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Abstract

This thesis contains a series of separate investigations related to the use of forward
and backward methods for the purpose of valuation and design of multi-state life
insurance contracts. While Chapter 1 provides some background and an overview
of the contributions of this thesis, the Chapters 2-5 each contain one investigation.

In Chapter 2 we provide a mathematical framework for the valuation of in-
surance contracts with collective effects using mean-field approximations. Due
to the collective effects the individuals of a cohort are no longer independent
and the valuation of an individual insurance contract requires the solution of a
high-dimensional system of linear forward integro-differential equations. This is
compuationally infeasable and can be circumvented by using a mean-field model,
since this replaces the high-dimensional system of linear forward equations with
a low-dimensional, non-linear one. Under suitable regularity conditions we derive
a law of large numbers and show that for large cohorts the value of an individual

insurance contract converges towards its mean-field counterpart.

In Chapter 3 we expand the classical semi-Markov disability model with individual
and collective health claims. This is motivated by its application to group experience
rating where the inclusion of collective health claims can improve predictive power.
The computational challenges introduced by the collective health claims are adressed
by using a mean-field approximation, courtesy of Chapter 2. We adapt an existing
numerical method to the mean-field model’s system of non-linear forward equations
and compare the mean-field approximation to the naive Monte Carlo method in a
practice-oriented simulation study. We conclude that the mean-field approximation
is a necessary and rather efficient alternative.

In Chapter 4 we consider a novel robust utility maximisation problem under
transition-rate uncertainty within the class of non-Markovian multi-state models,
derive a martingale optimality principle, and prove a novel existence and uniqueness
result for a class of worst-case backward stochastic differential equations (BSDEs).
We use these results to solve the robust problem in two specific cases. First, we
show that the worst- and best-case reserves of an insurance contract with reserve-
dependent payments are characterised by a worst-case BSDE, thus combining
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current backward methods for reserve-depedendent payments with those of worst-
case reserves, while generalising them to non-Markovian models. Second, we solve a
novel robust consumption-insurance problem with power utility preferences whose

solution is characterised by a worst-case BSDE.

In Chapter 5 we discuss the preferences for a smooth consumption rate (with
the purpose of informing the design of smooth pension products) in terms of the
components (initial value, drift, volatility) of the consumption rate. We distinguish
between pathwise smoothness (variation over time along one path) quantified by
the expected quadratic variation and pointwise smoothness (variation at fixed time
across paths) quantified by the variance and qualitatively identify the following
trade-offs. First, increasing pathwise smoothness requires a reduction of the initial
value, the drift or the value of the bequest. Second, increasing pathwise smoothness
without reducing risky investments leads to an increase in trend risk and a decrease
in diffusive risk. Finally we obtain explicit solutions to a novel consumption-
investment problem, allowing us to discuss these trade-offs quantitatively.



Resumé

Denne afhandling indeholder en raekke separate undersggelser vedrgrende anvendel-
sen af forlens- og bagleens metoder med henblik pa veerdiansaettelse og design af
flertilstands livsforsikringskontrakter. Mens Kapitel 1 indeholder en introduktion
og et overblik over afhandlingens bidrag, sa indeholder Kapitlerne 2-5 hver iszer én
undersggelse.

I Kapitel 2 praesenterer vi en matematisk ramme for veerdianssettelse af forsik-
ringskontrakter med kollektive effekter ved hjalp af mean-field approksimationer.
Introduktionen af de kollektive effekter medfgrer, at de enkelte individer i en kohorte
ikke leengere er uaftheengige, og veerdianseettelsen af en individuel forsikringskontrakt
krzever derfor den numeriske lgsning af et hgjdimensionelt system af linesere forleens
integro-differentialligninger. Dette er beregningsmeessigt kreevende, og kan omgas
ved at anvende en mean-field model, hvilket erstatter det hgjdimensionelle system
af linesere forlaens ligninger med et lavdimensionelt, ikke-linesert system. Under
passende regularitetsbetingelser udleder vi en store tals lov og viser, at veerdien af
en individuel forsikringskontrakt for store kohorter konvergerer mod dens mean-field
ekvivalent.

I Kapitel 3 udvider vi den klassiske semi-Markov invalidemodel til ogsa at
inddrage individuelle og kollektive sundhedsskader. Dette er motiveret af modellens
potentielle anvendelse inden for gruppebaseret erfaringstarifering, hvor inddragelsen
af kollektive sundhedsskader kan forbedre forudsigelsesevnen. De beregningsmeessige
udfordringer, som inklusionen af de kollektive sundhedsskader fgrer til, lgses ved
hjeelp af en mean-field approksimation, hentet fra Kapitel 2. Vi modificerer en
eksisterende numerisk metode, sa den kan bruges til mean-field modellens system
af ikke-linesere forleens ligninger, og vi sammenligner mean-field approksimationen
med den naive Monte Carlo metode i et praksisorienteret simulationsstudie. Vi
konkluderer, at mean-field approksimationen er et ngdvendigt og effektivt alternativ.

I Kapitel 4 betragter vi et nyt robust nyttemaksimeringsproblem for ikke-
Markovianske flertilstandsmodeller med ukendte overgangsrater, vi udleder et
tilhgrende martingaloptimalitetsprincip, og beviser et nyt eksistens- og entydig-
hedsresultat for en klasse af worst-case bagleens stokastiske differentialligninger

vii
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(BSDE’er). Vi anvender disse resultater til at lgse det robuste problem i to speci-
fikke tilfeelde. For det forste viser vi, at worst-case og best-case reserverne af en
forsikringskontrakt med reserveathsengige betalinger karakteriseres af en worst-case
BSDE. Dermed kombinerer vi de eksisterende bagleens metoder for reserveathaengige
betalinger med de eksisterende bagleens metoder for worst-case reserver, samtidig
med at vi generaliserer dem til ikke-Markovianske modeller. For det andet lgser
vi et nyt robust forbrugs- og forsikringsproblem med potensnyttepraeferencer, hvis
Igsning ligeledes karakteriseres af en worst-case BSDE.

I Kapitel 5 diskuterer vi praeferencer for udjeevning af finansiel risiko i for-
brugsraten (med henblik pa at informere designet af udjeevningsmekanismer for
pensionsudbetalinger) baseret pa forbrugsratens komponenter (startveerdi, drift,
volatilitet). Vi skelner mellem stivis variabilitet (variation over tid langs en bestemt
sti), kvantificeret ved den forventede kvadratiske variation, og punktvis variabilitet
(variation pa et fast tidspunkt pa tveers af stier), kvantificeret ved variansen, og
identificerer kvalitativt fglgende trade-offs. For at reducere stivis variabilitet kraeves
en reduktion af startveerdien, driften eller veerdien af arven. Hvis man derudover
gnsker reduceret stivis variabilitet uden at reducere risikofyldte investeringer fgrer
det til en stigning i trendrisikoen og et fald i diffusivrisikoen. Slutendeligt finder
vi eksplicitte lgsninger til et nyt forbrugs- og investeringsproblem, hvilket giver os
mulighed for at diskutere disse trade-offs kvantitativt.
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Chapter 1

Introduction

This thesis contains a series of investigations concerned with the design and valuation
of multi-state life insurance contracts (henceforth called insurance contracts) using
forward and backward methods. This introductory chapter provides the background
and context for the topics covered by this thesis and describes the contributions of
the remaining Chapters 2-5. Section 1.1 starts with the background and consists of
three subsections. Subsection 1.1.1 describes how insurance contracts carrying both
actuarial and financial risk can be valued using either forward or backward methods,
while discussing either method’s advantages and disadvantages. Subsection 1.1.2
desribes how optimal consumption-investment-insurance problems can be utilised to
inspire different product designs in accordance with different policyholder preferences
and discusses the insurance company’s constraints for a viable product design. As
the Chapters 2-4 focus on actuarial risk modelled by jump processes, Subsection 1.1.3
summarises how jump processes can be constructed from marked point processes or
random counting measures. Finally, the contributions of each chapter are described
Section 1.2.

1.1 Background

When an insurance company wants to offer an insurance contract, which pays
benefits contingent on the biometric (alive, dead, disabled, etc.) or economic
(unemployed, retired, etc.) state of the policyholder and possibly the returns of
the financial market, then the insurance company has two main concerns. First
they have to design the contract and then they have to determine the value of
the contract for pricing and reserving purposes. In order to determine the value
of the contract, the insurance company should have a thorough understanding of
the different types of risk that the contract carries, they should be able to model
those risks accurately, and they should be able to compute the value efficiently.
When designing the contract, the company has to strike the right balance between
the preferences of the target customer and their own constraints. This requires to
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understand the interplay between different types of individual preferences (risk,
flexibility) what product features they imply (guarantees, policyholder options),
and what valuation methods can be used to value those features accurately and
efficiently.

To formalise our discussion, we model the state of the policyholder as a jump
process Z with finite state-space J and the financial market by a d + 1-dimensional
semi-martingale S = (Sp,...,S4), which can be interpreted as the asset prices of
d+ 1 financial assets. Both S and Z are defined on an underlying probability space
(9, F,P) and for simplicity we assume that they are independent. By F* = (F; )i>0
we denote the financial information generated by S and by FZ = (F7);>0 we
denote the actuarial information generated by the state of the policyholder Z, while
F = F° v FZ is the total information. The asset Sy is the numeraire, which we
assume to have the form

So(dt) = r(t)So(t)dt, So(0) =1,

for a sufficiently regular F-optional interest rate process r.

The (cumulative) contractual payments B of an insurance contract equal the
difference BT — B~ of two non-negative, non-decreasing processes accounting for
(cumulative) benefits B* and (cumulative) premiums B~. Both (thus also B) are
typically of the form

B(dt) =Y Mz@—bi(t)dt + Y bi;(t)Ni;(dt), B(0) € R,
i€J IR

where (b;);c7 are sufficiently regular, F-optional sojourn payment rates that are
paid continuously while the insured is in state ¢, and (b;;); j.i2; are sufficiently
regular, F-predictable transition payments paid upon transition from i to j. The
processes IV;; count the number of transitions of Z from ¢ to j. The policyholder
account associated with the insurance contract is given by

dX(t) = h(t)dS(t) — (BT (dt) — B~ (dt)) —B(dt)
=B(dt) (1.1.1)

X(0) = —(B(0) + B(0)),

where the first term describes the investment returns of investing in the financial
market S according to the investment strategy h, the process B describes the
contractual payments, while the process B consists of (cumulative) payments to
and from the equity of the insurance company. The process B thus determines the
profit/loss of the insurance company associated with the contract. The problem
of design is to determine how exactly the contractual elements (h, B, B ) and the
state space J of Z should be specified and the problem of valuation is to determine
a probabilistic model for Z (and S if necessary) that allows for an accurate and
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efficient evaluation of the risks carried by the resulting contract in order to determine
what the value of the contract should be.

Remark 1.1.1. Throughout we will assume that there exists a deterministic maximal
contract expiration time 7 > 0, in the sense that b;(t) = b;;(t) =0 for all ¢t > T
and 4,7 € J with i # j.

1.1.1 Valuation

The value of an insurance contract can be defined as the amount of money an
interested party would have to be paid in order to take over the liability specified by
the contractual payments B. An insurance contract is called an actuarial contract if
B is FZ-adapted and a financial contract if B is F¥-adapted. Traditionally actuarial
and financial contracts are valued using fundamentally different principles.

The valuation of an actuarial contract with contractual payments B is based
on the principle of diversification. Assuming that there is no systematic risk, the
actuarial contract only depends on one individual, thus if the insurance company
can pool a large number of sufficiently homogeneous and independent actuarial
contracts into one portfolio, a law of large numbers can be applied. Assuming that
the interest rate r is deterministic, the value of the liability (the reserve) would
therefore be the expected present value of future payments (best estimate) given by

VEE(t) = IE{ /( . e~ JirwdugA )
t

Practically the use of VP () as the value of the contract is challenged by three

ftZ} (1.1.2)

factors. First, real-world portfolios are not infinitely large, leaving a non-negligble
amount of unsystematic risk. Second, the policyholders in a portfolio might not
be independent due to systematic risk factors; for example policyholders infecting
each other during an epidemic can cause mortality rates to spike in the short term,
while technological advances can cause mortality rates to decrease in the long term.
Third, as the measure P is not known but has to be estimated, there is model risk.
All these factors justify the addition of a safety margin SM(¢) to (1.1.2), yielding
the value V (t) = VEE(t) +SM(t). A popular way to determine the safety margin or
to quantify the risk of the contract, is to determine a conservative or risk-adjusted
measure P* on (2, FZ), calculate the value of the liability as

V(t) =E” [ /( i e~ Jirwdu pA(qg)
t,

ftZ], (1.1.3)

and then implicitly determine SM(¢) = V(t) — VEE(¢). Note that P* does not have
to be equivalent to P. Model risk and systematic risk in particular can be handled
by specifying a confidence set M of alternative measures, setting

V(t) = sup EP {/ e JO 7‘(U)duBA(dS)
PeM (t,T]

ff], (1.1.4)
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and choosing P* as the measure realising the supremum. One way to specify the
set M is to determine upper and lower bounds for the transition rates of Z. For
Markovian Z and deterministic upper and lower bounds this has initially been
explored by Christiansen (2010) and extended to include dependent transition and
interest rates in Christiansen and Steffensen (2013) and Christiansen et al. (2016).
For a thorough discussion of different methods for the calculation of implicit safety
margins related to unsystematic, systematic and model risk see Christiansen (2012).

The diversification principle does apply to financial contracts, as they all are
determined by the same d + 1 assets, which cannot reasonably be assumed to be
independent. Instead financial contracts are valued using the principle of arbitrage
free pricing, which involves finding a replicating strategy under the assumption that
the financial market is free of arbitrage. An arbitrage is an investment opportunity
that can yield a profit with zero cost and no risk of loss. For a f;—adapted financial
claim X, an investment strategy is a replicating strategy if it is X-admissible
(the terminal value at time T of the corresponding portfolio equals X) and self-
financing (the value of the corresponding portfolio only changes due to fluctations
of the asset prices S). For a financial contract B an investment strategy is a
replicating strategy if it is 0-admissible and self-financing with respect to B (the
value of the corresponding portfolio only changes due to fluctations of the asset
prices S and payments according to B). Having found a replicating strategy for
the financial claim or contract, its value is then equal to the cost of buying the
replicating portfolio, while the assumption of no arbitrage ensures that this value
must be unique. A financial claim or contract is called attainable, if there exists
a replicating strategy, and if all financial claims are attainable then the financial
market is complete and all financial claims and contracts have a unique value. By
the two fundamental theorems of asset pricing, completeness and no arbitrage
implies the existence of a unique probability measure Q° on (Q, .7-}9 ) equivalent
to Pzs such that the discounted price processes S* := S% are local (F%,Q%)-
martingales. Under the assumption that S* are true (F¥, Q°)-martingales (Q° is
an equivalent martingale measure), the unique value of any financial contract B~
at time ¢ € [0,T] can be obtained via the risk neutral valuation formula given by

V(t) =EY [ / e~ Jirwdupgs () ff} (1.1.5)
(7]

Going forward, we assume that Q is unique.

If we want to value an insurance contract (carrying both actuarial and financial
risk), then one can take an overall financial point of view by considering the actuarial
risks and financial risks as part of the same financial market, as is done in Mgller
(1998), Steffensen (2000), and Mgller (2001). Assuming absence of arbitrage and the
existence of an equivalent martingale measure, the price of the insurance contract
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should be

V(t) _IE@U e~ Ji rwdup(gs) ]-"t}, (1.1.6)
(t,7)

As the actuarial contracts cannot be replicated, the extension to insurance contracts
results in an incomplete market, which implies that Q (and the value of the insurance
contract) is not unique. Thus we have to choose a reasonable Q. Since S and Z are
independent under P it is natural to require the same of Q and using the Girsanov
theorem we can construct the measure Q on (2, F7) given by

dQ = ﬂLid}P, (L.1.7)

dP|zs

for suitable FZ-measurable L%, see Dahl (2004) and Dahl and Mgller (2006). This
construction implies that S and Z are independent, S* is a (I, Q)-martingale,
Q|;7§ = Q% and Q|;7g = P* for P* = L#dP. Thus L% implicitly determines the
safety margin for actuarial risk. A special case of the class defined by (1.1.7) is
the best estimate measure Q”” for which L7 = 1 and P* = P|zz. We can see
that (1.1.6) in the case of financial contracts reduces to (1.1.5) and in the case of
actuarial contracts reduces to (1.1.3), or in the case of QBF to (1.1.2). We can
therefore conclude that this approach is consistent with both traditional valuation
principles.

The forward method

We start by assuming that r is F®-adapted and that the insurance payment process
B is FZ-adapted. Without loss of generality we further assume that Q = QBF.
Then the reserve is equal to

Vi) = / EQ° [om I it
(t,7]

where A is the so-called cash flow defined as

FlAwas),

A(t,s) =E[B(s) — B(t)|Ff], 0<t<s<T.
Using the concept of forward interest rates, one obtains the valuation formula

V(t):/ o= I Ftmdu gy ). (1.1.8)
(t.7]

This has the big advantage that it completely separates the actuarial and the
financial components, both from a modelling perspective but also from a computa-
tional perspective. The forward interest rates can be determined using standard
methods from mathematical finance, while the cash flows for Markov (Norberg,
1991), semi-Markov (Buchardt, Mgller, and Schmidt, 2015) and doubly stochastic
Markov (Buchardt, 2017) models can be calculated by solving the forward equations
satsified by the transition probabilities of the Markov process defining the model.



6 CHAPTER 1. INTRODUCTION

Example 1.1.2. Assume that the process Z is a Markov chain with deterministic
transition intensities (i;;)i j:i; and that the payments (b;)icy and (b;;); j.i; are
deterministic. Then the state-wise cash flows are given by

i(t, ds) Zp”ts ( Z Wik (s >d5
JjeT k:k#j
while the cash flow is given by A(t,ds) = Az (t,ds). The functions p;;(t,s) are
the transition probailities P(Z(s) = j|Z(t) = i), which for 0 < ¢t < s satisfy the
Kolmogorov forward equations

d
pzy t 5 Z pzk t S )u‘kj Z pz] t S .Ujk )7 pz’j(tat) = ]l(i:j)~
k:k#j k:k#j
These forward equations can easily be solved numerically using standard methods
for ordinary differential equations.

Example 1.1.3. Let Z be a jump process with finite state space J and define
the process T'(t) := sup{s € [0,t]|Z(s) # Z(s—)} tracking the time of the last
jump of Z. Thus U(t) = ¢t — T(t) is the duration since the last jump. Assume
that the bivariate process (Z,U) (or equivalently (Z,T')) is a Markov process. In
that case Z is a so-called semi-Markov process and it has the duration-dependent
transition intensities (g;;(t, U(t—)))ix;, where p;; : [0,00) X [0,00) — [0,00), i # j
are measurable functions bounded on compact sets. Similarly we assume that B is
given by

= 3 Uzt (BT + 3 b UE-DNy (a0 ).
ieJ JijFi
Then the state-wise cash flows are given by
u+s—t
i(t,u,ds) Z/ p”tusdv< Zu]ksv]ksv)>d
Jj€T k:k#j
while the cash flow is given by A(t,ds) = Az (t,U(t),ds). The transition proba-
bilities
pij(tvu; SarU) = ]P)(Z(S) = j7 U(S) < U|Z(t) = i: U(t) = ’LL), (t7u) € [077—] X [077—]

satisfy the system of Kolmogorov forward integro-differential equations given by

d u+s—t
gpij(t,u;&s— Z / Ly (S, 0)pik(t, u, s,dv)
k:k#j

72/ Wik (s, v)pij(t, us s,dz),

kik#j

(1.1.9)
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ford € [t—u,T], s € [max(t,d), T], and with boundary conditions p;;(t, u;t,t—d) =
Ti=jy1(4=¢t—u) and psj(t,u;5,0) = 0. These forward equations can be solved
numerically, see Buchardt, Mgller, and Schmidt (2015), but at a significantly larger
computational cost than the differential equations of Example 1.1.2. Note that
while one usually specifies all quantities in terms of (Z,U), it is the representation
in terms of (Z,T) that is mathematically more convenient as (Z,T) is a jump
process which eases the derivation of the forward equations (1.1.9). It is always
possible to switch back and forth between these two representations by means of
subsituting U(t) =t — T'().

The forward method has further advantages. Once one has calculated the cash
flows, it is computationally very efficient to calculate the reserve for different
interest rate curves, which is very useful in practice when quantifying interest rate
risk. Apart from the reserve, one also obtains the cash flows and the transition
probabilities which can be used for further analysis. It is also possible to handle
certain linearly reserve-dependent payments, which appear in the presence of
policyholder options such as surrender or free-policy, by finding an alternative
representation of the model where the payments are no longer reserve dependent,
see Buchardt, Mgller, and Schmidt (2015) for the semi-Markovian case and Furrer
(2022) for the general non-Markovian case. If the reserve-dependence is more
complicated, then the forward method is no longer applicable. When Z is a general
non-Markovian process, the transition probabilities can no longer be obtained
via forward equations, nevertheless by using forward transition rates a variation
of the forward method can still be used to calculate the reserve for contractual
payments with deterministic sojourn and transition payments (Christiansen, 2021)
or stochastically scaled versions thereof (Bathke and Furrer, 2025). If the payment
stream is F-adapted and thus depends on financial risk as well the forward method
cannot be applied directly, but can be combined with a simulation approach,
see Ahmad, Buchardt, and Furrer (2022).

The backward method

We start by assuming that the interest rate r is deterministic, that B is FZ-adapted
and that the jump process Z has F4-predictable transition intensities. For now,
we have thus entirely removed financial risk and without loss of generality we
assume that P* = P| FZ Then the prospective reserve is uniquely determined by
the backwards stochastic differential equation (BSDE)

V(dt) = r(t)V(t=)dt — B(dt) = Y Ri;(t)Mi;(dt), V(T)=0, (1.1.10)
i.jiii

where M;;(dt) = Ni;(dt) — 1 (z—y=spi;(t)dt and

Lizt—y=iRij(t) = L z—)=) (bi;(t) + Vj(t) = Vi(1))
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almost surely for all t > 0 and ¢,j € J with i # j. The processes (V;);c7 are the
state-wise reserves which point-wise almost surely satisfy

(7]

FE. 20 =i
and are (almost surely) uniquely characterised by the stochastic Thiele equations

Liz(t—y=iVi(dt) = L(z(1—)=i) (VQ(t—)T(t) —bi(t) = Y Ri (t)Uij(t)) dt (1.1.11)
J:gFe

with terminal condition V;(7) = 0. The BSDE (1.1.10) and the stochastic Thiele
equations (1.1.11) initially appeared in Norberg (1992, 1996) lacking a uniqueness
result and a rigorous definition of the state-wise reserves. Uniqueness of (1.1.10) was
shown in Christiansen and Djehiche (2020), the definition of the state-wise reserves
was resolved in Christiansen and Furrer (2021), and the uniqueness of (1.1.11) was
proven in Christiansen and Furrer (2024) using a specific canonical probability
space, while also allowing Z to have cumulative transition rates (allowing point
mass in the distribution of jump times). In that case (1.1.11) not only holds almost
surely, but surely, see Christiansen and Furrer (2024).

If Z is a Markov or semi-Markov process, then the stochastic Thiele equations
can be reduced to deterministic systems of Thiele differential equations, which
can be solved numerically. In that case one obtains the state-wise reserves for all
time-points simultaneously.

Example 1.1.4. Assume that the process Z is a Markov chain with deterministic
transition intensities (1), j.i»; and that the payments (b;);c7 and (bi;); j.ix; are
deterministic. Then the BSDE (1.1.10) has the unique solution V'(t) = Vz (1),
where the functions V; : [0,7] — R are the solutions of the Thiele differential
equations

SViltot = d) = r(OV) ~ bi(0) — 3 B (0) + Vi (0) = Vi) (0), Vi(T) =0.
e

These differential equations can easily be solved using standard numerical methods.

Example 1.1.5. Let Z and B be the semi-Markov process and the corresponding
payment process from Example 1.1.3. Then the BSDE (1.1.10) has the unique
solution V'(t) = V) (t,U(t)), where the functions V; : [0, 7] x [0,7] — R are the
solutions of the Thiele differential equations

d

3 Viltst—d) = r(Vi(t,t — d) = bi(t,t — d) - > Rij(tt — d)pi(t,t — d),

Jij#i
Rij(t7t —d) = biJ‘(t,t - d) + ij(t,t —d) = Vi(t,t — d),
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for d € [0,7] and t € [d, 7] with terminal condition V;(7,7 — d) = 0. These
differential equations can be solved numerically, see Adékambi and Christiansen
(2017), at greater computational cost than the Thiele differential equations of
Example 1.1.4, but using a simpler numerical scheme than the forward equations
of Example 1.1.3.

Apart from providing a different avenue for numerical calculations, the BSDE
(1.1.10) and the stochastic Thiele equations (1.1.11) also have theoretical applica-
tions as they can serve as a definition of the reserve and the state-wise reserves.
First, this is particularly useful for resolving the circularity arising from reserve-
dependent payments; it was first suggested for Markovian models with transition
intensities and linear reserve-dependence (Norberg, 1991; Christiansen, Denuit, and
Dhaene, 2014), subsequently generalised to Lipschitz continuous reserve-dependence
(Djehiche and Lofdahl, 2016), and ultimately extended to non-Markovian models
with transition intensities (Christiansen and Djehiche, 2020). Second, this can be
used to find, characterise and calculate worst-case reserves in the spirit of (1.1.4);
for Markovian models with cumulative transition rates and reserve-independent
payments see Christiansen (2010). Third, this can be used to find alternative repre-
sentations of the same model, which are computationally much more convenient,
see Christiansen and Furrer (2024). For example they may be used to prove the
modifications in the case of linear reserve-dependence, which then allow for the
application of the forward method.

A final advantage of the backward method is that it can provide a way to
calculate V' in the case where B is F-adapted. As long as the whole joint model
(S, Z) is Markovian, a suitable version of the Feynman-Kac theorem can be used to
obtain a backwards partial differential equation for V, see Steffensen (2000) and
Asmussen and Steffensen (2020). The disadvantage of this is of course that one has
to specify a full joint model for (S, Z).

1.1.2 Design

An individual buys an insurance contract to protect themselves (or their dependents)
from the economic consequences of adverse biometric events. That could be the
loss of income and treatment costs due to long term illness, disability or death, or
outliving one’s savings after retirement. How much insurance an individual buys,
and what features the insurance coverage should have depends on the individual’s
preferences for risk, which could depend both on the source of risk (financial or
biometric) or how the risk manifests itself (fluctuations in the short term or varying
trends in the long term). Thus in order to be able to design tailored insurance
products for a wide spectrum of individuals with different risk preferences, the
insurance company has to understand how different preferences can influence the
components of an insurance contract. Mathematically this can be done by specifying
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the individual’s preferences as a real-valued function of the available options, which
then can be maximised (or minimised) in order to determine what the optimal
choice is for that particular individual. This approach is the foundation of a large
body of literature studying the optimal choice of consumption, investment and

insurance.

All of these problems start by modelling the wealth of the individual, given by
dX(t) = h(t)dS(t) + A(dt) — C(dt) + B(dt), X(0)=zo > 0. (1.1.12)

The first term describes the investment returns of investing in the financial market
S according to the investment strategy h, the processes A, C, and B are F-adapted
and describe the (cumulative) labour income, the (cumulative) consumption, and
the (cumulative) insurance payments consisting of both premiums and benefits to
and from the insurance company. The goal is to find (h, C, B) that is optimal given
the individual’s specified preferences.

Example 1.1.6. Consider an individual that has just retired at age 74 (this author’s
current statutory retirement age) and who during their long career has saved z¢ > 0.
They now have to decide how to spend, invest and insure their savings in retirement.
Let Z be a Markovian jump process on the state space J = {0 = alive, 1 = dead}
with deterministic mortality rate u and assume that S = (Sp, S1) is a Black-Scholes
market with constant parameters. Then the preferences of this individual could be
formalised as

T Y
1 w,
max E T z— =v(H)d —O0L X =7 ($)d Ny (t 1.1.13
q%[é(mmnvc(ﬁ+kﬂlv (t)dNor (1) (1.1.13)

for v € (0,1) U (1,00), wp1 > 0 with wealth process

dX () = h(t)AS(t) — 1(z(—)=0yc(t)dt + b(E) (Nop (dt) — T (z(—y—oyu(t)dE) .

=C(dt) =B(dt)

The first integral in (1.1.13) measures the utility accumulated by consuming the
consumption rate ¢ while being alive throughout the entire retirement period and
the second integral measures the utility of the remaining wealth (the bequest) at the
time of death. Thus by solving the maximisation problem, we obtain the optimal
choice of consumption rate ¢, investment strategy h and life insurance b for an
individual with these preferences. In the case where wg; = 0 the optimal solution

is given by
_X® _ 8 X _ (1 2\ XQ® _
0= Fg 0= 0= (1) 5 0=

where the function f is a unit annuity with a constant interest rate 7 and with
mortality rate p. As there is no utility from bequest, the optimal insurance strategy
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is to give up all wealth to the insurance company upon death in exchange for
receiving the mortality credits u(¢)X (¢) while alive. Thus the optimal solution for
this individual is to consume according to a life annuity while investing a constant
proportion of their wealth in stocks. How large this proportion should be depends
on the market price of risk @, the volatility ¢ and the individual risk aversion -y.

Mathematically these optimisation problems are typically solved using dynamic
programming, which is related to the backwards method as the optimal solution can
be found by solving a non-linear backwards partial differential equation called the
Hamiton-Jacobi-Bellman equation, see Fleming and Soner (2006) and Asmussen and
Steffensen (2020). The specific problem (1.1.13) was first posed without mortality
by Merton (1969, 1971) and with mortality by Richard (1975). Since then, it has
been generalised in many different directions, notably to Markovian multi-state
models by Kraft and Steffensen (2008), and the solutions of all these problems
can, in principle, be directly translated into an insurance product design. The
link can be established via the defintion of the policyholder account. Comparing
(1.1.12) with (1.1.1) we see that there are clear parallels. The premiums B~ can be
interpreted as the income process A that the policyholder pays into their account,
the benefits B* correspond to the consumption process C' which is paid out to
the policyholder, while the process B corresponds to the payments B between
the policyholder and the insurance company. Since the money in a policyholder’s
account rightfully belongs to the policyholder, we can view the policyholder account
as ‘wealth in the custody of the insurance company’ and by solving an optimisation
problem akin to (1.1.13) we learn how an individual with given preferences prefers
to spend this wealth. Thus the solution of (1.1.13) directly yields a product design
(h, B, B).

We now turn towards the constraints of the insurance company, which often
includes the following;:

1. Explainability: It should be possible to describe the contractual components
(h, B, E) with explicit formulas that easily can be interpreted and explained.

2. Effeciency: It should be possible to numerically calculate the value of the
contract in an efficient manner.

3. Managable risk: The contract should not result in an unmanageable exposure
of unhedgeable and undiversifiable risk.

Explainability is required as the insurance contract has to be understood by various
stakeholders such as regulators, board members and policyholders, and effeciency
is required as the insurance company only has limited resources available. Finally
a large exposure of unhedgeable and undiversifiable risk would yield large capital
requirements and an increased risk of bankruptcy.
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A class of products which always satisfies the second point and mostly also the
first and third point is the class of pure unit link contracts. An insurance contract
is pure unit link if the payment process B to and from the insurance company’s
equity is a mean-zero (F, Q)-martingale and if X(T') = 0. In that case, it was shown
in Furrer, Hornung, and Lemvig (2026) that V(0) = —B(0) and

V(t) :EQ[ / e~ Jirdup(gs)
(7]

ft] =X(t), Vte[o,T]

The problem of valuation is thus reduced to looking up the balance of the corre-
sponding policyholder account.

Example 1.1.7. Inspired by Example 1.1.6, we can design the following product.
The contractual payments are given by

X(®)

f)

where f is a unit annuity with a constant interest rate r and a deterministic

B(dt) = 1(z()=0) dt,  B(0) = —o,

mortality rate g while the investment strategy is given by

(1—-m)X(t) mpe(t) X (t—)

So() Sy 0 !

ho(t) = and  he(t) = d

where 7 € [0,1] and (p¢)e=1.....4 are F¥-predictable processes such that Z?Zl pe(t) =
1. This investment strategy corresponds to investing the proportion 7 in an index
fund S consisting of the d risky assets (51, ..., Sq) weighted according to (pe)e=1,... d,
while investing the proportion 1 — 7 in the locally risk free asset Sy. The process

Bis given by
B(dt) = X (t—)(No1 (dt) — Lz y=oyu®(t)dt), B(0) =0,

where ;@ is the mortality rate under Q. Clearly B is a mean-zero (F, Q)-martingale
and since ﬁ 1 oo for t — T it holds that X (t) | 0 almost surely for ¢ — T". Thus
we have created a pure unit link contract, which is explainable and efficient. The
risk exposure of the company is determined by B , which can be rewritten into

B(dt) = Lz y=) X (t=) (ult) — i(£))dt + X (t=) (N1 (dt) — Lz )—on(t)dt).

The second term is a mean-zero (F, P)-martingale and can therefore be controlled by
diversification (assuming that individuals cannot die simultaneously). This leaves
the first term, which can be controlled by choosing a proper Q. In particular we see
that if mortality credits are paid according to the true mortality rate u the term
cancels out, leaving the insurance company only with unsystematic, diversifiable
risk. Note that even though this design is strongly related to the optimal solution
presented in Example 1.1.6, it is not optimal for the preferences (1.1.13) as we
allow for a much more general probabilistic model.
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The product design described in Example 1.1.7 is called a pure unit linked annuity
and it has become the default annuity product in Denmark. One of the reasons for
its popularity is that it completely falls within the company’s constraints. It is easy
to understand, easy to value and most importantly it carries only unsystematic,
diversifiable risk for the insurance company. The financial risk and the systematic
longevity risk is borne entirely by the policyholder. To see this, assume for simplicity

that 4@ = . Then the relative rate of change of the benefit rate b(t) = % (while
the policyholder is alive) is given by
db(t) ( dSo(t) ds() - ) _
—==1-7 + T= —rdt ) + (p(t) — p(t))dt. 1.1.14
i = (i s (u(t) — (1) (1.1.14)

The first term is the difference between the investment returns and the design
interest rate ¥. We can thus conclude that if the financial returns are worse than
7, then the benefit is reduced and the other way around. The second term is the
difference between the design mortality rate p and the true mortality rate p. Thus
if p decreases relative to ji, then the benefit is reduced.

Note that the effect of the financial risk on b is in conformance with the prefer-
ences (1.1.13), as the first term of (1.1.14) does not really change if (g, S) were a
Black-Scholes market with constant paramters. That does not mean that everyone
has those preferences, as evidenced by the ‘consumption smoothing puzzle’, which
states that the relative change in wealth resulting from a shock is larger than the
relative change in consumption (Hansen and Singleton, 1983; Campbell and Deaton,
1989). This is clearly not the case for (1.1.13) where the optimal consumption is pro-
portional to the wealth. Consequently a variety of alternative preferences have been
proposed, such as habit formation (Constantinides, 1990; Munk, 2008), cumulative
prospect theory preferences (Bilsen and Laeven, 2020), and quadratic preferences
(Bruhn and Steffensen, 2013), some resulting in suggestions for alternative pension
product designs, such as ‘tidspension’ (Jgrgensen and Linnemann, 2011; Linnemann,
Bruhn, and Steffensen, 2014) conforming to the quadratic preferences of Bruhn and
Steffensen (2013), or the design of Steffensen and Vikkelsge (2024) based on habit
formation preferences. As none of these suggestions constitutes a single ‘correct’
alternative to (1.1.13) it is important to be able to compare and understand the
resulting optimal solutions or derivative product designs in a common framework.

Returning to (1.1.14) we note that effect of longevity risk would disappear if
p = fi. This would then be in line with the preferences (1.1.13); the individual
fully annuitises their wealth. If p is stochastic, then we have moved outside of the
setting in Example 1.1.6, since this implies the existence of systematic risk. One
approach would be to specify a stochastic model for the mortality risk and then
attempt to solve (1.1.13) again, but as longevity improvements are notoriously hard
to predict, one can instead take a robust perspective and maximise the utility in
(1.1.13) while simultaneouly minimising over a set of alternative mortality rates, in
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the spirit of (1.1.4). In the Markovian case, this has been done by Han and Hung
(2021) and they conclude that aversion against deviations of the true mortality rate
from a statistical best estimate can be an explanation of the so-called ‘annuitisation
puzzle’, which states that, empirically, individuals annuitise less than they should if
they had the preferences (1.1.13), see Modigliani (1986). It is thus also important
to consider the effect that preferences for systematic risk (or model risk) can have.

1.1.3 The construction of jump processes

Let (2, F,P) be a probability space, let (E,£) be a Borel space and let X be an
E-valued non-explosive jump process. We equip the the probability space with
the filtration FX = (FX);>0 given by Fi¥ := (X (s) : s < t). The distribution of
X can be characterised either via a marked point process or a random counting
measure. For two excellent textbook references on point process theory see Last
and Brandt (1999) and Jacobsen (2006).

Using marked point processes

Based on the jump times of X we can define the non-explosive marked point process
(T, Yo )nen,, with Ty := 0 and Y, := X (0) and

VneN: T,:=inf{t>T,_1: X()#X(Th-1)} and Y, :=X(T,),

where we use the convention that inf ) = co and Y,, = V whenever T,, = co. Note
that the marked point process (T}, Y, )nen, does not allow for trivial jumps, that is

IP’( U (7w < o0,v,, = Yn+1)> =0. (1.1.15)
neNp

As long as there are no trivial jumps, the jump process X and the marked point
process (Ty,, Yy )nen, generate the same filtration, and are in a one-to-one corre-
spondence, since X can be directly recovered from (T, Yy, )nen, via

X() =Y 1, 1p)()Yn (1.1.16)
neNy

Thus due to (1.1.16), and as long as (1.1.15) is satisfied, the distributions of X and
(T, Yo )nen, uniquely characterise each other and we can construct a non-explosive
jump process by constructing a non-explosive marked point process without trivial
jumps. By the Ionescu-Tulcea theorem the distribution of (T}, Y, )nen, is uniquely
characterised by the distribution of Yy and regular versions of

P(Thi1 < t|(T5,Yi)i<n) and P(Yniq € |Thg1 =1¢,(T5,Y5)i<n), n € No.
In order to ensure that (1.1.15) is satisfied it is sufficient to require

VneNg: P(Yir =Yy T =t (T1,Y:)icn) =0, V€ [0,00).
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Example 1.1.8. We now show how to construct the bivariate Markovian jump
process X = (Z,T) with state space J x [0, c0) defining the semi-Markov process Z
considered in Example 1.1.3. Let Ty = 0 and let Yy = (Z(0),0) for some J-valued
random variable Z(0). Construct now (Ty, Y5 )nen, = (Tns (Zn, Th) )nen, using

P(Tpi1 > t(To, Ye)o<n) = € JEND DI, pras(ss=Ta)ds 4o

Ky, 5 (ta t— Tn)
D kekty, Myvak(tt =1

Then the process X = (Z,T) can be constructed from such (7},, Y, )nen, via (1.1.16).

P(Yn-i-l = (j7T)|Tn+1 =1, (Tg,)/g)ggn) =

)]1(7:0, t>T,.

Using random counting measures

Using the non-explosive marked point process (T, Y, )nen, we can furthermore
define the non-explosive random counting measure Q on B([0,00)) ® £ given by

Q(dt,dy) == > i,y (dt, dy).

neN:T,, <oo

Note that as long as (1.1.15) holds, the jump process X and the pair of random
counting measure and intial value, (Y, @), generate the same filtration and are in
a one-to-one correspondence, since X can be directly recovered from (Yp, Q) via

X(1) Y0+/(0 ] E(ny(sf))Q(ds,dy). (1.1.17)

Thus due to (1.1.17), and as long as (1.1.15) is satisfied, the distributions of X and
(Yo, Q) uniquely characterise each other and we can construct a non-explosive jump
process by constructing a non-explosive random counting measure without trivial
jumps and initial value Y;. The distribution of @) is uniquely characterised by the
compensating measure L on B([0,00)) ® £ given by

L(dt,dy) = Y Lz, 1, (A" (dt, dy, (T3, Y:)i<n)
n€Ny

for a kernel A" of the form
An(dt7 dy’ (Ti7 Yl)ZSH) = ’{?(dlh (Tlta }/i)iﬁn)’/n(dta (rfu Yz’)z’ﬁn%

where 1™ for all n € Ny is a regular version of the hazard-measure

P(Tn+1 € dt‘(/rza K)zgn)

"(dt, (13, Yi)i<n) = )
g ( 7( )S ) ]P)(Tn-i-l 2t|(Tu}/l)z§n)

and k7 for all n € Ny is a regular version of
P(Yn—‘ﬂ € ‘|Tn+1 = t, (,Thy;)zgn)
In particular (1.1.15) is satisfied if

VneNg:  A"({t} x {Yn}, (T3, Yi)icn) =0, ¥t € [0,00).
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Example 1.1.9. The bivariate Markovian process X = (Z,T) from Example 1.1.8
can also be constructed via the pair (Yp, Q). For this we let Yj be given and define
the kernels (A™),en, by

An(dt, {]} x dr, (Tg, Yg)ggn) = Uz, (t, t— Tn)a{t}(dT)dt, j€eJ.

The process X = (Z,T) can then be constructed via (1.1.17). Since it holds that
Z(t—) = Z,, and T(t—) = T,, whenever t € (T}, Tp,4+1], we obtain

L(dt7 {j} X dT) = Z ]l(Z(tf):z),u/z](tat - T(t_>)6{t} (dT)dt7 .7 eJ.
iitg

By substituting U(t) =t — T'(t) and integrating out T we get

L(dt7 {J} X [0700)) = Z H(Z(t—):i)ﬂij(ta U(t_))dtu j S ju
Iy

which can be recognised as the compensator of the counting process Nj = . . 5 Nij-

1.2 Contributions

In addition to this introduction, this thesis consists of the four self-contained
Chapters 2-5, each with their own scientific contributions. As a consequence,
terminology and notation may vary significantly between them. The Chapters 2-4
only concern themselves with actuarial risk and disregard financial risk. Chapter 2
and Chapter 3 focus on the valuation of actuarial contracts with collective effects
using mean-field approximations and the forward method. Chapter 4 considers
both valuation and design under actuarial model uncertainty, generalising both
existing backward methods for the determination of worst-case reserves and existing
consumption-insurance problems. The final Chapter 5 differs from the previous ones
by exclusively considering financial risk. Its main contribution is the specification of
preferences for smooth consumption in terms of the components of the consumption
rate and the solution of a novel, related consumption-investment problem.

1.2.1 Valuation of insurance contracts with collective effects
using mean-field approximations

In Chapter 2 and Chapter 3 we consider the valuation of insurance contracts,
where the distribution of the individual biometric state modelled by a jump process
may depend on the collective (for example via cohort averages), which implies
that the insured individuals are no longer independent. A prominent example
of this are insurance contracts subject to contagion risk such as life insurance
during an epidemic or cyber insurance. In both cases the individuals/computers
can infect each other, and thus the model should allow for an individual infection
rate dependent on the proportion of currently infectous individuals. This causes
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two problems when valuing the contract. First, the diversification principle may
break down and second, one has to model the high-dimensional joint distribution
of the entire cohort which is computationally expensive. In the actuarial literature
on epidemic and cyber insurance, the computational issues have been resolved
using so-called mean-field approximations, see Fahrenwaldt, Weber, and Weske
(2018), Hillairet and Lopez (2021), and Hillairet et al. (2022) for cyber insurance,
and Feng and Garrido (2011), Feng et al. (2022), and Francis and Steffensen
(2024) for life insurance during epidemics. So while the application of mean-field
approximations within actuarial mathematics is nothing new, they have not yet
been formally justifed, and it has not been verified that the diversification principle
still applies. There is a rich literature on mean-field approximations outside of
actuarial mathematics (see Chaintron and Diez (2022a,b) for a thorough review)
going back decades (McKean, 1966, 1969), but if one searches this literature for
suitable convergence results one encounters two issues. First, existing results are
mostly formulated in the setting of (jump)-diffusions requiring the intensity measure
to be Lipschitz continuous in the state variable and the contractual payments to be
continous in the Skorokhod J;-topology to achieve the desired convergence; both
assumptions can be restrictive in actuarial applications. Second, there are no results
on the convergence of conditional expectations, which is essential if one wants to
approximate individual values. Therefore in Chapter 2 we prove such convergence
results taylored to actuarial applications under less restrictive regularity conditions,
while we in Chapter 3 use the results of Chapter 2 to extend the classic semi-Markov
disability model by including collective health claims.

The mathematical framework

In Chapter 2 we consider a cohort of n individuals, where the attributes of each
individual ¢ = 1,...,n are modelled by a jump process X*™ on a Borel state space
(E, &), such that the joint process X" = (X1" ... X™") is Markovian and the
familiy (X", ..., X™") is exchangeable (symmetric and identically distributed).
We assume that the distribution of X™(0) is denoted by 7", with identical 1-
dimensional marginals 7!, The process X™ on (E™, ™) is constructed via (1.1.17)
using the compensating measure
n n
"t dytt) = (Mt (xp"epdye) [ 5{Xg,n}(dyj)>dt, (1.2.1)
(=1 G=1,j#0

where p: [0, T| X ExP(E)xE — [0, 00) is a suitable intensity kernel identical for all
individuals, and €7 is the empirical distribution of (X2",..., X/"™), representing
the influence of the collective on the individual. The structure of L™ ensures that

there are no simultaneous jumps across individuals.

We consider an insurance contract with terminal time 7 > 0, which has to be
valued at time 7 € [0, T]. The remaining contractual payments are assumed to be
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of the form g((X; ™)terr,m) for a measurable, real-valued function g defined on a
suitable space of jump process paths. By the diversification principle the reserve of
the contract at time 7 should be one of the following

Vh(r) = ]E[g((th}n)tE[T,T])]a
VL”(T’ A) = E[g((th,n)tG[T,T])‘X‘ll'm € A]7 A€ 57

depending on whether one wants to reserve on an individual, grouped or portfolio
level. As X™ is Markovian we could, in principle, apply the forward method
if the form of g allows it, but this would require the numerical solution of the
system of (linear) Kolmogorov forward integro-differential equations satisfied by
the occupation/transition probabilities of X™. The dimension of this system grows
exponentially in n rendering this approach computationally infeasable. Instead,
we suggest a mean-field approximation based on the idea that for large n the
individuals become independent and identically distributed, allowing us to replace
the empirical distribution ¢} with its average. We thus obtain the mean-field
process X with state space (E, &), initial distribution 7, constructed via (1.1.17)
using the compensating measure given by

E(dta dy) = M(ta thv Xt (]P)v dy)dta

where X;(P) denotes the distribution of X;. We show that the process X is a so-
called distribution-dependent non-linear Markov process. As with a (linear) Markov
process, conditioning on the past reduces to conditioning on the present state and one
can obtain a system of Kolmogorov forward integro-differential equations satisfied
by the occupation/transition probabilities, but since the intensity measure depends
on the distribution of the process itself, this system is non-linear. Furthermore,
and contrary to (linear) Markov processes, the transition probabilities depend on
the initial distribution 7. The intuition is, that the process X represents a typical
individual of a specific cohort whose (initial) composition is given by w. Changing 7
changes the composition of the cohort and consequently the transition probabilities
of its typical invdividual.

Replacing X" with X, the mean-field reserves of the insurance contract becomes

V(T) = ]E[g((Xt)te[nT])]a
V(T, A) = E[g((Xt)te[T,T]ﬂX} S A], Acé.

The system of non-linear forward equations we have obtained for the occupation
and transition probabilities is low-dimensional and can be solved numerically using
the same methods as one would for the linear case. The idea is therefore to use the
mean-field approximation V%" a~ V when n is large enough.

We show that within our class of models both the diversification principle and
the mean-field approximation are valid. Under reasonable regularity conditions for
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the intensity kernel p (bounded and measurable in the state variable), the function
g (measurable and sufficiently integrable), and the set A € £ we prove that

lim VY"(7) =V(r) and lim V'"(r, A) = V(r, A),

n—oo n—oo
which means that we for large n can use the approximation V1" ~ V. Furthermore,
we show that

1 n 1n 2 -

- Zg((Xt )tE[T,T]) = V(r),

n
(=1

which not only proves that the diversification principle still applies, but also that
for an infinitely large cohort the mean-field reserve V() is the exact reserve and
not only an approximation. For the conditional versions V (7, A) we similarly obtain
the slightly weaker

LS TA(XE™) (X seprr)
% > =1 ILA(Xﬁ’n)

Chapter 2 thus provides a solid mathematical foundation for the application of

BV(r,4), P(X.ecA>0).

mean-field approximations in actuarial mathematics.

Disability insurance with collective health claims

In Chapter 3 we utilise the framework developed in Chapter 2 to extend the classic
semi-Markov model used in disability insurance to include individual and collective
health claims. The motivation for this extension can be found in its application
to group experience rating. In some countries, including Denmark, disability (and
health) insurance is sold as part of occupational pension plans. As the company-
specific psychological and physical work environment likely has a significant impact
on the occurence of disability claims, it is important that insurance companies can
distinguish the ‘good’ companies from the ‘bad’ when pricing disability insurance
contracts, which suggests the application of group experience rating techniques.
Current approaches, see Furrer (2019) and Furrer, Sgrensen, and Yslas (2025),
struggle to distinguish different companies as the low frequency of disability claims
can lead to a lack of data. Since health claims occur with a much larger frequency
and are partially driven by the same company-specific factors, we propose to
mitigate this issue by including collective health claims into the model. As we are
interested in pricing, we only consider the valuation time 7 = 0.

We consider a cohort of n exchangeable individuals, where each individual has an
associated trivariate process X" = (Z4" Tt™ H%™). The process Z“™ equals the
state of the insured and has state-space J = {0 = active, 1 = disabled, 2 = dead},
while T6™ is the time of the last jump of Z%™. The process H®™ is a counting
process counting individual health claims. The process X*™ therefore has state space
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E = Jx[0,00)xNy. Note that we use the parametrisation (Z%" T*" H*™) instead
of (Ztm, U™ H*™), see Example 1.1.9, because this allows for the application of
the results of Chapter 2. Let g : E — R be measurable and bounded and define
the cohort averages
n 1 - ln ln 4,n
Vi :ﬁzg(zf7 atiTt 7Ht )
=1

For example, the choice g(z,t — 7, h) = min(h, K) for some K > 0 would let v be
the (truncated) cohort average number of health claims at time ¢. Furthermore for
y€Rlet (¢,7,h,y) — wij(t,t—1,h,y) for i # jand (t,t—7,h,y) = X\(t, t—T,h,y)
for ¢ € J be duration-, health- and collective-dependent transition rates and health
claim hazards that are measurable and bounded on compact sets. The process
X™ is constructed via (1.1.17). We set T = Hy™ = 0 and let (Z™)1<s<n have
initial distribution 7" with identical marginals 7™!. The compensating measure

L™ is assumed to be of the form (1.2.1), with intensity kernel p given by

Ht(Xte’fnv Vglfv {]} X d(T7 h)) = :uZZ'" ‘(t7 t— Ttéin7 He’fnu Vglf)(s{t,Hf'_n}(d(ﬁ h))dt
+ Agewn (bt —TS™ HE™ U7 )8 gen geny ({5} x dT)dt

for each j € J and £ =1,...,n. The first term of the right-hand side determines
the jumps of (Z™, T%") (compare with Example 1.1.9), while the second term
determines the jumps of H%™. The associated mean-field model X = (Z,T, H)
is determined by the initial distribution Ty = Hy = 0 and Zy ~ 7, and the
compensating measure

L(dt, {j} x d(t,h)) =pz,;(t,t = T, Hi—,v(t))dp, g, _3(d(T, h))dt
+ Az, (Lt =T, He,v(t))d(z, 1, ({7} x dr)dt

where v(t) := E[g(Z;,t — T}, H;)]. Using the results from Chapter 2 we verify that
the mean-field model is well-defined, that the mean-field approximation is valid,
and that the diversification principle holds. Then we show that for a payment
process B of the form given in Example 1.1.3 the resulting mean-field reserves can
be calculated using the forward method.

For this we define the occupation and transition probabilities by

pi(t,u, h) :=P(Z; = i,U; <wu, Hy = h)
<u

Dij(t,u,h) :=P(Z, = j,Up <u, Hy = h|Zy = i).

For i € J, h € Ny and d > 0 the occupation probabilities satisfy the following
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system of non-linear forward equations

d _ s _
gpi(&s —d,h) = Z / i (s,mh,v(s))pj(s,du, h)

jig#i 0

s—d
- /0 pij (5,0, by 0(s)) (s, du, )

J:jFi (1.2.2)
s—d
+/ )\i(s,u,h — 1,1}(5))]3i(s,du,h -1
0

s—d
- / i (5, u, h, v(t))ﬁi(s, du, h),
0

with boundary conditions p;(s,0,h) = Ly,—g3l{p—oy7(i). Compared to (1.1.9)
there are two significant changes. First, the addition of health claims increases the
dimension of the system to include h and adds the last two terms. Second, the
intensities now directly depend on (p;);7 through v, as v can be written as

oty =3 / S g0, u, h)pis(t, du, h).

ieg 70 heNg

This has big implications for the calculation of the transition probabilities. If there
were no dependence on v the individual would be decoupled from the collective and
we could simply set 7(i) = 1 for some ¢ € J and directly obtain the individual tran-
sition probabilities by solving the resulting system of forward equations; changing
7 corresponds to changing the initial distribution of the individual. Since there is
dependence on v, changing 7 will change v which is a collective quantity; changing
7 corresponds to changing the initial composition of the collective. Nevertheless
we can calculate (p;;);.j using a two-step procedure. First we calculate (p;)iz
and v by solving the system (1.2.2). Then we consider (1.2.2) with v as given and
fixed, change the initial distribution and solve the resulting system again to obtain
(Pij)j:j#i- As v is given and fixed, this system is linear and changing the initial
distribution does not change v. From there, we find explicit expressions for the
cash flows and use (1.1.8) to obtain the mean-field reserves.

We conclude by comparing the mean-field reserve with the reserve of the n-
individual model in a practice-oriented example. The mean-field reserve is calcu-
lated via the forward method, by adapting the semi-Markovian numerical schemes
of Buchardt, Mgller, and Schmidt (2015), while the reserve of the n-individual
model is obtained by naive Monte Carlo methods. Our results show that the use of
the mean-field reserve already yields a significant improvement in terms of runtime
for n = 25 compared to the Monte Carlo method with a sample size of 40.000, and
we find that this sample size is not sufficient to ensure convergence of the Monte
Carlo method. Thus already for moderate n the mean-field approximation is an
efficient alternative. Finally we discuss how our methods can be adjusted to lapse
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risk and suggest three approaches, depending on how lapse affects the individual
and the collective.

1.2.2 Robust control under transition-rate uncertainty

In Chapter 4 we study a novel robust utility maximsation problem under transition
rate uncertainty within the class of non-Markovian, non-explosive marked point
processes on a finite state space with the purpose of advancing our understanding
of the impact model uncertainty or systematic risk can have on both valuation
and design of multi-state life insurance contracts. Throughout this subsection we
let (€2, F) denote the canonical measurable space constructed by Christiansen and
Furrer (2024) and we equip this space with the filtration FZ = (F7);>0 generated
by the canonical jump process Z on the finite state space J.

The jump process Z is assumed to be constructed via (1.1.17), with an initial
distribution m and compensating measure

L(dt, {j}) = Z Liz—y=pyAiz(dt), Vje T,
IRE]

where the processes A = (A;;)i»; are unique, path-dependent cumulative transition
rates which specify a unique probability measure P* on (€2, F). Thus the process
Z is fully non-Markovian. We assume that the true A is unknown and instead
consider the set M of probability measures P* for which

Lij(S,OJ) — Lij(t, OJ) S Aij(S,OJ) - Aij(t,OJ) S Uij(S,W) - Uij(t7(U)

foralli,je J:i#7,0<t<sandw€Q, where L = (L;;)iz; and U = (Uy;)i=;
are known lower and upper bounds, which are path-dependent cumulative transition
rates themselves. The problem we then consider is given by

1
in EA OAqt yor|, 1.2.
B Aem [/m AN (12:3)

The process U%? is a cumulative utility process measuring utility gained over time

while Y% measures the terminal utility. Both depend on the control § and the
biometric scenario A. The control 8 is an optional process taking values in some
measurable space. For example, 6 could encompass sojourn consumption rates,
consumption upon transition and insurance coverages. The process &g (t) is the
generalised exponential of the finite variation process ® which can be interpreted as
a subjective (cumulative) discount rate. We prove a martingale optimality principle
which serves as a sufficient condition of optimality and we use this to solve the
problem in two special cases.

The first special case of (1.2.3) we consider is the problem of determining the
worst- and best-case reserves given an FZ-adapted payment process B with terminal
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time 7. The worst case prospective reserve is then, akin to (1.1.4), given by

V(t) = sup ]EAUt gq)(tiB(ds)‘ftZ}

AeM .7 Ea(s

while the best-case reserve is obtained by replacing the supremum with an infimum.
The FZ-predictable process ® is a cumulative interest rate and we allow reserve-
dependent payments of the form

dt) = Z Liz(—)=s) (bi( ))vi(dt) + Z bi; (t, Vit ))Nij(dt))

i€J JijF#i

for suitable processes (i, b;, (bij)i;)ics. We show that V' is characterised by the
BSDE

V(dt) = V(t—)®(dt) — + > Ry()M(dt), V(T)=0,  (1.24)

1,5:1F#]

where Mij (dt) = Nij (dt) — ]l(Z(t—):i)Aij (dt) and

Liz(—)=i Rij (1) = L(z—)=i)(bi; () + V;(t) = Vi(1)).

The worst case biometric scenario A;;(t) is given by
Aij(dt) = L, (5>0)Uij (dt) + gy, (1) <o) Lij(dE). (1.2.5)

Whenever the sum-at-risk R;;(t) is positive the transition from ¢ to j results in a
financial loss for the insurance company and it is disadvantagous to have many such
transitions, which results in U;; as the choice of worst-case scenario. Whenever
R;;(t) <0, the situation is reversed. The best-case biometric scenario is given by
(1.2.5) with U;; and L;; switching places and the best-case reserve is characterised
by (1.2.4) with A replaced by the corresponding best-case scenario. This result
thus unifies the backward methods for reserve-dependent payments and worst-case
reserves described in Subsection 1.1.1 by considering both simultaneously and
generalises the existing results by additionally using a more general stochastic
model.

The second special case of (1.2.3) we consider is a robust and non-Markovian
extension of the consumption-insurance problem treated in Kraft and Steffensen
(2008). The goal is to maximise the utility gained from sojourn consumption
rates (¢;)ies and transition consumption (c;;)ix; with access to different insurance
coverages (b;;)ixj. Thus 6 = (c¢;, (¢ij, bij)j.ji)icy and the process U is given by

= Z ]l(Z(t—):i) <Ui(t, C; (t))dt + Z U (t, Cij (t))Nij (dt)) ,
€T [RES]

while Y%A is given by ug(T) (X(T)), where X is the wealth of the individual.
Using the martingale optimality principle we prove a verification theorem which we
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then use to obtain explicit solutions in the case of power utility preferences with
path-dependent utility weights corresponding to

Tt w(t w]
wi )clf“’ and  u;;(t,c) = L()clf7 and  ul (z) = 117T
-7

=7
1—v

ui(t,c) =

for v € (0,1) U (1,00). The robust optimal value process is given by

V() = Y OX (),
L—n
where Y satisfies a BSDE of the form (1.2.4) and can be interpreted as a sub-
jevtive present value of the future stream of utility determined by the weights
(wi, wi,r, (Wi5)j:5i)icy under the worst-case measure. The optimal consumption
processes and insurance coverages are of the same functional form as in Kraft and
Steffensen (2008), with all deterministic and time-dependent quantities replaced
by random, path-dependent quantities evaluated under the worst-case biometric

scenario. The worst case biometric scenario itself is of the form (1.2.5) where the
Y
177
Thus the individual’s conception of what the worst case is depends on the risk-

quantities R;; are replaced by ﬁR with R}; being utility-valued sums-at-risk.
aversion parameter . If v > 1 the individual views the future stream of utility
as a liability, maximises it under the worst-case case measure, and consequently
consumes more conservatively relative to other biometric scenarios. If v < 1 the
individual views the future stream of utility as an asset, minimises it under the
worst-case measure, and consequently consumes more aggressively relative to other

biometric scenarios.

The BSDE (1.2.4) is a non-linear generalisation of (1.1.10) and therefore the
existence of a solution is not guaranteed. In fact (1.2.4) violates both the assumption
of inaccessible jump times (no point masses in the distribution of jump times)
and the assumption of a Lipschitz generator, which are the two main assumptions
that usually guarantee existence for this type of marked point process driven
BSDE (Confortola and Fuhrman, 2013; Confortola, Fuhrman, and Jacod, 2016;
Christiansen and Djehiche, 2020). Our main mathematical contribution is therefore
that we under reasonable regularity conditions prove the existence of (1.2.4).

