous to the square of an elliptic curve.

Modular curves can also be seen as "degeneration" of Shimura curves, with the quaternion
algebra over Q taken as Maty(Q).

One can see, as an application of Theorem 6.28, that points belonging to modular and
Shimura curves always lie at the intersection of special surfaces, whereas a curve of type Q x
CM cannot be realized as an intersection of two special surfaces. Conversely, the intersection
of two Humbert surfaces (when it is one dimensional) consists of a (finite union of) Shimura
or modular curves. This perspective has been used several times in the literature to study
said curves, for example, see [HM95], [Run99|, [Kan19] and [BGOS].

Moreover, for each of the special subvarieties, not all the three types of special points can
occur:

e For the special surfaces parametrizing real multiplication, a CM point cannot be split
(by [Gor02, Corollary 2.7]), so we find CM points which are simple or isotypic.

e For the degenerate special surfaces, a CM point cannot be simple, by construction.
e For the special curve of type Q x C'M, a CM point cannot be simple, by construction.

e For both modular and Shimura curves, a CM point can only be isotypic, via examination
of the possible embeddings B < Endy(A), for B the indefinite quaternion algebra over
Q.

CM point . . . .
Special subvariety simple split 1sotypic
HA NO
Hs2 NO
curve of type Q x CM NO
Shimura curve NO NO
Modular curve NO NO

Table 6.1: CM points on special subvarieties.

6.1.3 Organization

The organization of this paper is as follows. In Section 6.2 we reduce our main problem to
study linear relations between the coefficients of a period matrix 7 € Hy of a ppas, and for
CM points that is sufficient under the Gelfond-Schneider conjecture 6.8. In Section 6.3 we
exemplify that Theorem 6.6 needs to be stated in terms of the Sp,(Z)-orbit, because linear
relations between the coefficients of 7 are not invariant under the Sp,(Z)-action, and give
the minimum value of trdeg Q(q1, g2, g3, j1(q), j2(q), j3(q)) for CM points. In Section 6.4 we
present Humbert singular relations, or linear relations involving the coefficients of 7 and det T,
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which behave better for this action. We introduce the lattice of singular relations and the lat-
tice of singular linear relations £, and £4" which are positive definite lattices. We study £,
and, in particular, compute rank £, which is determined by Endy(A). Section 6.5 is devoted
to study rank EQ” and prove the main result Theorem 6.6. The first two items of Theorem 6.6
are proved first, thanks to an application of Humbert’s lemma Proposition 3.12. The last item
requires distinguishing between Shimura and modular curves: both have rank £ = 2 generi-
cally, hence we need more information to distinguish them. We study modular embeddings
for both curves, searching for rank £4" = 2 generically in the image. Modular curves in the
collection described in Section 6.5.2.2, the ones studied in [Kanl6|, admit embeddings with
such property (and are the ones we use to finish the proof of Theorem 6.6), while the classical
quaternionic embeddings in [Has95] for Shimura curves do not. We further conjecture that
rank L1 = 2 for whole Spy(Z)-orbit of any given point of these curves. In the Appendix, we
give a partial answer to that, via Hirzebruch-Zagier divisors in Hilbert modular surfaces.

Acknowledgements: We thank Daniel Bertrand for numerous fruitful discussions during
and after a stay of the author at IMJ-PRG during Spring 2024, and valuable comments on pre-
vious drafts. We also thank Damien Robert for the conversations during a visit to Université
de Bordeaux; Aurel Page for answering our questions on quaternion algebras; Christopher Daw
and Martin Orr for discussions about parametrization of quaternionic curves; and Yunging
Tang for pointing us to Hirzebruch-Zagier divisors.

We thank Fabien Pazuki for guidance and useful remarks throughout this whole project,
and also Tim With Berland and Fadi Mezher for several office conversations.

6.2 On linear dependence relations

Let us first answer the analogous question for the j-invariant. If 7 € H is quadratic imagi-
nary, then j(7) is algebraic and trdeg Q(q, j(q)) = trdeg Q(¢). But by the Gelfond-Schneider
theorem [FN98, Chapter 3, Section 2, Theorem 3.1], it holds ¢ = €*™7 = (—1)*" ¢ Q, as

21 € Q\ Q.
Suppose now that 7 € Hs is a CM point. By Theorem 6.3,

{T € Hy| T is a CM point} = {7 € Hy N Mato(Q), j1(7), ja(7),j3(T) € Q}.

Therefore,

2miT1  2mWiTe
, €

7 627ri73 ) )

trdeg Q(q1, 2, 43, 41(q), j2(q), j3(q)) = trdeg Q(q1, g2, q3) = trdeg Q(e

We now state Schanuel’s conjecture.

Conjecture 6.7. (Schanuel’s conjecture [FN98, Chapter 6, page 260]) Suppose
Z1y...,xn € C are Q-linearly independent, then trdeg Q(x1,...,zp, ", ..., e") > n.

Conditionally to this conjecture, we have the following result, which can be seen as a
Lindemann-Weierstrass type of statement for e”™(). Likewise, it is also a particular case of
the Gelfond-Schneider conjecture (for = —1 = €'™), independently attributed to Schneider
[Sch57] and Gelfond [FN98, Chapter 6, Conjecture 1 page 259|.

Conjecture 6.8 (The Gelfond-Schneider conjecture). Consider a € Q, a # 0,1 and
T1,...,Tn € Q such that 1,x1,...,x, are Q-linearly independent. Then o™*,..., a"" are
algebraically independent.
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We have included the classical deduction from Schanuel’s conjecture (in the particular case
a = e'™) for the reader’s convenience, although historically it is an older conjecture.

Lemma 6.9 (Under Conjecture 6.8). Assume 1,z1,...7, € Q are Q-linearly independent.
Then 2™ 2™ gre algebraically independent.
More generally, let r = dimspang (1,21, ...7,), then trdeg Q(ef?m@r . 270y =y — 1,

Remark 6.10. The Q-linearly independence with 1 cannot be omitted in the statement. If
T1,..., Ty satisfy an equation Y ;- a;x; = b with a;,b € Z then q = e forl =1,...,n

solve a multiplicative dependence relation ¢f* - -- ¢ =

Proof. 1t follows that i2m,i27wx1,. .., 127z, are Q-linearly independent, so by Schanuel’s con-
jecture,

n+1 < trdeg Q(i27, i27x1, . . . 127 Ly, €27, 2™ ei2TTn) =¥

= trdeg Q(im, z1, ..., xpn, 1,e?™1 . e?Tn) = trdeg Q(im, €21, ..., £2™n)
—_————

€Q

where the equality in (*) comes from Q(i27, 271, ...,i27x,) = Q(iT, 21, ... z,). Therefore,
im, 2T e2™n are algebraically independent, which in particular implies our statement.

The second part has already been proven for r = n + 1. For general r, take r linearly
independent elements among 1,...,x,. Assume first that we can take 1 = z1, then the claim
follows as for the case r = n + 1. Otherwise, assume x1,...,z, linearly independent, but
with >0, a;x; = b for not all zero ay,...,a,,b € Z. Applying Schanuel’s conjecture as above
for i2waxy,...,i2mx, results in trdeg Q(e?™@1 ... ™) > r — 1 but as in Remark 6.10,
the transcendence degree cannot be maximal, as there is a multiplicative dependence among
e?me1  e2m%r  Therefore, trdeg Q(e®2™1, ... @2™r) = — 1. O

Corollary 6.11 (Under Conjecture 6.8). Let 7 € Hy a CM point. Then

trdeg@(Qla qQ7Q37j1(q)7j2(Q)7j3(Q)) = dimspanQ(LTla 7—277_3) - L

Remark 6.12. In the proof of Lemma 6.9, it was explicitly used that x; € Q. In the general
case, dimspang(1,71,72,73) will say nothing about trdeg Q(q1, 2,3, j1(a), j2(a), j3(a)). But
if we additionally assume that j;(q) € Q, them dim spanQ(l,ﬁ, T2, T3) gives an upper bound.

Therefore, Question 1 has naturally led us to study non-homogeneous linear dependence
relations between the coefficients of 7, and for CM points this analysis is sufficient (condition-
ally to the Gelfond-Schneider conjecture, or Schanuel’s conjecture). In any case, these non-
homogeneous linear dependence relations produce multiplicative dependence relations between
the ¢;’s, and give some partial information about the transcendence degree we are interested
in.

Our strategy for Theorem 6.6 is to prove that for every CM point, there exists a special
subvariety of Ay containing it and for which dim SpanQ(l,Tl,TQ,Tg) is generically constant
through it, and equal to the value attained at the CM point. Therefore, we attach to every
CM point a subvariety such that the points in this subvariety parametrizing abelian surfaces
defined over Q are at least "of the same type" of exception as the CM point.
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6.3 First obstructions and the simplest case

We first show via an example that the answer to Question 1, as stated, unfortunately must
be answered with "it depends".

Example 6.13. One of the most "famous” genus 2 curves with CM is
C:y?>=a5—2z.

In [BMM90, page 92| a period matriz is computed. For & = e2mi/5 it s given by
(7'1 72> . < —¢ §2+1>
1) \&+1&-¢

It is easy to check that the 7;’s are Q-linearly independent, using that —&* = 14+£4+£2 €3,
and that 1,¢,£2, €3 are Q-linearly independent. Therefore, by Corollary 6.11,
trdeg Q(q1, g2, 93, J1(q), j2(q), 73(¢)) = 3, and hence this is not an exception to (6.1).

On the other hand, an application of Humbert’s lemma (Proposition 3.12, or more precisely
of the algorithm described in [BWO03, Proposition 4.5|), gives us the matrix

—10 00
0101

0203

Then 7/ = Mt belongs to the Sp,(Z)-orbit of 7, so the associated ppas are isomorphic. One
can compute that

2 9 4¢2  1¢3 1
Ze+ e+ £+ 4 L
T/:MT:(55€1 55§L gsﬁiyf , 1
€ T 558 55 5

which solves the linear equation

+%§2+%§f >
5£2+%£2+££3 ’

+ =
Cﬂ‘y,>

7 + 73+ 75 =0.
Here is the verification with SageMath [Sage|:
k = CyclotomicField(5)

xi = k.genQ)
tau = Matrix([[-xi~4, xi~2 + 1], [xi"2 + 1,xi"2-xi~3]])

A = Matrix([[-1,0],[0,111)
B = Matrix([[0,0],[0,1]])
C = Matrix([[-3,0],[0,2]11)
D = Matrix([[-1,0],[0,3]11)

Om = (Axtau + B)*x((Cxtau + D).inverse())
-Om[0] [0] + Om[0][1] + Om[1][1]

Hence, by Corollary 6.11, for 7/ we do get an exception to (6.1). Question 1 should then
be reformulated to a statement for the whole orbit under the action of Sp,(Z) by fractional
linear transformations.
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On a different note, we will first consider the "most exceptional" type of exceptions we
have found among the CM points (as in they minimize dimspang(1, 71, 72, 73), see Corollary
6.11). Remark that by definition of Hy, it follows that 71,73 & Q, therefore

dimspanQ(l,Tl,Tz,Tg) > dimspanQ(l,ﬁ) =2.

Definition 6.14. For a complex abelian variety A = Cg/A of dimension g, by big pe-
riod matrix we mean a matriz II € Mgyxo4(C) constructed from a choice of basis vectors
AM,...,X2g € A in terms of another choice of basis vectors ey,...,eq € CI. If we set
II = (1,9Q2), then by a (small) period matrix we mean Q1 € My(C), after a choice of
basis such that Qa = I,. Given a big period matriz for A, we will say that 95191 1S a period
matrix.

Alternatively, for ppav (by [BL04, paragraph before Proposition 8.1.1])) a period matrix
comes from the choice of Ai,..., oy € A a symplectic basis with respect to the principal
polarization in A, and setting the first g vectors A1,... )\, as a basis of CY.

Lemma 6.15. An abelian surface A admits a big period matriz belonging to Max4(K) for K
quadratic imaginary field if and only if A is isogenous to E?, with E an elliptic curve with
complex multiplication.

We now prove Lemma 6.15, which we found as part of a longer exercise in [BL04, Exercise
10, section 5.6, page 142]. It is stated for abelian varieties of any dimension, and it gives a
larger chain of equivalences:

1. The Picard number of A (i.e. the rank of its Néron-Severi group NS(A)) is maximal,
rank NS(4) = ¢2.

2. A is isogenous to a FY, E elliptic curve with complex multiplication.
3. A admits a big period matrix in Myxa4(K), for K quadratic imaginary field.

4. A is isomorphic (as unpolarized abelian varieties) to a product of Ey x ... x Ey, E;
pairwise isogenous elliptic curves with complex multiplication

Proof. We are inspired by the proof of |[BL04, Corollary 10.6.3]. A big period matrix for

A ~ E? necessarily has the shape
7100
<0 07 1> R, (6.2)

7100
0071
Q(7) quadratic imaginary, so the big period matrix (6.2) of A also belongs to Q(7).

On the other direction, if A admits a big period matrix in Max4(Q(«)) with a quadratic
imaginary, then can solve the matrix R as

for R € Mat4(Q) and 7 such that E = C/(r 1)Z?. Hence < > € Maoya(Q(7)), with

o ™ T2 T3

roe+ry ria+rs reoa+re rza+rz\ _ [(al00 T4 Ts Tg T7
<7"80é + 712 T9Q + 7113 T10 + 714 T1IO+ T15> B <0 0« 1) T§ T9 T10 T11
T12 T13 T14 T15



108 CHAPTER 6. ON THE CM EXCEPTION

We need to verify that R defines an isogeny between A and E?, with E = C/(a 1)Z? (and it
is enough to show it as complex tori). First, there exists m € Z such that mR € Maty(Z). If

al0 0), then it holds

/ . . . R
we set II' for the big period matrix of A, and II := (0 0al

(mIx)II = II'(mR),

and by [BL04, Equation (1.1) before Proposition 1.2.3], this is the compatibility condition
sufficient to have a homomorphism of complex tori E2 — A. It is an isogeny because it is
surjective (its analytic representation is multiplication by m) and between tori of the same
dimension. O

Corollary 6.16. Let T € Hy such that if Ay ~ E?, with E a CM elliptic curve. Then

trdeg Q((h)q?v Q37J1(q)’]2(q)’]3(q>) =1

Proof. This follows immediately from Lemma 6.15. If A, ~ E? as in the statement, then
it admits a big period matrix (2 ') lying in Max4(K) for K a quadratic imaginary field.
Therefore, 7 € Mata(K), so dimspang(1, 71, 72, 73) < dimg K = 2. Hence

trdeg Q(q1, g2, 93, j1(q), j2(q), 73(q)) < 1, and equality holds by the Gelfond-Schneider theorem
[FN98, Chapter 3, Section 2, Theorem 3.1], as ¢ = €2™™ is transcendental.

We notice that 7/ € Maty(K') along the whole Sp,(Z)-orbit, because for (g g) € Spy(Z),
it follows that AT + B € Maty(K) and (C1 + D)~! € Maty(K), as K is a number field. [

Remark 6.17. The proof of Corollary 6.16 is thus unconditional, in particular is not relying
on Schanuel’s conjecture.

6.4 Humbert singular relations

To go beyond in our study of linear relations between 71, 79, 73 we will know focus on studying
linear relations between 1,7y, T2, 73, T4 — 7173, i.e. equations (over Z) of the form

a4 by + ey + d(18 — 1i13) + e = 0, (6.3)

which behave better under the action of Sp,(Z). Returning to Example 6.13, the coefficients
of both 7 and 7/ satisfy such a relation, and the one for 7/ happens to have d = 0. For 7, as
T € Maty(Q(€)) with £ a primitive 5-th root of unity, then dim spang(1, 71,72, 73, 73 — 7173) <
dim Q(&) = 4, so there must exist a relation as in (6.3).

For the basics on Humbert singular relations, we redirect to Section 5.1.

6.4.1 The lattice of singular relations

Definition 6.18. For T € Ha, we denote the lattice of Humbert singular relations the follow-
ing Z-module

Ly :={(a,b,c,d,e) € Z° : ary + by + c13 + d(15 — T173) + € = 0},

equipped with the positive definite (by Lemma 3.7) quadratic form induced by the discriminant
A. 1t forms a positive definite integral lattice (as in finite rank free abelian group with a
symmetric bilinear form).
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Likewise, we consider the sublattice ,Cf,f" = Lr N {d = 0}, or equivalently, the sublattice
spanned by singular relations that do not involve 72> — Ti13. Therefore, one can consider

Lr2QcCQ® and LI 2 Q c Q.

We are ultimately interested in the rank of £4". We will study rank £, and then compare
it with rank £l

Some of these results admit alternative proofs. First, by Lemma 3.2, Remark 3.3 and
Lemma 3.4, there is a short exact sequence of abelian groups:

0—Z— End*(A;) » L+ — 0, (6.4)

where the homomorphism End®*(A;) — L+ is given by

() (%)
f=prr(f) = ag aé . a_lbc?g — (az, (as — a1),—as, b, c).
(%0) ()

If one combines (6.4) and Proposition 3.19, it follows that rank £, = rank NS(A,)—1. Hence,
one can use results for rank NS(A;) instead. However, we believe that a proof via explicit
manipulation of the lattices is insightful in our setting, for that we are also able to understand
the effect on the quadratic form A.

In that direction, there is a more intrinsic definition of (£,, A) in NS(4- >/Z Hy» with the
quadratic form defined in terms of the intersection pairing, see [Kanl6, Section 2|.

Remark 6.19. The following is true:

o We have the following short exact sequences of Q-vector spaces
0~ L ®Q— Q°— spang(1, 71, To, T3, Tg — T173) = 0,

o Ol—>£ﬁn®Q>—>Q4HSpaHQ(l,Tl,TQ,Tg) — 0.
Because 11 € Q, the dimension of both spans is at least 2. Consequently 0 < rank L, <
5—2=3, and 0 <tank £i" <4 -2 =2.
The extremal bounds for rank £, are realized.
Lemma 6.20. Let 7 € Hy. Then
e rank L, = 0 if and only if Endp(A;) = Q.
e rank L, = 3 if and only if Ay ~ E? for E a CM elliptic curve.

Proof. The case rank £ = 0 corresponds to the absence of any Humbert singular relation
whatsoever, hence, End®*(A;) = Z by Lemma 3.2 and Lemma 3.4. By |[BL04, Theorem 5.3.2],
any abelian subvariety is associated to a symmetric idempotent, so A, is necessarily simple if
Endj(A-) = Q. By Albert’s classification of endomorphisms algebra of simple abelian varieties
[BLO4, Proposition 5.5.7|, and the fact that the case III does not occur for abelian surfaces,
it follows that Endg(A,) = Q.
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For the second part, note that rank £, = 3 is equivalent to dim spanQ(l,ﬁ,Tg,Tg,TQQ —
7173) = 2 and hence,

spang (1, 71) = spang(1, 71, 72, 73) = spang(1, 71, 72, T3, T2 — T1T3).
Hence, there exists a,b,d’,t’,ad”,b"” € Q such that:

To = a4+ bry,
T3 = a'—i—b'ﬁ,

722 —nr3=a" +b'm.
On the other hand,
'+ V' =13 — 1= (b = V)8 + (2ab — )1y + a®.

Then either 71 solves a quadratic equation (remark that 71,73 € H, so in that case 71 is
quadratic imaginary), and as T € Mats(Q(71)) we are finished by Lemma 6.15, or % — ¥ = 0.
The latter is impossible, as Im 7 is a positive definite symmetric matrix:

~ ( Im(m) bIm(m)
7 = (blm(n) b Im(ﬁ)> )

so in particular it has positive determinant, hence (' — b%) Im(71) > 0, so b? # V'. O

This result already suggests that £, is a more suitable object for the Sp,(Z)-action. More
is true:

Lemma 6.21. If 7,7' € Hy parametrize isomorphic ppas, then (Lr,A) and (L, A) are
isomorphic as positive definite lattices. More generally, if they are isogenous, there is Z-linear
map (Lr, A) = (Lrr, A') such that A'(-) = kA(:) for some constant k > 0, which extends to a
Q-linear isomorphism L+ @ Q — L ®Q. In particular, rank L+ is invariant under isogenies.

The proof of Lemma 6.21 will be split into two parts. Let us rewrite the statements in
terms of actions on Hy. Consider 7 € Hy and (Ar, H) the corresponding principally polarized
abelian surface, and assume that we have an isogeny ¢ : B — A, with exponent e(¢), i.e.

there exists ¢ : Ay — B with ¥¢ = e(¢)p and ¢ = e(¢)a, by [BLO4, Proposition 1.2.6].
Hence, ¢ induces a polarization of degree e(¢)*.

The following comes from the proof of [BL04, Proposition 8.1.2]. By the theory of ele-
mentary divisors, the induced polarization on B has a type D = diag(d,ds2) with d;|ds and
det(D) = e(¢)*. We can choose a symplectic basis for A; and B such that have matrices
R € Maty(Z) and L € Mat2(C) (the rational and analytic representation of ¢, respectively)
and period matrices

L(t' D) = (1 I)R.

I 0
t _ 2
M_R<o Dl)’

L(T/ IQ) = (T IQ)tM,

If we set

then
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and by the same arguments to prove that isomorphisms of principally polarized abelian va-
rieties correspond to matrices in Spy(Z) acting on Hs, one proves that M € Sp,(Q) and
7' = M, via a linear fractional transformation.

We claim that rank £ is invariant by the action of matrices M € Sp,(Q) such that there
exists D = diag(dy, d2), di|d2 and didy € Z~( a perfect square with

‘M <102 10)> € Maty(Z). (6.5)

Let us first prove the invariance under the Sp,(Z)-action separately.

Lemma 6.22. For 7 € Hy and " = Mt with M € Spy(Z), (L+,A) and (L+,A) are
isomorphic as positive definite lattices.

Proof. By (3.3) and (3.4), the action of M in both the rational and analytic representation cor-
responds to conjugation by suitable matrices. On the other hand, one can check f € End®(A;)
if and only if fy := ¢~ ' f¢ € End®*(A,) for ¢ : A — A; the isomorphism corresponding to
M, by the effect on ¢ on the principal polarization and on the Rosati involution (equivalently,
one can prove it directly for the rational representations p,r(f) and p, . (f), for that the
corresponding matrix equation (3.5) is invariant under conjugation by matrices in Sp,(Z)).

For f € End®(A;), by (the proof of) Lemma 3.2, we read the Humbert singular relation
as the non-trivial equation in

TBr—C=7A— t(‘rA),

A B
where pr,T(f) = <C’ tq )
Therefore, as fyp; € End®(A,) with rational representation given by (3.3), we have a
Humbert singular relation for 7/ given by

T/BIT/ _ Cl — T/A/ —t(T,A/),

with coefficients given by ‘M~'p, . (f)!M. Remark that p.,(f) = nly for some n € Z if
and only if p, p+(f) = nly, so rankL; = 0 if and only if rank £,» = 0. Furthermore,
A(f) = A(fu), because A(f) = tr(par+(f))? — 4det po~(f) is invariant under conjugation.

Finally, suppose that we have two endomorphisms f,g € End®(A;), and consider the
corresponding Humbert singular relations lf,l,. They are linearly dependent if and only if
there exists n,m,l € Z such that

nprr(f) = mprr(g) + Us. (6.6)

This follows from the fact that a Humbert singular relation characterizes the matrix of the
rational representation up to addition by a multiple of I4, and from p, - (sf) = sp,+(f) for all
s € Z. As (6.6) is invariant under conjugation, f,g € End®(A;) produce linearly independent
Humbert singular relations if and only if the same is true for fys,gar € End®(A.). It then
follows rank £, = rank L,/. O

Proof of Lemma 6.21. Consider M as in (6.5) and the set-up described after Lemma 6.21. For
an endomorphism f € End®(A;) with rational representation p,r(f), could consider p, - (f),
which gives the rational representation of f in the basis (7' I3), i.e. p,(f) ="M Lo (f)M.
As M € Sp,(Q), it is symmetric with respect to the (extension of) the Rosati involution to
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End®(A,), but it is only defined on End’(A,/), as we have formally inverted the isogeny ¢.