1.2.3 Design of smooth pension products

In Chapter 5 we focus specifically on the design of pension products in relation to
an individual’s preference for smoothing of the financial risk in the consumption
rate. In order to focus our discussion on financial risk, we disregard biometric risk,
and, as in Example 1.1.6, we assume that S = (Sp, S1) is a Black-Scholes market
with constant parameters (r, A, o). As discussed in Subsection 1.1.2 a variety of
alternatives to (1.1.13) have been proposed, but most of these contributions implicity
lead to smoothing, making it difficult to compare different preferences specified
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by different utility parameters. Instead, we discuss preferences for smoothing in
terms of the components of the consumption rate. This is done by viewing the
consumption rate as a stochastic differential equation

dCt = atdt + btth, CO =cy > 0. (126)

with an initial value ¢y, a drift term a and a volatility term b, as these are quantities
one can compare across different utility parameters and preferences. We distinguish
between two types of smoothness for the consumption rate: Pathwise smoothness
related to the fluctuations (noise) of the consumption rate over time along a single
path measured by the expected quadratic variation, and pointwise smoothness
related to variability across paths at a fixed time point measured by the variance.
We claim that a preference for smoothness relates to a preference for increased
pathwise smoothness, but not necessarily increased pointwise smoothness. This can
also be stated in terms of different types of risk. Due to (1.2.6), we can decompose
the total risk (the variance):

t t
Var(c;) :/ COV(amCs)dS‘F/ E[b2]ds .
0 0

=iE[[c:]]

The first term measures trend risk (changes in the level of the consumption rate
over long periods of time), while the second term measures the (accumulated)
diffusive risk (fluctiations in the consumption rate over short periods of time with
mean zero). This decomposition allows us to discuss the preferences for overall
risk (pointwise smoothness) in terms of preferences for diffusive risk (pathwise
smoothness) and preferences for trend risk. We thus claim that a preference for
smoothness is a preference for trend risk over diffusive risk without necessarily
being a preference for reduced overall risk.

By considering the components of the consumption rate we can also directly
discuss what trade-offs a preference for smoothness induces amongst them. By
requiring that the initial wealth equals the value of future consumption, we get that

T T s
Xo :co/ e "*ds + E? [e_T(T)XT] +EQ [/ e_”/ aududs}
0 0 0

T s
—EQ[ / e s / Gbududs},
0 0

which indicates that if one wants to increase pathwise smoothness (reduce b), then

(1.2.7)

one has to reduce either the trend a, the initial value ¢;, or the value of the bequest.
In order to study these trade-offs more closely, we consider the following extension

of the optimal control problem studied in Bruhn and Steffensen (2013):

.
o B _ B
min / 22 @y — at)er)® + 22 (b — b(t)er)® + = b2dt+ = (X7 — Eer)?|.
abr | Jo 2 2 2 2
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The consumption rate c is of the form (1.2.6), while the wealth process X satisfies
dXt = (T + ()\ — T)?Tt)Xtdt — Ctdt + UWtXtth, Xo =g > 0.

The controls are the drift a and volatility b of the consumption rate, and the
proportion of wealth invested in risky assets w. There are two important sets of
parameters that specify the preferences. First, the constant £ determines the target
bequest, while the functions @ and b, determine the target drift and target volatility
of the consumption rate. Inserting them into (1.2.7) and solving for ¢q yields a
target initial consumption ¢y. Second, the weights w,, wpy, w and B determine
what trade-offs one is willing to make. Note that it is w that determines the desire
for pathwise smoothness as it penalises the volatility of consumption. We find
an optimal solution of this problem and use this to study how smoothing can be
achieved in two cases. First we reduce the intial consumption rate cy below the
target ¢p, while matching the target drift and without penalising volatility. Second,
we reduce the drift while keeping ¢y on target and penalising the volatility.

In the first case we find that by reducing cy below ¢y we obtain surplus wealth,
which can be used be used to reduce 7w and b, resulting in smoothing without
penalising volatility. For this approach we have two comments. First, smoothing
is achieved purely by reducing 7 and thus the overall risk. Second, we note that
this smoothing approach has its limits, as indefinitly growing the surplus only
yields smoothing until a certain point, and for each t € [0, 7] we obtain an explicit
expression for the initial value of the surplus which minimises E[[c];]. Consequently
this approach on its own cannot yield a perfectly pathwise smooth consumption
rate (E[[c]7] = 0).

In the second case we find that by penalising b while allowing for a reduction
of a, smoothing can be obtained in two ways. First, the penality in itself leads to
smoothing as it induces an adjusted target consumption rate with reduced drift
and reduced volatility relative to @ and b. Second, the introduction of the adjusted
target consumption rate leads to surplus wealth. If this surplus is positive, then
it can have an additional smoothing effect just as before. Contrary to only using
the surplus for smoothing, the introduction of the penality allows us to achieve
a perfectly pathwise smooth consumption rate by setting w = oco. In that case
it is still possible to invest in the risky asset, but one can only use the surplus
wealth to do so. Nevertheless it shows, that a preference for pathwise smoothness
(diffusive risk) is somewhat decoupled from the preference for overall risk (pointwise
smoothness).



Chapter 2

Mean-field approximations in insurance

This chapter contains the paper Hornung (2026).

ABSTRACT

The calculation of the insurance liabilities of a cohort of dependent individ-
uals in general requires the solution of a high-dimensional system of coupled
linear forward integro-differential equations, which is infeasible for a larger
cohort. However, by using a mean-field model, the high dimensional system
of linear forward equations can be replaced by a low-dimensional system of
non-linear forward integro-differential equations. We show that, subject to
certain regularity conditions, the insurance liability viewed as a (conditional)
expectation of a functional of an underlying jump process converges to its
mean-field counterpart, as the number of individuals in the cohort goes to in-
finity. Examples from both life- and non-life insurance illuminate the practical
importance of mean-field approximations.

Keywords: Reserving; non-linear forward equations; total variation chaos; McKean—
Vlasov jump process

2.1 Introduction

When modelling the insurance liabilities of a cohort, the individual liability can
depend on the other individuals’ liabilities, either because the insurance payments
of one individual depend on the insurance payments of the other individuals, while
the individuals themselves are independent, or because the individuals themselves
are dependent. Because of this dependency, the exact calculation of the insurance
liabilities requires the numerical solution of high-dimensional systems of equations
which often is computationally infeasible. This necessitates the development of
viable approximations.

27
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A popular way of approximating the model for a cohort of n homogeneous but
dependent individuals is to use a mean-field model, where instead of modelling
the entire cohort jointly, one models only one typical individual. Since this mean-
field model reduces the dimension to a single individual, the calculation of the
corresponding mean-field insurance liabilities typically becomes computationally
feasible. In order for the mean-field model to be a viable approximation of a
single individual in the n-individual model, the individuals of any fixed group of
size k shold be asymptotically independent and the insurance liability of a single
individual in the n-individual model should converge to the mean-field insurance
liability whenever n approaches infinity.

In the case of independent individuals with dependent insurance payments it
suffices to show convergence of the insurance liabilites as has been done in Dje-
hiche and Lofdahl (2016) with applications to reserve dependent payments in life
insurance. In this paper we will focus on the case of dependent individuals, where
the asymptotic independence and convergence of insurance liabilities, to the best
of our knowledge, has received little to no attention in the literature, even though
mean-field models have been used in many instances due to their usefulness in the
modelling of risks with contagion effects. In the case of epidemic health insurance,
for example, Feng and Garrido (2011) and Feng et al. (2022) apply mean-field mod-
els to calculate portfolio-wide premiums and reserves, while Francis and Steffensen
(2024) emphasises the importance of calculating individual premiums and reserves
and develops an approach to do so using a mean-field model. This is followed
by Tran (2024) which in a model similar to Francis and Steffensen (2024) analyses
the individual’s time to infection and performs parameter estimation. In the case of
cyber insurance Fahrenwaldt, Weber, and Weske (2018) and Hillairet et al. (2022)
apply different mean-field models to study the impact of network structures on
cyber insurance losses, while Hillairet and Lopez (2021) uses a mean-field model
to study the role and impact of countermeasures. None of these contributions
formally verify that their proposed mean-field models are viable approximations of
an appropriate n-individual model. The purpose and contribution of this paper is
to provide a unifying characterisation of a general class of mean-field models and
their corresponding n-individual models and within this class to prove asymptotic
independence for a fixed group of k individuals and the convergence of the insurance
liability in the n-individual model to the corresponding mean-field insurance liability.
This not only provides a theoretical foundation for the use of mean-field models as
approximations within epidemic health and cyber insurance, but it also enables
novel applications such as the modelling of disability insurance using collective
information about health insurance claims proposed in Furrer and Hornung (2026).

We consider a cohort of n homogeneous individuals jointly modelled by an
n-dimensional Markov jump process, with each coordinate representing one individ-
ual. The compensating measure of the jump process is assumed to be absolutely
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continuous with respect to the Lebesgue measure and we allow the intensity kernel
to depend on collective quantities, such as cohort averages or functions thereof.
Thus the individuals are dependent. The insurance payments of each individual
are given by a functional of the corresponding individual’s jump process path and
the insurance liability of interest is one of three types: The cohort-wide liability
defined as the unconditional expectation of the individual insurance payments, the
grouped insurance liability defined as the conditional expectation of individual
insurance payments given the individual’s specific group in a grouping of the state
or covariate space and the individual insurance liability defined as the conditional
expectation of individual insurance payments given the individual’s specific state
or covariates. When using the forward method, the calculation of the insurance
liability of a single individual thus requires one to solve the system of linear forward
integro-differential equations satisfied by the occupation or transition probabilities
of the joint n-dimensional Markov jump process. This is computationally infeasible
when n is large.

The corresponding mean-field model is obtained by replacing all collective quan-
tities by their expectations. In this case the forward integro-differential equations
become non-linear, but the dimension of the system remains the same as for a single
individual. These non-linear equations are solved by the occupation- or transition
probabilites of a distribution dependent non-linear Markov jump process, which
is distribution dependent in the sense that the intensity kernel depends on the
distribution of the process itself and non-linear Markov in the sense of Rehmeier
and Rockner (2025). Thus by switching to the mean-field model, one changes
the probabilistic model from a high-dimensional Markov jump process modelling
n dependent individuals to a low-dimensional non-linear Markov jump process
modelling one typical individual. The mean-field liability can therefore be obtained
as the (conditional) expectation of a functional of a non-linear Markov jump process
path.

We show that under suitable regularity conditions the mean-field model exists,
is unique and that any fixed group of k individuals in the n-individual model
becomes asymptotically independent. Furthermore we show that if the individual
insurance payments are measurable and uniformly integrable, then the corresponding
insurance liability converges to the corresponding mean-field insurance liability,
when n approaches infinity, in both the cohort-wide and grouped case and under
some additional assumptions in the individual case as well. Additionally we prove
that the cohort average of insurance payments converges in L? to the cohort-wide
mean-field insurance liability and that the average of insurance payments of a group
with certain characteristics converges in probability to the grouped mean-field
insurance liability when n approaches infinity. This shows that the diversification
effect of large cohorts persists both on the level of the cohort and on the level of
groupings, even though the individuals are dependent.
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The key to these results is to show that for large n, the joint distribution of
the jump processes for a fixed group of k individuals in a cohort of n individuals
converges to the joint distribution of k independent individuals with a distribution-
dependent non-linear Markov jump process. This type of convergence is known as
chaos and was first introduced by Kac (1956), while the concept of distribution
dependent processes for diffusions stems from McKean (1966, 1969). Ever since these
concepts have been further developed in many directions and have found numerous
applications outside of insurance (for a very comprehensive review, see Chaintron
and Diez (2022a,b)). The convergence of distributions required by chaos can be
metrised using different metrics, see Hauray and Mischler (2014). While the original
notion of chaos uses weak convergence, we choose the stronger notion of chaos in
total variation allowing us to obtain stronger results.

While the papers Shiga and Tanaka (1985) and Djehiche and Kaj (1995) provide
different chaosticity results specifically for jump processes, the assumptions on the
distribution dependence are too strict for many actuarial applications, as they do
not allow for distribution dependent jump sizes. We therefore adapt methods from
the jump-diffusion literature. In particular, we modify a coupling construction
introduced by Graham (1992b) combined with an approach used by Andreis and
Pra (2018) to innovatively prove chaos in total variation for a class of Markov jump
processes with potentially unbounded jump sizes. This is also sufficient to obtain
convergence of insurance liabilities in the cohort-wide and grouped case and given
that the state space is countable, it is also sufficient for the individual case.

If the state space is uncountable, this result is insufficient for the individual
case and more work is required. For any fixed & we can condition on the initial
state or covariates for the first k individuals. Under the assumption that the joint
conditional distribution of the initial state or covariates of the remaining n — k
individuals given the inital state or covariates of the first k individuals is chaotic,
we show that the joint conditional distribution of the first k individuals, given their
intial state or covariates, converges in total variation to the joint distribution of k
independent individuals, each following the conditional distribution of a distribution
dependent non-linear Markov jump process given the respective initial value or
covariates. While this result is not surprising, it has (to the best of our knowledge)
not previously received attention in the literature.

Finally we note that the mean-field liabilities considered in this paper can nat-
urally be calculated via the forward method by solving the non-linear forward
integro-differential equations for the occupation or transition probabilities of the
distribution dependent non-linear Markov jump process. Since only the initial dis-
tribution is known and the intensity kernel depends on the occupation probabilities
themselves, a backwards approach appears cumbersome. If the individuals are
independent but the insurance payments are dependent, then Djehiche and Lofdahl
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(2016) shows that a backwards approach is possible. In that case the liability can be
calculated by solving a non-linear version of Thiele’s backward differential equation,
which has been generalised to the non-Markovian case in Christiansen and Djehiche
(2020) and the as-if-Markov case in Christiansen and Djehiche (2025).

The structure of the paper is now as follows: Section 2.2 illustrates the programme
of the paper using examples from epidemic health insurance and cyber insurance.
Section 2.3 introduces distribution dependent non-linear Markov jump processes,
and characterises their conditional distributions as the distributions of a certain
class of linearised Markov jump processes. Section 2.4 proves total variation chaos
in the unconditional case, while Section 2.5 proves the conditional case. Section 2.6
shows the convergence of the three types of insurance liabilities, verifies the two
laws of large numbers and provides a central limit theorem followed by a return to
the examples from Section 2.2. Finally Section 2.7 concludes with a discussion of
the impact different types of chaos have on our results.

2.2 Spread of infections in a network

Before developing the general results, we use two examples from epidemic health
insurance and cyber insurance to showcase how mean-field models are used in
actuarial applications, to pinpoint where the theoretical challenges lie and to
indicate how we will solve them. In both cases insurance claims are caused by the
spread of an infection in a network of individuals (either people or computers) and
since the infection spreads throughout the network by individuals infecting each
other, the probability of infection for a particular individual depends not only on
their location in the network, but also on the health status of the other individuals.
Thus any realistic stochastic model requires all individuals to be dependent. We
consider a variation of the network-based Susceptible-Infected-Susceptible (SIS)
model of Fahrenwaldt, Weber, and Weske (2018) as a driver for both epidemic
health insurance payments inspired by Francis and Steffensen (2024) and cyber
insurance payments inspired by Fahrenwaldt, Weber, and Weske (2018).

For this let (2, F,P) be a probability space and consider a graph with nodes
{1,...,J}. The edges between the nodes can be represented by the J x J adjacency
matrix A = (ai;)i j=1,...,7, where the entries a;; take the values zero or one and
we assume that the diagonal entries a;; are always equal to one for i € {1,...,J}.
We can think of the graph as a network, the nodes as locations, and the edges as
connections between locations, where a;; = 1 means that individuals in location ¢
can be infected by individuals in location j. We now consider n individuals whose
location in the network at time zero is given by the {1,..., J}"-valued random
vector I = (I, ..., I;"™) and for simplicity we assume that the individuals stay
in the same location and cannot move as time passes. Additionally, each individual
¢ =1,...,n has associated to it a jump process Z*™ which takes values in the state
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space {0, 1}, where 0 means susceptible and 1 means infected. The collective model
of the entire cohort of individuals can be seen as an n-dimensional jump process
X" = ((zbn, b, ... (Z™", I™™)) on state space E™ with B = {0,1}x{1,...,J}.
The processes Z“™ are governed by transition rates (po1(t,i, X;*))i=1,....s and
(10(t, 4, X3 ))i=1,...,s given by

J n
. yn 1 L
NOl(t;'%th) =06 § Qij (n § :]l(Zf'_"l,If’_"j)> and NlO(tJ;th) = Vi,
j=1 =1

for positive constants (8;)i=1,....s and (7;)i=1,...,.;7. The recovery rates p10(t, 4, X;*)
are location dependent but constant in time, while the infection rates poi (¢, 4, X7 )

are a little more complicated. The term

1 n
- H(ZZ’"*I J
n EZI =11 =g)

is equal to the proportion of individuals in location j that are infected, meaning
that the infection rate of an individual in location ¢ depends on the proportion of
infected individuals in all connected locations j. Thus there is a contagion effect
that depends on the collective: The higher the proportion of infected individuals in
connected locations, the larger the rate of infection for a susceptible individual in
location .

If we want to describe the whole joint process X™ precisely we can write

XM=Y+ / (y"" — X )Q™(dt, dy*™), (2.2.1)
(0,t]x E™

where Y* has some exchangeable initial distribution ¢" and @™ is a random counting
measure with state space E™ and compensating measure

n n
n n 2, n
™) = 3 (XX ) T By ()
=1 J=1,5#¢
Here 114 (X™, X d(2,4)) is the individual intensity kernel given by
pe (X2 X1 d(2,1)) :]I(Zf,j:o)um(t,If’_"’Xf_)é{l,Iff,}(d(z, i))
gm0 i Oy (A(20)-

It follows that while the process X" describing the entire collective is a Markov
process, the individual processes X %™ generally are not Markov by themselves.

Example 2.2.1 (Epidemic health insurance). In the case of epidemic health
insurance, the process X" describes the spread of an infectious disease amongst a
population whose individuals are located at different geographic locations. Thus
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each node in the graph {1,...,J} can be seen as a geographic location, such as a
country or city, while a;; = 1 means that location 7 is susceptible to infection from
location j. Each individual has contractual payments given by

n l,n Ln
Bfa (dt) = 7]1(Zf,7n20)7r(1t_ )dt + ﬂ(Zf;":l)b([t— )dt7
where 7 : {1,...,J} — (0,00) is a positive, location dependent premium rate paid
continuously while susceptible and b: {1,...,J} — (0,00) is a positive, location

dependent benefit rate received continuously while infected.

Assume that the expiration of the insurance contract is at time 7" > 0 and that
r € R. Throughout the duration of the contract, the individual insurance liability
at time 7 € [0,7], which the insurane company should be able to calculate for
reserving purposes, is given by

T
‘/'Zf,n(T7Z’) =FE |:/ 6—7-(t—T)B€,n(dt)’2£,n =z, Iﬁ,n — Z:|

T T
—w(i)/ e_r(t_T)pi,O(T,t)dt—i-b(i)/ €_T(t_7)pil(7',t)dt,

where pio(7,t) = P(ZF™ = 0|24™ = 2, I = 4). If the process (Z¢™, I%™) in itself
was a Markov process, then pi(7,t) would correspond to the transition probabilities
and could be calculated by solving the classical Kolmogorov forward differential
equations. But since the individuals are not independent, the process (24", I*") is
not Markov. Instead it is only the process X™ describing the state of the entire
cohort that is Markov. While this means that we in principle could obtain p(7,t)
from the transition probabilities of the process X, which can be calculated by
solving the classical Kolmogorov forward differential equations, this system grows
exponentially in dimension with the number of individuals, rendering this approach
computationally infeasible.

Example 2.2.2 (Cyber insurance). In the case of cyber insurance, the process
X™ describes the spread of malware amongst individual computers who are part
of different companies. Thus each node in the graph {1,...,J} can be seen as
a company, while a;; = 1 means that company 7 is susceptible to malware from
company j. Assume that the time of expiration of the insurance contract is T > 0.
Then the insured losses caused by a malware infection of computer ¢ throughout
the duration of the contract are given by

Ngi"(T)
BT = Y Y1),
m=1
where NG;(T) := #{t € (0,T) : Z/™ = 0,Z/™ = 1} is the number of times
computer ¢ has been infected with malware throughout the period (0,7]. Thus
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every time computer £ is infected with malware, it causes a loss Yﬁf;”([é’"). For
eachi=1,...,J and £ = 1,...,n the sequence (V5" (i))men is an i.i.d.sequence of
[0, 00)-valued random variables with distribution r (i, dy) = h;(y)dy. The sequences
are independent of each other and of X™ and identically distributed across different
individuals. Since all individuals and claim sizes are identically distributed, so are
the losses. Thus when pricing this type of contract the insurance company should
at least be able to calculate the cohort-wide expected loss of a computer in the
network given by

V™(0) := E[B*™(T)].

Since the different companies might have different levels of risk, charging the same
premium V" (7T) to all the companies might not be fair. Therefore the insurance
company should ideally be able to calculate the individual expected loss of a
computer in the network, given that it is in a specific company and that it is free
of malware at contract inception:

Vol,n(o, 7,) — E[Bl’n(T)‘Zé’" =0, ]57" = Z]

With our assumptions, we can obtain the expressions:

T
Vl’n(O):/O E[]l(zf,n:o)um(t,i,Xf_)/[O )yr(Ig’",dy)}dt

T
Vo™ (0,i) = /0 B[ gt gpion (b1, X[ )| Z5™ = 2, 1" = i /[O yr(idy)dr

As in the previous example, the calculation of the expectations in the integrals
requires the calculation of the transition probabilities of X", yielding the same
computational issues.

One way around this computational issue for large n is to approximate the
n-individual model (2.2.1) by a mean-field model. If one can argue that for large n
we have that

IR0 YR .
Z]l(ze noy ey R P20 = LI = ), (2.2.2)

then the former can be replaced by the latter, an approach which is often used
without formal verification. Since the initial distribution (" is exchangeable all
individuals have the same marginal initial distribution ("™!(dx) := ¢"(dz x E"~1)
and since the intensities are the same for all indviduals, they are all identically
distributed. Thus we obtain an approximating model X := (Z,I) for a typical
individual, where (Zy, Iy) has distribution ¢ (for now think ¢(dz) = ¢"(dx x E"~1))
and Z is governed by the intensities

po (t,1, Bf) ﬂzzaupl (t.j) and po(t,i,By) = i,
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where p¢ := (5 (t,1),...,p5(t,J)) and p$(t,4) := P(Z, = 1, I, = i) are the occupa-
tion probabilities. The process X = (Z, 1

as

1
) with state space E can thus be described

X, = Yo+ / (y — X )Q(dt, dy), (2.2.3)
(0,t]xE

where Yy = (Zy, Iy) has initial distribution ¢ and @ is a random counting measure
with state space E and compensating measure

L(dt,dz) = p(Xy—, ps, da)dt.
Here jus(X;_, f)f, dz) is the individual intensity kernel given by

Mt(Xt—a I_)ga d(Z, 7’)) :]I(Zt_:O)M01(t7 I_t—a f)g)(s{l,l_t_}(d(zv l))

(2.2.4)
+ 1z, =171, 01,1,y (d(z,9)).

Note that we again have assumed that the individuals all remain in their initial
locations. Assuming that X is well-defined, we see that the intensities of Z no
longer depend on the random state of the entire cohort, but instead depend on the
deterministic probabilities f)f. As a consequence, the process X only depends on
its own state, thus achieving a dimension reduction, but it also depends on its own
distribution and is therefore no Markov process in the classical sense. Apart from
the future only depending on the past throught the present state, the transition
probabilities of a Markov process are independent of the initial distribution. The
latter property breaks down in the case of X, because the transition intensities at
time t > 0 depend on the occupation probabilities f)f, which of course vary with
the initial distribution ¢. This becomes crystal clear from a description of how to
calculate the occupation and transition probabilities. First one finds f)f by solving
the following system of non-linear Kolmogorov forward differential equations

SRS(0) = S (0,1) — por (15, BBS (1, 9), - 76(0,1) = C(0,0),
(2.2.5)

d
dtpl(t Z) N’Ol(tvat) (t l) %ﬁg(tai% ﬁ%(oal) = C(lai)7

fori=1,...,J and t € [0,7]. Note that this system is coupled across different
values of ¢ through the vector f)f. The system can be solved numerically using
standard methods for non-linear ordinary differential equations. After this, one
can then find the transition probabilities ﬁgy(z, 7,t) :=P(Zy = y|Z, = 2z, I, =) by
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solving the system of linear Kolmogorov forward differential equations

d . . .
dtpOO(T t 7’) - Pylp01(7— t Z) :uOl(tvzvpg)ﬁgO(T,taZ)v 1560(7, T, Z) = 17

d . . . .
p01(7’ t Z) NOl(t>Z7p§)ﬁgO(Tataz) - Viﬁgl(’r,tal)a 1561(7', T, Z) = 07
dt (2.2.6)

d . . . .
dtpll(T 3 Z) NOl(ta%pg)ﬁgO(TataZ) - ’Yiﬁgl(ﬂtvz)v ﬁgl(ﬂ 7, Z) = 1,

d . . . .
dtplo(T t Z) P)/iﬁgl(’ntvz) - M01(t,l,p§)ﬁ§0(7,t,l), 1’5%0(7, T, Z) = 07

fori=1,...,J and 0 <7 <t <T. Note that this system is not coupled across 1,
since (p$ )telo, 7] is known. Again this system can be solved using standard methods.

The intuition behind the dependence of the transition probabilites on the initial
distribution can be explained as follows. The initial distribution determines the
composition of the cohort for which the process X represents the typical individual.
Changing the initial distribution thus corresponds to changing the composition of
the cohort, which the typical individual is a representative of. This illustrates why
the mean-field approximation is useful. It reduces the dimension of the problem to
one typical individual without completely ignoring the characteristics of the cohort
that this individual represents.

Example 2.2.3 (Epidemic health insurance). When using the mean-field model
in the case of epidemic health insurance the contractual payments of the typical
individual are given by

B(dt) = _]I(Zt,ZO)W(jt*)dt + 1(Zt7:1)b(jt7)dt7

while the insurance liability of the typical individual is given by

T T
V.(r,i) = —n(i) / e TG o (7, 8, 0)dt 4 b(i) / e "L (1,8, 0)dE.
Thus to calculate the insurance liability we need to solve the two systems (2.2.5)
and (2.2.6) and then approximate the integrals. As this is computationally feasible,
the mean-field approximation V" (7,i) ~ V,(7,i) would be a useful and viable
alternative.

Example 2.2.4 (Cyber insurance). When using the mean-field model in the case
of cyber insurance, the insured loss of a typical computer now takes the form

_ 701(T) _ _
BT = Y Vully),
m=1
where (Y, (7))men for each i = 1,...,J is an i.i.d. sequence of [0, o0)-valued random

variables, independent of X, with distribution r(i,dy) = h;(y)dy. The cohort-wide
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and individual expected losses are now given by
V(0) :=E[B(T)] and V7'(0,i) :=E[B(T)|Zy = 0,1y = il,

which are equal to

/ Zpo t, i) ot (t, Zapt)/ yr(i,dy)dt,

[0,00)

V (0?7’) _/ pOO(Oatvi)u/Ol(taivf’tC)/ yT(lvdy)dt

0 [0,00)

Again the calculation of these two quantities requires the solution of the two systems
(2.2.5) and (2.2.6) and an approximation of the integrals. As this is computationally
feasible, the mean-field approximations V*(0) ~ V(0) and V,""(0,7) ~ V;(0,1)
would be useful and viable alternatives.

Thus it is clear that the mean-field approximation can be very useful in practice
when dealing with situations where the insured individuals can no longer be assumed
to be independent, but in order to actually apply them, we have to formally justify
their use. This requires us to show three things.

1. The distribution of X denoted by Qq ¢ := X (P) exists and is unique.
2. The approximation (2.2.2) can be justified in an appropriate sense.
3. It holds that V' (7,i) — V.(7,i) and

Vim0) = V(0) and V;""(0,i) — Vo(0,9).

for n — oo.

Point (1) can be achieved by an appropriate fixed point argument. Point (2)
can be achieved by showing that the distribtion of (X" ..., X*") given by
QO o = (XL X™R)(P), for any fixed k € N converges to the product measure
Q~ '¢» where Qo ¢ := X (P), either weakly or in total variation. Point (3) then requires
us to show convergence of both unconditional and conditional expectations. In point
(2) we have in particular already shown Qg”én — Qo,¢ weakly or in total variation,
so in order to conclude convergence of unconditional expectations we have to show
that the insurance payments are sufficiently regular to strengthen convergence of
probability measures to convergence of moments. In order to conclude convergence
of conditional moments, we have to show that

Qpen (AfIXI" = 2) = Qo c(df| X, = 1)

either weakly or in total variation for any 7 € [0,7] for some regular versions
of these conditional probabilities and then similarly be able to strengthen that
convergence to convergence of moments.
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On a more fundamental level we are also interested in verifying that the diversi-
fication effect of large portfolios persists, even though the individuals are no longer
independent and can infect each other. In particular we would like to obtain a
result like

% zn: B*™(T) — V(0),
(=1

where the convergence is either almost surely, in LP or in probability. This would
confirm that the risks remain insurable and that the cohort-wide mean-field liability
actually equals the limit of the average insurance payments.

This wish list now provides the outline for the rest of the paper. In Section 2.3
we prove an existence and uniqueness result for a class of distribution dependent
non-linear Markov jump processes on a standard Borel state space, which can be
interpreted as a class of mean-field models. In Section 2.4 we prove total variation
convergence of the marginal distributions of & individuals in an appropriate class of n-
individual models to the k-fold product distribution of a distribution dependent non-
linear Markov jump process, which enables us to prove the convergence of conditional
distributions in Section 2.5. In Section 2.6 we show the desired convergence of
cohort-wide, individual, and grouped insurance liabilities, followed by a law of large
numbers for insurance payments of quite general form. We conclude Section 2.6
by specialising these results to typical non-life and life insurance settings, while
revisiting the examples of this section. Finally in Section 2.7 we discuss the

implications for our results when switching to weak convergence instead.

2.3 Jump processes

Let (22, F,P) be a probability space, let T' > 0 be a terminal time and let (E, B(E))
be a standard Borel space with P(E) denoting the set of probability measures on
(E,B(FE)). The set of non-explosive jump process paths on [r,T] for 0 < 7 < T
with state space E is given by:

Definition 2.3.1. Let 0 <7 < T and let f : [1,T] = E. Then the function f is a
Jump process path if and only if

(i) t — f(t) is cadlag and piecewise constant.
(ii) The jump times 7o := 7 and 7, := inf{t > 7,1 : f(t) # f(Tn_1)} with the
convention inf () := oo satisfy lim,, o, T, = 00.

The set of non-explosive jump process paths is denoted by H([r,T], E).

We equip the set H([r, T], E) with the sigma-algebra B(H([r,T], E)) generated
by the coordinate projections m(f) = f(¢). Note that H([r,T], F) is a Borel
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subset of the Skorokhod space D([7, T], E) of cadlag paths equipped with the Borel
sigma-algebra generated by the J;-topology and that B(H([r, T], E)) is equal to the
Borel sigma-algebra generated by the corresponding .J;-subspace topology. The set
P(H([r,T], E)) is the set of probability measures on (H([7,T], E), BH([r,T], E))).
The canonical jump process X° : H([r,T],E) — H([r,T], E) is given by the
identity mapping X°(f) = f (we will also use the notation Xy := m;(X°)) and any
probability measure Q € P(H([r,T], E)) can be seen as a jump process distribution.

Any random variable X : Q — H([r,T], E) can be viewed as a non-explosive
jump process and for the purposes of this paper, we construct jump processes and
their distributions via stochastic differential equations driven by a random counting
measure (and its associated marked point process).

2.3.1 Markov jump processes

For an initial time 7 € [0,7] and an initial distribution ¢ € P(E) we consider the
jump process X7¢ given by

X7¢ = yre +/ (y — XI9Q(ds,dy), tel|r,T], (2.3.1)
(1,t]x A
where YOT’C has distribution ¢ and @ is a random counting measure with state space

F and compensating measure
L(dt, dy) = pe(X]C, dy)dt.

Here 11 : [0,T] x E x B(E) — [0,00) is the intensity kernel and it is assumed that
u satisfies the following:

(i) (t,z) — pe(x, B) is measurable for all B € B(E)
(ii) B+ p¢(z, B) is a positive and bounded measure for all (¢,z) € [7,T] x E

(iii) g (2, {z}) =0

The first two assumptions ensure that p is a kernel, while the third assumption
ensures that there are no trivial jumps. The intensity measure can be decomposed
into the Borel-measurable jump intensity \;(x) := p(x, E) and the probability

kernel r(x, dy) := %, which is a regular version of the conditional distribution

of the next jump destination given that there is a jump at time ¢ and that XtTf =z

The random counting measure @ is given by

Q(dt,dy) = Z 5{(T[v<,yif=<)}(dta dy),
i=1
for a marked point process (T7°, Y, )ien C ([7, T] U {o0}) x (E U {V}). Since Q

has no trivial jumps, the sequence of jump times (T7°);cn C [, T]U {oo} coincides
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with the jump times of X™¢, while the marks (Y, );ey C E U {V} coincide with

2

the value of XtT’C whenever T{’C <t< T:+<1 We can thus write

0
¢ _ T,
Xt - ZY” C]I(T;’Cgt<Ti11)7 (232)
1=0

where T, ¢ =7 and YOT’C is the initial value. The mark V can be interpreted as the
event that never happens and YiT’C = V if and only if T[’C = 00. The jump process
distribution of (2.3.1) will be denoted by Q. ¢ := X™¢(P) and it is an element of
P(H([r,T], E)). We now have the following result:

Theorem 2.3.2. Assume that there ezists a constant Cy > 0 such that A\i(z) < C)
for allt € [0,T] and © € E. Then the jump process (2.3.1) has a unique non-
explosive jump process distribution Q, . € P(H([r,T], E)).

Proof. The random counting measure () can be directly identified with its associated
marked point process (77°, Yf’g)i cng» See Section 2.2 of Last and Brandt (1999) and

by Theorem 8.1.4 in Last and Brandt (1999) the distribution of (T{’C, Yf’c)i Ny
uniquely determined by the compensating measure L of () and the initial distribution
¢ € P(E). Theorem 8.2.2 of Last and Brandt (1999) yields existence of this

distribution which by Lemma 2.B.2 is equivalent to existence and uniqueness of

is

the jump process distribution of (2.3.1). The non-explosiveness follows, as

T

E[Q((r,T] x E)] = E[/ ut(XtT’C,E)dt} <CO\NT —7) < 0.

O

Remark 2.3.3. Note that the assumption p:(z, {z}) = 0 is not required for The-
orem 2.3.2 to apply. In that case the same jump process distribution might be
constructed using different random counting measures, but the same random count-
ing measure will not yield different jump process distributions, see Lemma 2.B.2.

A special case of (2.3.1) that is of particular interest is the jump process
X7t g / (y— XY Q(ds, dy), ¢ € [, T), (2.3.3)
(T, t]x E

which has a deterministic initial value, corresponding to ( = dy,). Let Q. =
X7™%(PP) denote the jump process distribution of (2.3.6) and (F7),<;<7 given by
F¢ = o(XT¢ . 7 < s <T) the natural filtration of X™¢. Then we have that:

Theorem 2.3.4. Let B € B(H([s,T],E)). For fized T € [0,T) the family (Qr z)zcE
constitues a reqular conditional probability of P((X[’C)te[T’T] € B|X7¢ = x). Fur-
thermore for any 0 < 7 < s <t < T it holds that

P((X])iesr) € BIFTS) =Q, xrc(B), P—as.
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Proof. For a proof see Appendix 2.B. O

Theorem 2.3.4 shows that X™¢ is a Markov process. Note that the conditional
distribution of (X} ’C)te[S’T] given X7:¢ = z for any s € [r,T] has a regular version
which does not depend on the initial distribution ¢. This means that (Qs )z is
a regular conditional distribution of (X;’C)sgth given X7 =z for any ¢ € P(E).

When it comes to practical calculations, we are mostly interested in the transition
probabilities p]** := m;(Q,.,) and occupation probabilities p;* := m;(Q,.¢). The
former satisfy the well-known (see Feller (1940) and Feinberg, Mandava, and
Shiryaev (2014)) forward integro-differential equations given by:

Proposition 2.3.5. Let B € B(E). The transition probability p;"*(B) satsifies the
forward integro-differential equation

d T, T T,T T,T
G B = [ B )~ [ B\ B @),
E\B B
with pT*(B) = 64,3(B) fort € [1,T], v € E and 7 € [0,T].

Since Theorem 2.3.4 directly implies

ﬁ%m:/QWBWM> (2.3.4)
E

and the transition probabilities (p;”)zer do not depend on ¢, one can easily

calculate the occupation probabilities p¢ for any ¢ € P(E), once (p'")zer is

obtained, but by using (2.3.4) we can also prove that pZ’C can be calculated by

directly solving the following integro-differential equations:

Proposition 2.3.6. Let B € B(E). The occupation probability ptT’C(B) satsifies
the forward integro-differential equation

d T, _ T, T,
G = [ e B — [ e\ B an),

with pT¢(B) = ((B) fort € [r,T] and (1,¢) € [0,T] x P(E).

Proof. By (2.3.4) and Proposition 2.3.5 we have that:
<8 = [wrmcdn + [ [ nw) [ s
E (r,t] JE\B E
[ [ newE\B) [ s
(r,t] /B E
@)+ [ [ o B s
(r,t] JE\B

—/ /%mEuw%@m&
(r,t] /B

Differentiating with respect to t finishes the proof. O
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2.3.2 Distribution dependent non-linear Markov jump processes

For an initial time 7 € [0, 7] and an initial distribution ¢ € P(E) we now consider
the distribution dependent non-linear Markov jump process X™¢ given by

XD =Y+ / (y - XI)QUs,dy), telrT),  (235)
(T, t]xE

where YOT’C has distribution ¢ and @ is a random counting measure with compen-

sating measure

L(dt, dy) = pe( X[, pp ¢, dy)dt.

The jump process distribution of (2.3.5) will be denoted by Q, ¢ = X™¢(P) and it is
an element of P(H([r,T], E)). Contrary to (2.3.1), the process X™¢ is distribution
dependent, because p; := 7, (Qy.c) = X7 (P) denotes the occupation probabilities
of X™¢ itself, which means that the process depends on its own distribution via
the intensity measure u. As before p:[0,7] x E x P(E) x B(E) — [0,00) is the
intensity kernel satisfying

(i) (t,z,p) — pe(z, p, B) is measurable for all B € B(E)
(ii) B~ pi(x, p, B) is a positive and bounded measure for all (¢,z, p) € [r,T] X
E x P(E)
(i) pu(, p, {x}) = 0.

It can still be decomposed into i (dy, x, p) = Ai(x, p)ri(z, p, dy). The only difference
to (2.3.1) is that u is measure dependent. Similarly to (2.3.2), Q@ and X™¢ can be
written as

— Y T¢ — Y T
QUL dy) =) by (prc grap(dtdy) and X7C =3 VU e grc),

i=1 =0

where (TZ.T’g, YiT’C)ieNO is the associated marked point process including the initial

time TOT .= 7 and initial value YOT’C.

As the process now depends on its own distribution, Theorem 2.3.2 cannot be
used to establish existence and uniqueness of the jump process distribution @7,4.
Instead we have the following result:

Theorem 2.3.7. Assume that there exists constants Cx, Cy, > 0 such that \¢(x, p) <
Cy for allt €10,T], x € E, p € P(E) and such that

drv (i (21, p1,dY), pe(z2, p2, dy)) < Cpu(L(z, £2,) + dBL(p1, p2))

for all 1,29 € E and py,ps € P(E). Then the jump process X™¢ given by (2.8.5)
has a unique non-explosive jump process distribution Q. € P(H([r,T], E)).
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Proof. For the proof, see Section 2.3.4. O

Remark 2.3.8. Here dpy denotes the total variation distance on the space of positive
bounded measures My,(E) while dpp, denotes the bounded-Lipschitz distance on
the space of probability measures P(F). Both distances are defined as follows:

drv (1, v) ~fsetg1>w{‘/f (da) /f v(dz) }
dpr(p,v) -=fs€ué>L{’/f p(dz) /f v(dx) }

where BM is the class of measurable functions f : E — [—1,1] and BL is the class
of Lipschitz functions f : F — [—1, 1] with a Lipschitz constant of at most 1. While
the bounded-Lipschitz distance typically is defined without the factor of 1 , this

normalisation is convenient. For additional information about both metrlcs, see
Appendix 2.A.

7,C

The occupation probability p;*> satisfies a forward integro-differential equation,

but contrary to Proposition 2.3.6 the equations are now non-linear.

Proposition 2.3.9. Let B € B(E). The transition probability ﬁZ’C(B) satsifies the
forward integro-differential equation

d e

—p;(B) = / 1y, py°, B)py (dy) — / pe(y, 57, B\ B)p;* (dy),
dt E\B B

with pT¢(B) = ((B) fort € [r,T] and (1,¢) € [0,T] x P(E).
Proof. Let B € B(E). By an argument made on p.150 in Jacobsen (2006) it holds
that

B(X[C) =15(X7) + / / 1Y) — 1(XT)) e (X7, 57, dy)ds + MP,
Ot
where MP is given by
Wtj]gm>uw>mwm L(dt, dy)).
T,t| X

Since 1p is bounded and E[Q((7,T] x E)] < co we have that MF is a mean-
zero martingale with respect to the natural filtration of X < and thus taking the
expectation on both sides yields

El¢(X:)] = E[1p(X7)] + ]E{ / (Lp(y) — Lp(X0)us(XE,p1°, dy)ds

(0,1]

Applying Fubini, this can also be written as

o) =)+ [ oS B — [ o€ @
7t
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Using that p7¢ = ¢ and that each of the inner integrals can be decomposed into
two terms, of which two cancel out with each other, we arrive at

B =)+ [ [ e B — [ e pr B\ B s
(1] E\B B
The result follows by differentiating with respect to ¢. O

Similarly to (2.3.3), we can for each x € E consider the linearised jump process
Xt [ X0 Q). (23
T, 0| X E

where @ is a random counting measure with compensating measure
L(dt, dy) = pe( X[, p7 ¢, dy)dt,

and where pt’< = Ft((@-,— ¢) is considered known and fixed. The process X™ thus
is a Markov jump process, since it does not depend on its own distribution. We
can therefore invoke Theorem 2.3.2 to obtain existence and uniqueness of the jump
process distribution @774790 ;= X™*(P) of (2.3.6) for all z € E. We can now obtain
the following analogue to Theorem 2.3.4, where F;* := o(X]* : 7 <t < T).

Theorem 2.3.10. Let B € B(H([s,T],E)). For fized 7 € [0,T] the family
(Qr¢,z)zck is a regular conditional probability of P((X;’C)te[T,T] € B|XT¢ = x).
Furthermore for any 0 < 7 < s <t <T it holds that

P((X7)tefsr) € BIFTS) = Q, jrc 3r¢(B), P—a.s.
Proof. See Appendix 2.B. O

Theorem 2.3.10 proves two central facts. First it shows that the conditional
distribution of (X ’C)sgth given X7°¢ = z for any s > 7 has a regular version equal
to @sﬁ:,g?z, which is the jump process distribution of the linearised jump process
(2.3.6) started at time s and based on Q, _-.c. Secondly it shows that X™¢ is a non-
linear Markov process in the sense of Rehmeier and Rockner (2025). Contrary to
the classical Markov property of Theorem 2.3.4 the conditional distributions of X7>¢
now depend on ¢, which means that the future (X; ’C)sgth not only depends on
the past through the present state X7°¢, but also through the initial distribution .
Thus changing the initial distribution at time 7 changes all subsequent conditional
jump process distributions.

As a consequence of the non-linear Markov property, the transition probabilities
of X™¢ are given by p;(z,-) := X;“(P). Since X™* is a Markov jump process
we can invoke Proposition 2.3.5 to conclude that, given (ﬁg’T)te[T’T], the transition
probabilities py ’C(x, B) satisfy the linear forward integro-differential equations:
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Proposition 2.3.11. Let B € B(E). Given (ﬁZ’C)te[T’T] the transition probabilities
pre(t, B) satisfy the forward integro-differential equation

SIS = [l B ) — [ gl 7B\ BT o),
E\B B
with pTt(z, ) = Oty fort € [r,T], x € E and 7 € [0,T].

If one wishes to solve the equations of Proposition 2.3.11 numerically, then
there are two possibilities. The first is to solve the non-linear forward equations
of Proposition 2.3.9 first, in order to obtain (ﬁtr’c)te[ﬂﬂ, and then to solve the
linear forward equations. Both can often be done by employing the same numerical
schemes which one would use for the linear versions of Proposition 2.3.5 and
Proposition 2.3.6. Alternatively, we can utilise Theorem 2.3.10 to obtain the
following analogue of (2.3.4):

P (B) = / 77 (2, B)((da). (2.3.7)
FE

We can thus subsitute (2.3.7) into the equations of Proposition 2.3.11 to obtain a
new non-linear equation which could be solved directly.

Remark 2.3.12. Note that Propositions 2.3.9 and 2.3.11 make no statement about
uniqueness of the non-linear equations. Thus numerical solutions should always be
treated with care.

Remark 2.3.13. The forward equations of Propositions 2.3.9 and 2.3.11 are the pure
jump equivalent of the non-linear and linearised Fokker-Planck-Kolmogorov equa-
tions known from McKean-Vlasov diffusion processes, see Rehmeier and Rockner
(2025).

In practical applications the distribution dependence of the intensity kernel often
comes through quantities such as

/ h(t,z,y)p(dy)
E

for some function h : [7,T] x E? — R?, while the intensity kernel also has a density
with respect to some measure v on E. In particular we are interested in intensity

kernels of the form
i, . ) = g (a: / h(t,w,zm(dz))u(dyx
E

where ¢} : E x R? — [0, 00) for each (¢,y) € [r,T] x E and when they satisfy the
assumptions of Theorem 2.3.7. The following result provides sufficient conditions
in terms of ¢/ and h.
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Proposition 2.3.14. Let dg be a metric on E whose induced topology generates
the Borel sigma-algebra B(E) and let ||u| = Z?:l |u;| for u € RY. Assume that

(i) There exists Cy such that
Hh(ta X, yl) - h(tv Zo, y2)|| < Cl(]l(ah;ﬁxz) + min(l, dE(yla y2)))

for all (z1,31), (x2,y2) € E*.
(i) There exists Cy : E — [0,00) with [, C2(y)v(dy) < oo such that

gy (1,u1) — ¢/ (22, u2)] < Co(y)(L(z, 2a0) + lur — uzll)

for all z1,29 € E and u1,us € R?.
(iii) There exists C > 0 such that

[ attanan) < 0,
for all (z,u) € E x RZ.
Then the intensity kernel
pe(z, p, dy) = qf (L/Eh(t,x,Z)p(dZOV(dy),
satisfies the assumptions of Theorem 2.3.7.

Proof. We start with the Lipschitz assumption of Theorem 2.3.7. Let f : E —
[—1,1] be measurable. Then by (ii) we obtain

’/Ef(y)Qf(th)u(dy)—[Ef(y)qf(xg,uz)y(dy)‘
< [ latterm) = ot oz, un) ()

< ([ Cow(@n) ey + s = el

As this inequality holds for all such f the inequality also holds when taking the
supremum and multiplying with 1. Now define F : [1,T] x E x P(E) — R? by

F(t,x,p) fE (t,z,y)p(dy) and let p1, p2 € P(E) be arbitrary. Then we have
that

| F(t, w1, p1) — F(t, 22,

tx27 )pl(dy)7/;hj(t7x27y)p2(dy)

/ VAt 21, ) — ht, 22, 3) |2 (dy).
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For the first term we note that (i) implies that y — |h;(t, z,y)| is bounded by some
K>0forallj=1,...,dand (t,z) € [r,T] x E. Thus we have that y — %
is in the class BL for all j = 1,...,d and (¢,z) € [7,T] x E. By using the definition
of dpy, we see that the sum is bounded by 2d max(K, C1)dpr(p1, p2). The second

term is by (i) bounded by C11(;,£,,) and we thus arrive at

| F(x1,p1) — F(x2, p2)|| < 2dmax(K, C1)(1(z,24,) + dBr(p1, p2))-

Combining this with the inequality for ¢/ yields the desired Lipschitz property of
Theorem 2.3.7. The boundedness assumption of Theorem 2.3.7 follows directly
from (iii). O

Example 2.3.15 (SIS-model). Returning to the SIS-model on a network from
Section 2.2, we can see that the intensity measure p given by (2.2.4) is absolutely

continuous with respect to the counting measure v on E = {0,1} x {1,...,J} with
density
_ J
qtz,l(27 i, p) = ]1{1,2} (Zv i)]l(,%:O)Bf Z a;jp({]‘?]}) + 11{0,5} (Za Z)]I(ZZI)%
j=1

This can be seen to be a composition of qf’i : E xR — [0,00) given by
2,1

4" (2,0,y) = L 3y (2, ) (z=0) By + 053 (2, D) (z=1)%i-

and of the mapping
J
p+—>/ h(i,z,4)p(d(z,4)), where h(i,z,i)= Zagj]l{m}(z,i).
E =

Using the discrete distance dg(z,y) = 1 (3, on £ and the fact that the a;; are
equal to 0 or 1, we get

|h(gl7 21,11) — h@Q; Z2, Z2)| < ]1(217552) + min (1’ 1((217i1)¢(22,i2)))'
Similarly we obtain

a7 (21,71, 51) — 67 (22,2, 92) | < KLz, ) 4(500)) T ly1 — v20),

where K := max; ; + max; ;. Finally since for any p € P(E) we have

J
> ap({1,4}) < p({1} x {1,...,J}) <1,
j=1

we arrive at

/E Gz (i) < K, ¥(z1) €, pe P(E).
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Thus Proposition 2.3.14 in conjuction with Theorem 2.3.7 yields existence and
uniqueness of the mean-field model (2.2.3). Furthermore by Proposition (2.3.9) the
occupation probabilities satisfy the non-linear forward differential equations given
by (2.2.5) and by Proposition 2.3.11 the transition probabilities satisfy the linear
forward equations given by (2.2.6).

2.3.3 Coupling of jump process distributions

For all major proofs in this paper it is essential to obtain sensible bounds of the
total variation distance between two jump process distributions. Let QT,Q and
Q-.¢, be two (potentially distribution dependent) jump process distributions with
the same intensity kernel p but different initial distributions ¢1,{2 € P(E). Then
by (2.A.5)

drv(Qr ., Qre,) SP(XTO £ X702) = P( U &7e # Xf’<2)>

te[r,T]

for any joint jump process (X7, X™¢2) with state space £? whose joint jump
process distribution (X™¢1, X7%)(P) is a coupling of Q, ¢, and Q, ¢,, meaning that
the marginals X% (P) and X7 (P) are equal to Q, ¢, and Q,,. The goal is to
find a coupling with small P(X™¢ # X7¢2) or equivalently large P(X ¢ = X7:¢2).

The coupling that we intend to use can be constructed by marking and thinning
a Poisson process using the following procedure inspired by Graham (1992b):

1. Obtain the potential jump times (7;);en from a homogeneous Poisson process
with intensity Cl.

2. Obtain the initial values 17041 and YOQ from a coupling of ¢; and (s.

3. Starting at zero and iterating upwards, for each i choose the jump destinations
from the maximal coupling of the respective jump destination distributions,
that is the coupling which maximises the probability of both processes jumping
to the same destination.

Thus by fixing the potential common jump times (7;);en and then choosing the
jump destinations from the maximal coupling, we ensure that the paths of X7¢
and X™¢ are close. Mathematically this construction is specified by

X‘Z"Cl YOTsCI / YL — XTfl
o l=l e |+ e | N(dt, d(ya, 2.3.8
(Xt @) (Yo G e \go — X7 (dt, d(y1,v2)) (2:38)
for t € [, T], where the joint distribution of YOT’C1 and YOT’42 is a coupling of ¢; and

(2, while NV is a random counting measure with compensating measure

L(dt, d(yh y2>) - CA’Yt(XtTiCl ) XZ—LCI 7]5?€1 ,]5;742 ) d(yla y?))dt
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Here 7 : [1,T] x E% x P(E)? x B(E?) — [0,1] is a probability kernel, which for each
fixed t, (z1,22), (p1, p2) is a maximal coupling of ki(z1, p1,dy) and k¢(xa, p2,dy),
where k : [1,T] x E x P(E) x B(E) — [0,1] is a probability kernel given by

1 e (z,
nt<x7p,dy>aut<x,p,dy>+(1 t(c,x”>>5{z}<dy>. (23.9)

The next result shows that (2.3.8) indeed constitutes a coupling of Q. ¢, and Q,.,.

Proposition 2.3.16. Assume that QT7Q and @7742 exist and are unique. The jump
process distribution of (2.3.8) exists, is unique and has marginals X7 (P) = Q, ¢,
and X7%(P) = Q,.¢,. Furthermore the process Ny := Ny((1,t] x E?) is a Poisson
process with intensity C'y.

Proof. Note that since @T,Q and @T@ exist and are unique, we can treat p7°* and
P72 as given and fixed, which makes (2.3.8) a linear jump process. Lemma 2.C.1
ensures that v exists and since C) < oo Theorem 2.3.2 yields existence and
uniqueness of the jump process distribution of (2.3.8). We can now set

Q'(dt,dy1) ==1, ¢ N(dt,dys x E)
and note that we can write

X =yra 4 / (y1 — XT)Q* (ds, dys).
(T, t]xE

Since v is a coupling of x¢(x1, p1,dy) and k¢(x2, p2,dy) the compensating measure
of Q! is given by

L1 (dt,dyl) =1 L(dtvdyl X E) =1 "vCl)C)\Ht(XZlCIJBZ,@a dyl)dt

(n#X) (#X]

= Mt (‘th‘ric1 ’ ﬁ:ygl )dt,

where the last equality follows from (2.3.9). Thus we can conclude that X™¢ (P) =
Qr.¢,- Similar calculations yield X7%(P) = Q,¢,. Finally the compensating
measure for N; = N((7,t] x E?) is given by C\dt proving that N, is a Poisson
process with intensity C). O

The Lipschitz assumption of p from Theorem 2.3.7 carries over to k¢(x, p, dy).

Lemma 2.3.17. Assume that p satisfies the assumptions of Theorem 2.8.7. Then
it holds that

C
drv (ke(dy, x1, p1), ke (dy, 22, p2)) < (1 + 25)\) (ﬂ(zliwz) +dgr(p1,p2))-
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Proof. Let f: E — [—1,1] be given. Then

‘/Ef(y)/‘@t(d%l'lvpl)_/Ef(y)"ft(dy,-rg,pg)

[E F ey, o1, 1) — /E F)pe(y, 22, p2)

N R L

1
<
=0

The term in the third line is bounded by 214, £,,), since f(z;) € [-1,1] and
1-— %f) € [0,1] for i = 1,2. Using that bound and taking the supremum over
measurable f : E — [—1,1] and multiplying with § yields

drv (ke(dy, 21, p1), ke (dy, 22, p2))

1
< EdTV(Nt(dyawh p1)s e (dy, 2, p2)) + Lz, £0,)-

Inserting the Lipschitz assumption from Theorem 2.3.7 yields the desired result. [

Finally we use this coupling construction to prove a bound of P(X7:¢t # X7:¢2)
which is essential for proving the main results of this paper. For each t € [, T let

A= | (X790 #XD%)

s€[r,t]

be the set where X7t differs from X7¢! for some s € [r,t]. We then obtain the
following bound:

Lemma 2.3.18. Assume that Q, ¢, and Q,.¢, exist and are unique and let X ™%
and X7 be given by (2.5.8). Then it holds that

t
P(4;) < P(Y7S £ Y79) 4+ Cy / P(As) + E[dpr(p7", pye?)]ds,

T

for allt € [7,T], where C1 := Cy + %
Proof. By construction we have that
> oo
X;»Cl — ZYiT’Cl]l(TZ'St<Ti+1) and XZZCz _ ZYiT’Cﬂl(TiSKTHl)a
i=0

=0

for the same jump times Tp := 7 and (7;);en. Since the jump times align, we have
for any t € [7,T] that X7% # X7 for some s € [r,t] if and only if there exists
i €{0,...,N;}, such that ¥;7* # Y7, We can thus conclude that

A= U (0o £ x79) = ((Nt _myn | (776 £ YJ*@)>,

s€[T,t] m=0 i=0
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is measurable with respect to the natural filtration of (}_/OT’CI , 170T’<2 ,N'). Furthermore
As C A, for s < t, which means that ¢t — P(A4;) is increasing and therefore
measurable.

Next we note that
ILAt < ]1(?01—,(1#?07—,41) +N((T, t] X Eigéy)’

where E;%#y = {(x,y) € E?> : x # y}. While the left hand side simply indicates

whether X761 £ X7 for some s € [r,¢], the right hand side counts how many
marks are different. Taking expectation on both sides yields

t
B(A) < BT £ V79 + [ CBR (XIS, XTI 500, 579, B2, s

Since 7 is a maximal coupling, we get by Lemma 2.3.17 that

t
Pmngwwﬁ#ﬁﬁw+a/h%@9#Xﬁﬂ+M@m@%m@w&

T

Using that (X;fl #* XST’_CQ) C Ag for any s <t we get the desired result. O

2.3.4 Proof of Theorem 2.3.7

The proof is essentially a fixed point argument in the complete metric space
(P(H([r,T), E)),drv). We fix (1,¢) € [0,T] x P(E), let Q € P(H([r,T], E)) and
define
22 =Yo+ [ w-2z2)Qutdy), telrnT)
(T, t]xE

where Yy has distribution ¢ and @ has compensating measure
L(dt,dy) = pe(Z, 7 (Q), dy)dt,

As this is a Markov jump process, Theorem 2.3.2 yields existence and uniqueness
of the jump process distribution of Z2. Thus F;(Q) = Z%(Q) defines a mapping
from P(H([r, T, E)) to itself. We now let F{* denote the n-fold composition of F¢
with itself.

Lemma 2.3.19. Let Q1,Q2 € P(H([r,T], E)). It holds that
(T—-7)"

n!

dry (FM(Qu), F(Q2)) < K" drv(Q1,Q2), VneN,

where K = Ce€1(T=7),

Proof. We prove by induction that the statement not only holds for 7', but any
t € [r,T]. That is
t—7)"

dry (FH(Qu)', FH(Q2)') < KanTV(Qian)v Vn € N,
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where the notation Q' denotes the restriction of the measure Q € P(H([r,T], E))
to H([r,t], E).

For n = 1 we utilise the coupling construction of Subsection 2.3.3 and apply
Lemma 2.3.18 in conjunction with Gronwall’s inequality to get

t
P(A;) < CyeCrt=7) / dipL (74 (Q1), 7s(Q2))ds,

T

where A, := Use[ﬂt](Z;Ql # Z9). By (2.A.3) we have

dpr(ms(Q1),75(Q2)) < dpy (m5(Q1), m5(Q2)) < drv (QY, QY),

for s € [r,t] and by (2.A.5) we obtain dry (F¢(Q1)t, F¢(Q2)") < P(A;). Thus we
arrive at

drv (Fe(Q)', Fe(Q2)") < K(t — 7)drv(Q1, Q))-

Assume now that the claim holds for some n > 1. Then by the coupling construction
of Subsection 2.3.3, Lemma 2.3.18 and Gronwall’s inequality we obtain

t
drv (F2 (@), FEHY(Qa)) < K / dry (F2(Q1)°, F2(Qy)°)ds.

Inserting the induction hypothesis for ¢ = s and applying (2.A.3) yields

¢ (s—1)"

ds.
n!

drv (F2F1 Q1) FIHY(@2)Y) < K™y (@, Q) /

T

Calculating the integral and setting ¢ = T yields the desired result. O

As P(H([r,T], E)) endowed with dry is a complete metric space and since
— (K(T —7)"
Z( ( 7)) — K@) 00,
= n!

Weissinger’s Fixed Point Theorem yields the existence of a unique fixed point
Qr.c € P(H([,T), E)) such that F(Q.¢) = Q..

2.4 Mean-field approximation

We now specify a class n-individual models and subsequently prove that the sequence
of associated jump process distributions is chaotic in total variation with respect
to the distribution of a distribution dependent non-linear Markov jump process.
Note that we from now on and for the rest of the paper in the name of readability
will refrain from decorating the jump processes with their initial conditions (7, {),
while we for the sake of mathematical accuracy keep the decorations in place for
jump process distributions and occupation and transition probabilities.
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Througout the section fix 7 € [0,7] and a sequence ((™),en of probability
measures (" € P(E™) such that each (" is exchangeable. For any n € N we now
model a cohort of n individuals by a jump process X™ = (X1, ..., X™") with
state space E", given by

Xp=vpe [ e XD@ @), te Tl (240)
(r,t]x Bn
where the vector Yg* = (Y;"",...,Yy""™) has distribution (" € P(E") and the

random counting measure @™ has compensating measure

Ln(dt,dylm) = Z (Mt(Xf,n,E?adyé) H 6{X{’"}(dy7)>dt

=1 j=1,j7#¢

Here e} := L3, O xtmy is the empirical measure of (X" X" and pc
[7,T] x E x P(E) x B(E) — [0,1] is an intensity kernel satisfying the assumptions
of Theorem 2.3.7. Since the empirical measure is a function of (X7 ..., X™"),
the process X™ is a Markov jump process and thus by Theorem 2.3.2 there exists a
unique jump process distribution X" (P) := Q7 .. € P(H([r,T], E")).

The jump process of individual ¢ is given by

xproytrs [ e xin @@y, te nT)
(T t]xXE

where Y4 has distribution ¢"™!(dy;) := ¢"(dy; x E"~') and the random counting
measure Q%™ (dt, dy,) := Q™(dt, E*~! x dy, x E"~*) has compensating measure

LA (dt, dy) = e (X" e, dy)dt.

The definition of L™ implies that the individuals have no common jumps. We can
now clearly see, that each single individual X%™ only depends on the other individ-
uals through their collective empirical distribution €}'. This can be interpreted as
the dependence of the individual on collective quantities, such as cohort averages
or frequencies. Furthermore, since p is the same for any individual and because the
single individual depends on the collective in a symmetric manner, all individuals
are identically distributed albeit not independent.

Since X™ is a Markov jump process, all results in Section 2.3.1 are valid. In
particular we could write down and solve the linear forward integro-differential
equations of Propositions 2.3.5 and 2.3.6, but as already discussed in Section 2.2,
dependence of the individual on the entire cohort renders this computationally
infeasible in most practical applications.

Instead we can hope to use the corresponding mean-field model instead, which
is obtained by replacing the empirical distribution €}’ of the collective with the
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distribution of the individual processes themselves. This mean-field model is given
by the distribution dependent non-linear Markov jump process (2.3.5):

X =Tyt / (y — X )Q(ds, dy),
(T, t]xE

where Yj has distribution ¢ € P(E) and Q has compensating measure
L(dt,dy) = pu (X, ppC, dy)dt.

Thus X (P) = Q¢ and existence and uniqueness follows directly from Theorem 2.3.7.
Using this mean-field model, The entire collective of n individuals can then be
modelled by n independent and identically distributed individuals, each with
distribution Q, . Mathematically this is written as

Xt =Yy +/ (y"" — XI)Q™(dt,dy*™), te[r,T), (2.4.2)
(1, t]x E™

where the vector Y = (Y1 ..., Y"™") is a collection of independent and identically
distributed random variables with distribution ¢ while the random counting measure
Q™ has compensating measure

Tn n vin T,

L™(dt, dy"™) =) <m(Xt_ 2% dye) [ 5{Xg‘n}(dyj)> dt.

=1 J=1,j#t

The jump process distribution of (2.4.2) is denoted by Q?” = X"(P).

In order to use the mean-field approximation we have to show that
@Z? = (X", ..., X*")(P) converges to @?’Z in an appropriate sense. This is
made precise by the notion of chaosticity.

Definition 2.4.1. Let (S,dg) be a separable metric space, Q a probability measure
on S and let (Q™),en be a sequence of exchangeable probability measures, each
defined on the product space S™. Then the sequence (Q™),en is Q-chaotic if and
only if for any fixed k € N it holds that

Q™ wk. Q®k for n — oo,
where Q™* denotes the joint marginal distribution of the first k individuals.

Remark 2.4.2. Assuming that each Q" is the distribution of the random variables
(Xtm ..., X™"), we have that Q" is exchangeable if

(xtn o xmny L xe@n o xemn)

for each permutation o : {1,...,n} — {1,...,n}. This means that the joint
distribution of the individuals does not change when reordering them, implying that
all individuals have the same marginal distribution. A sufficient, but not necessary
condition for this to hold is that all individuals are independent and identically
distributed.
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The intuitive interpretation of chaosticity is that any fixed group of k£ individuals
becomes independent and identically distributed with distribution Q, when the size
of the cohort tends to infinity.

Definition 2.4.1 goes back to Kac (1956), but as chaosticity is equivalent to
weak convergence of the marginals Q™* to the product measure Q®, it is possible
to relate the notion of chaos to convergence in a metric space (see Hauray and
Mischler (2014) and Chaintron and Diez (2022a) for chaosticity in terms of different
metrics). Definition 2.4.1 for example can be stated in terms of the bounded-
Lipschitz distance, which metrises weak convergence. Other choices leading to
slightly different notions of chaos are the Wasserstein(1) distance or the total
variation distance. For a discussion of the different notions and the consequences
for the results of this paper, see Section 2.7. We will use the stronger notion of
chaos in total variation, which always implies Definition 2.4.1.

Definition 2.4.3. Let (S,S) be a measurable space, Q a probability measure on
(S,8) and let (Q")nen be a sequence of exchangeable probability measures, each
defined on (S™,8™). Then the sequence (Q")nen is Q-chaotic in total variation if
and only if for any fized k € N it holds that

lim dry(Q"*, Q%) = 0.
n—oo

In our case the measurable space is H([r, T], E) equipped with B(H([r, T}, E)),
the sequence of probability measures for which we want to prove chaosticity are
the jump process distributions (Q7 - )nen of (2.4.1) and the measure for which we
would like the sequence to be chaotic for is the jump process distribution Q; ¢ of
(2.3.5). Note that each Q7 .. should be exchangeable in the sense of Remark 2.4.2,
which is the case, since the initial distribution (™ is exchangeable, the intensity
kernels of the random counting measures Q“™ are the same for all 1 < ¢ < n and
the individuals depend on each other in a symmetric way through € only. We
now have the following result.

Theorem 2.4.4. Assume that the assumptions of Theorem 2.8.7 are satsified and
that the sequence ((™)nen is (-chaotic in total variation. Then for any fized k € N,
it holds that

: nk A@ky _
nli)IIOlo dTV (QT,C"’ QT:C) =0.

2.4.1 Proof of Theorem 2.4.4

The proof of Theorem 2.4.4 requires a bound for the distance dry (Qf?n,(@??)
for any fixed k € N. Constructing a direct coupling between QZ? and @?lg is
impossible, since this would require a coupling v™ of (™ and (®" on (E*", B(E*"))
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such that each marginal
V(B xday x "9 x (B xdy, x E"7Y), £=1,...,n

is equal to the same maximal coupling v/} of (™! and ¢. This would only be possible
if ("™ were a product measure. Instead by Lemma 2.C.3 we can construct a measure
v"™ on (E*", B(E*")) with the following properties:

(i) The marginal v"(dz*™ x E™) is equal to " (dz'™).
(i) Let &*(dy*™) := v"(E"™ x dy*"). Then ¢" has identical 1-dimensional
marginals ™! = (.
(iii) The marginal v"((E*~! x dzy x E"%) x (B~ x dy, x E"™*)) equals the
same maximal coupling v of (™! and ¢ for all £ € {1,...,n}.

(iv) The sequence (£™),en is (-chaotic in total variation.

Using this we can construct the intermediate jump process Xn = ()?L", ceey )/(\'”")
given by
Xp =Y+ / (" = X1)Q"(ds dy™™), t € [nT), (24.3)
(T, t]xE™
where (}701’”, e 1//\'0”") has distribution ¢” and Q™ has compensating measure

Eranay ) = 3 (R0 ) [T Bsgo () )t
=1 J=1,j#¢

where ﬁz’c = m(Qy.¢). Thus X" is a Markov jump process with state space E™
and existence and uniqueness of Q7 .., := X" (P) follows from Theorem 2.3.2.

The triangle inequality yields
dry (QPE,, Q2E) < dpy (QPE., Q) + drv (QE., Q2F).

Thus the two steps of the proof are to show that each of the two distances on the
right hand side will vanish for n — oco. This is done by employing the coupling
construction from Section 2.3.3 coordinate-wise to create a coupling between Q7 ¢n
and @Zﬂ and between @2@ and Qf_@? We start with the latter pair.

For each n € N we set

Xp Yy / g — X" Sl 1
=12+ i oim [ NT(ds, AT g )), (2.4.4)
(Xt > (Yo > (r,t]x E2n (yl' - X"

for t € [r,T], where the joint distribution of ¥7* = (Yg",...,¥™™) and Y* =
(Yy'",...,Yg"") is a coupling of £” and ¢®" which is maximal for the marginals
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¢mk and (®% (see Lemma 2.C.2 for existence), while N™ is a random counting
measure with compensating measure

Ln(dt, d(@\l:n7 glzn))

=00 (K8 R 57 0 70) 1 S gty (A58, )t

(=1 Jj=1,77#¢L

Here v : [1,T] x E? x P(E)? x B(E?) — [0,1] is the probability kernel from
Subsection 2.3.3. By construction there occur common jumps within each pair
()A( tn X4m) but there are no common jumps across different pairs. Thus each
pair ()?e’”, X ™) corresponds to the coupling construction of Section 2.3.3 and by
an argument similar to the proof of Proposition 2.3.16, we can conclude that the
distribution of ()?1’", o ,)?’“ﬂ Xtno . Xkn")is a coupling of @:Ekn and @?lz for
any k < n.

Lemma 2.4.5. It holds for each fixed k € N that

. Ak ARQky
Jim dry (Q7en, Qr¢) = 0.
Proof. Set A" := User 1) (X[™ # XE™). We then have that

k
dTV(QT I3 k7Q® ( U AZ n) < Z AZ "
=1 =1

where the last inequality is due to the subadditivity of measures. Since
(Yol’", oL YRR YL YR are chosen according to a maximal coupling we
have

k
B(Yg" #¥y™) < P( U # Y“) = dry (¢, ¢,
=1
for / =1,...,k. Lemma 2.3.18 and an application of Gronwall’s inequality yields
k

ZP(Agln) < keCl(Tf-r)dTV(Cn,k7 C®k)~

=1
As (("™)nen is (-chaotic in total variation, the result follows. O

We continue with the pair QZ,C" and @2757“ For each n € N we set

Xn Yy lin _ XZ,TL
) = (0 +/ Yo T e | N (ds, d(yt T ), (2.4.5)
X Yy (rt]xE2n \Y =X
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for t € [, T], where YJ* = (Yol’"7 S, YgU™) and 170” = (}701’", .. .,}Afon’") are from
the joint distribution v" satisfying (i)-(iv) above, while N™ is a random counting

measure with compensating measure

Ln(dt d( 1rL /\1 n))

n

ln vebn n —7,C ~
= CA § (’Yt(Xt’_ 3X1;7_ yEr—s Pt yfayi I | 6{)(2 n XZ " ( (yja yj)))dt7
(=1 j=1,7#¢

with v : [1,T] x E? x P(E)? x B(E?) — [0,1] from Subsection 2.3.3. Again each
pair (X%", X%") corresponds to the coupling construction of Subsection 2.3.3 and
by an argument similar to the proof of Proposition 2.3.16 we can conclude that the
distribution of (X17,... 7XI‘C*”,)?L” . ch ™) is a coupling of Q cn and QT en
for any k < n. Note that by property (iii) of ™ the initial pairs (Yoé " YOZ ™) and
consequently the pairs (X7, )/fe”) are identically distributed for all £ = {1,...,n}.

Lemma 2.4.6. It holds for each fixed k € N that

nh—>120 dTV (QT (n QT gn) =

Proof. Set A" := Usefr 1 (X[ # X™). We then have that

k
dry (QUE, Qe < P( U A?”) < kP(AZ").

(=1

where the last inequality is due to the subadditivity of measures and the fact that
the pairs (X%, X’e”) are identically distributed. Since by property (iii) of v™

]P)(YOZW 7& YOAR) " (Ea:;éy) - dTV (€n717 C)’
Lemma 2.3.18 yields
¢ T ‘
P(AZ") < drv(C™ ) + 01/ P(A™) + Eldpr (e}, pp°)]dt.
By the triangle inequality we have

EldpL(ef.py )] < Eldpr(e) & )] + EldpL(E 5],

where &) := 1 30 | 5{)@?}' For the first term, we note that

1 « N .
Eldpy(ef, & )] < Eldrv (], &7 *Z PAL™Y = P(AL™).

;3

Combining this and applying Gronwall’s inequality yields

P(f) < 200 (a0 + |

T
Eldpr(E7_,p;° )]dt).
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Since e} # e} for at most countably many ¢t € [r,T], we can replace e} with
ey in the integral. By Lemma 2.4.5 we have that (@Z,gn)neN is Q; ¢-chaotic
in total variation, which by Proposition 2.2 in Sznitman (1991) implies that
lim,, o0 E[dpL (€7, pt)] = 0 for each t € [1,T]. Applying the Dominated Conver-
gence Theorem yields convergence to zero of the second term. The first term goes
to zero since (¢™)nen is (-chaotic in total variation. The desired result follows. [

2.5 Conditional mean-field approximation

We now turn to the convergence of the conditional distributions of the n-individual
model (2.4.1). In particular we are interested in the convergence of the following
two kinds

QULAf|IX2 € B) S Qre(df|X2 € B),
QlAf1X2 =) &Y Qre(df|XS = 2),

where B € B(E) and © € E. We will start with the first type of convergence which
can be shown to be a direct consequence of Theorem 2.4.4, followed by the second
which requires extra assumptions if Q, ¢(X¢ = z) = 0.

2.5.1 Conditioning on a set

Fix 7 € [0,T], m € N, let n > m, set B,,, € B(E™) and let 57 and 7 denote
a regular versions of ("(dy'"|y™ € B,,) and ¢(®"(dy*"|y'™ € B,,). We now
consider the jump process

Xp =Y+ / (4" — X)QU(ds,dyt™), te[rT],  (25.1)
(T,t]x E™
where (Y;"",...,Yy"") has distribution 47 and the random counting measure Q"

has compensating measure

n n
pratd) = 3 (O et d) [T dge () ) e
=1 J=1,5#€
This closely resembles the jump process (2.4.1), but the difference is that the
initial distribution now is £}, which is a conditional distribution of ¢". Thus we
can interpret (2.5.1) as the model for a cohort of n individuals, where we already
know that the first m individuals have their initial values in the set B,,. This
interpretation is correct, since the distribution of (2.5.1) denoted by Q7 .. g is the
conditional distribution of Q7 .. given that the initial values of first m individuals

are in B,,.
Proposition 2.5.1. Assume that (™™ (B,,) > 0. Then it holds that

Q7 enp, (Af) = Q7 cn (dFI(XSL, ..., XO™) € By).
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Proof. Let Eg = B, x E"™™. Since Q7 by Theorem 2.3.4 is a regular

T’wlz‘n,

conditional distribution of Q’;j ¢n given all initial values we have that
" (Af N (XS € Bp)) = 1 i () (da ™)
BER
— [ ey @ @NC ).
Since ¢ is the initial distribution and 3}}, is a conditional distribution we have

1:n Cn(dxln)
EBm (I )Cn(E]% ) )

m

r(XPeBp, ) =¢"(Bg,) and f(dz"") =1

which we can use to arrive at

n(df N (X2 € By ) . o
< n (XO c En ) :/E T,xlin (df)ﬁm(dxl ) = 7,(",Bm (df)7
7,¢ T B

where the last equality follows from Lemma 2.B.3. O

Similarly we can consider the jump process

K=V [ @ eXQEs ), tenT, (252)
(1, t]xE™
where the initial values 170” = ()701’", e }7()”’") have joint distribution 37, and the

random counting measure @™ has compensating measure

n

Er(atay™) = Y- (w0 TT 85y ) e
=1 G=1,j%0

This closely resembles the jump process (2.4.2), but since ﬁ:’g = 7m(Qr¢), the
process (2.5.2) is a linearised Markov jump process in the spirit of (2.3.6). The
process (2.5.2) with distribution N??Bm := X"(P) can thus be interpreted as
the conditional distribution of _f_%? given that the initial values of the first m

individuals are in B,,.

Proposition 2.5.2. Assume that (¥*™(B,,) > 0. Then it holds that

Q22 5, (Af) = QELAFI(X2, ..., X2™) € Byy).

m

Proof. The proof is the same as the proof of Proposition 2.5.1 with Lemma 2.B.3
replaced by Lemma 2.B.4. O

We are now ready to prove the following conditional version of Theorem 2.4.4.
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Theorem 2.5.3. Assume that (¥™(B,,) > 0. Under the assumptions of Theo-
rem 2.4.4 it holds for any fired k > m that

T dry (Qh g, 0% ) =0.

Proof. Let A € B(H([r,T], E*)) be arbitrary and let Eﬁm = B,, x EF~™. By
Proposition 2.5.1 it holds that
QAN (X7 € B )

¢ (Ba)

Q:-l,’k”,Bm (A) =

and by Proposition 2.5.2 it holds that
QEE(AN(X2 € EL)

Qe
o= s,
Utilising these two formulas in conjuction with (2.A.2) we arrive at
dTV(Q Cno Q ) 1 1
QrE. Q% 5 < + - ,
i p A= Qrcm D= = emms, )™ [omB,) ~ onB,)

For n — oo, the first term on the right hand side goes to zero due to Theorem 2.4.4
and the second term goes to zero since ((™),en is (-chaotic in total variation, which
implies set-wise convergence. Since this upper bound does not depend on A it
survives taking the supremum over A € B(H([r,T], E¥)) and the desired result
follows. O

Theorem 2.5.3 shows, that we have

o o,m V A o o,m
QUE(dfI(X2,.., X2™) € B,,) ¥ QEE(AS|(X2Y, ..., X2™) € Byy)

whenenever (®™(B,,) > 0 for any k > m. Choosing k = m = 1, we thus in
particular arrive at

QUAfIX? € B) & Qrc(df|X5 € B)

for any B € B(E) for which ((B) >0

2.5.2 Conditioning on a point

Fix 7 € [0,T]) and m € N, let n > m and set x™ = (21,...,2m,) € E™. Let
({2 )xmepm C P(E™) denote a regular version of

Cn(d(yla 7y7l)|(y1a 7ym) = Xm)

for n > m. Clearly (n = 0fxm} @ Bym', Where (Bym™)xmepm C P(E"™™) is a
regular conditional probability of

Cn,n—M(d(ym+17 s yn)|(yl, ey ym> = Xm)'
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Unfortunately (- is no longer exchangeable, but luckily Sy

wm ¢ remains so. Using

wm as initial distribution, we can define the jump process

X =Yg [ e XD)QUs ™), tenT) (259
(1, t]x E™

where the random counting measure Q™ has compensating measure

n

"(dt, dyt ™) Z (Mt (X" er, dye) H 6{Xg,n}(dyj)>dt.

=1 j=1,j#¢

This closely resembles (2.5.1), the only difference being that the first m individuals
now have known and deterministic starting values (Yol’", o Y™M) = x4, while
the rest have random starting values (Yg"""", ..., ¥g""™) from distribution 8™
Thus it is not suprising, that the distribution of (2.5.3) denoted by Q7 ¢n xm turns
out to be a regular conditional distribution of Q7 ...

Proposition 2.5.4. The family (Q} ¢ xm)xmepm constitutes a regular conditional
distribution of Q. (df|(X2!, ..., X2™) = x™). Thus it holds that

(AN = [0 A (7).

Proof. Let B, € B(E™) and set E}}, = B, x E"™. Since (] is a regular
conditional distribution of (™ given the first m coordinates, we have

/B G (g™ () = ¢ Ay T N B ) = Ly (55™)C (dy')

and similarly since Q7 i by Theorem 2.3.4 is a regular conditional distribution of
Q7 ¢~ given all initial values, we get

Qz,gn (dfN(X°e k3 )= /,, ]lEgm( 1:")Q7Tl’ylm (df)cn(dyl:n).

Using these two identities we arrive at

[, @i, @) = [ Qnan) [ G 0 )

:/n]lEgm( EMQ 1 (A )¢ (dy)

= Qe (df N (X° € ER ).

Similarly to (2.5.2) the mean-field model we consider now is given by

)Z'ZL :?On_’_/ ( 1:n Xn )Qn(ds dyl n) te [T,T], (254)
(T, t]xE™
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where the initial values Y* = (Y;"",...,YJ"") have joint distribution
5xm (dyl:m) ® C®n—m(dym+1:n)

and the random counting measure Q" has compensating measure

n n
=1 j=1,j¢
The individuals are all independent and the jump process distribution of (2.5.4)
satisfies

m
X(B) = Q) Qrae @ QR 1= Q-
=1
Thus all individuals are independent and while the first m invididuals each have
distribution Qr ¢ .,, which is the distribution of the linearised Markov jump pro-
cess (2.3.6), the remaining n — m individuals have distribution @T,C' Thus by
Theorem 2.3.10, we can conclude that (Qg?,xm)xme gm is a regular conditional

distribution of
027 o (Af) = Qr c(AFI(X2T,... X2™) = x™).

If ¢ has point masses, then we can obtain the following corollary to Theorem 2.5.3:

Corollary 2.5.5. Let x™ € E™. If (®™({x™}) > 0, then under the assumptions
of Theorem 2.4.4 it holds for any fixed k > m that

. n,k Nk —
Jim (@2 o B8 ) =0

This result can be interpreted as follows: If we have a group of m individuals
with known initial values that are embedded into a large cohort of individuals
whose initial values are random according to a chaotic distribution, then these
m individuals become asymptotically independent, each with distribution @T,C,xe-
Simultaneously for any fixed £ > m the remaining k£ — m individuals become
asymptotically independent of the first m individuals and of each other, each with
distribution @7,47 even though they also depend on the individuals 1 < £ < m.
Thus even though the collective as a whole is no longer exchangeable, we still
recover a conditional version of chaos in total variation. The intuition behind this
result is, that changing the initial distribution of a finite number of individuals has
no effect on the empirical distribution of the collective, when the total number of
individuals tends to infinity.

Sadly Corollary 2.5.5 only applies whenever ¢(®™({x™}) > 0. This is mostly the
case if the state space E is at most countably ininite, but if £ is uncountable, then
it most likely happens that (®™({x™}) = 0. In that case, we have to make an
extra assumption.
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Theorem 2.5.6. Let X™ € E™ and assume that the sequence (Bym ™ )n>m 18
(-chaotic in total variation. Then for any fized k > m it holds that

nILrI;o dTV (QT ¢noxmo @T G, xm) = 0.

Remark 2.5.7. Note that the assumption that (8gm")n>m is (-chaotic in total
variation is not automatically implied by the fact that (")n,en is (-chaotic in total
variation. Thus it is a stronger assumption. What always is implied is the following.
By Theorem 3 of Géanssler and Pfanzagl (1971) it holds for any k£ € N that

lim dpy (Bl F | ¢®F) ™ (dx™) = 0.

n—00 | pm

So in that sense (Bgm™)n>m is (-chaotic in total variation in L.

2.5.3 Proof of Theorem 2.5.6

The strategy of the proof is similar to the proof of Theorem 2.4.4, with the added
complication that the first m individuals are no longer identically distributed.
Similar to the proof of Theorem 2.4.4 the key is to construct an appropriate
intermediate jump process distribution @ﬁ,gn,xm and then use the triangle inequality
to conclude that is sufficient to show

nh—>120 dry (@Z:C" <M QT e x’") =0 and nll—>H;o dry (@T en xms QT < xm) =0.

For the direct approach we would need a coupling of (. and ¢E which is maximal
for each marginal and this is again impossible. Instead we again construct a measure
v, on (E?" B(E?")) now with the properties:

(i) The marginal v, (dz'™ x E™) is equal to (2

(ii) Let &%, (dy'™) := v, (E™ x dy'™). Then f:;nm(dylzm) = Gxm (dyt'™) and
€, (B x dye x B4 = ((dy,) for all £ =m +1,.

(iii) The marginal v, ((E*! x dzy, x E"%) x (B! x dyg x E"*)) equals
(5{x2n7xzn}(d$g, dye) for £ =1,...,m and the same maximal coupling of By !
and (forall f=m+1,....n

(iv) Let afn™(dy™tm) = €0, (E™ x dy™TEm). Then (alm™)n>m is (-chaotic
in total variation.

The existence of such a v}, for all n > m can be verified by using Lemma 2.C.3
and Lemma 2.C.4. The intermediate jump process Xn = ()?17”, . ,)?"”) is given
by (2.4.3) with initial distribution ¢%,. instead of £€”. The distribution of X" is
denoted by @ngn . We start by considering the pair (/@Trl,{",x’" and @®”

m .
X T,0,x™

Lemma 2.5.8. It holds for each fixed k > m that

. Ak
nh_{lgo dTV (QT,§” XM QT ¢, xm) =0.



2.5. CONDITIONAL MEAN-FIELD APPROXIMATION 65

Proof. The coupling ()?”, )?”)( ) of Q en e and QT ¢ xm 18 given by (2.4.4), where
the joint distribution of the initial values (YO ,YO ) is a coupling of (I and &2
with the following properties

(i) P (U;nzl(ffoe,n y ?Oz,n)) = dry (6 pemys 6pmy) = 0,
(i) P (U?:m+1(i}0e’n # }70&”)) = dpy (aln™rTm @k,

The existence of such a coupling can be verified using Lemma 2.C.2 and Lemma 2.C.4.
Set AL™ = Usepr 1y (X[™ # XE™). We then have that

k m k
dTV(QT,&”Tkan)’IZ) S P( U Agﬁ) Z A£ " Z ]P)(Aén)a
=1 =1 {=m+1

where the last inequality is due to the subadditivity of measures. Due to property
(i) and (ii) of the joint distribution of (Y{, Yy") we have

]P)(}Afogm # )70&”) <P (U(?o&n 7 1~/(J&TL)) = drv (6(xm}, gxmy) =0
r=1
for{=1,...,m and
A~ ~ k o~ ~
]P)(Yof,n ?é YOZ,TL) S ]P ( U (Yof,n # YQZ,TL)) _ dTV( n m,k—m C@kfm)
l=m-+1
for{ =m—+1,...,k. Lemma 2.3.18 and an application of Gronwall’s inequality
yields

ZP(A%H) < mGCI(T_T)dTV((S{x"L}7 5{x’"}) =0,
k
Z ]P(Agin) < (k’ — m)ecl(T_T)dTV(a;lmm Jk—m C®k m)

As (agm™)n>m is (-chaotic in total variation, the result follows. O

We now turn towards proving
. n,
nlLII;O dry (Qﬁgn X QT £ xm) =0.

The coupling (X",)/(\'”)(]P’) of Q7 ;n xm and @ﬁ,fn,xm is given by (2.4.5), where
the joint distribution of the initial values (Y, }/}O”) is given by the measure v},
satisfying points (i)-(iv) above. Note that by property (iii) of v} it is now only
the pairs (Y(f’", }A/()Z’")g:m+17,,,,n and consequently (XZ’",)?E’”)g:mH)wn that are
identically distributed. We start with the following result.
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Lemma 2.5.9. Let £} := 137 | drgemy. Then it holds that

lim E[dp. (&}, p;)] = 0.

n—oo

Proof. For any function f : E — [=1,1] let m(f) := [ f(2)D; C dz). By definition
of dgr,, the triangle inequality and subadditlwty of the supremum we get

Zf (&) - mi()}
gn_ml sup { - ! Z (f()?é’")—mt(f))’}

n 2 feBL

o (@ 77) = s {2
feBL

where p} ™" = L > it 5{)?5‘”}. Substituting i = n — m we get

ml_ : Z 5Xﬁ"n} = 25 Xm+ﬁm+1

l m+1

We thus arrive at
~m+i =T, m . =T,
Eldpr(E", bt C)] < 2m7+i + EldpL (P}, Py C)]~

The first term obviously goes to zero for ¢ — oco. The second term requires
a little more work. For i € N and t € [r,T] let 6! denote the distribution of
(Xtbmtt X mE)  Then for any fixed j € N and ¢ € [7,T] we have

dry (077, (7)) < dov QLI Q2T
By Lemma 2.5.8 we thus have that
: 6 =®J) _
lim dpy(6;7,9;7) =0
n—oQ
for any fixed ¢ € [r,T] and j € N. Thus (6});en is p; °~chaotic in total variation,

which by Proposition 2.2 in Sznitman (1991) implies that lim, ., E[dgy (5%, p; )] =
0 for each t € [1,T]. O

We finish the proof of Theorem 2.5.6 with the following final result.

Lemma 2.5.10. [t holds for each fixed k > m that

. , n,k
nll—{lgo dTV (QT’C’H x> QT Em, xm) - 0'
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Proof. Set AL := Usepr1 (X[™ % XP™). We then have that

k m
I (@G < P( U A) < 3P + (k- m)P(AL™),
/=1 =1

where the last inequality is due to the subadditivity of measures and the fact that
(Xtm X4™) are identically distributed for £ = m + 1,...,n. By property (iii) of
Vin we have
P(Yy" # Yy ™) < dryv(Semy, 0pemy) =0, £=1,...,m,
PYS™ £ V™) = dpy (B5™,0), L=m+1,...,n.
Lemma 2.3.18 thus yields

T
P(AL™) < Cy / P(AY™) + Eldp (e, 57 dt, (25.5)

T

for{=1,...,m and

T
P(A5") < drv(Ban ™", C) + 01/ P(A;") +E[dpr (e}, py°)]dt. (2.5.6)
By the triangle inequality we have
Eldpr(ef-,p )] < Eldpr(ei-, &) + Eldpr(E, i),

where £} := L3 | 5{;(5,”}. For the first term, we note that
~ 1 - 4n 1 ln
Bldss (el F0) < Bllrv (L 501 < L SR+ 3 B

m kn
< — ).
_n—i—IP’(At )

Inserting this back into (2.5.5) and applying Gronwall’s inequality we arrive at

ip(/@”) < 017 <(T ~7) (7: + P(A?")) + /TT]E[dBL(E?,ﬁZ’C)]dt)

=1
The fraction * obviously goes to zero for n — oo and Lemma 2.5.9 in conjunction
with the Dominated Convergence Theorem implies that the integral goes to zero
for n — oo. It remains to show that IP’(AI;J”) goes to zero.

Inserting the bound for the expected bounded-Lipschitz distance into (2.5.6) and
applying Gronwall’s inequality we get

T
n -7 n—m, m T,
P(AR") < 20T ><dTV( - 1,c)+cl/ ~ +EldpLE}, P C)]dt).

The fact that (Bem™)n>m is ¢-chaotic in total variation and Lemma 2.5.9 in

<M

conjunction with the Dominated Convergence Theorem yields

lim P(A%™) = 0.

n— oo

The desired result follows. O
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2.6 Convergence of insurance liabilities

Consider a cohort of n individuals modelled by (2.4.1). The future insurance
payments at time 7 € [0, 7] of each individual are given by g((Xf "™)telr,r])s Where
g : H([r,T],E) — R is a functional of the individual’s jump process path. For
pricing and reserving purposes, we are interested in three different types of insurance
liabilities:

Definition 2.6.1. Let g : H([r,T], E) — R be measurable. Then the cohort-wide

insurance liability is given by
Vi (r) = ]E[g((Xth)tE[T,T])]-
For A € B(E) with (™' (A) > 0 the grouped insurance liability is given by
Vi, A) = Elg((X0 ierrm) [ X7 € A].
For x € E the individual insurance liability is given by

VA7) = Bl (X ) | X7 = a].

Since the individuals are identically distributed, the cohort-wide insurance
liability satisfies

n
Vi) = 18| Y o((XE iep)]
£=1

and is thus the individual’s share of the cohort’s total insurance liability under an
equally weighted distribution. If the state space E is partitioned into m disjoint
subsets (A;)i=1,..m C B(E) such that ¢"™'(4;) > 0 for all i = 1,...,m, and
Ui, A; = E, and we know that the individual is part of group A; at time 7, then
V5In(r, A;) can be understood as the insurance liability of an individual, given
that that they are part of group . Finally the individual insurance liability is
the insurance liability of an individual given that particular individual’s exact
characteristics at time 7, represented by X1 = z, and not just their membership
of a certain group. The corresponding insurance liabilities of the mean-field model
(2.4.2) are given by:

Definition 2.6.2. Let g : H([r,T], E) — R be measurable. Then the cohort-wide

mean-field insurance liability is given by

V(r) :=E[g((Xt)terrm)]-

For A € B(E) with ¢("*(A) > 0 the grouped mean-field insurance liability is given
by

V(T, A) = E[Q((Xt)te['r,T]) ’X-,— S A} .
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For x € E the individual mean-field insurance liability is given by

V(r,2) = Elg((Xe)repr,m) | X7 = 7]

The following three Propositions now show when the mean-field approximations
V()= V(r) and V' (r,A)~V(r,A) and V'"(r,z)~V(r,z)
can be formally justified.

Proposition 2.6.3. Assume that the assumptions of Theorem 2.8.7 and Theo-
rem 2.4.4 are satisfied. If there exists an € > 0 such that

S‘é@EHg((xz’"»em)|”EJ < o0,

then we have lim, o, V(1) = V(7).

Proof. By Theorem 2.3.7 the mean-field model exists and is unique. By The-
orem 2.4.4 the sequence (Q?(n)neN is Q, ¢-chaotic in total variation. We can
therefore apply Proposition 2.D.1 to get the desired result. O

Proposition 2.6.4. Assume that the assumptions of Theorem 2.8.7 and Theo-
rem 2.5.3 are satisfied. If there exists an € > 0 such that

SEEEUQ((Xf’”)te[nT])|1+6|X71’” € A] < oo,

then we have lim,_,o, V¥ (1, A) = V (1, A).

Proof. By Theorem 2.3.7 the mean-field model exists and is unique. By The-
orem 2.5.3 we have that Qﬁ”én’ A Y Qr,¢,a. The result follows directly from
Corollary 2.9 in Feinberg, Kasyanov, and Zgurovsky (2016). O

Proposition 2.6.5. Assume that the assumptions of Theorem 2.5.7 and additionally
of Corollary 2.5.5 or Theorem 2.5.6 are satisfied. If there exists an € > 0 such that

SEE]EHQ((X}”)%[T,T])’1+8|Xi’n = 3:] < 0,

then we have lim, o, V1" (7,2) = V (7, 2).

Proof. By Theorem 2.3.7 the mean-field model exists and is unique. By Corol-
lary 2.5.5 or Theorem 2.5.6 we have that Q™ Ty Qr.¢,z- The result follows

7,¢"

directly from Corollary 2.9 in Feinberg, Kasyanov, and Zgurovsky (2016). O
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Assuming a little more integrability, we can derive the following law of large
numbers, which shows that the diversification effect of large portfolios persists, even
though all individuals are dependent. The diversification effect persists both on a
cohort or cohort-wide level, but also on a group level.

Proposition 2.6.6. Assume that the assumptions of Theorem 2.3.7 and Theo-
rem 2.4.4 are satisfied. If there exists an € > 0 such that

sup Ef|g(X™)]*F¢] < oo,

neN
then it holds that

n

1 " 2 _
ﬁZQ((Xt& )ielr,11) L V(7).
=1

If A € B(E) with ((A) > 0, then
% Z?:1 ﬂ(xﬁv"'eA)g((Xf’")te[nT])

P —
~ = V(r, A).
%24:1 ]I(Xﬁ'”eA)

Proof. By Theorem 2.3.7 the mean-field model exists and is unique. By The-
orem 2.4.4 the sequence (Q:—L,Cn)nGN is @T@—chaotic in total variation. We can
therefore apply Proposition 2.D.2 to directly get the first result. For the second
result we note that

4, 2+ £, 2+
SUpE[[ 1yt iy 9 (X0 " reprr) | ] < supB[lg (X5 )eerrm) |5
neN neN
and that IL(Xe.neA) < 1 for all n € N. We can thus apply Proposition 2.D.2 to

get L2-convergence and thus convergence in probability of both nominator and
denominator. An application of the continuous mapping theorem yields the second
result. O

Let 02 := Var(g((Xt)te[TyT])). If we assume further integrability and specific
convergence speeds, then we can obtain the following central limit theorem.

Proposition 2.6.7. Assume that the assumptions of Theorem 2.3.7 and Theo-
rem 2.4.4 are satisfied, that

nhj;o NCOV(Q((th’n)te[nT])79((Xt2’n)te[r,T])) =0,
and that limy, e v/n(VY" (1) = V(7)) = 0. If there exists an € > 0 such that
sup E |9 (X, ")sefr) "] < ov,

then it holds that
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Note that since total variation chaos implies that the individuals become asymp-
totically independent it always holds that

nlggo Cov(g((Xth)tE[T,T]) ) g((XtQ’n)te[T,T])) =0,

and in light of Proposition 2.6.3 it always holds that lim, . (V*"(7) = V(7)) = 0.
Unfortunately since total variation chaos in itself is not enough to automatically
guarantee the required convergence speeds these would have to be verified on a
case by case basis. This appears to be very difficult to do theoretically.

2.6.1 Non-life insurance liabilities

In many non-life insurance applications the main quantity of interest is the expected
loss throughout the contract period [0,T]. If we have a cohort of n individuals, the
loss of each individual is typically modelled by

4n
NT

ln Y7
wpt =Y Y,

i=1

where the counting process Nfﬂ’" can be interpreted as the individual claim count,
while the non-negative random variables (Yf’")ieN are the individual claim sizes.
Often the individual claim counts and claim sizes depend on individual characteris-
tics, such as covariates (constant in time) or status (exposed/not exposed variable
over time) of the individual, which we here will model by a process U*" taking
values in the space i C R%. Usually the individuals are assumed to be independent
given their individual characteristics, but as we have seen in the case of cyber
insurance, this is not always the case.

The total loss and the individual characteristics can be modelled as one joint jump
process starting at 7 = 0. We therefore now consider a cohort of n individuals of the
type (2.4.1), where each X" = (W™ U*") has state space E = [0, 00) xU C R9*!
and is defined by

win 0 (w—WE™)
A T e +/ Ty | Q" (ds, d(w, ),
t (Uf’ ) (vg’) 0 \ (u—ulry J @A)

where Q%" has compensating measure
LE(dt, d(w, ) = pe(WE™, UE™ e d(w, u))dt.

The initial distribution of the process X = (X%",..., X™") is given by (" =
6%%’; ®v", where v € P(U™) is the initial distribution of (U*™)y—1 . We assume
that v™ is v-chaotic in total variation for some v € P(U) which implies that ¢™ is

(-chaotic in total variation, where ¢ := d4oy @ v.
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The typical non-life insurance liabilities of interest are the cohort-wide and
individual expected loss

Vin(0) :=E[WE"] and VI(0,u) := E[W," U™ = ul.

Since it is customary to partition the space of individual characteristics U into a
finite number of groups, we are also interested in the expected loss for a particular
group A € B(E) given by

Vin(0,A) == E[W,;" U™ € Al

The corresponding mean-field model is given by

v _ Wt - 0 (w_st) = s w.
X = <U> - <U> +/WE (wUs_)) Qds, d(w, w)),

where Uy has distribution v and @ has compensating measure
L(dt, d(w, w)) = (Wi, O, 57, d(w, w))dt.
The mean-field insurance liabilities are given by
V(0) :=E[Wr] and V(0,u) :=E[Wr|Uy = u],
and in the case of a grouping of the space U we have
V(0,A) :=E[Wr|Uy € Al

The next result shows that the integrability conditions required for the convergence
results of Propositions 2.6.3-2.6.7 to hold are automatically satisfied if the intensity

measure and the initial distribution satisfy simple moment conditions.

Proposition 2.6.8. Let ||z|| := %1 2| for € R¥Y and let ¢ > 1. If there

i=1
exists a constant C > 0 such that

/ lolle(, p dy) < C, V€ [0,T], z € E, p € P(E).
E

and if sup, ey [ [[¥[9¢™ (dy) < oo then there exists g : H([r,T], E) — R such that

(i) Wqén = g((Xth)te[T,T]) and W = g((Xt)tE[T,T])}
(ii) supen Ellg((X; ") epr,m1)|7] < o0,
(iii) supper Ellg((X; ™ )ieprp)|| X" = 2] < o0,
(iv) sup,cy E[\g((th’”)te[T’T])|‘1|X}" € A] < oo, whenever ("™1(A) > 0 for all
n € N and sup,cy [5 [y[|9¢™ (dyly € A) < co.
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Proof. (i): Note that since E C R?*!, we have that any element f € H([r,T], E)
has d 4+ 1 coordinates, that is f = (f1,..., fa+1). Let now g : H([7,T], E) — R be
given by g(f) = nh(f), where 74(f) = f1(T). Then we have that

9((Xf’n)te[T,T]) = Wqén and  g((X¢)ier1)) = Wr.

(ii): Clearly [g(f)| < sup;cpr7 [Im:(f)] and we have arrive at

Ellg (X2 )oepry) |1 < E[ sup ||X37"||‘1]
te(r,T)

Due to to the representation (2.3.2) it holds that

sup [ X2 |e < [V + / lyl9Q " (dt, dy).
te[r,T) (r,T]xE

Thus by assumption we have

T
E[ sup ||X3’”||q} <EH|Y01’“||Q]+E[ / / e (X1, dy)dt
te[r,T] T E

< sup / lyll7¢™ (dy) + C(T — 7) < oc.
neNJE

This bound holds for all n € N and the desired result follows.

(iii)+(iv): By Proposition 2.5.4 and Proposition 2.5.1 we can prove the second
and third result by repeating the argument with X given by (2.5.3) and (2.5.1)
instead. O

Example 2.6.9 (Cyber insurance). One case that fits into this framework is
the cyber insurance example from Section 2.2. We can view the total loss Wrp
as the terminal value of a jump process that has jump sizes with distribution
r;(dy) = h;(y)x(dy) whenever Z jumps from the susceptible state to the infected
state and has no jump when Z jumps back to the susceptible state. We can
thus view (Z,I) as the process U, which provides the individual characteristics:
The status susceptible/infected and the location in the network. If we modify
the intensity kernel (2.2.4) appropriately, then we can set X = (W, Z,I). This
modification is given as follows:

/J;t((’lj), 275)7 P d(w7 Z, 7’)) :]1(2:())/-1’01 (ta %7 p)d{l,g} (d(z? Z))]l[w,oo) (w)h’;(w - w)dw
+ Lz=1)30(w,0,7} (d(w, 2,7)).

Note that W only has a jump whenever Z jumps from 0 to 1. Even though this
modified intensity kernel does not have a density anymore, we can use similar
arguments as in the proof of Proposition 2.3.14 and Example 2.3.15 to show that
the assumptions of Theorem 2.3.7 are satisfied. Assume that the initial distribution
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of (Ze’”, I&”)g:l,m’n given by v, is v-chaotic in total variation for some v. Then
the initial distribution of X™ given by (" = (5%; ® v™ is (-chaotic in total variation,
where ¢ = d(0} ® v.

If f[o 00) ly|9h;(y)dy < oo for some ¢ > 1 and all i € {1,...,J}, Proposition 2.6.3
yields
lim V5" (0) = V(0),

n—oo

since the initial distribution (™! has the same finite support for all n € N. As
(ZLm 1Y) and (Z, 1) are defined on a discrete space, we can by Proposition 2.6.5
furthermore conclude that
lim Vo™ (0,4) = Vo (0,4)
whenever v({z,i}) > 0. Finally if f[o 00) ly|?7h;(y)dy < oo for some ¢ > 2 and all
i €{l,...,J} we have by Proposition 2.6.6
1 n 4n

1 n tm L? o n Z(:l 1(Z£’":O IZ’":i)WT’

=N Wi" = V(0 d 0 — 0
n Z T (0) an

P & .
I g = V5(0,1).
(=1 n 25:1 (ZEm=0,1t"=i)

We conclude that the insurance liabilities in the n-individual model converge to their
mean-field counterparts and that the dependency between the individuals does not
remove the diversification effect of large portfolios. Thus the mean-field liabilities
V(0) and V;(0, ) are indeed viable approximations of V'1"(0) and V,"(0,4).

2.6.2 Life insurance liabilities

In life insurance applications the contractual payments are deterministic functions
of the jump process describing the biometric state of each individual and other
quantities of interest. Therefore there is no need to include the payments in the
jump process itself and we directly consider the n-individual model (2.4.1) with a
state space E € B(R?). Within this model, each individual receives the contractual
payments given by

B (dt) = b(qu’,n)dt—&—/ B(t, XPMQO M (dt, dy), £=1,...,n,
E

where Q%™ is the same random counting measure which also drives X*™ and b and
(bY)yer are measurable payment functions. The function b describes the sojourn
payment rate, while the functions (0¥),cp describe the transition payments. Let
r:[0,T] — R be a bounded and measurable function. The present value of future
payments at time T € [0, 7] are given by

T
PV (1) = / e~ Jrrwduptn(qy),
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The insurance liabilities of interest are then the cohort-wide and state-wise (indi-
vidual) reserves

Vi) =E[PV"(7)] and V''(7,z) = E[PV'"(7)| X" = a].
In the corresponding mean-field model (2.4.2) the individual payments are given by
Bt = b(t, X )t + [ 10(t, X0 )Q(d, dy),
E
the present value of future payments is given by
— T t —
PV (r) := / e~ J-rwdupap),
and the mean-field liabilities are given by
V(1) =E[PV(7)] and V(r,z)=E[PV(7)|X, = z]|.

The following result shows that in order for the convergence results of Proposi-
tions 2.6.3-2.6.7 to apply it suffices to assume that b(¢,z) and bY(t, =) are uniformly
bounded.

Proposition 2.6.10. Assume that there exists C > 0 such that |b(t,z)| < C for
all (t,x) € [1,T] x E and |V (t,x)| < C for all (t,z,y) € [r,T] x E%. Then there
exists g : H([r,T], E) — R such that for all ¢ > 1

(i) PVE™( (X t’ te[TT) and PV (1) = g(()_(t)te[T’T]),
(i) suppen ]EH ((th’n)teTT])\ ] < oo,
(iii) sup,en Ellg((X; ™ )ieprp)|)| X 3" = 2] < 00,
() sup, ey Ellg ((th’")te[T |7 X+ € A] < oo, whenever ("™(A) > 0 for all
n € N.

Proof. (i): Let g : H([r,T], E) — R be given by

T
) :/T bt - (F)AE+ Y Dm(ypm (™ (8w (£)),

T<t<T

for f € H([r,T],E). Then clearly PV*"(7) = g((Xf’")te[T,T]) and PV(r) =
g((Xt)tG[T,T])'
(ii): Due to the boundedness of b and (bY),cr we have that

l9(f)] < K(l + > ]l(m(f)sém(f)))’

T<t<T
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for all f € H([r,T], E). Here K = Cmax(1,(T — 7)). Since

Z ]l(th,nith;n) == QLTL(<7_7 T] X E),
T<t<T

Lemma 2.E.2 and the bound on g yields
EllgCe )] < Kozt (14 BIQH (.11 < B,
The counting process t — Q" ([r,t] x E) has intensity process

t
t— / / uS(XSlL",EZL,dy)ds <Ch\t—T) < CA(t—T1),
T E

which is bounded, without the bound depending on n. Thus it follows that all
QY ([r,t] x E) are dominated by the same time-homogeneous Poisson process M
with rate C\(t — 7) in the sense of first order stochastic dominance. This implies
that E[QV"([1,T] x E)?] < EM} < oo for all n € N. Since a Poisson random
variable has all moments, the desired result follows.

(iii)+(iv): By Proposition 2.5.4 and Proposition 2.5.1 we can prove the second
and third result by repeating the argument with X™ given by (2.5.3) and (2.5.1)
instead. O

Example 2.6.11 (Epidemic health insurance). In the case of the epidemic health
insurance example of Section 2.2, we have shown in Example 2.3.15 that the
assumptions of Theorem 2.3.7 are satisfied, yielding existence and uniqueness of
the mean-field model. We now assume that the initial distribution v™ of (Z™,I™) is
v-chaotic in total variation. The individual contractual payments in the n-individual
model are given by

BY"(dt) = -1 (Zanzo)ﬂ(Ie’")dt + ]I(fo,zl)b(le’”)dt,

while the contractual payments in the mean-field model are given by
B(dt) = =1z, _oyr(I)dt + 1z, _yb(I)dt.

Since 7 : {1,...,J} = [0,00) and b: {1,...,J} — [0,00) only take a finite number
of values they are bounded and we can thus by Propositions 2.6.104-2.6.3 conclude
that

lim V' (r) = V(7).

n— oo
Furthermore since (Z%",I"") and (Z,I) are defined on a discrete state space,

Propositions 2.6.10+2.6.5 yield

lim V" (7,i) = V.(7,1)

n—0o0
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whenever (({z,i}) > 0. Finally Propositions 2.6.10+2.6.6 yield

D ﬂ(zﬁﬂ:o,lﬁ’":i)PVZ’n(T)

P = )
= V,(1,1).
1 n z\1>

7 2ai—1 ]l(Zﬁ*":OJﬁ'”:i)

1< .
S PV B (r) and
n

(=1

We conclude that the insurance liabilities in the n-individual model converge
to their mean-field counterparts and that the dependency between the individuals
does not remove the diversification effect of large portfolios. Thus the mean-
field liabilities V() and V,(7,) are indeed viable approximations of V1" (7) and
Vin(r,i).

2.7 Discussion of different notions of chaos

As we have already noted in Section 2.4 it is possible to choose different kinds
of chaos metrised by different metrics. Apart from the chaos in Definition 2.4.1
metrised by the bounded-Lipschitz distance and the total variation chaos of Defini-
tion 2.4.3, another popular option often used in the literature is Wasserstein(1)-chaos
(see Hauray and Mischler (2014) and Chaintron and Diez (2022a)). This requires
lim,, s dw (Q™*, Q) = 0 for all fixed k € N, where dy is the Wasserstein(1)
distance. While Definition 2.4.3 merely requires a measurable space (5,S), Defi-
nition 2.4.1 and Wasserstein(1)-chaos require that there is a metric dg such that
(S,dg) is a separable metric space. If the metric space (5, dg) is bounded in the
sense of the metric dg, then Wasserstein(1) chaos is equivalent to Definition 2.4.1,
and thus weaker than total variation chaos. If the metric space (S, dg) is unbounded
in the sense of the metric dg, the situation is more complicated. Since convergence
in the Wasserstein(1) distance is equivalent to weak convergence on the space of
probability measures with first moment and convergence of first moments (see
Theorem 6.9 in Villani (2009)) it is stronger than the bounded-Lipschitz chaos.
At the same time convergence in the total variation distance is a stronger mode
of convergence than convergence in the Wasserstein(1) distance, but the latter
distance is not dominated by the former. Thus the interesting case to compare is
the case of unbounded (S, dg).

In our case (S,ds) = (H([r,T], E),d ,), where d, is the Ji-metric which gener-
ates the Ji-topology on the Skorokhod space of cadlag paths D([7,T], E). Since
D([r,T], E) equipped with the J;-metric is a separable metric space and H([r, T, E)
is a subset of D([7,T], F), using the Ji-metric on H([r,T], E') renders this a sep-
arable metric space as well. By the definition of dj, (see e.g. (12.13) on p.124
of Bllingsley (1999) and Section 4.3 of Kern (2024)) the space (H([r,T], E),d,)
is bounded whenever the state space (E,dg) is bounded. We will therefore focus
on the case of an unbounded state space (F,dg), where total variation chaos and
Wasserstein(1) chaos imply different types of convergence and turn out to require
different regularity conditions for the intensity kernel and initial distributions in
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order for the respective convergence to hold. We start by discussing the implications
of the difference in regularity conditions followed a discussion of the difference in
convergence types.

Let E = R? and let ||z| := Zle |z;| for x € RY. For simplicity we restrict the
intensity kernels to the time homogeneous form

paspn) = ¢ (i [ o 2)p(a) oty

for ¢V : RY x R? — [0,00) and h : R? x R? — R and for some measure v on R
In the case of total variation chaos, Theorem 2.4.4 requires the initial distributions
¢™ to be elements of P(E™) and ({™)nen to be (-chaotic in total variation for some
¢ € P(E), while we by Proposition 2.3.14 must assume the Lipschitz conditions

‘qy(‘rlaul) - qy(ajlauQ)‘ < C(]l(w175912) + Hul - u2||)7
[h(@1,21) = h(z2, 22)[| < C(L(g, 0,) +min(l, [[z1 — 22])).

In the case of Wasserstein(1) chaos the results of Andreis and Pra (2018) and
Graham (1992a,b) show that ("™ must be in P}(E) and ({"),en must be (-chaotic
in Wasserstein(1) for ¢ € P!(E), while we must assume the Lipschitz conditions

lg¥ (w1, u1) — ¢¥(21,u2)| < C([|rr — 22| + |lur — ual]),
|h(21,21) = h(22, 22)|| < C([|x1 — 22| + ||21 — 22]]),

and the linear growth condition h(x,z) < C(1+ |lyl]).

The first difference is that we have to restrict ourselves to initial distributions
with first moments, as the Wasserstein(1)-distance would be undefined otherwise.
The more significant difference lies in the Lipschitz assumptions though. In the total
variation case, the mappings z — ¢¥(z,u) and  — h(x, z) must be bounded without
having to be continuous, while in the case of Wasserstein(1), they must Lipschitz
continuous without having to be to be bounded. Similary the mapping z — h(x, z)
must be bounded and Lipschitz continuous in the case of total variation, while it
suffices to be Lipschitz continuous and of linear growth in the case of Wasserstein(1).
This shows that there is a trade-off to be made in terms of regularity conditions
when working with an unbounded state space.

We continue with a discussion of the difference in convergence types. Wasser-
stein(1) chaos implies weak convergence which is weaker than convergence in total
variation. As a consequence the convergence of conditional distributions proved
by Theorem 2.5.3 and Corollary 2.5.5 will no longer be valid for uncountable state
spaces as its proof relies on setwise convergence of measures, which is stronger
than weak convergence, but implied by total variation convergence. As a conse-
quence this invalidates the convergence of grouped insurance liabilities obtained
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by Proposition 2.6.4. The convergence of the cohort-wide insurance liability of
Proposition 2.6.3 and the unconditional law of large numbers obtained by Proposi-
tion 2.6.6 can only be preserved if the mapping g : H([7,T], E) — R describing the
insurance payments is @T,C-almost surely continuous.

In conclusion using Wasserstein(1) chaos instead of total variation chaos in the
case of an unbounded state space can lead to slightly less restrictive regularity
conditions in the measure dependence of the intensity kernel and a trade-off in
regularity conditions for the state dependence of the intensity kernel, while leading
to more restrictive convergence results for the insurance liabilities. Bridging this
gap could be an interesting topic for future research.
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2.A Distances on the spaces of measures

Let (S,S) be a measurable space, let M;(S) denote the set of bounded measures
on (S,8) and let BM be the class of measurable functions f : S — [—1,1]. We can
then define the total variation distance on the set M, (S) as

drv (1, v) = 2f561]1313M{‘/f J(da) — /f v(dz) } (2.A.1)

If 4 and v are probability measures, then we have the following identity

drv(p,v) = sup |p(4) = v(A)]. (2.A.2)

If A is a sigma-algebra such that A C S then (2.A.2) yields

dTV (:u’.Aa V.A) = dTV (/147 V)7 (2A3)

where p4 and v 4 denote the respective restriction to A Furthermore if 4 and v are
probability measures, then the total variation distance can be written in terms of
an infimum over couplings. Let

Cp,v) == {y € P(8%) : 7(dz x §) = p(dz) and 7(S x dy) = v(dy)}

denote the set of couplings between p and v and define Swéy = {(z,y) € S? : x £ y}.
If 52¢y €S ®S, then (see Theorems 7.2, 7.3 in Chapter 3 of Thorisson (2000))

dry(u,v) = inf  ~(S2..). 2.A.4
v (1, v) velcrbw)v( ) ( )
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This yields the following very useful inequality. If X and Y are S-valued random
variables on a probability space (€2, F,P) with joint distribution v € C(u,v), then

drv (1, v) < P(X £Y). (2.A.5)

A coupling v € C(u,v) is called maximal, if equality is achieved. The space
(P(S),drv) is a complete metric space and if the sequence (p,)neny C P(S) con-
verges to 4 € P(5) in the metric dpy, then (2.A.2) implies the setwise convergence
tn(A) = v, (A) for all A € B(S).

If S is metrisable with a metric dg such that (S, dg) is a separable metric space,
we will also consider the so-called bounded-Lipschitz distance on P(.S). For this
let BL denote the class of Lipschitz continuous functions f : S — [—1, 1] whose
smallest Lipschitz constant is less than or equal to one. Then

[ fmtan) - [ s}

By (2.A.1) it holds that dpr(u,v) < drv(p,v). The metric dpy, metrises weak
convergence. That is iy, wh- w if and only if lim, o dB 1 (tn, 1) = 0.

1
dpr, := = sup {
2 feBL

2.B Characterisation of jump process distributions

There is a close correspondance between non-explosive marked point process distri-
butions and non-explosive jump process distributions, see Section 2.5 of Last and
Brandt (1999). Let (E,B(F)) be a standard Borel space and define the space of
non-explosive marked point process paths on the time interval [r,T] as follows:

Definition 2.B.1. The sequence (t;,y;)ien, C ([1,T)U {0} x EU{V}No is a
marked point process realisation started at T and ending at T if and only if

(i) T =ty <t1 <ta <...witht; < t;y1 whenevert; < co andt; = t;11 whenever
ti = 00,
(ii) y; € E whenever t; < oo and y; = V whenever t; = 0o,

The set of marked point process realisations started at T is denoted by M([r,T], E).

Similarly we can define the space of non-explosive marked point process paths
without trivial jumps as

M([7,T), E) := {(ti, yi)ien, € M([7,T), E) : ys # yis1 & t; < 00}
The sets M([r, T], E) and M([r, T], E) are measurable subsets of (|7, 7] U {oo} x

EU{V}HNo and can be endowed with sigma-algebra generated by the coordinate
projections t ((ti, yi)ien,) = ti and y5 ((ti, yi)ien,) = ¥i-
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As in Section 2.5 in Last and Brandt (1999), define now the mapping I" from
either M([7, T], E) or M([r, T}, E) into H([r,T], E) given by

F((ti7yi)ieN0) = (Zyi]l(ti<t<ti+1)> ,
te[r,T)

=0

and the mapping T'* : H([7, T], E) — M([r,T], E) given by
D) = Ui where () = {C“‘f” )

and t;(f) ;== inf{t > t;_1(f) : f(t) # f(ti—1(f))}, with to(f) := 7. Theorems 2.5.10
and 2.5.11 in Last and Brandt (1999) yield that if I' is defined on M([r, T, E) it is
a bimeasurable bijection with I'* as its inverse, while if I" is defined on M([r, T], E)
it is only surjective. We thus get the following result:

Lemma 2.B.2. It holds that:

(i) For any Q € P(H([r,T), E)) there exists a unique P € P(M([r,T], E)) such
that Q = T'(P).
(i) For any Q € P(H([r,T),E)) there exists at least one P € P(M([r,T],E))
such that Q = T'(P).
(iii) For any P € P(M([7,T], E)) there exists a unique Q € P(H([r,T], E)) such
that P =T*(Q).

Proof. Result (i) and (iii) follow if we show that P+ T'(P) is bijection with inverse
Q+ T'*(Q). Using that T' = (I'*)~! and that T is a bijection, we have that

I'(*(Q)(B) = QI '(I(B))) = Q(B), VB e BH([r,T],E))
and
I'*(D(P))(B) = P(T(I"(B))) = P(B), VB e BM([r,T],E)).

For result (ii) let P € P(M([r,T], E)) be the unique measure from (i) and let
P := P(- N M([7,T], E)) be the extension to M([r,T], E). Thus there exists at
least one measure with the desired property. Since I' is surjective when defined on

M([r, T], E) we cannot be sure that it is the only one. O

Thus existence and uniqueness of jump process distributions is equivalent to
existence and uniqueness of marked point process distributions with initial distri-
bution and without trivial jumps. If trivial jumps are allowed, then several marked
point process distributions might give rise to the same jump process distribution,
but for each marked point process distribution and initial value there will only be
exactly one jump process distribution.
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We now turn to the characterisation of the jump process distributions Q; ¢
of (2.3.1) and Q,, of (2.3.3) in terms of the associated marked point process
distribution.

Lemma 2.B.3. Let « € E and B € B(H([r,T],E)). Then the kernel (x,B)
Q-+ (B) is a reqular conditional probability of Q, ¢(B|X?2 = x) and thus

Qr¢(BIX: =) =Qrx(B), for¢—ae.x.

Furthermore there exists a sequence of sets Cp, € B(([1,T] x E)") such that
Q- (B ZR (67, 97)im1.n-1 € Cority > T),

where R, : E x B(([7,T] x E)"™') —[0,1] is the probability kernel given by
RZ,x(d((ti,yi)ign)) 3=]1(r<t1<»--<tn)7"tn (yn—l’dyn)Utnfl,ynfl(dtn)
<71, (Yo, dyl)Uto,yo (dtl)é{T,i’} (d(to, o))
and Uy, (ds) = As(y)e™ Ji 2 @duds for s > .

Proof. Let B € B(H([r,T], E)). By construction there exists a unique P;, €
P(M([r,T], E)) determined by z and the compensating measure L such that

QT,w(B> = P‘nw (F* (B))

Since I'*(B) € B(M([r,T], E)), we can apply Lemma 2.2.21 and Exercise 2.2.16
in Last and Brandt (1999) to conclude that there exists a sequence of sets C, €
B(([r, T] x E)"*') such that

B)N (-1 < T < ty) = ((8,97)i=0,..n1 € Cna) N (8, > T)

.....

for all n € N. Since this partition is disjoint, we get by Theorem 8.1.2 of Last and
Brandt (1999) that

P,.(I"(B

‘rw za%) 0,..on—1 € Chp 1) N (t%>T))

MgﬁMg

R:—L,w((t?’ yf)izluwn_l € Cn—l,tz > T)

n=1

This proves the second statement. By construction there exists a unique P, ¢ €
PM([r,T], E)) determined by ¢ and the compensating measure L such that

Qr¢(B) =Prc(I"(B)).
By Theorem 8.2.2 of Last and Brandt (1999)
P, (T*(B)lyg = x) = P, .(I'"(B)), for ( —a.e.x.

The first statement follows. O
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We can obtain a similar characterisation of the jump process distributions @T:C
of (2.3.5) and Q, ¢, of (2.3.6). Since existence and uniqueness of Q, ¢ implies

¢ we can view (ﬁtf’g)te[T,T] as given and fixed and

existence and uniqueness of p;’
treat (2.3.5) as a standard jump process. Thus by directly invoking Lemma 2.B.3

we obtain the following result:

Lemma 2.B.4. Letz € E and B € B(H([r,T], E)) and assume that Q.. ¢ exists and

is unique. Then the kernel (x, B) — Q¢ . (B) is a regular conditional probability
of Q; ¢(B|X2 = z) and thus

Qr¢(B|X? =2) = @T,C,x(B), for ¢ —a.e.x.

Furthermore there exists a sequence of sets Cp, € B(([1,T] x E)™) such that
Qrca(B) =D Ry ((t,97)i=1.n1 € Cooa,ty, > T),
n=1

where E?Cz

: E x B(([r,T] x E)"*1) = [0,1] is the probability kernel given by
N?,g,m(d((tuyi)ign)) =lirct <<t (yn—1715;f7dyn)ﬁtn,l,yn,l(dtn)
T (0, P15 Y1) U (d1)3 7.2 (At 90))

and ﬁty(ds) = Xs(y,p7%)e” JE2uwp )dug g for s >t.