However, we just need to "clear denominators" and consider the correct multiple of f so that

we get an honest endomorphism in End®(A4,/).
By setting

I, 0

_t
R_M<0 D

) € Maty(Z),

we recover the rational representation of the isogeny (with integer coefficients), hence

1
o) = (3 ) B orR ()

0\ p1
0 D) R S Mat4(Z).

In short, multiplying by a power of e(¢) will make our matrix integral. From another
point of view, in our chosen basis p, /(f) is the rational representation of Y~ f1p, formally
inverting ¢, so we need to instead consider ¢f1 (from this description we can also see that
¢ f1 is symmetric). Because 1)~ = ﬁqﬁ, this means that

It is easy to check that although R~! ¢ Mat4(Z), we have

e(@)prr(f) € Maty(Z).

Now that we have defined a map £, — L/, we can argue, as in the proof of Lemma 6.22,
that rank £, = rank £, and A’ = e(¢)2A.

As an alternative proof of the invariance of the rank under isogenies, note that by Propo-
sition 3.19, there exists an isomorphism of abelian group between NS(A,) and End®(A,). In
addition, by (6.4), rank £ = rankNS(A;) — 1. Finally, it is known that the rank of the
Néron-Severi group of an abelian variety is invariant under isogenies, see [BL99, Chapter 1,
Prop 3.2]. O

We devote the rest of this section to the computation of rank(L;).

Proposition 6.23. If 7 € Hy corresponds to a ppas Ar such that Endg(Ar) is commutative
but distinct from Q, which means that it is either

1. a real quadratic field,

2. a CM quartic field,

5. QxQ,

4. Q x K for K an tmaginary quadratic,

5. or K1 x Ky for K1 # Ko tmaginary quadratic fields,
then rank £, = 1.

Proof. We remark that rank £ = 1 is equivalent to A, solving a unique (up to sign) primitive
HSR, hence A, belonging to a unique Humbert surface of minimal discriminant.

The cases (1) and (2) correspond to End(A) without zero divisors (equivalently A, simple),
then there cannot exist f € Endg(A) such that A(f) is a perfect square, by Proposition 3.10.
In addition, there is a unique quadratic real field embedded in Endg(A;): in the case (1)
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Endg(A;) is already a quadratic field, and in (2) it corresponds to the (unique) maximal real
subfield of the CM field. By Albert’s classification of endomorphisms algebras of simple abelian
varieties [BL04, Proposition 5.5.7], in (1) the Rosati involution is trivial, and in (2) the Rosati
involution corresponds to complex conjugation, so in both cases the embeddings restrict to
Endj(A,), and are surjective. Hence Endj(A~) is a real quadratic field, and End®(A;) is an
order in said field. Taking f € End®(A,) with minimal non-zero A(f) (the discriminant of
the order by which A, has real multiplication), we necessarily have {n + mf} = End*(A).
Therefore, we have one (up to sign) primitive HSR, and any other is necessarily a multiple of
it.

The other cases correspond to A ~ F x E’ with E and E’ nonisogenous elliptic curves.
First, End§(A+) has (non trivial) symmetric idempotents by [BL04, Theorem 5.3.2], in par-
ticular there exists f € End®(A;) with f € Z, so that rank £ > 1. We note that A, cannot
have real multiplication by any real quadratic field, as by [Gor02, Corollary 2.7|, the abelian
surfaces with real multiplication by a quadratic field are either simple or isotypic (isogenous
to the square of an elliptic curve).

Therefore, A induces a positive definite quadratic form on £ that only represents squares.
By contradiction, assume that there is a sublattice of £, of rank two, then A will induce a
positive definite binary quadratic form rf(z,y) with f = az? + bry + cy? primitive (i.e.
ged(a,b,¢) = 1) and r € Zsp. It is known that primitive positive definite quadratic forms
represent infinitely many prime numbers (see [Cox22, Theorem 9.12|), which is a contradiction
to rf only representing squares. Therefore, rank £ = 1.

O

The lattice of singular relations is a more interesting object in the quaternionic multipli-
cation case. Note that if we assume A ppas admitting an embedding B < Endy(A), then
either B = Endg(A) or Endo(A) is strictly larger (and in particular, rankg(Endg(A)) > 4).
In the latter case, one can check by inspection with all the other possibilities for Endg(A)
with rankg(Endg(A)) > 4, that necessarily Endg(A) = M(K) for K a imaginary quadratic
field. Therefore A, ~ E? for E an elliptic curve with CM by K, and by Lemma 6.20, it is
completely characterized by rank £, = 3.

Proposition 6.24. Let B be an indefinite quaternion division algebra over Q. Suppose that
Ar admits quaternionic multiplication by an order in B.

o If A, is simple (equivalently Endy(A) = B) then rank L. = 2.

o Otherwise, Ay is CM and rank L, = 3.

Proof. If A; is simple, by [Rém17, Lemma 7.9|, then we can fix some Eichler order O (in-
tersection of maximal orders) of square-free level in B, and there exists an isogeny from A,
to an abelian surface A" with End(B) = O. This abelian variety A’ further admits a prin-
cipal polarization, as we will see in Section 6.5.2.1. By Lemma 6.22, it is enough then to
compute rank £z, with 7 a period matrix for A’. In Section 6.5.2.1, we will state more infor-
mation about ppas with quaternionic multiplication by Eichler orders; in particular, 7 is in
the Sp,(Z)-orbit of a matrix in the image of the morphism in Proposition 6.29, from which it
follows that rank £7 = 2. By Lemma 6.21, rank £, = 2.
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Alternatively, for a more intrinsic argument, we could have also fixed O as a maximal
order in B. In the case of maximal orders, by [LY20, Lemma 16 and Lemma 17|, the lattice
of singular relations is isomorphic to a lattice of rank two contained in B.

The second statement was proven in Lemma 6.20. O

To finish the study of £,, we are only missing the isotypic case A, ~ E?, where F
is without complex multiplication. By Lemma 6.21, assume that A, is isomorphic to the
product of elliptic curves with product polarization.

Lemma 6.25. Consider an elliptic curve E and the abelian surface E? (with the canonical
principal polarization). There exists an embedding

Ok < End(E?),

for all real quadratic fields K.
With respect to the canonical principal polarization, there exist infinitely many quadratic
fields such that
Ok < End*(E?).

Remark 6.26. The endomorphism algebra of an abelian variety is invariant under isogenies,
but that is not true for the endomorphism ring. What we can say is that if Ay ~ E?, then A
admits real multiplication by an order in K for any real quadratic field K, but not necessarily
by the ring of integers O .

Proof. This is a classical observation from the theory of real multiplication, for example in
[Gor02, Example 2.2 (2)], if d is square free, we can choose integers a, b, ¢ with d = a® + be.
If d =2,3(4) then the embedding from Ogvp) = Mato(Z) is given by

Vd (a b ) :
c—a
If d = 1(4) we can choose a odd and b, c even (take a =1, b =2, ¢ = (D —1)/2), and the

embedding corresponds to
1+vVd (e b
— ( FERET R

2 l—a

2 2
The canonical polarization induces the Rosati involution Matg(Q) — Mate(Q) given by
Z + 'Z. Hence, the previous embeddings map to End®(A,) when can take b = cin d = a?+bc.
By Jacobi’s two square theorem, it follows that O — End®(A;) for square free integers
d=2p;---p, with j = 0,1 and all p; = 1 (mod 4).
O

Proposition 6.27. If A, ~ E?, where E does not have CM, then rank L, = 2.

Proof. As we have said previously, it is enough to show it for E? with the canonical product
polarization. By Lemma 6.20, it cannot be 0 or 3. Assume that rank £ = 1, hence there exists
a primitive singular relation [ such that £, = ml for m € Z, and A restricts to the quadratic
form f(m) = m2A(l), where A(l) is a fixed constant. On the other hand, by Lemma 6.25,
m2A(l) must represent infinitely many fundamental discriminants, which is a contradiction.
Therefore, rank £, = 2. O
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We collect all the past results (Lemma 6.20, Proposition 6.23, Proposition 6.24 and Propo-
sition 6.27) of this section in the following theorem. Remark that the proofs of 2) and 3) are
for one implication only, but as we have exhausted all the possible cases for Endg(A;), they
are also equivalences.

Theorem 6.28. Let T € Hy and consider the corresponding ppas A+ € As.
e [t holds Endo(Ar) = Q if and only if rank L+ = 0.
e It holds Endg(A;) is commutative but not Q if and only if rank L, = 1.

e It holds Endg(A+) is an indefinite quaternion algebra over Q if and only if rank L, = 2.

(A
e [t holds Endy(Ar) = Mate(K), for K a quadratic imaginary field, if and only if rank L, =
3.

Alternatively, this is also proven in [BL99, Chapter 2, Proposition 7.1], by computing
rank NS(A). We underline the case of Endg(A,) with zero divisors, which follows from a
computation of rank NS(E x E') with E, E’ elliptic curves. By [Kan16, Proposition 23] there
is a group isomorphism:

NS(E x E') = Z & 7. ® Hom(E, E').

Therefore, for Ay ~ E x E' (with E and E’ not necessarily isogenous) depending on
rank Hom(F, E') = 0,1, 2, we have

1, itE£E,
rank £ =< 2, if E~ F', without CM,
3, if E~FE' with CM.

6.5 From Humbert singular relations to linear relations

We now have a good understanding of £, from Theorem 6.28. However, we were initially
interested in £4". This section is devoted to infer the relevant information about it to prove
Theorem 6.6.

Let us first notice that rank £4" < min(rank £, 2), and if rank £, = 0, then rank £ = 0
too, and since rank £, is invariant under Sp,(Z)-orbit, then rank £5" = 0 holds for the whole
orbit of 7.

6.5.1 The case rank £, = 1, and proof of Theorem 6.6 1), 2)

If 7 € Hy is a CM point and rank £ = 1 then there exists (up to sign) only one primitive
Humbert singular relation [ satisfied by 7. It can involve 72 — 773 or not. In the latter case,
dim spang(1, 71, 72, 73, T —7173) = 3 and by Corollary 6.1, trdeg Q(q1, 42, 43, j1(q), J2(q), j3(q)) =
2.

If [ involves the determinant, then by Humbert’s lemma Proposition 3.12, there exists 7/
in the Sp,(Z)-orbit with dimspang(1,7{,75,73) = 3, and can apply the previous argument
now to 7'. It then follows that mingy, (z) trdeg Q(q1, g2, g3, j1(q), j2(q), j3(q)) = 2.
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Set A = A(l) and consider the Humbert surface Ha. Consider now other 7 € Ha
(non-CM) such that ji(7),j2(7),j3(7) € Q. Then trdegQ(q1, G2, G3, j1(q), j2(d),J3(7)) =
trdeg Q(g1, G2, G3). On the other hand, they also satisfy the Humbert singular relation [,
so we can argue as above and have mingy, (7 trdeg Q(q1, ¢2, 43, j1(4), j2(4), j3(q)) < 2.

We have therefore proven the first two statements in Theorem 6.6. In the second statement,
note that if A, belongs to a special curve of type Q x C'M, this special curve can also be
taken as the special subvariety, for that rank £ = 1 generically in that curve by Proposition
6.23 (4).

6.5.2 The case rank L, =2,3

If rank £, = 3, then necessarily rank Eﬁ” = 2. Also, by Theorem 6.28, this case can only
happen for A, isotypic CM.

If rank £, = 2 then rank £" = 2 or 1, and we will show that both cases occur. By
Proposition 6.23, they have to be either Shimura curves or modular curves. For the proof of
Theorem 6.6, we want a special curve such that rank [,if” = 2, so our discussion in Section
6.5.2.1 is not relevant for the proof of Theorem 6.6, though it is still insightful to complete
the study for £4".

6.5.2.1 Shimura curves by hereditary orders

For the rest of the section, we need to introduce the quaternionic modular embeddings for an
hereditary order in an indefinite quaternion algebra over Q. This construction is standard in
the literature for Shimura curves, see, for example, [GY19, Section 2.1] or [Has95, Section 3],
and comes from a classical paper by Shimura [Shi63]. We have also included it in Section 4.1
and Subsection 4.1.2.

Let B an indefinite quaternion algebra over Q of discriminant D (with D > 1, equivalently,
D is a division algebra). Let O be an hereditary order, equivalently, an Eichler order of level
N square-free (by definition, an intersection of two maximal orders).

Set for 7 € H the vector v, = (7 1)! € C?, and fix an embedding ¢ : B — Mata(R). We
remark that such an embedding exists as B is indefinite, i.e. B®gR = Maty(R), and any two
embeddings differ by conjugation by an invertible matrix in Maty(R), by the Skolem-Noether
theorem.

We want to assign to every 7 € H a complex torus with a principal polarization. We set:

o the lattice A; := ¢(O)v,, with ¢(O) C Mata(R) acting as 2 x 2 matrices, and the torus
(C2
SN
e for the principal polarization, let u € O satisfying the following conditions

— it holds tr(u) = 0, nrd(u) > 0, and p? + DN = 0, and

— if we set ¢p(u) = <a b

> then ¢ > 0,

then there is a symplectic form E,, on A; x A; — Z (and extended to C? by R-linearity)
defined by

Bu(é(a)vr, 6(8)vr) = tr(u o).
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The conditions imposed to x4 make F,, a Riemann form, and A; = (C%/A, E,) a princi-
pally polarized abelian surface. Likewise, we have an embedding O < End(A;) induced
by ¢, compatible with the Rosati involution induced by E,,. The restriction of the Rosati
involution to O is given by a + p~tau.

This assignment induces a well-defined map X (N) — Aj, for XP () the Shimura curve
associated to O. Set X, for its image in As.

We can further define a map H — Hy by choosing a symplectic basis a1,...,a4 in O
with respect to E,. Then the big period matrix is given by II(7) = (a1v7, a2v7, a3vr, aqv,) =
(21(7),Q2(7)), and the period matrix by Qa(7) 1y (7). This basis also induces an embedding
via ¢ of O into Autz (O, E,) = Sp,(Z), see [Has95, Proposition 2.5].

Those maps can be made explicit, see [Has95, Theorem 3.5 and Theorem 5.1|. It then
follows that rank £, = 2 and rank £%" = 1 for T in the image of these embeddings. There
is a choice of an odd prime p and an integer a, see [Has95, page 535 above Equation (1)] for
more details. Likewise, see [GY19, Lemma 38| and [LY20, Lemma 5|, where these choices
are reinterpreted in terms of GLg(Z)-equivalence classes of positive definite binary quadratic
forms of discriminant —16DN.

Proposition 6.29 (|Has95|). Let O and B be as above, and set ¢ = % and € = 172‘/5.
Then the following map € gives a modular embedding of H into Hy with respect to ¢(O') and

Sp4(Z)

a(2) 1 <_52+(p_1;“DNz+DN€222, 5—(p—1)aDNz—DN522>

~ pz \ é—(p—1)aDNz— DNez?, —1—2aDNz+ DNz>

Furthermore, T = Q(z) satisfy simultaneously the following singular relations parametrized by
two independent integers x,y € Z :

x1 + (z + 2aDNy)9 — p x5+ Yy (722 — 7'173) + (a2DN — b) DNy =0,
where we put a?DN + 1 = pb. Moreover, if z € H is not a CM point, then it does not have
another singular relation.

One can then see that rank £" = 1 for 7 in X,,.

Let us understand the subset covered by U,X,,. The following is a consequence of [Shi63,
Section 2, Theorem 1 and Theorem 2|, that we state as in [GY19, page 6, paragraph before
section 2.2]. Set Qp ny C A the set of ppas with QM by an Eichler order O of level N in a
quaternion algebra of discriminant D, such that the Rosati involution restricted to O coincides

with a — p~tap, for p € O allowed as above.? Then
O = J %, (6.7)
neo

where p runs through the allowed elements in O.
We can have two distinct allowed elements i1 # p2 € O such that X,, = X,,,. Actually,
there are only finitely many connected components in (6.7), by [Rot04b, Proposition 4.3].

3As by [Voi2l, §43.6.2], when End(A) = O, or equivalently for the simple abelian surfaces in Qp n, the
last condition is always satisfied.
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Remark 6.30. Asrank £ is not invariant under the Spy(Z)-orbit, we can only say that for
this explicit period matriz, rank d,f” =1, but it could be possible that for another element of
the orbit rank £ = 2.

We conjecture that this is not the case, and that rank £ # rank £ throughout the Spy(7Z)-
orbit. We partially solve this for some Shimura curves in the Appendix.

6.5.2.2 A collection of modular curves
The modular embedding construction for Shimura curves X (N) can be applied to Mata(Q)
and Oy = <]\%Z %) C Mato(Q), N square free. We follow here [LY20, Section 6] for the

case N square-free, and [Kanl6| for general N. See also Section 4.2.

Wetakeue(’)N::<Z z

N7 Z> C Mato(Q) with trace 0, determinant N and positive (2,1)

_(a Db
F=\eN —a)’

with ¢ > 0 and —a? — beN = N. This implies b < 0 and, as N is square free, we have N | a.

Let us rewrite u as
_ (aN —b
H=\eN —aN )

with b,¢ > 0 and a € Z such that bc — Na® = 1.

entry, i.e.

Lemma 6.31. For u € On C Mat2(Q) as above, we have a map Yo(N) — Az induced from

H — H2
SN br aNT
aNT ¢cNT )~
For T of this shape, we have rank L, = rank Ef,f” =2.

Remark 6.32. Toking = (j(\)[ _0 > we recover the diagonal embedding

T 0
T <0 NT>
of Yo(N) — Ay x Ay, with the product of elliptic curves and product polarization. However,
different choices of p allow us to consider modular curves contained in the indecomposable
locus, so we can evaluate the Igusa tnvariants on them.
If N is not square-free, Lemma 6.31 still constructs some explicit maps from Yo(N) to As,
although not necessarily all of them.

Finally, notice that the explicit map in Lemma 6.31 gives an alternative proof of Corollary
6.16, for the images of quadratic imaginary T € H.

Proof. Set the embedding ¢ : Mate(Q) < Mato(R) as simply the natural inclusion. We
remark that we are considering complex tori C2/A7 where A7 = Onv,, and the Riemann form
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E,(avs, Bur) = tr(p~'afB). Note that the quaternionic conjugation in Maty(Q) is adjugation
of matrices.
One can check by computation that the following basis for Oy

(b0 _ [aN 0 /01 /00
M= anvo) 27 \evo) T \oo) T o1/

is a symplectic basis with respect to E,,. It is a basis because from bc— N a®? =1 it follows that
ged(b,aN) = ged(a, ¢) = 1, and we have verified that this basis is symplectic with SageMath
[Sage|. Here is the code

var(’x,y,a,b,c,N?)
mu = matrix([[a*N,-b], [c*N,-a*xN]])
all = matrix([[b, 0], [a*N,0]])
al2 = matrix([[a*N,0], [c*N,0]1]1)
al3 = matrix([[0,1],[0,0]11)
al4 = matrix([[0,0],[0,1]1])
al = [all, al2, al3, al4]
def E(x,y):
return ((mu.inverse())*x*(y.adjugate())) .trace()
List = [] #computes the values of E(x,y) to check they are either 0 or 1
List2 = [] #returns the pairs of indices with E(x,y) = 1
for i in range(4):
List += [E(al[i], al[il).full_simplify()]
for j in range(i,4):
List += [E(al[i], al[jl).full_simplify()]
if E(alli], all[jl) !'= O:
List2 += [(i,j)]
List

The big period matrix is then II(7) = (a1 v,, aov,, asvr, aqv,) and the embedding into Hs
is given by the statement. This choice of symplectic basis also induces a compatible embedding
from O} = I'o(N) to Sp,(Z), so it induces a map Yo(IN) — As. It follows that det(r) = N72,
and there cannot be a generic linear dependence relation between det(7) and 7, 72, 73. O

We can also explicitly determine the quadratic form associated to L£,. Solving for the
singular relations in (p, q,r, s,t)

(bp+aNq+cNr)T+sNt2 +t=0

forces s =t =0 and
bp=—N (ag+cr).

As bc — Na? = 1, in particular (b, N) = 1, therefore, necessarily N|p. One can check that
(0, —¢,a,0,0)

and
(=N, —Nab,b*,0,0)
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are generators of the lattice (every possible value of p is attained, and for a fixed value of p,
(g,7) are the solutions to a Bézout type equation and one can check that all such solutions
are generated). Therefore,

L, ={(~Ny, —cx — Naby, ax + b*y,0,0), =,y € Z},

and
A(z,y) = ®2® 4 2aN (be + 2)zy + 2N (be + 3)°. (6.8)

We have recovered the same positive definite quadratic form as in [Kanl6, Equation (5)],
with parameters (c,b,a) € P(N) in their notation. By [Kanl6, Theorem 13|, this quadratic
form is characterized by the following properties ("quadratic forms of type N"):

e its discriminant as a binary quadratic form is —16/V,
e for any z,y € Z, A(x,y) = 0,1 (mod 4),
e A primitively represents a square prime to N (note that A(1,0) = ¢?, A(b%, —a) = b?).

In addition, every such quadratic form of type N is SLg(Z)-equivalent to one as in (6.8)
for some parameters (c,b,a) such that be — Na? = 1. We call the quadratic forms in (6.8)
standard.

Consider now a general N. As we mentioned in Remark 6.32, not all admissible p are
covered by the explicit formula in Lemma 6.31. However, it follows from the treatment in
[Kan16] (where N is not required to be square-free), that it is enough to construct the standard
ones, as they serve as a full set of representatives of the finitely many distinct images of these
maps, in bijection with the GL2(Z)-equivalence class of the quadratic forms of type N.

Analogously to the Shimura curves, let us study the loci U,X,. In [Kan16], these loci are
considered in My = AY? which is sufficient to us, as we eventually want to evaluate the
Igusa invariants. The problem studied is the following: it is classical ([Wei57, Satz 2|) that
for C' € My, the ppas (Jac(C), ) belongs to the indecomposable locus of Aj, in other words,
for every E, E’ pair of elliptic curves:

(Jac(C),H) 7’% (E X ElaLE @ LE’)7

as ppas, where Ly @& L is the canonical induced principal polarization on E x E’. However,
one could ask if there exist another principal polarization L on E x E’ such that

(Jac(C),0) = (E x E', L), (6.9)

or equivalently, if Jac(C') is isomorphic to E X E’ as unpolarized abelian varieties.

It follows that if (6.9) holds for some C' € Ma, then necessarily Hom(E, E') # 0 by [Kan16,
Proposition 26|, or also [Lan06, Lemma 2.2| or [DO21, Lemma 2.1|. Furthermore, if Jac(C) is
not CM, then the elliptic curves are not CM and there exists a unique cyclic isogeny of minimal
degree N (the degree of an isogeny generating Hom(FE, E') & Z), see [Kan16, Corollary 27].

Definition 6.33 (|[Kanl6|). Let N > 1 an integer, a curve C € My has type N if there exists
E,FE' elliptic curves, a cyclic isogeny o : E — E' with N = deg(a) and an isomorphism of
abelian varieties Jac(C) = E x E'. Equivalently, there exists a principal polarization L= f/(a)
on Ex E' such that (6.9) holds for (Jac(C),0). The polarization L depends on o in an explicit
way.
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Consider the locus of Mg, for N € Z~( defined by
K(N)={C € M3| C has type N}.

By [Kan16, Theorem 12], these loci K (N) are individually covered by modular curves asso-
ciated to GLg(Z)-equivalence classes of quadratic forms of type NN, and any such quadratic
form is SLa(Z)-equivalent to one of the form of (6.8).

One could additionally ask if all modular curves are of this shape. We do not need to
ponder about that, because it is true that every possible CM point belongs to one of K (),
as a consequence of the following result.