We are now ready to prove Theorem 2.3.10. Note that Theorem 2.3.4 can be
proven by a similar argument using Lemma 2.B.3 instead of Lemma 2.B.4 in the
proof below.

Proof of Theorem 2.5.10. Let B € B(H([7,T], E)). As (@T,c,z)meE by Lemma 2.B.4
is a regular conditional distribution of Q, (B|X2 = x) and since X™¢(P) = Q, ¢
we have that (@77471)956]5 is a regular conditional distribution of P((X[’C)te[T’T] €
B|XT¢ = x) as well. This proves the first assertion.

Fix 0 < 7 <s <t <T, let (ﬁng)ue[nT] be the natural filtration of the
jump process X™¢ and let (G7°) ey With G7¢ := o(Yo, (T, Yo) L7, <uy)neny)
be the filtration generated by the initial value and marked point process. By
Theorem 2.5.10 in Last and Brandt (1999), we have that F7:¢ = GT:¢ for all
u € [r,T]. Furthermore we can write

o0
vl E % _ _
Xt - }/SVnﬂ(Ts,nSt<Ts,n+l)7

n=0



84 CHAPTER 2. HORNUNG (2026)

where Tsm = TN(5)+n and st = YN(5)+TL are the n’th jump time and mark after
time s, with Ty := s and Y; g := YN(S). Thus for any B € B(E) we obtain

)

P(X]* € B|FT¢) = 1}»( U ¥ € BYN (Tono1 <t < To)

n=1

= ZP(YVS,nfl € Bafs,nfl S t < Ts,n|g_;—7c)-
n=1
By Theorem 8.1.2 of Last and Brandt (1999), it follows that

(o)
P(X[* € B|F]¢) = ZE:&’X?C(tZ—l <ty,1 € Bty >t), P-as,

n=1

where E?Cw for each x € F is given by

RY o (d((t,yi)izn) =1 (raty <ty Ttn Wne1: 57 AYn) Ut s (dtn)
Ty (y()v ]3:174-’ dyl)Uto,yO (dtl)(s{‘r,m} (d(t07 yO))

and Uy, (ds) = Ay (y, pr€)e™ /e APl )dugs for s > ¢. By Proposition 2.3.9 it holds
5C ¢

that p[¢ = pi’”" for any ¢ > s and thus we can replace p;*° with 5,7 . By

Lemma 2.B.4 we can thus conclude that

P(X;,C € B‘fs,T’C) = @ 7,<7X;,<(Xf €B), P-as.

5,Ps

for any B € B(E). An extension argument as in Remark 2.4 of Rehmeier and
Rockner (2025) via the finite dimensional distributions and the Monotone Class
Theorem then yields the desired result. O

2.C Coupling results

The first result we need is the following extension of the well-known (see Theorem 7.3
in Chapter 4 of Thorisson (2000)) fact that it is always possible to construct a
coupling between two probability measures defined on the same space that is
maximal with respect to the total variation distance.

Lemma 2.C.1. Let (S, B(S)) be a standard Borel space and let p : SxB(S) — [0,1]
be a probability kernel. Then there always exists a probability kernel v : S? x B(S?%) —
[0,1] such that

(i) For any x1,z2 € S and A € B(S) it holds that w(z1,22, A x S) = p(z1,5)
and w(x1,x9,5 X A) = p(x2, 5).
(i) For any x1,x € S we have that
V(w1, 9,57 ,,) = dry (p(z1,dy), p(z2, dy)),

where 82, = {(z,y) € S*|z # y}.
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Proof. Set q(x1,x2,dy) := %(p(xhdy) + p(z2,dy)). Then by Theorem 58 in Del-
lacherie and Meyer (1982), which is a variant of the Radon-Nikodym Theorem, we
have that there exists measurable functions fi, fo : S — [0, 00) such that

p(xlady) :fl(xlaany)Q(xlaandy) and p(x27dy) :f2($1a$27y)Q(3317332,dy)~
Since q(x1,x2,dy) = q(z2,z1,dy), we also get
p(x2,dy) = fi(z2,21,9)q(21,22,dy) and p(z1,dy) = fo(z2,21,y)q(21, 2, dy).

We thus get that fo(x1,z2,y) = fi(ze,z1,y) for ¢(x1, 29, )-a.a.y € S. Hence we
can conclude that there exists a measurable function f : $3 — [0, 00) such that

p(r1,dy) = f(21,72,9)q(z1,v2,dy) and p(x2,dy) = f(22,71,9)q(21, v2,dy).
Define now the measures
v(wy, 22, dy) == min(f (21, 22,y), f(22, 1,9))q(x1, 22, dy),

V+(3317332»dy) = (f(‘rlamQay) - f<$2,$1,y))+q(x1,$27dy),
V_(Z‘l,mg,dy) = (f(x17x27y) - f(anxhy))_Q('rl?xQ?dy)’

which all are measurable functions of (x1,2). Thus v, v, v~ : §2 x B(S) — [0, 00)
are kernels. As a consequence, we also have that

(:Elva) — l/(xlvavS) = ‘/Smin(f(xthvy)? f(x27x17y))q(x17$27dy)

is a measurable mapping. We can now define the probability measure v on S? as

vt(zy, 22, A)v~ (21,22, B)

fy(xl,xQ,AXB) I:l/(x17x25AmB)+ 1—V($17x275>

for any A, B € B(S) whenever v(x1,x2,5) < 1 and
¥(z1, 22, A X B) := v(x1, 29, AN B),

for any A, B € B(S) whenever v(zy,z2,5) = 1. As (x1,22) — (-, z1,22) can
be seen as a composition of measurable mappings, it is measurable as well, and
thus it is a probability kernel. Using the identities of Theorems 8.1 and 8.2 in
Chapter 3 of Thorisson (2000) we can for each fixed (z1,x2) identify vy(z1,z2,-) as
the maximal coupling from Theorem 7.3 in Chapter 3 of Thorisson (2000) and thus
property (i) and (ii) follow. O

The next result shows that it is possible to construct a coupling between two
multivariate distributions which is maximal for the marginal distribution of a fixed
subset of the coordinates.
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Lemma 2.C.2. Let (S,B(S)) be standard Borel space. Let (X',...,X") have
distribution ¢; € P(S™) and (Y1,...,Y™) have distribution (2 € P(S™). Fiz a
ke {1,...,n}. Then there exists a coupling v € P(S?") of ¢! and (? such that the
marginal

Y((dzye x S"7F) x (dype x S"7F))
is a mazimal coupling of the marginals (¥ := ¢y (dz1.p x S"F) and ¢§ := ¢ (dyr.x ¥

Sn—k)'

Proof. By Theorem 7.3 in Chapter 3 of Thorisson (2000) there exists a measure
v € P(S%) such that vy, is the maximal coupling of (¥ and ¢¥. Let

Cl(dxk+1:n‘x1:k) and CQ(dyk+1:n|y1:k)

denote regular versions of the conditional probability of (; and (; given the value
of the first k& coordinates. Define now

’Y(d(xlznv yl:n)) = Cl (d$k+1:n|x1:k)<2(dyk+1:n|y1:k)yk(d(x1:ka yl:k))'

Then we have that

’y(Sn X dyl:n) = <2(dyk+1:n|y1:k)C§(dy1:k) = CZ(dylzn)»
’7(dx1:n X Sn) = Cl (dxk-‘rl:nlml:k)Cf(dml:k) = Cl(dxlzn)a

which confirms that - indeed is a coupling of (; and (5. Furthermore
'Y((d-rlzk X Sn_k) X (dyl:k: X (Sn_k)) - Vk(d(xlzkaylzk))a

which confirms the last property. O

Lemma 2.C.3. Let (S,B(S)) be a standard Borel space. Let ((™)nen with (™ €
P(S™) be C-chaotic in total variation for ¢ € P(S). Then there exists a sequence
of probability measures ¥ € P(S*"™) such that:

(i) The marginal v"(dz1., x S™) is equal to ¢".
(ii) Let C™ := y™(S™ x dy1.n). The marginals (™ := (8™ x (S~1 x dy; x §7~1))
are equal to ¢ for alli € {1,...,n}.
(iii) The marginals y™((S?™1 x dz; x S"~%) x (S*~! x dy; x S"7%)) are equal to a
maximal coupling v}*(dx1,dy1) of C{L’l and ¢ for alli € {1,...,n}.
(iv) The sequence of marginals (En)nEN = (y"(S™ X dy1.n))nen 18 (-chaotic in
total variation.
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Proof. By Theorem 7.3 in Chapter 3 of Thorisson (2000) there always exists a
maximal coupling 77 (dx, dy) of ("™ and ¢. Define now

7(dx1:n7dy1 m) - H’Yl dyl|xz dxl n)

where ' (dy;|z;) is a regular conditional distribution of v]* given x1. Next we check
the properties.

(i) is satisfied since
A" (dxy., X S™) H’yl (S|x:)("(dz1.m) = ¢ (dx1m)-
(ii) is satisfied since

S (S s xS = [ o) T (ke (o)

Jj=1,j#i

= [ e @) = 91(5.dw) = ().
(iii) is satsified since for any By, Bs € B(S)

,yn((si—l % B1 % Sn—i) % (Si—l % 32 % Sn—i))

= T(Ba|zi) A1 (S]z;)¢" (dz1.0)
/Si—lelxsn i H ! ’

Jj=1,5#i

- /B 2 (Bl )¢ (das) = +(By x Ba).

(iv) Set ™% == AP(S™ x dyrp x S"F). Let ((X)iz1, n, (Yi)iz1, n) a family
with distribution . Here (X;);=1,... » has distribution ¢, while (Y;);=1,...», has
distribution (™. By the coupling representation of the total variation distance, we

now have

k

k
dry (™, 8 < P( e, # Yn) < DR £ )

=1
= kY7 (874,) = kdryv (¢™,C),

which converges to zero for n — oo as ((")nen is ¢-chaotic in total variation. Next
we have by the triangle inequality that

dry (CVF, CEF) < dpy (CVF, C™F) + dpy (CVF, ¢FF).

As we have just shown, the first term goes to zero for n — oo, while the second
term goes to zero since ((™),en is ¢-chaotic in total variation. O
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Finally we show that it is possible to extend a given coupling.

Lemma 2.C.4. Let (S, B(S)) be standard Borel space and fix m € N. For i € N,
let CL: S™ x B(SY) — [0,1] and &L : S™ x B(S*) — [0,1] be two probability kernels
and let Vi € P(S?") be a coupling of . and &. Then for any x € S™ there exists
a probability measure vy € P(S™1?) such that

(i) ez x ST = G (™) @ G (dam ),
(”) ,Y)z'{(sm+i % dyl:m+i) — 6x(dy1:m) ® g)i((dmerl:qui)’

where AT (@™, 1)) 1= (A x S7) x Ayt x 51),
(i) 1 ((S™ x dz') x (§™ x dy'¥)) = vi(d(z", y17)).

Proof. Define the measure v« as
Ay (A T (At ),
(i): Since V! is a coupling, we have that
Yo (BT §HE) = i (dgmhmA Si)(s{x’x}(dxl:m x S™)
= Oy (dzB™) L (dg™ Tt
(ii): Proven by a similar argument as (i).

(iii): Note that v (d(a>™,y1™)) = dx x3 (d(@™, ™)), which can be recog-
nised as the maximal coupling of 0, with itself. The result follows.

(iv): It holds that

’}/x((Sm % dxl:i) % (Sm % dylz)) — l/i(d(xl:i,ylZi))d{)gx}(Sm % Sm)

2.D LLN and CLT for chaotic random variables

Let (S, S) be a measurable space and let (2, F,P) be a probability space. Consider
the triangular array ((X'7",..., X™")),en of random variables X%" : Q — S,
where each row X" = (Xb" ..., X™") has distribution X"(P) = Q" € P(S).
Furthermore let X :  — S be a random variable with X (P) = Q € P(S).

Proposition 2.D.1. Assume that (Q"),en s Q-chaotic in total variation and
that f : S — R is measurable. If the sequence (f(X'™))nen is uniformly integrable,
then it holds that

lim E[f(X“")] = E[f(X)].

n— oo
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Proof. Due to chaosticity we have that X¢"(P) = Q! D o= X(P). The
result follows directly from Corollary 2.9 in Feinberg, Kasyanov, and Zgurovsky
(2016). O

The next result is a law of large numbers:

Proposition 2.D.2. Assume that (Q™),cn s Q-chaotic in total variation and let
f 8 — R be measurable with

sup E[| f(X1™)[**¢] < 00,  for some & > 0.
neN

Then it holds that
n 2
Jm | (13 ) - Blrx0]) | <o
=1

Proof. The proof is based on part of the proof of Theorem 3.2 in Gottlieb (1998).
Set p = E[f(X)].

Ki;f i) ) | = o 32 B )0

3,j=1

CEI(F(XM) — )

2 LRI(F(Xm) — ) (X3 — ),

+

The last equality is due the fact that all individuals are identically distributed. Our
assumptions, Lemma 2.E.2 and (3.18) on p. 31 of Bllingsley (1999) imply that
(F(XE™) — )% and (f(X1™) — p)(f(X?™) — u) are uniformly integrable sequences.
Thus by Definition 2.4.1 and Proposition 2.D.1, it holds that

i L[ 2 = (i ) (i BIGCE) -

n—oo N n—oo N n—oo

= 0-E[(f(X) —p)*] =0

and
lim E[(f(X) — p) (f(X>") — )] = 2(E[f(X)] ~ ) =0.
The result follows. O

Now set i, := E[f(X1"] and o2 := E[(f(X1") — u)?] and similarly set p :=
E[f(X)] and 02 := E[(f(X)—pu)?]. It is also possible (under additional assumptions)
to derive a central limit theorem.
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Proposition 2.D.3. Assume that (Q"),ecn s Q-chaotic in total variation and that

lim nE[(f(X5™) — ) (F(X3™) — pp)] = 0.

n— oo

Let f : S — R be measurable with

sup B[| f(X5™)[**¢] < 00,  for some e > 0.
neN

Then

1 - f(Xi’n)f.un

n

If furthermore limy, oo v/n(pn — p) = 0, then
I X)) —p b
LS I iy ),
Vn — o

Proof. Since {X*";¢ = 1,...,n},en are exchangeable and so are {f(X%");¢ =
1,...,n}nen. Therefore we would like to apply a CLT for exchangeable processes
(see Theorem 2 in Blum et al. (1958)).

The first step is to prove the following three equalities:

lim ji, = lim E[f(X"")] = E[f(X)] = p,

lim o, = lim E(/(X") — 1,)%) = E[(/(X) — p)?] == o,
lim p, = lim E[f(X")f(X*")] = E[f(X)]* = *.

Due to our Assumptions, Lemma 2.E.2 and (3.18) on p. 31 of Bllingsley (1999) all
involved sequences are uniformly integrable. Thus all three identities are implied
by chaosticity and Proposition 2.D.1. Using the same argument and the three
identities it follows that

i B[ (L) ”")2(f () = ”)} = LR - P =1

n—00 on on ot

So condition (2) of Theorem 2 in Blum et al. (1958) is satisfied.

A similar argument yields

FXE™) —
On

lim IEH

n—oo

] = LE((x) - )] < oo,

o3

and therefore condition (3) of Theorem 2 in Blum et al. (1958) is satisfied. Finally
we have that

. E[(f(Xl’”) - un) (f(X“) - u)} L 00 ) =0

n— 00 On On o
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This shows that we have the right convergence, which is required for condition (1)
of Theorem 2 in Blum et al. (1958), but not necessarily the required convergence
speed. Therefore we had to assume this in addition to the chaosticity assumption.
Now all conditions of Theorem 2 in Blum et al. (1958) are satisfied and thus we
obtain

1 f(X) = pn p
%;0_7—)]\7(071).

n

Furthermore as lim,,_, pt,, = ¢ and lim,,_,o, 0, = 0 and since we have assumed
that lim, e v/n(pn — 1) = 0, an application of Slutsky’s Lemma yields

L - w_& - f(XLn)_,Un Vn(pn, — 1) b
ﬁ; == (; - >+ B N0, 1).

g g

2.E Auxiliary results

Lemma 2.E.1 (Gronwall’s inequality). Let u, v be non-negative real functions on
the interval [1,T], with v integrable and u bounded and measurable. Let ¢ > 0 and
assume that

t

u(t) < c—l—/ v(s)u(s)ds.

T

Then it holds that
u(t) < cel7v(s)ds

Lemma 2.E.2. Let (z;)i=1,..n» CR and let p > 1. Then

P n
<nPt Z |z:|P.
i=1

n

D i

i=1







Chapter 3

Disability insurance with collective health

claims: A mean-field approach

This chapter contains the paper Furrer and Hornung (2026).

ABSTRACT

The classic semi-Markov disability model is expanded with individual and
collective health claims to improve its explanatory and predictive power — in
particular in the context of group experience rating. The inclusion of collective
health claims leads to a computationally challenging many-body problem. By
adopting a mean-field approach, this many-body problem can be approximated
by a non-linear one-body problem, which in turn leads to a transparent pricing
method for disability coverages based on a lower-dimensional system of non-
linear forward integro-differential equations. In a practice-oriented simulation
study, the mean-field approximation clearly stands its ground in comparison
to naive Monte Carlo methods.

Keywords: Group experience rating; non-linear forward equations; semi-Markov
model.

3.1 Introduction

Disability insurance plays a vital role in ensuring income stability and supporting
part-time employment during periods with reduced earning capacity. In many
countries, disability coverages are sold not only directly to individuals, but also
as part of a company pension scheme. It is therefore essential for insurers to
be able to accurately price such coverages — taking into account the fact that
the physical and psychological work environment of each company likely has a
substantial effect on the frequency, but also the severity, of disability claims. This
suggests the application of group experience rating to disability insurance, which

93



94 CHAPTER 3. FURRER & HORNUNG (2026)

has been explored via an empirical Bayes approach for Markov chains in Furrer
(2019) and Furrer, Sgrensen, and Yslas (2025). However, since the frequency of
disability claims is rather low and single claims with long durations tend to have a
substantial impact on the total loss, such a direct approach to experience rating is
greatly challenged. Simply put: It can be near impossible to distinguish between
‘good’ and ‘bad’ companies, since there is just too limited data available.

In this paper, we address the ‘small data’ issue of infrequent disability claims by
drawing on three observations. First, disability insurance and health insurance are
increasingly, at least in certain countries such as Denmark, sold together. Second,
it is reasonable to expect — at least when adjusting for covariates — that there is a
relationship between an employees disability frequency and the extent of health
claims across all employees; this observation is indirectly based on the assumption
that both factors are largely attributable to the physical and psychological working
environment. For example, a toxic work culture would lead to increased mental
health risk, which would show itself in the form of health claims (consulting a
psychologist, etc.) and, later, in actual disability (loss of working capacity due
to severe stress). Third and finally, the scope of health insurance data is much
more extensive, as this type of insurance is often used on a regular basis. Based on
these observations, we formulate a multi-state model for disability insurance with
integrated information about health claims.

To be specific, we expand the classic semi-Markov disability model (see Hoem
(1972), Helwich (2008), Christiansen (2012), and Buchardt, Mgller, and Schmidt
(2015)) with collective and individual health claims. In the classic model, transition
probabilities, expected cash flows, and prospective reserves may efficiently be
calculated using Kolmogorov’s integro-differential equations. However, if we denote
the number of individuals by n, the inclusion of collective health claims entails that
the computational complexity of the relevant forward equations grows exponentially
in n. Consequently, we adopt the mean-field approach outlined in Hornung (2026)
to obtain, as an approximation in the limit n — oo, a lower-dimensional system of
non-linear forward integro-differential equations. Furthermore, we briefly address
statistical aspects as well as practical implementation.

In general, the insurance liabilities of an individual may depend on the other
individuals either through the payments or, as is the case here, because the indi-
viduals themselves are dependent. In the area of actuarial multi-state modeling,
mean-field approximations have hitherto received the most interest in the former
case, see in particular Djehiche and Lofdahl (2016). In light hereof, we believe
this paper offers a fresh perspective on the application of mean-field theory to the
actuarial field.

The remainder of the paper is organized as follows. In Section 3.2, we expand
the classic semi-Markov disability model with individual and collective health
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claims. Section 3.3 contains a description of the corresponding mean-field model,
including the associated system of non-linear forward integro-differential equations,
and proofs of the required convergences. The next two sections are more oriented
towards practice. In Section 3.4, we introduce and briefly discuss a meta-algorithm
for solving the relevant system of differential equations, while Section 3.5 is devoted
to a simulation study and the comparison of the mean-field approximation to naive
Monte Carlo methods. The paper concludes with Section 3.6 in which we offer

some extensions and avenues for future work.

3.2 Disability model with health claims

This section is devoted to the expansion of the classic semi-Markov disability model
with initially individual health claims and subsequently also collective health claims.

3.2.1 Semi-Markov model

Let (2, F,F,P) be a filtered probability space and write F = (F;);>o. The multi-
state approach to classic disability insurance considers a non-explosive jump process
Z on the finite state space J = {1,2,3} according to Figure 3.1. The initial
distribution of Z is denoted w. We associate to Z a multivariate counting process
N with components Nji, j # k, given by

Nip(t) =#{s € (0,t] : Z;_ = j, Z, = k}.

In this paper, we consider contractual payments prescribed by a payment process
B given by

B(dt) =Y Lz, —jbi(t,Up)dt + Y bjw(t, Up— )Njx(dt), (3.2.1)
J J#k

where U is the duration process associated with Z given by
Uy =t—sup{s €[0,t]: Zs # Z;} for t > 0 and Uy = 0,

while (¢,u) — b;(¢,u) and (¢,u) — b;i(t,u) are measurable functions that are
bounded on compacts and which describe sojourn payment rates and transition
payments, respectively.

Semi-Markov modeling entails the assumption that (Z, U) is Markov, and smooth
semi-Markov modeling adds the assumption that the distributions of the jump
times should be absolutely continuous (with respect to the Lebesgue measure).
An alternative, but equivalent, formulation is in terms of the compensators of the
multivariate counting process, which then should read

E[Nji(dt) | Fo-] = Lyz, —jpun(t, Up-)dt.
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—
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Figure 3.1: State space J = {1,2,3} for classic disability insurance. The arrows
represent the possible transitions.

The functions (t,u) — p;x(t,u), j # k, are the so-called (duration-dependent)
transition rates, which we assume to be measurable and bounded on compacts.

Throughout, we assume implicitly that there exists a maximal contract time
T € (0,00) after which all payments are zero. We may then define the state-wise
prospective reserves at contract inception, (V;);, according to

T
Vi = IE[/ e~ Jo (=) ds p(qy) ‘ Zy = z}

0

where the deterministic interest rate ¢t — r(t) is a measurable function that is
bounded on compacts. If we denote by (4;); the state-wise expected accumulated
cash flows given by

Ai(dt) =E[B(dt) | Zo = 1],
then it holds that

T
Vi = / e~ Jo () ds 4. (dp).
0

In similar fashion, the portfolio-wide prospective reserve at contract inception V'
reads

T t T t
v IE[/ e fo”’(s)dsB(dt)} :/ e~ Jo =) ds g(at),

0 0

where the portfolio-wide expected accumulated cash flow A is given by
A(dt) = E[B(dt)].
In the following, let
pij(t,u) :=P(Zy = 5,U <u|Zy=1i) and pj(t,u) :=P(Z, = j, U, < u).
be the transition probabilities and occupation probabilities, respectively. Note that

b = Zﬂ(i)pzj, A= Zﬂ(i)Ai, V= ZTF(’L)V;

)
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Example 3.2.1. Consider again a disability annuity with a waiting period of € > 0,
corresponding to by(t,u) = bl (>} with b > 0, while all other payments are zero.

t
Al(dt) = / b]l{uze}ng(t, du) dt = b]l{tZE} (piQ(t, t) - pig(t, 6))dt,
0

t
Adt) = / bl useypa(t, du) dt = bl oy (pa(t, £) — pa(t,2)) dt.
0

Consequently,
T t
Vv, = b/ e Jo r(s)ds (piz(tﬂf) —pig(t,é‘))dt,
€

T
V= b/ e Jo T (s (£,8) — pot,€))dt.

The following results are standard — see for instance Buchardt, Mgller, and
Schmidt (2015).

Proposition 3.2.2. It holds that

Az(dt) = Z/O <b] (tv u) + Z bjk(tv u):ujk(ta U))pij (tﬂ du) dt,

kik#j
A =3 / t (bj(t,u) + Y bjk(t,u)ujk(t,u))pj(t,du) dt.
i 70 kik#j

Proposition 3.2.3. Let d > 0. It holds almost everywhere on [d, o) that

d t—d
dtpzj Z / pes (t, w)pig (£, du) — / fja (t, w)pij (t, du)

k:k#j

with boundary conditions p;;(t,0) = Ly—gyL{=;}. It further holds almost every-
where on [d,c0) that

d t—d
<, -y / gttt = [ (k)

k:k#j
with boundary conditions p;(t,0) = 1y—gym(j).

Remark 3.2.4. In light of the reparameterization of Remark 3.2.6 below, Proposi-
tion 3.2.3 states that the transition probabilities solve a version of Kolmogorov’s
forward equations. In fact, they uniquely solve these equations, confer with Feinberg,
Mandava, and Shiryaev (2014) and Feinberg, Mandava, and Shiryaev (2022).

Remark 3.2.5. Note that the occupation probabilities may be calculated directly
or by first calculating the transition probabilities and then taking a weighted
average with respect to the initial distribution; the latter would of course be more
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time-consuming. In particular, the occupation probability p; corresponds to the
transition probability p;; if (i) = 1. This is due to the fact that they have the
same evolution forward through time and this evolution does not depend on the
initial distribution. We emphasize this at the present time because precisely this
property is lost as we turn to mean-field approximations in Section 3.3.

The terms of the integro-differential equations for the transition probabilities
admit an intuitive interpretation. The first term is the aggregate probability mass
stemming from paths starting in ¢ at time zero, transitioning into state k at some
time ¢ — u € [0,t), and staying in state k until transitioning into state j at exactly
time ¢ (inflow). Similarly, the second term subtracts the probability mass stemming
from paths starting in state ¢ at time zero, transitioning into j no earlier than time
d (as the duration at time ¢ should be smaller than ¢ — d), and staying there until
transitioning out of state j at exactly time ¢ (outflow).

The systems of integro-differential equations of Proposition 3.2.3 can be solved
using, for instance, the algorithm presented in Section 3 of Buchardt, Mgller, and
Schmidt (2015). Numerical schemes and practical implementation is discussed in
greater detail in the latter Section 3.4.

Remark 3.2.6. The semi-Markov model can be reparameterized, using the process
Y given by Y; =t — U;, t > 0, instead of U. Since U is the duration since the
last jump, Y is the time of the last jump. Therefore, while (Z,U) is a piecewise
deterministic process, (Z,Y) is actually a jump process. This proves mathematically
convenient.

In fact, the model (Z,U) with transition rates p;x, j # k, and transition
probabilities p;; is equivalent to the model (Z,Y) with transition rates (¢,y) —
Wik(t,y) == pix(t,t —y), j # k, and transition probabilities p;; given by

pij(t,d) =P(Z; =3,Y, >d| Zy=14,Yy=0), 0<d<t.
To see this, we may use the definition of Y to obtain

pij(t,d) =P(Z, = j,Yy > d| Zy = i, Yy = 0)
=P(Z, =4j,U <t—d|Zy=1Uy=0)
:pij(t,t—d)

for 0 < d < t. Applying a change of variables, we arrive at a version of Kolmogorov’s
forward equations for (Z,Y):

t

d . - . -
Grstd = 30 [ tapuedn - [t omed. 0<ast
ks V0

pij(0,0) = Ty
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3.2.2 Extension: Individual health claims

It is reasonable to assume that the past number of health insurance claims of an
individual is informative about the likelihood of a disability claim. Frequent use of
the health insurance policy might predate a disability claim and, similarly, limited
or no use might indicate good overall health. While disability claims are rare, health
claims are frequent; this makes it particularly attractive to utilize the latter in risk
profiling the individual. Therefore, we add to the model a non-explosive counting
process H describing the number of health insurance claims of the individual.
Foremost for notational convenience, we make the simplifying assumption that H
and N admit no simultaneous jumps. Further, we assume that

E[Njk(dt) ‘ ]:t,} = ]l{Zt_:j}Mjk(ty U;_, Ht,)dt,
E[H(dt) | Fe-] = Az,_(t,Us—, H;_)dt.
The functions (¢,u,h) — w;r(t,u, h), j # k, are duration- and health-dependent
transition rates, which we assume to be measurable and bounded on compacts. The
functions (¢, u, h) — A;(t,u, h) are health claim hazards of similar nature, which we

also assume to be measurable and bounded on compacts. It follows that (Z,U, H)
is a Markov process, confer for instance with Theorem 7.3.1(a) in Jacobsen (2006).

Example 3.2.7. In modeling the health claims, a simple choice would be
E[H(df) | F ] = Az, dt,

for non-negative constants A;. In this case, H is a doubly stochastic Poisson
process with hazards depending only on the state (active, disabled, and dead) of
the individual.

In the following, let

pij(t,u,h) Z:]P(Zt = j, Ut S ’U,7Ht = h | Z() = 1)7
p](tﬂ u, h) ::]P)(Zt = ja Ut S Uu, Ht = h)

be the transition probabilities and occupation probabilities, respectively. Note that

pj = 2 ™(1)pij-

Example 3.2.8. Consider again a disability annuity with a waiting period of € > 0,
corresponding to by (t,u) = bl >y with b > 0, while all other payments are zero.
In that case, we now have that

oo t oo
Ai(dt) = /0 bl gy eypia(t, du, h) dt = by > (pia(t,t, h) — pia(t,e, h))dt,
h=0

h=0

[e’¢) t [e%e}
A(dt) = Z/O bl gy eypa(t, du, h) dt = bl > (p2(t,t, h) — pa(t, e, h))dt.
h=0 h=0
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Consequently,

oo

T
Vv, = b/ o~ Jor(s)ds Z (pﬁ(t’ t, h) — piQ(t, g, h))df7
€ h=0

oo

T
V= b/ e~ Jor(s)ds > (patt,h) = pa(t,e, h))dt.
€ h=0
Since the payments themselves do not depend on H, this variable is simply sum-

mated out.

The following two propositions expand Propositions 3.2.2 and 3.2.3 to also include
individual health claims.

Proposition 3.2.9. It holds that

A(dt) ZZ/ )+ 3 bkl et u, ) )i (£ du, b) dt,

Jj h=0 k:k#£j
4@ =33 [ (v 3 ot ) ).
i h=0 k:k#j

Proof. Referring to the martingale property of differences between the counting
processes and their (absolutely continuous) compensators, we find that

Ay(dt) = [bzt(t U)+ 3 bzt Unuzi(t, U, Hy) ‘Zo _z}dt
kik#£Z,

Invoking the relevant push-forward measure, the first statement of the proposition
is immediate. The second statement is proveable in an identical fashion. O

In the following, we adopt the convention that (¢,u) — A;(t,u, —1) is constantly

Zero.

Proposition 3.2.10. Let d > 0. It holds almost everywhere on [d,c0) that

d
dt p’L]( d h‘)
t—d
= > / fkg (ts w, h)pir(t, du, h) — / tj+(t, w, )i (t, du, h)
kik#j

t—d t—d
+ / )‘j (t, u, h — 1)p1] (t, du, h — ].) — / >‘j (t, u, h)p” (t, d’LL, h)
0 0
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with boundary conditions p;(t,0,h) = Ly—oyLn=oy Lgi=jy. 1t further holds almost
everywhere on [d, 00) that

d

—p(t,t —d,h
dth( ? ? )
t t—d
= Z / :u‘kj(tvuah)pk(tvdua h)i/ :u‘j‘(tvu7h)pj(t7du7h)
kik#5 V0 0

t—d t—d
+/ Aj(t,u,h—1)p;(t,du,h — 1) — / Aj(t,u, h)p;(t, du, h)
0 0
with boundary conditions p;(t,0,h) = L—oyLip—oym(4).

Proof. The second statement of the proposition follows, for instance, from the
first statement and the identity p; = >, 7(i)pi;. To prove the first statement, we
consider the trivariate process (Z,Y, H) with Y defined according to Y; =t — Uy,
t > 0; this is a a Markov jump process. By definition, the compensators of the
counting processes associated with (Z,Y, H) are predictable w.r.t. the information
generated by themselves, and thus by Theorem 4.8.1 of Jacobsen (2006), the
distribution of (Z,Y, H) is fully characterized by these compensators. Consequently,
we may invoke (7.17) on p. 151 in Jacobsen (2006) to obtain a system of integro-
differential equations which, after a change of variable similar to Remark 3.2.6,
yields the desired result. O

Remark 3.2.11. In light of the reparameterization utilized in the proof, Proposi-
tion 3.2.10 states that the transition probabilities solve a version of Kolmogorov’s
forward equations. In fact, they uniquely solve these equations, confer with Feinberg,
Mandava, and Shiryaev (2014) and Feinberg, Mandava, and Shiryaev (2022).

Remark 3.2.12. Note that the occupation probabilities may be calculated directly or
by first calculating the transition probabilities and then taking a weighted average
with respect to the initial distribution. In particular, the occupation probability p;
corresponds to the transition probability p;; if m(¢) = 1. This is due to the fact that
they have the same evolution forward through time and this evolution does not
depend on the initial distribution. We emphasize this once again because precisely
this property is lost as we turn to mean-field approximations in Section 3.3.

The addition of individual health claims has not hurt the intuitive interpretation
of the terms of the integro-differential equations. The first line is concerned with
jumps of Z, while the second line is concerned with jumps of H; this split is possible
since simultaneous jumps were disallowed — otherwise, two additional terms would
be necessary. The two terms of the first line are similar to before, but with an
added requirement of H having reached state h strictly before time ¢. The two
terms of the second line are new. The first term adds the aggregate probability
mass stemming from paths for which the h’th health claim occurs at time ¢ (inflow),
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while the second term subtracts the aggregate probability mass stemming from
path for which the (h 4 1)’th health claim occurs at time ¢ (outflow).

The systems of integro-differential equations of Proposition 3.2.3 can, for instance,
be solved by adapting the algorithm presented in Section 3 of Buchardt, Mgller,
and Schmidt (2015). Compared to the situation without individual health claims,
the procedure would have to be used for every triplet (i,j, h) rather than only
every pair (i,7). In practice, one must choose a cut-off Ky, calculate the transition
probabilities for h = 0,..., K, and perhaps extrapolate for h > K. Numerical
schemes and practical implementation is discussed in greater detail in the latter
Section 3.4.

3.2.3 Extension: Collective health claims

So far, we have only considered a single individual — implicitly assuming individuals
to be independent. However, one could easily imagine this to not be the case.
There is of course the obvious example of events and trends that impact society
as a whole, such as pandemics and climate change, but also technological and
medical advancements. However, as explained in the introduction, we rather have
the example of company level insurance plans and collective health claims in mind.
Dependence between individuals here stems from the fact that each employee is
affected by the same physical and psychological work environment. If the insurance
plan contains both disability and health coverage, aggregate information about
health claims, which are much more extensive than disability claims, could serve as
a reasonable predictor of, for example, the disability rate.

To formalize a model able to capture the stylized facts, we consider n € N
individuals, each with an associated trivariate process X%m = (Z4» U*n HO™).
Foremost for notational convenience, we make the additional simplifying assumption
that HV™ Nbr . . H™" N™" admit no simultaneous jumps. We denote by E the
state space of each X®", that is £ = J x [0,00) x Ng, and consider a measurable
and bounded function g : E — R%, d € N. Based hereon, we define the averaged
process v™ according to

and we assume that

E[Nf,;"(dt) | Foe] = L en gy gne(t, Ul HE v )dt, 522
E[H " (dt) | Foo] = Agen(l, Ubt HE" v )t -

The functions (¢,u,h,y) — wir(t,u, h,y), j # k, are duration-, health- as well
as collective-dependent transition rates, which we assume to be measurable and
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bounded on compacts. The functions (t,u, h,y) — X;(t,u, h,y) are health claim
hazards of similar nature, which we also assume to be measurable and bounded on
compacts.

Example 3.2.13. As a concrete example of how the function g might be chosen
in practice, consider g(z,u,h) = max{h, xy} for some kg > 0. In this case,

1 n
v = - E maX{Hf’",/fH}.
=1

Consequently, the transition rate from the active to the disabled state may now
depend on the average truncated number of health insurance claims. In practice,
the impact of truncation can be removed by selecting kg sufficiently large.

If the individuals have the same initial distribution, meaning 74" does not
depend on ¢, then (3.2.2) entails that the individuals are actually identically
distributed. However, they are in general not independent and the Markov property
holds neither for X*™ or v™ nor (X%",v"); only the high-dimensional process
X" = (Xt ..., X™") is always Markov. If we may think of »™ as an external
process driving Z'", which in the context of Example 3.2.13 would be the case
if H%™ is locally independent of Z®™, confer with Aalen (1987), computational
simplifications could surface. It is the (causal) interaction between disabilities and
health claims on a collective level that especially complicate the computational
aspects.

The fact that X™ is a Markov process signifies, at least in principle, that
transition probabilities and other quantities of interest may be computed by solving
(high-dimensional) systems of integro-differential equations. However, even if we
disregard health claims and duration effects, the computational complexity grows
exponentially in n. Thus, already for moderate n such a direct approach likely has
to be abandoned. Monte Carlo methods constitute an alternative, but are rather
slow and should, therefore, only be used as a kind of last resort.

In the next section, we explore an attractive alternative: mean-field approxima-
tions, where the process v is replaced by its mean, restoring the independence
between individuals as well as the computational tractability.

3.3 Mean-field approximation

The idea behind mean-field approximations is to replace averages by mean values —
noting that as n — oo, the average of n exchangeable random variables convergens
to their mean. Specifically, we want to replace the averaged process v” in (3.2.2)
by its mean. The advantage of such an approximation would be the replacement of
the high-dimensional n-individual model by a one-individual limiting model, the
so-called mean-field model.
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3.3.1 Setup and mean-field convergence

The mean-field model corresponding to the n-individual model of Subsection 3.2.3
is given by the trivariate process X = (Z,U, H), where U is the duration process
associated with Z and H is a counting process, with the following characteristics.
First, and foremost for notational convenience, we assume that H and N, where
N is the multivariate counting process associated with Z, admit no simultaneous
jumps. Further, we assume that

E[Njk(dt) | ]‘—t,] = ]l{ZF:j},ujk (t, Ut,7 Ert,, ’U(t—))dt,

~ C (3.3.1)
E[H(dt)| Fi-] = Az, (t,U—, Hi—,v(t—))dt,

where t — v(t) := E[g(X;)]. It is apparent that the empirical average v" has
been replaced by its expectation v. Instead of depending on other individuals, the
compensators of an individual now depend on the distribution of the process X
through the mean v. In other words, X = (Z, UH ) is a distribution-dependent
trivariate process. This has certain mathematical implications, some of which are
beneficial and some of which are not, as we shall soon demonstrate. The type of
convergence that lies behind a mean-field approximation relates to the notion of
chaosticity. In the mean-field literature, one usually employs a notion of chaosticity
based on weak convergence. However, as discussed in Section 7 of Hornung (2026),
it can be preferable to use a stronger notion based on the total variation distance.
In this manuscript, we exclusively use this stronger notion of chaosticity.

Definition 3.3.1. Let (S,S) be a measurable space, and let Q be a probability
measure on (S,S). Then a sequence of exchangeable probability measures (Qp)nen,
with each Q, defined on the corresponding product space (S™, ®}_,S), is said to be
Q-chaotic if

veeN: Q@ Bkt Q,
where QF () := Qn (- x S"7F) for k < n.

Remark 3.3.2. By using the superscript TV, we signify convergence in the total
variation distance. As a gentle reminder to the reader, we may define the total
variation distance dry on the set of probability measure P(S) of a measurable
space (5,S) according to

drv(Q1, Q2) = Ztégl@ﬂfl) - Q(4)], Qi,Q2 € P(5).

An important technical observation is that (P(S), drv) is complete.

Remark 3.3.3. As another gentle reminder to the reader, if Q, describes the
distribution of random variables (Y™ ..., Y™") then Q, (or the random variables
themselves) is said to be exchangeable if

(le,n7 o 7}/1,'@) g (Ya(l),n7 el Ya(n),n)
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for all permutations o : {1,...,n} — {1,...,n}. Intuitively, the joint distribution of
the individuals is unchanged when the individuals are reordered and, consequently,
all individuals must share the same marginal distribution. Note that independent
and identically distributed random variables are automatically exchangeable.

Chaosticity, as Definition 3.3.1 reveals, entails that the individuals become
asymptotically independent in the following manner: any fixed number of individuals
become independent as the overall number of individuals goes to infinity.

In the following, we consider the processes X, X1, ..., X™" as random variables
taking values in the path space of non-explosive jump processes. This space can
be equipped with the o-algebra generated by the coordinate projections, and this
o-algebra corresponds to the Borel o-algebra generated by the J;-subspace topology.
We want to show that the sequence (Q,,),en is Q-chaotic; this is what is understood
by ‘mean-field convergence’.

So far, we have refrained from restricting the initial distribution of X™ and X. By
definition, US™ = HE™ = Uy = Hy = 0. The minimal condition would thus be to
assume m-chaosticity of (Zy™",..., Zg"™)(P) for some m, which is the assumption we
adopt in the remainder of this section. Note that if the individuals are independent
and identically distributed at time zero, then this minimal condition is automatically

satisfied with 7 = #w1:1.

The following conditions on the transition rates, the health claim hazards, and
the averaging function ¢ are sufficient to ensure the desired mean-field convergence.
For just the existence and uniqueness of the mean-field model, less may do.

Condition 1.

a) The transition rates (t,u, h,y) — pix(t,u, h,y), 7 # k, and the hazards
(t,u,h,y) — Aj(t,u,h,y), in addition to being bounded on compacts, are
bounded in h and satisfy the following Lipschitz conditions: There exist non-
negative constants Cj, and C; such that, for all y1,y> € R?, all u € [0,T],
and all h € Ny, it holds that

|N’jk(ta u, ha yl) - Mjk(ta U, h> y2)| S Cijyl - y2||7
|)\j(t7 u, h7 ?Jl) - )\J(t7 u, h7 y2)| S Cijl - y2||
b) The averaging function (z,u,h) — g(z,u, h), in addition to being bounded,

satisfies the following Lipschitz condition: There exists a non-negative constant
Cy such that, for all ui,us € [0,T], all z € J, and all h € Ny, it holds that

||g(z,u1,h) - g(Z,UQ,h)H < Cg‘ul - u2|'

Remark 3.3.4. Let P(E) denote the set of all probability measures on E equipped
with the Borel o-algebra, and let dgy, denote the so-called bounded-Lipschitz dis-
tance on P(E). Condition 1 is sufficient to ensure that (¢, u, h, p) — ;& (¢, u, h, fE gdp),
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j # k, and (t,u,h,p) — A;(t,u, h, [, gdp) are bounded and satisfy the following
Lipschitz conditions: There exist non-negative constants C;, and C; such that, for
all p1,p2 € P(E), all uw € [0,T], and all h € Ny, it holds that

ujk(t,u,h,/Egdpl) */ij(t,u, h,/Egdp2>
)\j<t,u,h,/Egdp1> —)\j(t,u, h,/Egdpg)

These are the Lipschitz conditions that are actually exploited to verify the existence

< Cjrdpr(p1, p2),

< CjdpL(p1, p2)-

and uniqueness of the mean-field model and to establish the desired mean-field
convergence.

Due to Condition 1, we have conveniently and firmly positioned ourselves within
the general mean-field theory, see for instance Hornung (2026). Consequently, we
immediately obtain the following result, which confirms the desired mean-field
convergence and establishes the mean-field model as an approximation to the
n-individual model.

Theorem 3.3.5. Suppose that Condition 1 is met. Then the mean-field model
exists and is unique. Further, with Q, := X"(P) and Q := X(P), it holds that
(Qn)nen is Q-chaotic.

Proof. We adopt the reparameterization of Remark 3.2.6 for both X%™ and X.
This yields the following systems of integral equations:

dz;™ =37 (k= ZP )N (), YT = (6= YT YO NG (dn), dHT = dH]T
k k
dZy =Y (k= Z )Np(dt), dY;=(t—Y,_)> Ni(dt), dH, = dH,
k k

where le’” = Zj Nf,;" and N, := Ej Nji. Proposition 3.14 of Hornung (2026)
shows that Condition 1 is sufficient for the validity of Theorem 3.7 and Theorem 4.4
in Hornung (2026), with the former ensuring the existence and uniqueness of the
mean-field model and the latter confirming the postulated chaosticity. O

We conclude this subsection with a brief discussion on regular conditional dis-
tributions in mean-field models. If Y is an ordinary Markov process, then it is
completely described by its initial distribution and its transition probabilities. In
particular, we may determine its occupation probabilities by integrating the tran-
sition probabilities with respect to the initial distribution or, vice versa, we may
determine the initial distribution via disintegration of the occupation probabilities
with respect to the transition probabilities. In other words, changing the initial dis-
tribution only affects the occupation probabilities — not the transition probabilities;
confer also with the discussions in Section 3.2.1.
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In a mean-field model, the transition probabilities depend on the initial distribu-
tion, so changing the initial distribution affects not only the occupation probabilities,
but also the transition probabilities. This means that caution should be exercised
when interpreting conditional expectations such as E[h(X) | Zy = i] for some suit-
ably regular function h. This expectation represents integration with respect to
a regular conditional distribution of X given Zy, that is it involves the transition
probabilities of X, which depend on the limiting initial distribution 7.

3.3.2 Actuarial applications

The contractual payments remain on the form (3.2.1), meaning we consider B%"
and B given by

Bty =31 (i bi(ts US™)dE+ > b, UPM NG (dt),
J J#k
B(dt) = 1z, _pbi(t, Ui )dt + Y bye(t, Uy ) Njx(dt).
J J#k
Recall that (¢, u) — b;(t,u) and (¢, u) — b;x(t, u) are measurable functions that are

bounded on compacts.

The following results provide an actuarial perspective on Theorem 3.3.5, illumi-
nating how the total variation convergence of state processes gives rise to laws of
large numbers that substantiate the use of mean-field approximations for, among
other things, pricing and reserving purposes.

Proposition 3.3.6. Suppose that Condition 1 is met. It then holds that

1 n T too X I2 T to (e =
- E / e~ Jo r(s) dee’"(dt) 4OHF |:/ e~ Jo r(s) dsB(dt):| )
n 0

=1

0
Furthermore, if w(i) > 0, then

n T _ [ty(s)ds
D Ligen_y Jo e Jor(s)ds gl (dt)
% D1 1{25":1'}

T
it E[/ e~ Jo ) ds B(d) ‘ Zy = z]

0

Proof. We can view B as a measurable mapping from the path space of non-explosive
jump processes into R. Theorem 3.3.5 ensures chaosticity and Proposition 6.10
of Hornung (2026), Condition 1, and the boundedness on compacts of (¢,u) —
b;j(t,u) and (t,u) — b;k(t,u) ensure sufficient integrability. The desired results
then follow from Proposition 6.6 of Hornung (2026). O

The limits appearing in Proposition 3.3.6 are so-called mean-field prospective
reserves. The state-wise prospective mean-field prospective reserves at contract
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inception, (V;);, are defined according to

T
Vi _]E[/ e Jor ) ds Bdp) ‘ Zy _z},

0

while the portfolio-wide prospective mean-field reserve at contract inception V
reads

T
V= EU e~ Jor(s) dsB(dt)]
0

If we denote by (A;); the so-called state-wise mean-field accumulated cash flows,
which are given by

Ai(dt) = E[B(dt) | Zo = i,
then it holds that

T
7 = / e~ ST 1, (ap).

0

In similar fashion, with A the mean-field accumulated cash flow given by
A(dt) = E[B(dt)],
it holds that

_ T t —
V:/ e~ Jo () ds g(qp).

0

These prospective reserves and expected cash flows should be seen in comparison to
those of the n-individual model, namely (V;"™);, V1™, (A]™);, and A" given by

T T
yin — ]E|:/ e~ Jir(s) dsBl’n(dt) ‘ Zé,n _ i:|, yln — ]E|:/ e Jir(s) dsBl’n(dt) ’

2 0 0
AP™M(dt) = E[BY(dt) | Zy™ = 4], AV (dt) = E[BY"(db)],

and satisfying

T T
V—il,n _ / e f(; r(s) dsAan(dt), Vl,n _ / e~ f(; r(s) dSAl’n(dt).
0 0

The following proposition establishes the mean-field cash flows and reserves as
viable approximations of their n-individual counterparts.

Proposition 3.3.7. Suppose that Condition 1 is met. It then holds that
VIV oand YVt >0: AY(t) — AV(0) — A(t) — A(0).
Furthermore, if ©(i) > 0,, then

VIS Vioand YE>0: ANT(E) — APT(0) — Ag(t) — A (0).
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Proof. The argument for the expected cash flows is similar to that of the reserves,
so we focus on the latter. Theorem 3.3.5 ensures chaosticity and Proposition 6.10
of Hornung (2026), Condition 1, and the boundedness on compacts of (¢,u) —
b;(t,u) and (t,u) — b,x(t, u) ensure sufficient integrability. The desired result then
follows from Proposition 6.3 and Proposition 6.4 of Hornung (2026). O

Having formally verified the usefulness of the mean-field model, we now discuss
how to calculate mean-field cash flows and reserves. To this end, let

plj(t7u7h) ::]P(Zt :j7 Ut S U,Ht = h|ZO = 1)7
pi(t,u,h) :=P(Z, = j,U; <u,H; = h)

be the mean-field transition probabilities and occupation probabilities, respectively.
Note that, with 7 the limiting initial distribution,

pi=> m()pij, A=Y w4, V=> ni)Vi (3.3.2)

The following proposition expands Proposition 3.2.2 to not only include individual
health claims, but also mean-field effects. It should be compared to Proposition 3.2.9.

Proposition 3.3.8. It holds that

J(dt) ZZ/ u) Yy bjk(t,u),ujk(t,u,h,v(t)))ﬁij(t,du,h)dt,

j h=0 kikAj
j h=0 kikj
ZZ/ (4,u, R)p;(t,du, h) = ZZ/ (4, u, h)Psj (¢, du, h).
Jj h=0 j h=0

Proof. The core argument is exactly the same as in the proof of Proposition 3.2.9.
O

It is worth noting that the calculation of mean-field accumulated cash flows, and
therefore also mean-field reserves, is thus no more involved than the calculation
of expected accumulated cash flows and reserves in the one-individual model — if
occupation and transition probabilities are readily available and intermediaries such
as v are easy to calculate.

Example 3.3.9. Continuing Example 3.2.13 with g(z,u,h) = max{h,rp}, it
follows that

”U(t) = Z Z max{ha K:H}ﬁj (ta t, h) = Z W(Z) Z Z max{h, K:H}ﬁij (ta L, h)a

i h=0 i h=0
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which is a rather straightforward to calculate based on the mean-field occupation
or transition probabilities.

Let us begin by exploring the calculation of the mean-field occupation proba-
bilities. In the following, we adopt the convention that (¢, u,v) — A;(¢,u, —1,v) is
constantly zero.

Proposition 3.3.10. Let d > 0. It holds almost everywhere on [d,c0) that

t t—d
= Z ‘ / Mg (tv u, h, ’U(t))ﬁk (t,du, h) — A Hje (t7 u, h, v@))ﬁj (t,du,h)

kik#£5 70
t—d t—d

+/ M (b, b — 1, 0(6))py (1, duy b — 1) — / A (£, b o(0))9; (1, du, )
0 0

with boundary conditions p;(t,0,h) = 1—oy Lip—oy7(4).

Proof. Adopting the reparameterization and change of variables from Remark 3.2.6,
the result follows from Proposition 3.9 of Hornung (2026), which yields a forward
equation for (Z,Y, H). O

Contrary to the second part of Proposition 3.2.10, the forward equation for the
mean-field occupation probabilities is non-linear since the transition rates and health
claim hazards depend on v (in a possibly non-linear fashion) and v is a function
of the occupation probabilities themselves, confer with Proposition 3.3.8. As a
consequence, we can no longer be completely assured that the equations admit a
unique solution. The practical consequence is that the actuary must be particularly
vigilant regarding a solution’s mathematical characteristics and concrete impact.

Furthermore, the non-linearity of the equations gives reason to handle the mean-
field transition probabilities with additional care. In the one-individual model,
confer with Remark 3.2.5, the evolution in time of the occupation and transition
probabilities was identical and, hence, we could calculate the transition probabilities
using the same equations as for the occupation probabilities, but with changed
initial conditions (from 7(j) to 1y;,—;}). However, as we discussed briefly at the
end of Subsection 3.3.1, in the mean-field model the evolution in time depends
on the initial distribution through v. The intuition is as follows. The mean-field
occupation probabilities (p;); represent the occupation probabilities for a typical
individual in a very large group of identically distributed individuals, who all have
initial distribution 7 and all depend on each other through the group average.
Thus changing the initial distribution 7 not only corresponds to changing the
initial distribution of one individual, but it also corresponds to changing the initial
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distribution of the entire group and thus the group average. Or, in other words,
trying to equate occupation probabilities from equations with different initial
conditions corresponds to equating the occupation probabilities of two individuals
with different initial conditions, but also from two different groups!

In summary, we cannot calculate the mean-field transition probabilities by simply
changing the initial (or boundary) conditions. However, if we treat v, which depends
on the occupation probabilities, as fixed, we may actually calculate the mean-field

transition probabilities in the usual manner.

Proposition 3.3.11. Let d > 0. It holds almost everywhere on [d,c0) that

d _
apu (t, t— d, h)

t t—d
= Z A / Hkj (tv u, h» U(t))pij (ta dua h) - /0 e (t’ Uu, hv v(t))ﬁij (ta duv h)

kik#£5 70
t—d t—d
+/ Aj(tu, b= 1,0(8))pij (¢, du, b — 1) — / Aj (&, w, by v(t))pij(t, du, h)
0 0
with boundary conditions pj(t,0,h) = 1y—oy L=y Limjy -

Proof. Adopting the reparameterization and change of variables from Remark 3.2.6,
the result follows from Proposition 3.11 of Hornung (2026), which yields a forward
equation for (Z,Y, H). O

The intuition behind these linearized forward equations is as follows. Imagine
a very large group of M individuals of which all but one have initial distribution
m, while the remaining individual has a degenerate initial distribution, say this
individual’s initial state is almost surely ¢. Since the individuals solely depend on
each other through their group average, and the contribution of one individual to
this average is negligible as M — 0o, we may still replace the average by v — also
when calculating the occupation probabilities of the remaining individual. However,
for this individual the occupation probabilities now correspond to the mean-field
transition probabilities (p;;);.

Collecting results leaves us with two ways of calculating the mean-field transition
probabilities. Either we first determine the mean-field occupation probabilities
by solving the non-linear forward equations from Proposition 3.3.10, use these to
calculate v, and then finally find the mean-field transition probabilities by solving
the linearized forward equations from Proposition 3.3.11. Alternatively, we recall
that

o) = S r Y [ atiwm (. du b,

i h=0
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consider the forward equations from Proposition 3.3.11 as non-linear, and solve these
directly. If one is only interested in the mean-field transition probabilities (p;;);
for a specific ¢, the first method is to be preferred. Otherwise, neither method is
inherently superior to the other and, in any case, for both methods the non-linearity
entails that we may no longer be absolutely certain that the resulting solution is
unique.

3.3.3 Statistical aspects

For most practical purposes, estimates of the (collective-dependent) health claims
hazards (t,u, h,y) — Aj(t,u, h,y) and transition rates (¢, u, h,y) — p;x(t, u, b, y),
j # k, are required. If only a single collective is observed, identifiability of the
collective effect may become particularly challenging. However, as briefly described
in the introduction , we have the example of company level insurance plans in
mind — with the insurer signing contracts with several (relatively independent)
companies. In the following, we therefore outline how estimates may be obtained in
the presence of multiple, mutually independent, groups; for notational convenience,
we omit the inclusion of individual- and company-level covariates.

We begin by considering a single company consisting of n employees observed in
the interval [0, R"], with R™ a common random time describing right-censoring of
the company. Subject to classic assumptions, including independent right-censoring,
the partial log-likelihoods

R"
log{L} = Z/ log{/\Ze (8, U PR 2 v ) YH ™ (dt)

-

D3 / Ageo (UL HEZ v ) dt,
=170

n R’VL

ont2sc) = 3 [ w1V HE )N
/=1

n R"
S [ T
=170

offer a reasonable starting point for inference, confer with Section I11.4 in Andersen
et al. (1993).

In the presence of multiple, mutually independent, companies, the relevant partial
log-likelihoods are simply sums of the each company’s contribution. Temporarily
discretizing the transition rates and health claims hazards using a grid with time,
duration, etc., usually produces a good approximation, and the resulting expressions
correspond to Poisson likelihoods with occurrences and exposures as one might
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expect. Therefore, estimates of health claims hazards and transition rates may be
obtained non-parametrically, semi-parametrically, or parametrically using standard
techniques for occurrence and exposure data.

3.4 Practical implementation

The expected accumulated cash flows and prospective reserves may be computed
from the transition and occupation probabilities via numerical integration and, for
instance, using the trapezoidal rule. It is the computaton of probabilities based
on forward integro-differential equations that requires special attention. In the
following, we briefly describe how the meta-algorithm of Buchardt, Mgller, and
Schmidt (2015) can be adapted to be fit for purpose for the task at hand. We
focus on the system of Proposition 3.3.10; the other systems of integro-differential
equations are, ultimately, special cases or of significantly less sophistication.

Obviously, p;(t,t—d,h) = 0 for d > t and p;(t,t—d, h) = p;(¢,t, k) for d < 0. We
therefore for ) > 0 with 7'/n € N consider the discretization D of {(t,d, h) € [0, T]* x
Ny : d < t} consisting of points (nm,nn, h) for n,m,h € Ny with n < m < T/n.

The goal is to calculate (p;); on D. This first involves selecting a cut-off
Kpg and for all j equating p;(-,-, h) with zero for h > Kp. To select the cut-
off, one may look for a deterministic constant A which uniformly bounds the
health claims hazards on [0,T], and then for an error threshold err > 0 select
Ky = inf{K € Ny : P(H > K) < err}, where H ~ Poisson(AT). Next, one can
apply the following meta-algorithm:

Initial stage (0). The boundary conditions yield the values 5,(0,0,h) =
T{p—0y(j) for all j and all h.

Subsequent stages (m + 1). The non-linear integro-differential equations
of Proposition 3.3.10 together with the formula for v of Proposition 3.3.8
may be used to calculate

for all j and all h and d € {0,7,12,...,n(m + 1)}

based on
Dj(nm,nm —d, h) for all j and all h and d € {0,n,72,...,nm}
and the boundary conditions
pj(n(m+1),0,h) =0 for all j and all h.

This can be done using for instance Euler steps, taking care of the integrals
via the trapezoidal rule. Efficiency may be gained by storing and reusing
computations related to the integrals.
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The sequence of stages for m = 0,1, 2, 3 is illustrated in Figure 3.2, which mirrors
Figure 2 in Buchardt, Mgller, and Schmidt (2015). The time complexity given a
cut-off Ky is of the same order as in the classic semi-Markov disability model, but
differs by about a factor of Kp.
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Figure 3.2: lllustration of a sequence of stages in the meta-algorithm.

3.5 Simulation study

The purpose of this section is to assess the quality of the mean-field approximation
through a practice-oriented simulation study. In Subsection 3.5.1, we outline
the specific model and its connection to practice. Subsection 3.5.2 concerns the
quality of mean-field reserves compared to a naive Monte Carlo approach, while
Subsection 3.5.3 presents some additional insights on the nature and the convergence
of the mean-field approximation. Finally, in Subsection 3.5.4 we discuss how to
adapt the model to also handle lapse risk — from a practical perspective.

3.5.1 Setup

In order to specify a concrete model, we must specify the initial distribution, tran-
sition rates (t,u,h,y) — p;r(t,u, h,y), j # k, health claims hazards (t,u, h,y) —
Aj(t,u, h,y), and the function g. For the initial distribution, we assume for simplic-
ity that individuals are independent and active at time zero. For the health claims
hazards, we follow Example 3.2.7 and choose \;(t,u,h,y) = \; with parameter
values

M =02 X=03 M\=0,
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implying in particular that health claims are 50 % more likely while disabled than
active. For the transition rates, we choose

_9.55+0.24(t+45)—0.0046(t+45)2+0.000036(t+45)3eﬁ min{ =7 W) —G ,Co}

piz(t,y) =e |
p13(t) = 0.0005 + 10°-52+0-038(t+45)—10

Lo (£, 1) = €11 70-039(t+45)—1.4du

fi23(t, w) = 0.0005 + 105-52+0.038(t+45)-10 | (=2.79-0.23u_

In particular, solely the disability rate depends on the collective and solely the
recovery rate and the disability mortality depend on duration. The collective effect
on the disability rate is included via the term

ﬁmin{%ﬁ(y +¢1) — Cl,Co}

with parameter values
=2, (=01, ¢(y=04.

Finally, we follow Examples 3.2.13 and 3.3.9 and choose g(z,u, h) = max{h, kg }
with kg = 100, meaning that the dependence on the collective stems practically
speaking only from the average of health claims. This corresponds to the average
and expectation

. 1 n on B e’} )
= Zmax{Ht Jku}t, o(t)= Z Z max{h, kg }p1j(t,t, h)
=1 j h=0
for the n-individual and mean-field model, respectively.