Theorem 6.34 (Shioda and Mitani). If an abelian surface is isogenous to E? with E elliptic
curve with complex multiplication, then it is isomorphic (as unpolarized abelian surfaces) to a
product of elliptic curves.

Proof. See |BL04, Corollary 10.6.3]. O

We finish this section with a slightly more general result via an alternative approach.
Consider 7 € Hy and the lattice A = (I 7)Z* € C2. Remark that A ®7 Q admits a natural
left Endy(Ar)-structure. If Ar is isotypic, then Mato(Q) C Endg(Ar), hence A ®7 Q admits
a Maty(Q)-structure.

In the previous examples, this Maty(Q)-structure was given simply by matrix multiplica-
tion, as the embedding Maty(Q) < Matg(R) was the natural inclusion.

Lemma 6.35. Let 7 € Hy with Ay ~ E%. Suppose that the Mats(Q)-module structure of
Ar ® Q is given by matriz multiplication. Then dimspang (1, 71,72, 73) = 2.

Proof. By hypothesis, for any M € Mato(Q), we have Mv € (I 7)Q* for v any of the basis
vectors. In particular, taking M = E;; elementary matrices, we derive the following relations
for 7: there exists a, b, c,d € Q such that:

(6)=Gn) () = 0) 2 () #e(2) < ()

T = a+ cm + dm,
0=>b+ cro + drs.

In other words,

From the second equation, we have ¢ # 0, because 73 € Q (and b = d = ¢ = 0 implies
71 = a € Q, which cannot happen). Then 75 € spang(1,73). If d = 0, then 75 € Q, otherwise
79 depends non trivially on 73.

A similar argument with <(1) 8) yields equations
0=4d + C/Tl -+ d/TQ,
T = b+ C,TQ + d/Tg,

where from the first equation d’ # 0 and 7 € spang(1,71). If ¢ = 0, it follows that 7 € Q
and the second equation gives a non trivial linear relation between 7 and 73 (as d’ # 0), and
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we have proven our result. If m» € Q, as the first case above, this argument still aplies, and
we arrive at the desired conclusion.

Finally, in the more general case we have o € spang (1, 71) Nspang(1,73) with non trivial
dependence on 7 and 3. Solving for 7o gives a non zero linear equation that involves 1, 7, 3.
The conclusion follows. O

6.5.3 End of proof of Theorem 6.6

We finish the proof of Theorem 6.6. If A, ~ E? with E a CM elliptic curve, as we discuss at
the beginning of Section 6.5.2, we have

trdeg Q(qla q2, q37j1 (q)7 ]Q(q)vj?)(q)) =1
By Theorem 6.34, Ar € K(N) for some N, and hence by [Kanl6, Theorem 12|, it belongs
to one of the curves in the collection described in Lemma 6.31, then generically in this curve
rank £, = L™ = 2. and hence, if A7 € C is defined over Q,

min trdeg@(gh627637j1(d)7j2(q)7j3(6>) S 1.
Sp4(Z)

Appendix 1: On a "simultaneous Humbert’s lemma" for QM
abelian surfaces

Recall the collection of modular curves from Section 6.5.2.2. For A, belonging to one of
those, we have explicitly given an element in the Sp,(Z)-orbit such that rank £i" = 2. We
can rephrase that as an answer to a different question. Humbert’s lemma Proposition 3.12
states that if 7 € Hy solves a HSR, there is always an element in the orbit solving a linear
HSR. For the elements in the locus in Ao covered by the collection in Section 6.5.2.2, they
solve two linear ones. Then the question that we ask is: given 7 € Hy solving two Humbert
singular relations, can we always find an element M € Sp,(Z) such that 7/ = M7 solves two
linear HSR. simultaneously? We made the conjecture in Remark 6.30 that it was not possible
for abelian surfaces with Endg(A) a division quaternion algebra.

The explicit embedding from Proposition 6.29 satisfies only rank £4" = 1. We claim that,
under some extra conditions, rank £%" = 1 holds for the rest of the Sp,(Z)-orbit. In other
words, there is no "simultaneous Humbert lemma" for Shimura curves that allow us to linearize
two HSR. We will now give a proof.

Our strategy is to translate the set-up to a Hilbert modular surface, as both Shimura
and modular curves are compatible with real multiplication by the ring of integers of some
quadratic field. We prove that both types of curves analytically correspond to Hirzebruch-
Zagier divisors in H% Furthermore, linear HSR will correspond to linear Hirzebruch-Zagier
divisors. In this context, we have at our disposition a criterion that allows us to distinguish
both types of curves by the coefficients or the divisors, and in particular implies that for
compact curves (Shimura curves) the divisor cannot be linear.

We set up the notation for Hilbert modular surfaces from [MR20], and the convention for
Hirzebruch-Zagier divisors from |Gee88, Chapter V.

Set a fundamental discriminant A > 0 with A = 1( mod 4) and consider the real quadratic
field K = Q(v/A). There is an explicit embedding from the (symmetric) Hilbert modular space
to the Humbert surface Ha.

Consider the following notations.
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o Oy for the ring of integers of K;
e w for the generator of Ok, i.e. w = % and {1,w} is a Z-basis of O;

e I = VAOK and 81_(1 = ﬁ(’)K for the different and codifferent of K. Remark that
the norm of the different ideal N(0x) = A;

o for a € K, write & for the non-trivial Galois conjugate;
e for a a fractional ideal in K,

F(a) = SLQ(OK@O) = {(Z Z) € SLQ(K) a,d € Ok, be Clil,CE Cl} =

. Ok a!
_ < i 0K> A SLa(K),

and we fix a = Jk;
e the variables of the Hilbert space are denoted z = (21, 2z2) € H3.

1w

Consider the matrix R = ( _
1w

> and the map

¢ : H? — Hy

z1 0 21+ 22 2w+ 2w
z»—>tR( )R:( 2).

0 2o 21W 4 29 z1w? + 290

Then by [MR20, Proposition 2.11]), it defines an embedding between the symmetric Hilbert
modular surface associated to K and Ha (after properly setting an embedding I' = I'(9x ) —
Sp4(Z)) and it is independent of the choice of Z-basis for O). Setting T = ¢(z), it satisfies
the normalized HSR (note the change of convention in [MR20])

A—-1
T+ T — 13 =0.
4
We invert ¢ in HAa:

—W n 1 —wT] + T2
z] = T Ty = )

w 1 wTy + T2
29 = T — Ty =
2 \/Z 1 \/Z 2 \/Z

Let us consider now 7 with A belonging to a Shimura curve in Ha. After applying Humbert’s
lemma to the relation of discriminant A, can consider an intersection

Al —T3=0 . At ="
am +br+ers+d(in—n7m3)+e=0 aty + bre — ddet(7T) + e =0,

where a =a' +c¢(A—1)/4, b=V +c.
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Lemma 6.36. Under the map ¢, there is a bijection:

{ (a,b,d,e) € Z* : }_>{ (p,q,7) € Z% x 9" : }

arp + by +ddetT+e=0 p\/Zzlzz—f?zl+7zQ+ﬁ:()

(a,b,d, €) > <d, e, \/15 (a + bw)) |

In particular, linear equations in T correspond to linear equations in z.
Proof. First, by definition of ¢ we have the following relation between determinants:
det 7 = z129(w — w)2 = Az 29.
In one direction, setting 7 = z1 + 22, 70 = w21 + Wzo:

a1 +bry +ddetTm+e=0
a(z1 + 22) + b(wzy + wze) + dAz1z9 +e =0
dAz1z9 + (a+bw)zy + (a+ bw)za +e =0

+ bw a + bw e
dV Az 2 +<a)z —}—()z +—=0
—_———

=y

Clearly ~ € (9;(1, and —y = —% = %.
In the other direction,

pVAZIzZ0 — F21 + 22 0

q
+7:
VA
dett _ [—wn + 1 w1 + T2 q
VN <1>+ < >+ =0

(vw+7Fw) 1 — (4 ) 2 + pdet(r) + ¢ = 0,

and we just need to check that the coefficients are integers (remark that neither v nor w~y are
algebraic integers). Write v = (m 4 nw)/v/A, then:

_ m+ nw —m — nw n(w —w
Y+y= JA = (\/Z ):nGZ,

and the same argument applies to w~y, as it also belongs to 8;{1. O

Let us arrange the coefficients of the equations in z in a matrix

B WA oy

¥ NEovVA )

with p,q € Z,v € 9'. Then this matrix is what in [Gee88, Chapter V, Definition(1.2)] is
called a skew-hermitian matrixz integral with respect to Ok . Its determinant satisfies:

pq+N(y) € N
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One can think of A det(B) as an analog to the discriminant of the HSR, in the sense that the
action of I' changes the equation but respects the determinant. Following [Gee88|, we define
the subset of H :

T(M) = U {(21,22) € B} : pV/Az20 — 721 + 722 + ——— VA = 0},
N(9k)
o (10\/Z gl )
det(B)zN(ng)

which is T-invariant and defines a divisor on H2, the Hirzebruch-Zagier divisor of discriminant
M. We remark that the standard definition of these divisors requires det B positive, and the
ones considered in Lemma 6.36 do not necessarily satisfy that. However, the relevant results
to us (namely the discussion between [Gee88, Chapter V, Lemma 1.4 and Proposition 1.5 |)
do not require the determinant to be positive.

As we have said, this divisor can define a Shimura or modular curve, and one can tell them
apart because the former are naturally compact (equivalently, they do not meet the resolution
of the cusps of the compactification of the Hilbert surface). More precisely, it follows from
[Gee88, Chapter V, Proposition 1.5] (and from the prior discussion, which does not require
det(B) > 0), that the indefinite quaternion algebra over Q corresponding to T'(M) is

A, N(E%A
—0 )

We are finally able to prove that Shimura curves do not admit a simultaneous Humbert
lemma. Arguing by contradiction, assume that it admits a description by intersection of two

linear HSR.

Assumption 1. Assume that one of them is a normalized HSR with respect to a fundamental
discriminant A =1 (mod 4).

By Lemma 6.36, the linear HSR gives a linear equation for the Hirzebruch-Zagier divisor
corresponding to the Shimura curve in the Hilbert modular surface of discriminant A. The

corresponding matrix is of the shape
0
B = iy l )
TVR

with det(B) = 7% # 0. Consider the quaternion algebra

25 (4F) - (2)

where a := 7/v/A (remark the change of sign, because N(v/A) = —A). It is finally enough to
see that the quaternion algebra splits over Q to arrive to a contradiction.

Lemma 6.37. Consider A > 0 a fundamental discriminant, K = Q(v/A) and o € K*. It

follows
(A, N(«)

o) = M@
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Proof. Consider the standard Q-basis {1,1,.J,IJ} with I? = A, J> = N(a) and IJ = —JI.
We can then identify I = v/A. By classical theory of quaternion algebras over Q, the statement
is equivalent to the quaternion algebra having a non-trivial element of norm zero. We can
explicitly find one: write a = a 4+ bv/A with a,b € Q. Then

N(a) = a® — Ab>.
Consider the element p:=a + bl 4+ J. Then
(a+0bI+ J)(a—bl —J)=a?— (bI)*> — J* = a* — Ab®> — N(a) = 0.
O

The condition A = 1 (mod 4) in Assumption 1 could be removed by repeating this analysis
for the quadratic fields of discriminant divisible by four. The true impositions are that one
of the linear HSR is normalized and with respect to a fundamental discriminant. Hence this
proof does not rule out that the linear HSR could be not normalized, or normalized with
respect to an order in a quadratic field that it is not the ring of integers.

Appendix 2: Examples of lattices of Humbert singular relations

In Subsection 6.4.1 and Section 6.5 we considered the positive definite lattice of Humbert
singular relations and worked explicitly on this object. In this appendix, we recompile specific
examples of the lattices on the quadratic forms. All the computations have been made with
[MAGMA], and the examples come from [LMFDB|.

Definition 6.38. For T € Hy, we denote the lattice of Humbert singular relations the follow-
ing Z-module

L :={(a,b,c,d,e) € Z° : ary + by + c13 + d(15 — T173) + ¢ = 0},

equipped with the positive definite quadratic form induced by the discriminant A. It is a positive
definite integral lattice (as in finite rank free abelian group with a symmetric bilinear form).

Here we simply include some examples of computations of period matrices of abelian
surfaces.

Example 6.39. The Jacobian of the genus 2 curve given by
y? = a0 4+ 423 + 8,

has endomorphism algebra isomorphic to Mats(Q(v/—6)), it admits an isogeny to E?, for E
is a CM elliptic curve for the order Z[/—6] (https://www. lmfdb. org/ Genus2Curve/ §/
5184/ a/ 46656/ 1 in LMFDB).

Computing numerically its period matrix with Magma, where e—20 is for scientific nota-
tion,

—5.4210108624275221700e—20 + 71.6329931618554520654 —2.7105054312137610850e—20 + 70.81649658092772603267
2.0328790734103208138e—20 + 70.81649658092772603273  2.0328790734103208138e—20 + 71.6329931618554520654


https://www.lmfdb.org/Genus2Curve/Q/5184/a/46656/1
https://www.lmfdb.org/Genus2Curve/Q/5184/a/46656/1
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One can guess that all the entries are purely imaginary numbers (and they belong to Q as
this is a CM point), and after squaring them, they coincide up to high precision with rational
numbers (—0.666.. in the case of 7). More precisely, it coincides numerically up to high

precision with the matrix:
22\[ \/7
ER

C :=ComplexField(200);

P<x> := PolynomialRing(C);

f := x"6 + 4*xx~3 + 8;

A := AnalyticJacobian(f);

tau := SmallPeriodMatrix(A);

a := Sqrt(-2/3);

Abs(taul1] [2] - a);

Abs(taul[1] [1] - 2*a);

Abs(taul[2] [2] - 2%a);

Solving for the lattice of singular relations in (a, b, ¢, d, e) yields the system

2d—e=0
20 +b+2c=0

hence the HSR. are parametriced by (a, —2a — 2¢, ¢, d, 2d), with discriminant b — 4ac — 4de =
(—2a — 2¢)? — 4ac — 8d = 4(a® + % + ac — 2d), so

(‘CTvA) = ({(l‘,y, Z) € Zg : (I‘, —2z — 2y7y72722)}74($2 + y2 +xy — QZ)

There are three (up to isomorphism over Q) genus two curves in the LMFDB database
such that their jacobian has endomorphism algebra Mate(C M) for a quadratic imaginary field.
Those are given by:

Cy:y? =28+ 42% +8
Cy:y®=4a%+1
Cs:y?>=2°—x

with Endg(Jac(C;)) isomorphic to Mata(Q(1/—6)), Mate(Q(v/—3)) and Mate(Q(v/—2)), re-
spectively. Analogously, it can be checked with Magma that their period matrices coincide
numerically with:

= (V= =)
(-3
ﬁ—( N RPRY)
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Example 6.40. The Jacobian of the curve y?> = 2% + 32* + 22 — 1 admits a (2,2)-isogeny
(over Q) to the product Ey x Es, E; with CM by Q(v/—2) and Q(), respectively (|[FKRS12,
page 1422, first paragraph after item viii)]).

Using Magma one can check that its normalized period matrix has the form:

24 ?
T = .
g
with determinant —(v/2 + ).

As Jac(C) is isogenous to Eq x Eo, Endg(Jac(C)) = Q(v/—2) x Q(3) as product of rings. It
is true that the minimal field of definition of Jac(C') and all its endomorphisms can be taken

as the compositum Q(v/—2)Q(i) = Q(v/—2,7) = Q(&g), for &g a primitive 8-th root of unity
[FKRS12, Prop 4.5])
For computing all singular relations, let’s rewrite in terms of the Q-base of {1,¢,&2,¢3}

for £ = &s. Hence
2¢* &2
T o s
2

with 72 — 773 = £ + €2 + €3, Finding all singular relations
amy + by 4 e+ d(m8 — Tim3) +e =0

for (a,b,c,d,e) € Z it’s then equivalent to solving the system :

— +e=0
C
Cid=0
=+
2a+b+5+d=0
C
¢ q=0
2

which has solutions given by (a’, —2d’,0,0,0), so the only primitive one is (1,—2,0,0,0), of
discriminant 4.

Example 6.41. Consider for N € Z~q fized and 7 € H the period matriz

S (7‘ 0 )
0 NT)’
which induces one of the modular embeddings of Yo(N) — Aa, that in this case is contained
m A x Aj.
Solving for
at+ b0+ cNT—d(NT?)+e=0
—dNT* + (a+cN)T+e=0
which implies e = 0 and d = 0 if 7 is not quadratic, and hence
(Lr, A7) = ({(z,y) €Z*: (~Nz,y,,0,0)}, y* +4Nz?),

and any other restriction can only come from 7 being quadratic imaginary.
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Example 6.42. In [LY20, Example 34/, they give another embedding for Y (N) into As that

doesn’t lie in the indecomposable locus ([LY20, Example 37|, x10 doesn’t vanish identically).

This is given for N odd and by
LS_IT Nt
T = .
Nt 2NT

One checks that det 7 = —N72, so the equation for singular relations:

N+1
<a ;_ +bN+20N)T+dNT2+e:O.
which implies e = 0 and d = 0 (unless 7 is quadratic), so we just need to solve for (a,b,c) in
a(N +1)/2+bN +2cN = 0, or —a?FL = N(b+ 2¢). Remark that ged(N, (N +1)/2) = 1,
so N|a. Writing a = —fN,
N+1

bt 2e = fT*,
so (b,c) are given by the solutions to Bézout’s identity. As ged(1,2) = 1, by the extended
Euclidean algorithm, those are given by one initial solution (go, ko) = ( N ;r L 0) and then for
t € Z by (go — 2t,ho +t). In conclusion,

‘CT = {(':Uay) € ZQ (_xNaxN 1 - 2.%2/70,0)}7
so A= (z(N +1)/2 —2y)? +4ayN = 2?(N + 1)2/4 + 2(N — 1)zy + 49°.

Remark that by the general formula in the proof of Lemma 6.31, our initial solution would
have been (go,ho) = (f¥%52, f (%)2), so the lattice and the quadratic form have more
complicated formulas, that are however GLg(Z)-equivalent. This one agrees with the formula
from [LY20, Example 39|, and they claim that the quadratic form is GLy(Z)-equivalent to

4z? + Ny?, N =1(4),
42% + 4y + (N + 1)y, N =3(4).

Example 6.43. The curve y?> = 20+ 425 + 62 4+ 223 + 22 4 22 + 1 is isogenous to the square
of an (non-CM) elliptic curve (https: //www. lmfdb. org/ Genus2Curve/§/ 169/ a/ 169/ 1 ).

With Magma one checks that its period matrix coincides numerically with

< i 12+az)
—14ai .
5 (6%

for « € R\ Q (that numerically is approximately 1.173688920770601387588)
using the code

C<i> :=ComplexField(200);

P<x> := PolynomialRing(C);

f := x76 + 4%x”5 + 6xx74 + 2*%x"3 + X72 + 2%x + 1;
A := AnalyticJacobian(f);

tau := SmallPeriodMatrix(A);

al := -(taul1][1])*i;

taul[1] [1] - alx*i;

taul[1][2] - (-0.5 + 0.5%alx*i);

tau[2] [2] - alx*i;


https://www.lmfdb.org/Genus2Curve/Q/169/a/169/1
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One checks further that 73 — 7173 = (302 + 1 — 2ai)/4. Hence the singular relations for
this curve come from solving:

b d
aai+§(—1+ai)+cai+1(3a2+1—2az’)+e:0.

As the term o? only appears with d (and « is transcendental), that forces d = 0. Then

(ﬁTv AT) = ({($7 2y,y -, Oa y)}74(y2 —xy + 12)'

Hence its rank is 2, but the singular relations do not involve the determinant, so we have two
linear relations and hence trdeg(q1, g2, ¢q3) < 1 for this curve.
The following examples are of type Q x CM.

Example 6.44. The curve y? = 25 —6z* + 22 +28 is of type Q x CM (https: //www. Imfdb.
org/ Genus2Curve/ (/ 448/ a/ 448/ 2 ).

We calculate its period matrix

<_1_g 4B G (s —.2>z')
SH+B-2)0i —5+pi
and

7-22 — 113 =—6+46+ (2a + 2)i,

for 5 € R\ Q (that numerically is approximately 2.12109867086418930099301878258) using
the code

C<i> :=ComplexField(200) ;

P<x> := PolynomialRing(C);

f := x76 - 6%xx74 + x~2 +28;

A := AnalyticJacobian(f);

tau := SmallPeriodMatrix(A);

al := -(taul1][1] + 1.5)*i;

taul1][1] - (-1.5 + al*i);

taul1][2] - (-0.5 + (al - 2)*i);

taul[2] [2] - (-1.5 + alx*i);

taul[1][2]~2 - taul[1] [1]*tau[2] [2] - (-6 + 4*al + (2*al + 2)*i);

Taking real parts, it follows that d = —3a — b — 3¢ 4+ 2e = 0. Taking imaginary parts,
Bla+b+c)—2b=0.
As g ¢ Q, it follows 20 = 0 and a + b+ ¢ = 0. Therefore, £+ = {(a,0,—a,0,0)}.

Example 6.45. For another example with CMzQ, we have the curve y? = 4a®+5z* 41023 +
522 4 4z with endomorphism algebra Q x Q(v/=7).

Its periods matrix coincides numerically with
249i  5- (¥ -q)i
1 (@ - ’y) T

with v = 1.22198716319824229812191332969730705... € R\ Q.


https://www.lmfdb.org/Genus2Curve/Q/448/a/448/2
https://www.lmfdb.org/Genus2Curve/Q/448/a/448/2
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C<i> :=ComplexField(200) ;

P<x> := PolynomialRing(C);

f := 4%x"5 + 5%xx74 + 10*%x~3 + b*x"2 + 4x*x;

A := AnalyticJacobian(f);

tau := SmallPeriodMatrix(A);

al := -(taul1][1] - 2)*i;

taul1] [1] - (2 + al*i);

taul[1][2] - (0.5 + (Sqrt(7)/2 -al)*i);

taul2] [2] - (1 + alxi);

taul[1] [2]~2 -taul[1] [1]*taul2][2] - (-7/2 + Sqrt(7)*al + (Sqrt(7)/2 - 4xal)*i);

Can check too that 72 — 7173 = %7 +Ty+ (4 — 47) 1. Solving now for singular relations,
taking real part:

b —7
2a+§+c+d(7+ﬁv)+e:0.

So d =0 and 2a 4+ ¢+ e = 0. From the imaginary part,

7
Cw—b<\2[—7> +ey =0,

and so b = 0, and a + ¢ = 0. Finally, £; = {(a,0,—a,0,—a)}. Then ¢ = —¢3 and ¢ =

iqlewg. Hence trdeg Q(q1,q2,q3) = trdeg@(ql,eﬂg). By Gelfond-Schneider, e’rg Z Q,
hence have 1 < trdeg(Q(q1, g2, 93) < 2.






Chapter 7

Modular proof of the one dimensional
Stéphanois theorem for prime levels

Here is a generalization of the proof of the Stéphanois theorem [BDGP96]. We do it for
the modular version in [Wal96, Théoréme 1|, but it also works for the original proof. The
generalization relies on being able to only use prime powers ¢?, instead of ¢" for every n € Z~y.
This observation is useful, as in genus two the modular polynomials in the literature are only
considered for prime levels.

Furthermore, one can even restrict to primes in fixed arithmetic sequence.

On the proof itself, the only crucial difference appears in [Wal96, Cinquiéme pas, page 5]
proof, and on the final contradiction in [Wal96, Septiéme pas, page 7|, but for readability we
present a complete proof with this modification.

7.1 Introduction

Consider the elliptic j-invariant j : H — C, a SLy(Z)-invariant modular function, which
classifies elliptic curves over Q. It admits a Fourier expansion with integer coefficients:

1 .
J(q) = = + 744+ 196884¢ + - -- ¢ = €7,
q

which defines a meromorphic function on D = {g € C : |¢| < 1}, the only pole being at ¢ = 0
(and simple). We are going to present the classical proof of the following theorem.