The collective health claims influence the disability rate pi2 by means of a
credibility factor, taking into account time passed. Inserting y = v™, we identify

the term
" oty 1
T ) = e T
as a credibility formula between the collective rate v}’ /t and a baseline (;. Conse-
quently,
)¢
y _
[FE L

yields the deviation from the baseline. At time zero, where no collective information
is available, all weight is placed on the baseline (7. As time passes — and more
and more information becomes available — more and more weight is based on the
collective rate v}'/t. However, by introducing a maximum positive deviation given
by the parameter (j, we ensure that in no case can the deviation exceed (y. Finally,
the parameter 8 controls the influence of health claims on the disability rate.
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The parametrizations mirror forms seen in practice, and the parameter values
are chosen to obtain rates which are reasonable for an individual of age 45 years.
Select parameter values are collected in Table 3.1. It is worth noting that the
baseline (; is chosen quite low compared to the health claims rates A1, Az, As.

Parameter Value Description

A1 0.2 Health claims rate, active

A2 0.3 Health claims rate, disabled

A3 0 Health claims rate, dead

G 0.1 Collective health claims effect, baseline
Co 0.5 Collective health claims effect, maximum
B8 2 Collective health claims effect, influence

Table 3.1: Select parameter values for the simulation study.

Following Example 3.2.8, the contractual payments correspond to a disability
annuity with a waiting period. That is, we consider

AB;™ =1 yen_y ba(t, U/ dl

with by (t,u) = 1(y>-)b. We choose b =1 and e = 0.25, the latter corresponding to
the rather common waiting period of three months. Finally, we choose r = 0.01
and T = 25.

3.5.2 Main results

Since solving the forward integro-differential equations for the n-individual model is
not computationally feasible for n > 1, we mainly consider two ways of calculating
the reserve V1"

1. By means of a naive Monte Carlo method, repeatedly simulating the n-
individual model

2. Employing the mean-field approximation V = V" and solving the resulting
non-linear integro-differential equations.

In the naive Monte Carlo method, we repeatedly sample paths of the process
X" = (Xb7 ..., X™") via inhomogeneous Poisson processes using the by now
classic acceptance-rejection method described in Lewis and Shedler (1979). Denoting
the samples by m = 1,..., M, this yields the estimate

1 &L s T
_— - — [ir(s) dsBZ,n,m dt
Mmz_l(n;/o e I (@)

which for n > 1 should have substantially lower variance than the neonatal estimate

1 [T
M Z /0 e Jo r(s) dsBl’n’m(dt)
m=1
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due to chaosticity.

To solve the integro-differential equations, compute the expected accumulated
cash flows, and finally calculate the reserves, we adopt the implementation outlined
in Section 3.4. In particular, we employ the Euler method and, for numerical
integration, the trapezoidal rule. The numerical methods are implemented in the
programming language R. For the choice of cut-off, Ky = 20 is more than sufficient
since the health claims hazards are bounded by A = 0.3 and with H ~ Poisson(S\T)
the excess probability P(H > 20) is negligible. In Figure 3.3, we illustrate the
convergence of the numerical method in terms of the total number of steps and the
cut-off K. The top plot shows the computed reserve for a fixed cut-off Ky = 20
and various total number of steps. Based hereon, we select a step length of 0.0125
corresponding to a total number of steps of 2,000. The bottom plot shows the
computed reserve for this step length and various cut-offs. Based hereon, we select
a cut-off of Ky = 15.
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Figure 3.3: Convergence of the numerical method as a function of the total number of
steps with the fixed cut-off Ky = 20 (top) and as a function of the cut-off with 2,000 total
number of steps (bottom); the dotted lines indicate the values selected for the subsequent
analyses.
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For n > 1 we only consider the mean-field approximation. For n = 1 we also
consider the one-individual model, yielding the ‘true’ value for the reserve. We
present our main results in Table 3.2; for the Monte Carlo method, a large sample
size of M = 40,000 is chosen. The first observation is that that both the mean-field
approximation and the Monte Carlo estimate deviate substantially from the true
value for the one-individual model. While this is to be expected from the mean-field
approximation, and indicates that the collective effect on the disability rate is
non-negligible, it also signifies that the Monte Carlo estimate has not converged
for n = 1. For n = 2,5 we continue to see substantial differences between the
mean-field approximation and the Monte Carlo estimates, while for n = 25,50, 100
the differences are less pronounced. The seemingly increased stability of the Monte
Carlo estimates for larger n are due to the aforementioned chaosticity-induced
variance reduction.

n | Mean-field Monte Carlo  True

1 1.629 1.647 1.668

2 1.629 1.651 —

5 1.629 1.661 —
25 1.629 1.633 —
50 1.629 1.630 —
100 1.629 1.629 —

Table 3.2: Reserves V'™ computed using the mean-field approximation and a naive Monte
Carlo method (with sample size M = 40,000), respectively, for n = 1,2,5,25,50,100.

n | Mean-field Monte Carlo

1 1m34s 30s

2 1m34s 45s

5 1m34s 1m49s
25 1m34s 10m10s
50 1m34s 22mb8s
100 1m34s 52m30s

Table 3.3: Runtimes using the mean-field approrimation and a naive Monte Carlo method
(with sample size M = 40,000), respectively, for n = 1,2,5,25,50,100.

To further compare the performance of the mean-field approximation to the
naive Monte Carlo method, we include in Table 3.3 runtimes corresponding to
the computations in Table 3.2. The runtime measurements are derived from non-
optimized code executed on a hardware configuration with an Intel(R) Core(TM)
i7-8700 CPU (using one of six cores) as well as 2x16 GB DDR4 2400 MHz RAM.
Proper code optimization should lead to significant improvements for both the
mean-field approximation and the Monte Carlo method, but perhaps to a lesser
degree for the latter due to its inherent simplicity. In terms of runtimes, we see
that the Monte Carlo method (using the large sample size of M = 40,000) remains
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competitive for n = 5 but already for n = 25 is much slower than the mean-field
approximation.

n | Second lowest Average Second highest Standard deviation
2 1.632 1.651 1.673 0.0122
5 1.627 1.643 1.661 0.0087
25 1.626 1.633 1.639 0.0035

Table 3.4: Statistics for 50 repeated applications of the naive Monte Carlo method to
estimate VY™ with n = 2, 5,25.

The deviations between the mean-field approximation and the Monte Carlo
estimates for moderate n could indicate that the mean-field approximation is
somewhat poor, that the Monte Carlo estimate has yet to fully converge, or both.
Table 3.4 contains statistics for 50 repeated applications of the naive Monte Carlo
method with n = 2,5,25. The quantiles and the standard deviations both indicate
substantial variance in the Monte Carlo estimates, and for n = 5,25 the mean-
field approximation is contained in the empirical 90 % confidence intervals. This
confirms that M = 40,000 does not suffice to ensure the convergence of the Monte
Carlo estimates. Therefore, we must conclude that the mean-field approximation
constitutes a necessary, and rather efficient, alternative already for moderate n.

3.5.3 Further findings

The reserve in the one-individual model is about 2.38 % larger than the mean-field
reserve. This is because in the one-individual model, the effect of health claims on
the disability rate is calculated based only on the health claims history of a single
individual, meaning that the (likely) occurrence of just one health claim causes
the disability rate to spike quite violently upwards, confer also with Figure 3.4.
Since this is not similarly counteracted by downwards movements, there is a larger
probability of disability in the one-individual model compared to the mean-field
approximation and consequently also a larger reserve.

The mean-field convergence implies that ™ — v as n — oo. This convergence is
neatly illustrated in Figure 3.5, which mirrors Figure 3.4, but has n = 5,25,100
rather than n = 1. Substantial deviations in disability rate appear even for n = 25.
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Figure 3.4: Disability rate (left) and credibility formula (right) for a single realization
of the one-individual model (y = v') with the mean-field approzimation (y =v) and the
baseline (y = (1).
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Figure 3.5: Forn = 5,25,100 disability rates (left) and credibility formulas (right) for a
single realization of the n-individual model (y = v™) with the mean-field approzimation
(y = v) and the baseline (y = (1).
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To assess the quality of the convergence, we may additionally study histograms
of the average present values

R
- Z / e Jo r(s) dsBé,n,m(dt)
M=o

for m = 1,...,M, where M = 40,000. The resulting histograms for n =
5,25,50,100 can be found in Figure 3.6. For n > 50 the clear shape of a bell
curve emerges, which would seem to indicate that besides the laws of large numbers
already covered in Section 3.3, a central limit theorem might also hold. Propo-
sition 6.7 in Hornung (2026) confirms exactly such a central limit theorem, but
subject to a covariance condition that is difficult to verify theoretically. Figure 3.6
offers empirical support for the conjecture that, in this specific model, the condition
is met.
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Figure 3.6: Histograms of average present values for n = 5,25,50,100; as n increases, a
clear bell curve emerges.



122 CHAPTER 3. FURRER & HORNUNG (2026)

3.5.4 Inclusion of lapse risk

Throughout, we have made the assumption that the group of insured is closed —
that is, members do not leave and new members do not join. This is not realistic
for the application we have in mind, where group members constitute employees
and the group a specific employer. In this subsection, we study the impact of lapse
risk on the calculation of the reserve; besides lapse risk affecting the individual,
lapses may change the group composition and hereby the collective effect in the
disability rate.

We suppose that lapses occur solely from state 1, that is when the individual is
active, and denote the rate of lapse by t — «(t). We consider three different ways
of including lapse risk:

Approach A — individually. Lapse risk affects only the individual and not
the collective: We first calculate p and v excluding lapse risk, that is with p.
unchanged, and then we repeat the calculation of p using this v and including
lapse risk, that is adding « to 1.

Approach B — collectively. Lapse risk affects both the individual and the
collective: We calculate p and v including lapse risk, that is adding « to p1.

Approach C — collectively with adjustment. Lapse risk affects both the
individual and the collective, but with an adjustment to account for the effect it
has on the group composition: We calculate p and v including lapse risk, that is
adding a to p1., but we adjust the formula of v according to

X e gmax{h, ki dpi (4t h)
> Soneoprj(t,t,h)

Note that — since p has been calculated with a added solely to the diagonal

v(t)

element p1. — the denominator is less than one.

Recall that v is, practically speaking, describing the expected number of health
claims of a typical individual in the group. Introducing lapse risk, one might ask:
What do we understand by ‘group’ and does its composition change over time? If
we do not adjust the formula of v, the one understands the group as composed of
both lapsed individuals (with future health claims unrecorded) and individuals yet
to lapse. If we adjust the formula of v as in Approach C above, one understands
the group as solely composed of the individuals yet to lapse.

In Table 3.5, we present mean-field approximations of the reserve for constant
lapse rates of 0.02, 0.05, and 0.1. We see, as one would expect, that the reserve
decreases as the lapse rate increases. The inclusion of lapse risk produces similar
results in Approach A and C, while Approach B admits even lower reserves. This
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is because increasing the lapse rate not only decreases the likelihood that the
individual utilizes their disability insurance, but also decreases the collective effect
on the disability rate through the unadjusted v.

«a | Individually Collectively  Collectively with adjustment
0% 1.629 1.629 1.629
2% 1.311 1.271 1.310
5% 0.974 0.916 0.973

10 % 0.639 0.586 0.637

Table 3.5: Reserves V'™ computed using the mean-field approzimation and including
lapse risk across Approach A, B, and C.

To further illuminate the different approaches, we plot in Figure 3.7 the disability
rates and credibility formulas for a lapse rate of 0.05. The observed effects are
consistent with the results for the reserve; however, we see that although the
reserves in Approach A and C are virtually indistinguishable, the underlying
credibility formulas are indeed different. This is because the implicitly assumed
group compositions are different, with there being a higher proportion of disabled
and dead individuals in Approach C compared to Approach A; this is due to the
fact that only active individuals may lapse.

The most important conclusion to draw from the findings presented in this
subsection is the following. There are indeed discrepancies in the reserves calculated
across Approach A, B, and C, and these discrepancies stem from differences in
implicit assumptions regarding the composition of the group. Which approach is
appropriate depends on how changes to the composition of the group have been
taken into account in the estimation of the disability intensity. This is about
properly adjusting v™ in the presence of samling effects so it remains observable
yet still related to the estimand of interest.
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Figure 3.7: Disability rate (left) and credibility formula (right) for a lapse rate of 0.05
and across Approach A, B, and C together with the baseline.
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3.6 Outlook

In Subsection 3.5.4, we gave a practical perspective on how to account for lapse
risk. The idea was to make plausible that the methods developed in this paper for
closed groups may also be adapted to the situation where members leave and new
members join. From a more theoretical perspective, to capture such policyholder
behavior and sampling effects, one can expand the state-space to encompass group
entries and exits. In principle, this is not at odds with the mean-field theory or the
likelihood-based estimation, except that one — as illustrated in Subsection 3.5.4 —
may have to adjust v™ and v to the situation at hand. The detailed mathematical
and statistical analysis of such adjustments, including alternative choices of v™,
constitute an interesting avenue for future work.

In this paper, we focus on valuation at contract inception by firmly placing
ourselves at initial time ¢ty = 0 in the calculation of reserves, and we make the
simplifying assumption that Ug’" = Hg’" = 0 and thus Uy = Hy = 0. To
establish mean-field convergence, we only needed the assumption of m-chaosticity
for (Z3™, ..., Zy™)(P) for some 7. If we instead place ourselves at initial time to > 0,
the values Ufo’”7 Hf(;”, Ui, and Hy, are random. If everything develops according
to the model, one might like to initialize with the distribution of (tho’", LX),
It can be shown from Theorem 3.3.5 and properties of the total variance distance
that the distribution of (tho’”, ., X{") is Xy, (P)-chaotic. Consequently, the
distribution of (tho’", ..., X{*") constitues a theoretically sound choice of initial
distribution, and most of the results for tq5 = 0 thus also hold for ¢, > 0. However,
it should be noted that it may be technically problematic to condition on null-sets —
such as a specific duration — which poses a challenge for the state-wise quantities,
confer also with the discussion between Corollary 5.5 and Theorem 5.6 in Hornung
(2026). In practice, however, this can be resolved by instead conditioning on a

sufficiently small duration interval.

Acknowledgments and declarations of interest

Both authors have carried out this research in association with the project frame
InterAct. The expressed opinions are attributable solely to us and do not necessarily
reflect the views of any of our past, current, and future employers.



Chapter 4

Robust control for marked point processes

under transition rate uncertainty

This chapter contains the manuscript Desmettre and Hornung (2026).

ABSTRACT

We consider a novel robust utility maximisation problem under bounded cu-
mulative transition rate uncertainty within the class of non-Markovian marked
point processes on a finite state-space. Utility is maximised over the class of
admissible controls, while Nature chooses a worst-case biometric scenario from
the class of admissible, path-dependent cumulative transition rates restricted
by path-dependent upper and lower bounds. We prove a martingale optimality
principle and a novel existence and uniqueness result for a non-standard worst-
case backwards stochastic differential equation, which allows us to establish
existence and uniqueness of worst-case and best-case prospective reserves of
life and health insurance contracts with reserve-dependent payments. Finally,
we find an explicit solution of a novel robust consumption-insurance problem
with power utility preferences.

Keywords: Robust reserving; Non-Markovian multi-state models; worst-case
prospective reserves; robust consumption-insurance; biometric risk; model uncer-
tainty

4.1 Introduction

Multi-state models are a classical and widely used framework for the stochastic
modelling of an individual’s evolution through a finite set of biometric, contractual,
or economic states. This makes multi-state models particularly suitable for the
valuation of life and health insurance contracts and the study of an individual’s
optimal choice of consumption and insurance when exposed to biometric risk,
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within a unified continuous-time framework. Originally such multi-state models
were developed for the purpose of valuation of life and health insurance contracts
within the class of continuous-time Markov chains with finite state-spaces, see Hoem
(1969), Norberg (1991), and Milbrodt and Stracke (1997), but in parallel the class of
continuous-time Markov chains also came to play a central role in the literature on
optimal consumption-insurance problems under biometric risk, see Richard (1975),
Pliska and Ye (2007), and Kraft and Steffensen (2008).

Defining for the class of Markovian multi-state models is that the biometric
scenario is modelled by deterministic, time-dependent cumulative transition rates, or,
in the smooth case, deterministic, time-dependent transition intensities. However,
as the cumulative transition rates for health-related risks such as disability, long-
term care, and unemployment may depend on the duration already spent in the
current state, or on other features of the observed history, the Markov assumption is
often too restrictive for accurate modelling. Thus recent literature on the valuation
of life and health insurance contracts has moved towards more general multi-
state models, such as semi-Markov and duration-dependent models, Christiansen
(2012), Buchardt, Mgller, and Schmidt (2015), and Adékambi and Christiansen
(2017), or so-called non-Markov models, Christiansen and Djehiche (2020) and
Christiansen and Furrer (2021), where the biometric scenario may be modelled
by path-dependent cumulative transition rates dependent on the entire observed
history, see Christiansen and Furrer (2024). This move has been mirrored by the
statistics literature for multi-state models, see Putter and Spitoni (2018), Niefil
et al. (2023), and Bladt and Furrer (2024).

Another difficulty, which is common for all multi-state models, and the main
focus of this paper, is model uncertainty. In actuarial practice, regardless of what
class of multi-state models is used, the cumulative transition rates have to be
estimated from finite, heterogeneous and often non-stationary data sets. This
motivates robust or safe-side approaches in which one considers a whole class of
admissible models whose cumulative transition rates are allowed to vary within a set
of plausible alternatives. Within the class of Markovian models Christiansen (2010)
studies the worst-case valuation of multi-state life and health insurance contracts,
given deterministic upper and lower bounds for the cumulative transition rates,
while Christiansen and Steffensen (2013) and Christiansen et al. (2016) extend
this approach to joint financial and biometric worst-case scenarios. Within the
literature on optimal consumption and insurance problems Han and Hung (2021)
consider the robust optimal choice of consumption and annuity demand under
mortality rate uncertainty within a Markovian survival model. In all of these
contributions, the class of alternative models is restricted to Markovian models,
and extensions allowing for non-Markovian alternative models are, to the best of
our knowledge, absent from the literature. Thus, motivated by the recent shift
towards non-Markov models by not only the actuarial and statistical literature, but



4.1. INTRODUCTION 127

also actuarial practice, we aim to provide such a non-Markovian extension.

In this paper, we formulate a general max-min objective which aims at maximising
a path-dependent utility process under the least favourable admissible biometric
scenario, where the admissible biometric scenarios are described by path-dependent
lower and upper bounds on the cumulative transition rates of a finite state non-
Markovian marked point process. To formulate our problem, we use the canonical
measurable space of non-explosive marked point process paths without trivial jumps
on a finite state space, as constructed by Christiansen and Furrer (2024). This
canonical construction has the crucial advantage that it separates the measurable
path space from the choice of probability measure, since, as shown by Christiansen
and Furrer (2024), each unique set of cumulative transition rates induces a unique
probability measure on the same canonical measurable space. In particular, this
setup does not require that all admissible probability measures have to be equivalent.

After formulating our max-min objective, we prove a martingale optimality prin-
ciple which provides a sufficient condition of optimality and which we subsequently
use to obtain verification theorems in two specialised cases. The first application of
the martingale optimality principle shows that the worst- and best- case prospective
reserves of an insurance contract with reserve-dependent payments are characterised
by a non-standard backwards stochastic differential equation (BSDE). The second
application of the martingale optimality principle yields a verification theorem for
a robust and path-dependent generalisation of the consumption-insurance problem
of Kraft and Steffensen (2008), where the individual aims to maximise utility of
consumption and terminal wealth by choosing a consumption stream and transition-
contingent insurance coverage, while Nature chooses, within the admissible upper
and lower bounds, the transition intensities that minimise the individual’s expected
utility. In the case of power utility preferences, the classical separation Ansatz still
applies, with the deterministic time-dependent function replaced by a stochastic
process satisfying a BSDE of the same non-standard type as the worst- and best-case
prospective reserves. This yields explicit path-dependent feedback forms for the
robust optimal consumption stream and insurance coverage of the same structural
form as in the non-robust Markov-chain model of Kraft and Steffensen (2008), but
evaluated under worst-case preference-dependent transition intensities.

The BSDEs characterising the best- and worst-case prospective reserves and the
solution of the power utility problem are non-standard in two ways. Firstly, the
distribution of the jump times may have point masses, violating the assumption of
inaccessible jump times. Secondly, due to the reserve-dependence of the worst/best-
case cumulative transition rates, the generator of our BSDE no longer satisfies
standard Lipschitz assumptions. Both assumptions are central for the existence
and uniqueness results in the papers of Confortola and Fuhrman (2013), Confortola,
Fuhrman, and Jacod (2016), and Christiansen and Djehiche (2020) and while Chris-
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tiansen and Furrer (2024) allow for accessible jump times, they require a linear
generator. Nevertheless, a key feature of the approach of Confortola, Fuhrman, and
Jacod (2016) is the reduction of the BSDE to a finite or infinite system of ordinary
differential equations between jumps. We similarly prove existence and uniqueness
of our non-standard BSDE by first establishing equivalence to the existence and
uniqueness of a solution of an infinite system of Lebesgue-Stieltjes integral equations
and then by proving that this system indeed has a unique solution. This is aided
by our chosen canonical setting, which allows for path-wise sure constructions.

The worst-case biometric scenario we obtain in the case of the worst-case prospec-
tive reserve is determined by the sums-at-risk. As long as a particular transition
increases the prospective reserve, the upper bound is selected as the worst-case
cumulative transition rate; if it decreases the prospective reserve, the lower bound
is selected. Thus, our worst-case scenario can be viewed as a direct path-wise exten-
sion of Christiansen (2010), who, in the Markovian case, obtained a worst-scenario
of the same structural form. In the power utility case, a similar worst-case scenario
is obtained. The difference is that the worst-case cumulative transition rates are
determined by the sums-at-risk of a utility-valued process and the relative risk
aversion parameter.

Our robust approach is related to the broader literature on ambiguity and robust
decision making. The max-min expected utility criterion originates from Gilboa
and Schmeidler (1989), while robust control under model misspecification has
been developed systematically by Hansen and Sargent (2008). Variational and
multiple-prior approaches to ambiguity are discussed in Maccheroni, Marinacci, and
Rustichini (2006). In continuous-time finance, robust portfolio and consumption
problems have been studied, for example, by Maenhout (2004) and by Rieder and
Wopperer (2012). In contrast to much of this literature, the model uncertainty
considered here concerns the cumulative transition rates of a biometric finite-state
marked point process rather than the drift or volatility of a financial diffusion.

The main contribution of the paper is twofold. First, we formulate a novel robust
utility maximisation problem under bounded cumulative transition rate uncertainty
and provide a sufficient condition for optimality. This allows us to characterise
best- and worst-case prospective reserves under bounded cumulative transition rate
uncertainty and identify the corresponding extremal biometric scenarios. Further,
it allows us to characterise the solution of a robust consumption-insurance problem
under transition intensity uncertainty, showing how the classical continuous-time
Markov-chain solution is modified by the endogenous worst-case scenario. Second,
within the framework of marked point processes on a finite state-space, we provide
a novel existence and uniqueness result for a class of highly non-linear worst-
case BSDEs, which allows us to provide sufficient conditions for the existence
of the best- and worst-case prospective reserves and the solution of the robust
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consumption-insurance problem.

The remainder of the paper is organised as follows. Section 2 introduces the
canonical marked point process framework and develops necessary jump-count and
state-wise decompositions of optional and predictable processes. Section 3 studies
optional projections and proves the existence and uniqueness result of the worst-
case BSDE. Section 4 formulates the general robust utility maximisation problem
under bounded cumulative transition rate uncertainty and provides the martingale
optimality principle. Section 5 characterises best- and worst-case prospective
reserves. Section 6 studies the robust consumption-insurance problem, proves the
verification theorem, and discusses explicit optimal controls in the power-utility
case. Known technical results on finite-variation functions and Stieltjes integration
are collected in the appendix for the reader’s convenience.

4.2 The canonical probability space

In this section, we start with a description of the canonical filtered measurable
space of non-explosive marked point process paths without trivial jumps on a
finite state space, as constructed in Christiansen and Furrer (2024), which will
be the filtered measurable space we use throughout the rest of the paper. This is
followed by a discussion, which links the jump-count decomposition of optional and
predictable processes known from the marked point process literature (see Jacobsen
(2006) and Last and Brandt (1999)) with the state-wise decomposition of optional
processes introduced in Christiansen and Furrer (2024). In particular, we introduce
a unique jump-count decomposition in Proposition 4.2.3, which in Proposition 4.2.6
allows us to generalise and extend the state-wise decomposition result obtained
by Christiansen and Furrer (2024). The combination of these two results links the
two decompositions and enables us to seamlessly switch between them. This is
crucial for our purposes because both decompositions play central (but different)
roles throughout the paper. The state-wise representation is central for linking
optional projections to BSDEs, and it is less unwieldy when solving the robust
optimisation problems we are interested in. The jump-count representation is
the key to proving the existence and uniqueness of the worst-case BSDE that
characterises the worst- and best-case prospective reserves and the solution of the
robust consumption-insurance problem with power utility preferences. Finally,
we end this section by outlining how to endow the canonical filtered measurable
space with a probability measure given by specified cumulative transition rates, as
constructed in Christiansen and Furrer (2024).
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4.2.1 The canonical filtered measurable space

Let J C Ny be a finite set. A marked point process path without trivial jumps
consists of jump times tg = 0 < t; < t3 < ... and corresponding states zg, 21, ... €
J with zg # 21,21 # 22,22 # z3,... which together form a sequence of events
(0,20), (21,t1),.... For our purposes, we can think of these events as the initial
value and the jump times and values of a piecewise constant jump process describing,
for example, the biometric state of an individual. Since we are only interested in
non-explosive sequences, the total number of events may be countably infinite on
the full time line [0, 00), but must be finite on any bounded time interval. In the
case that the total number of events occurring in [0, c0) is finite, there exists n € Ny
such that the corresponding marked point process path (t¢, z¢)¢<n is an element of

Q" = {(t272g)zgn € [0,00)”+1 XTI 0=ty <ty < < tn, 20 7 Z£+1}~
If there is an infinite number of events in [0,00), then the corresponding marked
point process path (t¢, z¢)een, is an element of
Q% == {(tn, 2n)nen, € (0,000 x TN 115 =0, t, < tyq1 < 0,
Zn F Zn41, sgptn = oo}.

All possible non-explosive marked point process paths without trivial jumps could
thus be written as

o>u o
n€Ny

As this is mathematically unwieldy to work with, we will extend any path with finite
events to a path with countably infinite events, by extending the finite sequence with
the artificial event that never happens (oo, V). The state V is unreachable, which
is why its jump time is co. By defining the extended state space J := J U {V},
the canonical space of non-explosive marked point process paths without trivial
jumps may be defined as

Q = {(tn, Zn)nen, € [0,00"° x T 18, < typ1 & t, <00, ty =tny1 & b, = 00,

Zn F Zntl Sty <00, 2, =V & t, = 00,

to =0, supt, = oo},
n

which can be viewed as a subset of [0, 00]™0 x JNo. Using the projection mappings

Tn: Q= [0,00], 7p(w)=tn,
anﬂﬁja Cn(OJ):Zn,

we can define the canonical marked point process w — (7, (w), (n(wW))nen, and the
n-event projection mappings

Vne€Ny: €":Q—[0,00"" x J",  €"(w) = (1e(w), Ce(w))o<e<n,
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which extracts the initial value and the first n jump times and states of a path
w € . The mapping £" has the image Q" := £"(Q) C [0, 00]" ! x J"*1! equal to
0" = {(t, 20)0<e<n € [0,00]" T x T ity = 0, ty < tey1 &ty < o0,
ty =tpp1 <=ty = 00,
Z[#Zg<:>t2<oo, ZgiV@g:OO}.
Contrary to the set 2", which contains all possible sequences of exactly n events,
the set Q™ contains all possible sequences with at most n events and thus Q* C Q”,

the only exception being the case n = 0, where Q0 = Q0 = {0} x J. A generic
element of Q" or Q" will be denoted by w™ = ((0, 20), . -, (tn, 2n))-

The set €2 can be equipped with the o-algebra generated by the canonical marked
point process

Fi= 0((Tn7 Cn)nENo)

and the two filtrations F := (F;);>0 and F~ := (F;_);>0 generated by the canoncial
marked point process given by
Fii= G(]I(Tngt)(Tn7Cn) :n € Np)
Fio i =0(1(7, <t)(Tn,Cn) : n € Np),
where the former contains past and present information, while the latter only

concerns itself with past information. Note that the filtration F is right-continuous.

The canonical marked point process can be used to define three other types of
important fundamental processes, which all generate the same above filtrations
and F~. First, we consider the counting processes

Nij : [03 OO) x Q- NOa Nz(t) = Z ]l(Tngt)]]'(Cn,71:i,Ck:j)a i,j € J i 7é Js
neN
which count the number of jumps from state ¢ to state j, while
N:[0,00) xQ—=No, N(t):=> Lrcn= Y Nyt)
neN i,jii]
counts the total number of jumps. Then, we consider the indicator processes
I":]0,00) x Q= {0,1},  I"(t) :=1(r,<t<rnyy), for m € Ny,

I [0,00) x @ = {0,1}, Li(t):= Y Lr <tcrnynlicu=iyy forieJ,
neNy

which can be used to construct the jump process

Z:[0,00)x Q= T, Z(t)i= > GI"(t)= Y il(t),

n€Ng icJ
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with Z(0—) := Z(0) = (p. By construction, Z has cadlag paths of finite variation,
with a finite number of jumps in finite time. It holds that

o(Co, Nij(s) : s < t,1,5 € T,i # j)
(Li(s):s<tieJ)=0(Z(s): s <t),
o(Co, Nij(s) : s <t,i,j € T,i # j)
o(li(s):s<tyie T =0(Z(s):s<t).

g

Definition 4.2.1. The set ) equipped with the sigma-algebra F and the filtration
F is the canonical filtered measurable space.

4.2.2 Decompositions of optional and predictable processes

Let (Q, F,F) be the canonical filtered measurable space. Each F-optional or
F-predictable (henceforth just ”optional” and ”predictable”) process X can be
decomposed in two different ways. The first is the jump-count decomposition,
which decomposes X into the family of functions (f™)nen,, each being a measurable
function of the first » jump times and marks. The second is the state-wise
decomposition, which decomposes X into a family of predictable processes ()?i)ie 7
which can be interpreted as counterfactuals in a certain sense. We start by discussing
the former.

By Theorem 2.2.22 of Last and Brandt (1999), it holds that a process X is
optional if and only if there exists a family of functions f™ : [0,00) x Q" — R,
n € Ny such that

X(tw)= > I't,w)f"(t " W), Y(tw) e [0,00) x Q, (4.2.1)

n€eNy

and a process X is predictable if and only if

=) I'(t—,w) (€M W), Yt w) € [0,00) x Q. (4.2.2)

n€Np

Thus, not only can any optional or predictable process be decomposed into a family
of functions (f™)nen,, but this decomposition property actually characterises being
optional or predictable. From (4.2.1) and (4.2.4), it can be seen that each f™ does
not have to be uniquely defined on the entire domain [0, 00) x Q™ in order for X
to be unique. Since we later want to construct adapted processes by constructing
the family (f")nen,, it is important to know on what domain the f" uniquely
determine X and on what domain they are uniquely determined by X.

Proposition 4.2.2. Let X andY be two optional or predictable processes satisfying
(4.2.1) or (4.2.2) with (f™)nen, and (§")nen,- Then the following two statements
hold:
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(i) If X andY are optional, then X (t,w) =Y (t,w) for all (t,w) € [0,00) x Q if
and only if for alln € Ny:

™) = g™t w™), Yw" = ((to,20)s- -, (tn,2n)) € Q" YVt > t,.

(i) If X and Y are predictable, then X (t,w) =Y (t,w) for all (t,w) € [0,00) x
if and only if for all n € Ny:

W) =g"(t,w™), YY" = ((to,20),---,(tn,2n)) € Q", Vt > t,.

Proof. We only prove (i) as the proof of (ii) is analogous, and we start with the
direction ”=". By (4.2.1) it holds for all n € Ny and w € © that

fr(t€M(w) = X(tw) =Y(tw) = g" (€ (W), Ta(w) <t < Tnpa(w).

In particular for any n € Ny this holds for all paths of the form w = (wy,, (o0, V), ...)
with w™ € Q™. Thus we obtain

Vn € Nog, w" € Q" fP(t,w™) = g"(t,w"), t, <t < 0.

For the direction ”7<" let w € Q be arbitrary. Note that since ¢ € [0, 00), it is only
the f™ and g™ with n € {m € Ny : 7,,(w) < oo} that determine X (¢,w) and Y (¢, w).
By definition if 7, (w) < oo, then £™(w) € Q™ and since for all n € Ny and w™ € Q"
it holds that f™(¢,w™) = ¢"(t,w™) for t > t,,, we have that

X(tw) = f"(t,€" (W) = g"(1,§" (W) =Y (w), 7n(w) <t <Tnpa(w),

whenever 7,(w) < oco. Thus we can conclude X (t,w) = Y (t,w) for all (t,w) €
[0,00) x Q. O

Proposition 4.2.2 shows that there are two cases in which the functions (f™)nen,
are not uniquely determined. The first case is w™ € Q" and t < t,, meaning that
we would like to evaluate f™ before the n’th jump has happened, while the second
case is w™ € O™\ Q" (implying ¢,, = 00), meaning that we would like to evaluate f™
when there never will be an n’th jump. In order to obtain a unique decomposition
(f™)nen, on the entire domain [0, 00) x 0", we have to choose a convention for the
two previously described cases. For optional processes we choose the convention,

"ty W™ when w™ € Q" and t < ¢,
frtw) = 7 ) _ : (4.2.3)
o e wn)) when w” € Q™ \ Q"
and for predictable processes which have limits from the right, we choose
M+, wn when w” € Q™ and t < ¢,
frt,w") = " ) _ . (4.2.4)
i et (wn)) when w” € Q™ \ Q"
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The rationale behind this choice is very natural. In the first case, the n’th jump
has not happened yet, but will happen, so f™ equals the value that X will take,
as soon as the n’th jump happens. In the second case, the n’th jump will never
happen, which is why f™ equals the value X takes at time ¢ after the n — 1’st jump.
Using these two conventions, we can obtain a unique jump-count decomposition.

Proposition 4.2.3. Let X = (X;);>0 be a real-valued stochastic process.

(i) X is F-optional if and only if for every n € Ny there exists a unique measurable
function f™ :[0,00) x Q" — R satisfying (4.2.3) such that:

X(t,w) = Z I"(t,w) f"(t,£"(w)), V(t,w) € [0,00) x Q.

n€Np

(i) Let X have limits from the right. Then X is F-predictable if and only if for
every n € Ny there exists a unique measurable function fm :[0,00) x Q"® — R
satisfying (4.2.4) such that:

X(t,w) = Z I"(t—,w) f"(t, " (w)), VY (t,w) € [0,00) x .
n€Np

Proof. We prove only (i), since (ii) is proven analogously. The direction ”<=" follows
directly from Theorem 2.2.22 of Last and Brandt (1999) and Proposition 4.2.2. For
the other direction Theorem 2.2.22 of Last and Brandt (1999) yields the existence
of measurable functions f™ : [0, 00) x Q" — R such that

X(t,w)= D> I"tLw) (4,6 W), ¥ (tw) €[0,00) x Q.

n€Ng

From this we define f" : [0,00) x Q™ — R given by

it wm) when w" € Q and t > ¢,
ot w™) = i, w™) when w” € Q and t < ¢, -
Pl e Hw™)  when w” € Q7 \ Q

Rewriting this into the form

fn(t7wn) :ﬂﬁ(wn)ﬂ[tn,oo) (t)fn(tvwn) + ﬂg(wn)ﬂ[O,tn)(t)fn(tna wn)
+ Lgm e (@) (E T W)

shows that (t,w™) — f™(t,w™) is measurable. By Proposition 4.2.2 f™(t,w™) is
unique whenever w™ € Q" and t > t,, and thus it holds that f™ is unique in the
first two cases. In the third case, there are two options. Either £&"~!(w") € Qn71,
in which case the value is unique, or £"~1(w™) € Q"1 \ Q"L In that case, one
repeats this argument over and over again, until one reaches some 0 < m < n such
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that £™(w™) € Q™. If this fails for all 1 < m < n, the procedure terminates at
m = 0 where it holds that Q% = Q° = {0} x J and thus Proposition 4.2.2 yields
that fO(t,w) is unique for all (£,w®) € [0,00) x Q0. Thus f is always uniquely
determined by X on all of [0,00) x Q°. O

Remark 4.2.4. Note that as a consequence of Proposition 4.2.2 and the convention
(4.2.3) or (4.2.4), t — X (t,w) has cadlag paths of finite variation for all w € Q
if and only if ¢t — f™(t,w™) is cadlag and of finite variation for all w™ € Q™ and
n € Ng. Similarly, any boundedness conditions uniform in (¢,w) that X satisfies
carry over to (f™)nen, and vise-versa.

Proposition 4.2.3 provides a unique jump-count decomposition of optional and
predictable processes, and throughout the rest of the paper, when referring to
the jump-count decomposition of a process, we refer to the one given by Proposi-
tion 4.2.3.

We now turn towards the state-wise decomposition of optional and predictable
processes given by

X(t) =Y L®Xi(t) or X(t)=) L(t-)Xi(t)

ieJ ieJ

for predictable processes ()A(:Z)le 7. The idea is that X; (t,w) always equals the value
that X (¢,w) would have if Z(t,w) were equal to i, even though Z(t,w) for that
particular (¢,w) might be different from 7. In that sense, X; can be understood as
a counterfactual. Following Christiansen and Furrer (2024), the construction of
such processes (5(7)16 7 requires the construction of counterfactual paths. For this

define for each i € J the (¢,)-stopped path given by

((te; ze)o<e<n, (00, V), ... ), for t, <t <tpi1,2n =1
t ((tf,Z@)0<[<n,(t,i)7(007v>,...), for th <t < tn+17zn #Z
w; (e, z0)een,) = e
((O,Z),(OO,V),...), fort =0
((te, ze)een, ), for t = co.

If the current state at time t is equal to 4, then all future jumps are removed, and
the path remains in state ¢ forever. If the current state at time t is different from 4,
then a jump to state ¢ at time ¢ is added, and all future jumps are removed. Let
wf}j’tz for t; <t denote the composition w;i2 (w!"), which first adds a jump to i at
time ¢; (if the state at ¢; is different from ¢) followed by a jump to j at time to.
Using this, we construct the two counterfactuals

Xi(t,w) =Y I"(t=)X(t,w]" (w)), (4.2.5)

neN

Xij(t,w) = Y I"(t=)X (w5 (). (4.2.6)
n€eNy
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For any ¢ > 0 the process X;(t) equals the value X (¢) would have whenever Z(t) = i
for t in between jump times, while X;;(t) equals the value X (¢t) would have if Z
were to jump from state i to state j at time ¢. Invoking Proposition 4.2.3 we can
also write
=D ") (1€ W)
n€Ny

Xij(tw)= Y I"(t=)f" (1,6 @]5),

n€Ng

(4.2.7)

which shows that both (4.2.5) and (4.2.6) define predictable processes. In fact, they
are not only predictable, but i-predictable:

Definition 4.2.5. A process X is i-predictable if X (t) is deterministic for0 <t <
and o ((7e, Ce)e<n—1, L(¢,_,2i)Tn)-measurable for 7, <t < 7,41 for all n € N.

This is slightly stricter than just being predictable, since by Proposition 4.2.3(ii)
any predictable process is o((7¢, (¢) <y )-measurable when 7,, < ¢ < 7,,41. In the case
of (4.2.5) and (4.2.6), we have set ¢, = i whenever (, # i or removed the n’th jump
whenever (,, = 7, thus in both cases we have removed the dependence on (,, and in
the last case we have removed the dependence on 7,,. By p.7 of Christiansen and
Furrer (2024) and Proposition 4.2.3(ii) a process X with jump-count decomposition
(f™)nen, being i-predictable is equivalent to

X(t,w) = X(t,w) and f"(t,8"(w)) = f"(t,€" (wi")), (4.2.8)

forallm € No, w € Q and 7, (w) < t < 7,41 (w). Using the concept of i-predictability,
we now get the following state-wise decomposition result.

Proposition 4.2.6. Let X be a real-valued stochastic process.

(i) X is F-optional if and only if there for all i € J exist unique i-predictable
processes X; and (Xi;)j.j2i satisfying (4.2.5) and (4.2.6) such that

=D LOXi(t) with Xi(t) = Ii( + > 1
ieJ i

(i) X is F-predictable if and only if there for alli € J exist a unique i-predictable
process X; satisfying (4.2.5) such that

t)=> Lt-

i€J

Proof. (i): We start with the direction ”=-". For this let ¢ € [0, 00) be arbitrary and
let (X5, (Xij)j:j)ies be the i-predictable processes uniquely defined by (4.2.5)
and (4.2.6). It remains to check whether the decomposition holds. We begin with
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the case where Z does not have a jump at time t. Then for all n € Ny the definition
of X;, Equation (4.2.7) and Proposition 4.2.3(i) yields

Xi(t,w) = Xi(t,w) = f"(£,£" (wi")) = [ (£, " (W) = X(t,w),

for all w € (7, <t < Tpg1, G = 1), since £ (w]™) = " (w) when ¢, = 4. It remains
to check the case where Z has a jump at time ¢. Then for all n € Ny and j # i we
have by the definition of X;, Equation (4.2.7) and Proposition 4.2.3(i) that

Xi(t,w) = Xji(t,w) = [ (4,6 Wi ") = 1 (5,6" (W) = X (t,w),

for all w € (1, = t,(pn—1 = 4, (n = 1), a8 5"(w;3’1’t) =" (w) when (1 =4, G =1
and 7, = t. This concludes the proof of the direction ”=-". For the direction "<",
note that X defined by the decomposition consists of sums and products of optional
processes yielding optionality of X itself. Finally the definition of X and X, in
conjunction with (4.2.8) yields X (¢,w;") = X;(¢t,w;") = X;(¢t,w) and

X(t,ws") = Xij(tw5") = Xig(t, o (wi5") = Xij(t,w)

» 4, 0,J ]
for all 7,, <t < 7,41 and all n € Ny. This concludes the proof of (i).

(ii): We start with the direction "=". Let t € [0,00) be arbitrary and the
i-predictable X; be given by (4.2.5). Then for all n € Ny Equation (4.2.7) and
Proposition 4.2.3(ii) yields

Xi(t,w) = (1, €" (wi") = [ (4, €"(w)) = X(t,w),

for all w € (1, <t < Tpy1,(n = 1), as we again have £"(w;") = £"(w), concluding
the proof of the direction ”=-". The direction 7<= is proven as in (i). O

Remark 4.2.7. Note that X;(t) as defined in Proposition 4.2.6(i) is equal to
X (t,w?), which is how the state-wise decomposition is defined in Proposition 6.3
of Christiansen and Furrer (2024). They do not explicitly discuss the decom-
position of predictable processes, but since any predictable process X is op-
tional, and since I;(t—)X;(t) = ILi(t—)X,(t) for all ¢ > 0, the decomposition
X(t) =Y icr I;(t—)X;(t) would be just as valid for predictable X. But unlike
X;(t), the process X;(t) is only predictable and not i-predictable, thus using

superfluous information. In that sense using the decomposition (X;);c7 is minimal.

Remark 4.2.8. Note that since t — I;(t—,w) and ¢t — I"(t—,w) for ¢ € J and
n € Ny are not right-continuous in the points ¢t € {r, : n € Ny}, the paths
t—= X;(t,w), t = X;;(t,w) and ¢t — X;(t,w) might not be right-continuous in those
same points, even though ¢ — X (¢,w) is. But due to (4.2.7) and Remark 4.2.4 it
always holds that ()?i)ieg, (X, (Xij)j:ji)ieg are of finite variation, whenever X
is of finite variation.
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Proposition 4.2.6 provides a unique state-wise decomposition of optional and
predictable processes, and throughout the rest of the paper, when referring to the
state-wise decomposition of a process, we refer to the one given by Proposition 4.2.6.

Having introduced both the jump-count representation of Proposition 4.2.3 and
the state-wise representation of Proposition 4.2.6, we now restrict ourselves to cadlag
processes of finite variation. In this case, one can obtain dynamic (in the sense of
Lebesgue-Stieltjes integration) versions of the decomposition result. Throughout
the paper we use for any subintervals I, J C [0, 00) the shorthand notation

X(dt) = HOY(dt) Viel < / (dt) /H Y(dl), VJCI.
Proposition 4.2.9. Let X be a real-valued cadlag, finite variation process.

(i) If X is adapted with jump-count decomposition (f™)nen,, then

= > ) (e + Y ASEELENG (),

n€Ny J:3#Cn

for all t € (0,00), where AfItY(t,€n) = frH (4, (W) — (2, €7).
(i) If X is predictable with jump-count decomposition (f™)nen,, then

=Y I'(t=)f"(dt &), V€ (0,00).

n&eNp

Proof. (i): Applying integration by parts to the decomposition of Proposition 4.2.3(i)
we arrive at

= > It A ET) + Y (€I, VE € (0, 00).

neNg n€Np

Utilising that I"(dt) = (I"~!(t—) — I"(t—))N(dt) we obtain

= 3 ) (e () - )N ),

neNg

for all ¢ € (0,00). The desired result then follows from the fact that I™(t—)N(dt) =
I"(t=) 35 2¢, Ne,j(dt) and the fact that € (w] J w0) =& when AN, ;(t) = 1.

(ii): Since any predictable process is optional, (1) holds true, and we obtain

X(t) - X(0) - / S 17(s-) f(ds, €7)

(0,t] neNy

= > D I'(sm) Yo AfEEH s AN, (s),

0<s<tneNy J:3#Cn
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for t > 0. The left-hand side is predictable, and consequently, the right-hand side
must be as well. However as the processes AN;; are optional but not predictable,
the quantities ﬁfgﬂ(s, &™) must be zero whenever AN;;(s) # 0, implying that
the entire right-hand side must be zero. O

Proposition 4.2.10. Let X be a real-valued, cadlag finite variation process.

(i) If X is adapted with state-wise decomposition (X;)ics then

dt) = ZL(t)( + 37 X;(t) - Xi(t)Ny; (dt))

ieJ Jij#i
= Z Ii(t_)< Z AXZ] zg dt))> vt € (07 OO),
ieJ VR ED)

where KXij(t) = X, (t) — Xi(t).
(i1) If X is predictable with state-wise decomposition (X;)icg then

=Y L(t-)Xi(dt) = Y Li(t—)X(dt), Vte (0,00).

i€J ieJ

Proof. Note that by (4.2.7), Proposition 4.2.9(ii), and the fact that ), ; [i(t—) =1
we obtain
Li(t=)I" (=) f"(dt, &) = Li(t=)I" (¢=) f" (dt, € (w]™)
= L,(t=)T"(t=) X, (dt) = L;(t—)T"(t—) X,(dt)
y (4.2.7) and the definition of X; we obtain that
L) (=) (F (8 € Wiy ") — f(8,€7) = Lilt—)I™(t=)(Xi(8) — Xa(1))
= Li(t=)I"(t=-)(X;(t) - Xa(1))-

The desired results follow now directly from Proposition 4.2.9. O

4.2.3 The probability measure

In order to specify a probability measure on the filtered canonical measurable space
(Q, F,F), we will use the approach developed in Christiansen and Furrer (2024),
which constructs a probability measure by specifying the cumulative transition
rates and an initial distribution.

Definition 4.2.11. Given a probability measure P the predictable processes (Aij)i;
with Aj; 1 [0,00) x Q@ — [0,00) are cumulative transition rates if for alln € Ny

E[l(r, ,>nNij(dt)|F7,]
E[1(7n+12t)|]:7'n] ’

Il(t—)A”(dt) = Il(t—) Tn <t < Thyt. (429)
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Note that (4.2.9) does not uniquely define a set of processes, which then are
the cumulative transition rates, as it does not define the values of A;; whenever
Z(t—) # i. As an example, let C7 be the unique predictable compensator of

N;(t) = Zi:igéj Nij(t) given by

= > Li(t—)Ay(dt), C7(0)=0

i ]
By Proposition 4.2.10(ii) and Remark 4.2.7 it holds that

= Y L(t-)C(dt) = Y L(t—)CI(dt), C(0) =0

i ] i:iF£ ]
meaning that both (C’J)l i#; and (CY )”75] for j € J satisfy Definition 4.2.11.
Therefore, we have to choose a unique set of processes (A;;)i»;, which then should
end up satisfying Definition 4.2.11. Thus following Christiansen and Furrer (2024)
we make the following assumptions about (A;;)ix;:

Assumption 4.2.12. Assume that

(1) For each i € J the processes A; and (A;;);.;2i are i-predictable.

(i1) t — A;;(t,w) is non-negative, non-decreasing and cadlag with

Z AN (t,w) <1, Vte[0,00), we .
jeT

(iii) For eachi,j € J with i # j there exists a non-decreasing, non-negative cadlig
function a;j : [0,00) — [0,00), with a;;(0) = 0 and bounded on compact sets,
such that

Aij(s,w) = Agj(t,w) < agj(s) —aiz(t), VO <t <s, Vw e

Remark 4.2.13. Note that compared to Christiansen and Furrer (2024), we make
more restrictive assumptions, as we do not allow the cumulative transition rates to
have poles followed by reset points. The exclusion of poles and reset points brings
our setup closer to the marked point process literature Jacobsen (2006) and Last
and Brandt (1999), which does not include poles and reset points.

The i-predictability of Assumption 4.2.12(i) in conjunction with (4.2.8) ensures
that

> L(=)C (At W) = Y Lu(t=)Aii(dt,w") = Agj(dt,w),

neNg n€Ng
for all (t,w) € [0,00) x €, which therefore guarantees that our chosen cumulative
transition rates (A;j;)q:i; for each j € J equal the state-wise decomposition of the
compensator C}, while using the minimal amount of information, see also 4.2.7.
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Assumption 4.2.12(ii) ensures that the transition probabilities are always in the
interval [0, 1], while Assumption 4.2.12(iii) ensures non-explosiveness. Theorem 4.1
of Christiansen and Furrer (2024) now immediately gives the following result:

Theorem 4.2.14. Let w:J — [0,1] with ), , 7(i) = 1 and assume that (Aij)iz;
satisfy Assumption 4.2.12. Then there exists a unige probability measure P and
unique Fy_-measurable probability kernels (Py;)ic(0,00),ic7 on (Q, F) such that

(i) For alli € J it holds that PA(Z(0) = 4) = m(i).
(ii) For all A€ F and i € J it holds almost surely that

L(t)PY,(A) = I'(t)P* (A Fy).

(iii) Let IEQZ- denote the expectation under IE”{\Z Then for all i # j the processes
(Aij)izj satisfy

E2 [, >0 Nij(dt)]

én,i[]l(‘rn+12t)]

A”(dt) = , Tn <t < Tpit, Vn € Ng.

Using the kernels Pﬁi we can for any F-measurable random variable Y, which
for all ¢ € J is P, ;-integrable, define

t Z(t Z I E?z

ieJ

which has the following properties:

Proposition 4.2.15. Let 7 be any initial distribution, let A = (A;j)iz; satisfy
Assumption 4.2.12 and let Y be an F-measurable random variable.

(i) If Y is P, ;-integrable for all i € J then
EtzoY] =EAY|R], PP —as
(1t) If Y is F;_-measurable and P, ;-integrable for all i € J then
Vie J B [Y](w) =Y (w), YweQ.
(iii) If Y is Fi-measurable and Py ;-integrable for alli € J then
Vie J EN[Y](w) =Yi(w), YweQ,

Et Z(t) Y](w) =Y (w), Ywe.

Proof. (i): This follows from Theorem 4.2.14(ii) by splitting Y in a positive and
negative part, approximating each from below by an increasing sequence of simple
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functions, and applying the dominated convergence theorem (for both conditional
and unconditional expectations).

(ii): This follows from Proposition 4.4(i) of Christiansen and Furrer (2024) by
splitting Y in a positive and negative part, approximating each from below by an
increasing sequence of simple functions, and applying the dominated convergence
theorem.

(iil): By Proposition 4.2.6(i), the just proven (ii) and Proposition 4.4(i) of Chris-
tiansen and Furrer (2024) it holds that

ENY] =Y EMNLOY] =Y VENLG] =Y Yl =Y:, VieJ,
JjeT JjeT JjeT
which is the first statement. Using this, we thus obtain
EpzoY] =) LOELY] =) LY =
€T ieJ
O

The non-explosiveness assumption, Assumption 4.2.12(iii), implies the following
integrability condition.

Proposition 4.2.16. Let ¢ > 0. Then for any A = (Ay;)ix; satisfying Assump-
tion 4.2.12 it holds that

sup sup IEA ile (N(S)*N(t))}(w) <oo, VieJ.
0<t<s<T we

Proof. By the change of variables formula for cadlag finite variation functions, we
obtain

e (NG =N(®) _ 1 | / (€° — 1)eeN=)=N ) N (du).
(ts]

Taking the expectation and applying Proposition 4.2 of Christiansen and Furrer

(2024) in conjunction with the monotone convergence theorem yields

AN <1y [ pe N 5 o)

ISR
Using Assumption 4.2.12(iii) and Tonelli’s theorem we get
By [ MOTNO <14 / By [N (e 1) 37 ag(du).
(t:9] i.jii]

Set a(t) := (e — 1) 3, j.»; @ij(t). An application of Gronwall’s inequality 4.A.7
yields

ER; [ecWiur(=Nu®)] < £als) < & (T).
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As this bound does not depend on s, t or w, taking the suprema yields the desired
result. O

In many practical applications, one assumes the cumulative transition rates to
be absolutely continuous with respect to the Lebesgue measure, that is

Ajj(dt) = pij(t)dt, ¢ €[0,00), 4,5 € T i #j (4.2.10)

for non-negative, i-predictable transition intensities (u;;)i;. In order for (Aj;)ix;
defined as in (4.2.10) to satisfy Assumption 4.2.12 and Theorem 4.2.14 to remain
valid, the following set of assumptions for (;;)»; is sufficient:

Assumption 4.2.17. Assume that

(i) For any i € J the processes (l1;j);.j+i are i-predictable.

(ii) For each i,j with i # j there exists a measurable, non-negative function
a; 1 [0,00) = [0, 00) bounded on compact sets such that p;;(t,w) < a;;(t) for
allt >0 and w € .

Assumption 4.2.17(i)+(ii) guarantee the validity of Assumption 4.2.12(i)+(iii),
while the non-negativity of the (1;;)i; and (4.2.10) implies the automatic satisfac-
tion of Assumption 4.2.12(ii).

Example 4.2.18 (Smooth semi-Markov process). In the case of the smooth
semi-Markov process, the cumulative transition rates are of the form

Agj(dt) = pg(t)dt  with  pug;(t) = pag(t,t — 7(t=)),

where fi;; : [0,00) X [0,00) — R is a non-negative measurable function bounded on
compact sets and

T(t) =Y In(t)7a
n€Np
is the most recent jump time. Thus, the transition intensities are allowed to depend
on the duration U(t) := t — 7(t) since the last jump. The issue here is that u;;
defined in this way is not i-predictable. This is best seen by finding a violation of
(4.2.8). Evaluating 7(t—,w) in w;" yields

Vn € Ny : T(t—,w;") =1 1=0)Tn—1+ L1 #)Tn, Tn <t < Tnta,

as setting (,, to be equal to ¢ when (,,_; already equals ¢ removes the n’th jump.
We therefore obtain

pij(t) = i (t,t — 70) 7 g (t, 6 — Tne1) = paj(t,w;™),
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whenever 7, < t < 7,41 and (,—1 = 4, which violates (4.2.8). The process Hij is
not its own counterfactual. Instead, we can via (4.2.7) define

Ti(t) = Io(tf)To + Z In(t*)(]l(qn,lzi)Tn—l =+ ]1((71717%)7'”), 1€ j,
neN

and set f1;5(t) := f1;5(t,t — 7;(t)), which is i-predictable.

4.3 Optional projections

The central object of the robust optimisation problems we are interested in, are
quantities such as the expected present value of future insurance payments or the
expected present value of future utility. In both cases, the mathematical object of
interest is thus the optional projection of either the (discounted) insurance payment
process or the (discounted) utility process. As we are using the canonical filtered
probability space, the filtration and the probability space are not complete, and
thus the standard results guaranteeing the existence of the optional projection do
not apply. Therefore, in Subsection 4.3.1 we start by showing in Proposition 4.3.2
that the optional projection exists under minimal regularity conditions. This is
followed by Theorem 4.3.5 and Theorem 4.3.6, which for two different types of
processes show that the optional projection is characterised by a BSDE. Note
that Theorem 4.3.5 and Theorem 4.3.6 are closely related to Theorem 6.4 and
Theorem 7.2 of Christiansen and Furrer (2024). While they formulate their result
in terms of state-wise conditional expectation processes and stochastic Thiele
equations, we use the optional projection and BSDEs and generalise the type of
process that the optional projection can be taken of. We end Subsection 4.3.1 by
using the link between the jump-count and state-wise decomposition established in
Section 4.2 to show in Proposition 4.3.7 and Proposition 4.3.8 that the existence and
uniqueness of the BDSs obtained in Theorem 4.3.5 and Theorem 4.3.6 is equivalent
to the existence and uniqueness of an infinite-dimensional system of Lebesgue-
Stieltjes integral equations. In Subsection 4.3.2 we wish to specify the optional
projection of a process, where both the cumulative transition rates determining the
probability measure under which the optional projection is taken and the process
which the optional projection is taken of can depend on the optional projection itself.
This circular case brings us to the two main results of this section, Theorem 4.3.10
and Theorem 4.3.11. They show existence and uniqueness of two worst-case BSDEs
that characterise this type of circular optional projection, which will turn out to
characterise the worst- and best-case prospective reserves of life insurance contracts.

4.3.1 Optional projections and BSDEs

Let (92, F,F) be the canonical filtered measurable space, let 7 be any initial
distribution and let A = (A;;)i; be any set of cumulative transition rates satisfying
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Assumption 4.2.12. We endow the space (2, F,F) with the probability measure
PA generated by the initial distribution 7 and the cumulative transition rates
A = (Ayj)iz; as given by Theorem 4.2.14 and let (P2 i )tc[0,00),ic7 De the associated
kernels.

Let T' > 0 be a deterministic terminal time and for a cadlag process of finite
variation C' and an Fp-measurable random variable Y we define the process L(t,T)
by

L(t,T):=C(T) - C(t)+Y, tel0,T)

We are now interested in the optional projection of L(¢,T), that is a cadlag process
X which satisfies

X(t) = EML(t, T)|F] P —as. Vte[0,T).

As the filtered probability space (€2, F,F,PA) is not complete, it does not satisfy
the usual conditions, and therefore we cannot rely on the standard results which
guarantee the existence of such an optional projection. We therefore aim to show
that the process

X() _EtZ(t ZI Etz )}

ieJ

is an optional projection of L(t,T). We start with the simple case L(¢,T) =Y and
prove the following extension of the martingale representation result of Remark 6.5
in Christiansen and Furrer (2024).

Proposition 4.3.1. Let Y be an Fr-measurable, real-valued random variable such
that

VieJ: sup IE“HYH( ) < o0, YweQ.
0<t<T

Then the process X (t) = E?Z(t) [Y] is an optional projection with paths of finite
variation and

=Y - X;(t) — X;(t))(Nyj(ds) — Li(t—)Ay(dt)), ¢ € [0, 7.
(7]

1,5t #J

Proof. The fact that X (t) = EA[Y|F;] PAa.s. for all t € [0,T] follows directly
from Proposition 4.2.15(i). It remains to show the path properties. We start with
the simple case Y = 14 for some A € Fp. Set X;(t) = Eé\l [14] for i € J. Then by
Theorem 5.2 of Christiansen and Furrer (2024) the processes

(t,w) > Li(s—)X(ds), ieJ
0,1]
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are predictable, cadlag and of finite variation, which implies that

X(t):ZI Z/ﬂ X;(ds)
- D (Xj(s) = Xi(s))Nij(ds).

®.T]; JriF£d

Since t — Nj;(t,w) is cadlag and of finite variation for all i,j € J : i # j, and
t— )Z'l-(t, w) is bounded for all ¢ € 7 it follows that X is cadlag and of finite variation.
The integration by parts formula now yields X () = >, ; L) X(t) = Efz(t) [14].
By Theorem 5.2 of Christiansen and Furrer (2024) it also holds for all ¢ € J that

L(t=)Xi(dt) = = > (X;(t) = Xi(0) Li(t—)Ai;(dt),  Xi(T) = Ef[1a,
jii

which, when inserted into the above expression for X, yields the desired

X(t)=1a— Y (X;(s) = Xi(s))(Nij(ds) — Li(s—)Aq;(ds)), Vvt e[0,T].
i gty ? BT

Next, we let Y be non-negative such that the above assumed integrability condition

is satisfied. Set X (t) :=E},,[Y] and X,(t) = E{;[Y] for i € J. Then there exists

t.2(t)
(Yn)men given by

w) = Zaé,m]lAe,m(W) with 3113)\] Y,(w) =Y (w), VweqQ,

n C [0,00) and Ay, C Fr for all m € N. The dominated
convergence theorem then yields

where (agm)i=1

.....

m

Xi(t) :Eﬁi[ w}i_r)nooYm} = lim Eyi[V] = lim Y ar B[4,

m—o0
(=1

for all t € [0,7T] and ¢ € J. Combining this with the fact that our desired result
holds for indicator random variables, we obtain

_ _ 1 A mA
X(6) = X(0) = Jim 3 ae(B o Lacn] = B0 [Lac)

i S 3 / B, L, Eﬁ,i[anMmdu))

i,J1i#]

The fact that all Y,,, are dominated by Y in combination with the above assumed
integrability condition allows another application of the dominated convergence
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theorem, which yields

X(s)-X(@t)=- > / (X;(u) — X;(u))My;(du), YO<t<s<T,
igrigtj ” (5]

which together with X(T') = IE%Z(T) [Y] =Y yields the desired result. That ¢ +—
X (t,w) is cadlag and of finite variation follows again from the fact that ¢ — N;;(t,w)
and ¢ — A;;(t,w) are cadlag and of finite variation for all ¢,j € J : i # j, and that
t — X;(t,w) and t — I;(t—,w) are bounded for all i € 7. The result for the case
of real-valued random variables Y now follows from the result for non-negative
random variables and from the fact that Y = YT — Y, where Y = max(0,Y)
and Y~ = —min(0,Y) both are both non-negative. O

Proposition 4.3.2. Assume that C is cadlag and of finite variation and that

VieJ: sup EN[L(ET)|(w) < oo, Ywe .
te[o, 7]
Then X (t) := ]Eﬁz(t) [L(t,T)] is an optional projection of L(t,T) with paths of finite
variation.