Theorem 7.1. Let ¢ € D\ {0}, then trdegQ(q, J(q)) > 1.

We are going to present here the “modular" proof of the Stéphanois theorem (|[BDGP96])
in [Wal96|. The “modular" approach comes from Daniel Bertrand [Ber97|. The main change in
both approaches rely on how to “cancel out" the pole at infinity of the j-function. The original
was simply to consider J(q) := ¢J(¢q). The modular approach uses the modular discriminant
form A, as it has a simple zero at infinity, and consider A(q)J(¢). Both of them follow the
same strategy, the main difference steam from:

e The auxiliary function F(¢) requires bound on the (integral) Fourier coefficients of ei-
ther J!(q) or A*J(q)! for k > 1. In the first case, they require Mahler’s bound on the
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coefficients of powers of the j-invariant. In the modular proof, one observes that, inde-
pendently of 1, A¥J(q)! is a cusp for of weight 12k, hence one can invoke Hecke’s bound
on the Fourier coefficients.

e There is a step requiring lower bounds on the auxiliary function F on ¢° for a fixed
S € Zsg, where g is an (eventually impossible) point in D such that (q,J(q)) € @2.
On the original proof, by construction F(q) = A(¢°, J(¢°)) is a polynomial with integer
coefficients evaluated in the pair of algebraic numbers (¢, J(¢%)) (remark that J(¢°) €
Q because J(q) € Q and ®5(J(q), J(¢°)) = 0 with &g € Z[X, Y] the modular polynomial
of level S). Then the proof of a lower bound relies on Liouville’s inequality for the
algebraic number F(¢°,J(¢°)). In the modular proof, the auxiliary function is now
F(q) = A*M A(q,J(q)) (where degy A < N and degy A < N). Then A%V (¢%) is not
algebraic anymore, but one combines the previous lower bound on A72N(¢%)F(¢°) =
A(q®, J(¢%)) € Q, and a lower bound on A%V (¢%) that is negligible in comparison with
the first one.

We focus on the modular proof with a goal of generalize it to the Igusa invariants for
genus two curves (or for Gundlach invariants for genus two curves with real multiplication
by Q(v/5)). The corresponding invariants are also defined as quotients of (Siegel or Hilbert)
modular forms, with the denominator being (powers of) a cusp form, and it zero locus is the
only subset where the invariants are not defined. Hence one could use it to “get rid of poles",
as it happens with A. More importantly, Hecke’s bound on Fourier coefficients on cusp forms
generalizes to both Siegel and Hilbert cusp forms.

Finally, in this presentation on the modular proof of the Stéphanois theorem, we change
a key point in the type of isogenies considered. The main strategy goes back to the Mahler
method: one starts with a pair (¢, J(q)) € @2. For any n € Z, then (¢", J(¢")) € @2,
because as we said before J(¢") is algebraic over Q(J(q)) via the modular polynomial of level
n. For the proof, one requires more information on the modular polynomial (namely degree
and height).

What we present here, is that one could restrict oneself to only work with prime powers
gP for the proof. It is a small change in the strategy (following [Wal96, Théoréme 1], the only
modifications come at Cinquiéme pas, on the determination on the fixed power P, and Sep-
tiéme pas, on the final contradiction in the transcendence proof. In general terms, restricting
oneself to working only with prime powers gives a worse bound on P, but it is still enough to
conclude in the contradiction.

Morally, one should expect this modification to still work for the proof because every
isogeny between elliptic curves factors as composition of prime isogenies. In a way, all the
information encoded in the modular polynomials in every level is already encoded in the
modular polynomials in prime level. Again, with a goal in the generalizations, it is good news
to us, because in higher dimensions, only the modular polynomials for prime levels have been
described in the literature.

Furthermore, one can restrict even more to work with primes in fixed arithmetic sequences.

7.1.1 List of parameters

Let us present now the proof. First, as it happens with a standard transcendence proof, we
work with integral parameters, dependent on each other, such that we have an impossible
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inequality in the end. Alongside, there will be a sequence of constants (some absolute, other
dependent only on ¢) appearing on our relations, for which we reserve the notation C; for
i =0,1,.... Likewise, we start the proof with a fixed ¢ € D such that (q,J(¢q)) € Q. For
the complex variable in D, we set z. We construct an auxiliary polynomial (depending on
N € Z~y) A € Z]X,Y] via Siegel’s lemma, with degy A < N and degy A < N, and consider
an auxiliary function F(z) := A%V (2)A(z, J(A). We present the parameters first on this list.

N € Z~( will appear first as degy A < N and degy A < N, for A € Z[X,Y] the auxiliary
polynomial. All other functions and parameters depend on it. Its sole purpose is being
large enough for the contradiction to happen in the end. It depends on |g| only in (7.3),
and it is a lower bound for V.

L € 7w is set in the application of the Siegel’s lemma for F(z) = A2V A(z,J(2)). The
polynomial A is constructed so that F' vanishes at z = 0 with order at least L. In
particular one should have N2 > 2L for the bounds of the Siegel’s lemma, and eventually
it will be set L := [N?/2], for [-] the integer part, therefore

2L < N2 < 2(L+1)

M € Z~yq is defined as the actual order of vanishing of the auxiliary function F' at 0, hence

M > L.

P € Z~¢ will be the prime power ¢ that we consider eventually. Its the only parameter
depending on ¢. Surprisingly, consider the strategy of the proof is build on Mahler’s
method, it cannot be set to be arbitrarily large. Hence it will be defined as the minimum
P possible, and one requires upper bounds of it in terms of the other parameters, more
precisely, in (7.7), it will be set

P2

7.2 Preliminary lemmas

Here we put the preliminary necessary results on cusp modular forms and modular polynomi-
als.

Proposition 7.2. The meromorphic function J : D — C induced by the Fourier expansion of
the j-invariant is transcendental over Q(z).

Proof. See [BDGP96, Lemme 4].

7.2.1 Modular cusp forms

Lemma 7.3 (Hecke bound on cusp forms). There exists an absolute constant C; > 0 such
that the following holds. For any N € Zwqo and any 1 < | < N, the functions A2NJ' are
modular cusp forms of weight 24N, and if we consider their Fourier expansions at infinity:

AQNJI = Z cN?l(k)qk,

k>1
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then cn (k) € Z for all N, k, k and

lena (k)] < CY RN

Proof. First A%V J! is holomorphic for that A has a simple zero at infinity that cancels out
with the pole of J for our choices of parameters | < N, and have that A2N.J? vanishes at
infinity. Its obvious that is a modular form of weight 24 N.

Finally, one carries out the classical Hecke proof, keeping track of the corresponding explicit
constants, see [Ser73, Chapter VII, Section 4, Theorem 5|. O]

7.2.2 Height lemmas

We also state Liouville’s inequality’ for algebraic numbers, and another result of height nature.
Remark the following notation for a € Q:

deg(a) for its degree, i.e. deg(a) = [Q() : Q],

h(a) for its logarithmic (Weil) height.

M(a), for € Q for the Mahler measure of the minimal polynomial of « in Z[X].

m(a) = log M («) for its logarithmic Mahler measure, remark then that m(a) = deg(a)h(a).

for any polynomial P € Z[X7, ... X,] we denote its height and its length as H(P) := max |c|
and L(P) := > |¢| with ¢ ranging over the coefficients of P. Likewise, we have lowercase
notation for its logarithms: A(P) :=log h(P), and [(P) = log L(P).

Lemma 7.4 (Liouville’s inequality). Let 0 # a € Q, then it holds that

log|a| > — deg(a)h(a).

Proof. See |[BG06, Theorem 11.5.21]. O

The second lemma we use of height theory allows us, for o, 3 € Q linked via P(a,3) =0
for P € Z]X,Y], to control arithmetic information of 8 in terms of arithmetic information of
« and P. It will eventually be used for the modular polynomials.

Lemma 7.5. Consider a,3 € Q and a polynomial P € Z[X,Y] such that P(a,) = 0.

Assume that P(a,Y") is not a constant polynomial. Then

m(f) < deg(e) (log L(P) + deg, (P)h(a)) -

Proof. See [BDGP96, Lemme 5]. O

IThere seems to be a variety of results in Diophantine approximation with this name.
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Finally, we are going to require bounds of the height of the evaluation of an integral
polynomial in algebraic values. Remark that this is a generalization of the standard properties
of the height for a, 8 € Q:

h(aB) < h(a) + h(B), and h(a £ B) <log2+ h(a) + h(B).

Lemma 7.6. Consider P € Z[X1,...X,| a non zero polynomial, and a1, ..., € Q. Then
the following holds

h(P(ay, ..., o)) <log L(P) + Z deg ., (P)h(ey).

Proof. See [Wal00, Lemma 3.7]. O

We state the properties of the modular polynomials in the following subsection for that
the original proof in [BDGP96| requires then for comparing h(J(¢?)) with h(J(q)), but one
can alternatively use a more geometric approach in [Ber97, Lemma 2|, by passing through the
Faltings height:

Proposition 7.7. There exists Cy > 0 such that for any q € D such that J(q) € Q, and any
n ez
B(I(q") < 2h(J(g)) + 6log(1 +n) + Cs.

Proof. See |Ber97, Lemma 2|. O

7.2.3 Modular polynomials

Another main object in this argument is the modular polynomials (that we restrict to prime
levels) ®,(X,Y) € Z[X,Y]. They are characterized for being the (irreducible and monic)
polynomial in two variables such that ¢(j1,j2) = 0 if and only if j; and jy are the j-invariants
of elliptic curves which are p-isogenous. We have the following results on its degree and height
from Chapter 5

Lemma 7.8. Consider the modular polynomial ®n(X,Y) € Z[X,Y] for a general level N.

o [ts degree deg(®y) := degx(Pn) = degy (Pn) = Y(N) where 1 is the Dedekind psi
function given by

v(N) =N ]

p|N prime

—
_l’_
=
~

e (Cohen’s bound) It follows that

h(¢n) = 69(N)(log N — 26N + O(1)),

logp

where kKN = Zp\N prime  p
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e (Explicit bound) If one replaces ky with Any = ZZ’"HN %logp, then one can
take the explicit constants:

6)(N) (log N — 2Ax — 0.0351) < h(®y) < 64(N) (log N — 2\ y + 9.5387)..

We state the best results known so far, but for the sake of the proof, Mahler’s bound
h(¢n) = O(N3/2) would have been enough. We specialize for prime level, for future use. The
explicit bound in this case is from [BS10].

Lemma 7.9. Consider ®,(X,Y) € Z[X,Y] for p a prime number.

o Its degree deg(¢p) = p+ 1.

e We have that
h(¢p) = 6plogp + O(p).

e (Explicit bound, Broker-Sutherland) We have that

h(¢,) < 6plogp + 16p + 14,/plog p.

Therefore, we have the bound on L(¢,) < (1(p) + 1)%e™#) so
log L(¢p) < 2log(p +2) + 6plogp + 16p + 14,/plogp < C'plogp
for some absolute constant C”.

Finally, we state the following result about the degree of the specialization of the modular
polynomials, from [Ber97, lemma 2 ii)|

Proposition 7.10. Let ¢ € D such that J(q) € Q, and let E the elliptic curve with J(E) =
J(q). Then

e If E is CM, consider T € H a period for E and equation at?® +br +c = 0. Then if p
does not divide a:

e If E is not CM, consider pg the prime number given by Serre’s theorem in [Ser72,
Théoréme 2]. Then if p > pg,

p+1=1Q(J(q),J(¢") - Q(J(9))]-

Equality to p+ 1 also holds in the first case for p being inert in the CM field of E.
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7.2.4 Bounds on sums of primes

This last subsection is for stating some results of classical analytic number theory, as conse-
quences of the prime number theorem.

Proposition 7.11. Let w(x) := #{p prime, p < x} the prime counting function.

o Forx > 2,

") = oga + fogap * O <<1g$x>3> |

But we may use the following weaker version:* there exists an absolute constant C1g > 0

such that . .
<7w(x)<C .
logx — (z) < 12loga:
e For x big enough,
z? z?
< < .
2logx — Z p= log x
p prime, p<x

Let 6 € Z~o and a € Zsq such that ged(a,d) = 1, and consider
m(x,a,0) = #{p prime, p = a (mod 9)}.

e For x large enough only in terms of 6,

") = S * im0 (o)
¢(d)logz ~ ¢(6)(logx)? (logz)?
for ¢ Euler’s totient function.

e For x large enough only in terms of 6.
z? z?
—— < < —.
¢(0)2logx — Z b= ¢(0)log =

p prime, p=a(d),p<z

Proof. The first is the the quantitative version of the prime number theorem in [MV07, Chap-
ter 6, equation under (6.15)]. For the second part,* set ¥(z) = Y prime, p<z P- We require the
prime number theorem until the second order term to check the sign of the second order term
in ¥(z), so that our bounds hive nicer constants. It follows from Abel summation formula
and the prime number theorem above

(@) = m(x)z — /t: r(t)dt = l(f; + 10212 +0 <(b§$)3> _ /t: (t)dt.

For any m > 1, by integration by parts,

/m¥dt—/m (P w+/x L - o o
2 (logt)y™ " Jy (logt)™ " 2(logt)™|, J, m(logt)™+1™"  2(logz)™ m(logz)m+t J’

Zsometimes called Tchebychev’s theorem.
3we saw this here.
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hence

¥ t t x? 3 [ t x? 3 a2 x?
/t:z <1ogt " (1ogt)2> = Sogr T2 /tzz lognz ™ * O = logz T 1 (logay T ¢ <(10g:v)3> '
50 x 2 2 2
T 3 =z T
t)dt = - O ——=
/t:27r( ) 2log x * 4 (log z)? + <logx3) ’

z? z? z?
Y(x) = .
)= Togz) ¥ A(logay T <<1og:c>3>
And one can check computationally with SageMath [Sage| that already for x > 11,

and it follows

2 2

€T T
< < .
2logx — Z p_logx
p prime, p<x

For primes in arithmetic progression, the relevant statement is [MV07, Corollary 11.21]. Also,
for more explicit versions see [BMORI18, Theorem 1.1] O

7.3 Construction of the auxiliary function

Our auxiliary function is a polynomial A € Z[X,Y] with degy A < N and degy A < N such
that the auxiliary function F(z) = A(2)*V A(z, J(z)) is holomorphic and with high vanishing
order at z = 0. One then writes A(z,y) = Zo<z‘,l <N a; x'y!, considers the Fourier expansion
of A(2)?NA(z,J(z)) and sets the first L coefficients to be zero. More precisely, if we set
AN JE =35 o eng(k)zF as in Lemma 7.3, then we write

ACPYAGTE) = 3 ane (AR = 3 aus 3 ewalk)et =
0<i,I<N 0<i,l<N k>1

(7.1)

= Z Z az‘,lCN,l(k?)ZHk = Z Z ajeny(v—1i) | 27

0<i,I<N k>1 v>0 | 0<i<miny,N—1
0<L<N

So we set the system in N? variables and L equations:

minv,N—1 N—1

Z Z ena(v —i)aiy, for 0 <v <L,

0=1 =0

and we apply Siegel’s lemma:

Proposition 7.12 (Siegel’s lemma). Consider the linear system with coefficients in Z in X
variables and Y equations with X > Y :

Set B = max |m; j|, then there exists a non zero solution in Z* such that

;] < (XB)®
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A standard extra assumption for Siegel’s lemma is X > 2Y, so that Y/(X —Y) < 1. The

upper bound on the system comes from Lemma 7.3, so |en (v — )| < CN (v — )12V, so we
take B = CV L2V and hence

|ai,l’ < NQC{VngN

L(A) = Z lazg| < N*CNL2N < oN 12N, (7.2)

0<i,i<N

Finally, F' is not the constantly zero function by Proposition 7.2.

7.4 Upper bound on |F(z)|

Set M = ord,—oF(z), for F' our auxiliary function. Then by construction M > L. The
following is an upper bound on F on closed disks for 0 < r < 1, D, C D of the form
|F(2)] = Opn(zM). As 27MF(2) is holomorphic on Dy, by definition of M, one would
apply the maximum principle to G(z) := 2~ F(z) on closed disks* I,, and furthermore one
would need the dependence of maxp_ G in terms of N, M. So instead of an application of the
maximum principle, one uses that the expansion of G(z) = 3" dy2* are of polynomial growth,
meaning the terms dj, = O(k™) for r € Z~, so they are comparable to derivatives and powers
of liz.

With more details now, by (7.1),

G(z):=2MF(z) = Z dp2*

k>0

with

dk = Z ai’lcN,l(M + k— i),
0<i,I<N

where the sum has N? terms,” |en (M + k —i)| < ON(M + k —i)'*N by Lemma 7.3 and
lai | < N2CNL2N by 7.2, therefore exists Cy > 0 with

Idy| < NACNLENON (M 1 k)2N < OV L2V (M 4 k)12V,

The following is a pretty general argument for power expansion with coefficient of this
type of growth: bound a function Y72, (M + t)'?V via comparing it with the expansion of
1/(1 — x), powers of it, or derivatives.

Lemma 7.13 (Explicit Schwarz lemma for polynomial Taylor series). Assume

h(z) = > 150 2™ € Z[[2]] is a holomorphic function on D such that [he| < (M + 1)K for fived
K € Z~g. Then

1

|h(z)] < (M + 1)KK!W.

4The boundary of D; is the natural boundary of modular forms, so this arguments need to be carried out
on D,.
®Remark that the restriction i < k from (7.1) does not apply anymore.
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Proof. Note that the Taylor expansion for any £ > 1 and any 0 < z < 1,

o0

k!

n=0
hence 1
1+anxk SZ(n—i—l)-‘-(n—l—k)xk:%kH,
n>1 n>0 (1-2)

so we have the bounds (remark (M + )% < (M + 1)KtK):

K!

DM ADF < (M +DF 143 5l | < (M + D g

£>0 t>1

Then by Lemma 7.13 above, it follows that

1

’F(Z)‘ < ‘Z‘MCéVleNMwNNwN (1 — |Z’)12N+17

. - ~ . 6 ,. _ 14ld|
therefore, we set the only dependence of N on ¢, setting N big enough so that for” r = —=,

(o)™ )

that in turn it is upper bounded by MY . in addition L < M and 2L < N? < 2(L+1) <
2(M+1)<3M

(LMN)12N < (MQ /*3N>12N — 36N 512N < MBI

can gather all powers in terms of M, so for all z with 0 < |z| <r = 1%“',

[F(2)] < |2/ MY (7.4)

7.5 Lower bound on prime powers |F(q¢")|

Consider a prime number P such that F(¢”) # 0. Remark that such a P exists, for that
arguing over closed discs on D) C D, F is a holomorphic function non constantly zero, so it
can only have finitely many zeros. Set now o = A(¢¥, J(¢%)), then F(¢*) = A(¢")*N . First
observe that as z~'A(z) is holomorphic and nonvanishing on D, by the maximum principle

we have an absolute constant Cg > 0 such that |A(q?)| > Cslq|”, hence

A" > C§]a|"*N > exp(—(Crlog(|a| )N P).

5This is simply so one argues on a disk containing ¢ in its interior and this is a simple enough choice of
radius.
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Let us focus now on a = A(¢”,J(¢")). As ¢,J(q) € Q, ¢ € Q and J(¢¥) € Q as
®p(J(q),J(g")) = 0, therefore a € Q and we will use Liouville’s inequality Lemma 7.4.
We then need upper bounds on deg(c) and h(a). As a € Q(q, J(¢")), we have and J(¢")
belongs to an algebraic extension of Q(J(q)) of degree bounded by S + 1, we have

deg(a) < [Q(q,J(¢")) : Q] < [Q(g) : QIQ(J(¢")) : Q] = deg(q) deg(J(¢"))
< (P + 1) deg(q) deg(J(q)).
For the height, by Lemma 7.6 and properties of the height,
h(A(q", J(¢")) <log L(A) + Nh(¢") + Nh(J(¢")) = log L(A) + N Ph(q) + Nh(J(¢")).

For h(J(q")), the original proof of [BDGP96| compared the h(J(¢g")) with h(J(q)) via Lemma
7.5, with the modular polynomial ®p and J(q),

deg(J(q"))h(J(q")) < deg(J(q)) (log L(®p) + deg,(®p)h(J(q)))
< deg(J(q)) (C/(P +1)log P+ (P + 1)h(J(q))) .

Alternatively, for a more geometric version, we use Proposition 7.7:

hJ(q")) < 2h(J(q)) + 6log(1 + P) + Cs.
Therefore,

deg(a)h(a) < deg(a) (1og L(A) + NPh(q) + Nh(J(qP))) ,
P+ 1)deg(J(q)) deg(q) (log L(A) + NPh(q) + N (2h(J(q)) + 6log(1 + P) + C3)),

(
(P + 1) deg(J(q)) deg(q) (log L(A) + NPh(q) + NC7log(P) +2Nh(J(q)))

IN A CIA

and as log L(A) < log(CYN (N?%/2)12V) < 25N log N, if we set
Cs(q) = deg(q) deg(J(q)) max{1,25,C7, h(q), h(J(q))}, then

deg(a)h(a) < Cg(q)N(P + 1) (P +log N 4+ log P4+ 1) < Co(q)NP (P +log N).

Then Liouville’s inequality log || > — deg(a)h(a) and our previous bound on A(g?)?V allow
us to conclude that exists Co(q) such that

|F(¢")| > exp (—Cio(q)NP (P +1log N)). (7.5)

7.6 Definition of P and upper bound
Combining (7.4) and (7.5):

exp (=Cio(¢) NP (P +1log N)) < |q| ™M M*'™ = exp (—log(|q| ") PM + 31N log M) ,
log(|g| ™Y )PM < Cy(q)NP (P +log N) + 31N log M,

3llog M
M <5¢,4(q) Cro(q)N (P—HogP—i—logN—i— g> ,

P

and as N2 < 2(L + 1) < 2(M + 1) < 3M, it follows that log N < log M and N < v/3M and
there exists C11(q) such that

M < Cy1(q)VM (P +1log M) . (7.6)
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Observe that at this point we are aiming for a contradiction of the sort M < /M log M, and
we would have that as long as we may control P well enough in terms of N, M. This is also
the step where the strategy differs from the original Mahler method.

The only condition that we impose on P is that F(¢’) # 0. We said before that such an P
exists, so we may consider the smallest of it, i.e. P such that F(¢) = 0 for all primes p < P.

Set r = I%M. We can think of considering the following holomorphic function on D,

F(z) 1
M H z—qv’

p prime, p<P

we simply going to change the factors % to the following (inverse) Blaschke-type product

z—

H(z) = F(z) I1 -z

p prime, p<P T(Z o qp)

We consider this modified factors because at the boundary {|z| = r}, it holds (this argument
comes from [Nes96, Under Equation (6)])

_ N R S T _
2= @2l = = 2l = 12— e =l ] = ez~ )

so max,—, |H(z)| = 7~ |F(z)|. By the maximum principle, for z € D,
[H(2)] < r~M|F(2)] < MY,

by (7.4). On the other hand, H(0) = do [, prime, p<r v+ With do the first coefficients of the
expansion of G(z) = 2 M F(z). By construction, dy € Z and it is non-zero, so |dg| > 1.
Together with |H(0)] < M3 we have our bound involving P, M, N. We require to bound

w(P) = land ) and we use Proposition 7.10. Therefore, we have:

Zp prime, p<P p prime, p<P b,

fr’Tr(P)’q|7Zp prime, p<P P S M31N’

1 —C12P/log P 1 P2/2log P
G () e
lq] B

r
2

1 1) — Cyplog(r~!
ST0g P og(lg|™") — Cizlog(r )logP

< 31N log M,

and as r > |q| it follow that —logr~—! > —loglg|™!, so there exists Cy3 > 0 such that
(P/2 — 012) > (013)_1]3 and

P2 P P P P2 1
1 1) = Crzlog(r™! > 1 = - > 1 N
s logllal ) wa'%yhbyNWQ)@ aﬁ_mp%mrbﬁ

hence
P2

1
—— < (13— 31N log M. 7.7
o P = iog(jg 1) > 18 0
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7.7 Final Contradiction

In (7.7), we can take % > P+/P, so the following arguments are easier. Using N < v/3M,

it follows

~ log(lgI™")
Therefore, together with (7.6),

Nlog M < Ci4(q)V M log M.

M < Cig(q)VM (logM—i- (WlogM)z/?’) < Crr(Q)VM (\/MlOgM)Q/S,
M < Ci7(q)M*/%(log M)*/?,

which is a contradiction for M big enough. As M > [N?/2], and N can be taken arbitrarily
large,” we have our final contradiction.

7.8 Other bounds on P that do not yield a contradiction

This section is no part of the proof, but it is included with sights to possible generalizations
for genus 2.

The following bounds are weaker, of P = O(N) and P = O(Nlog M), and one can see
that in the previous section that they do not yield a contradiction. Actually, any bound of
the form P'*¢ = O(N log M) for any & > 0 gives the contradiction, but not when only ¢ = 0.

We spend some time in these arguments for that they are the only ones that can be
generalized to genus two, even though they are also not strong enough for a contradiction.

7.8.1 Jensen’s inequality

We have a holomorphic function G(z) = =M F(2) such that on D, it follows |G(z)| < M3,
and our question boils down to control the number of zeros using the size of the function, a|n‘d

S ; : Y o — — 1+lg
Jensen’s inequality tells you precisely that: [MV07, Lemma 6.1], using r’ = |¢| < r = 5%
the number of zeros of G in {|z| < |g|} does not exceed

)

1 1
log(M3™V) < O, (N log M),
Tog(r/) [G(0)] B < Oal N log M)
=

as G(0) = dp € Z. In particular, P = O4(NlogM). From this perspective, one sees the
strategy in the previous section is an strengthening of the bound given by Jensen’s inequality,
by using that the zeros one is counting are in a geometric sequence {¢”} for p prime.

7.8.2 A purely algebraic argument

This argument shows well-definedness of P without using complex analysis. Suppose (A(¢?, J(¢?)) =
0 for p prime (with (¢, J(q)) € @2 so (¢, J(qP)) € @2), as has always been in this chapter).
Then J(gP) is a root of a polynomial in Q(¢?)[X] C Q(q)[X] of degree N, so

deg(J(¢")) = [Q(J(¢")) : Q] < [Q(J(¢") : Q9)][Q(g) : Q] < deg(q)N,

"recall that the only dependence of N on g is in Equation (7.3).
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but this bound is independent on p, which is absurd: generically Q[J(¢") : J(¢)] = p+ 1, and
actually by [Ber97, Lemma 2 ii)|, for p large enough in terms of J(q),

This lower bound is only for CM elliptic curves, for the non-CM for p large enough,® the
degree is generically p + 1.
Hence, as [Q(J(¢")) : Q] > [Q(J(q)(J(¢?) : Q(J(q)] = deg(J(9))[Q(J (), J(¢")) : Q(J(q)],
it follows that
p—1_ deg(q)

3 7 deg(J(q)
so taking P as the smallest p such that this bound does not apply, we have A(q¢P, J(¢?)) # 0
and a bound P = O4(N).

8larger than the prime in Serre’s uniformity theorem.



Chapter 8

On the steps to the Stéphanois
theorem for genus two

Our goal is to generalized the strategy from the modular proof of the Stéphanois theorem
to the Igusa invariants of curves of genus two. Following the guideline from [BDGP96| (and
[Wal96]), that we have presented in Chapter 7, we have the following sequence of steps:

e construction of the auxiliary function(s),

e upper bounds,

e lower bounds,

e definition of the prime power and upper bound

What we present here is a generalization of all the steps, except the last one, and only for
values ¢ = (q1, g2, q3) belonging to a subdomain of of the domain of definition of the Fourier
expansion of the Igusa invariants. We can then state the subsequent result.

Theorem 8.1. Let o = (01, 02, 03) belonging to the domain of Equation (8.2), and furthermore
assume it belongs to the subset' satisfying the property

the prime number P = P(g,N) defined in Section 8.5 satisfies P = Oo(NY37¢) for some
e>0.

Then we have
trdegg Q(o1, 02, 03, j1(0), j2(0), j3(0)) > 1.

8.1 Preliminary results

We gather here the preliminaries results needed for our proof, together with the results from
Section 7.2.

Proposition 8.2. Let K = C(Asg), the field of functions of Az, or equivalently the field gen-
erate by Siegel modular functions with respect to Spy(Z). As functions on T, the exponentials
qr = €™ are algebraically independent over K(T).

Proof. This follows from [BZ01, Theorem 1|, where it holds for every genus. O]

Lconjecturally, this subset should be the whole domain.

147
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8.1.1 Fourier expansion of Siegel modular forms

Consider the Siegel upper half space of degree two

Hy = {1 = (Tl TQ) , Im 7 > 0},

T2 T3

and a holomorphic Siegel modular forms f : Hy — C with respect to Spy(Z). They admit a
Fourier expansion

Z a(M)eiZﬂ'T‘I‘(MT), (8.1)

MeSymy(Z)V-+
v a b/2 v :

where Sym,(Z)Y = b2 ¢ ) a,byc € Z . We call M € Symy(Z)Y half integral symmet-
ric, and the superscript + means positive semidefinite matrix. We will also use the nota-
tions M > 0 and M > 0 for positive semidefinite and positive definite matrix, respectively.

That means that M is of the form (;2 bé2>, with a,c > 0 and b® < 4ac. In particu-

lar Im(Tr(N7)) = Tr(N Im7) > 0, because both N and Im 7 are positive semi-definite,? it
follows that | exp(i27 Tr(MT))| = exp(i27 Im(Tr(NT))) < 1.
Notice that Tr N7 = am + b + ¢73, so if we set

qr ‘= ei27r7'l’ [ = 17273a
we can see Equation (8.1) as a power series in the variables q := (q1, g2, ¢3). Note that
e the exponents of qi, g3 are always in Z>,

e and the exponents of g3 can be negative, but from b? < 4ac, they are bounded in terms
of the exponents of ¢; and ¢3. Hence, as a power series on ¢; and g3, the coefficients are
Laurent polynomials in ¢o.

We can see the Fourier expansion as naturally defined in (R[g2, g5 "Nla1, g3]], for R an appro-
priate ring of the Fourier coefficients, and R[g2, ¢ 1] denoting the ring of Laurent polynomials.

From a different perspective, we may want to consider the complex domain that the as-
signment g : Hy — C3 defines, and see a Fourier expansions as an holomorphic function on a
complex submanifold of C3, with possibly singular boundary. If 7 € Hy then 71,73 € H and
Im(79)? < Im(7y) Im(73).

Lemma 8.3. The image of the assignment q : H> — C3 is given by

- . A/ -1 —1 ./ —1 =1
a(H?) := {(q1,q3) € (D1)? : |qo| < eVIo8lar 11oglas [ o |gy| > e~ Vioslar [loglas Iy

i.e. on fixed (q1,q3), it is the complement on two discs of the complex plane centered around
0 and oo, respectively.® Furthermore, D3 acts on it via (q1,q2,q3) — (£1q1,&2q2,&3q3) for
&1 =1, j=1,2,3, i.e. q(H?) is a Reinhardt domain.

Zsee this link.
30bserve that this complement always contains the unit circle.
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The Fourier expansion of a holomorphic Siegel modular form is uniformly convergent on
compact subsets of Hy. Considering the induced series in q1, g2, g3, for any compact subset
away from q1g2q3 = 0, we can invert the g-variables (they are locally biholomorphic mappings),
and prove uniform convergence of the series. Therefore, it induces holomorphic functions on
this complex submanifold of C3.* The boundary at infinity of Hy is singular, so we expect our
manifold to be singular too at ¢1g2q3 = 0.

Remark 8.4. We will see below in Item 1 that the symmetries of the Fourier expansion of a
Siegel modular form include (g1, q2,93) — (q1, q;l, a3) and (q1,492,93) — (43,92, q1), hence one
could always restrict to |q2] < 1 and |q1] > |g3].

{q1,q3 € (D1)? : |@1] > lgs], 1> |go| > e~ VIe8lalloglash c D) « Dy x Dy

8.1.2 Siegel’s fundamental domain and Minkowski’s domain

Sp4(Z) contains the following subgroup isomorphic to GLy(Z),

{<g tU01> CforUc GLQ(Z)} ,

which acts on Hy by 7 — UTU. We call them unimodular transformations. We can see
GL2(Z) acting on positive define real matrices (on Im 7), and consider a fundamental domain
for this action. By the theory of Minkowski reduction [K1i90, section I1.2], there exists such a
domain composed on Minkowski reduced matrices.

Definition 8.5. Let n € Z~¢ and Y = (y;;) € Sym; (R) a positive definite matriz. We say
that Y is Minkowski reduced if

e it holds yp g1 >0 fork=1,...,n—1,

e and the successive minima of the associated quadratic form to'Y on Z™ are the diagonal
elements, meaning that g]Yg > Yk i for all g € Z" with ged(g,...gn) = 1, for k =
1,...n.

We call the subdomain of Sym, (R) composed of such matrices Minkowski’s reduced domain
of Sym;! (R), or simply Minkowski’s domain.

It follows that Minkowski reduced matrices have a easily described appearance.

Proposition 8.6. Let Y = (y;;) € Sym; (R) be Minkowski reduced. Then it satisfies the
following:

¢ Yk < Y1 k+1 for 1 <k <n—1,
o it holds |2yy| < yg i forl # k, and any 1 < k < n.

e there exists a constant c(n) > 0 only depending on n, such that it holds

det(y) < Hym < ¢(n) det(y)
i=1

4see also [K1i90, paragraph under Equation I1.4.1, page 44].
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Proof. This is [K1i90, Proposition 1 in Section I.2]. O

Remark 8.7. A way to understand this result is to notice that the analogous minimization
problem of Y over R simply produces its eigenvalues (real and positive) in increasing order,
and the “reduced"” matriz in that sense will be its diagonalization. However, the minimizing
problem we consider is over Z. In particular, its successive minima are not necessarily its
eigenvalues, and one cannot diagonalize in general a symmetric matriz over GLa(Z). Hence
the above result would say that the best one can do over Z is to make the off-diagonal elements
small.?

In dimension two, more can be proven:

Lemma 8.8. In dimension two, a matriz Y = (zl ‘7;2> € Symy(R) is Minkowski reduced if
2 Y3

and only if 0 < 2y <y1 < y3 and y1,y3 # 0.

Proof. If' Y is Minkowski reduced it follows for the general case in any dimension in Proposition
8.6. For the other direction, first notice that Y is positive definite, because

detY = y1ys — y2 > 4y3 — y3 = 3y3,

we need to verify that y; < ys are the successive minima for Z? for the quadratic form induced
by Y, fy(m,n) := yim? + 2yamn + yzn®.
For y1, that means verifying y1 = ming )£(m,n)ez? fy (m,n) If mn >0,

y1m?® + 2yamn +ysn? > yym? 4 yzn? > min{yy, y3} =y = fv(1,0),
>0

and if mn < 0:
y1m? + 2yamn + ysn? > yl(m2 +mn + n2) >,
—_——

2yimn - >yin?

which follows from min g 0)£(m,n)ez? m? 4+ mn 4+ n? = 1, which can be checked by elementary
arguments. For y3 being the second minima, the minimizing problem is under the extra
condition that n = 1, so minimizing y;m? + 2yam + y3 = m(y1m + 2y2) + y3. It now follows
from min,,ez m(y1m + 2y2) = 0, which can be checked analogously. O]

Definition 8.9. We call the following domain the Minkowski’s domain of H?:

{T € Hy : Im 7 is Minkowski reduced, |Re ;| < %}
Remark 8.10. The Minkowski’s domain maps via q to:

{q: 1> g >|al > lgl >0} c Dy x Dy x Dy, (8.2)
which is easier to describe that q(H?).

We also consider the following domain, that also contains the Siegel’s fundamental domain:

K= {|Re(n)| < ,0 < 211117'2 < Im7’1 < Ing,Imﬁ > 73}

N =

for n = 2,3 they are diagonally dominant matrices, so one can relate its eigenvalues with the succesive
minima by Gershgorin’s circle method.
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8.1.2.1 Symmetries of the Fourier coefficients

Any holomorphic Siegel modular form g with Fourier expansion

Z a(M)eiQW Tr(MT)
MeSym, (Z)V-+

satisfies that, for any U € GLg(Z) and M € Symy(Z)V'", a(UMU) = a(M). In particular,

2
if we write M = <b?2 bé >, for the positive semidefinite binary quadratic form Qy; = az? +

bry + cy? with discriminant b% — 4ac < 0, then a(M) depends on the GLy(Z)-equivalence class
of Q M-

Definition 8.11. We say that 6 € Z is a discriminant if 6 = 0,1 (mod 4). We say that it is
a fundamental discriminant if it is the discriminant of a quadratic field.

Remark 8.12. Every discriminant is of the form f2A for f € Zwo and A a fundamental
discriminant.

1. Taking U = <1 0 >, it follows that

) ()

and taking U = (0 1), then

10
a b/2\\ c b/2
(65") = (6")).
2. If det(M) = 0, then every GLy(Z)-equivalence class has a representative:

a0
00/’
for a € Z. In particular, there are infinitely many classes.

3. If det(M) < 0, then there are only finitely many classes, bounded by h(—4 det(M)), for
the class number of the discriminant —4 det(M). Two quadratic forms f, g are GLa(Z)-
equivalent if either f and g or f and ¢! are in the same SLg(Z)-equivalence class,
where g~! means the inverse under Dirichlet composition (see [Cox22, Theorem 3.9]).
In particular, the exact number of equivalence classes lies between h(—4det(M))/2 and

h(—4det(M)).

For any given weight k, we have a subspace, the Maass Spezialschar, of Siegel forms that
are lifts of Jacobi forms of weight k& and index 1. For modular forms in this subspace, we have
extra symmetries: a given Fourier coefficient a(M) only depends on det(M) and ged(a, b, ¢).
More precisely, if —4 det(M) is a fundamental discriminant, then necessarily ged(a, b, ¢) = 1, so
there is only one Fourier coefficient. if —4 det(M) = f2D’ with D’ fundamental discriminant,
then we have one Fourier coefficient for every divisor of f.
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8.1.2.2 Ordering by determinant and ordering by trace
Given a cusp Siegel modular form, a(M) = 0 for all M with det(M) = 0. Write the Fourier

expansion,
M
> a(M)q™,
MeSymy(Z)Y-+,M>0
On first instance, the symmetries of the Fourier coefficients would make us thing on ordering by

determinant. However, on a fixed determinant there are infinitely many h.i.s matrices. More
b/2 . : . o

b72 é ), we consider the corresponding positive definite binary

quadratic form az?+bxy+cy? of discriminant —4 det(M) = b? —4ac. Fixing § = 4det(M) > 0

(hence —6 is a negative discriminant), then b? 4+ § = 4ac. It follows that b = § (mod 2) and

that (a,c) are pairs of divisors of (b + §)/4. One can write

>, alng¥= > > )

0<MeSym, (Z)V+ 6>0 b=6 (2) |b2+6
—¢ discriminant

precisely, if we write M = <

where we are already accounting for the symmetry b — —b and (a,¢) — (¢, a). On fixed § and
b, we have exactly oo((b? + 6)/4) matrices.

This is not the ordering that we are going to use, as for the construction of the auxiliary
functions in the transcendence proof we do not have a way to preserve all the symmetries of
the Fourier coefficients (except for b — —b and (a,c) — (c¢,a)). We are going to order the
terms of the Fourier expansion by trace.

Lemma 8.13. There are finitely many h.i.s. positive definite matrices with fixed trace. More
precisely, there are 3 matrices for t = 2 and 10 for t = 3, and for an integer t > 4:

24 (t —1) < {M € Symy(Z)V'F, M >0, tr(M) =t} < th +(t—1),

and

2 |t+1 a b/2 v 5 t+1
- o<« = i+ = < > < Sl
4+{ 5 J_{M (b/2 C)esme(Z) M>0tuM=ta<e b0y < ot [+

b% bﬁ 2) € Symy(Z)V++, M positive definite with tr M = ¢. First
notice that there are t — 1 pairs a,c > 1 such that a + ¢ = ¢, given explicitly by (a,t — a) with
a=1,...t—1. For each pair (a,t—a), there are only finitely many b such that b> < 4a(t —a).
Observe that for any a, 4a(t —a) < 477 =12, 50 |b| < t. Hence it follows a first upper bound
of t—1)(2(t—-1)4+1)=(2t=1)(t— 1) We are going to improve it alongside the calculations
of a lower bound.

For any a = 1,...,t — 1, denote b;(a) the number of possible values of |b| > 0 with fixed
t,a. Our total number of matrices of fixed ¢, a is 2b(t,a) + 1. For b% < 4a(t — a), then:

bt a):{p\/a(t—a)J if 24/a(t — a) %Z

2y/a(t—a)—1 otherwise

Proof. Set a matrix M = <

from where it follows
2v/a(t —a) —1 < ba) <2v/a(t —a).
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By construction, we have the symmetry b.(a) = b:(t — a). Assume first that ¢ is odd, so

22;11 bi(a) =2 .7 t/ZJ bi(a), and |t/2] = (t—1)/2. As y/a(t — a) is an increasing function on

0<a<t/2 wecan compare to the integrals:

(t+1)/2 =1 (t+1)/
2/ @valt—w) — du< Y bi(a) <4 a0, (8.3)
u=1 a=1 u=

Remark the integration until [¢/2| +1 = (¢4 1)/2. One can check that the following function
is a primitive of the right hand side, and we have the upper bounds

1 t—2 1
5152 <arcsin<t>+arcs1n< >>+\/t— (t—2)+ 5 t2—1

< CEVImTa-2)+ 2<< Zt2>

and for the lower bound

t—2

%t2 (arcsin <t> + arcsin <1>> +VE—1(t-2)+

/e 1wy

D |

2

t _ 1 t2
> 52(arcsm(1/3) +Vt—1(t—-2)— 5(15 —1) (Z if t>4 2) )

where for the bounds we have used that arcsin ( ) + arcsin (%) is an increasing function on

t and that t > vt2 —1 > (¢t — 1). The last 1nequaht1eb have been checked by software.
Assume now that ¢ is even. We prove that b;(¢/2 — 1) = b, (t/2) =t/2—1if t > 3. By our
definition of by, as 21/t%/4 =t is an integer, we have b;(t/2) =t — 1. For b;(t/2 — 1), we have

(5 () -ves

t>\E2—4>(t—1),
where the last inequality comes from > — 4 > ¢ — (2t — 1) = (t — 1)2. We have therefore
Zt b b(a) = QZt/Q ! bi(a) + (t — 1), so we bound,

implying

t/2 t—1 t/2
2/ Valt—u) = Ddu+(t—1) < 3 by(a) < / Jalt = wdu+ (¢ —1).
u a=1

=1

Notice again the endpoints of the integrals. Similarly as Equation (8.3), we get the upper
bound

1 t—2 t?
5tZarcsm <t> +VE=-T1(t—-2)+(t—-1) < §+\/t—1(t—2)+(t—1) (g Zﬁ);
and the lower bound

%tQ arcsin (t—tZ> +VEt—1(t—2)—(t—=2)+(t—1) > t;arcsin(l/3)—|—\/t —1(t—2)+1 <> t;) :
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Finally, we count 3.'_1 (2b(t,a) + 1), (for t > 4):
t2 4+ (t—1) < {M € Symy(Z)V'", M >0, tr M =t} > §t2 + (t—1),

and one can compute that there are 3 matrices for t = 2 and 10 for ¢ = 3.
The second statement follows in the same way. O

8.1.2.3 Bound on Fourier coefficients of cusp forms

We can prove the following bound for Siegel cusp forms as a direct generalization of the Hecke
estimate for elliptic cusp forms, that furthermore scales properly after taking powers. It is
true that for Siegel cusp forms there are better bounds available, but this is enough for our
purposes.

Proposition 8.14 (Hecke estimate for Siegel cusp forms). Consider a Siegel cusp form g of
weight k with Fourier expansions

9= ayT)q",

7>0

then the function on Hy given by
G = det(Im 7)*%g(7)

is bounded in Hy. Setting C(g) := supy, G and C*(g) = e*™C(g), we have the following bound
for all T > 0:
lag(T)| < C*(g) det(T)*/2.

In particular for any 1 > 0 for any power ¢' it holds:
lagi (T)| < (C*(g))" det(T)"*/?.

Proof. The proof is a straightforward generalization of the known Hecke bound for elliptic
cusp forms. By construction it follows that G is invariant under the Sp,(Z)-action, and it is
furthermore bounded at infinity because g is a cusp form: this follows from the fact that for
T h.i.s and positive definite, we have the bound:

| det(y)k/QeiQWtr(TT)| - det(y)k/Qe—Qﬂtr(Ty) < tr(y))ke—Qwﬁ(T) tr(y)’
where §(7T") > 0 is the minimum of the eigenvalues of T'. The inequality

tr(y)?
4

det(y) <

follows from the fact that y is positive definite, as in dimension two implies tr(y)? —4 det(y) >
0. The inequality in the exponential comes from Lemma 8.36 (applied to T instead of Im 7).
See also [Igu72, Lemma V.5.21] for its generalization to arbitrary genus.

Set C(g) as above. Recall the definition of the Fourier coefficients, setting 7 = x + iy

ay(T) = / Chs iy)e 2 I g,
T Mo
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&)
lag(T)| < / C(g) det(y) /22" " (T¥) gz = C(g) det(y) */2e2m*(TY),
x mod 1

and this bound holds for every y = Im 7 with 7 € Hy. Setting y = T~! (remark that because
T is positive definite, its inverse is too), we have

lag(T)] < Clg)e™ det(T)*>.

8.1.3 Igusa invariants and Igusa-Streng invariants

We want to generalize the“modular" proof of the Stéphanois theorem, because considering the
Fourier expansion of the Igusa invariants themselves may not be as convenient, as they are
not well defined on x19 = 0 and we do not currently have in the literature known bounds for
this coeflicients.

The modular proof is more suitable for our purposes, as the Igusa invariants have common
denominators by powers of x19, and we can use bounds for Fourier coefficients of cusp Siegel
modular forms by Proposition 8.14.

Consider the Siegel Eisenstein series Fy4, Fg, Fhg, F12, and define the normalized cusp forms
of Igusa [Igu62, page 195]

B —43867
©212.35.52.7.53

X10 (E4Es — Evp)

and
131 - 593

T 913.37.53.72.337

The Igusa invariants are given by

X12 (3°-7°E} +2-5°Ef — 691E)5) .

=2 35@2 o = 3 Eaxty iy = 3 Eoxis | 3% Eaxiy
X?o’ 23 X4110 25 X?O 23 Xéll()

Remark that X(fo is a common denominator for j;, and X?O 71 is a cusp form of weight 60.

These are the more standard [gusa invariants, but we want to work instead with the Igusa-
Streng’s invariants of [Str10]. We presented them already in Section 1.1 and Subsection 1.3.1,
and they admit the expressions:

N

1 F.FE
A =273

- y J3 = .
210 x10 X10 218 \2

One normalizes instead by X%o 71, X10J2, X:fo 73,

In addition, from [Str10, Appendix 1|,the Fourier coefficients of Ey4, Fg,4x10, 12x12 are all
integers, and each one of them has one coefficients equal to 1.

Finally, as C(A42) = C(j1, j2, J3), together with Proposition 8.2 we have the following result
of algebraic independence, necessary for the construction of the auxiliary functions.

Theorem 8.15. The functions j1, jo, js are algebraically independent over C(q1,q2,q3).
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8.1.4 Modular polynomials

An important element in the proofs are the modular polynomials, both Siegel and Hilbert.
Here we recall them briefly with its most important properties. We based this presentation
on [BCCK24, Section 2.1|, [KPR25, Section 2.5], [MR20, Section 4.1] and [BLS13, Section 2].