Proof. Proposition 4.2.6(i) and Proposition 4.2.15(iii) yield
EX (L0, D|(w) < 1C(0,w)] + |Ci(t,w)| + ENL(E T)[J(w) < oo,

for all (t,w) € [0,T] x Q. Since C has paths of finite variation, so has Ci, see
Remark 4.2.8, and thus we obtain

sup Ef[IL(0,T)|](w)
t€[0,T)

< |C(0,w)| +1Ci(0,w)| + |Ci|(T,w) + sup EN[IL(, T)|)(w) < oo,
t€[0,T)

for all w € Q, where |Cy|(T,w) denotes the variation of ¢ — C;(t,w) on the
interval [0, T]. By Proposition 4.3.1 we thus obtain that W (t) = E, z4)[L(0,T)] =
C(t) — C(0) + Eé\,z(t) [L(¢t,T)] is cadlag and of finite variation, which implies the
same for X (t) = Eﬁz(t) [L(t,T)]. O

Now that we have proven the existence of the optional projection, we turn
towards establishing that the optional projection constructed in Proposition 4.3.2
can be characterised by a BSDE. This requires additional integrability conditions,
as one has to establish a priori that the integral on the right-hand side of the
martingale representation result of Proposition 4.3.1 is a martingale. For this, we
follow Christiansen and Furrer (2024) and define the following class of processes,
which guarantees sufficient integrability, regardless of which specific pair (m, A) is
used to generate P* and (Pﬁi)te[o,oo),iej'
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Definition 4.3.3. Let m € Ny and let Y;\, denote the set of all F-adapted, non-
negative, non-decreasing, univariate cadlag processes X such that

X(s,w) — X(t,w) < g(t,s)(1+ N(s,w) = N(t,w))", VO<t<s, YweQ

for some non-negative measurable function g : [0,00) X [0,00) — [0,00) which
is bounded on compact sets. Set YT := Upen, Y, and denote by Y the class of
processes that can be written as a difference of two processes from Y.

Proposition 4.3.4. For any X € Y and any A = (Ayj)ix; satisfying Assump-
tion 4.2.12 it holds that
sup sup ]Eé\l [|X(s) — X(t)|] < 0.
0<t<s<T weN
Proof. This follows directly from the fact that X is the difference of two processes
from Y+, the two inequalities (1 +z)™ < ™ and (z +y)™ < 2™ 1 (2™ +y™) and
Proposition 4.2.16. O

We say that a process X is bounded on finite intervals if the mapping X :
I x Q — R is bounded for all finite intervals I C [0, 00).

Theorem 4.3.5. Assume that C € Y and that Y is bounded. The following two
statements are equivalent:

(i) The process X(t) = Eé\,z(t) [L(t,T)] has state-wise decomposition X;(t) =
]EQZ- [L(t,T)] and satisfies

Vt € [0,T]: X(t) = BEA[L(t, T)|F] P2 —as.

(#i) The process X is cadlag, of finite variation, bounded on finite intervals and a
solution of the BSDE

X(dt) = —C(dt) + > Ryj(t)(Nyj(dt) — Li(t—)Ay(dt)), (4.3.1)
i,juiA
with terminal condition X (T) =Y, and where Ry;(t) := ACi;(t) + Xy;(t) —
X (t).

Proof. (i) = (ii): Let X(t) = Eﬁz(t) [L(t,T)]. By definition X;(t) = ]Eﬁi[L(t,T)]
is the state-wise decomposition of X and since C € Y and Y is bounded, Propo-
sition 4.3.4 yields that X;(t) (and thus X) is bounded on finite intervals. As a
consequence, Proposition 4.3.2 yields that X is cadlag and of finite variation and
we can apply Proposition 4.3.1 to conclude that W (t) := Eﬁz(t) [L(0,T)] satisfies

W(t) = L0,T) - Y W(s) = Wi(s)(Nig(ds) — Ii(s—) Ay (ds)),

gty (BT
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for t € [0,T] where W;(t) = E;[L(0,T)]. By applying Proposition 4.2.15(iii) we
obtain
W(t) =Ef ) [Y +C(T) = C(0)] = C(t) = C(0) + Ef 5 [Y +C(T) = C(1)]
=C(t) — C(0) + X (¢).

Equating this expression for W with the previous one, we get

X({t)=Y +C(T)-C(t) — W;(s) — Wi(s)M;;(ds), (4.3.2)
ity (BT

where M;;(ds) = N;;(ds) — I;(s—)A;;(ds). By Proposition 4.2.10(i) and Proposi-

tion 4.2.15(ii) we have for all i € J that

Wi(t) =E2,[L(0,T)] > Ii(s— > ACjk(s)Njk(ds)
(0,t] (0,t)

]6.7 J,k:j#k

> ACHK()AN;K(1)
Jik:j#k

+E +X;(t), telo,T]

and utilising that AN, (t) = I;(t—)Ix(t) Proposition 4.4(i) of Christiansen and
Furrer (2024) yields

[ > ACK(HANk(t >] = Y ACKBOE[L;(t—)1i(t)]

J.k:j#k gyk:j#k

> Li(t-)AC(1).

JijF#i

These two identities after (4.3.2) yield

Li(s—)(ACi;(s) + X (s) — Xi(s))
Li(s=)(ACi;(s) + Xij(s) — Xi(s)),

for all s € (0,7, which in conjunction with (4.3.2) allows us to conclude that X is
a solution of (4.3.1).

(ii) = (i): Using (4.3.1) we get

X(t) = L(t,T) Z/ Rij(s)(Nij(ds) — I;(s—)Ai;(ds)), te€0,T).

i,5:9#]

Since C' € Y and X is bounded on finite intervals, R;;(t) is sufficiently integrable in
order for Proposition 4.2 of Christiansen and Furrer (2024) to hold. Thus taking the
expectations with respect to Pﬁi on both sides and applying Proposition 4.2.15(iii)
yields

Vi€ J: Xi(t) = ENIX ()] = ENIL(ET)) = X(1) = By [L(1,T)),
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for all t € [0, 7], which in conjunction with Proposition 4.2.15(i) yields
X(t) =E[L(t,T)|F], P*—as. Vtel0,T]

O

Often we are also interested in the optional projection of a discounted version of
the process L(t,T) given by:

Ea(t)
Ea(T)

L*(t,T) := /(t g‘b(t)C(ds) + Y, te(0,7T],

T Ea(s)

where the process £ is defined as the generalised exponential

Ep(dt) = Eo(t—)0(dt), E(0) =1 & Eg(t) = OO TT (14 Ad(s)).

0<s<t

We assume that ® is a predictable, cadlag, finite variation process that is bounded
on finite intervals and satisfies inf ,,)cjo,7)x0 A®(t,w) > —1. Since this implies
that £ and & 1 are bounded on finite intervals, Proposition 4.3.2 can be utilised
to conclude that the process

X(t) =By [L*(¢,T)]

indeed is an optional projection of L*(¢,T) with paths of finite variation. Further-
more, we obtain the following analogue to Theorem 4.3.5:

Theorem 4.3.6. Assume that C € Y, that Y is bounded, and that ® is a
predictable, cadlag finite variation process bounded on finite intervals such that
inf(; wyejo,r)x@ A®(t,w) > —1. The following two statements are equivalent:

i) The process X (t) = E» L(t,T)] has state-wise decomposition )?i t) =
t.2(t)
EQ[L*(t,T)] and satisfies

Vt € [0,T): X(t) = BAL*(t,T)|F] P2 — as.

(i) The process X is cadlag, of finite variation, bounded on finite intervals and a
solution of the BSDE

X(dt) = X (t—)®(dt) — C(dt) + Z R;;(t)(Nyj(dt) — Ii(t—)Ay;(dt)),
i,jii]
(4.3.3)

with terminal condition X (T) =Y, and where Ri;(t) := AC;;(t) + Xy;(t) —
X (t).



4.3. OPTIONAL PROJECTIONS 151

Proof. Let Y* := %(t) and C*(t) := C(0) + f(o 7] %C(ds). Due to our assump-
tions on ®, we have that %(t) is strictly positive and bounded on finite intervals,
which implies that Y* and C* satisfy the assumptions of Theorem 4.3.5.

(ii) = (i): Let W(t) := gi((tt)). By Ito’s formula, we get

X(t-) 1
W(dt) = — O(dt) + z—=X(dt
@ =="Zm " 20 )
=—Cr(dt)+ Y &0 (£)(Nij (dt) — L;(t=)Ay(dt)), ¢ e (0,T].
i,j1iA]
As &g is predictable and W is optional, Proposition 4.2.6 yields that W;(t) = 5?7(8)
and W;;(t) = fi]@((?) and thus we obtain
1 ~
0-) g ) = 1(6-) (BC50 4 W) = WH(0)) = L R (),
Ey(t)
and we can conclude that W satisfies the BSDE
W(dt) = —C*(dt) — Y R} (H)(Nij(dt) — Li(t—)Ai;(dt)), W(T)=Y™.

1,j1i#E]

Theorem 4.3.5 in conjunction with the relationship X (t) = £¢(¢)W (¢) and Proposi-
tion 4.2.15(iii) now yields the desired result.

(i) = (ii): By Proposition 4.2.15(iii) we have that

X(t) = Ef 7y [L(t,T)] = Ea (1) Eq 2 [Y* + C*(T) = C*(1)].

By Theorem 4.3.5 we obtain the above BSDE for W (t) := E; z()[Y*+C*(T)—-C*(1)].
Since X (t) = €3 (t)W(t), integration by parts yields the desired result. O

Theorem 4.3.5 and Theorem 4.3.6 provide a one-to-one correspondence between
a BSDE and an optional projection. This turns out to be very useful for two
reasons: The first reason is that one can establish existence and uniqueness of the
optional projection by establishing existence and uniqueness of the BSDE, which is
key when considering the case where the process C' or the cumulative transition
rates A depend on the optional projection itself. The second reason is that by using
the jump-count representation, it is possible to show that the BSDE is equivalent
to an infinite-dimensional system of Lebesgue-Stieltjes integral equations. This
allows, in principle, to calculate the optional projection numerically and reduces
the question of existence and uniqueness of the BSDE to the question of existence
and uniqueness of the infinite-dimensional system of Lebesgue-Stieltjes integral
equations.

By Proposition 4.2.3 the processes C' and (A;;);+; each have a unique jump-count
representation (C")nen, and (A7} )nen,. Before we state the system of integral
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equations properly, we have to define counterfactual mappings in the spirit of w!,
which have Q™ as their domain. For ¢ € J and n € Ny define the mapping

((te,ze)e<n—1, (tn,i))  for z,_1 #1i

((te, z0)e<n—1, (00, V)) for z,_1 =1

K2 )

Wl QM = Q" WM (w") = {
which for any given sequence of n jumps sets z, = i whenever z,_; # i, while it
removes the n’th jump if z,_1 = i. Thus for any w € Q with w = (W",...) for

some w™ € Q" it holds that w} = £"(w!™). Furthermore for i, j € J with i # j and

n € Ny we define the mapping wzzl :[0,00) x Q® — Q"*! given by

wn+1(w ) L ((téy Z@)Efn—la (tna 7’)3 (tv.])) for Zn—1 7é i; >ty
t” ((t€725)f§n—1v (taj)v (OO, V)) for Zn—1 = ia t>t, 7

which for any given sequence of n jumps sets z, = i whenever z,_1 # i and then
adds a jump to j at time ¢, while it removes the n’th jump if z,_1 = ¢ and then
adds a jump to j at time ¢. Thus for any w € Q with w = (w",...) for some
w™ € Q" it holds that wy it = £ (wi™").

Proposition 4.3.7. Let X be an adapted cadlag process of finite variation with
Jump-count representation (f")nen,. Then X is the unique solution of (4.3.5) if
and only if (f™)nen, s the unique solution of the system

frdt,w") == C™M(dt,w™) = Y REENE WAL (dtw™), € (0,T],
J:jFzn (434)
fM(T,w") =Y"(w"), w"eQ” nelN

and where RZ-H(LQJ") = AC{LjH(t) + f"+1(t,wzzgl) — [t wl).

Proof. Since X is cadlag and of finite variation Proposition 4.2.9(i) yields
)= 30 1) (5 + X ) — I €N, () ).
n€Ny 7:3#Cn

Using Proposition 4.2.3, Proposition 4.2.9 and (4.2.7), the BSDE (4.3.5) can
equivalently be written as

=Y In(t)(cn(dt,g" > ACE (¢, €M)N;(dt)

n€Ng Jii#Cn

+ > RPN EM)(Ne, j(dE) — Ign(t—)A?nj(dt,f”)))
7:3#Cn

Equating the first and second equation for X (dt) and rearranging yields

0= () () + €A + 3 R 6L, (€N ).
J:3#Cn
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If X is an adapted, cadlag finite variation solution of (4.3.5) with jump-count
decomposition (f™)nen,, then by Remark 4.2.4 each f™ is cadlag and of finite
variation and both equations for X (dt) are valid implying the above third equation.
Since this equation holds for all w = (W™, (00, V), ...) for w™ € Q" it holds for all
t > t,. Due to the conventions (4.2.3) and (4.2.4) used to define the jump-count
representation, it holds that f"(dt) = C"(dt) = AL ;(dt) =0 for ¢ € (0,¢,]. Thus
(f™)nen, is a solution of the system (4.3.4) for all ¢ € (0,T]. If on the other hand
(f™)nen, is a solution of the system (4.3.4), each f™ is cadlag and of finite variation
which implies the same for X (¢) = >, I"(t)f"(¢,£"). Thus, the first equation
of X (dt) is valid and inserting the above third equation and rearranging yields the
second, which proves that X is a solution of (4.3.5). O

Similar to the undiscounted case, the existence and uniqueness of the BSDE
(4.3.3) is equivalent to the existence and uniqueness of a system of Lebesgue-
Stieltjes integral equations, which is the statement of the following analogue of
Proposition 4.3.7.

Proposition 4.3.8. Let X be an adapted cadlag process of finite variation with
Jump-count representation (f™)nen,. Then X is the unique solution of (4.3.6) if
and only if (f™)nen, s the unique solution of the system

Frdt,wm) = (t—, W)™ (A W) — C™(dtw™) = Y REEN(EW™)AT (dtw™),
Jij#zn
fM(Tw™) =Y (w"), te(0,T],w" Q™ neN

and where R?j+1(t,w’L) = ACZH(t) + N W) — (Wi,

t,15

4.3.2 The worst-case BSDE

‘We now consider a case where both the process C' and the cumulative transition rates
may depend on the optional projection and provide an existence and uniqueness
result for this type of circular problem. For this, let (U;;)iz; and (Li;)ix; be
cumulative transition rates which in addition to Assumption 4.2.12 satisfy

Lij(s,w) — Lij(t7w) < Uij(s,w) — Uij(t,w), V0 <t <s,VweQ, Vi,j € J 11 #]
and consider the BSDE given by
X(dt) = Z Rz] Nij (dt) — (t—)Aij(dt))a X(T)=Y, (4.35)

1,j1i#]
where R;;(t) := AC;;(t) + X;;(t) — X;(t) and YV is Fp-measurable. We assume that
the cumulative transition rates A = (A;;);; have one of the following two forms
Aij(dt) = Lr,;)>0)Uij (dt) + L (g, 1)<y Lij(dt), Vi,j € T i #j,
Aij(dt) = L(r,;()<0)Uij (dt) + L(r,; (1y>0) Lij(dt), Vi,j€ T ri#j.
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The (A;;)i; are cumulative transition rates, as the processes (L;;)i»; and (Usj)ix;
being cumulative transition rates ensures that (A;;);; satisfies condition (ii) and
(iil) of Assumption 4.2.12, and the fact that the processes (R;;)x; are i-predictable
ensures that the processes A;; are i-predictable (Assumption 4.2.12(i)). The process
C is an optional process with cadlag paths of finite variation given by

C(dt) =Y ILi(t-) (C’i(dt) + > ACij(t)Nij(dt)>,

ieJ jii#i
for i-predictable (C;, (AC;;) ;i )ic, which are assumed to be of the form

Ci(dt,w) = b (t, w, X; (¢, w))vi(dt, w),
ACU (dta W) = bij (tv w, X; (ta W)a Xij (t» W))

Clearly if there exists a unique solution X of the BSDE (4.3.5) that is cadlag, of
finite variation and bounded on finite intervals, we can by Theorem 4.3.5 conclude

that X(t) = Ef,Z(t) [Y + C(T) — C(t)], but since both the process C' and the
cumulative transition rates A determining the measure P2 depend on X, it is not
clear, whether such a solution exists. In order to prove existence and uniqueness
of the BSDE (4.3.5), we assume that the processes (Vi)ies, (bi)ies and (bij)ix;

satisfy the following regularity conditions.

Assumption 4.3.9. Assume that

(i) The processes (7;)icg are i-predictable cadlag processes of finite variation,
and there exists a non-decreasing cadlag function 7 : [0,00) — [0,00) bounded
on compacts such that for all w € Q:

|’Yi(t; W)l < :Y(t)a t>0 and |’Yi(t, W) - ’Yi(svw” < ’V(t) - ;Y(S)v 0<s<t

(i1) The functions (b;, (bij);j2i)icg with b; @ [0,00) x @ x R — R and b;; :
[0,00) x 2 xR x R — R are measurable, and (t,w) — b;(t,w,x) and (t,w) —
bi;j(t,w,x,y) are i-predictable for all fived x,y € R.

(#ii) There exists a positive function B : [0,00) — (0,00) which is bounded on
compacts such that for alli,j € J i # j:

|b;(t,w,0)] < B(t) and |b;;(t,w,0,0)] < B(¢)

for all (t,w) € [0,00) x Q.
(iv) There exists a positive function 5 : [0,00) — (0,00) which is bounded on
compacts such that for alli,j € J 11 # j:

|bi(t,w, 1) = bi(t,w,21)| < B(E)|z1 — 22,
bij (t,w, z1,91) — bij(t,w, 2, y2)| < B(t)(|z1 — z2| + |y1 — y2|),

for all (t,w) € [0,00) x Q and (z1,22), (y1,y2) € R?.
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Assuming those regularity conditions brings us to the first of two main results of
this section.

Theorem 4.3.10. Assume that Assumption 4.3.9 is satisfied and that'Y is bounded.
Then there ezxists a unique solution X of the BSDE (4.3.5) that is cadlag, of finite
variation and bounded on finite intervals.

Proof. See Subsection 4.3.3. O

Returning to the discounted case, we can consider the BSDE

X(dt) = X(t=)(dt) - Cdt) + 3 Ryy(t)(Nyy(db) — L(t—)Ayy(de)),  (4.3.6)
,J:1F#]

with terminal condition X (7) =Y, and where R;;(t) := AC;;(t) + X;;(t) — Xi(t).

The process ® is predictable, caddldg, and of finite variation, while the terminal

condition Y, the cumulative transition rates A, and the process C' are assumed to

be of the same form as in the undiscounted case. Assuming that Assumption 4.3.9

is satisfied, we obtain the second main result of this section and analogue of
Theorem 4.3.10.

Theorem 4.3.11. Assume that Assumption 4.3.9 is satisfied, that Y is bounded
and that ® is predictable, cadlag, of finite variation and bounded on finite intervals
with inf ,yep0,71x0 O(t,w) > —1. Then there exists a unique solution X of the
BSDE (4.3.6) that is cadlag, of finite variation and bounded on finite intervals.

Proof. We start by considering the process W solving the BSDE

W(dt) = =C*(dt)+ Y RY (t)(Nyj(dt) — Li(t=)AJ] (dt), W(T) =Y,
4,J1i#]

RY (t) := AC;(t) + Wi (t) — Wi(t),

and where Y* := %(T) The cumulative transition rates /_\ZV all have one of the
following forms:

Ajy (dt) = 1w »0) Ui (dt) + Lgw <) Lz ()

D45

Ajy (dt) = 1w <o) Uij(dt) + L (g »0) Liz (1),

while the process C* is given by

dt) = ZL(t)(C’* (dt) + Y ACH ()N dt))

ieJ JigFi
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where C} and ﬁCi*j have the form

1
C/(dt,w) = vi(dt,w) = mbi(t,w, Ea i (t,w)Wi(t,w)) vi(dt, w),

=:b7 (t,w, Wy (t,w))

ACE (At w) = ———by (10, Ea1 (1) Wi (1), Eas(t200) Wi (£, ) -
J Ep.i(t) ' '

::b;‘j(t,w,Wi(t,w),W,;j(t,w))
Since ﬁ is bounded on finite intervals, it follows that (b, (b};);.ji)ies satisfy
Assumption 4.3.9 and Theorem 4.3.10 yields existence and uniqueness of W.
Set X(t) = g@(t)W(t) Since Xi(t) = gcpyi(t)Wi(t) and Xij(t) = g¢7i(ﬁ)Wij(t)
we get

Rij(t) = AC;(t) + Xi;(t) — Xi(t)
= Ea,i(t)(ACH; (t) + Wij(t) — Wi(t)) = Eai(t)R}) (1)

and since Eg(t) is strictly positive, we have that sign(R}/JV(t)) = sign(R;;(t)), thus
allowing us to conclude that A}/}/ = A;;. Using this, and an integration by parts
argument as in the proof of Theorem 4.3.6 it follows that X is a solution of (4.3.6)
if and only if X(t) = Ea(t)W (), where W is as just described. As W and &g
both exist and are unique, so is X, and since W and &3 both are cadlag, of finite
variation and bounded on finite intervals, so is X. O

4.3.3 Proof of Theorem 4.3.10

The key to the proof of Theorem 4.3.10 is to use the, by Proposition 4.3.7 given,
equivalence between the existence and uniqueness of a solution X of (4.3.5) and
existence and uniqueness of the following system of Lebesgue-Stieltjes integral
equations satisfied by the jump-count representation (f™)nen, of X:

frdt,w™) = =b7 (t,w", f(t, W)y (dt,w™) + Z Rfjjl(t,w”)/}gﬂ”j(dt,w"),
JijFzn
M (T,w™) =Y"™"w"), te(0,T],w" Q" neNy,
(4.3.7)

where R%"'l(t,w”) = b?j(t,w”,f"(t,w?),f”“(t,w;f;;l)) —I—f"“(t,wf’;;-l) — (¢, wl)

and where (A});x; are given by one of the following two variants:
A;n] (dta wn) = ]]‘(R?;rl(t,w")ZO)Uzlj (dt, UJn) + 1(R;}+1(t,w")<0)L% (dt,w"), Vn € No,
A3 (A W) =T groes 4y <) Ui (A6 07) + 1 s gm0y L (7)€ No.

Here (LGj)nENov (Ug’)nENov (rﬁl)neNoa (b?)nENo and (b?j)neNo denote thejump-count
representation of the processes (Lij)ij, (Uij)izj, (Vi)ieg, (bi)icg and (bij)i; and
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by Proposition 4.2.2 and Remark 4.2.4 conditions (i), (iii) and (iv) of Assump-
tion 4.3.9 remain valid for the functions of the relevant jump-count decomposition.
We could thus equivalently state Assumption 4.3.9 in terms of the corresponding
jump-count decomposition by adding a superscript n and replacing w € € with
w™ € Q0" in the relevant places.

For a function f : [0,7] — R let |f|(¢) denote the variation of f on the interval
[0,2] and set BVioz) : {f : [0,T] = R : [f|(T) < oo, f is cadlag}. Let || - [|pv
denote the finite variation norm given by || fllsv = |f(T)| + | f|(T) and note that
(BVio,r, |l - [IBv) is a Banach space, see also Appendix 4.A. In the proofs, we will
also use a family of equivalent norms

95 =@+ [ et i,
(0,1

where v : [0,T] — [0,00) is any non-decreasing cadlag function and ¢ > 0 is an

arbitrary constant, see also Appendix 4.A.

The proof that (4.3.7) has a unique solution is now done in a sequence of lemmas.
First we prove in Lemma 4.3.12 that for each n € Ny the function f" exists, given
that f?*! is known. In order to then obtain existence and uniqueness of the
infinite dimensional system (4.3.7), we first construct a sequence ((f™),en,)rren
of finite dimensional systems and prove in Lemma 4.3.13 that each member of this
sequence has a unique solution. This is followed by Lemma 4.3.14, showing that
for each n € Ny the sequence (f™™)sey has a limit f*, and Lemma 4.3.15, which
shows that (f")nen, is a solution of the system (4.3.7). Finally, we conclude with
Lemma 4.3.16, which shows that (4.3.5) has a unique solution.

Notation: Throughout the proofs in this subsection, we will often suppress the
dependence on w™ in order to ease the notational burden. In that case we will use

the shorthand notation f™(t) for f™(¢,w™) and ft";gl(t) for f""‘l(t,wz;;l(w”)).

Lemma 4.3.12. Fiz n € Ny and assume that f*':[0,7] x Q"1 — R is a known
cadlag function of finite variation such that

Vi sup S gy (@) < oo
wntleqnti

Then (4.3.7) considered for fized n has a unique solution.

Proof. Let w™ € Q" be given and fixed and set Kz := sup;c(o 1) 8(t). The goal is
to apply the Banach Fixed Point Theorem for the Banach space BV g 7 with the

norm || - where ¢ > 0 and

v(t,w") = (11 K) (7

(t,w" ZUzn]tw)

JijFzn
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Now fix an arbitrary w™ € Q™. During the rest of the proof, we will suppress the
dependence on w™ for ease of notation. Let f € BV|g 7} and define the mapping
F: B‘/[O,T] — B‘/[O,T] by

F(f)(t) =Y + / b (s, f(5)0 (ds) — 3 /(m RIHL (AT (di),

(.7 Jij#zn
where R?jlj( ) =07 (L, f(1), ft”;:}]( )+ ftnzzlj( ) — f(¢). First, we have to check
that T'(f) actually is of finite variation, given that f is. Using that 2™ := 1,50y
and 27 = 1, <0y can be written as

xt = 93+2|93| and z7 = L;m,
we can rewrite R;L#A" (dt) for any i # j as

Rn+l Rn+l n—ll-'l t) — n—ll-'l
Rn+1() Z(dt) tz_]() 2‘ tzJ()|U;;(dt)+ t,z]() 2‘ t,z]()|LZ(dt)

t,17
Un + L, i U — L,
= rpgto (P + R o) (S5 ) an

for t € (0,T]. Applying the triangle inequality and the fact that Uj; + L} and
Uj; — Lj; are increasing, we arrive at the bound

[RYG OIALI(A) < [RYS (OIU (), Vij €T i

t,1 t,17

Furthermore by Assumption 4.3.9 we obtain the bounds

(62, (&, F(@) Iz, 1(dt) < B + [fO)DIFI(AE) < K1+ [[f][pv)7I(dE)
(2 (&, Fr2 5, F)] < BOA+ O]+ £ 50

< a1+ Iflav+ s 7 ) ).

wntleQn

By the triangle inequality and Proposition 4.A.2(iv) we thus have
IE(Nlsv <(1+ Kp) <1 + I fllBv +  sup If”“llBV(w”“)) > oz
wn+1€Qn+1 ..
JijFzn
+ Y+ Ks(1+ [ fllav)I7z, [(T) < oo.

Next, the goal is to show that the mapping F' is a contraction. Let f,g € BV )
and note that

F(f)(t) — Fg)(t) = /( g P S U (5, 9(6))7, 4)
Ur . — ™ .
D Dl e O e

JijFzn

n n U;Ln +L?’n
e 3 [ R - me (S ),
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for all t € [0,T]. Let now 0 < t; < to < T. By applying the triangle inequality,
the reverse triangle inequality, the definitions of R”Jrl J and R:L:gl 9. and Assump-

tion 4.3.9(iii)-(iv), we arrive at

[E(f)(t2) = Fg)(t2)) = (F(f)(tr) — F(g)(t1))] < / Kp|f(s) = g(s)lly"|(ds)

(t1,t2]
+ Y / (1+Kp)|f(s) — g(s)|UZ, ;(ds)
jiien ? (15t2]

By inserting this into the definition of the Variation, we find that this above bound
with #; = 0 and ¢y = T applies to || f/"* 1! — .2(iii)
and the definition of v we get

c,v

< /(M] emcW=v(s=) (f(T) —9(T)[ + /<S,T] If - gl(du)> v(ds)

which, after an application of Tonelli’s Theorem, yields

I1E(f) = F(9)

I1E(f) = F(o)lgy <IA(T) - g(T)\/ e~ D=y (ds)

—c(v(T)—v(s—))
/T/ v(ds)|f — gl(du).

An application of Lemma 4.A.6 yields

—_

IF(F) = Flv < -IIf = all5v,

o

and by choosing ¢ > 1, we thus have shown that F' is a contraction. An application
of the Banach fixed-point theorem finishes the proof. O

Since f™ depends on f"t1, the system (4.3.7) is coupled upwards in n, and
since n € Ny there is no natural starting point from which to iterate backwards.
Therefore, we consider a truncated version of (4.3.7). For M € N set

LM () =1 L (1), neNg
1

UZ’M(t) =L Uij(t), neNg

and use this to define the system

f"’M(dt,w") =07 (t, w",f"’M(t W)z (dt,w™)

n M n,M n
o Z +1 )AZn] ( t’w ) (438)
J:j#2n

f"’M(T, wn) :Yn(wn)’
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for t € (0,77, w™ € Q™ and n € Ny, where

RN (@) = b S @ L5 0) + 5 0 = 1M o)

n, M _ n, M n,M
Aij (dt) = ]l(Rijl'M(t)zO)Uij (dt) + ]l(Rzzrjl'M(t)<O)Lij (dt)

Since for n > M the function f™* does not depend on f"+1M we have successfully
constructed a system in which only finitely many f™ are coupled.

From now on we let Kj 1= sup,cjo75(t), Ky = sup,cq |Y(w)| and define
k=14 Kg and K; := 14 2Ky. We let ¢ > 1 and set

V(t) = (1+KB)(W)+ 3 aij(t)).
1,5:9#£7

Note that v does not depend on w” for any n € Nyg. We now have the following
result:

Lemma 4.3.13. It holds that

sup sup Hf"’MHBV(w”) < Ky + 6(462V(T)+1)V(T)K1’
M€eNg neNg,w™eQn

and there exists a unique solution of the system (4.5.8) for all M € Ny.

Proof. Fix M € Ny and let n > M. In this case, we have that

ﬂwm=W+/ b (5, "M (5))s. (ds),  VE€ (0,T]
(t,T7]

Since f™M does not depend on f**M  Lemma 4.3.12 immidiately yields existence
and uniqueness. For any ¢ € [0, T] similar arguments as in the proof of Lemma 4.3.12
yield

/ e=eW(T)=v(s2)| fn:M | () S/ e~ (1 4 Ky J(ds)
(t7T]

(t7T]
+/ efc(V(T)*V(S*))/ | £ M| (du)v(ds)
(¢,7] (s,T7]
S C / Q*C(V(T)iy(si))Kly(dS) S LK17
c—1Jem c-1

for all ¢ € [0,T]. Choosing ¢ = 2, we consequently obtain
”fn,M”BV(wn) < KY + €2V(T)K1 < KY 4 6(462V(T)+1)I/(T)K1 Y™ € Q"

which implies the boundedness condition.
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For n < M we will prove existence, uniqueness and the boundedness condition
by proving the auxiliary result that for each n € Ny, there exists a non-decreasing
function g™ ¢ BV{g, 7} such that

[omvien@s < [ s, vee o) et e o, @439)
(t,7] (¢,T]

which we will prove by backwards induction starting at n = M. For n > M we
can set ¢ = 2 and use the previous calculations to obtain (4.3.9) with g™ (ds) =
2¢2*(M K v(ds). Let now n < M and suppose that f?+1M satisfies (4.3.9), exists
and is unique. Then since the bound (4.3.9) does not depend on w™*!, Lemma 4.3.12
immediately yields existence and uniqueness of f™. By similar calculations as
before, we obtain

/ e—c(u(T —v(s— ‘fn M|( ) / —C(V(T)_V(S_)) / ‘f”hq(du)y(ds)
(,7] (¢,T] (5,77
+/ e (T)—v(s— ))(Kly (ds) + Z / |f ;LZ}JM du)fiUznj(dS)>,
(t,T1]

jigAzn T

for all t € [0,7T]. Using the induction hypothesis, switching the order of integration
by virtue of Tonelli’s Theorem, using Lemma 4.A.6 and rearranging yields

/ efc(V(T)fu(sf))|fn,M‘(ds)
(&,T]

< < T / e—cW(T)—v(s-)) <K1 Jr/ g”H’M(du))z/(ds),
c— (t,T) (s,T]

for all t € [0,T]. Setting ¢ = 2 and rearranging we obtain (4.3.9) with

g™ M (ds) = 22D <K1 + / gnH’M(dU)) v(ds).
(5,71

We thus established that (4.3.9) is valid for all n < M and that existence and
uniqueness hold for all n < M as well. Using this in conjunction with switching
the order of integration by virtue of Tonelli’s Theorem and Lemma 4.A.6 to iterate
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upwards from n to M, we obtain:
/ e—c(u(T)—u(s—))|fn,M|(dS>
(t,7]

< < 1/ e_c(”(T)_”(s_))(Kl—i—/ g"+1’M(du))u(ds)
c—= (t,1) (s,T)

1 1 / e_c(y(T)—u(s—))gn+1,M(ds)
(0,77

K
“c—1 c—1
1 262D(T)

L+ / e—c<v<T>—v<s—>>(K1+ / g"“vM(du))u(ds)
c—1 (0,7T] (s,T7]

“c—1
2u(T 2v(T) \ 2 20(T) \ 2
2 e (BN g, o (22 / ¢V (T)=(s=) gt 2.0 (g )
C 1 (O,T]

c—1 c—1

M—n L 00 £
2621/(T) 2€2U(T)
<...<K, Z ( p— > gKlz( 1 ) , Ytelo,T].
(=1

(=1

Setting ¢ = 4e**(T) + 1 yields

/ £ |(ds, w™) < e THFOMD Z% = UD€ n
(0,77 =1

As this bound is independent of M, n, and w™, taking the supremums yields the
desired result. O

Lemma 4.3.14. For each M € Ngy let (f™™),en, be a solution of the sys-
tem (4.3.8). For any n € Ny the sequence (f™™)yren, is a Cauchy sequence
in (BV[O,T]a - llsv)-

Proof. Fix n € Ny and suppose that n < N < M. We will start by proving
the auxiliary result that for each n < N, there exists a non-decreasing function
g € BVjy 7} such that

/ |foM - M (ds, w™) g/ g (ds), Vte[0,T], Vw™ € Q™. (4.3.10)
(t.T]

(t,T]

As in the proof of Lemma 4.3.13, we will use backwards induction. For n = N, we
can, by similar calculations, Tonelli’s Theorem, and an application of Lemma 4.3.12



4.3. OPTIONAL PROJECTIONS 163

and Lemma 4.A.6, arrive at

/ e (T)=v(s=))| pNM _ NN ()
(t,7]
S/ e—c(u(T)—u(s—))/ lfN,M _ fNNl(d’u)U(dS)
(¢,17 (s,T]

b [ e DD S (L My + 1Y ) Uy (09
(1]

JijFzn

c
<
c—1

/ e~ W=V (1 4 2K, w(ds), Wt e [0,T), Vul¥ € QY
(t7T]

where Ky := Ky + el P+ K Thus for ¢ = 2, we have that (4.3.10) is
satisfied with gﬁ,”M(ds) = 2¢2"(T1)(1 + 2K5)v(ds). Assume now that (4.3.10) holds
for n + 1. Then calculations similar to those in the proof of Lemma 4.3.12 and the
induction hypothesis yield

/ e—c(u(T)—u(s—))|fn,M _ me‘(dS)
(t7T]

- fl/ efc(u(T)*V(S*))/ g A (du)v(ds),
c (t.T] (.71

for all ¢t € [0, T, which for ¢ = 2 yields (4.3.10) with

gT]:[’M(ds) = 2¢2¢(T) /( ]gﬁ’r]\f (du)v(ds).
s, T

Iterating forwards from n to N as in the proof of Lemma 4.3.13 yields

/ e—C(V(T)—V(S—)) |fN,]\/[ o fN’N|(dS) < / e—c(u(T)—u(s—))gTJLVJ,r]\l/f (dS)
(0,7] (0,71

2621/(T) 20(T) N
< p— 2e Gnio (du)r(ds)
(0,7 (5,7

2 2u(T) \ 2 .
<( e ) / e<tAD=1(s=) VM ()
c—1 (0,7

221/(T) N—n
g--s(e ) (1 +2K,)

c—1

c—1

Setting ¢ = 4e***(T) 4 1 and rearranging yields the bound

n n n 1 e2v (1) v n n
”f ’N[*f ’N”BV(W )S 2]\77_”(14»2_[(2)6(4 +1) (T)7 Yw™ e Q"

which vanishes for N — oo, thus finishing the proof. O

Lemma 4.3.15. Assume that for all n € Ny the sequence (f™)aren, has the
limit f* in BVior). Then (f")nen, is a solution of the system (4.8.7) and the
process X with jump-count representation (f™)nen, s bounded on finite intervals.
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Proof. Let n € Ny be given. Let f™ be the limit of (f™™)ysen, and set

Fo=yee [ maronne) - 3 [ Rem )
(,T) it T

for all t € [0,T]. Let M be large enough such that n < M. Then L" M = L7, and

UZJL»’M = U;; by definition and thus by similar arguments as in the previous proofs7

we get

M
1M = sy <M = ey + > / s = fed bl

JiiFzn

By assumption lim,, o || f™™ — f"||py = 0 and lim,, oo ||ftn;13M ftn;t, lzv =0
for all t € [0,T]. Thus, the first term vanishes, and the bound in Lemma 4.3.12
allows us to apply the dominated convergence theorem to the second term, which

allows us to conclude that
fin_ 17 = Py = 0.
M —o00

Thus the uniqueness of limits yields (f")neNo = (f™)nen,, which means that
(f™)nen, indeed is a solution of (4.3.7). Finally, as the limit operator preserves
bounds, we have by Lemma 4.3.13 that

wp v (") € Ky + e T,
n€Np,wnen

which implies that X (t) = >_ oy, 1"(t)f"(¢) is bounded on finite intervals. O

Lemma 4.3.16. Let X be a solution of (4.3.5) that is cadlag, of finite variation,
and bounded on finite intervals. Then X is unique.

Proof. Assume that X, X5 both are solutions of (4.3.5), bounded on finite intervals,
with jump-count representations (f™)nen, and (¢")nen,- Then the process X7 — Xo
is bounded on finite intervals, and thus there exists a constant K > 0 such that
sup sup I/ (t,w™) — g"(t,w™)| < K.
t€[0,T] n€Ng,wn e

By a backwards induction argument starting at any M € Ny followed by a forward
iteration from any n < M to M, exactly as in the proof of Lemma 4.3.14, we obtain
that for all M € N and all n < M it holds that

B 2621/(T) M—n
[ eemeeong e < (20) k.
(0,7 c—1

Choosing ¢ = 4e2*(T) 4+ 1 yields for any M € Ny and n < M the bound

n n n 1 e2v (M) v n n
If" = g"llpv(w") < 2M_nh(T)€(4 T e Qn,

By taking the infimum over M on both sides we obtain ||f™ — ¢"| gy (w™) = 0 for
all w™ € Q" and n € Ny, thus yielding the desired uniqueness. O
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4.4 The martingale optimality principle

We now formulate our robust utility maximisation problem and show the associated
martingale optimality principle, which is a sufficient condition for the existence of
a solution to our posed problem. Both the problem of determining worst- and best-
case prospective reserves and the robust consumption-insurance problem are special
cases of the problem presented in this section. Consider again the filtered canonical
measurable space (2, F,F). Let 7 be a known and fixed initial distribution and
assume that the cumulative transition rates A = (A;;)iz; determining the true
measure P are unknown. Instead, statistical methods or expert judgement provide
known upper and lower bounds for the true cumulative transition rates, which we
assume are given by the cumulative transition rates (L;;);z; and (Uj;); satisfying
Assumption 4.2.12 such that for all 7,j € J : i # j:

Lij(s,w) — Lij(t,w) < Uij(s,w) — Uij(t,w), VO <t<s, Ywe Q. (441)

We are only interested in biometric scenarios within these bounds, and thus, all
admissible cumulative transition rates are defined as follows:

Definition 4.4.1. The processes A = (A;j)i; are admissible cumulative transition
rates if they satisfy Assumption 4.2.12 and if for all i,j € J : i # j:

Lij(s,w) — Lij(t,w) S Aij(s,w) — Aij(t,w) S Uij(s,w) — Uij(t,w), (442)

for all0 <t <s and w € Q. The set of admissible A is denoted by M.

With the admissible biometric scenarios in place, we fix a deterministic terminal
time 7" > 0 and consider the following problem:

Joma? 00 g™ s

The process U%? is the cumulative utility process, which measures the total utility

max min EA
0c A AeM

gained over time, depending on the control 6 and the biometric scenario A, while
the Fp-measurable random variable Y4 measures the terminal utility. The control
0 is assumed to be an optional process taking values in a measurable space (E, &)
and the process £¢ is defined as the generalised exponential

Ep(dt) = Eo(t—)0(dt), Eo(0) =1 & Eg(t) = OO TT (1+ A2(s))
0<s<t

for some predictable, cadlag, finite variation process ® that is bounded on finite
intervals and satsifies inf; e, 71x0 AP(t,w) > —1. The process ® can be inter-
preted as a subjective cumulative discount rate taking into account the subjective
time-value of utility. The class of admissible controls is as follows:
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Definition 4.4.2. The optional process 0 : [0, T] x Q — E is admissible if for all
A € M it holds that U™ is a cadlag, finite variation process and

sup ]Ei\’iHUQ’A(T) U () + Y9 (w) <00, YweQ VieJ.
t€[0,T]

The set of admissible 0 is denoted by A.

The objective of (4.4.3) is to find an admissible pair (8, A) such that 6 € A is the
best possible control in the worst possible biometric scenario A € M. In order to
formalise this mathematically, we associate with the problem (4.4.3), the expected
utility process V(t, 6, A) given by

T Ea(t)
Ea(s)

Note that V(¢,0,A) is an optional projection of the discounted form and it can be

Ea(t)

yOAL
Ea(T)

U%A(ds) +

V(t,0,A) =K, [ t

interpreted as the subjective expected present value of future utility associated with
the control 6 under the biometric scenario A at time ¢. This process is important
because it allows us to define what constitutes optimality.

Definition 4.4.3. The admissible pair (8, A) constitutes the robust optimal control
and the worst-case biometric scenario if and only if for all t € [0,T] it holds that

V(t,0,A) < V(t,0,A) < V(t,0,A), VoeA AeM.

We now come to the martingale optimality principle, which serves as a sufficient
condition for the existence of robust optimal controls and worst-case biometric
scenarios. Let § € A and A € M be the candidate robust optimal control and
worst-case biometric scenario and assume that there exists a cadlag, finite variation
process V, such that V(T) = Y?2, For arbitrary § € A and A € M let M%2(t) be
given by

1

1
0,A (7 . 6,A
W OF /(M &0 UPMMds) +

Ea(t)

V(t).

The process M?* consists of two parts. The first part is the utility accumulated
until time ¢ under the control 8 and the biometric scenario A, discounted back to
time zero. The second part is the expected present value of future utility under the
control # and the biometric scenario A, discounted back to time zero. We now have
the following result.

Theorem 4.4.4 (Martingale optimality principle). Let (8, A) be admissible and let
V be cadlag and of finite variation satisfying V(T) = Y%A, If

(i) M%2 is a (F,P2)-martingale
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(ii) M9 is a (F,PY)-supermartingale for all § € A
(i) M%D is a (F,PM)-submartingale for all A € M
then 6 and A are robust optimal controls and

V(t) =sup inf V(t,0,A) = inf sup V(t,0,A) =V(t,0,u).
(6) = sup inf V(t.0,4) = inf sup V(t,6. ) = V(t.6.0)

Proof. We have to show that (6, A) is a saddle point of V(¢, 60, A) for all t € [0,T].
Since M?2 is a (F, PA)-martingale, we have that M%2(¢) = Et 2oy [MZA(T)], which
yields

"l eaigey o L
/oé’@(s)U (d)+g¢(t)V(t)

()

Rearranging gives us

Let § € A be arbitrary. Since M?%2 is a (F, P2)-supermartingale, we have that
A . .
MOA(t) > E; 20) [MY%2(T)], which yields

AMds) + V(t)

1
Ep (t)

T
A L on
2 IEt,Z(t) { 0 Sq,(s) U%=(ds) +

Since V(t) = V(t, 6, A), rearranging yields

V(t,0,7) > Eﬁz(t){ t 2’8 gj((?)ug(T)(Xe’A(T))] =V(t,0, 1),

for all § € A. Let A € /\/l be arbitrary. Since M?% is a (F,P*)-submartingale, we

have that M%2(t) < IE; 20 M%*(T)], which yields

t 1
/O AT U (ds) + O V(t)

T
<E} U ——UPMds) + s ul i (XENT }
t,Z(t) 0 5@() ( ) gq;.() Z(T)( ( ))
Since V(t) = V(t,0, A), rearranging yields

T &s(t) &p(t)
Ea(s) Es )

(T
for all A € M. Thus we can conclude that (6, A) is optimal. O

o Ea(s)

s (KA.

U%A (ds) +

U%A (ds) +

V(t.6,A) < Z(t)[ t ><X“<T>>] —V(t.0,8),
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If one is interested only in the case of absolutely continuous cumulative transition
rates determined by the predictable transition intensities (ui;)ix;, see (4.2.10),
statistical methods or expert judgement can provide upper and lower bounds
(Uij)iz; and (L;;)ix; of the same absolutely continuous form, with transition
intensities (l;;)ix; and (u;;)ix; satisfying Assumption 4.2.17. Thus instead of
(4.4.1) we assume that

Zl-j(t,w) < ’U,ij(t, W), V(t,W) € [0, OO) X Q, VZ,j € j 11 # j, (444)

which of course implies (4.4.1). The class of admissible cumulative transition rates
can then be restricted to those of the form (4.2.10) using the following class of
admissible predictable transition intensities:

Definition 4.4.5. The processes 1 = (u;j)iz; are admissible transition intensities
if they satisfy Assumption 4.2.17 and if it holds that

lij(t,w) < ‘Ll,ij(t, (.L)) < uij(t,w), V(t,W) € [0,00) X Q, VZ,] € j 11 7é ] (445)

The set of admissible 1 is denoted by M.

In that case the problem (4.4.3) can be stated as

1
max min E [/(0 . U%*(ds) + UE(T)(XG’”(T)) 5 (4.4.6)

1
0eA pemM &1)(8) Scb(T)
where the biometric scenario is characterised directly by the transition intensities.
Even though problem (4.4.6) reduces the class of admissible biometric scenarios
compared to the problem (4.4.3), the objective is the same, and the martingale
optimality principle of Theorem 4.4.4 remains valid.

4.5 Best- and worst-case prospective reserves

In life insurance, the process Z can be interpreted as the health status of an
individual and depending on the individual’s state and the transitions between
states, they receive contractual payments in accordance with an insurance con-
tract. The accumulated insurance payments are given by a process C' € Y. By
Proposition 4.2.10, any such process can be decomposed as follows:

C(dt) = > Ii(t-) (C’,»(dt) + > ZCij(t)Nij(dt))
i€eJ Jig#i
The processes (C;);c7 can be interpreted as the accumulated sojourn payments,
which the individual receives/pays as long as the individual’s health status Z(t)
equals 4, while the processes (AC’U)#]» can be interpreted as the transition payments,
which the individual receives/pays upon the transition of the individual from state
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1 to state 7. We assume that there is a deterministic terminal time 7" > 0 at which
the insurance contract expires and after which no more payments are made. The
present value of future payments is given by

__ €a(t) g
L(t,T) = /(m oy Cas)

where the cumulative interest rate ® is predictable, cadlag, of finite variation and
bounded on finite intervals, such that inf; ,ycp0,71x0 A®(t,w) > —1. The process
&g given by

Eg(t) = OO TT (14 Ad(s)),

0<s<t

can be thought of as a savings account. The object of interest for the insurance
company is the expected present value of future payments (also called the prospective
reserve), defined as the optional projection of the present value of future payments
given by

V(t,A) =By, => LOENLET), telo,T],
i€J

for the true biometric scenario A. The processes V;(t) = E[L(t, T)] are called the
state-wise prospective reserves.

In practice, the true biometric scenario A is unknown. Statistical methods
might provide a best estimate, which can be used for calculations, and confidence
bounds, that can quantify the uncertainty on the level of the cumulative transition
intensities. In light of this, we are now interested in the question: Given contractual
payments C € Y, a cumulative interest rate ®, and the bounds (4.4.1) for the true
biometric scenario, what are the worst- and best-case prospective reserves

V(t) := sup Bp,[L(t,T)] and V(t):= inf B}, [L(t,T)],
AEM AeM

and what are the corresponding worst- and best-case biometric scenarios A and

A, which realise the supremum and infimum? Note that from the insurer’s point

of view, the prospective reserve is a liability and thus the worst-case value is the

largest value this liability can take. From the insured’s point of view, it is of course

exactly the opposite. Going forward, we will refer to the insurer’s point of view.

The two problems posed above can be recognised as a special case of the problem
(4.4.3) as follows. The control § € Y is an insurance payment process, and the set
of admissible controls is A = {C}. The utility process U%? is just equal to the one
admissible payment process C' and Y% = 0. Thus, we can apply the martingale
optimality principle to obtain the following two results.
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Proposition 4.5.1. Assume that C € Y and that ® is predictable, cadlag, of finite
variation and bounded on finite intervals with inf . )0, 71x0 AP(t,w) > —1. Let
V be the solution of the BSDE

V(dr) = V(t-)@(dh) — Odt) + 3 Riy(t)(Nyj(df) — Li(t—)Ais(dt)).  (45.0)

1,517 ]
with terminal condition V(T') = 0, where R;;(t) := ECM (t) +Vi;(t) — Vi(t) and
Aij (A1) = L(ry; (1)20)Uig (A1) + L (g (1) <0) Lij (dE).-
Then V (t) = suppe g Eﬁz(t) [L(t,T)] and A = (Ayj)ix; is the worst-case scenario.

Proposition 4.5.2. Assume that C € Y and that ® is predictable, cadlag, of finite
variation and bounded on finite intervals with inf e rxo AP(t,w) > —1. Let
V be a solution of the BSDE

V(dt) = V(t—)®(dt) — + > Ry (H)(Nij(dt) — Li(t—)Aii(de)),  (4.5.2)
1,517

with terminal condition V (T') = 0, where Ry;(t) := AC;(t) + Vi;(t) — Vi(t) and
Aij(dt) = 1 (g, 1y<0) Ui (dt) + Lz, (1) >0) Lij(dt).

Then V (t) = inf pe m E?Z(t) [L(t,T)] and A = (A;j)iz; is the best-case scenario.

Proof. We start with the proof of Proposition 4.5.2. First, we check whether A
is admissible. By definition of A condition (4.4.2) is satisfied, and the conditions
(ii)+(iii) of Assumption 4.2.12 are inherited from (L;;);x; and (Ujj;)ix;, as they
satisfy these exact conditions themselves. The i-predictability condition is satis-
fied since (L;j)iz; and (Ujj)iz; themselves are i-predictable and since R;;(t) is
i-predictable. Thus A is admissible.

In order to obtain optimality, the martingale optimality principle states that it
suffices to show that

1 1

A L s
M) = (0,¢] 5¢($)C(d )+ Ea (1)

V(t)

is martingale for A = A and a submartingale for admissible A # A. This is
equivalent to showing that

V(t) <Ey L, T)], Vte0,T], VA e M,
with equality if and only if A = A and since an application of Theorem 4.3.6 yields

V(t) =EL, 0 [L(t, )],
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we can invoke Theorem 8.4 in Christiansen and Furrer (2024) to conclude that this
is the case if

T(r,; =0 (Aij — Aij)(dt) <0, t>0,i,5€T,i#j
L(r,;(<0)(Aij — Ayj)(dt) >0, t>0,i,j€T,i#j
for all A € M, with equality in the inequalities if and only if A = A. Plugging in
our candidate for A, we indeed get
La,, >0 (Aij — Nij)(dt) = Lz, )0y (Lij — Nig)(dt) <0, t>0,i,j€T,i#j
L, (1y<0)(Aij = Nij)(dt) = 1z, 1y<0)(Uij — Aig)(dt) >0, t>0,i,5€T,i#j

for all A € M, with equality in the inequalities if and only if A = A. Thus
Theorem 8.4 of Christiansen and Furrer (2024) yields

V()= LOENILET)] < Y LIOENILET)] = Ef 7 [L(t, T,
i€ i€
for all t € [0,T] and A € M. Taking the infimum yields the desired result. The

worst-case result Proposition 4.5.1 now follows directly from the fact that

Eplt Ealt
s Bl [ E209)] = ot B | [ G0N0

O

Note that the two Propositions assume the existence of a solution to the BS-
DEs (4.5.1) and (4.5.2). They do not prove that such a solution exists. But since
they both are of the form (4.3.6), Theorem 4.3.11 gives an existence and uniqueness
result which is applicable here, even in the case where the contractual payments
are reserve-dependent. Thus, Theorem 4.3.11 in conjunction with Proposition 4.5.1
and Proposition 4.5.2 ensures existence and uniqueness of the worst- and best-case
prospective reserves and the accompanying worst- and best-case biometric scenario
for a wide range of different life, health and disability insurance products.

Note also that the worst/best-case scenario intuitively makes sense. The quan-
tities R;;(t) = ﬁCij(t) + Vij(t) — Vi(t) are the so-called sums-at-risk. Suppose
that the insured jumps from state ¢ to state j at time ¢. In that case, the insurer
has to pay out the contractual payments &C’ij (t) to the insured, while changing
the prospective reserve associated with the insured from V;(t) to V;;(t). Thus, if
R;;(t) > 0, the insurer has a positive sum of money at risk and a jump from i to j
at time ¢ yields a loss. Therefore, whenever R;;(t) > 0, the worst-case biometric
scenario is the one where jumps from i to j are most likely (U;;), while the best-case
biometric scenario is the one where such jumps are least likely (L;;). On the other
hand, if R;;(t) < 0, the insurer has a negative sum of money at risk and a jump
from i to j at time t yields a gain. Therefore, the choice of best- and worst-case
scenarios is reversed.
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Example 4.5.3 (Semi-Markov model). We now return to the smooth semi-Markov
process of Example 4.2.18, and we assume that the following bounds for the

transition intensities are given
Lt t — (1) <wgj(t, t —7(t), Yi,jeJ:i#j7,
for bounded and measurable functions l;;,u;; : [0,7] x [0,T] — [0,00). The
contractual sojourn and transition payments are assumed to be of the form
Ci(dt) = bi(t, t — 7(t), Vi(t))dt
AC;(dt) = bij(t, t — (1), Vi(t), Vig (1)),

for measurable functions

b : [0, T] x[0,T]xR—=>R, ieJ
bij [0, T x [0, T]xRxR =R, 4,j€J:i#7,
where each b; is bounded in its first two arguments and Lipschitz in its third

argument, and each b;; is bounded in its first two arguments Lipschitz in its third
and fourth argument. Finally, the cumulative interest rate ® is given by,

=Y Li(t=)ri(t,t — mi(t))dt
ieJ

for bounded and measurable functions
r;:[0,T] x [0, T] =R, i€J.

Under these conditions, Theorem 4.3.11 applies, and we get existence and uniqueness
of the worst- and best-case prospective reserves. Taking a closer look at the worst-
case prospective reserve, Proposition 4.5.1 and Proposition 4.3.8 gives us that its
jump-count representation satisfies the following system of differential equations:

d
&fn(tvwn) = ]l(tztn) <Tzn (ta t— tn)fn(t7wn) - bzn (ta t— tnv fn(tvwn))
£ 3 R (),

JijF#zn

with f*(T,w™) =0 for t € [0,T], w™ € Q™ and n € Ny, and where

RPFL(6,0™) =bsyj (bt — b, [ (E w0 E L (W), (8, 0™))
+ WP T W™) = f (W)
Pt w™) =L(R, (twn)>0) Uz, (Et —tn) + LR, (twn)<0)lz,j (BT —tn).
By our assumptions, Theorem 4.3.11 implies that there exists a unique solution
of this system. Since all the driving functions depend on w”™ only via the most
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recent jump time and state (¢,,2,) and are independent of n, it can be verified by
insertion that this system of equations has a solution given by

frtw") => 1, Vilt,t —tn), Vn €N,
ieJ

where the functions V; : [0,T] x [0,T] — R are a solution of the system

%m(ut - T) = ]l(tZ‘r) (”(t?t - T)Vvl(tﬂi' - T) - bi<t7t - T, fz(t7t - T))

+ Z Rij(tﬂf — T)/_j,ij(t,t — ’T)),
J:g#i

Rij(t,t — 7') = bij(t,t—T, ‘/}(t,O),‘/;(t,t - T)) + V}(t,O) — V;‘(t,t — 7')7

with V;(T, T —71) =0for t € [0,T], i € J and 7 € [0,T]. The key to seeing this is
to realise that

Pt R W) = Vit —t) = V;(8,0), Yt € [0,T], ¥n € No.
We can thus conclude that the worst-case prospective reserve is given by

V(i)=Y I"() Y L= Vilt:t — 7)

n€Ny ieJ
=Vzu) (tﬂf - Z I”(t)Tn) = V2, U(1)),
n€Ny

where U(t) =t — >y, I"(t)7n is the duration since the last jump. Thus
in conjunction with (4.2.6) and (4.2.5) we obtain the counterfactuals V;(t) =
Vi(t,t—m;(t)) and V;;(t) = V;(¢,0), which by Proposition 4.2.6(i) and Theorem 4.3.6
implies that the the state-wise prospective reserves are given by

Vi(t) = Lt=)Vilt =) + > L;(t=)V;(t,0) = By, [L(t,T)], i€ J.
Jij#i
‘We note that this form resembles the expressions obtained in Section 9 of Chris-
tiansen and Furrer (2021). Finally, note that the system of differential equations
satisfied by the functions V; : [0, T] x [0,T] — R closely resembles the Thiele differ-
ential equations in the smooth semi-Markov model without reserve-dependency of

intensities and payments, and that the same numerical methods apply, see Adékambi
and Christiansen (2017).

4.6 The robust consumption-insurance problem

In the previous section, we were interested in determining the worst- and best-case
prospective reserves for a given insurance payment process and the associated worst-
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and best-case biometric scenario, given the bounds (4.4.1). In this section, we are
interested in finding the consumption process and insurance coverage that maximise
an individual’s utility in a worst-case biometric scenario. For this, we will restrict
ourselves to the absolutely continuous case (4.2.10) with the bounds (4.4.4), and
we require admissible transition intensities to satisfy (4.4.5).

The consumption processes that the policyholder can choose from are of the
form

_ Zli(t—)(cl Jt+ 3 e (6N dt)

i€J JijF#i

for i-predictable consumption rates (¢;);e 7 consumed continuously and i-predictable
lump sum consumption (¢;;)ix; consumed upon transition. Under each admissible
biometric scenario i, the individual has access to an insurance market, consisting
of the coverages

M;5(dt) = Nij(dt) = Li(t=) s (t)pas (t)dt, - M5(0) =0, i # j,

where (¢;;)i+; are i-predictable, strictly positive and bounded on finite intervals.
If one holds one unit of the coverage M;;, one continuously pays the premium
rate pj;(t) := ¢ij(t)pi;(t) while in state i and receives a payment of one unit upon
transition from 4 to j. Note that the processes (u;;)ix; constitute a set of transition
intensities, which specify a pricing measure Q*, and that the processes (M{;)z;ég
are (F,Q")-martingales. The processes (¢;;)i; can be viewed as price loadings,
where ¢;; = 1 corresponds to the actuarially fair case. Given the insurance market,

the individual has to decide on an insurance coverage strategy of the form
=) Li(t=) Y bii(t)M(de),
ieJ jij#i
where (b;;)i»; are i-predictable. Set 0 := ((¢;)ic, (¢ij)izj, (bij)iz;). With all this
in place, the wealth of the individual is given by
XOH(dt) = X (t—)®(dt) + B(dt) — C(dt), XP"(0) =z >0,
where @ is a predictable cumulative interest rate process of the form

o(dt) = r(t)dt, @(0) =0,

for an optional interest rate processes r that is bounded on finite intervals. Utilising
Proposition 4.2.6 and Proposition 4.2.10, X can also be written as

XA a) ZI ( Xi(t=) —¢i(t Zb” i (t )dt

ieJ JijF

+ Z (biz () — ciz(t))Niz(de).
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The utility process U%# specifying the preferences of the individual is given by

=> Lt- (u (i)t + > ug(t, cij(t))Nij(dt))

ieg Giii

for suitable i-predictable u;, u;; : [0, T]x QxR — R. The processes u; determine how
much utility the individual obtains from continuous consumption while sojourning
in state 4, and the processes u;; determine how much utility the individual obtains
from lump sum consumption when transitioning from state ¢ to state j. The
problem which the individual faces is given by

max min E# [/ e~ Jo PO () 4 o= fo plduy T SXPHT) ] (46.0)
e A pemM (O T]

where p is an optional process that is bounded on finite intervals and UE(T) :
Q xR — R is Fp-measurable. Here p is the subjective discount rate, modelling the
time-value of utility and ug ) is the utility of terminal wealth. This is a problem of
the form (4.4.6) and thus the martingale optimality principle is applicable. We will
now utilise this in order to derive a verification theorem, inspired by the approach
of Rieder and Wopperer (2012), which treats the case of a non-Markovian diffusion
process.