One first key difference with the one dimensional analog is that we encounter different
types of isogenies in the two dimensional version. Consider an isogeny between complex
abelian surfaces ¢ : A — B, which over C only means an isogeny of complex tori. Once we
consider polarizations, one could ask what natural extra condition to impose on the isogeny
to consider it a "polarised isogeny" of sorts.

For this section, we are going to consider polarizations as (special type of) isogenies A4 :
A— A It (B, A B) is principally polarized, ¢ induces an polarization on A given by ¢*A\p =
$oApog, for ¢ : B— A the dual isogeny of B.

A—°% B
/ N\
Aa 9" AB AB

\

A“ﬁf*

3

One could then think that a natural condition for ¢ is to impose A4 = ¢*Ap, but this is too
restrictive (see [Orr17, end of p. 674]) as by degree computations deg(Aa) = deg(¢)? deg(Ap).
Hence, unless ¢ is an isomorphism, it cannot induced a principal polarization.

Therefore, we do not restrict our notion of isogeny once we consider polarized abelian vari-
eties, but as we will see below in Definition 8.16, the effect of the isogeny on the polarizations
will be used to classify them.

Hence our set up is, given one principally polarized abelian surface A, consider all usual
150genles ¢ : A — B, and ask which B admits a principal polarization. 7 Equivalently, as
B = /ker ¢ 3 unpolarized abelian varieties, we ask for which finite subgroups ker ¢ the

quotient /ker b admits a principal polarization.
Let us resume ¢ : A — B an isogeny, and principal polarizations A4 and Ag. Consider the
induced polarization on A, ¢*Ap, and set

f=2;'¢*"\p € End(A).

It extends to a group homomorphism NS(A) — End(A), and restricts to NS(A) — End*(A, \4),
which is a group isomorphism, as we stated in Proposition 3.19. Recall that the Rosati invo-
lution with respect to A4 is given as ' : End(A4) — End(A), g = A;' 0 § o A\4. Furthermore,
the polarizations of A under this morphism are identified with the totally positive elements of
End®(A, A4), see [BLO4, Theorem 5.2.4]. We denote the subset of totally positive elements of
End®(A, \4) by End® "+ (A, \a).

Reciprocally, if we start with f € End®" (A, \4), and the polarization of A given by
Agqof, to recover the isogeny ¢ : A — B such that ¢*Agp = Mg o0 f, we just need V = ker ¢: in
this case B = /V This quotient admits a principal polarization by Proposition 8.20 below.

5We have found different definitions of this concept, so for the sake of clarity we are not going to use this
denomination.
"a polarization on B always exist, but it is not necessarily principal.
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Let us focus now on the V' = ker ¢, and how it depends on f. Here, we restrict to the generic
case that A is a simple abelian surface. Then, by our analysis of Humbert singular relations
in Section 3.1, in particular f solves a quadratic equation over Z with positive discriminant
in Z~o (that is not a perfect square), and so f is either a positive integer n € Z~q, or 3 is a
real quadratic integer.

On the latter case, set O = Z[f] C End®(A4, A4): then (A, \4) has real multiplication by the
order O C Q(f). We will see below in Remark 8.23 that (B, Ag) also has real multiplication by
0. More generally, it is natural to consider from the beginning a real multiplication structure
O — End®(A, A4), and ask whether the isogeny respects it.

Consequently, we define the following type of isogenies.

Definition 8.16. Consider (A,Aa) and (B, Ap) principally polarised abelian surfaces, and
consider ¢ : A — B an isogeny.

o We say that ¢ is an n-isogeny for n € Z~q if
$oApod=Aiolna,
for [na] € End(A) the multiplication-by-n endomorphism.® If furthermore ker ¢ =
2
(Z/nZ> , we will say that ¢ is a (n,n)-isogeny.

o Let K a real quadratic field and consider an order O C K. Assume furthermore that A
and B have real multiplication by O with given endomorphism 14 : O — End®*(A, \4)
and tp : O < End®(B, Ag). Consider € O a totally positive number, then we say that
¢ is a [B-isogeny if R

podpod=Agoua(f).

Remark 8.17. We will see in Proposition 8.2/ below that a n-isogeny satisfies deg(f) = n?.
It follows then that for n = p prime, a p-isogeny is always a (p, p)-isogeny.

The first type of isogenies, when n = p is a prime number, are parametrized by the Siegel
modular polynomials. The second type, for § a (totally positive) prime number in Ok, the
ring of integers of K, are parametrized by the Hilbert modular polynomials.

Remark 8.18. These two types of isogeny have a non-trivial (non empty, and not a subset)
intersection. They are not exclusive, as one is allowed to take B € Z~q in the definition of a
B-isogeny. In that case, it is a n-isogeny that preserves the real multiplication, which is a non
trivial extra condition.

Let us return to ker ¢. From f = A;'o ¢ o Ap o ¢, necessarily ker ¢ C ker f. If f = [na],
then ker f = A[n], so for f = 1a(5), for 14 : Ox — End®(A, A\4), we extend the notation
A[B] :=kerva(B).

The polarization A4 o [n4] induces a symplectic pairing” on A[n] x A[n] — p,, given by
the Weil pairing, which can be written in terms of the associated Riemann form E4 as

en : A[n] x Aln] — py,
(u,v) — exp(—i2mnE4(u,v)).

8In some reference this is what is called polarised isogeny, without making reference to n.
%in multiplicative notation.
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More generally, for a polarization of the form Ao f with f € End® ™+ (A4, A4), one can define a

symplectic pairing as the Weil paring, see [MumO08, Definition p. 210] (and [Mum08, p. 228] for
its functorial properties), or also see [Mil86a, Section 16]. We write it ey ,of, or if the context
is clear, simply e¢. From the specialization for complex abelian varieties in [Mum08, Theorem
1, p.237] it follows that ef(u,v) = exp(—i2nE¢(u,v)), for Ef the associated Riemann form to
the polarization A4 o f. From [BL04, Remark 5.2.2, Proposition 5.1.1], if p,(f) € Maty(Z) the
rational representation of f, then Ef(u,v) = Ea(pr(f)u,v). Alternatively, as ¢*Ap = Aq0 f,
it can be recovered as E¢(u,v) = (¢*Ea)(u,v) = Ep(pr(¢)u, pr(¢)v). Then we have two
properties for ker ¢ in terms of the Weil pairing:

e ker ¢ C ker f is isotropic!’ for the Weil pairing, meaning that es|(V x V) = 1,
e and it is maximal among the isotropic subgroups of (ker f,ey).

Remark 8.19. Observe that as ey is symplectic, for any isotropic subgroup (#V') < v/#ker f,
and by [Mum08, Theorem 4, p. 234/, a subgroup is mazimal isotropic if and only if equality
holds.

The first property follows from ¢*Ap = Mg o f and by [MumO8, Property (1) p. 228|,
ep*rp (U, V) = exy(Pu, Pv), so ey is trivial on ker ¢ x ker ¢.

In general, we have the following more general criteria for descend of polarizations to
quotients:

Proposition 8.20. Given (A, \a) a principally polarized abelian variety, f € End®™ T (A, \4)
with associated polarization Ao f, and Weil pairing ey. Consider V- C ker f, then the following
are equivalent:

e V Cker f is isotropic for ey,

o There exists a polarization p in A/V such that P*u = Ago f € NS(A), for the projection
P:A— A/V

In such a case, deg(f) = deg(u)(#V)?

Proof. This is [Mil86a, Proposition 16.8], or more generaly [Mum08, Corollary p.232|, for line
bundles. The second part follows from Aq o f = p o o p and computing degrees. O

Maximality of ker ¢ among isotropic subgroups follows from the fact that B is principally
polarized: if ker ¢ C V with V isotropic, then there is a polarization Nz on B’ = A/V inducing

¢*Ap on A via the projection A — A/V. If we consider instead

A%A/ker¢_>A/V7
it then follows that A\g = (P')*Ap: for P’ : A/ker(;ﬁ — A/V, so deg(Ap) = 1 implies in
particular deg P' = 1 and V' = ker ¢.

Proposition 8.21. (/[BCCK24, Lemma 2.1]) Consider (A, a) a ppas. There is a bijection
between:

Ogometimes this is called totally isotropic.
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e isomorphisms classes of isogenies'’ ¢ : A — B with B admitting a principal polarization

)\B;

e pairs (f, V), where f € End>T1(A,A\a) and V C ker f is maximal isotropic with respect
to the Weil pairing ej.

The assignment is given by ¢ +— ()\21¢*/\B,ker ®), where ¢*Ap = dApod is the polarization
mnduced by ¢.

Proof. One implication has already been argued. For the other one, starting with a pair
(f,V) as above by Proposition 8.20, the polarization A4 o f descends to a polarization p in
the quotient A/V, which is principal.

This is an inverse to the other assignment, because for (f,ker ¢) coming from ¢ : A — B,
the natural isomorphism A/ker b B we have the following commutative diagram

(Aa/\A (Ba >\B)

) —2
g,

(Yer oo 1)

which also proves that the vertical map is an isomorphism of ppas. O

Observe that for S-isogenies, it is natural to consider how it affects the real multiplication
structure. Under an isogeny ¢ : A — B, the endomorphism algebra is invariant but that is
not true for the endomorphism ring. Assuming O C K a real multiplication order, and an
embedding ¢4 : O < End®(A, A4), then ¢4 induces a map tp : O — End (A/ker ¢> if and
only if ker ¢ is invariant under O (via t4).

Note then that the real multiplication structure does restrict the isogenies we consider,
without the polarization.

Proposition 8.22. Consider O C K a real quadratic order. Consider (A, \4) a ppas with
RM by O: meaning there exists an embedding 14 : O < End*(A,\4). There is a bijection
between:

o isomorphisms classes of isogenies ¢ : A — B such that B has RM by O compatible with
¢, with B admitting a principal polarization Ap,

e pairs (f,V), where f € End>tT (A, X\4) and V C ker f is invariant under the action of
1A(O) and is maximal isotropic with respect to the Weil pairing ef.

Remark 8.23. Consider the set-up at the beginning (A, \a),(B,Ag) € A2, an isogeny ¢ :
A— Band f =X;'o¢*\pg € End* "+ (A, \4). Then Z[f], that we identify with [m]a+[n]ao f
acts on ker(f) by [n]a, so ker(f) is stable under Z[f]. Hence, when Z[f] is not trivial, the
isogeny ¢ induces RM by Z[f] on (B, AB).

~

"meaning up to (B, Ag) = (B’, Ap/) isomorphims of ppas, and ¢’ : A — B’ compatible with said isomor-
phism, which in particular implies ker ¢ = ker ¢’ and that ¢*Ap = (¢')*Ap.
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Proposition 8.24. For ¢ a n-isogeny, deg ¢ = n?, and they are never cyclic isogenies. For
2
n = p a prime number, one furthermore has ker ¢ = (Z/pZ) .

For K a real quadratic field and ¢ a B-isogeny, for 5 € O}+ a prime element, then
deg ¢ = Ngo(B). Hence, if p is a prime that splits in K as p = 303, ¢ is a cyclic isogeny.

4
Proof. By [BL04, Proposition 1.2.5] that A[n] = (Z/nZ) , so by Remark 8.19, deg ¢ = n?,

and ker ¢ 2 (Z/n2Z>’ as there are no elements of order n?.

1
In the case of real multiplication, analogously as above, A[3] = <5A>/ A= Az/ﬁ A, with
A =0kz® (k)7L for z = (21, 20) € H? parameterizing A, so

deg 8 = [Ox @ (0K) ™" : B(OK ® IRY)] = [0k : BOK] [95 : BOE]
=[Ok : BOK]* = Nijo(B)?

so as deg ¢ = /deg 3, the conclusion follows. O

Our distinguished isogeny. We are considering the isogeny given by 7 — p7, for p prime.
For 7 € Hy the kernel of the induced isogeny ¢ : A — Ay, is isomorphic (over C) as an

2 2 2
2" ®TL /72 @ pr7? = (Z/pz) . On the other hand, the induced Riemann

abelian group to

form is p <_OI é), hence the isogeny ¢ is a (p, p)-isogeny.

Hilbert and Siegel isogenies. By Remark 8.18, it is not always the case that a n-isogeny
respects the real multiplication. We are going to show that via Humbert singular relations for
our distinguished isogeny.

Lemma 8.25. Consider p a prime number and O a real quadratic order with discriminant
A, and T € Hy such that Ar € Ha, and consider a primitive Humbert singular relation
(a,b,c,d,e) for 7. Then Ar € Gon. If d = 0 then Apr € Ga, and if d = e = 0, then
Apr € Ha.
Proof. There exists (a,b,c,d,e) € Z coprime with b — 4(ac + de) = A with

ary + by + ¢35 + d(7’22 — 7'17'3) +e=0.
It follows that p7 solves

(ap)ri + (bp)75 + (ep)75 + d(r"™ — 7{75) + (p”e) = 0,

of discriminant p?A. A priori, this relation could not be primitive, so we can only guarantee
Gp2a- In particular, if d = 0, then it simplifies to

aty + bty + cth + (pe) = 0,

which has the same discriminant. O
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Proposition 8.26. Consider K a real quadratic field and the Hilbert modular surface of maxi-
mal real multiplication by K. Consider p an inert prime number in K. Then the multiplication-
by-p isogeny, given by z — (pz1,pza) in the Hilbert variables, is a (Hilbert) p-isogeny.

Proof. This follows from the above lemma, together with the Hilbert modular embeddings
from Theorem 2.23. O

8.1.4.1 Construction of modular polynomials

Considering the classical modular polynomials ¢n(X,Y) € Z[X,Y], the are two equivalent
approaches to its construction:

e Prescribing the isogenies. The set

Cn ::{(g Z) ca,b,de€Z,ad=N,a>1,0<b<d-1, gcd(a,b,d)zl},

is a set of representatives for {y € Maty(Z) : dety = N, gcd((vi;)) = 1} under the
action of SLy(Z) , and it parametrizes all cyclic isogenies of degree N between elliptic
curves up to isomorphism. Then one can prescribe a polynomial such that the roots

are precisely the j-invariants of the cyclic NV isogenies to a given 7 € H. In terms of
functions, one sets

on(X,j(r) = [] (X =i(ym)) € CUH)IX]

veCN

as a polynomial in the field of functions C(j). One can then prove that &y (X,j) €
Z[j][X], and considering as polynomials in two variables ®x(X,Y).

e Modular curves as covers of X (1). Considering the modular function jy(7) := j(N7), it
is a modular function not for the full modular group but for the Hecke congruence sub-

Z Z) € SLe(Z), ¢ =0 (N)} Considering the modular curve Xo(V),

that satisfies Xo(IN)(C) = I'o(/N)\H*, the inclusion I'¢(N) < SL2(Z) induces a cover
Xo(N) — X(1). In turn it induces a field extension C(X (1)) € C(Xo(N)) (actually,
it is also defined over Q: Q(X (1)) C Q(Xo(XN))). This extension is finite, the degree
being the degree of the cover of Xo(/N) — X(1). Furthermore, as C(X (1)) = C(j) and
C(Xo(N)) = C(j,jn), @y is then defined as the minimal polynomial of jy over Q(j).
One can likewise prove that ®n(X,Y) € Z[X, Y] as a polynomial in two variables.

s ) -

The cover is Galois, and fixing {a} representatives for the cosets I'g(NN)\ SL2(Z), one
see that {7 — j(Nar)} are the distinct conjugates to jy in C(Xo(N)) and hence

oy(X, )= I (X —iWer)
a€lg(N)\ SL2(Z)

Both approaches are equivalent and define the exact same polynomials, but it is the sec-
ond one the more suitable for generalization, as I'g(/V) generalizes more directly to suitable
subgroups of Sps(Z) and SLy(Of). The abstract construction of the modular polynomials
follows from considering the corresponding finite extension at the level of fields of functions.
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We sketch it for the Siegel modular polynomials, following [BL09, Section 3 and Section
4], and [Mill5, Section 1|. Fix p a prime number. One considers

)= {(5) €@ 1 =0 ) | < Spu@)
r@p) = { (1) es0@: 521=00) 5= o)} <10

and note that I'® (p) = ker (Sp4(Z) — Spy (Z/pZ))

Lemma 8.27. We have that, for p prime, the index [Spy(Z) : F[()z) (p)] equals:

o the number of 2-dimensional isotropic subspaces of the symplectic Z/pZ—Uector space
4
Y/

4
e the number of lines in (Z/pz) )

and hence [Spy(Z) : FE)Q) (p)] = ’;:__11 =1+p+p?+p’
Then Féz) (p)\Hy solves the folloing moduli problem.

Theorem 8.28. We have the following

e There is a bijection

@) { pairs Z(A,V), AGAzb, VCA[p] }
PO (p)\H2 - mazimal isotropic subgroup for ey /¢ : (A, V) N (14,7 V/) isom Of ppas

oo (e 00). (o o))

2 2
Y (p) := T (p)\Ha,

the YO(Q) (p) is not a compact space, but admits the following compactification:*

e Define
2

X6? (p) := Yy? (p) U Yo(p) UPH(Q),
which makes Y#(p) a quasi projective variety.

Proof. This is [BL09, Theorem 3.2]. O

As in the one dimensional case, the inclusion F(()z) (p) C Sp4(Z) induces a cover YZ(p) — As
(that extents to the compactifications), and hence we have a finite degree extension of the field
of functions, with degree given by the index [Sp,(Z) : T3(p)]. The Siegel modular polynomials
will then describe the field extension C(YZ(p)) D C(As).

12Recall the Satake compactification of A5 = As U A; U Ao.
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We set F' = C(j1,72,73) for the field of functions of Ay. Consider the functions for
1=1,2,3:

Jip(T) = Ji(pT), (8.4)

meaning multiplication by p as a scalar on the matrix 7. Written as a fractional linear

. p[g 0
transformation, ( 0 1.2).
(2)

They can be proven to be I'y” (p)-invariant'® ([BL09, Lemma 4.1]), and furthermore, each
one of them it is a generator of the field of functions of YO(Q) (p).

Theorem 8.29. The field of functions C(YO(2) (p)) equals
F(jip) = F(j2p) = F(j3p);

for F = C(j1, ja, j3), and the extension has degree [Spy(Z) : T3(p)] = 6(p).
That implies that there exists a polynomial ®1, € Q(j1,72,j3)[Y] and rational functions
Qi,pa Q2,p S C(]la]?ij)(Y) such that:

o Oy, is the minimal polynomial of j1, over C(ji, j2,j3), with degree degy @1, = 0(p)

e jip=Qip(j1p) fori=23.

Outside of a subvariety of Ag, the rational functions Q;, can be taken of the form 8?&5?,,
fori = 2,3, for ®;, € Q(j1,J2,73)[Y] a polynomial of deg ®;, = d(p) — 1, and Oy D1, the
derivative of ®1p with respect to Y.

Proof. This is [BL09, Lemma 4.2, Theorem 5.2, paragraph between Remark 6.2 and Lemma
6.3]. O

Definition 8.30. Let p a prime number. We define the p-th Siegel modular polynomials as
®; , € Q(j1, j2,73)[Y] as the polynomials given by the Theorem 8.29.

Explicit formulas. It follows for similar reasons as in the classical modular polynomial that
the first modular polynomial verifies, for any 7 € Hb :

0,V)= [ Y —i5ip(M7) € QU 2, d3)[Y], (8.5)
MeT%(p)\ Spa(Z)

one could then consider analogously the minimal polynomials of ja ,, and j3,, over C(j1, j2, j3),
which have an analogous formula, but in practice that would imply solving three different
polynomials in terms of the given invariants j1(7), jo(7),j3(T), and getting §(d)? triples of
invariants, instead of d(d), that we know is the correct generic number of surfaces ((GHKRWO06,
Section 3]). What Theorem 8.29 says instead, is that one only needs to solve for ®; , and the
other invariants are completely determined by that choice of root. Of course, that requires
for ®1, to have distinct roots when evaluated at ji(7),j2(7), j3(7), or equivalently to not
belong to the zero locus of Oy ®;,. If that were the case, one can swap ji, for one of the
other invariants. That misses precisely the locus of A of abelian surfaces admitting an (p, p)-
endomorphism to itself, that was studied in [BLS13].

131t uses that plo commutes with any other matrix.
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There are explicit formulas too for ®;,, i = 2,3, given by Lagrange interpolation, that
come originally from [GHKRWO06, Section 3], for Igusa class polynomials.'* Set Cp a set
of representatives of I'3(p)\ Sps(Z). If Oy ®1,(7) # 0, then by Lagrange interpolation, for
i=2,3,

Y — j1 (M/T) i
v S [ [ XeaeT .
MeC, M'#£MEeC, JLP(MT) - Jl:P<M T)

is a rational function such that ji ,(7) — ji »(7) for i = 2,3, for any 7 such that dy ®1 ,(7) # 0.
Hence, one can set

Pip(Y) := Z H (Y - jl,p(MlT)) Jip(MT), € Q(j1, j2, J3)[Y], i =2,3.  (8.6)
MeC, \M'#£MeC,

Remark 8.31. The coefficients of the Siegel modular polynomials are in Q(j1, jo, j3) instead
of C(j1,72,73) by the same q-expansion argument principle as in the elliptic case. But they
are honest rational functions with true denominators. This comes from the fact that the Igusa
invariants are not defined on Ay x Ay : it can happen that starting with A+ on A2\ (Ay x Ay),
one of the given (p, p)-isogenies ends up on Ay X Ay. That happens precisely when A belongs
to the Humbert surfaces of discriminant p?.

Hilbert modular polynomials The construction of the Hilbert modular polynomials works
very similarly to the Siegel one, as it is done in [MR20]. We simply point out two interesting
phenomena that are special to this case.

o Splitting of the primes. The Hilbert modular polynomials are indexed in the primes
RS O;Jr. Depending on the splitting behavior of the integer prime they lie over, the
modular polynomials have different degrees.

o Symmetric and non-symmetric invariants. One may choose to consider the covers as
symmetric (or non-symmetric) Hilbert surfaces. And, in turn, one may choose cor-
responding generators of the field of functions to construct the polynomials (called
correspondingly symmetric or non-symmetric invariants). The pull-back of the Igusa
invariants via the modular embedding from Proposition 2.26 will always be symmetric
invariants by [MR20, Lemma 2.9].

With respect to the differentiated behavior regarding splitting, from the start the number
of isogenies is different.

Proposition 8.32. Let § € OIJQJF lying over a prime p € Z~q.
o Ifp isinert in K, then
#{isom. classes of (Hilbert) B-isogenies} =
#{isom. clases of (Siegel) p-isogenies stable under O} = p* + 1
o If p is split or ramified, then all B-isogenies are cyclic and

#{isom. classes of B-isogenies} = p + 1

14 A generalization of Hilbert class polynomials.
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Proof. This is [MR20, Proposition 4.3]. Remark that we are counting as in Proposition 8.22.
O

However, the degree of the isogenies do not quite match the expected degree of the modular
polynomials in the non-inert case. If one works with a symmetric covers and symmetric invari-
ants, then [-isogenies and 5—isogenies appear simultaneously an the polynomial is counting
both. See [MR20, Example 4.7].

For the inert primes, this behavior does not show up, and in addition we recover our
distinguished isogeny z — pz. Hence, for the restriction in Section 8.6, we will consider the
Hilbert modular polynomials for inert primes.

8.2 Step 1: Auxiliary functions

We start the proof assuming that g := (q1,¢2,93) € @3 and 71(q), j2(q), j3(q) € Q (either for
the Igusa or the Streng-Igusa invariants, but we will work with the latter). By the integrality
of the Fourier series of Fy, Eg,4x10 and 12x12, we use instead (4X10)6N and

- 1. .
Jl = 210]1, J2 = %‘727 Jg = 218j3. (87)

That way, once we multiply the denominators with (4X10)3N , we have series with integer

coefficients
Remark 8.33. We do not claim this is the best normalization to preserve integrality.

We construct three auxiliary polynomials Ay € Z[X1, Xo, X5 ', X3,Y], for k = 1,2,3
(where the exponents of X = (X1, Xo, X3) range over matrices in Sym,(Z)">", positive def-
inite, with tr < N and the matrix 0y for the constant term), one for each invariant, and
consequently three auxiliary functions Fy, = (4x10)*" Ax(q1, ¢2, g3, Jx(q)). The polynomials
depend on N too, but we drop it from the notation. The variable i; goes with the powers
Ji*, and for the variables ¢ = q1, g2, ¢3, we consider ¢ for 0 < M € Sym,(Z)Y'F such that
trM < N-—1,or M = 0s.

N-1
k ik
Ak(Q1>q27Q37J]€) = Z Z bz(k,)MqMJllck
ix=0 M,tr M<N—1
Our auxiliary functions are therefore
N-1
% .
Fr(q) = (4x10)*" Aklar, a2, 03 Je(@) = > bﬁk?MqM <(4X1o)3NJZ’“) :
ix=0 M,tr M<N—1

Consider the Siegel cusp forms of (4x10)>" J,i’“. They have weight 30N, and we have the
following bound for the Fourier coefficients. If we set

(4x10)*N Jr = > ai, N(T)g",
0<TESymy (Z)V+
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then by Proposition 8.14 there exists an absolute constant'® C; > 0 such that
|aj, (7)) < OF det(T) V.

More precisely, if C* means the constant from Proposition 8.14, then we set
Cy = man:Lg,g((llxlo)g, C*((4X10)3Jk, then for every 0 < i < N,

C* ((4x10)PN ) = C*((4x10)> N =) ((dx10)? Jp)*) < ¢V gie — oY,

. . . 2
As we are going to order the coefficients by trace, notice that on fixed trace tr <b?2 bé ) =

a + ¢ = t, the determinant is maximized when b = 0 and then det = ac. Then, recall the

GM-AM inequality
2
agcgacg(agc) , (8.8)

hence,
@i ()] < O (1),

Our auxiliary functions, for & = 1,2,3, Fp(q) = (4x10)*N Ax(q1, 2, q3, Jx(q)), have then
aFourier expansion,

N-1 N-1
k % k 7
Filar,a2,03) = (x0)®™ S S0 o =30 ST o6 (4vao)N I

i =0 M,tr M<N—1 i =0 M,tr M<N—1
N-1
_ (k) M T
=Y D bua > ai, N(T)q
i =0 M,tr M<N—1 0<T'€Sym,(Z)V-+

N-1
= > > > by

M tr M<N—14,=00<T€Sym,(Z)V:+

N—-1
= > S Y b N (T - Mg

0<T’€Symy(Z)V -+ i=0 M,tr M<N—1,
T —M>0

where in the last equation we rewrite the infinite sum in terms of 79 = T+ M. Notice that

when M # 0, T = T' — M being positive definite impose in particular that tr M < tr7".
Ordering the last expansion by trace, we set equations

N-1
Z Z bgf?Maik,N(T, — M) =0, for 0 < tr T < L, fork=1,2,3
M, tr M<min(N,trT") 1x=0

with L a high order of vanishing that we will determine later. Remark that by our construction,
T =T + M is always definite, so the above equations are only for 7" > 0.

We are going to apply Siegel’s lemma Proposition 7.12, hence we set X for the number of
variables and Y for the number of equations.

15depends of course on the functions, what we mean is that it does not depend on q, or any of the parameters
of the proof.
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Lemma 8.34. Setting L := | {/N*/4], it follows that X > 2Y.

Proof. We need upper bounds on Y and lower bounds on X. Using Lemma 8.13, we have the
following upper bound of the number of equations Y:

— ) )L(2L—1) L(L-1
Z( l—1> Zl+2l_— 6( )+ (2 )

L(L-1) (5 (L —1)L(5L +2)
6(3(2L1)+3>: . .

For the number of variables X, we have 0 < i < N —1, and for tr M < N —1 (and M = 09),
we have the lower bound:

N-—1
<3+10+Z t—1>
t=4

(N —1)N@2N — 1) (N —2)(N —1)

— 13+

—(1+449)+ -(1+2)

=44 1)(N—(N—2))+W(2N—1+3)

N <_4+(N—1)(2N—1)) L (N -2V 12N +2)
= 3 - 6

L (N-2(N-D(N+1)

= 3

(N —1)(2N —
6

and the upper bound

N-1
5o (N —1)N(5N +2)
tzl (3t +(t 1)) < 5

We want to guarantee the relations X > 2Y, so we can impose

(N=2)(N - YN(N +1) _ 2L~ 1)L(5L +2)
3 = 9 ‘

Furthermore, imposing the middle inequality in

2(L — 1)L(5L + 2)

(N —2)(N = 1)N(N + 1) >jf n>3 N* > 4L% > 153 3 ;

hence we can set in the end L := | {/N*/4], and the lemma is proven. O

The variable k is not taken into consideration here, as we see it as three different appli-
cations of Siegel’s lemma Proposition 7.12, one for each Ji. Siegel’s lemma therefore gives a

solution for the coefficients bz(»f:)M € Z of each Ai(q1,4q2,q3, Jx) (note that Y/(Y — X) <1)

v < (N —1)2N4(5N + 2)?

< L3ONC{V §36’2 CéVL?’ON.

=> |b ] < X(XCN L3N x5y
Zkv
(8.9)
Finally, set M = ordg(F)). It is well defined because by Theorem 8.15, each Jj is
transcendental over C(q), so Fj cannot be the zero function. By construction, My > L.
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8.3 Step 2: Upper bounds

Our strategy involves simplifying to a one variable complex function defined in the unit disc
by a power series with polynomial growth, with high vanishing order at zero.

We restricted at the beginning to the Minkowski’s domain for 7 of 0 < 2Im(7) < Im(7) <
Im(73), which for the g-variables entails 1 > |ga|? > |q1| > |q3| > 0. We distinguish according
to if |ga| < 1 or |go| = 1. Consider our auxiliary functions Ay(q) = 3 ,~; S 7—; D¥(T)q”,

where
min(N,tr T')

N-—
p®ry= Y ¥ Zb(k i, N (T — M).

=0 M tr M=l1,=0

b/2 ¢

Fe(@)] <D Y DD a1 la2Plgsl <Y Y IDW(T)]|gof et

t>LtrT=t t>LtrT=t

Case |g2| < 1. Note that (we write T = < a b/2>)

Hence consider the one variable function:

Gr(z) =) > PP ] 2

m T, 2(a+c)+b=m

First note that as A does not vanish trivially, Gj does not either. Then, note that the set of

matrices 0 < T = (b?Q bé2> € Symy(Z)V>T such that 2(a + ¢) + b = m (remark that b can

be negative) is finite, by a similar arguments as in Lemma 8.13 that we know outline, so G
is well-defined.

Indeed, by the proof of Lemma 8.13, in particular for such a matrix T it follows that
|b| <trT =a+c, hence —(a+¢) <b< (a+c¢), or

(a+c)+ ((a+c)+b) =
—— —
>2 >1
Hence for every possible value [ = 2,...,m — 1 for (a + ¢), can solve a + ¢ = [ (therefore
b=m —2[). All in all, have an upper bound on the number of matrices T" of

H

m—

dI-1)=(m-2)(m-1)/2<m’

=2

Furthermore, by construction D®*)(T') = 0 for all tr T' < My, which forces m > (a+4c)+1 >
My, + 1, so our function G (z) vanishes with order at least My + 1 at 0. If Ty = [ag, bo, co]
with tr Ty = ag + by = M, is such that D®*) (Tp) # 0, then we have a non-zero term in the
power expansion Gy, and from —(ag + ¢o) < by < (ag + ¢p), it follows that

My +1<ordgGp <2M; — 1.

Set My := ordy Gj. Let us furthermore bound the growth of the coefficients of Gi. By
construction Gy, € Z[[z]].
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Remark that D®)(T) = Z?im (W) > Mote M= ZZN lbzk @i, N(T' — M), and that the

i=0

coefficient in m of Gy, is given by 31 541 0)4pmm |D®)(T)|. We have the bound

mln NtrT
-1 N2 5N +2
LECERD DS P )N EN e (TN <

M tr M=l i,=0

mln(N,trT) B 2
< Z (20— 1)1 —1) (T — M)SON(N 1)N9 (5N + 2)L30N012N

=2

(8.10)

min(N,tr T')
N —1)N?(5N +2
= W DRONER) povesn S (o1 - 1) - 1) — 1
CéVLg()N tr T30N+2.

=2
SHC;;
so for the coefficients of G;. we have a bound

Z |D(k ( )| < mQCNLSONt T3ON+2 2CNL30N 30N+2 304 CiVL3ONm30N+4.

T, 2(a+c)+b=m

Hence, if we consider Gk(z)z_Mk, it is holomorphic in Dy with a power expansion Zmzo g(k)(Mk+
m)z™ € Z][[z]] and coefficients bounded by

CiVL3ON(Mk + m)30N+4.
By the explicit Schwarz lemma Lemma 7.13 applied to Gg(z) with K = 30N + 4, we can
further more choose N big enough so that K! < N30N+4 5o conclude

1

My, ~N 730N 7r30N+4 /17 30N+4
(Gr(=)] < 2P O LTENTRT My + 1) s

using My, 4+ 1 < My, < 2Mj, — 1, can wrap everything up on

1

F <|go|Me CN(L2M N3 — —
| k:(Q)| > |Q2| 4 ( k ) (1 — |q2|)30N+5

<ON(LMN)31¥

(8.11)

This takes care of the case that |g2| < 1 (for a specific choice of g, for any r such that
0 < |o2| < r < 1, one will choose N big enough for the fraction 1/(1 — |g2|)* gets bounded in
terms of M”). Also, the bounds L < M}, and N* < 4(L + 1)? are used to bound (LM N )3V
in M*V,

Case |g2| = 1.We construct a function in terms of g1, so use |g2| = 1 and |g3| < |q1]

1Fu(@) < > > IDE@) 1|2l g5l < Y > IDW(D)||qa|*Te

t> My, tr T=t > My, tr T=t
t
= ( > |D® ) a1,
t>Mk tr T'=t
so considering the auxiliary function

=D g = (Z |D<’“><T>|> g

t>Mk tZMk tr T'=t
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we have the bound for the coefficients (using the previous bounds for |D*(T)| from Equation
(8.10),

k
|g£ )‘ _ Z |D(k) (T < (2t — 1)(t — 1)CPJ)VL30Nt30N+2 <ac, CéVLBONt3ON+4,
trT'=t
and the similar analysis allow us to conclude that for |ga| = 1,

1

B < M;, NLM N31N—"
[Fi(q@)| < |q1| " C7 ( Kk N) (1 — |q1])30N+5

(8.12)

Hence we will control with either |o;| or |o2|, depending on if |g2| < 1 or not.

Remark 8.35. This upper bounds admit a generalization to the whole Hy. We use the same
ideas as in [BL14, Section 6], to relate our multivariable function with a one dimensional one,
as above

Given any T € Ho, Im 7 is positive definite, so we can consider:
o(1) :=sup{o € Ryo : Im T — 015 is positive definite},

alternatively o(7) is the smallest eigenvalue of Im 7.

For g as we are considering them, we analogously define o(q) = exp(i27o (7)) for any 7
such that g, = €™ for k = 1,2,3. Remark that it is well-defined, as it only depends on
Im 7 and this one is uniquely recovered as Im 73, = — log |qx|/27.

Lemma 8.36. [BL14, Lemma 6.1] For any T € Hy and any T € Symy(Z)V" matriz:
|exp(i2m tr(TT))| < exp(i27 tr(T)o(T)).

Hence, for a given power expansion as in our set-up ZT€Sym2(Z)Va+ c(T)qT, it follows

Y. dDd"| <) ( > \C(T)!> a(q)"

TEeSym,(Z)V:+ t>0 \trT=t

Proof. Firs remark that Im(tr(7'7)) = tr(7T Im 7)), so |exp(i27 tr(T'1)| = exp(i27 tr(7T Im 7)|.
Now, as T is positive semidefinite, T'(Im(7) — o(7)I2) has non-negative trace

0 <tr(T(Im(7) — o(7)I2)) = tr(TIm(7)) — o(7) tr(T)
so o(7)tr(T) < tr(T Im(7)), and taking exponentials the bound follows. Finally, remark that
ifT = < “ bf), then exp(i2m tr(T'T)) = qq5q¢5 = q*, and for upper bounds on the absolute
value, we again only need Im(7), which can be uniquely recovered from gq. O

Tracing back the same strategy as we did in the case of |g2| = 1, one has a bound of the
form

1
(1= olg) ™

(and as in the previous case, for a specific choice of g, there will be a choice of N such that
1/(1 — o(0)) gets bounded in terms of M™Y.

|Fy(q1, 92, 93)| < |o(q@)[MCN (LM N)* Y



8.4. STEP 3: LOWER BOUNDS 171

8.4 Step 3: Lower bounds

Our contradiction boils from the assumption of a given @ = (o1, 02, 03) € @3 with Ji(@) €
Q for k = 1,2,3. Assume there exists a given prime P and of = (gf ,QQP ,géD ) such that
Fi(@") # 0, for some k = 1,2,3. In the definition of F}, we have a factor of y10(@”)?", and
it is x10(@”) N A(@") the value that we know it is algebraic. But the first thing that should
happen is that on the lower bound on |A(@%)|, x10(@" )3 should not interfere.

8.4.1 Lower bounds on yg

We have the following lower bound on x10(7) for 7 in the Siegel fundamental domain [HP17,
Proposition 5.6].

7(Tr(Im 7)—Im 72)

Ix10(7)| = comin {1, 7 \7’2\}2 e 2 > comin {1, 7 \7’2]}2 e 2r Trimr (8.13)

with cg = 8 x 107°. It is stated only for the Siegel domain, but one can check that the proof
extends to our domain K. Observe that if 7 belongs to the Minkowski’s domain, then for p
prime such that pIm(r;) > ?, pT € K.

In the variables o1, 02, 03, as Tr(Im7) — Im 7o = Im 74 + Im 73 — Im 79, the exponential is
lo1]03||02|!. Remark that —27 Im7; = log|g;|, for i = 1,2,3, and it is only Re7; that it is
sensitive to the determination of the complex logarithm. We are also going to distinguish if
loa| < 1 or |oo| = 1.

Case |g2| # 1. Set 15 the determination of log g2 such that |Re(72)| < 1/2

—log(le2|)

> 1 =
|T2| > Im 7y o ,

Note that because o stays in the fundamental domain (except for translations on ReT), if
02| # 1 then

(Plog(lea| ™)

2
Ll o laalleal” = ool ol

x10(@"”) > min {1,

for P >

2
> Toalloa)’ and therefore

(XlO(QP))3N > |92’73NP|91|3NP|Q3|3NP > |Ql|3NP|Q3|3NP (814)

Case |g2| = 1. Then 75 € R and it is its determination of the angle of log o2 that we need
to pay attention to. As we have assumed gy € Q, then i27m = log g3 is a logarithm of an
algebraic number.

As we have said before, P1 belongs to K except for translations by an integral matrix in
Symy(Z). In particular,

x10(@") > min{1, 7| P3|z }?|01|" |os|”

where || - ||z means the distance to the nearest integer. Denote n = n,, ¢ € Z said integer,
and set w € oo such that mi = log(w) for our determination of the logarithm. It then follows
that [n| < P|ma|+1 < P/2+1 as |m2| = |Re(m)| < 1/2, so:

log(g2) n2mi

1
m||Pra|lz == |P = 5 |Plog(e2) — nlog(w)l,

271 211
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so we can apply lower bound for linear forms in logarithms of algebraic numbers. By [Bug23,
Theorem 1.1], there exists a constant Cg(@) > 0 only depending on [Q(g2,w) : Q], such that
for B = max{3, P, |n|} < max{3, P, P/2+ 1} < P:

|Plog(02) — nlog(w)| > B~Cs(@)hle2)h(w) > p—Cs(e)*h(e2)

where h(-) = max{1, h(-)} for the logarithmic Weil height. Hence, if |g2| = 1,
x10(@")*N > Co(@) V1B |01 [PVF 05PN (8.15)
Therefore, combining (8.14) and (8.15), there exists C1o(@) such that

x10(07)*N > exp(—C1o(0)NP). (8.16)

8.4.1.1 Partial extension to the whole Siegel upper half space

To extend our result to 7 € Hy instead of 7 in the Minkowski’s domain, the lower bound
on |x10| need to be extended. First observed that, in general, for 7 € Hy, let 7 the reduced
element of the orbit Sp,(Z)- 7 that is Siegel-reduced. Let also v, € Sp,(Z) such that T = v, 7.

Then, as 7 is Siegel reduced, for any <2 ;) € Spy(Z), it follows that |det(CT + D)| > 1.

On the other hand, as x1¢ is a modular form of weight 10,
Xx10(7) = x10(77 ' 7) = det(CT + D)'*x10(7),

for where it follows
Ix10(T)| > [x10(T)]-

Alternatively, it holds for any v € Sp,(Z) and 7 € Hy that [K1i90, Proposition 1]
Im(y7) = (C7 + D) ' Im(7)(CT 4+ D)~ *

where * means complex conjugation. Therefore,

1
det - det
etim(yr) = 1 r ¢ pyp et

and the automorphic factor is recovered as det(Im7)/ det(Im(y7)).

For our bounds to extend, we would not want to work with 18;, as we do not control
the dependence on P, but instead with P7, for that we have the bounds that we derived
previously. We would need to compare x19(P7) with x10(P7), which in general are different
elements in the Siegel domain.

As it happens with the one dimensional case, we have the following matrix identity (remark

that P is a scalar):
PI, 0 AB\Y (A PB\ (PO
0 L)\CD) \%C D 0 I

from where it follows that Pt = P7 if and only if Vr € F(()Q) (P). Hence, in that case we can

extend out lower bounds on x1¢.
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8.4.2 Lower bounds on A;(q¢")

We set ap = ax(P,N) = Ao}, 0%, 0F, J(e”)) € Q. We use Liouville inequality to give
lower bounds for |ay|
log |ag| > — deg(ax)h(ag),

so we have to upper bound deg(ay) and h(ag).
By Theorem 8.29, the three Siegel modular polynomials, for prime level P, for i =1,2,3

®; 5(j1,J2, J3, Y1) € Q(j1, Ja, J3)[Y1]

satisfy that ®; p has degree §(P) = P34+ P?+ P +1 on Y;, by Lemma 8.27, and for given
J1, 72,73, ®1,p has as roots the 7; Streng-Igusa invariant of the (P, P)-isogenies. Then for any
given choice of root ji p, the other invariants are determined by j; p = ®; p(j1,p) for i = 2,3.
Remark that our Jj are multiples of j; as by Equation 8.7.

Assume first now (for the degree computations) that the prime P is chosen so that
®; p(j1(0), j2(0), j3(0), Y;) are well-defined polynomials (equivalently, A, is not (P, P)-isogenous
to a product of elliptic curves with product principal polarization).

By construction oy, € Q(of, 0%, of, Jr(0")) € Q(o1, 02, 03, Je(@")). Now, by the Siegel
modular polynomials give us that .J; (@) belongs on a finite extension of Q(71 (@), j2(0), 13(0)) =
Q(J1(0), J2(0), J3(0)) of degree bounded by §(P). For k = 2,3,

Ji(e") € Q(11(0), J2(0), J3(0), Ji(@")), by Theorem 8.29. Hence,

deg(ax) < Q(o1, 02, 03) : Q[Q(Jk(e") : Q] < deg(0)5(P) [Q(j1(0). j2(0), j3(e)) : Q. (8.17)

:=deg(0) =:deg(j(0))

Remark 8.37. We thank Jean Kieffer for the following argument that allow us to extend the
bound on the degree of Ji(@") even when the specialization of the modular polynomials is not

defined.

Lemma 8.38. Consider (A, a) — (B,Ap) and (l,1)-isogeny between principally polarised
abelian surfaces. Assume A is defined over a field K. Then B is defined over a finite extension
of K' satisfying [K': K] < (1).

Proof. By Proposition 8.21 the kernel of the isogeny is a subgroup G C A[l], maximal isotropic

— 2
with respect to the Weil pairing, and G becomes isomorphic (over K) to (Z/lZ> . The total

number of such subgroups is 4(7), by Lemma 8.27.

There is an action of Gal(K/K) on A[l], and this action restrict to the set of maximal
isotropic subgroups. Hence G is defined on K’ D K with [K’' : K| equal to the index of
Stab(G) in Gal(K/K), which equals the size of the orbit of Gal(K/K) - G. We can therefore

upper bound it by the total number of such subgroups, d§(1). O

Therefore, we can bound by 2§(P) the degree of the finite extension of Q(.J1 (o), J2(@), J3(0))
where Ji (") belongs to, and carry out the rest of the argument. The factor of two comes from
Mestre’s obstruction, as the number field where A, is defined could be a quadratic extensions

of Q(J1(e), J2(0), J3(0))-
For the height, recovering our bounds for L(Ay), note that o) Ay (o, Ji(o")) is a poly-
nomial in the four variables, so by standard height results.

h(a) = h(oy VT 05 P a) = NPh(o2)+h(0y P ) < log L(Ag)+NS(h(o1)+2h(02) +h(03))+Nh(Jk(a").
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For h(Jix(@")), we use the following result of Kieffer [Kie22| of comparison of heights: in

[Kie22, Section 5.3] it is given the definition of the j-height for ppas defined over Q (so that
the Igusa invariants, or the Streng invariants, are algebraic) as

hi(A) = h(j1(A), j2(A), ja(A))

as the logarithmic Weil height of the affine truple. Set also h;(A) = max{1,h;(A)}. Then the
following is proven, passing via Theta heights and Faltings heights.

Proposition 8.39. [Kie22, Proposition 5.18] Let A, A" be ppas defined over Q, where j1, j2, js
are well defined and js(A)js(A’) # 0. Let d > 1 an integer, if A and A’ are linked via an
isogeny of degree d, then

hj(A’) < 8000h;(A) + 1.08 - 10" log(h;(A)) + 201og(d)1.67 - 10
Hence for our situation: (here jp = 7, and remark that the degree of the isogeny is P?)

h(ji(@"), j2(e"), js(e”)) < Cu1 (h(j1 (@), j2(0). j3(@)) + 21log P + 1) .
Now, we do have
3
h(ir(@")) < h(jr(e”), j2(e"), j3(e")) <> h(jr(e"))
k=1

and

3
max{1, h(j1(0), j2(e), js(@))} < > _ h(jk(e)) + 1
k=1

so we have:

3
h(jk(gp)) <Cn (Z h(jx(@)) + 2log P + 2) )
k=1

Finally, h(Ji(e")) < C12h(jx(@")), for our fixed choice of normalization of the Igusa-Streng
invariants, so altogether:

h(a) < log L(Ax) + NP(h(01) + 2h(02) + h(0s)) + h(jk(e"))

3 3
<log L(Ag) + QNP(Z h(e:i)) + NCi3 (Z h(ji(q)) + 2log P + 2>

1=1 i=1
hence, setting Cia(@) = max{2 3%, h(e:), C11 Y0, h(ji(@)) + 2,201},
h(a) < log L(Ay) + Cia(@)(NP + Nlog P)), (8.18)

and by our first step in Equation (8.9), log L(Ax) < 41N log N (for N big enough), hence,
combining it with Equations (8.17) and (8.18),

|| > exp(—Ci5P? deg(o) deg(j(0))N (41log N + Ci4(0) (P + log P))
> exp (—Ci3(@) PN (log N + P +1log P)) .
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The lower bounds on x10(@”)?" in (8.16) are negligible compared to this lower bound,
hence

|F.(@")] > exp (—C1a(@) PN (log N + P + log P)) . (8.19)

We compare with the upper bound on |Fj(q”)| in (8.11) or (8.12), for N big enough in
terms of @

—C14(0)P?N (log N 4+ P 4 log P) < —PM log(1/|02|) + 32N log(M),
M < Ci5(0) (P°N (log N + P))

At this stage, observe that, very roughly, M > L = N*3 or N = O(M3/4), hence we are
aiming to a contradiction of the sort M = O,(M>/*log M).
Hence, the last ingredient are suitable upper bounds of P in terms on N and M.