Let (V;)ies be a family of functions V; : [0, T] x [0,00) x R — R which are C!
in all arguments and let Y be an optional process given by

t) = Z Ii@‘)( Z Yij(t) = Yi(t) Ny (dt)> Y(T) = &,
ieJ YLD

where k is Fr-measurable and Y;(d¢t) = y;(¢t)dt for i-predictable processes (y;)ic-
Define

API(AL) ==Y Vi, Xa(t) 4 bij (1) — ei5(8), Vi () — Va(t, Xa(t), Yi(t)) M (dt),
,J1#]

with A%#(0) = 0, and where M/;(dt) = Nj;(dt) — Li(t—)pu;(t)dt are the jump
process martingales. Furthermore, for each (¢, z,w) € [0,T] x R x Q let

GVt @, Yi(t)) :z%(t,x, Yi(t)) — pi(t)Vi(t, @, Yi(t)) + yi(t)%‘;(t,x, Yi(t))
+ (ar(t) —ci(t))aav ta,Yi(t) + Y Ryt x)u;(t),
JijFi
RY(t,) :=V;(t,m + bij (1) — ci; (1), Yis (1)) = Vilt, , Vi(1))
oV,

— Gij (t)bij(t)air;(ta z,Y;(t)).
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Finally we define the predictable process A?* given by

APH (1) Z[ (uZ (t,ci(t)) + Z Uij(tacij(t))uij(t))'

i€J jij#i

=204 (1)

i

Definition 4.6.1. 6 = ((¢;)icy, (¢ij)i=j, (bij)iz;) are admissible if

(i) For all i € J, the processes c;, (¢ij) i, and (bi;) ;. are i-predictable.
(i) X%#(t) >0 for allt € [0,T] and p € M
(iis) A% is a (F,P*)-martingale for all u € M
(iv) For all p € M and i € J it holds that
sup Ef; [/ INO#(s)|ds + |u (Xe’“(T))] (W) < oo, Yw e
te[0,T] (t,7T)

Theorem 4.6.2 (Verification theorem). Suppose that the functions (V;);e7 and
the process Y satisfy

inf $ A (L) + GVt 2, Yi(t) =0
SggﬂlgM{z (t) + G "Vilt, z, ())}

Vi(T,2,Yi(T)) = u] ()

for each i € J and all (t,z,w) € [0,T] x R x Q, while (0, 1) is the corresponding
unique saddle point. If the pair (8, p) is admissible, then 0 is the unique robust
optimal control, |1 is the worst-case biometric scenario and

Vi (6, XEE(),Y (t) = sup inf V(¢,0,u) = inf sup V(¢ 0, ).
z()( (1), Y (1)) eeBMEM( 1) HeMeeg( 1)

Proof. Let £,(t) := eJo P(du For any admissible (0, 1) define

M%H(t) /5 *(s)ds 5(t)V(t)(t,Xe’“(f%Y(f))-

By the change of variables formula for finite variation functions, the fact that
Z(t) # Z(t—) on a Lebesgue null set and the boundary condition, we get

Vit 6 X0,V (1) =y () — [t
gp(t) Z(t)\by ) _gp(T)uZ(T) ’ gp(s) s
T

-/ gpl(s)gg’g)wZ@(s,X@’“(s),Y(s))ds.

Since A%* is a martingale, taking conditional expectation and applying Proposi-
tion 4.2.15(iii) yields

g;@)vzm (£, XO0(2), Y (1))
; 1

T
_ T 0, 1 0,1 0,
_Et,Z(t) gp(T)uZ(T)(X #(T))_/t gp(s)gz(s)VZ(s)(SaX (s),Y(s))ds/|,
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and we thus obtain

t
MOH(t) :/ g, 15 M (s)ds

1
+E; 70 { £,(T )UZ(T) ol / £ Z( o Va(s) (s, X7 (s), Y (5))ds| -

Since (@, i) is a saddle point it holds for all ¢ € J that

NB(E) + GPEVi (2, Vi) = 0, V(ta,w) € [0,T] x R x Q)

NB(E) + GUEVi (2, Vi) <0, Y(ta,w) €[0,T] x Rx Q, V0 € A
NER(E) £ GEMVi(t 2, Yi1) 2 0, W(t,m,w) € [0,T] x R x Q, Y € M,

which implies
NE(t) =~y Vo (0 XP2(0), Y (1), ¥(t,w) €0, x ©
A < =G Voo (8 XOH(1), Y (1), Y(t,w) € [0,T] x Q, V0 € A
Z(t)VZ(t)
MK (1) > —g%(‘;)vz(t)(t,xﬁ’ﬂ(t), Y(t), VY(t,w)€[0,T]xQ, Yue M.

Let 0 <t <7 < T be arbitrary. By the Tower Property (see Proposition 4.4(ii)
of Christiansen and Furrer (2024)) and Proposition 4.2.15(ii) we thus have

EZ Z(t) (M4 (7)]
1 1
/5(3 ds+EtZ(t>Lg(T)“£(T)(X9’“)]
T
1
tz<t>[/ gy = [ Vit X, ¥ )s
T Cp

:/o g (s st %Vzaﬂt,xe’%tw(t» = MO (1),

Similarly we obtain E} [M%# ()] < M%#(t) for all € A and EF[M2+(7)] > M2~(t)
for all 4 € M. The martinale optimality principle yields the desired result. O
4.6.1 Power utility

We now consider the problem (4.6.1) with power utility preferences. For i,j € J
with 7 # j we choose the utility functions

w) (¢ w; (¢ w;
i(t,c) = —* ( )01—7 and  w;;(t,c) = L()cl_w and ul(z) = Lol
L=~ L=~ L=~
for some v € (0,1) U (1,00), which is the relative risk aversion parameter. For
each i € J, the non-negative processes (w;, (wjj;);:j:) are i-predictable and can

be interpreted as utility weights. The larger w;, the more utility the individual
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gains from consumption while in state ¢ and the larger w;;, the more utility the
individual gains from consumption upon transition from state ¢ to state j. The
random variables (w; 7);cs are non-negative and Fp-measurable and determine
the utility gained from terminal wealth in state . Under the following bounded-
ness assumptions, the problem with these power utility preferences can be solved
explicitly.

Assumption 4.6.3. Assume that

(i) The processes (w;, (Wij)j.j+i)icg are bounded on finite intervals

(i1) The random variables (w; v);cs are bounded and inf,co w; r(w) > 0
(iii) The processes r and p are bounded on finite intervals

(tv) The processes (¢;j)ix; satisfy inf,ecq ¢i5(w) > 0.

For each i € J let V; : [0,00) Xx R — R be given by
1
Vile,y) = — ,Yy”xl‘ﬁ ieJ

and let the process Y be given by the BSDE

i i (4.6.2)

Y(dt) =AY (t=)dt = W(dt) + > Rij(8)(Nij(dt) — L (E—=)pi; (£)dt),

Y(T) = Wz(T) (T)a

where Ry (1) = (81, " (t)wsy (6)+ (1 (1) Yi(t) + (01 (1) L) Y5y (1)) 43 (1) ~Yi(0).
The processes 7; and ¢;; are given by

)= 20+ (1= D) and G0 =2+ (1= 2o,

while the process W is given by

W(dt) = Ii(t-) <wi(t)dt +> AWij(t)Nij(dt)>, W (0) =0,
ieJ jiji
RWi(t) = 1 (#wn(8) + (1 — b (0)Yi() + (65, 7 () — 1)Yis (8):

Then define the intensities (j;)i+; by
lij(t) if 25 Rij(t) 2 0
/_uja)—{J NN
the consumption processes (c;, (Cij)j:si)icg Dy

X;(t) -1 X (t)

C; (t) = U)Z(t) E(t) and Cij (t) = qﬁij;wij (t)

iL,jeEJT i # 7],
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and the insurance allocation ((b;;);:i)ics by

-1 wi(t) + Yi(t) . .,
Proposition 4.6.4. Assume that Assumption 4.6.3 holds. Then the processes
(Cis (Cij)jitir (Bij)jizi)ies are the robust optimal controls, the processes (fii;)iz;
constitute the biometric worst-case scenario and

Vi (X721 (1), Y (1)

_ : K — [ p(u)duyr6 — ST p(uw)du, T 0,1
= sup inf E |:/ (& t U"(ds +e t u X T .
DeAHET t,Z(t) (.1] ( ) ZT( ( ))

Proof. See Subsection 4.6.2. O

From (4.6.2) we see that the process Y satisfies a BSDE of the form (4.3.6),
and our assumptions and Theorem 4.3.11 yield that Y exists and is unique. Theo-
rem 4.3.6 yields that

ERFN T
Y(t) = E:?L,Z(t) [/(t T e r(u)d“W(dS) +e e T(u)duwZ(T),T J

which means that Y can be interpreted as the expected present value of the future
flow of utility, where the expectation is taken under the worst-case measure. The
quantity R;; is the utility at risk, and if R;; is positive, then the individual gains
utility when transitioning from ¢ to j, and if R;; is negative, the individual loses
utility when transitioning from ¢ to j. Interestingly, the worst-case biometric
scenario not only depends on the sign of R;;, but also on whether v > 1 or v < 1. If
v < 1 and R;;(t) > 0, then the worst-case biometric scenario is {;;, where transitions
from i to j are less likely, while if R;;(¢) < 0 then the worst-case biometric scenario
is uj;, where the transitions from ¢ to j are most likely. When v > 1, then the
situation is reversed. If R;;(t) > 0, then the worst-case biometric scenario is u;;
and if R;;(t) < 0, the worst-case biometric scenario is [;;. This indicates that,
depending on the risk aversion parameter, the perception of the worst-case changes.
When v > 1 we can see that (4.6.2) is of the form (4.5.1) and if v < 1 we see that
(4.6.2) is of the form (4.5.2). By Proposition 4.5.1 and Proposition 4.5.2 we can
thus conclude that

Y(t) = sup IEéb,z(t) |:~/(t T) o Nu}dUW(dS) e " f(u)duwZ(T)’T} e

pneEM
Y (t) = inf ]Et“Z(t) [/ e JP MW (dg) 4 e I f(”)d“wz(T),T} v <l
peM » (t,1)

This shows that an individual with v > 1 views the future flow of utility as a
liability and therefore maximises the expected present value thereof, which, as a
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consequence, reduces all robust optimal consumption processes (¢;, (¢ij)j:ji)ics
compared to other admissible biometric scenarios. Thus, the worst-case scenario
of an individual with v > 1 is to run out of money to spend, and therefore, they
consume conservatively. The individual with v < 1 is exactly the opposite. They
view the future flow of utility as an asset and therefore minimise the expected present
value thereof, which, as a consequence, increases all robust optimal consumption
processes (¢;, (¢ij)j:ji)icy compared to other admissible biometric scenarios. The
worst-case scenario of an individual with v < 1 is thus not to get to spend all of
their money, and therefore they consume aggressively. Thus if we set J = {0 =
alive, 1 = dead} and assume that Roi(t) < 0 (most individuals lose utility when
dying), then the worst-case scenario of an individual with v < 1 is to die before
spending all their money, while the worst-case scenario of an individual with v > 1
is to spend all their money before they die.

4.6.2 Verification

We start by noting that the process Y is given by a BSDE of the form (4.3.6),
which by Theorem 4.3.11 has a unique solution, bounded on finite intervals. Thus,
our candidate solution is well-defined. Next, we have to check that our candidate
optimal controls are admissible. For this note that for all i € 7, the processes ¢;,
(Cij)jijir (bij)j:ji) are indeed i-predictable, while p;; satisfies Assumption 4.2.17
and (4.4.5). Thus point p is admissible and (i) of Definition 4.6.1 is satisfied.
Furthermore, we note that by rewriting (4.6.2) a little, we obtain

Y(dt) = oY (Odt = W(dt) + 3 Ry (1) (Niy(dt) — L(t—)a, (1)),

ij
1,j1i#]

with termina condition Y (T') = w7y 1, where Ryj(t) = wi;(t) + Yij(t) — Yi(t), and
1 and W are given by

= Zfi(t—)(wz )t + Y wi;(t) Ny dt)) W) =0,

ieJ JijFi
=S nit- (st - (1= d(00] ' 0) ).

Since the processes (¢;;)i; are bounded, bounded away from zero, and i-predictable,
1

1—1
the processes gij =0 " Hij (t) satisfy Assumption 4.2.17 and are therefore valid
transition intensities. By Theorem 4.3.6, we thus get that

Y( ) EZ Z(t) |:/(t T] e ft duW(dS) + e~ ft u)duwZ(T),T:| .

As all the utility weights are non-negative, the integral in the expectation is always
non-negative, and since 9 is bounded and w; r is bounded away from zero, there
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exists a constant X > 0 such that

inf  Y(t,w)>  inf EY = S wu)du > K > 0.
(tw)ED. 1] (’w)—(t,w)elf(l),T]xQ Lo |© wzr)r) (@) 2 K>

Thus, we have that Y is strictly positive and bounded away from zero. For any
u € M the optimal wealth process is given by

XPr(t
—nve ([ O SICCRTIEE ;W@%)uz(s))ds)
-exp (/0 t]”#j <Y ()) iji(g)>z\fij(ds)>.

Since ¢;; and Y are strictly positive, we can conclude that X () > 0 and condition
(ii) of Definition 4.6.1 is satisfied. Next we verify that the process A%# given by
1 1 1— 1-41
A%H(dt) = Z ﬁyﬂ )X () (Yij (1) gy 7 = Yi(t)) Mf5(dt),
i,jiiA]

with AZ#(0) = 0 is a (F,P*)-martingale for any u € M. By Proposition 4.2
in Christiansen and Furrer (2024), Assumption 4.2.17(ii) and Tonelli’s theorem,
this is the case if we can show for all 7, j, k € J that

i
(5,]

1—L
for all 0 < s <t < T. Due to our assumptions, ¢ij " is bounded regardless of

Y W)X () (Vi) by () — V()

-~ }ajk(u)du < 00,

whether v > 1 or v < 1. Since Y is bounded and bounded away from zero, the
processes Y, Y;; and Yﬂ*l are bounded, regardless of whether v > 1 or v < 1. The
form of X%#_ all our boundedness assumptions, and the inequality N(s) < N(s—)+1
for all s > 0 allow us to obtain the bound

(Xg,u)l—w(s) < zoe(K1(1+N(s))) < I062K1+K1N(t*)61{1(N(S)*N(t))’ 0<t<s<T,

for some constant K7 > 0. Using this bound and Proposition 4.2.16, we can for all
€ (0,1) U (0, 00) obtain a bound of the form

E; Z[(Xj’”)l 7(8)|(w) < mpeHOTENTWI R, < 00, VO<t<s<T, VYweQ,

for some constant Ky > 0. Thus we can conclude that A%# is a (F,P#)-martingale
for all 4 € M and condition (iii) of Definition 4.6.1 is satisfied. Finally, by using
the very same bound in conjunction with the other boundedness assumptions and
Assumption 4.2.17(ii), we obtain for all p € M

sup E}; [/ IAH(5)|ds + |u§(T)(XQ’“(T))| (W) < oo, Ywe VieJ.
te[0,T] (¢,7)
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Thus, condition (iv) of Definition 4.6.1 is satisfied, and we can conclude that our
candidate optimal robust control is admissible as well. Last but not least, we note
that

(@, Yi(t) + G)MVi(w, Yi(t), i€

is concave as a function of ¢;, ¢;; and b;; and linear (convex-like) on a compact
domain [l;;(t),u;;(t)] in p;;. Thus by Theorem 4.2 of Sion (1958) the problem

. U : 0,11, : .
sup inf {5, Vi(0) + G Vi, Vi) }, i€ T

has a unique saddle point, which by simple calculations can be shown to equal the
above optimal controls. Furthermore, by inserting everything, it can be shown that

1 U . ‘?’H . . = )
slelguléljf\‘/l{/\l (z,Y;(t)) + G, Vz(x,Y,(t))} 0, ieJ.

Thus, by Theorem 4.6.2, we can conclude that our candidate solution indeed is
optimal.
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4.A The space of finite variation functions

Definition 4.A.1. Let f : [0,T] — R be a function and let
7l = sup{z () — () ta=ty <11 < <t = b}
i=1
be the variation of f on [a,b] C [0,T]. Then f is of finite variation on [a,b], if
|f16 < oo
Proposition 4.A.2. For any 0 < a < b < T, the variation |f|% has the following

properties:

(i) t— | f|L is increasing
(ii) If t — f(t) is cadlag so is t — |f|L and A|f], = |Af(¢)]
(iii) 1f(t) = f(a)| < [fl; and [f(b) = F(O) < fIo = |fle = fI7
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(iv) [FOI<IFI2+FO] < |f]e +1£0)]
Set BV?&T] ={f:10,7] = R :|f|} < oo} and define the norms

Ifllsvo = IFO)+1flg and |flsve = |F(D)]+]flo-

The space BV?&?T] equipped with either || f|sv,0 is a Banach space (see Theorem
2.2.2 in Monteiro, Slavik, and Tvrdy (2018)).

Lemma 4.A.3. The norms || fllsv.o and || fllv.r are equivalent.

Proof. Note that by Proposition 4.A.2(iii)

[FO)] < £(T) = FOI+ D) < |fI5 + (D)
and thus || || sv,o < 2(|f]|pv,r). Similarly

A < [F(T) = FO]+ 1£0)] < |flg +1£(0)]

and thus ||f|lsv.r < 2(||fllBv,e). Combining this yields %HfHBV,O < |\ fllBvr <
2| fllBv,0- O

Let BV 7} be the subspace of finite variation functions that are cadlag:
BV(o,7) :={f € BVii'y; : f is cadlag}.

Lemma 4.A.4. The space BV} 1) with the norm | f| pv,r is a Banach space.

Proof. Clearly BV|g 7] is a subspace of BV[SHT]. It remains to show that BV} 1)
is closed, since closed subspaces of Banach spaces are Banach spaces themselves.
Let (fn)nen C BV 77, such that lim, o || fn — fllBv,r = 0 for some f € BV[STIT].
Then by Proposition 4.A.2(iv) we have that

lim sup [fu(t) = f(O)] < lim [fn — fI§ + |fa(T) = f(T)]|
n—oo tE[O,T] n—oo
= lim |fn = fllavir =0,
n—oo
implying that f,, — f uniformly. Since the limit of a uniformly convergent sequence

of cadlag functions is cadlag, we can conclude that f € BV|g 1) and therefore that
BVjo,1 is closed. O

We will also use a discounted version of the norm || f|| gv,z. Let v : [0, 7] — [0, 00)
be an increasing cadlag function, let ¢ > 0 be an arbitrary constant and define

195 = DI+ [ D) ),

(0,7]
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Lemma 4.A.5. The norms ||f||pv,r and || f|I5y 1 are equivalent.

Proof. As v is increasing, we have that

1150 < |F(T)] +/( 171@9) = I fllsvi

)

and
TIF P CORTS >>(|f< )+ /(OT] |f|<ds>) = DO | .,

so e~ | £y < £S5 < | llovir- -

The reason for the usefulness of || - ||} is the following bound:

Lemma 4.A.6. Let f : [0,7] — R be a non-decreasing cadlag function and let
¢ > 0 be a constant. Then it holds that

. 1 .
/ e—C(f(T)—f(t—))f(dt) < Ee—C(J‘(T)—f(M—))7 0<t;<t, <T
(t1,t2)

and

/ e~ M=FENpan <X 0<t<T
(t.1] ¢

Proof. Applying the change of variables formula for finite variation functions, we
obtain that

eef(tam) _ gef(t) _ / eV pe(dr) + 3 (e O — eef ().
(t1,t2)

t1<t<to

If f has a jump at time ¢, then Af(¢) > 0, since f is non-decreasing. By the
mean-value theorem there exists £ € [f(t—), f(¢)] such that

O _ et = e AF(t) > e/ AL ().

Inserting this in the previous equation and rearranging, we obtain

/ eI fat) < L (et ety < Leertan,
(t1,t2)

[T

Cc

Multiplying both sides by e~¢/(T) yields the first result. For the second result, we
similarly obtain that

/ ¢ (5) f(ds) < Leef(T),
(7] c

which upon multiplying with e~¢/(T) yields the desired result. O
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Let f:[0,T] — R be a cadlag function of finite variation. The Dolean-Dade
exponential starting at time ¢ € [0, T] is given by
Ep(t,ds) =Ep(t,s—)f(ds), &Ef(t,t)=1, se[tT]
and has the explicit form

Es(t,s) = el (=11 H 1+ Af(u)).

t<u<s

Lemma 4.A.7 (Gronwall’s inequality). Let f : [0,T] — [0,00) be a non-decreasing
cadlag function, let a > 0 be a constant. If g : [t,T] — [0,00) satisfies

g(s) <at /( (), Vs € T

then it holds that

g(s) < a&y(t,s), Vsel[t,T).

Proof. Let V(s) :=a+ f(t’s] g(u—)f(du) and note that since g is non-negative and
f is non-decreasing, the function V is non-decreasing. Then, using the integration
by parts formula for cadlag finite variation functions, we get

Vis) _,_ gw-) V@) N
5f(t,8) /(t,s] <5f(t,u) Ef(tyu))f(d )’ Vs € [t7T]‘

Using that V(u) = V(u—) + g(u—)Af(u) and E¢(t,u) = (1 + Af(u))Es(t,u—) in
conjunction with the fact that g(u—) < V(u—), we obtain

glu=) V() _ glu=)=V(u-)

Eltu) Etw  Ew -V

which implies the desired result. O






Chapter 5

Optimal smooth consumption and its
trade-offs

This chapter contains the paper Hornung and Steffensen (2025).

ABSTRACT

We investigate different ways to design smooth pension products based on
solutions to optimal consumption and investment problems. The smoothness
of a consumption process can be studied from both a pathwise (measured in
terms of quadratic variation) and a pointwise (measured in terms of variance)
point of view, and we conclude that introducing one type of smoothing does
not necessarily improve the other kind of smoothing. Thus, care must be taken
when designing smooth pension products. Focusing on pathwise smoothness
without disregarding pointwise smoothness, we provide both a qualitative and a
quantitative discussion of the trade-offs involved. In the qualitative discussion,
we find that to increase smoothness, it is necessary to reduce the starting
value, the drift of consumption, or the level of bequest. For the quantitative
discussion, we set up an optimal consumption and investment problem, where
the first control is the proportion of wealth invested in the risky asset. Still,
the second control is not the consumption process itself. Instead, we use the
drift and volatility of consumption as controls. The objective is to minimize
the quadratic distance to a target drift and volatility while introducing a
penalty for the volatility. We derive explicit solutions to this problem using
classic dynamic programming methods and apply them to theoretically and
numerically study the three trade-offs. All three approaches result in both
pointwise and pathwise smoothing compared to the target, but reducing the
drift yields better pointwise smoothing for similar levels of pathwise smoothing.

Keywords: Stochastic control; quadratic optimization; consumption-investment
problems; quadratic cariation; pension benefits
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5.1 Introduction

We formulate and solve a consumption-investment problem in which preferences
are specified directly as targets for the drift and the quadratic variation of the
consumption rate. Quadratic variation measures the pathwise variation of the
consumption rate in contrast to pointwise variation, formalized by the variance of
the consumption rate at a specific time point. We discuss and carefully distinguish
between the two notions of variation of a dynamic stochastic process. Although
we do not base our specification of preferences on classic utility theory, it pro-
vides a convenient and immediate framework for studying aspects of consumption
smoothness. We formally and numerically analyze a trade-off between four aspects
of consumption: consumption quadratic variation, consumption drift, initial con-
sumption, and bequest. The optimal controls are related to controls resulting from
ordinary utility maximization. We also link them to special cases with explicit
preferences for smoothing, presented in the literature on the smoothness of pension
benefits.

The purpose of a pension product for an individual is to finance the individual’s
consumption after retirement, when their salary can no longer cover this. Therefore,
it would be sensible for the benefits of a pension product to emulate the preferred
consumption patterns of the individual buying the contract. Drawing inspiration
from the vast literature on optimal consumption and investment problems is natural
for a product designer. Consequently, the most commonly defined contribution
pension product is the pure unit-linked annuity, where the benefit equals the wealth
of the individual divided by an annuity. This product directly corresponds to the
optimal consumption of the classic constant relative risk aversion (CRRA) power
utility individual derived in Merton (1969) and Merton (1971), and it is also in line
with the widely accepted Permanent Income Hypothesis of Friedman.

The question of how to design the benefits of a defined contribution pension
product could end here if it were not for ” The Consumption Smoothing Puzzle,”
documented by Hansen and Singleton (1983) and Campbell and Deaton (1989),
demonstrating that observed consumption patterns are smoother than Merton’s
optimal consumption.

Various alternative explanations for the Consumption Smoothing Puzzle have
been proposed. They are each parameterized by different preference parameters,
which determine the structure of the optimal consumption and investment and
implicitly determine the variation of consumption over time and the uncertainty of
consumption at any time. It isn’t easy to compare the properties of the consumption
process across classes of preferences using these preference parameters. Therefore,
we propose to use the language of stochastic processes instead. Instead of comparing
preference parameters such as risk aversion, elasticity of intertemporal substitution,
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and the strength and durability of habit formation, we examine the starting value,
the drift, and the volatility of consumption. We then distinguish between two types
of smoothness: Pathwise smoothness, related to the variation of consumption over
time along one consumption path measured in terms of expected quadratic variation,
and pointwise smoothness, associated with the uncertainty of consumption across
paths at a fixed time point measured in terms of pointwise variance. We can then
explicitly measure and compare smoothness properties across different classes of
preferences independently of preference parameters. By considering the elements of
consumption instead of the preference parameters, we can qualitatively discuss the
necessary trade-offs arising from a desire for smoothing on the investment strategy,
the aspects of consumption, and the bequest on a much more general level.

We can also discuss these trade-offs quantitatively by formulating an optimal
consumption and investment problem, where the first control is the proportion of
wealth invested in the risky assets. Still, the second control is not the consumption
process itself. Instead, we use the drift and volatility of consumption as controls. The
objective is to minimize the quadratic distance to a target drift and volatility while
introducing a penalty for the volatility. The quadratic criterion has been extensively
used in a pension funding context, for example, see Cairns (2000). The idea of using
the components of the consumption process as a control date dates back to Bruhn
and Steffensen (2013). They formulate a quadratic criterion that aims to minimize
the quadratic distance of the consumption drift to a specified target while setting
the consumption volatility to zero. Thus, by including the volatility of consumption
as a control instead of setting it to zero, our criterion is a direct generalization of the
criterion discussed by Bruhn and Steffensen (2013). Introducing a penalty for the
volatility coefficient penalizes the quadratic variation of the consumption process.
The inspiration comes from Staden, Dang, and Forsyth (2019), who introduce a
penalty for the quadratic variation of wealth in discussing the connection between
mean-quadratic variation portfolio optimization and mean-variance optimization.
We solve this time-consistent optimal consumption and investment problem using
standard dynamic programming techniques and demonstrate the different trade-offs
in numerical examples.

The various proposed solutions to the Consumption Smoothing Puzzle rely on
changing the market model or using preferences that are not time-separable. We
highlight here utility-valued adjustment costs of consumption (Choi, Jeon, and
Koo, 2022), multiplicative habit formation (Bilsen, Bovenberg, and Laeven, 2020),
additive habit formation with exponential utility (Sundaresan, 1989), with power
utility (Constantinides, 1990; Munk, 2008), or with cumulative prospect theory
preferences (Bilsen and Laeven, 2020). They share the ambition of indirectly
creating a demand for smooth consumption. In contrast, but like Bruhn and
Steffensen (2013), we create a demand for smoothing by directly formalizing a
smoothing preference.
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While we draw on terminology and motivation from optimal consumption-
investment problems throughout, our framework and results can also be interpreted
in the context of optimal dividend allocation in corporate finance. There, share-
holders demand stability in management and earnings, which is reflected in their
demand for stable dividends. One can see the stability of dividends as a lack of
variation, but again, one must carefully distinguish between pointwise and pathwise
variation. Avanzi, Falden, and Steffensen (2022) study an optimal dividend problem
with stability objectives related to the pointwise variation of corporate dividend
payments. In contrast, all our insights relate to the alternative, pathwise variation
of corporate dividends.

For two comprehensive literature reviews regarding ” The Consumption Smooth-
ing Puzzle,” see Kankaanranta (2006), focusing on the Life Cycle, and Thimme
(2017) focusing on the elasticity of intertemporal substitution. Other papers penal-
izing quadratic variation are Forsyth et al. (2012) and Giacinto, Tebaldi, and Wang
(2022), which penalize the terminal quadratic variation of the P&L of a trading
strategy. For a smooth pension product inspired by additive habit formation, see
Steffensen and Vikkelsge (2024), and for a numerical comparison of the smooth
pension product based on the quadratic criteria of Bruhn and Steffensen (2013)
with other standard pension products, see Jgrgensen and Linnemann (2011) and
Linnemann, Bruhn, and Steffensen (2014). Finally, for a discussion of the effect
of smoothing on the assumed interest rate and variable annuities, see Balter and
Werker (2020).

In Section 2, we argue that one can view the smoothness of a consumption process
from both a pathwise (measured in terms of quadratic variation) and a pointwise
(measured in terms of variance) point of view, and we discuss the connection between
the two notions. After this, we continue to qualitatively examine the trade-offs
one must make to achieve a larger pathwise smoothness and set up our optimal
consumption and investment problem. In Section 3, we investigate the smoothing
effect of either decreasing the starting value of consumption or the bequest, while
keeping the drift fixed, concluding the section with a numerical example. Finally, in
Section 4, we maintain the starting value and the bequest and introduce a volatility
penalty, while reducing the drift only, and conclude with a numerical example.

5.2 General discussion of smoothing

In this section, we start by introducing the paper’s theoretical setup and then
proceed to discuss in what sense a consumption process can be smooth and,
consequently, in what sense one consumption process can be smoother than another.
After that, we move on to a general discussion of what trade-offs one must make if
one desires smoother consumption. Finally, we introduce an optimization criterion

that enables us to control the trade-offs.
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Throughout the probabilistic setting is the filtered probability space given by
(Q, F,F,P), where the filtration F is the smallest augmented filtration generated
by a one-dimensional Brownian motion W. Thus, the usual conditions are satisfied.
The financial setting is that of the Black-Scholes market, so there is a risk-free asset
B and a risky asset S satisfying

dB; = rBydt, By =1,
dS; = ASydt + O'Stth, So = sg > 0,

where r € R is the risk-free rate of the risk-free asset, A € R is the expected
return, and ¢ > 0 is the volatility of the risky asset. We assume that A > r and
define 6 := ’\G;’ to be the market price of risk. Recall that this financial market is
arbitrage-free and complete, so there exists a unique equivalent martingale measure
Q, where the likelihood process L; = % is given by

L; = e 307 t—0W,

We consider an individual who, over a finite time horizon [0,7], invests a
proportion m; of their wealth X} into the risky asset and the remaining proportion
1 — 7 into the risk-free asset while consuming at rate C; financed by their wealth
given by

dXt = ((7‘ + 7Tt()\ — T))Xt - Ct)dt + WtUXtth, XO =Ty > 0. (521)

Depending on the context, it may also be convenient to work with the amount of
wealth invested in the risky asset, given by p; = m; X}, instead of the proportion.
In that case, the wealth reads

dX; = (’I‘Xt + ()\ — r)pt — Ct)dt + peodWy, Xog=x9 > 0. (5.2.2)

The consumption process itself is assumed to take the form

t t
Ci=co+ / a(s,Cs, Xs)ds —|—/ b(s,Cs, Xs)dWs. (5.2.3)
0 0

5.2.1 Definitions of smoothing

Before discussing how to smooth a consumption process, we must first discuss what
smoothness is and how to measure it, as there are two ways to view smoothness,
and they do not necessarily align. The first is the pointwise point of view, where
one can compare the distributional properties (such as quantiles or the variance) of
C; for different fixed time points to measure and compare smoothness. For example,
one could say that:

Definition 5.2.1. A consumption process CV) is pointwise smoother than a con-
sumption process C?) at time t € [0,T] if

Var(Ct(l)) < Var(Ct(Q)).
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The second way to consider smoothness is from a pathwise perspective. In this
case, the objective is to measure the variability from time point to time point within
a consumption path ¢ — Ci(w). To measure this, it makes sense to look at the
quadratic variation process of C' given by

[C]t = hm Z(Ctk - Ctk—1)27

P, ||—0
1P0]1—0 £

where for each n € N, P, = {0 =ty < t; < ... < t,, = t} is a partition of [0, ]
with mesh size || P,|| = max;=1, . |t; — ti—1|, such that lim,_, || P,|| = 0. Thus,
[C]¢(w) can, in a sense, be understood as measuring the variability accumulated up
to time ¢ in the realized path t — C¢(w). Therefore, it would make sense to say
that:

Definition 5.2.2. A consumption process CV) is pathwise smoother than a con-
sumption process C?) at time t € [0,T] if

E[[CM],] < E[[C®]],
and it is perfectly pathwise smooth if E[[CV)],] = 0.

To see how Definition 5.2.1 and 5.2.2 are related, consider the following result:

Proposition 5.2.3. Assume that C; has the form (5.2.3). Then, it holds that
t
Var(Cy) =E[[C];] + Var (/ a(s, CS,XS)ds>
0
t t
+ZCOV</ a(s,C’s,Xs)ds,/ b(s,C’s,Xs)dWS>
0 0
t
:/ 2 Cov(Cy, als, Cs, X4))ds + E[[CL4],
0
where [Cly = fot b(s,Cs, X,)?ds is the quadratic variation process of C.

Proof. See Appendix 5.B.2. O

Remark 5.2.4. Note that Proposition 5.2.3 also holds for more general consumption
processes given by

t t
Ci = co+/ asds—i—/ bsdWs,
0 0
where ¢y > 0 and a and b are suitably adapted stochastic processes.

This shows that the variance of the consumption process (5.2.3) can be decom-
posed into three components. The first term is E[[C]:], which measures pathwise
smoothness and is directly determined by b. Therefore, we can also interpret this
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term as a measure of volatility risk. The second term is the variance of the drift a,
which we can interpret as the trend risk. The third term is the covariance between
the drift of C' and the volatility of C. Thus, pointwise smoothness measured in
terms of variance takes into account all variability (or risk), of which volatility risk
is only a part. This shows that the relationship between Definition 5.2.1 and 5.2.2
can be complicated. Just because CV) is pathwise smoother than C?) does not
mean that it is pointwise smoother as well, since either the covariance between drift
and volatility or the variance of the drift can be larger. Similarly, just because C'1)
is pointwise smoother than C®) does not mean that it is pathwise smoother, as the
covariance between drift and volatility or the variance of the drift can be smaller.
Therefore, it is possible to decrease one type of smoothness when increasing the
other. For example, the appearance of a negative covariance term might reduce the
variance (and thus improve pointwise smoothness) while increasing the expected
quadratic variation (therefore reducing pathwise smoothness). When designing a
smooth pension product, one should always keep in mind the type of smoothness
desired (usually primarily the pathwise kind) and be cautious not to compromise
one type of smoothness by attempting to improve the other.

5.2.2 Trade-offs

Now that we have established precise definitions of smoothness, we can turn to a
qualitative discussion of what trade-offs one would make if one wants to achieve
pathwise smoothing. For this, we need the following result, which paraphrases the
calculations and results of Section 2 in Karatzas, Lehoczky, and Shreve (1987) as
follows:

Proposition 5.2.5. Let C be a consumption process, p an investment strategy and
let X be given by (5.2.2) which under the risk neutral measure Q reads as:

dX; = (rX, — Cy)dt + podW2,  Xo =10 > 0.

Then the following holds:

1. The following budget constraint is satisfied:

T
EQ l/ e " NOds + e " TN Xp
t

ft] :Xt, Vte [O,T],

T
x = EQ{ / e ds
t

ft} and XV = EQ[eT(Tt)XT

7.
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It holds that X; = Xt(l)—i—Xt(z) for allt € [0,T] and there exist unique processes
p§1)7p§2) such that py = pgl) +p§2) and X and X® can be written as

axV = (rxV — cdt + piloaw?, XV =aV >0
dx® =rxPdt +pPodw?, X =z > 0.

Proof. See Appendix 5.B.2. O

Remark 5.2.6. Proposition 5.2.5 also holds for general consumption processes C' in
a non-Markovian, complete, and arbitrage-free diffusion market. In such a general
setting, it is only possible to prove the existence and uniqueness of the investment
strategies p(!) and p(?). Tt is generally impossible to find them explicitly, except
in a Markovian setting. In that case, we can use the Feynman-Kac formula to
compute them.

The budget constraint of Proposition 5.2.5(1) states that wealth at every time
point must be large enough to finance the future consumption and the future bequest,
represented by the terminal wealth. In contrast, Proposition 5.2.5(2) states that this
joint budget constraint can always be divided into two marginal budget constraints,
each with its marginal wealth processes and investment strategies. Therefore,
X® and pM) can be seen as the wealth and investment strategy associated with
consumption only, while X and p® are the wealth and investment strategy
associated with the bequest only. Now using this result and the expression for C'
given by (5.2.3) under Q, the total budget constraint at time 0 can be rewritten to
be

T
o =Co / e jU Tdudt + 1»'82)
0

T t
/ e Jo rdu (/ a(s,Cs, Xs) — Gb(s,C’s,Xs)ds> dt] .
0 0

Proposition 5.2.3 shows that it is possible to increase the pathwise smoothness by

+E°®

reducing the volatility coefficient b. Still, this budget constraint now indicates that
if one reduces the volatility b, the right-hand side of the equation will increase and
exceed x(. To reestablish equality, we can do three things: Decrease the starting
value cg, decrease the drift of consumption, a, or decrease the capital allocated to

(2) (2)
0

the bequest, =, if £, > 0. Of course, we can do all three things simultaneously.

In the rest of this paper, we investigate these trade-offs separately.

The first two trade-offs also have another consequence. Under P the expectation
of C'is given by

E[Cy] = co + E [/Ota(s,CS,Xs)ds] .
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This clearly shows that if one must reduce the drift or the starting value due to
reduced volatility, the expected value of C; will also decrease. This is not the case
when reducing the bequest.

Example 5.2.7. The most common product design is the classical variable annuity,
where the payments to the policyholder are given by their wealth divided by a
unit annuity. This product design has its origins in the results of Merton (1969)
and Merton (1971), who solve the optimal consumption-investment problem of the
CRRA power utility individual given by

T 1
max E / et ——Crds|,
C,r 0 1-— Y

subject to the wealth dynamics (5.2.1). Here, p > 0 is a subjective discount rate,
while v > 0 is the relative risk aversion. In this case, we disregard the bequest, so
we have X(?) = 0 and thus X = X(). The optimal consumption and investment
proportion of this problem is given by

X d
=—" and m=—
A0 ooy

where f(t) = ftT e~ (=745 and 7 = %p + (1 - %) (r + %) > r is a preference-
adjusted interest rate. Using Ito’s formula, we can rewrite C' as

0 . Xo
)Ctdt + %Ctth, CO — m

This shows that the optimal consumption follows a Geometric Brownian Motion

6%(1 +7)

1
dCt:<T—,0+
Y 2y

and that the volatility coefficient decreases if v increases. Our previous discussion
shows that the drift or the starting value must change. As 7 decreases in v, it
holds that the larger -, the smaller ¢y, so decreasing the starting value is the first
trade-off. Secondly, the absolute value of the drift decreases towards zero when
increases.

Remark 5.2.8. Note that in the case of the classical power utility preferences used
in the Merton consumption-investment problem of Example 5.2.7, the relative risk
aversion parameter is also equal to the reciprocal of the elasticity of intertemporal
consumption (EIS), which is often used in the economic literature to measure
the variation of consumption over time. Epstein and Zin (1989) were the first to
disentangle risk aversion and EIS in discrete time by developing recursive preferences
with separate parameters for risk aversion and EIS. In contrast, Duffie and Epstein
(1992) formalized this in continuous time. One might think that the parameter
for EIS should fully determine the variation in consumption over time, but this is
not the case. Jensen and Steffensen (2015) showed that the optimal consumption
under separation of risk aversion and EIS again is a Geometric Brownian Motion,
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where the volatility coefficient is equal to the volatility coefficient of the classic
Merton problem discussed in Example 5.2.7. This means that the EIS does not
significantly influence the volatility coefficient of consumption, and therefore, does
not significantly impact the pathwise smoothness. Consequently, it is not the
consumer’s preference for variation of consumption over time as formalised by
the EIS that determines the pathwise smoothness of consumption, but it is the
preference for risk. This shows that the notion of risk and pathwise smoothness are
essentially equivalent in this classical setup.

So far, we have only discussed how the desire for smoothing might affect the
different elements of the consumption process. What about the investment strategy?
After all, risky investments are the underlying source of uncertainty, causing
fluctuations in consumption that one might want to smooth out. Hence, it would
be interesting to know whether reducing risky investments is necessary to mitigate
consumption volatility and whether it is possible to make risky investments without
compromising zero consumption volatility. The following result sheds some light
on the matter:

Proposition 5.2.9. Assume that X = X1 and let C and X be given by

dOt = a(t, Ct; Xt)dt + b(t7 Ct; Xt)dW(t), CO = Cp Z 0
dXt = (TXt +pt()\ — T) — Ct)dt +ptO'th, XO =g > O,

and let u(t, c,z) be defined as

u(t,c,z) := E¢ Ci=c,X; =7

T
/ e "= ds
t

Then the budget condition u(t,Cy, X;) = X; holds for allt € [0, T] if and only if

1. If p(t,Cy, X¢) # 0 then

a) p(t,Cy, Xy) = %b(t,@h)(t) whenever b(t,Cy, X¢) > 0

b) ug(t,Ct, Xi) = 1 whenever b(t,Cy, X¢) = 0.
2. If p(t,Cy, X¢) = 0, then b(t,Cy, X¢) = 0 or u.(t,Cs, X;) = 0.

Proof. See Appendix 5.B.2. O

Proposition 5.2.9(1a) shows a relationship between the volatility of consumption
and the investment strategy if the investment strategy and the volatility of con-
sumption are not zero. Initially, this could indicate that a reduction in b indeed
leads to a reduction in p as well, but since the derivatives u. and wu, depend on b,
it is generally difficult to say. An example where a reduction in b directly leads to
a reduction in p is the classic Merton consumption.
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Example 5.2.7 (continued). It holds that the optimal investment proportion is
given by m; = %7 which means that the amount invested into the risky asset is
given by p; = %Xt. Using X; = f1(t)C}, this can be rewritten into

bt = filt) Qc«t = Ai(E) b(Cy).

o v o

This already resembles Proposition 5.2.9(1) and it is equal to Proposition 5.2.9(1)
if u, (t,Cy, Xt) = 0 and u.(t, Cy, Xt) = f1(t). Using the explicit expression of the
optimal consumption and the fact that the budget constraint holds, we obtain

ult,Cr, X3) = XV = X, = [1(1)C,

which confirms that u, (¢, ¢,2) = 0 and u.(t,¢,x) = f1(¢). Note also that as v — oo
we have b(C;) — 0 and fi(t) — ftT e "=Yds, which means that p;, — 0. So, in
this case, it is indeed so that p, — 0 when b(Cy) — 0. Therefore, reducing volatility
will always result in a lower amount being invested in the risky asset. The extreme
case v = oo yields a constant consumption and no risky investments. Thus, the
only way to achieve perfect pathwise smoothing is to avoid risky investments.

Remark 5.2.10. Example 5.2.7 shows that in the classical Merton case, there is
a one-to-one correspondence between risk preferences (the investment strategy)
and the preferences for pathwise smoothness (the volatility of consumption). It
is precisely this equivalence that the Consumption Smoothing Puzzle contradicts,
as it reveals a mismatch between fluctuations in wealth, determined by risky
investments, and fluctuations in consumption. It is therefore exactly the separation
of risk preferences and preferences for pathwise smoothness, which could be behind
the Puzzle.

Proposition 5.2.9(1b) shows that the investment strategy can, in principle, be
arbitrary as long as u. (¢, Cy, X;) = 1 whenever b(t, C;, X;) = 0. Furthermore, we
conclude that if b(t,c,x) = 0 for all (¢,¢,x), then a must depend on ¢ and z. If
a(t,c,x) = a(t,c) for all (t,¢,z), then C would be independent of X and it would
hold that

T
u(t,c,r) = B2 / e "0 ds
¢

T
/ e "0 ds
t

which would imply that u,(¢,c,2) = 0 for all (¢, ¢, x). Another way to interpret this

Ci=c¢,X; :xl

= EQ Cy=c| V(e ),

is in light of Proposition 5.2.3. If the volatility risk is zero, then the risk associated
with risky investments must be reflected as trend risk. An example of this is the
smooth pension product of Bruhn and Steffensen (2013).
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Example 5.2.11. Bruhn and Steffensen (2013) solve the optimization problem:

min F

a,T

1 . B )
/ §(at — aC’t) dt + §(XT - §CT)
0

subject to the wealth process (5.2.1) and
dCt == atdt, Co = Cp Z 0.

Here a € R. The goal of this criterion is to find a consumption process whose
drift a; is as close as possible to the target drift aC;, while b = 0 by assumption,
meaning that C' is perfectly pathwise smooth. The optimal drift a and the amount
invested in the risky asset in this case are given by

t 0
a =0+ 20 (x5, gy0c) md po= o - x)

f2(t)

We can now clearly see that the drift a; now depends on X;. We can interpret the
quantity X; — g2(t)Cy as surplus wealth relative to the target consumption, in the
sense that g(t)C} is the expected present value of future consumption and bequest
if C' is precisely on target, which means that Cy = Cye*~9% for all s > t. Now,
depending on the surplus, the investment strategy can take arbitrary positive or
negative values. It can also be zero. This is the case where consumption is exactly
on target. In that case, the surplus becomes zero.

Proposition 5.2.9(2) shows that if the investment strategy is zero for a specific
(t,Ct, X), then either the volatility of consumption must be zero, or the current
location of (¢, Cy, X¢) constitutes a critical point of ¢ — u(t, ¢, Xy). Whether such a
critical point exists depends on the exact choices of a and b. However, for most
realistic cases, it seems reasonable to assume that u. > 0 since a higher current
consumption level could reasonably lead to a higher expected present value of future
consumption. Hence, in realistic settings, we can conclude that zero investment in
risky assets leads to zero volatility in consumption.

This discussion concludes that reducing consumption volatility can reduce risk in
the investment strategy, but it is not necessary. Even if the volatility of consumption
is zero, it is still possible to make risky investments if one accepts trend risk instead
of volatility risk.

In the following, motivated by the above discussion, we extend the preferences
used by Bruhn and Steffensen (2013) to investigate how the mentioned trade-offs
induce smoothing and how smoothing induces certain trade-offs.

5.2.3 General model

As discussed in Remark 5.2.8 and 5.2.10, the usual expected utility representation
of preferences failed to produce the desired separation of risk preferences and
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preferences for pathwise smoothness. Proposition 5.2.9 (1b) showed that it is
mathematically possible to achieve this separation, but the question remains what
preferences can produce this separation. The discussion in Subsection 5.2.2 indicates
that expressing the preferences in terms of the components of consumption is a
natural starting point, and the criterion of Bruhn and Steffensen (2013) (see
Example 5.2.11) demonstrates that this approach indeed can be successful in
achieving separation. The criterion of Bruhn and Steffensen (2013) formalises
preferences in terms of the drift and initial value of consumption, while they fix the
volatility of consumption at zero. Therefore, it is natural to consider the extension:

T
minIE[/O %wa(t)(at At Oy X))+ %wb(t)(bt Bt Gy, X)?

abn (5.2.4)
1 2 B 2
subject to
dXt = ((7‘ + 7Tt()\ — T))Xt — Ct)dt + FtUXtth, XO =9 > 0 (525)
and
dC; = a;dt + by dWy, Cp =co > 0. (526)

It is assumed that wg(t), wy(t), w(t) are continuous for ¢ € [0,7T] and w,(t) > 0,
wy(t) +w(t) > 0, w(t),wy(t) >0 for all t € [0,T] and B, > 0.

Two sets of parameters specify the preferences for the different consumption
components. The first set consists of the starting consumption cg, the target drift
a, and the target volatility b, which implicitly specify a certain target consumption

dC_'t = Eb(t, Ct, Xt)dt + B(t, ét, Xt)th, éo =co > 0, (527)

where @, b are sufficiently nice deterministic functions and ¢ is determined such
that the budget condition holds. Finally, the parameter £ specifies the target level
of bequest given by X = ¢Cp. The parameter ¢ can thus be interpreted as the
target multiple of terminal consumption, which is left to the dependents. Note,
that by specifying @, b and by requiring that ¢, satisfies the budget constraint, one
implicitly specifies a target investment strategy given by Proposition 5.2.9.

The second set of parameters are the weights w,, wy, w, B and the starting value
cg. The weights w,,wy, and B specify to what degree the individual is willing to
deviate from the target drift, volatility, and bequest. In contrast, the parameter w
specifies an explicit desire for pathwise smoothness by penalizing the volatility. It
can be interpreted as the individual’s dislike of volatility, and a special case occurs
when this dislike of volatility is constant over time. In that case, the term in (5.2.4)
involving the penalty term w can be rewritten:

IE[ /0 : ;wadt] _ ;wE[ /0 ’ bfdt} = JuB[Clr],



200 CHAPTER 5. HORNUNG & STEFFENSEN (2025)

which corresponds to a direct penalty of expected quadratic variation. Thus, we
have introduced an explicit preference for pathwise smoothness. As we saw in
Subsection 5.2.2, the preference for the initial consumption ¢y might affect the
preferences for pathwise smoothness as well. Therefore, we include ¢y as a parameter,
which can be varied. An overview of all parameters can be found in Table 5.2.

Remark 5.2.12. Note that the Merton consumption from Example 5.2.7 can be used
as target consumption, as it is a time-homogeneous geometric Brownian motion and
thus a special case of the assumed target consumption. If one chooses w, = wp = 00,
co = ¢o and w = 0, then one would recover the Merton consumption as the optimal
consumption. This makes sense, as an individual in that case is not willing to
deviate from the target at all. If now wg,w, < oo and w > 0 or ¢y # ¢y, then
this individual has the Merton consumption as a target, but is to a certain degree
willing to deviate from this, to accommodate the additional desire for pathwise
smoothness. The extreme case is achieved when w = oo, which represents the
desire for perfect pathwise smoothness. If additionally a(t) = @ € R and w, = 1, we
recover the criterion of Bruhn and Steffensen (2013) described in Example 5.2.11.

The controls in this case are the consumption drift and diffusion coefficients, a
and b, and the proportion of wealth invested in the risky asset w. They are assumed
to be on feedback form and must satisfy the following admissibility criteria.

Definition 5.2.13. Let v : [0,7] x R? — R? and ¢ : [0,T] x R?> — R? be defined by

v(t,Co X,) = ( alt, Cr, Xi) )

’I“Xt + 7'('(7f7 Ct, Xt)(A — ’I“)Xt - Ct

b(t, Cy, X¢) >

X Cr) = <w<t,0t,Xt)aXt

Then, the controls a,b, ™ are admissible if the following two conditions are satisfied:

1. There exists k > 0 such that for all (c,z) € R? and t € [0,T) it holds that
lo(t, e, )] + lI¢ (e )l < k(L + (e, 2) ).

2. There exists k > 0 such that for all (c1,71),(c2,72) € R? and t € [0,T] it
holds that

v (t, 1, 21)—v(t, 2, 22) | +]IC(E e1, 1) —C (¢, c2, 22) || < Kkl (c1, 21)" —(ca, 22) .

These conditions ensure the existence and uniqueness of C' and X by Ito’s
Existence Theorem. The assumed structure of X combined with the admissibility
conditions ensures that the budget constraint is satisfied.
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Remark 5.2.14. Note that neither the budget constraint nor the admissibility
conditions guarantees the non-negativity of C or X. To ensure this, we must place
additional constraints on the controls or the starting values of C' and X.

This problem can be tackled using standard dynamic programming methods (see,
for example, Fleming and Soner (2006)) and writing down the Hamilton-Jacobi-
Bellmann (HJB) equation for Problem (5.2.4) (suppressing dependence on (t, ¢, x)
for ease of notation) yields

B (1 L1 .
O_W+;,Il},f7r{2wa(a a) +2wb(b b)

1
+ §wb2 +(rz+mA—r)x — )V +aV, (5.2.8)

1 1
+ 5027r2x2vm + bomxVy. + 2b2VCC},

with terminal condition V (T, z,c) = g(x — &c)?, which yields the following expres-
sions for the optimal controls:

_ W
a=a— —
Wq
_ Wy, b ox Ve Q Vz
wy +w+ Voo + VEVia' wp +w + Ve + V2V 0 2Vas
Viwox o2V
o Vet ;O ( X V2 )
0 (Ve (wp +w + Vo) — V2) 0 Vs Via(wp +w + Vo) — V2 )

Even though these expressions are given in terms of the partial derivatives of the
value functions, they can show how the different components are interrelated. The
first thing to note is that the drift is adjusted upward or downward depending on
the sign and value of V., and that

Ve
a=a—— —a for w, — o0
Wq
provided that V. does not explode. Secondly, we can see that the investment
proportion 7 and the volatility of consumption b each consist of two terms. The
first term of both 7 and b depends directly on the target volatility of consumption b,

0 _Vy

while the second term depends on ¢ —=—. Now, assuming that all involved partial

derivatives of V' are well-behaved, it holds that

7T—>—€ Ve and b—0 for w— o
02V
and
T™— — Vae l_)—g Ve and b—b for wp, — 0.
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The first conclusion of these two results is that the terms of b and 7 containing b
can be considered targets, which we obtain perfectly when w;, = oo and completely
disappear when w = oco. The second conclusion that we can draw is that the
size of the investment proportion depends on the volatility of consumption one
is willing to accept, mirroring Proposition 5.2.9(1a), but it also shows, mirroring
Proposition 5.2.9(1b), that the investment proportion need not be zero to have

a consumption stream with zero volatility, since the proportion of wealth given
0 _Vy

- can always be invested in the risky asset. Because of this, the third

conclusion is that — & Ye
o xVea

inherently speculative proportion of wealth that can be invested in the fluctuating

can be interpreted as a surplus in the sense that it is the

risky asset, while still maintaining a perfectly pathwise smooth consumption.
Therefore, we can interpret the second term of b and 7 as an adjustment of the
target. This shows that these preferences achieve the desired separation of risk
preferences and preferences for pathwise smoothness.

The discussion suggests two distinct approaches to smoothing. The first approach
is to reduce the target volatility by increasing w or decreasing b, lowering the
investment proportion. Keeping the starting value ¢y fixed, the weights w, and B
determine to what degree the drift or the bequest is decreased, thus resulting in
two of the three different trade-offs. The last trade-off was to reduce the starting
consumption, which leads to the second approach of smoothing. Due to the target
plus surplus structure of b and 7, one could try to increase the surplus in that
direction to the point where it counteracts the target term of b. The only alterable
variable of the surplus is C; through the starting value ¢, since x is fixed.

In the following, we explicitly solve the optimization problem (5.2.4) in the
concrete setting of a(t, Cy, X;) = a(t)Cy and b(t, Cy, X¢) = b(t)Cy. In this case, we
can find an explicit expression for the value function, and it is possible to investigate
the two approaches mentioned above in greater detail. We start by illustrating and
discussing the approach of smoothing via the surplus adjustment by considering
the special case of w = 0. This is followed by a presentation and discussion of
the trade-offs of smoothing by penalizing volatility by considering the general case
w > 0. A numerical example follows each case.

5.3 Reducing the starting value and bequest

In this section, we investigate the impact of reducing either the starting value or the
bequest by considering the optimization problem (5.2.4) with a(t, Cy, X;) = a(t)C;
and b(t, Cy, X;) = b(t)Cy, and throughout this section we set w = 0. We start by
presenting the explicit solution to the problem and follow up with a discussion
of the theoretical properties of optimal consumption. Then, a numerical example
illustrates the smoothing effect of reducing either the starting value of consumption
or the bequest.
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5.3.1 Theoretical properties

In Appendix 5.B.1, we verify that the value function given by

1 (z—g(t)o)?
Vit,z,c) = - —F—~——— 5.3.1
(ta.0) = 508 (53.1)
with functions f and g satisfying the differential equations
g'(t) = (r—a(t) + 0b(t))g(t) — 1, 9(T)=¢ (5.3.2)

/()= (2r —0*)f(t) — g*(t) (wal(t) + wf(t)> . f(T) = %, (5.3.3)

and optimal controls given by

=a(t)Cy + Jo(t) Z; (5.3.4)
= 5()C — 040 % (535
" = igm@—g%u+(xmm, (53.)

satisfy the Hamilton-Jacobi-Bellmann equation (5.2.8) and conclude that this is the
optimal solution. Here we have defined (for an overview of functions see Table 5.3)

g(t) g(t)
fwa(t)’ f(t)ws(t)

An inspection of (5.3.4)-(5.3.6) now enables us to see the specific form of the target

Ja(t) ==

Jp(t) := and Z; = X; — g(t)C4. (5.3.7)

plus surplus structure already identified in the general case. In each case, the first
term is the target term depending on either a or b, while the second term is the
surplus term depending on the process Z. The following result shows that Z indeed
can be interpreted as a surplus:

Proposition 5.3.1. Let g(t) be defined as in (5.3.2), let C be the target consumption
of (5.2.7) and let Q be the unique equivalent martingale measure of the Black-Scholes
market. Then it holds that:

T
Zy = X, — E© / e "0 ds + ECre TN C, = Oy |
t
and
¢ 3
Zy = 29 exp (/ r—g(s)Ja(s) — 62 <2 + g(s)Jb(s)>ds - GWt)
0
Proof. See Appendix 5.B.3. O

Proposition 5.3.1 shows that Z can be interpreted as the surplus wealth left over
after financing the future target consumption, if positive, or the deficit missing
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to be able to finance the future target consumption, if negative. It also shows
that the sign of the starting value of Z determines the sign of Z throughout the
entire period. Hence, it follows that a = @ and b = b if and only if Z = 0, which
by Proposition 5.3.1 is the case if and only if zy = 0. This implies that C = C if

and only if ¢y = %. The fraction g“gg) also has an important interpretation. By

Proposition 5.3.1 the budget constraint for C' can be rewritten into

Co =co| = g(0)co,

T
— l / ¢ =0Cyds + ECre T
0

which implies that ¢y = % is the largest starting value of C' that one can afford
) X

0
amount of target consumption one can afford at time ¢ with wealth X;.

with wealth xg. This generalizes to any time point, meaning that is the largest

If now ¢y < ¢y, we have zg > 0 and by Proposition 5.3.1 the consequence is that
Zy > 0 for all t € [0,7]. This surplus implies that the drift is adjusted upwards
relative to the target, while the investment proportion 7 is adjusted downward,
as lower expected returns suffice. This, in turn, results in a lower volatility of
consumption. On the level of the consumption process itself, this means that
Cy < % for all t € [0,T], while X7 > £Cr. This means that even though one
makes adjustments, the consumption is still smaller than what one can afford at all
times, and that the remaining surplus is added to the bequest.

On the other hand, if now ¢y > ¢y, then it holds that zy < 0 and by Proposition
5.3.1 the consequence is that Z; < 0 for all ¢ € [0, T]. This deficit implies that the
drift a is adjusted downward relative to the target, while the proportion of risky
assets 7 is adjusted upward to increase the expected returns. This, in turn, results
in a higher volatility of consumption. On the level of the consumption process
itself, this means that C; > % for all t € [0,T], while X7 < £Cr. This means
that even though one makes adjustments, the consumption is still larger than what
can be afforded at all times, and that the remaining deficit has to be covered by
the bequest. This can lead to bankruptcy if the bequest is insufficient to cover the
deficit. We can summarize this discussion in the following proposition.

Proposition 5.3.2. It holds for all t € [0,T)] that

Optimal | 20 <0 2=0 2z, >0 Target
Cy > = < X /g(t)
az < = > a(t)Cy
by > = < b(t)Cy
0 > =< | (g)/eX)bO)C:
X7 < = > ECT

If we take this discussion into a pension context, then one can think of X; as
being the assets of a pensioner, which, due to the budget constraint, have to equal



5.3. REDUCING THE STARTING VALUE AND BEQUEST 205

the market price of the pensioner’s total future benefits (the reserve). The quantity
g(t)Cy can be thought of as the market price (or reserve) for financing the target
benefit throughout the rest of the contractual period, given the current level of
benefit. Thus, the surplus Z can be interpreted as the difference between the
pensioner’s assets and the market price (or reserve) for financing the future target
benefits. We can thus conclude that if z5 > 0, then the assets being larger than
the liability of financing the target benefits allows the pensioner to reduce b, and
7, while increasing a; and X7 according to their preferences. Thus, potential
preferences for smoothing can only be accommodated if the assets are larger than
the reserve for the target benefit.