8.5 Definition of P

Apart from the choices already taken so far for the size of P (that simply impose a lower
bound in terms of g), we requre

L. xi0(@”) #0,

2. Ap(o") # 0 for some k = 1,2,3.

We recall that if 7 = (77_1 :2> is taken in Minkowski’s domain, then x1¢ vanishes if and only if
2173

the off-diagonal element is 0. Taking the multiples P7, they stay in the Minkowski’s domain,
up to translation by a matrix in Sym?(Z). Therefore, if Im(72) # 0, Im(P73) # 0 and this
will be the imaginary part of the reduced coordinate, so x10(@") # 0.

If Im(72) = 0, then as we have assumed go € Q, then either 75 € Q or , € R\ Q. In the
first case, it can happen that P € Z and then xi9(@”) = 0, but necessarily for a unique
prime Py. On the second case Py is never an integer, and y10(@”) # 0.

The second condition is that which imposes upper bounds in terms of N. We will see that
the argument from Subsection 7.8.2 admits an extension, and marks a limit case of the upper
bound required for the transcendence proof to finish. Hence, we define P as the first prime
(large enough only in terms of @) such that A(g!) # 0 for some k = 1,2, 3.

8.5.1 Vanishing of A;(¢") and first bound on P

We see there are only finitely many powers p such that Ag(o?, Ji(oP)) = 0 for k = 1,2, 3.
This argument generalizes the one from Subsection 7.8.2, but it does not give a bound good
enough to prove Stéphanois, and neither it is strong enough in our two dimensional setting.
In any case, it does prove finiteness of the powers p.

We see Ay, as polynomials in one variable with coefficients in Q(p1, 02,03). Set By, =
Ay (07, 05, 05, Y,) € Q(o1, 02, 03)[Y] of degree at most N, and ay,, = Ji(0F). Roughly speak-
ing, increasing the power p does not change the field Q(o1, 02, 03), so one deduces a bound on
the degree of oy, ,, independent on p; but that is absurd. More precisely, we have By, p(a ) = 0
for all £ = 1,2, 3, hence

[Q(e, arp) - Ql = [Qlar,) : Q0)][Q(e) : Q] < N[Q(e) : Q.
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For convenience, set 3j, = ay, 1, it follows then;

[Q(o, akp, £1, 582, 83) : Q] < N[Q(e) : QI[Q(51, B2, B3) : Q.

On the other hand, «y, are solutions to the modular polynomials @y (51, 2, 3)[Xk] €
Q(B1, P2, B3)[Xk]. Assume first that that the denominators of the modular polynomials of
level p do not vanish (so p does not verify the congruence of the previous sections) and that the
degree of the specialization on this specific values has the maximal degree §(p) = p3+p?+p+1.
More precisely,'® we assume that for at least one k = 1,2, 3,

[Q(ap) - Q(B1, B2, B3)] = 6(p),

therefore, we bound:

p° <6(p) = [Qak,) : Q(B1, B2, B3)] < [Q(o, atk p, B1, B2, B3) : Q)
< N[Q(o) : QI[Q(B1, B2, 83) : Q] < C16(0)N.

Remark 8.40. A bound like this may actually only hold when End(A;) = Z, but we have
included as a partial generalization of Subsection 7.8.2. As it happens in the Stéphanois proof,
we conjecture that this results should not rely on extra information on geometric properties of
Ap, but only follow on complex analytic properties of the auziliary functions Ay,.

8.5.2 Extension to the whole fundamental domain

To eventually extend to the whole fundamental domain, we stumble upon another problem: if
7T € Hy is not in the Minkowski’s domain, it can happen that x19(p7) = 0. Thankfully, that
one ends up having a more forgiving solution if we impose the more restrictive

e For any B ppas (p, p)-isogenous to Ar, x10(B) # 0,

and this condition gets rephrased into conditions between the prime p and the Humbert
invariant of A,. This subsection treats how to conjecturaly extend the bounds on P to this
situation.

For o € Hy, we can consider an associated quadratic form A = A() to A,, as in Subsection
6.4.1. Note that rank £, = 3 if and only if A, is isotypical CM, by Theorem 6.28, and we can
discard that case, hence rank A < 2. Then, we impose that p? is not primitively represented
by the quadratic form A.

In the cases of rank 0,1, either there is no restrictions on the prime, or there is only
one. In the case rank two, then write f = A = ax? + bxy + cy?, of (negative) discriminant
disc(f) = b® —4ac. If f is a quadratic form associated to a Shimura curve, then in particular it
cannot represent any squares, by Corollary 4.17. Then, we focus on f associated to a modular
curve. But as we start with A, ¢ H, f cannot represent 1.

Suppose there exists (z,y) with f(x,y) = p?. If (z,y) are not coprime, then by dividing
by the ged we get I2f(2',y") = p?. But as f(z',9') # 1, then | = 1 and (z,y) were already
coprime. That implies that f represents p? primitively.

16The analogous statement for the one dimensional modular polynomial is true as long as we do not evaluate
on a CM elliptic curve, but this dos not generalize to higher dimensions, see [BLS13].
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That gives general restrictions on p?. Because f represents p? primitively, by [Cox22,
Lemma 2.3], there exists g in the same SLy(Z)-class as f given by

g(z,y) = p*a® + Yoy + 2.

Hence, the discriminant disc(f) = (/)% — 4p?c = (V')? mod p?. Assume now that p [disc(f),
then by Hensel’s lemma (|[Neu99, Chapter II, Lemma 4.6]), it is equivalent to disc(f) being a
(non-zero) quadratic residue mod p, i.e.

(1) -

using multiplicative properties of the Legendre symbol, and quadratic reciprocity, one ends
up with congruence conditions for p, depending only on disc(f).

Therefore, one ensures non-vanishing of x19 along @ by congruence conditions on p (that
only depend on g). The argument from Section 7.7 admits a generalization along primes on
arithmetic sequences and arrives to the same contradiction. That leads us to conjecture that,
if one would generalize the argument from Section 7.7, it should also admit a generalization
to primes under fixed congruences conditions.

8.6 Restriction to the Hilbert surface for Q(v/5)

These results can be formulated analogously for Hilbert modular forms. We will write it down
for K = Q(+/5) for simplicity of the exposition. It is a quadratic field with a unit of negative
norm given by 1+2\/57 which is also the standard generator of the ring of integers. That makes
the modular embeddings of the Hilbert surface into the Humbert space and the expansion of

the Fourier series simplify greatly.

The proof itself is a direct translation to what we have done for the Igusa invariants, so we
simply list the necessary results on Hilbert modular forms, but do not repeat the proof itself.
We remark that our translation of the proof makes the result intrinsic to Hilbert modular
forms. This is part of an ongoing project to extend the last step of the proof in the Hilbert
set-up, in the Q(+/5) case.

In addition, it is one of the finitely many Humbert surfaces that are rational, see Theorem
2.14, so its field of functions is generated by two algebraically independent Hilbert modular
functions, customary called in the literature Gundlach invariants.

We are going to change our conventions slightly. The normalized HSR for A = 5 by
our convention in Chapter 3 is —m + 7 + 73 = 0. By Proposition 3.16, applying the linear

0 _12) € Spy(Z), then Jr = —7~! solves the Humbert

fractional transformation J =
I 0

singular relation

TN+ 7170 —173=0,

and we consider this relation from now on.

Likewise, we explicit out the Hilbert modular embedding with respect to this new basis.

Set € = 1‘*'2—‘/5 and ¢ for its Galois conjugate.
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Proposition 8.41. The following maps

H? — H,
t _ £z1—Ez 29—2
(21,22) Le %Zl 9 le - 1\/5 : ~2\/51 —. T1(2) 12(2)
| Le)\ 0 Jim) L)\ 2 =) nlz) m(2)

and the embedding

SL2(Ok) — Spu(Z)

ay as by (b1 + b2)
a1 + as€ by + bog a2 (al + a2) (bl + b2) (bl + 2b2)
~ ~ | =
c1 + cog di + doe (CQ — Cl> Cc1 dy do
C1 Co d2 (dl + d2)

define a holomorphic map SLa(Ox)\H? — Sp,(Z)\Hs, that it is finite degree map generically
of degree 2.

Proof. This follows from Theorem 2.23, in the Z-basis {1, £} instead of {1,e}. Also by [Run99,
Lemma 4], the embedding is determined by the minimal equation of &, which is the same as
for €. O

8.6.1 Fourier expansion of a Hilbert modular form

We present the Fourier expansion of a Hilbert modular form. The material comes from [Bru08,
Section 1.3]. Our convention was to consider the Hilbert modular group as SLa(Ok). For any
p € Ok, and z € H? f(z+ u) = f(2): more precisely, the stabilizer at oo of SLa(Of) is given

by
{(g&ﬁl),ue(’);{andee(’)}}

Hence f admits a Fourier expansion of the form:

Z af(w)eiQﬂ(wzl+@z2)7 (820)

we(O¥)+

where O}, means dual with respect to the trace (hence O}, = 8;(1), the superscript + means
totally positive elements (or 0), and ~ means the non-trivial Galois automorphism of K. We
are going to rewrite the Fourier expansion so that it is indexed!” over (’);g.

Lemma 8.42. Let f a holomorphic Hilbert modular form for Q(v/5 with Fourier expansion
V5

€

f _ Z ay (t)eiQTr(tzl +?zz)

t:r—l—séeoz

as in Fquation 8.20. Then writing t = Y2w, we can index the sum as

"Under the convention of the Hilbert modular group SL2(Ox @ 8;(1) the Fourier expansion would be
automatically in the form that we want, but we are consistent with the convention that we set.
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__ a+tbe -1+,
Proof. For w = 75 € O

wz + T a—i—bsz n —a —be b €21 — €29 u Zo — 21
1 2 = 1 = —
V5 V5 V5 V5

Recall that ¢ = 127‘/5, is both a generator of Ok and fundamental unit of norm —1, one can
rewrite the Fourier expansions via

t= éwz —V/5éw
3

Notice that g is totally positive, and for w = “\7%5 € (9121’+ then

t = (—¢)(a+be) =b—ac.
Hence we write:

f= Z af (t)ei27r(tzl+t~22)

t:r+sé€(9f+<

Finally, we want to see then as power series with coefficients in Z:
. ~ . €21 —Ez9 r . z9—2] s
ei2m(tarttee) — (elz”( v )) (em( 75 )) =1 q145. (8.21)

The notation qi, g2 is not merely artificial: for 71(z) and 7(2z) as in Proposition 8.41, they
correspond to g; = €™ for i = 1,2, as our g-variables for Siegel modular forms.

We have the following restriction for restriction of Siegel modular forms to Hilbert ones,
and compatibility of the Fourier expansions.

Proposition 8.43. Consider f a holomorphic Siegel modular form with the following Fourier
eTpansion

f=az02) + >, a(D)d",

T€eSym4(Z)V,T>0

then the pull back to the Hilbert space via the map in Proposition 8.41 is a symmetric Hilbert
modular form for SLo(K) with Fourier expansion:

g =a4(0) + Z ag(t)qfqg,

t=p+qeeO

where ag(0) = af(02), q1 and g2 are as in Equation 8.21 and

ag(t) = Z ap(T),

TeSymy(2)V, T>0, T(1,)=t

a b/2

where the sum runs over the matrices T = <b/2 . ) with t = a + be + c&2.

Proof. This is [LY11, Proposition 3.2]. O
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In this result As 2 = 1 + ¢, if we write t = r + s¢ for ¢ as above, for T = (b?Z bé2>,

T(1,€) = r + s€ is equivalent to

r=a-+c,
s=b+ec.

From this, it follows that the Fourier expansion of g alternatively comes from simple g3 = q1¢o
in the Fourier expansion of f. Therefore, in the Fourier expansion of the Hilbert modular form
in the “correct" variables g1, g2, the overall effect is a restriction of the corresponding function
in g(Hy) to g3 = q142-

Remark 8.44. Notice that the (non-zero) singular terms T in the Fourier expansion of the
Siegel modular form have corresponding quadratic forms Qr = k(ax + by)? with k € Z~qo and
a,b € Z, so they represent values of t = k(a + b&)%2. However, for T non-singular can also
represent multiples of perfect squares. In conclusion, the singular Fourier coefficients are not
singled-out as in the Siegel case, except for the zero matriz. That is coherent with the fact that
for Hilbert modular forms, being a cusp form means simply vanishing at the zero term.

For the Fourier expansion of a Hilbert modular form, we can also order them in terms of
r + s€. One could order them using the field trace r + 2s, but it is also natural to order them
in terms of r.

Lemma 8.45. Fort =r + s¢ € Ok, it follows that t > 0 if and only if
r € Z~g, and er < s < er.

Hence, for r fived, there are \/5r — 1 < |er| — |&r] < /5r +1 such elements t € O;.
Furthermore, Ngo(r + s&) = r? — s + 15 < Ngig(r + (r/2)€) = 5r? /4.

Proof. Observe that t > 0 if r + se > 0 and r + s > 0. It follows that » > 0: it is clear if
$s=0,if s >0thenes<0sor >r+sc >0, and if s <0 then es < 0 and r > r + se > 0.
The second condition follows from
r+sE>0 = r>s(—8) = s< —r=er
~—— 15
>0
1 _
r+se>0 = r>s(—¢) = s>—r=e¢r.
~—~— 9

<0

Hence s € Z N (er,er) and there are exactly |er| — |&r| possibilities for s. The lower and
upper bounds follows from the standard inequalities |z] < z < |z|+1. For the bounds in the
norm, we see that (r + s)(r + s¢) = r2 — s2 + rs. As a function of s on the interval (gr,er)
it is a concave parabola, hence it is maximum is at its vertex s = r/2. O

Finally, by Theorem 2.21, we have the suitable analogous bounds for the Fourier coefficients
as in Proposition 8.14 in terms of the filed norm Nk q.
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8.6.2 Gundlach invariants

This comes from the presentation [LY11, section 4], or [MR20, section 2.2|, from which we
use the conventions for the definition of the Gundlach invariants, of the original results from
[Gun63|, and details can be found in [Nag83|.

We have the Hilbert Eisenstein series of even weight k£ > 2 with Fourier expansion:

Guz) =1+ > be(t)gidh

t:a—&-bge(’)j(

where
(271.) 2k \/5

bi(t) =k Y Ok /pOk|*t, k= (k — 1)125F e (k)

(1)>(t)

and (g is the Dirichlet zeta function for the field K. This coefficient is a rational number, and
here are their values for low values of k, from [LY11, End of page 944, after Equation (4.2)]

23.3.5 if k=2,
KL =
k é_23'32'5_7 ifk:6’
1 .
T 280305211 if k=10,
Furthermore, setting
67 3
% = 3352 (Go = G2)

Or0 = 2719372572771 (412751G9 — 5 - 67 - 2293G3Gg + 2% - 3 7- 4231G3)
012 = 272 (05 — G2bho) ,

which are primitive integral symmetric Hilbert modular forms, we define the Gundlach invari-
ants as:

5 2
JH = G2 and JH = GaCs
10 010

Remark 8.46. Our strateqy as designed translates directly to the invariants from above, as we
have them as quotients of modular forms for which we have bounds for the (integral) Fourier
coefficients, and a common denominator given by a cusp form. We can also relate the Gundlach
mwvariants to the pull-back of the Igusa invariants.

The functions 6; can be expressed in term of pullbacks (from Proposition 2.26) of Siegel
modular forms and Eisenstein series. From [LY11, Theorem 4.4],

¢*Ey = G,
42 67
sp.— _22m3 O a3 9533y
¢" Eg 25G2+25G6 G2 3°6g,
—4¢"x10 = 610,

12¢*x12 = 302 — 2Go010.
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and by [LY11, Proposition 4.5] in terms of [MR20, Corollary A.13],

H\2\ ° HA2N 3
o=t (NE0) i =gt (55

JH -2 JH -2
2
¢*j3:1JH<3(JzH)2> <4(J2H)2+2532 3! >
2371 \JH -2 JH JH-3)"

8.6.3 Isogenies that respect real multiplication and pullback of

We would want the Hilbert modular polynomials to parametrize, among others, isogenies given
by (z1,22) — (pz1,pz2). If p is inert in K (i.e. for p = 2 and (&) = —1, equivalently p = 2,3
(mod 5)), then we can consider p-isogenies as in [MR20] and their modular polynomials.
Then, if p is inert in K, their Hilbert p-isogenies in bijection with the Siegel (p, p)-isogenies
that respect the endomorphism ring O, by Proposition 8.32.

We notice that the normalized Humbert singular relation 71 + 70 = 73 is invariant under
multiplication by p (and that multiplying by p in 7 is multiplying by p in z), by Proposition
8.26. That means that pr still belongs to Hs, so this isogeny respect the endomorphism ring.
In conclusion, one of the p-isogenies considered in their Hilbert modular polynomials gets
written as (21, z2) — (pz1,p22).

Our choice of invariants for Hs have as denominators the pull-back of x19, hence we apply
the same considerations as to restricting to a subdomain of H? such that 619 only vanishes
when 2o = 2z1. A very straightforward way is to simply pull back the intersection of K with
T3 = T1 + To.

If we impose Im(z2) > Im(z1), then Im(72) > 0 and as 7 + 72 = 73, already have Im(1;) <
Im(73). Hence one simply requires additionally 2Im(7) < Im(7;), and

Imzo —Imz;  elmz; —elmzy
VB - V5

1
2(Imzg —Imz;) < ) (Imzg —Im z1) +

2

e

(Im 29 + Im 1)
5(Imzg —Imz) < \/g(Isz +Imz)
(\/5— 1) Im 2z < <\/5—|— 1) Im(z;)
Im 2z < Vo1
V-1

One can invert the embedding and get

Imz; =(1+¢)Imz

21 =T1+Em, 29 =11 — Ty

and one deduces linear conditions Re(z1), Re(z2) from |Re7;| < 1/2. Therefore, on the sub-
domain of H? defined by the above conditions on Re(z;),'® together with

Imz; <Imzy < (1+4¢)Im(z),

010 only vanishes if z; = z».

8probably a better solution would be to adapt the proof from [K1i90, Proposition 2| to the Hilbert theta
series.
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Appendix: On deducing lower bounds on y;y in the whole H,

This is a continuation of Subsection 8.4.1.1. As a partial result to our goal of comparing
X10(P7) and x10(PT), we have derived a comparison between det(Im P7) and det(P Im7T),
that may be of independent interest. It comes as a generalization of the following result from
|[Paz19a, Lemma 2.4|, which states that for two isogenous elliptic curves ¢ : E; — FEy with
E;(C) = C/(Z + 1;Z) for i = 1,2, with 7; in the fundamental domain for SLy(Z), it follows
that

1 Im
< <d .
degop — Im7y — °& 9

We can generalize it to principally polarized abelian surfaces.
Proposition 8.47. Let Ay, As € As, with period matrices 71, T2 € Hy that are Siegel-reduced.

Assume there exists a (P, P)-isogeny between them
Assume furthermore than detIm1; > 1 and set y(i) = (Im7;)1,1. Then

1 y (det Im 1)1 < P2,
P2 = y@(detImTg)~1 —

which we prove below that implies

31 1 detImry 4 o
2 < Zp2\/det1
4P? JdetImr, — detIm7; — 3 eimT2

Proof. We are going to relate det Im 7; with the injectivity diameter of A; (see |GR14b, Section
2.4], [Autl3, Section 2| and [Pazl9a, section 2.4]). Consider the positive definite hermitian
form H; = 2!(Im 1)~ for z,w € C? (identified with T4,(C)). Consider H; restricted to the
period lattice Ay, = 72 + 7;7%. Then we define the injectivity diameter p(A;, H;) as its first

minimum, i.e.
p(A,H) = min { V H(Z7Z)}

2€A\{0}

IN

for A the period lattice of A, in our case given by Z2+71Z2. Equivalently, p(A, H) is the radius
of the largest ball centered at zero where the exponential map exp : TpA — A is injective.

Alternatively, given a polarization p on an abelian variety, we write p(A,u) = p(A, Hy,)
for H, the induced hermitian form.

Let us set ¢ : (A1, 1) — (A, p2) the (P, P)-isogeny, it then follows that Hy«,, = P>H,,,,
hence p(A1, ¢*pa) = Pp(Ar, ).

From |GR14b, Lemma 3.4], we have the following relation

p(Asg, pi2) < p(Ar, ¢*p2) < deg(d)p(Az, p2),
and as deg ¢ = P?, combining both we have
p(Az, p2) < Pp(Ay, 1) < P?p(Ag, o). (8.22)

We relate p(A;, p;) to Im7;. Let us provisionally drop the subindex i of the notation.
As T is Siegel reduced, in particular Y = Im 7 is Minkowski reduced. That implies that
the diagonal elements correspond to the successive minima of the positive definite quadratic
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form induced by Y; on Z2?. Writing A for the first minimum of Y !, and noticing that it
corresponds to the restriction to Z? C Z? + Z2, it follows that

p? <A1

Now we follow the proof of [Aut13, Lemme 3.2|, which states min(p?(A, L), v/3/2) = min(\1,v/3/2),
so if A1 is large enough, there is equality above. We give the details of the proof here to spe-
cialize further in dimension two. For a 4+ bT € A, with a,b € Z? and writing 7 = X + Yi:

(a+ (X —iV)D)'Y Ha+ (X +iY)b) =a'Y a4+ ' XY Lo+ a' Y IXb+ 0H(XY X + V)b
=bYb+ (a+ Xb)'Y Y a+ Xb)
>0

Then if b # 0, ||a + 7b|| > b'Yb > A\ (Y), and if b = 0, ||a + 7b|| > a'Y "la > A\ (Y1),
hence p? > min{\(Y), \; (Y1)}

Now we use explicitly that we are in dimension two: if ¥ = <zl Zf), with associ-
2 Y3
1 Ys —Y2

ated quadratic form fy(u,v) = y1u? + 2youv + yzv?, then Y1 = , with

detY \ —yo 10

quadratic form fy-1(u,v) = (ysu? — 2youv + y1v?)/det(Y). It follows that mingz fy =
mingz (det(Y) fy-1), so

_ A(Y)
MY h=
1( ) detY )
in dimension two. As Y is Minkowski reduced, A\1(Y') = y;. Hence we have:
Y1 1 Y
> 1 = 2
detY >0 20 mm{ ’detY} det Y’ (8:23)

as we assumed that detY > 1.

We can give lower and upper bounds on y;/detY via the Hermite constant in dimen-
sion two as follows. First, as Y is Siegel reduced, y; > \/§/ 2 so we first have y;/detY >
V3/2detY. For the upper bounds, \/ﬁY has determinant one. Recall that the Hermite
constant in dimension n is defined as the longest shortest vector (the maximum of the first
minimum) for unimodular lattice in dimension n. As the Hermite constant in dimension two
is f it follows:

2t S 1 moo_ oy V31 (8.24)
V3VdetY ~ VdetY VdetY  detY T 2 detY
Coming back to our matrices 71,72, by (8.23) and (8.22) above,
1 yM(det Im 1)~ <P
P2 = y@)(detTm7q)1
which is our first statement. For the second, use (8.24) to bound y D (detm ) 1 and get

y2) (det Tm 72)~

3+y/detIm 7o
4 detImTl -
4 detImTs 1

3 VdetImTy — P2

from where we deduce our second statement. O
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Fin de la temporada, adiés queridos,
guardaos bien que viene el frio,
ya nos veremos por alla.

Puntos suspensivos, Vetusta Morla
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