We can interpret the quantities J, and J, as adjustment weights that determine
how the surplus is distributed. The larger they are, the more surplus is used
to adjust that particular quantity. They also determine the drift of the surplus
(compare with the explicit form of Z; in Proposition 5.3.1). The size of J, and J,
is significantly determined by w,, wy, and B. Hence, if w, is large and wy, is small,
then J, is small and J, is large, and the drift of the surplus is negative, because
most of the surplus is used to adjust the volatility of consumption. On the other
hand, large wp and small w, lead to small J, and large J,, which still implies a
negative drift of the surplus, but now most of the surplus is used to adjust the
drift of consumption. If both w, and wy are large, then both J, and J, are small,
which means that the surplus is largely preserved throughout the entire period
and is then used to adjust the bequest, since X7 = £Cr + Zp. Finally, if B is
large compared to w, and wy, then J, and J, become large towards time T as
limyy Jo(t) = B§/w, and limgrr Jp(t) = BE/wy, with the convention oo - 0 := co.
This forces Z7 towards zero and thus X7 towards £Cr. So, if we want to maximize
the smoothing effect of the surplus, w;, should be small compared to w, so that
most of the surplus is used to reduce volatility.

Choosing w, large also has the side effect that the expected quadratic variation
completely determines the variance. To see this insert (5.3.4) into the second form
of Proposition 5.2.3, which yields

Var(C}) = 2/0 a(s) Var(Cy) 4+ Ju(s) Cov(Cs, Zs)ds + E[[C]4], (5.3.8)

and for large w, means

t t

o dy 4

Var(C) %2 [ a(s) Var(C.)ds + B[C)] = [ el 20 Tp(cl| s
0 0 t=s

Therefore, reducing b will always lead to a reduction in the investment proportion,

and perfect pathwise and pointwise smoothing can only be obtained if b = 0, which

implies 7 = 0.
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Now, we have established that pathwise smoothing is possible by having a positive
surplus, the level of which is determined by the starting surplus zg = zg — ¢(0)co.
As xq is fixed, a positive value of zy can be achieved by reducing the starting
consumption ¢g or reducing the level of bequest £, upon which ¢(0) depends. The
question remaining is how to choose this starting surplus. Can this be chosen
optimally, and what values of ¢y and £ would this correspond to? To answer that,
define the processes ®, V and ¥ given by

d®; = a(t)®.dt + b(t) 0 dW;, &g =1,
AW, = (r — g(t)Ja(t) — 6%(1 + g(£)Jp(£)U,)dt — 00, dW,, To=1, (5.3.9)
= (a

dv; (Vi 4 Jo(£)U)dt + (b(t)V; — 0Ty (t)T)dW,, V= 0.

Clearly ®; = % and Uy = f—g The process V' corresponds to the optimal consump-
tion, with initial value 0. By using the following result, these processes can be used
to determine a suitable starting surplus.

Proposition 5.3.3. The optimal consumption can be written as Cy = co®y + 29 V4.
Additionally, it holds that

v ~aiver () ssvr (21

- QZ()SU()(COV <;5)’ Vt> ~ Var <g?(t))>)

for all t € [0,T], implying that for each t € [0,T] there exists a unique

_ Var(@,9(0)~1) — Cov(@,9(0) ", Vi)

20(t) Var(®;¢(0)~! — V) o,

which minimises Var(Cy).
Proof. See Appendix 5.B.3. O

Proposition 5.3.3 contains two interesting statements. The first is that an optimal
value of the surplus wealth exists for each time point ¢, minimizing the variance
of consumption at time ¢t. Whether this value zj is positive, negative, or zero
depends on Cov(®;, V;), which depends on the model parameters. Large values
of w, or 0 lead to Cov(®:, Vi) < 0, which implies z{(¢t) > 0, while § < 0 implies
Cov(®;, V;) > 0, which might result in 25 (¢) < 0. If b = 0, then Cov(®;, V;) = 0 for
all ¢ € [0, 7.

The second statement of Proposition 5.3.3 is that the variance of the optimal
consumption is a convex second-order polynomial in zy. This shows that both
pointwise and pathwise smoothing is achieved if one chooses zy € (0,2z5(¢)),
assuming that z§(¢) > 0 (which it is in most realistic situations) because Var(C;) <
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Var(C;) and because the positive surplus reduces the volatility coefficient. It also
shows that if one chooses the starting value of the surplus wrongly, then the opposite
can happen, and one introduces more variance. The variance increases for zy, moving
far away from zero in both directions due to the investment strategy. If the surplus
becomes more and more positive, then the investment proportion eventually turns
into a growing short position, whereas an increasing negative surplus increases
the existing long position. Thus, at some point, the target consumption is both
pointwise and pathwise smoother than the optimal consumption.

These results show that it is possible to find a range for the starting surplus in
which one achieves smoothing, and that one should not choose a value outside this
range. Now, Proposition 5.3.3 can be used to find an explicit expression for the

variance minimizing starting consumption:

* _ Var((btg(o)_l) - COV((I)tg(O)_la V:f) Zo
%) = (1 - Var(®,g(0)~1 — V4) >g<0>'

Note that the optimal starting value depends on the time point ¢ € [0, T] for which

(5.3.10)

the variance is minimized, which means that one has to choose. The variances and
the covariance can be calculated based on the first, second, and product moments
of V and ®, which satisfy a system of linear first-order differential equations (see
Appendix 5.B.3).

The variance-minimizing level of the bequest £*(¢) can be determined similarly.
However, since ¢(0) depends on the relative level of the bequest, an explicit
expression cannot be obtained. In addition, one must impose the restriction & > 0
to avoid a negative bequest.

5.3.2 Numerical example

Now, we consider a numerical example in which we simulate 50,000 paths of two
different consumption processes, in addition to the target consumption. The first
is the optimal consumption with the starting value cg = ¢(T") calculated using
(5.3.10), which minimizes the variance of consumption at the terminal time 7. The
second consumption process is optimal when ¢y = ¢p, but the bequest parameter £ is
set to zero. We make the simulations using the Euler scheme. All other parameters
are given in Table 5.1.

Remark 5.3.4. The market parameters are chosen similarly to other publications,
see Bruhn and Steffensen (2013) and Steffensen and Vikkelsge (2024). In contrast,
the target volatility b is chosen to match the volatility of the optimal Merton
consumption with a relative risk aversion v = 2. The target drift a is chosen to
be zero, which matches the Merton consumption with relative risk aversion v = 2
and impatience rate p = r + %(1 + )62 2~ 0.037. This aligns with Steffensen and
Vikkelsge (2024), who work with v = 2 and p = 4. For the values of the weights
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Parameter Description Value
) Starting wealth 100
r Risk free rate 0.02
A Expected return of stock 0.05
o Volatility of stock 0.2
T End of time period 15
a Target drift of consumption 0
b Target volatility of consumption 0.075
B Weight of bequest X 1
& Proportion of C' determining target for X7 0O or 1
W Weight of drift a 1,000
wy Weight of volatility b 1
N Number of simulations 50,000
At Stepsize in the Euler scheme 0.01

Table 5.1: Parameters used in the numerical examples.

Wq, Wy, w, and B, there are no empirical values in the literature, but Bruhn and
Steffensen (2013) implicitly assumes w, = 1. Thus, we use the value one as the
benchmark value for the weights and explore the parameter space from there.

Remark 5.3.5. Note that as a = 0 and w, = 1000 we have a; ~ 0, which by
Proposition 5.2.3 implies Var(C}) =~ E[[C]]. Therefore, in this case, pointwise and
pathwise smoothing are the same in the sense of Definitions 5.2.1 and 5.2.2. This
would not be the case if a # 0.

These parameters imply that ¢y = 7.94 and (5.3.10) implies that ¢(T) = 7.19
which is a reduction of 9.4% compared to ¢y, but it causes the surplus to be positive.
As @ = 0 and a = 0, the drift remains unchanged, and consequently it is not
only the starting consumption that is reduced by 9.4%, but it is also the expected
consumption throughout the whole period and the expected target bequest that is
reduced by 9.4%. Thus, these are the trade-offs made when reducing the initial
consumption, but as Figures 5.1a and 5.1f show, the positive surplus is indeed used
to achieve a significant degree of pointwise and pathwise smoothing.

When reducing the bequest, the initial consumption and therefore also the
expected consumption at any time point is the same as the target, but the target
bequest becomes zero. The surplus becomes positive and as Figures 5.1c and 5.1f
show, this achieves a significant degree of pointwise and pathwise smoothing.

Figures 5.1b and 5.1d show the respective investment proportion, which in both
cases is smaller than the target investment proportion due to the positive surplus,
but increasing towards the target most of the time. The reason for this is that the
surplus is gradually decreased over time, thus increasing the investment proportion.
In the case of the reduced bequest, the investment proportion rapidly decreases to
-0.75 (see 5.1d). The mathematical reason is, that as & = 0 we have limur g(t) =0
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Optimal Consumption Investment proportion
Co=7.19.E=1 Co=7.19.5=1
12 5 0.25
< S
% S 000
E o S
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-0.75
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Time Time
(a) C for lower starting value (b) 7 for lower starting value
Optimal Consumption Investment proportion
Co=7.94.£=0 Co=7.94.£=0
12 § 0%
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(c) C for lower bequest (d) = for lower bequest
Target Consumption Smoothness measures
To=7.94,5=1
Risk
— Elc
12 4 - Var(C)
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S <
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R — Target
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0
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Time Time
(e) Target consumption C (f) Measures of smoothness

Figure 5.1: Figures 5.1a, 5.1c and 5.1e show the simulation results in the form of the
mean (drawn black line), 5% and 95% quantiles (dashed lines) of the distribution of Ct,
while Figures 5.1b and 5.1d show the same for the investment proportions, where the dotted
line marks the target investment proportion. In addition, these figures also show three
sample paths, which are realizations of the same underlying stock market trajectory. Hence,
they can be directly compared across figures. Finally, Figure 5.1f shows the pointwise
variance and the expected quadratic variation for each of the three consumption processes.

implying

lim X; = li

lin tTI;l(Zt +9(t)C) = Zp, as.

This, in turn, implies

: _(9(t); 0 Xi —g(t)Ct 4
1 =1 ——=b,Cy — —(1 t) () ————— ) =——=-0.75 8.
g Tm(x oI IORE) = 7 oA
The intuitive reason is that the surplus is positive, but the target bequest is zero
and reaching that target would necessitate Zp = 0. This is furthered by adopting
an investment strategy with a low expected return. This behaviour is thus a
consequence of the quadratic criteria (see Remark 5.3.6).
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Remark 5.3.6. The investment strategy might sometimes seem counterintuitive,
since it can turn negative. This is a well-known mathematical consequence of
the quadratic criteria, see Cairns (2000) and Bruhn and Steffensen (2013). The
quadratic criteria minimize the quadratic distance to a target, and in monetary
terms, this distance is quantified by the surplus. If the surplus is larger than zero,
there is a natural desire to reduce the surplus to zero, which can be achieved faster
by adopting an investment strategy with low expected returns. Therefore, if the
surplus is sufficiently large, the investment strategy can turn negative, as this yields
a worse expected return. This behaviour is also reflected in the implied relative
risk aversion given by
0 0.X;

vt Cr, Xe) = om(t,Ct, Xt) - g(B)Ceb(t) — 0(1 + g(t)Jy(1)) Ze

Thus, a sufficiently large surplus causing 7 (¢, C;, X¢) to turn negative will lead to
a negative value of (¢, C, X;), meaning that the individual becomes risk-loving.
This makes sense, since the individual favours a short position in the risky asset
over a long position in the risk-free asset, even though the short position has a
lower expected return and more risk. Over time, the surplus decreases, indicating
that the investment strategy may become positive. When this happens, the implied
relative risk aversion will take large negative values, approaching —oo when w is
approaching zero from below, and will switch to large positive values, approaching
oo when 7 approaches zero from above. After this transition, the levels of implied
relative risk aversion will decrease towards the implied relative risk aversion of the
target investment strategy, as the surplus decreases towards zero.

When directly comparing the three different consumption processes, we can
observe the following:

e The lines for the pointwise 5% and 95% quantiles in Figures 5.1a+5.1¢ narrow
compared to Figure 5.1e, indicating a clear smoothing effect, but they narrow
in different ways. In Figure 5.1c, they form an almost perfect cone, while
they form a rounded cone in Figure 5.1a. This difference also manifests
itself in Figure 5.1f, where the variances of the two approaches intersect at
approximately ¢t = 4. This is because zj(t) depends on the choice of the time
point ¢t. In the case of this numerical example, t — zj(t) increases in ¢, which
means that a greater starting surplus is required to minimize the variance at
the terminal time T instead of earlier times. As the starting surplus in the
case of Figure 5.1c is smaller than the starting surplus required to minimize
the variance at time T, consumption is smoothed more at earlier times and
less at later ones. This would change if a higher level of relative bequest could
be reduced and turned into a surplus. This is reversed in Figure 5.1a. As
one chooses the starting surplus to minimize the variance at time T, it is less
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efficient at earlier time points, and it would change if one chooses a larger
starting consumption instead.
e The light gray and black sample paths in Figure 5.1a switch places compared
to Figure 5.1e. Rearranging (5.3.6) yields
O'Xtﬂ't Zt

"= e

As the investment proportion is negative at the start of the period (see Figure
5.1b), it appears that it is sufficiently negative to turn b; negative, causing
C; to fluctuate opposite to the market. The light gray path in Figure 5.1e
shows that it decreases more or less during the whole period. In Figure 5.1a,
the light gray path increases in the first years, after which it slowly turns
into a decline as the investment proportion increases and becomes positive
(see Figure 5.1b). This effect is not present in Figure 5.1c, as the investment
proportion here rarely falls below zero (see Figure 5.1d).

In conclusion, both approaches yield similar smoothing mechanisms and could
generate similar levels of smoothing if they generate similar levels of surplus. The
difference is that one approach preserves the starting value and the mean, but not
the relative level of bequest. In contrast, the other approach preserves the relative
level of bequest, but not the starting value or the mean.

5.4 Reducing the drift

In this section, we investigate the impact of reducing the drift by considering
the optimization problem (5.2.4) with fixed starting value ¢y = ¢o and targets
a(t,Cs, X;) = a(t)C; and b(t,Cy, X;) = b(t)C;. Contrary to Section 5.3 we now
require w > 0. This is necessary, since choosing ¢y = ¢ yields a surplus of zero,
and the desire for smoothing can therefore only come from the penalty of volatility
w. We start by presenting the explicit solution to the problem and follow up with
a discussion of the theoretical properties of the optimal controls and the optimal
consumption. Here, we profit from a direct connection to the problem considered
in Section 5.3. After this, we demonstrate some of these theoretical properties in a

numerical example, using the same parameters as in Section 5.3.

5.4.1 Theoretical properties

In Appendix 5.B.1, we verify that the value function given by

(z —g(t)c)®

V(t,z,c) = 1)

+ %l(t)cQ, (5.4.1)

N =
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where the functions f and g satisfy the differential equations

9(0) = (r—a(0) + gl ~ 1, () = ¢ (5.42)
£O =@ =10 -0 (L + i) IO =5 (5.43)
o B0 sw(000() £ U0+ w1 0(t) + 1)

i) = wq(t) 2e)alt) = bt k2(t) " (5.4.4)
(T) =0

and optimal controls

ay = E(t)C’t + Ja(t)Zt (545)
by = b(t)Cy — 0.J,(t) Z, (5.4.6)
m= 280500 2200+ 00000 (4.7

satisfy the Hamilton-Jacobi-Bellmann equation (5.2.8). Here we define k(t) :=
wy(t) +w(t) + 1(t), the adjusted target drift a(t) := a(t) — %, and the adjusted

— wa(

target drift b(t) := 71,;’“(%) b(t). In addition, we define the adjustment speeds J, () :=

% and Ji(t) := % and the surplus Z; := X; — g(t)C%.

The optimal controls (5.4.5) and (5.4.6) again consist of two terms, the first of

which involves the quantities

wb(t) -

P I(t) TN
alt) == a(t) — and B(t) i= s a0 (5.4.8)

wWe (%)

and the second involves the process Z. The quantities a and b can be interpreted

as the adjusted target coefficients, which becomes apparent when comparing the
optimal controls (5.3.4)-(5.3.6) and (5.4.5)-(5.4.7). We can see that they have the
same structure, with the difference that the target coefficients @ and b in (5.3.4)-
(5.3.6) are now replaced by the adjusted target coefficients a@ and b compared to
(5.4.5)-(5.4.7). Similarly, the target coefficients are replaced by the adjusted target
coefficients in the differential equation for g in (5.4.2), compared to (5.3.2) and in
the differential equation for f in (5.4.3) wy is replaced by k compared to (5.3.3).
Thus Proposition 5.3.1 shows that the process Z; now has the form

T
Zt = Xt — g(t)Ct = Xt — EQ / 6_(3_15)7”05618 + §CT€_(T_t)r Ct == Ct y
t
where C is the adjusted target consumption given by
A€y = a(t)Cydt + b(t)CydWy, Co = % = . (5.4.9)

Thus, one can again interpret Z as a surplus, but now calculated relative to
the expected present value of the adjusted target consumption C' and not the
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target consumption C. The consequence of this is that the optimal controls of
Problem (5.2.4) with w > 0 and target coefficients @ and b are the same as the
optimal controls of Problem (5.2.4) with w = 0, target coefficients @ and b and
weight wy(t) = k(t). Thus, Proposition 5.3.3, Proposition 5.3.2 and the connected
discussions are directly applicable, with the difference that @, b, and C are replaced
by a, E, and C. Therefore, the effect of the parameters wg, wy, and w on the
surplus and the impact of the surplus on the optimal controls and consumption
are the same, and it remains to understand how exactly the target consumption is
adjusted.

To do this, note that even though the same optimal controls can be obtained from
the two different optimization problems, their solutions are not the same because
the value functions (5.3.1) and (5.4.1) differ by the term £I(¢)c?. The function
[ can be interpreted as quantifying the utility cost of the conflicting objectives
of minimizing the quadratic distance to the target volatility while penalizing the
volatility, since all cases, in which [ = 0, correspond to cases where there is no
conflict:

e w = 0: This corresponds to the problem solved in Section 5.3, so no trade-off
has to be made. From (5.4.4) it follows that [ = 0. A quick glance at (5.4.8)
shows that C = C regardless of the values of w, and wy. If Cy = %, then
the surplus Z = 0, which means that C = C.

e b=0: In that case, it holds that

Sun(t)(be — UL + Jwt = L (wn(t) + w(D)F.
Thus, this reduces to the previous case and therefore C = C, regardless of
the values of w,, wy, and w.
e w, = 0: In this case (5.4.4) implies I = 0. The consequence is that @ = a.
Formally, it cannot be concluded that C = C as in principle, it could be
possible that 0 = b #£ b, but this comparison seems artificial given that wj; = 0.

In the cases where [ # 0, the following result shows that whenever any of the
weights are increased while the others remain fixed, the function ! will increase. In
other words: Whenever the conflict between competing objectives becomes more
pronounced, the function [ captures this, with the most pronounced differences
(and the largest values of [) occurring when the weights become infinite.

Proposition 5.4.1. It holds for allt € [0,T) that

1. 1%a(t) < [%a(t) whenever w,(s) < w',(s) for all s € [0,T) and there exists
a function 13° such that 1"+ (t) < 1°(t) for all t € [0,T) and any value
we(t) € (0,00) assuming that all other parameters are fized,
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2. 19 (t) < 1b(t) whenever wy(s) < wj(s) for all s € [0,T) and there exists
a function 1;° such that 10 (t) < 1[;°(t) for all t € [0,T) and any value
wy(t) € [0,00) assuming that all other parameters are fized

3. 1v(t) < 1Y (t) whenever w(s) < w'(s) for all s € [0,T) and there exists
a function 1°° such that 1" (t) < 1°°(t) for all t € [0,T) and any value

w(t) € (0,00) assuming that all other parameters are fived.
Proof. See Appendix 5.B.4 O

Proposition 5.4.1 can also be used to understand better the influence of the
different weights on the adjusted target coefficients a and b. In the following fix
t € [0, 7] and assume b(t), wq(t), wy(t), w(t) > 0. Then the adjusted drift coefficient
a behaves as follows:

(al) From the definition of @ it can be seen that

As I(¢t) > 0 for all t € [0,T], it holds that a(¢t) < a(t) for all ¢t € [0,7].
Furthermore, since lim;_,r I(t) = 0,, it follows that lim;_,7 a(t) = a(T).

(a2) Let wy(t),w(t) be fixed and vary wq(t). As [(t) < I3°(t) < oo it holds that
lim,,, (1) 00 @(t) = a(t). Intuitively, this makes perfect sense, as one places
more weight on matching the target drift. Conversely, a smaller value of w,
will lead to a smaller value of @, as one places less weight on matching the
target drift. This can be seen in Figure 5.2a.

(a3) Let wq(t) be fixed and vary wy(t) or w(t). In that case, @ only varies as [
varies, which means that @ decreases when wy or w increases (see Figures
5.2b and 5.2¢). This makes intuitive sense, as the closeness of the drift to
the target becomes relatively less important than matching or reducing the
volatility.

F for different values of w, 2 for different values of w, 3 for different values of w

Scenario Scenario Scenario

— wa=0.1 — wb=0.1 — w=01

— wa=05 — wb=05 — w=05

wa=1 wb=1 w=1

wa=10 wb=10 w=10

wa=inf wbs=inf weinf

Time Time Time
(a) a for varying values of wq (b) @ for varying values of wy (c) @ for varying values of w

Figure 5.2: a for varying values of wq, wy and w. All parameters not varied are fized at
the values given in Table 5.1. The dashed black line marks a.



5.4.

REDUCING THE DRIFT 215

b for different values of w, b for different values of wy, b for different values of w

Scenario Scenario

— wb=0.1 [ — w=0.1

— wb=05 — w=05
wb=1 w=1
wb=10 w=10

wb=inf weinf

0 5 10 15 0 5 10 15
Time Time

(a) b for varying values of wq (b) b for varying values of wp (c) b for varying values of w

Figure 5.3: b for varying values of wa, wy and w. All parameters not varied are fized at

the values given in Table 5.1. In the case of Figure 5.3a, the dashed line shows —2t—b

wp+w 7

while it shows b in the other two cases.

The adjusted volatility coefficient behaves as follows:

(b1)

(b2)

From the definition of b it can be seen that

) B w1
b(t) — b(t) = b(t) (1 Tt + 1bu(t) + l(t))

As w(t) > 0 and I(t) > 0 for all ¢ € [0,T] it holds that the fraction is bounded
from above by one and as [(t) < [p°(t) < oo for all ¢ € [0,T] the fraction is
bounded from below by 0, implying b(¢) < b(t) for all ¢ € [0,7]. Furthermore,

as limy_,p I(t) = 0, we have lim;_,p b(t) = %5(T). This development

can be seen in Figure 5.3a.

Let wy(t), w(t) be fixed and vary wq(t). Here b(t) only varies as the function
| varies, and as [ is increasing in wg(t), it holds that b(t) is decreasing in
wy. Figure 5.3 shows that this does not necessarily have a large impact
numerically.

Let wq(t), w(t) be fixed and vary wy (). In that case b(£) — b(t) for wy(t) — 0o
as I(t) < [{°(t) < oo for all t € [0,T]. At the same time, b(t) — 0 as
wp(t) — 0, since the penalty on volatility becomes relatively more important
than closeness to the target (see Figure 5.3b).

Let w,(t), wy(t) be fixed and vary w(t). In that case b(t) — 0 for w(t) — oo
as [(t) < 1°°(t) < oo for all t € [0,T]. At the same time, b(t) — #%B(t)
as w(t) — 0, since the penalty on volatility becomes relatively less important
than closeness to the target (see Figure 5.3c). The limit will be equal to b if
and only if I(¢) = 0, which is the case if and only if w(s) = 0 for all s > t.

By comparing Figure 5.3a with Figures 5.3b-5.3c, we see that the function [ does

not appear to have a large influence on E, compared to the size of the weights wy,

and w. In contrast, Figure 5.2 shows that the function [ significantly impacts a.

Bullet (b1l) also has the consequence that the target investment proportion

under the penalty of volatility is now smaller than without penalty, since b in
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(5.3.6) is replaced by bin (5.4.7). Therefore, penalizing volatility not only reduces
consumption volatility but also reduces the amount invested in risky assets.

Due to the bullets (al) and (bl) and (5.4.9) it holds for any choice of w,, wy
and w that

E[Cy] = coelo #Wdu < ¢oelo 2tdu — EIC,] vt € [0,T]
and
Var(CN't) = cle? Jo au)du (eﬁgz(“)d“ — 1)
< oAt (eJiFd 1) —Var(Cy), vt e [0,7]

This shows that penalizing volatility always leads to an adjusted target consumption
with a lower mean and a lower variance than the original target (assuming the
same starting value).

As Proposition 5.3.2 is still valid with the target consumption replaced by the

adjusted target consumption, this means that the amount g)((g) now is the maximal
amount of adjusted target consumption that can be purchased with wealth X; at
time ¢t. Especially it means that if zg = 0, then C' = C and not C. As we have
fixed ¢y = ¢y we obtain

20 = Xg —g(O)EO = .’170(1 — ggg;) 75 0,

as g(0) # g(0). Here, § satisfies the differential equation (5.4.2) with @ and b
replaced by @ and b. Thus, a surplus will arise, and to avoid obstructing the
smoothing achieved by the penalty, we will have to ensure that the surplus is not
negative.

We can see that zp < 0 if g(0) > g(0) and zo > 0 if g(0) < g(0). To get an idea
of how the weights w,, wp, and w affect this relationship, we take a closer look at
the function g, which is determined by the differential equation (5.4.2) and has an
explicit solution

T - ~
o(t) = / o= [ r=a(u)+0b(u)du g ¢ teem Jr r—a(u)+6b(u)du
t

As g has the same structure, with a and b replaced by @ and b, we can conclude
that

t
<0 & /d( —a(s ds</9 b(s))ds for enough t € [0, T

20>0 & / s)ds >/ O(b(s) — b(s))ds for enough t € [0,T].
0
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This shows that the surplus is negative if @ is close to @, which by bullet (a2) is the
case if w, is sufficiently large and if b is sufficiently far from b, which by bullet (b4)
is the case for w sufficiently large. In short, if one insists on the target drift while
also wanting low volatility, the surplus becomes negative.

Similarly, the surplus becomes positive if @ is sufficiently far from a, which by
bullet (al) is the case if w, is small and if b is sufficiently close to b, which by bullet
(b3) is the case for w, sufficiently large. In short, if one adjusts the drift while
allowing for higher volatility, the surplus becomes positive.

By bullet (b1) it holds that 0 < b(£) — b(t) < b(t), while by bullet (al) it holds
that 0 < a(t) — a(t) < co. This means that the values of w, and w only have
a limited impact on the two inequalities and that the value of w, is the main
determinant of the sign of the surplus. Hence, we must be sufficiently tolerant of
adjustments to the drift.

This has another effect. If w, is small, then (5.3.8) can be rewritten to become

)ds.
t=s

This means that the variance of C' is not only determined by the expected quadratic

t
Var(C;) = / e 2a(w)du (Ja(s) Cov(Cs, Zs) + %E[[C]t]
0

variation, but also by the covariance between the consumption and the surplus. If
this covariance is negative, then additional pointwise smoothing can be achieved.
One can make additional risky investments without decreasing the pathwise smooth-
ness.

The two smoothing approaches discussed in this Section and Section 5.3 are both
extremes. In Section 5.3, we create a desire for smoothing by creating a positive
surplus through a reduction of ¢y or &, while we in this Section keep ¢y and £ fixed
and create a desire for smoothing by penalising volatility, which is accommodated by
adjusting the drift. It is possible to combine these two approaches, but the question
then becomes how to choose zg. In Section 5.3, we could use Proposition 5.3.3 to
guide us towards a choice of zp, and since w, was large, pathwise and pointwise
smoothing were maximized for the same value of z5. Now, since w, is small,
Proposition 5.3.3 can only help us to find a zp, which increases pointwise smoothing,
but not necessarily pathwise smoothing. Luckily, a similar result can be obtained.

Similarly to (5.3.9), define
Ad®, = a(t)®ydt + b(t)D,dW,, o =1,
AU, = (r — g(t)Ju(t) — 0*(1 4+ g(t) Ju(t))W)dt — 00, dW,, To=1, (5.4.10)

dVi = (a()Vi + Ja(t)Ve)dt + (b(t) Ve — 0T, (£)W)dWe, Vo =0,

Then the following counterpart to Proposition 5.3.3 can be derived.
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Proposition 5.4.2. The optimal consumption can be written as Cy = co®s + 2o V5.
Additionally, it holds that

elcte) =[5 -], | +ate| |5

eran (e[ 251 ] -] ])

implying that there exists a unique

Lo _ El[®g(0) ")r] — E[[®g(0) ! V] |
0 E[[®g(0)~! — V]z] 0

which minimizes E[[C]r].
Proof. See Appendix 5.B.4 O

This result provides us with the means to find a unique value zj, which minimizes
the expected quadratic variation and that can serve as a guideline when mixing
the two approaches. The value z; can be calculated by solving a system of linear
differential equations (see Appendix 5.B.4).

5.4.2 Numerical example

In this example, we simulate the optimal consumption for different values of the
penalty parameter w. The other parameters are the same as in Table 5.1, except
for w,, now equal to 1, and &, now fixed at 1. The starting value of consumption is
chosen as the starting value of the target consumption of the previous numerical
example in Section 5.3. Note also that all sample paths depicted in Figure 5.4 are
calculated based on precisely the same underlying realization as those depicted in
Figure 5.1 and are therefore directly comparable.

Looking now at Figures 5.4a-5.4d we can see that an increasing value of w indeed
leads to an increased amount of both pathwise and pointwise smoothing, but we
can also see that E[C;] < E[C{] for w = 0.1,1,10 and the difference increases with
the value of w. This shows that even though the surplus is positive in all three
cases, it is not enough to eliminate the drift reduction caused by the desire for
smoothing. Furthermore, E[C}] decreases in ¢ for all values of w and the larger w
is, the more it decreases (see Figures 5.4b-5.4d). This is a consequence of the fact
that w — @ decreases (see bullet (a3)) and shows that the greater the desire for
smoothing, the greater the drift reduction.

We can also see that this desire for smoothing leads to a smaller investment
proportion (see 5.4e) than the target. As in Section 5.3, the investment strategy
is increasing because there is a positive surplus, which is reduced over time. The
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(a) Target consumption

Optimal Consumption
Wa=1, Wp=1,w=1,c0=7.94

(b) Optimal consumption for w = 0.1

Optimal Consumption
Wa=1,wp=1,w=10,c0=7.94

Consumption
©
Consumption
©

Time Time

(¢) Optimal consumption for w =1 (d) Optimal consumption for w = 10

Investment proportion Smoothness measures

Consumption
— Target

— w=0.1

w=1

Risk

w=10

Risk
— E[C]
<=+ Var(C)

Investment proportion

Time Time

(e) Optimal investment proportion (f) Smoothness measures

Figure 5.4: Figures 5.4a-5.4d show the results of the simulation in the form of the mean
(drawn black line), 5% and 95% quantiles (dashed lines) of Cy, while Figure 5.4e shows
the same for the investment proportions, where the dotted line marks the target investment
proportion and the dashed-dotted lines mark the adjusted target investment proportion. In
addition, these figures show three sample paths corresponding to the same three underlying
stock market trajectories as in Figure 5.1. Hence, they can be directly compared across
figures. Finally, Figure 5.4f shows the pointwise variance and the expected quadratic
variation for each of the four consumption processes.

difference is now that as ¢ approaches T the investment proportion in each case
wy, b b
w—Hwyp o

investment proportion. Again, it is possible for the investment proportion to turn

approaches < g. Therefore, the penalty of volatility results in a smaller
negative as a consequence of a large surplus. The explanation for this is unchanged
and discussed in Remark 5.3.6.

Looking at the sample paths in Figures 5.4a-5.4d, we can see that an increase in
w yields a higher pathwise smoothness, and at the same time the sample paths in
Figure 5.4d are switched compared to the sample paths in Figures 5.4a-5.4c. The
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reason for this is, as in Section 5.3, a negative investment proportion due to a large
surplus (see Figure 5.4e). In Figure 5.4d, the sample paths almost stay at the same
pointwise quantile during the last half of the period. This is because the investment
proportion is close to zero during the second half of the period (see Figure 5.4e).
While this means that the level of consumption is relatively stable, it also means
that the losses (gains) made during the first half of the period cannot be recovered
(lost) during the second half of the period. It is a good illustration of the effects
of an investment strategy, which decreases investment risk over time. It is also a
demonstration of the trade-off of transforming volatility risk into trend risk due to
the desire for almost perfect pathwise smoothing. This becomes clear when looking
at Figure 5.4f and recalling the decomposition of the variance stated in Proposition
5.2.3. Since the expected quadratic variation is almost zero, the risk measured by
the variance must consist mainly of trend risk.

In Figure 5.4f, we can see that the variance is lower than the expected quadratic
variation for w = 0.1 and w = 1. This is because the covariance term of Propo-
sition 5.2.3 is negative, as both the drift and the volatility term of the optimal
consumption depend on the surplus, but with opposite signs. This means that,
in addition to achieving pathwise smoothing relative to the target, this approach
introduces an extra layer of pointwise smoothing. Looking at the smoothness
measures for w = 10, this changes. Although a much higher degree of pathwise
smoothness is achieved, pointwise smoothness increases to a much lesser degree
because the underlying risk does not disappear. Instead, it is converted into trend
risk.

So, in this progression of increasing w, three things happen that lead to smoothing.
The first is that the investment proportion is decreased, resulting in less risk being
taken, which leads to pointwise smoothing. The second thing is that the risk is
redistributed from volatility risk to trend risk, resulting in pathwise smoothing.
Lastly, the surplus introduces a negative correlation between the drift and volatility
of C, further increasing pointwise smoothing.

Finally, comparing the smoothing mechanism of Section 5.3 shown in Figures
5.1a and 5.1c with Figures 5.4c and 5.4d we can see that reducing the drift instead
of the starting value seems to be more efficient at smoothing. The reason for this is
that the investment proportions in Figure 5.4e are consistently closer to zero than
the investment proportions in Figures 5.1b and 5.1d, meaning that one takes less
risk during the entire period. Another thing to note is that the reduction of the
drift yields pointwise smoother consumption, as the correlation between the drift
and volatility term becomes negative.
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5.5 Conclusion

In this paper, we have established that when discussing smooth pension products,
one should always distinguish between pathwise (variability within one consumption
path) and pointwise (variability between paths) smoothing. If one wants to improve
pathwise smoothness, which is often the goal of a smooth pension product, then
one of the following trade-offs will have to be made:

1. At least one of the starting values of consumption, the drift of consumption,
or the level of bequest has to be reduced, which in the case of the first two
will always yield a lower expected consumption.

2. A reduction of the volatility of consumption will imply either a reduction of the
risky investments or a larger trend risk. This improves pathwise smoothing,
but may or may not reduce pointwise smoothing, depending on how the
covariance between the drift and volatility components of the consumption
behaves.

Subsequently, we have solved a novel consumption-investment problem to in-
vestigate the effect of these trade-offs. Using the optimal controls, we have found
that reducing the starting value or the bequest creates a surplus, which can then
be used to reduce the volatility of consumption and the investment proportion,
thereby leading to pathwise and pointwise smoothing. We have developed methods
to determine the starting values of consumption or the levels of bequest that lead
to sensible values of the starting surplus.

After this, we solved the same consumption investment problem with an added
penalty of volatility, and we showed that the optimal controls of this penalized
problem are equal to the optimal controls of the unpenalized problem with adjusted
targets. This adjusted target consumption has a lower drift and volatility than the
original target. This time, we fixed the starting value of consumption and the level
of bequest and adjusted the drift.

Both approaches were analyzed using numerical examples, and we found that
all investment proportions are lower than the target and increase with time as the
surplus slowly reduces. We also found that keeping the drift fixed and adjusting the
starting value or bequest has the disadvantage that the variance of consumption
is entirely determined by the expected quadratic variation, meaning that one can
achieve an increase in smoothing if and only if one lowers the investment proportion.
The advantage is that one can achieve smoothing while maintaining the target
drift. If, on the other hand, the starting value and bequest are fixed, the drift is
reduced. The advantage is that it is possible to reduce volatility without reducing
risky investments, and that the surplus induces a negative correlation between the
drift and volatility of consumption, leading to additional pointwise smoothing.
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Interesting future work could be to look at actual smooth pension products and
to find out what choice of parameters w,, wyp, and w minimizes the utility loss. One
could imagine the following procedure. Find a company with a smooth pension
product. This company most likely also offers a pure unit-linked annuity, which
is designed based on classic power utility preferences. Thus, this pure unit-linked
annuity could be used to define @ and b. If the company does not offer such a
product, a pure unit-linked annuity from a different company could be used. After
this, one can attempt to find the corresponding a and b values for the smooth
pension product. Finally, one could simulate different paths of the financial market
and then find the values of w,, wp, and w that minimize (5.2.4), where a and b
are considered fixed. This procedure could be repeated for different companies
and their smooth pension products. This would enable the comparison of different
smooth pension products within the same system of preferences.

Acknowledgments and declarations of interest

The authors have carried out this research in association with the project frame
InterAct, which is hosted by the Department of Mathematical Sciences at the
University of Copenhagen. We would like to thank Christian Furrer for his insight-
ful comments, which led to great improvements in this paper. Furthermore we
would like to thank two anonymous referees for their constructive comments and
suggestions. The authors declare that they have no known competing financial
interests or personal relationships that could have appeared to influence the work
reported in this paper.

5.A Overview of parameters and functions

Parameter | Description

Target drift of consumption
Target volatility of consumption
Target initial consumption

Target consumption process
Factor determining target bequest
Weight for importance of drift
Weight for importance of volatility
Penalty of volatility

Weight for importance of bequest

mggg}gmqloﬁ\ SHESY

Table 5.2: Ouverview of parameters
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Notation | Location Definition
Fi0) Eq. (5.3.3)+(5.4.3) Part of V(¢,z,¢)
g(t) Eq. (5.3.2)+(5.4.2) Part of V(¢,z,¢)
I1(t) Eq. (5.4.4) Part of V(¢,z,¢)
g(t
Ja(t) Eq (537) th)l(t)
9
E(t) Sec. 5.4 wy(t) +w(t) +1(t)
¢
Ji () Sec. 5.4 f(gt’)(k)(t)
a Eq. (5.4.8) a(t) — 0
b Eq. (5.4.8) 4eldb(t)

Table 5.3: Overview of functions

5.B Proofs

5.B.1 Verification of optimal controls and value function

The candidate optimal value function is

1(x—gt)e)? 1

V(t,z,c) = O + El(t)CZ,
where f,g and [ are given by the following differential equations
/ _ — l(t) wb(t) 7 _
0= (r a0+ 0 + 0500 ) o) 1. a(r) =,
70 = 2= 01 = 90* (o ) SO =
l/(t) _ i)a((tt)) _ QZ(t)@(t) _ B(t)wa(t)(w(t) + l(t))k(—it_);‘ub(t) (w(t) + Z(t)),

with {(T) = 0. Here k(t) := w(t) + wp(t) + I(t). V has partial derivatives

Vit = -2 E0D (g TI0 ) 4 S

(t) 2f(t)
_x—g(t)e
Ve(t,z,c) = 70
Ve(t,x,c) = —g(t)x _f(i() ) +1(t)c
1
Ve (t, z,¢) = m
Vaelt, x, ¢) —?Eg
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In the following, we suppress all dependence on ¢, x, c, for ease of notation. Let
Jp = F and J, == £Z-. The HJB (5.2.8) turns into
0=V, + inf {1 (a—a )2+1 (b—1b )2+1 b?
=V al,%m 5Wala — ac 5 W c 5W
+ (re+7(A—r)z — )V, + aVL
L o o o Lo B 2
+ 50720 Vig + bomaVi + b V} V(T z,0) = < (a — &)
The necessary conditions for the infimum are
0=w,(a—ac)+V,
0 = b(wy + w) — wybc + oLV + Ve
0=(\—r)aV, + 10?2*Vyy + boxVy,

Rearranging and then inserting the second equation into the third and then the
third back into the second, as well as inserting the partial derivatives of V', yields
the following stationary point

a* (a— l>c+Ja(:1c—gc)

Wq

b* = %Bc — 0Jx(z — go)
L N S A il L0]
k oz o

Second order condition

To ensure that this stationary point (a*,b*,7*) indeed is a global minimum, we
find the Hessian of the expression in the infimum

Wq 0 0
H(a,b,m)=| 0 wHwy+Vee 02V
0 0xViye 0222V,

Note that H(a,b,7) = H is constant. Hence, it is enough to check whether the
matrix H is positive definite for all (¢, x,c). The characteristic polynomial is given
by

(W — AN)((w+ wp + Vee = A) (0222 Vo — N) — 0%2?V2) =0
We can directly see that the first root is A = w, > 0. We can find the other two by
finding the roots of

N — ANw 4wy + Vee + 020 V) + 0222 (w + wp + Vee) Vi — V2

xc

) =0.
This yields

1
At :§(w +wp + Ve + 0222 V,,)

1
+ 5\/(10 +wp 4+ Vee + 0222V,0)? — 40222 (w + wp + Vo) Var — V2).
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Now, check if the expression in the square root is positive. Rewriting the term
inside the square root yields

= (w4 wy + Vie + 0222 V)? — 4022 (1 4+ w + V) Vi — Vi2.)

= (w4 wp + Ve)? = 2(w 4+ wp + Vo) 022 Vipy + (6222 V,0)? + 40222V2
( xrc

= (w4 wy + Vie — 022V, )? + 40%2?V2E >0 VY(t,2,¢).

This means there are two real roots. Plugging in the derivatives of V, it holds that

2 2

g 1 ¢ w+tw
w—l—wb—l—‘/cch—Vﬁc:(w—i—wb—i--f-l) = + >0,
( ) f 2 f f

since f and [ are non-negative, which proves that

1
i(w + wb""‘/cc + U2$2me)

1
> 5\/(11) + wp + Vee + 0222V,1)? — 40222 ((w 4+ wp + Vee ) Vw — V2)).

This means that both remaining roots are positive, which implies convexity of V'
and, thus, the existence of a global minimum.

Admissibility

Next, we have to check that the candidate optimal controls are admissible. Recall
that the admissibility requirements for a, b, 7 are

1. There exists k > 0 such that for all (¢,x) € R? and t € [0, 7] it holds that

vt e, )| + 1S (E e, 2)l| < k(1 + I, 2) ).

2. There exists k& > 0 such that for all (¢1,21), (c2,72) € R? and t € [0,T] it
holds that

[ (t, e1, 1) —v(t, ca, ) |+ C(t, e1, 1) —C(E 2, 22) | < Kl(cr, 1) —(c2, 22)" .

where v : [0,7] x R? — R? and ¢ : [0,7] x R? — R? are given by:

a(t70t7Xt)
t,Cy, Xy) =
V( b t) (TXt +7r(t,Ct,Xt)()\—r)Xt —Ct>

[ bt,CLXy)
((t, X4, Cy) = (ﬂ(t,ctht)UXt>
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Inserting the optimal controls it becomes clear that v(t,c,z) = Mi(¢)() and

C(t,c,x) = Ma(t)(5), where
M, (t) — _ a(t) - g(t)Ja(t) Ja(t)
Og(t)(b(t) +0(1+ g(t) Je(t))) =1 7 — 02(1 + g(t)Ju(t))
N N CRY OV ~02(0)
g(O)O) + 01+ g(1)Jx(1)) =61+ g(t)Jk(t)) )’

For fixed ¢t € [0,7] this means that (c,z) — v(t,c,x) and (¢, z) — ((t,¢,z) are
continuous linear maps, implying that

lo(t,c,2)|| < Ka@®)ll(e, )" and  [[(t e, 2)]| < EKa(®)l(c,2)" ||,

1
where K;(t) = (Z?Zl Z?:1(ml,ij (t))2) “1=1,2 and my;;(t) is the (4, j)th entry
of M;(t). As all entries my ;;(t) are continuous on [0, T, it holds that K;(t), [ = 1,2
are continuous on [0, 7] and hence there exists a constant K} = sup,c(o 7 Ki(t) > 0
such that K;(t) < K} for all t € [0,T]. Therefore, it holds that

ot e, )| + ISt e, 2) || < (K1 + K2)ll (e, 2) [l < (K7 + K3)(1+ [|(e, )],

which is the first condition of admissibility. Utilising this result and the linear
structure of v and ¢ the second admissibility condition follows directly:

||V(t76171‘1) - V(t7627x2)” + ||C(tacla1'1)7C(t702ax2)”
< (K7 + K3)|l(er,21)T = (e2,22) 7.

Verification

We have found that (a*,b*,7*) realizes the infimum and satisfies the admissibility
conditions, so we verify that V satisfies the HJB equation. Inserting the optimal
controls and partial derivatives of V into the HJB equation yields, after some

algebra,
112 1oy wp(w 412 4+ wp)? + wi(w +1
0= < lt_iwfa“r l+§b 2
c(z — gc) l
e g+0kbg+—gfagflfgt

Gt ;fgc>2 <(27" - (’\;J)Z))f - 92<Ul + W) - f’>

This equality is true by the defining differential equations of f, g, and [. Hence,
we have verified that V satisfies the HJB equation. By the classical Verification
Theorem (see, for example, Th. I11.8.1 in Fleming and Soner (2006)), it holds that
V is indeed the optimal value function and (a*,b*,7*) are the optimal controls.
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5.B.2 Proofs of Section 5.2

Proof of Proposition 5.2.3. In this proof we use the short-hand notation a; :=
a(t,Cy, Xy) and by := b(¢t, Cy, X;). We easily find the first formula using that

t t
Cy=co+ / asds + / b, dW,
0 0

and utilizing basic facts about the variance. The second formula is obtained by
utilising that Var(Cy) = E[C;]? + (E[Cy])?. Applying Ito’s formula to C? and taking
expectation yields

E(C = & + /t IE[a,Cy]ds + E[[C]].

Now note that

(E[Cy))? = <c0 + /OtIE[as]ds>2 =c3 +2c /OtE[as]der (/(:IE[as]ds>2.

Differentiating yields

d

&(E[Ct])z = 2E[ay] <c0 + /Ol]E[as]ds> = 2E[a(|E[Cy], (ECy)? = ¢,

which implies
t

(E[C])* =2 +/ 2E[a,]E[C;]ds.
0

Combining everything now yields

Var(Cy) = / 2(ElasCy] — Elaa]E[Cy])ds + E[[C}]] = / 2 Cov(C, ay)ds + E[[C],).

O
Proof of Proposition 5.2.5: The wealth X has an explicit solution
t t
X, =e" (xo —/ e "Cyds +/ e_”ptadWs> ,
0 0
which we can rearrange into
t t
e "X, +/ e "Cds = xg +/ e " piodWs. (5.B.1)
0 0

Now, evaluating this for ¢ = T, taking conditional expectation and rearranging
yields

T
Egj l/ e "0 ds + e " T X
t

}'t] =X, Vtelo,T).
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Thus, the budget condition is satisfied. From this budget condition it can immedi-
ately be seen that X; = Xt(l) + Xt(Q), with

T
Xt(l) = Eg [/ e "N Cyds
¢

]-"t] and X*) = EQ [er(Tt)XT

]—'t} |
Now evaluating (5.B.1) in ¢ = T" and taking conditional expectation yields
t T
o +/ e_rsptadW;@ = Eg} / e °"C,ds

0 0

Fi| +E2 {e—*"TXT

]-'t] . (5.B.2)

2
=m® =M

Both M and M(® are martingales, and thus, by Proposition 2.6 and Corollary
2.9 in Karatzas, Lehoczky, and Shreve (1987), there exist processes #1) and ¢
such that
t t
M =M 1 [ oawe and M =M+ [ e fPoawe
0 0
‘ ‘ (5.B.3)
where pgl) = e”a‘l¢gl), i = 1,2. Rearranging (5.B.3) yields

t t
XM = et (Mél) —/ e "*Cyds +/ e_mpgl)adW;@)
0 0

t
Xt(z) ="t (Mé” —|—/ e_’"spgz)adW;@> .
0

Finally inserting (5.B.3) into (5.B.2) yields
t t t
Zo —|—/ e " podWl = Mél) —|—/ e*”pgl)adW? + MéQ) +/ eiTSpEQ)JdWP,

0 0 0
Implying that xy = Mél) + Méz) and p; = pgl) + p§2). O
Proof of Proposition 5.2.9. First, note that by the Feynman-Kac Formula, the
function u satisfies the PDE

ug(t, ¢, ) + Au(t, ¢, x) — ru(t,c,z) + ¢ = 0,
where A is the infinitesimal generator of the two-dimensional diffusion process
(C,X). Under the measure Q the process X becomes
dX; = (rX, — Cy)dt + op(t, Cy, X)dWY, Xy = x.

rt

Now multiplying the budget condition u(t,Cy, X;) = X; by e™"* and applying

integration by parts on both sides yields
t t t
u(0, co, xg) — / re”"Cu(s,Cs, Xs)ds + / e "du(s, Cs, Xs) + / e "°Cyds
0 0 0

t
=T —|—/ e "op(t, CS,XS)dW;Q.
0



5.B. PROOFS 229

By applying Ito’s formula to calculate the dynamics of u(¢, Cy, X¢) and the Feynman-
Kac formula, the LHS becomes

t
u(0, co, xo) + / e " (u(s, Cs, Xs) + Au(s, Cs, Xs) — rul(s, Cs, X5) + Cs)ds + M,
0
= U(O, Co, xo) + Mta
t
M, = / €77 (b(s, Coy XoJtel, oy Xo) + 0p(s, Coy X, Y (5, Co, X)) AW,
0
From this, we can see that the budget constraint holds if and only if 2o = u(0, co, xo).

Furthermore, if p(t,Cy, X¢) = 0, then b(t,Ct, X;) = 0 or u.(t,Ct, X;) = 0 and if
p(t, Ct, X3) > 0 then

Uc(t, Ct7Xt)
0'(1 — um(t, Ct, Xt))

p(ta Ct7Xt) = b(t7 Ct7Xt) vt € [O7T}7

if b(t,Cy, X¢) > 0 or if b(t,Cy, X¢) = 0, then u,(t,C;, X;) = 1, while w can be
arbitrary. This also means that ¢ must depend on X, otherwise u, = 0. O

5.B.3 Proofs of Section 5.3

Proof: Proposition 5.3.1. Note that by the Girsanov Theorem, C under Q-is given
by

dCy = (a(t) — 0b(t)) Cydt + b(t)CLdW2,  Co = .
Hence C has explicit solution
_ ¢ _ 1- t_
Cy = ¢y exp (/ a(s) — 6b(s) — 5b(s)?ds +/ b(t)dWQ> .
0 0
and we can calculate

EQ [Cy|F]

_ 2o exp ( /0 Ca(u) — Hb(u)du) E? {eXp ( /0 B(u)aw @ — % /0 ) b@)%m) H .

We can recognize the term in the conditional expectation as a Doléan exponential
martingale, and by using the martingale property, we obtain

EQ [Cs|F] = Cyexp ( /t ) a(u) — 9B(u)du) .
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Now, using this result, we obtain

T
EQ{/ e~ G ds+e= T X p
t

7

T
/ e~ OB [Cy]F] ds + ¢B2 |Cre™ (07| 7]
t

We use Ito’s formula to find the semimartingale decomposition of Z, which will
be used to prove the next part. Inserting the optimal controls (5.3.4) and (5.3.5)
into (5.2.6), yields

dC, = (a(t)Cy + Jo(t) Zy) At + (b(t)Cy — 0.J4(t) Z,) AW (t),  Co = co
and using integration by parts, we obtain for Y; := Cyg(t):
dYy = ((r+ 0b(1))Y: + g(t) Ja(t) Z — Ch)dt + (b(t)Y: — Og(t) Jy(t) Z,) AW,

with Yo = ¢og(0). Inserting the investment strategy (5.3.6) into the wealth (5.2.5)
yields

dX, = (rX, + 0b(t)Y; — 02 Z,(1 4 g(t)Jy(t)) — Cy) dt
+ (b(t)Y: — 0Z:(1 + g(t)Jo(t))) AW (t), X = .

Applying Ito’s formula to calculate dZ; = dX; — dY; yields
dZ; = (r = g(t)Ja(t) = 0*(1 + g(1) (1)) Zedt — 02 AW (t),  Zo = x0 — g(0)co.

This shows that Z has an explicit solution

7, = 2 exp </Otr — () Ju(s) — 7 (2 + g(s)Jb(s)> ds — GWt) 7

and the results concerning the sign follow. O
Proof: Proposition 5.3.3. The optimal consumption satisfies the SDE

dCy = (d(t)ct + Ja(t)Zt) dt + (B(t)Ct — ejb(t)Zt) dW;, Cy=co>0,
which has an explicit solution

t ¢
Cy = co®y + 20D (/ ot (Ja(s) + HB(s)Jk(s)) W.ds — / <I>S_19Jk(s)\I/SdWS>
0 0

= cgPs + 20D+ Y3,
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where ®; and W, are given by

®, 1= exp (/Ota(s) — %B(S)st + /Otb(s)dWs) - Q

€o

W, = exp (/Otr —g(8)Ju(s) — 67 (2 + g(s)Jb(s)>ds — ewt) _Z

2o
Now define V; := ®,Y;. Note that
AY; = ;1 (Jo(t) + 0b(t) Ji(t)) Wedt — @7 03 (¢) U dW;, Yo = 0.
Applying integration by parts yields

AV, = (Jo (), + a(t)Vy)dt + (Vib(t) — 0I5 (t)W,)dW,, Vo = 0.

Hence, we have identified the processes V and ® such that C; = co®; + 29 V4.

Now for the variance, note that as C; = co®; + z9V4, it holds that
Var(C;) = Var(co®; + 20V;) = ¢ Var(®;) + 2z9co Cov (D, Vi) + 23 Var(V;).

Using the definition of zy we can write ¢y = w;@;‘), which yields

(w0 — 20)” — %0 5
4(0)? Cov (D, Vi) + 25 Var (V).

Var(fbt) + 22’0 g(O)

Rearranging yields the desired expression, which we recognize as a convex 2nd-degree
polynomial in zy. Hence, the minimal value follows. O

Calculation of the variance. Define Gy (t) := E[V4], Gy (t) := E[¥;] and G (t) :=
E[®;]. By taking expectations of the respective SDE, we obtain the following
differential equations for Gy, Gy, and Gg:

Gy (t) = J,(H)Gy(t) +a(t)Gy(t), Gy (0)=0
Gy(t) = aw()Gu(t), Gu(0) =1
Go(t) =a(t)Go(t), Go(0)=1,

where ay (t) := 1 — g(t)Jo(t) — 02(1 + g(t)Jp(t).

Define further Gy (t) := E[Vi®:], Gua(t) := E[U:®,], Gyy(t) := E[V; T, ,
Gy:(t) == E[V?], Gg2(t) = E[®?] and Gy=(t) := E[¥?]. Using integration by
parts and subsequently taking expectation, we find that these functions satisfy the
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following system of differential equations

Vo (t) = (Ja(t) — 0b(t)Js(t)) Gua(t) + (2a(t) + b(t)*)Gva(t),

= (a(t) + aw(t) — 0b(t)) Gy (t) + (Ja(t) + 0% J5 () Gy (1),
0

(2a(t) + b(t)*)Ga2 (1), Ga2(0) =1
= (2ay(t) + 0%)Gy2(t), Gy2(0) =1.
(5.B.4)

We must solve this differential equation system to calculate the variance numerically.
O

5.B.4 Proofs of Section 5.4

Proof of Proposition 5.4.1. Recall that I;(t) = f(t, 1, wa, wp, w), where
1(t)?
Wa(t)

f(ta lawaawbaw) = - 2l(t)&(t) - B(t)Qh(t7wba w,l), l(T) = 07

where
wy(t) (w(t) +1()* + wy (1) (w(t) + [(t)

h(t, wy, w, 1) = (wy(t) + w(t) +1(t))?

1. Assume that w(t) and wy(t) are fixed and assume wq(t) < w)(t) for all
t € [0,7T]. Then it follows that

l;:Ua (t) = f(t7 lwaa Wgq, Wh, U)) Z f(ta lwaa wtlza Wy, UJ)
Let now [“s be the solution to l;ﬂ;‘ = f(t,lw:z,w(’l,wb,w). It holds that
[“(T) = ["a(T) = 0. By Lemma 5.B.1 it holds that [« (t) < [“«(t) for all
t € [0,T). The dominating function I$° is thus the solution of the differential
equation (5.4.4) with wg(t) = oo for all ¢t € [0, T given by:

ooy so (v gy 12 Do) (w(t) + 15°(4)? + w(t)* (w(t) +15° (1))
() () = 2 (Balt) - b() IR ,
with terminal condition I°(T) = 0.

2. Assume that w(t) and w,(t) are fixed and assume wy(t) < wy(t) for all
t € [0,T]. For any fixed ¢ € [0,T] it holds that
(1) + w(t)*wp(t) + (Ut) + w(t))®
(wp(2) +w(t) +1(t))?

ih(t,wb,w,l) =

0, VYwy(t) >0
D >0, VYwy(t) >0,
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meaning that A is increasing in wy. The consequence is that
l:fl)b (t) = f(t7 lwb? Wq,, Wh, w) 2 f(t7 lwba Waq, wl/w w)

Let now [*» be the solution to l;u{’ = f(alwé,wa,w,'),w). It holds that
[“0(T) = 1*(T) = 0. By Lemma 5.B.1 it holds that [**(t) < [“(t) for all
t € [0,T). The dominating function I5° is thus the solution of the differential
equation (5.4.4) with wy(t) = oo for all ¢ € [0,T] given by:

aro =24

3. Assume that wg(t) and wy(t) are fixed and assume w(t) < w/(t) for all
t € [0,T]. For any fixed ¢ € [0,T] it holds that

=267 (H)a(t) — b(t)*(w(t) + 1°(t),  ;°(T) =0.

(Ut) + w(t))ws(t) + ws(t)?
(wp(t) + w(t) +1(1))?

meaning that A is increasing in w. The consequence is that

0
%h(t,Wb,w, l) =

>0, Yw(t) >0,

l}fu(t) = f(t’lwvwavwb7w) > f(t,l“’,wa,wb,w’).

Let now [ be the solution to l;”' = f(t,lw',wa,wb,w’). It holds that
1*(T) = 1*(T) = 0. By Lemma 5.B.1 it holds that [*(t) < [*'(¢) for all
t € [0, 7). The dominating function {*° is thus the solution of the differential
equation (5.4.4) with w(t) = oo for all t € [0, T] given by:

[o° (t)2
wq(t)

(1) (t) = —21®°(t)a(t) — b(t)*w(t), 1°°(T) = 0.

O

Lemma 5.B.1. Assume the function u satisfies uy(t) > f(t,u(t)) fort € [0,T] while
the function v satisifies ve(t) = f(t,v(t)) fort € [0,T] and assume v(T) = u(T).
Then, it holds that

u(t) <wv(t) Vtel0,T).

Proof. First note that as v(T) = u(T), it holds that u:(T) > v+(T"), which implies
that there exists a k£ > 0 such that w;(T") —v,(T) > k. This means that there exists
a region (T —¢,T) where u(t) < v(t). To prove this, define
T—¢)—uT T—¢)—v(T
Lye) = Lm0 —uld) g g = W8 —0(T)

—& —&

It holds that lim._,o L, (¢) = u(T) and lim. 9 L, (¢) = v:(T). Due to this conver-
gence for any § > 0 there exists € > 0 such that

u(T) — 0 < Ly(e) <w(T)+6 and v (T) — 39 < Ly(e) <ve(T) + 6.
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This guarantees that there exists an € > 0, such that the above holds for § < %
Using this, one obtains

Ly(e) = Ly(e) > uw(T) —ve(T) — 26 > k — 26 > 0,

which directly implies u(t) < v(t) for (T —e,T).

Now we have to prove that there cannot exist a t; < T'—¢, such that u(t1) > v(t1).
Assume for contradiction that such a t; exists. As u and v are continuous, there
must exist a ¢o such that t; <ty < T — e, with u(ty) = v(to), and u(t) < v(t) for
t > to. Again it holds that wu(to) > f(to,u(to)) = f(to,v(to)) = ve(to). Now as
u(t) < w(t) for t > to it holds that

u(t) —ulto)  v(t) —v(to)
t—to t—to

u(t) —v(t) <0 & <0.

Taking the limit ¢ — tg on both sides yields u;(tg) < v¢(to), which is a contradiction.
O

Proof of Proposition 5.4.2. The representation Cy = co®; + 29V} is derived exactly
as the proof of Proposition 5.3.3. Utilizing this representation, we get

E[[Clzr] = El[co® + 20V]r] = GE[[®]7] + 20E[[V]z] + 2c02E[[®, V]z].

Inserting ¢p = Ig@?‘] and rearranging yields the desired result, which can be

recognized as a second-degree convex polynomial in zy5. Thus, a unique minimizer
exists. 0

Calculation of the expected quadratic variation. All quantities needed for calculat-
ing the minimizer z; of Proposition 5.4.2 can be calculated from E[[®g(0)~!]7],
E[[V]r] and E[[®g(0)~!, V]r], since
E[[®9(0)"! — V]r] = E[[2g(0) 7] + E[[V]7] — 2E[[®g(0) ", V]7].
We have that
1 1 T
E[[®g(0)™ :7/ b(s)E|P]ds
[[®9(0)~"]7] 50 /. (s)E[®]
T
B[Vir) = | BBV~ 265(s) I (EIV. ] + 62 (s ELE2]ds
0
1 [T ~
E[[®g(0)~", V]r] = g(O)/ b2 (s)E[@, V] — 0b(s) Jy,(s)E[D, T ,]ds,
0

which can be calculated after solving the system of ODEs (5.B.4), where of course
a,b and J, are replaced by @, b and Jj. O
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